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ABSTRACT. We show that if X is a rearrangement invariant space on [0, 1]
that is an interpolation space between Lj and Loo and for which we have
only a one-sided estimate of the Boyd index «a(X) > 1/p,1 < p < oo, then
X is an interpolation space between Li and Ly,. This gives a positive answer
for a question posed by Semenov. We also present the one-sided interpolation
theorem about operators of strong type (1,1) and weak type (p,p),1 < p < co.

1. INTRODUCTION

Let X be a rearrangement invariant (r. i.) function space on I
linear operator T' is bounded in the spaces L, and L, (1 < p < ¢
space X is such that the Boyd indices satisfy the estimates

[0,1]. If any
o0), and the

IN I

é <a(X)<pX) < %,

then the operator T is also bounded in X. We can say, for short, that X is
an interpolation space between L, and L,. This theorem was proved by Boyd
[B67) in 1967 under the assumption that the space X has the Fatou property
(cf. also Boyd [B69], Bennett-Sharpley [BS|, Th. 5.16, and Lindenstrauss-Tzafriri
ILT], Th. 2.b.11) when the space X has either the Fatou property or is separable
(cf. also [JMST], p. 215). For arbitrary r. i. X this can be proved by using
Calderdn’s estimate, as in the Boyd proof, and then Semenov’s Lemma 4.7 from
IKPS]. Implicitly this result also follows from Th. 6.12 in [KPS].

In the case when ¢ = oo, i.e., one space is the extreme space L., and we have a
one-sided estimate for an r. i. space X,

1

we obtain that X is an interpolation space between L, and Lo (see [M81], Th. 4.6,
which is proved even for Lipschitz operators).
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E. M. Semenov posed the following question about the extreme space Lq: Let X
be an r. i. space on [0,1] with either the Fatou property or absolutely continuous
norm. Is the one-sided estimate on the Boyd index a(X) > % enough for the
interpolation property between L1 and Ly, 1 < p < co?

We first show, by using duality arguments, that the answer is positive.

After this was answered a more general question appeared. Namely, is it true
that if X is an interpolation space between L; and L., and we have a one-sided
estimate a(X) > ;1), then X is an interpolation space between L; and L,?

The answer to this question is also positive, and the proof is suprisingly not very
complicated.

Finally, we were able to also get the one-sided interpolation theorem for operators
of strong type (1,1) and weak type (p,p),1 < p < 0.

The paper is organized as follows. In Section 2 we collect some necessary defini-
tions and notation.

Section 3 contains two proofs of the answer to the Semenov question. The first
proof is obtained via associated duality arguments, and the second one by using
estimates typical in the real interpolation theory.

The main result of the paper is Theorem 2, which shows that a one-sided estimate
a(X) > Il) on an r. i. space and an interpolation property of X between L; and
L are enough for the interpolation property of X between L; and L,. The second
assumption that X is an interpolation space between L and L, is necessary (cf.
Example 1).

Section 4 deals with operators of strong type (1,1) and weak type (p,p),1 <p <
00. We are proving a one-sided interpolation theorem for such operators.

2. DEFINITIONS AND NOTATION

We first recall some basic definitions. If a Banach space X = (X, || - ||) of all
(classes of) measurable functions z(¢) on I = [0, 1] is such that there exists v € X
with 4 > 0 a.e. on I and ||z|| < ||y|| whenever |z| < |y|, we say that X is a Banach
function space (on I = [0,1]). A Banach function space X on I = [0, 1] is said to be
a rearrangement invariant (r. i.) space provided z*(t) < y*(¢) for every t € [0,1]
and y € X imply # € X and ||z||x < |ly|lx, where z* denotes the decreasing
rearrangement of |z|. We always have the imbeddings L [0,1] C X C L]0, 1]. By
X0 we will denote the closure of L[0,1] in X.

If x4 denotes the characteristic function of a measurable set A in I, then clearly
[Ixallx depends only on m(A). The function px(t) = ||xallx, where m(A) =t,t €
1, is called the fundamental function of X.

Given s > 0, the dilation operator o given by osx(t) = z(t/s)xr(t/s),t € I is
well defined in every r. i. space X and ||os||x—x < max(l,s). The Boyd indices
of X are defined by (cf. [KPS], [LT], [BS])

. Inllosllx—x . Inflog]x—x
a(X) = lim ——=—, f(X) = lim —— ——.

In general, 0 < o(X) < B(X) < 1. Tt is easy to see that ¢x (t) < ||o¢|]|x—x for any
- st . .
t > 0, where px(t) = SUPgc g1 0<si<1 ‘fp’;—((gs)). A Banach function space X with a
norm || - || x has
(a) the Fatou property if for any increasing positive sequence 0 < x,, /' z,x, € X
with sup,, ||z, ||x < co we have that € X and ||z,||x 7 ||| x;
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(b) absolutely continuous norm if for any x € X and every sequence x,, of mea-
surable functions on I = [0, 1] satisfying |x| > z, | 0 we have ||z,||x — 0.

Note that X is separable if and only if the norm of X is an absolutely continuous
norm. From the Calderén-Mitjagin theorem it follows that the r. i. space X with
either the Fatou property or the separable property is an interpolation space with
respect to L1 and L, i.e., if a linear operator T is bounded in Ly and L., then T
is bounded in X and ||T||x—x < Cmax(||T||z,—r., |7 Lee—r.) for some C > 1
(IKPS], [BS)).

The associated space X’ to a Banach function space X is the space of all (classes
of) measurable functions z(t) on I = [0, 1] such that fol |z(t)y(t)|dt < oo for every
y € X endowed with the norm

lellx = supf / )y (®)dt - yllx < 1},

X' is a Banach function space. We have the embedding X C X" with ||z x» <
|z||x for every x € X. Moreover, X = X" with equality of the norms if and only
if X has the Fatou property (cf. [KPS|, [LT]). If a Banach function space X is
separable, then the embedding X C X" is isometric and X' = X*. If X is an r. i.
space, then the associated space X’ is also a r. i. space.

Among classical r. i. spaces with the Fatou property we mention Lorentz spaces
L, 4, Lorentz spaces A, and A, ,, Marcinkiewicz spaces M, and Orlicz spaces L.
Typical separable spaces are M, 3 and Fg, the closures of L, in Marcinkiewicz space
M, and Orlicz space Lg, respectively.

For other general properties of lattices of measurable functions and r. i. spaces,
we refer to the books [LT], [KPS], [BS].

3. STRONG INTERPOLATION OF L; AND L,, 1 <p < o0

Our first proof will use the notion of the associated operator. This notion was

considered in Banach function spaces with the Fatou property, for example, by
Gribanov |G].

Lemma 1. If X is a separable Banach function space on I =[0,1] and T : X — X
s a bounded linear operator, then there ewists an associated operator T : X' — X/,
which is linear and bounded, given by

1 1
(1) /0 x(s)T'y(s)ds = /0 Tz (s)y(s)ds
foralze X andy e X'.

The proof is clear since the dual space X* coincides isometrically with the asso-
ciated space X'. Note that T” is unique and ||T'||x - x = |T||x - x-

Theorem 1. Let 1 < p < oco. If an r. i. space X has either the Fatou property or
is separable and o(X) > %, then X is an interpolation space between Li and Ly.

Proof. We will first show that if T : Ly — Lp is a bounded linear operator such
that T'=Tr, : L, — Ly is bounded, then

(2) T=Txo: X" X"

is also bounded, where X° means the closure of Lo in X.
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Let T] be the associated operator to a linear bounded operator T : Ly — Ly,
and let T4 be the associated operator to T, : Lp — Lp. Then, for all z € L, and
Yy € Lo, we have

1 1 1
/ Tx(s)y(s)ds = / x(s)Tyy(s)ds = / x(s)Tyy(s)ds.
0 0 0
Hence, T3, = T{ and we can consider 7" = T{ = T3. Then
(3) T :Ly— Ly and T’ : Lo — Lo is bounded, where 1/p" +1/p = 1.

Since X is isometrically embedded into X", it follows that (X’') = 1—a(X) < 1—;1)
(cf. [KPS], Th. 4.11), and by the Boyd interpolation theorem we have that X’ is
an interpolation space between L, and L. Therefore,

(4) T': X' — X’ is bounded.

In view of (3) and Lemma 1 there exists the second associated operator T" : L, —
L,, which is bounded.
We can extend T" to the whole space Li. In fact, if # € Lo, and y € Ly, then

by (3),

1
IT" =  sup / £(5)T"y(s)ds
0

llzlloe <1

1

= sw [ Tae(s)ds < |7k ol
[lz]lcc <1 J0

Since L, is dense in Ly, it follows that T” : L1 — L; is bounded. The uniqueness

shows that 7" = T. On the other hand, X' C L, and for all y € X’ and =z € L,

we have by (4) that

1
[Talsr = sup [ Ta(s)ylss
0

llyllxr <1

1
sup [ alo)T'y(s)ds < Tl
lyllx <1/0
Thus,

1Tzl xr < 1T || x—x |2l x
for all z € L, C X, which gives (2).

Now, let X be a separable r. i. space. For every x € X we can find a sequence
{zn} C L, such that z, — x in X. From (2) we obtain Tz, — Tz in X".
Moreover, {Tx,} C L, C X. Since {Tx,} is a Cauchy sequence in X” and X is
isometrically embedded in X", it follows that {Tx,} is a Cauchy sequence in X
and so Tz € X.

Suppose that the r. i. space X has the Fatou property or, equivalently, X = X"
Let y =Tz, where x € X and T : Ly — L; is a bounded linear operator such that
T =1y, : Ly, — Ly is bounded. Then

(5) K(t,y; Ly, L,) < CK(t,2; Ly, L,) ¥ t € (0,1].

There is a sequence of step-functions {y,, } such that y,, 1 |y| a.e. on [0, 1]. We can
take, also, the truncations

Zn(s) = min{|z(s)|,n}, n=1,2,....
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Since x,, 1 |z| a.e. on [0, 1], it follows that ¥ T 2* a.e. on [0, 1] (cf. [KPS], p. 67).
By using (5) and the Holmstedt formula (cf. [H|, Th. 4.1),

' 1 1/p
K(t,z; L1, Ly) ~ / x*(s)ds +t (/ x*(s)pds)
0 t

with « € L; and 0 < ¢t < 1, we can show that for every m = 1,2,... there exists
n, € N such that
K(t,ym; L1, Lp) < C1K (t,2p,,; L1, Ly) V t € (0,1]

with a constant C; > 0 independent of m. Since a(X?) = a(X) > 1—1) (cf. [KPS],

p. 143), then, by above, the separable space X is an interpolation space for the
couple (L1, Ly). But (L1, L) is a K-monotone couple (see [C], Th. 4). Therefore,
from the last inequality we have

[ymllx = l[ymllxo < Callwn,, |xo < Coflz]lx

with some constant Co > 0. Since X = X”, it follows that
lyllx < Callz|lx,

and this completes the proof. O
Remark 1. Using results from [Ms], the proof of Theorem 1 can be a little shorter.
Once we have proved that the associated operator T” is bounded in the spaces L,
and L,, and the second associated operator T exists, then from Theorem 3.5(b)
in [Msg] it follows that 7”7 = T is bounded in X”. In this paper we can also find
some sufficient conditions under which from the interpolation property of the space

X between spaces X, X7 follows the interpolation property of its associated space
X'’ between the associated spaces X{, X7.

Theorem 2. Let 1 < p < co. If X is an interpolation r. i. space between L1 and
Lo, and a(X) > ]—1), then X is an interpolation space between Li and Ly.

Proof. It T': Ly — Ly is a bounded linear operator such that T'=T|z : L, — Ly
is bounded, then

K(t*7YP Ta; Ly, L)) < CaK (17?2, Ly, L) < CaK(t*~Y? 2, Ly, Ly 1)

for any « € Ly and all 0 <t <1, where L, ; is the Lorentz space generated by the
norm

1
llzllp1 = / P Ly (1) dt.
0
Using Holmstedt’s formulas (cf. [HJ, Th. 4.1 and Th. 4.2) we obtain an estimate
¢ t 1
(6) / (Tz)*(s)ds < Cy (/ x*(s)ds + tl_l/”/ sl/p_lx*(s)ds)
0 0 ¢

for any z € L; and all 0 < ¢ < 1. For the linear operator

1
Max(t) = til/”/ sYPlp(s)ds, 0 <t <1,

t
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we obtain, by using the Fubini theorem,

/0 (M) (s)ds = / UP( / Vplx*(u)du)ds
/ ( / 1/Pds> uP e (u)du

+ /t 1 ( /0 t 5_1/pds) WP (w)du
p/</0tx*(u)du+t1_1/p/tl Ur=lg )du)

~ K(tl_l/p,x;Ll,LpJ).

Therefore, in view of (6),

(7) / (T (s)ds < = o

for all 0 < ¢ < 1. We show that in any r. i. space X with a(X) > 1/p we have the
estimate

(8) |Mz*|| < Cs||z|| for z € X.

Note that Boyd proved (see [B68|, Th. 1, [B69], Lemma 2, and [BS], Th. 5.15)
the boundedness of the operator M in r. i. spaces X with the Fatou property. He
showed that the operator M is bounded in X if and only if the lower Boyd index
a(X) > 1/p. In particular, this result gives the estimate (8) but only for r. i.
spaces with the Fatou property.

To show (8) in general we first note that the assumption a(X) > 1/p is equivalent
to the property that there exist € > 0 and A > 0 such that

9) losllx-x < As'/PHe forall 0 < s < 1.

For t € (0,1) we have

1 1/t
Max*(t) = t_l/p/ Up=lyx(s )ds—/ sYP e (st)ds
LUt 1
- / S (511,10 (3)ds

on

3 / st (20N )X ()ds
=1 J2n- 1 ’
0o on

< Zz(n—l)(l/P—l)x*(Zn—lt)/ 1X(1,1/t)(5)d5
ne1 on—
o

< Zz(n_l)(l/p_l)x*(Zn_lt)Zn_l)((o’l)(Zn_lt)
n=1
o

= > 20Dy (2 0,1 (27 M),

n=1
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The space X is complete. So we can apply the triangle inequality to infinite sums
in X and using (9) we obtain

o0
M| < 20D et (20 ) x o, (27|

n=1
(o)
< > 20|20 ) o (21|
n=1
(o)
< 32D oy i | x|
n=1
< A Z 2(n=1)/po(=nt1)(1/p+e)|| 4|
n=1
o0 + 25
= A 27"z = A
527 ol = g e,
and the proof of the estimate (8) is complete. O

Recall now the Calderén-Mitjagin theorem (see [KPS|, Th. 4.3) which says
that an r. i. space X is an interpolation space between L, and L., if and only
if the following condition is satisfied: there exists a constant B > 0 such that if
y€ X,z €Ly and

¢ ¢
(10) / x*(s)ds < / y*(s)ds forall0 <t <1,
0 0

then z € X and ||z|| < Blly|l.

Putting together the estimates (7), (8) and the Calderén-Mitjagin theorem we
obtain that if x € X, then Te € X and ||Tz| < Cgllz||. Therefore, X is an
interpolation space between L; and L, and the proof of Theorem 2 is complete.

We give a counterexample showing that in Theorem 2 we cannot omit the as-
sumption that the r. i. X is an interpolation space between L and L.

Example 1. This is the Russu example of the space with a slight modification of

function ¢ (see [R], Th. 1, or [KPS], Lemma 5.5). Let ¢ be an increasing concave

function on (0, 1] with ¢»(0) = 0, lim,_, o+ % = 1 and its upper dilation exponent

0y = limy_, oo lnlfit) = 0. As a concrete ¥ we can take, for example, ¥ (t) = In~! %

In the Marcinkiewicz space My, endowed with the norm

1 t
|z|laz, = sup —)/ x*(s)ds
0

o<t<1 P(t

we consider a linear space

=~ : " (t)

G=lrel: os<lt121 Y'(t)
and as the required space G we take the closure of G in My. G is an r. i. space.
Since ||ov]|c—a = low]lar,—nr, = t(1/t), it follows that a(G) = a(My) = 1-6, =
1> 1/p, for any 1 < p < co. The space G is not an interpolation space between L
and Lo (see [R], Th. 2, or [KPS], Lemma 5.5); moreover, G is not an interpolation
space between L; and L.

< oo}
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Remark 2. We can similarly, as in the proof of Theorem 2, show a more general
result: Let 1 <r < p < oo. If X is an interpolation r. i. space between L, and Lo,
and a(X) > ]—1), then X is an interpolation space between L, and L,. In the proof,
it is enough to see that there exists a constant B > 0 such that

/ot@x)*(srds <B U (9 ds oMo | < B / [2*(s) + Ma* (s)]” ds

for any 2 € L, and for all 0 < ¢t < 1 and to use the fact that the couple (L., L)
is K-monotone (see [LS], Th. 2).

4. STRONG TYPE (1,1) AND WEAK TYPE (p, p) INTERPOLATION

We observed, after the proof of Theorem 2 was completed, that an even more
general result is possible to prove. A linear operator T is said to be of weak type
(p,p),1 < p < oo if T is bounded from Ly, 1 into Ly, o, where the spaces L, 1 and
L, o on I =[0,1] are generated by the functionals

l#llp.c = supt!/?a* (1), |2l
tel

pl = /tl/p_la:*(t)dt.
I

A bounded linear operator T : L, — L, is said to be of strong type (p,p) and, of
course, every operator of strong type (p,p) is also of weak type (p,p) but not vice
versa since Ly 1 C Ly, C Ly -

Boyd [B69] proved in 1969 that any linear operator T' that is of weak types (p, p)
and (q,¢),1 < p < g < 00, is bounded in an r. i. space X if and only if % <a(X)<
B(X) < z_lf His result is proved for r. i. spaces X with the Fatou property (see
also Bennett-Sharpley [BS], Th. 5.16 and Lindenstrauss-Tzafriri [LT], Theorems
2.b.11 and 2.b13). This result however is true for arbitrary r. i. spaces X (cf. our
discussion in the Introduction or Th. 6.12 in [KPS]). In the case when ¢ = o0, i.e.,
for any operator T' of weak type (p,p) and strong type (co,00),1 < p < oo, the
one-sided estimate §(X) < Il) characterizes the boundedness of T' in X (see [MS1],
Th. 4.6; cf. also [M&5], Remark 5.9(a)).

In the case of another extremal space L1, the one-sided interpolation theorem
about operators in L and of weak type (p,p),1 < p < oo needs some extra as-
sumptions.

Theorem 3. Let 1 < p < oo. Any linear operator T that is of strong type (1,1)
and weak type (p,p) is bounded in an r. i. space X if and only if a(X) > % and X
is an interpolation space between Ly and Lse.

Proof. The sufficiency follows immediately from the proof of Theorem 2 since the
estimate (6) is still true. We must only show that if a(X) > %, then L, oo C X. By

Theorem 5.5 in [KPY], it is enough to prove that

1
/ *(8)px(s)s s < Crllpoc
0



INTERPOLATION BETWEEN L; AND L,, 1 <p< o 2937

for all z € Ly . The assumption a(X) > zla gives (9) and since the estimate
llosl] > ex(s)/px(1) is clear, we obtain

! 1
/ T (s)px(s)sTlds < Apx(1) / o*(s)sM/P e ds
0 0

1 B A 1
Apx (1)l /O 5 1d8:s0%<>

IN

1] p,00-

Necessity. The operator M is of strong type (1,1) and of weak type (p,p).
Moreover, ||Mz|p oo < ||z|p1 for every x € L, and | Mz|1 < p||z|1 for every
x € Ly. Then M is bounded in X by assumption. If 0 < e < 1/||M||x—x, then the
operator (Ix —eM )_1 exists and is bounded in X. Moreover,

(Ix —eM)a(t) = ia"M”x(t),
n=0

where the series converges in the operator norm and M™ denotes the nth iteration
of M. We have

1/ ! 1/ 11nn_1§
n __4+—1/p p— t
M"x(t) =t /t s 7(n_1)!x(s)ds,
and the operator M given by
oo
Mzx(t) = M(Ix —eM) 'a(t) =Y "M a(t)
n=0
_ ! (="
t 1/73/lt s/ 1<Z — t>x(s)ds
n=0
! S
til/p/ sl/pfl(g)ex(s)ds
t

is bounded in X. Since, for 0 < 7 < 1,

N t/T
Mz*(t) > t‘l/”/ sl/”‘l(i)sa:*(s)ds X(0,1)(t/T)
t

Vv

t/T
2t/ /e [ s G ds
t

e )

it follows that

. 1 ri/pte
lorall = florz*|| < (];‘FE)WHMJU [

Tl/p—i—s

1 —
< (}—j +e) T IMIx-xllzll,

and so
a(X)>1/p+e>1/p.
We should also show that the r. i. space X must be an interpolation space
between L1 and Lo,. If T': L1 — L1 is bounded and T = Tip.. : Lo — L is also
bounded, then by the Riesz-Thorin interpolation theorem T is of strong type (p, p),
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which implies that T is of weak type (p,p). The assumption on X gives that T is
also bounded in X, and the proof is complete. O

Remark 3. Theorem 3 can be generalized (cf. Remark 2): Let 1 <r < p < co. Any
linear operator T' that is of strong type (r,r) and weak type (p,p) is bounded in an
r. 0. space X if and only if a(X) > zla and X is an interpolation space between L,
and L.

Remark 4. Theorems 2 and 3 can also be proved when the r. i. spaces are on the
interval (0, 00). We then only need to control that a(X) > % implies L1 N Ly o C
X C L1+ Ly1, which is in fact true. Note also that Theorems 2 and 3 are valid for
quasilinear operators.
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