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CESARO FUNCTION SPACES
FAIL THE FIXED POINT PROPERTY
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(Communicated by N. Tomczak-Jaegermann)

ABSTRACT. The Cesaro sequence spaces cesp,1 < p < oo, are reflexive but
they have the fixed point property. In this paper we prove that in contrast to
these sequence spaces the corresponding Cesaro function spaces Ces, on both
[0,1] and [0,00) for 1 < p < oo are not reflexive and they fail to have the fixed
point property.

1. INTRODUCTION

Let 1 < p < oo. The Cesaro sequence space ces, is defined as the set of all real
sequences x = {xj} such that

o0 1 n 1/p
”:EHC(;D) = Z(ﬁ Z |xg])? < 0o when 1 < p < o0,
n=1 k=1
and
1 n
T = sup — | < 0o when p = .
el = sup 5l

The Cesaro function spaces Ces, = Cesp(I) are the classes of Lebesgue measurable
real functions f on I = [0,1] or I = [0,00) such that the corresponding norms are

finite, where
1 T 1/13
flew = ([ [ 1r@lar @) ori<p<x.

1 T
[fllcee) = sup 7/ |f(#)| dt < oo for p = co.
0

z€l, >0 T

and

The Cesaro sequence spaces ces, were investigated in the seventies by Shiue,
Leibowitz and Jagers. In particular, they proved that ces; = {0}, ces,, are separable
reflexive Banach spaces for 1 < p < oo and the [P spaces are continuously embedded
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into cesy, for 1 < p < oo with strict embeddings. Also if 1 < p < ¢ < oo, then
ces, C cesq with continuous strict embeddings. Bennett [3] proved that ces, for
1 < p < oo are not isomorphic to any 19 space with 1 < ¢ < oo (see also [15]
for another proof). Moreover, Maligranda-Petrot-Suantai [15] proved recently that
Cesaro sequence spaces ces, for 1 < p < oo are not uniformly nonsquare; that is,
there are sequences {z,} and {y,} on the unit sphere such that lim,, ., min(||z, +
Ynlle)s 1Tn — Ynllep)) = 2. They even proved that these spaces are not B-convex.
We refer here to [3], [I5] and the references given there.

Several geometric properties of the Cesaro sequence spaces ces, were studied in
recent years by many mathematicians, and in 1999-2000 it was also proved by Cui-
Hudzik [5], Cui-Hudzik-Li [6] and Cui-Meng-Pluciennik [7] that Cesaro sequence
spaces ces, for 1 < p < oo have the fixed point property (cf. also [4, Part 9]).

Cesaro function spaces Ces,[0,00) for 1 < p < oo were considered by Shiue [16],
Hassard-Hussein [12] and Sy-Zhang-Lee [I7]. They proved that Ces;[0,00) = {0}
and Cesp[0, 00) for 1 < p < oo are separable Banach spaces and that Cess[0, 00) is
a nonseparable Banach space. The space Ceso[0, 1] is known as the Korenblyum-
Krein-Levin space already introduced in 1948.

By the Hardy inequality the LP(I) spaces are continuously embedded into
Cesp(I) for 1 < p < oo with strict embedding, where I = [0,1] or I = [0, 00)
(cf. [1Il Theorem 327] and [I3] Theorem 2]). Also if 1 < p < g < oo, then
Ces,y|0,1] C Cespl0, 1] with continuous strict embedding Moreover, Ces1[0,1] is a
weighted L1 [0,1] space with the weight w(t) =In for 0 < ¢ < 1. In fact,

1) / (3 [ 1 ar) dx=/01 (/édx) |f<t>|dt=/01|f<t>|1n§dt.

We will show that, in contrast to Cesaro sequence spaces, the Cesaro function
spaces Ces,(I) on both I = [0,1] and I = [0,00) for 1 < p < oo are not reflexive
and that they do not have the fixed point property.

A Banach space X has the fized point property (FPP) [resp. weak fized point
property (WFPP)] if every nonexpansive mapping of every closed bounded convex
[resp. nonempty weakly compact convex] subset K of X into itself has a fixed point.
Recall that T is said to be nonezpansive if ||Tx — Tyl|| < ||z — y|| for all z,y € K.

The spaces cg and {! both fail to have the FPP with their classical norms, but
they have the WFPP. The space L'[0,1] does not have the WFPP, as was proved
by Alspach [I].

Our proof that the Cesaro function spaces Ces,(I) on I = [0,1] with 1 <p < o0
and on I = [0,00) with 1 < p < oo fail to have the fixed point property will be
carried out by showing that these spaces contain an asymptotically isometric copy
of I1.

A Banach space X contains an asymptotically isometric copy of I' if there exists
a null sequence (e,) in (0,1) and a sequence (x,) in X such that

(oo}
2 (1=l < | Zanmnux < z ol

for all (a,) € I* of scalars. This notion was introduced by Dowling and Lennard in
[9], where they proved that such spaces fail to have the FPP.
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2. MAIN RESULTS

Cesaro sequence spaces cesp, 1 < p < oo, are reflexive but not B-convex and
they have the fixed point property. In contrast to these sequence spaces the cor-
responding Cesaro function spaces Ces,(I) on both I = [0,1] and I = [0,00) for
1 < p < oo are not reflexive and they do not have the fixed point property. Our
main result reads:

Theorem 1. Let 1 < p < oo. The Cesaro function space Ces,[0,1] contains
an asymptotically isometric copy of I*; that is, there ewist a sequence {e,} C
(0,1),e, — 0 as n — oo and a sequence of functions {f,} C Cespl0,1] such
that for arbitrary {a,} € I* we have

(o) o0 (o)
(2) Z(l_an)‘aﬂ < Hzanfn”C(p) < Z|O‘n|-
n=1 n=1 n=1

Before the proof of this theorem we prove the following auxiliary result.

Lemma 1. Let 0 < a < b < 1,f € Ces,[0,1] and supp f := {t € [0,1] : f(t) #
0} C [a,b]. Then

_ 1 _ 1
(3) O =Dl < (0= DY) fllo < (a7 = 1)YP £l
for1 <p<oo and

1 1 1 1
(4) hlng”l < | flleqy <In EHf”l’ E”f“l < fllee) < E”f“lv

where || flly = [y |£(t)] dt.

Proof. 1t is obvious that for any 0 < x < 1 we have

1 1 /° 1
SIflxen@) < Fre)i= 1 [ 1#0)] < Ll @)

Since, for every ¢ € (0, 1),fc1 t7P dt = Cl;fl_l and fcl t=1 dt = Inl we obtain (@)

and (@) for p = 1. In the case of p = 0o we see that
1 1
g||f||1 < 1Ffllpeepo,n) < aHle»
and the lemma is proved. O

Proof of Theorem 1. For 1 < p < co we set
1
9n = Xjan,ans1)> With a, = 21/077) <1 — 27) ., n=12....

Since ||gnll1 = @ni1 — an = 22/07P) 27" and ql P — 1 = W — 1, then,
by Lemma 1 (see the second estimate in ([3))), this yields that
1/(1-p)gn+1 1/ 2 v
27/ ATPIgn — 12| gy, <|l—-1 .
0= 0" lanle < (=g — 1)

Let fn = gn/llgnllc(p) and o, € R for n = 1,2,.... Since suppg, C 21371,
21/(=P)) for every n € N it follows from Lemma 1 (see the first estimate in ()
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that

(-1
i |, |21/ (1=P)
- 20 (p — D2 |gnlle )

n=1

> (st t) el

n=1

Y

1>~ anfallew

n=1

Y

Denote

2 -1/p
%:1—((1_271);71—1) :

Then {e,} C (0,1) and &, — 0 as n — oo. This means that the left-hand side of
(@) is proved. The right-hand side of (2)) is obvious since || f,|lc(p) = 1.

In the case p = oo we take f, = gn/l|gnllc(sc), Where gn = X(a, ans,) With
ap, = 1—-2""n = 1,2,.... Then [|gy|1 = 27" ! and, by Lemma 1 (see the
second estimate in @)) [|gnllc(oo) < 73==2"""" or 2" |gn|lc(00) £ 7= Since
supp g, C [1/2,1), for every n € N, it follows from Lemma 1 (see the first estimate

in @) that:

”ZananC(oo) > HZananI
n=1 n=1

R N I B o F RS )

=2 lgnllce) —

and e, = 27" is a required sequence.
In the case p = 1 we take g, = X[a,,a,,), Where a, = %(1 —2™")n=12...
and argue in a similar way. The proof is complete. (Il

The analogous result holds for Cesaro function spaces on [0, c0).

Theorem 2. Let 1 < p < co. The Cesaro function space Cesy[0,00) contains an
asymptotically isometric copy of I*.

Proof. We consider only the case 1 < p < oo (the case p = oo can be proved
similarly as in Theorem 1). We take g,, = X[a,,a,,,,) With a, =1-27", n=1,2,...
and continue the proof as in Theorem 1, observing that the estimate corresponding
to (@) for Cesp[0,00) will be (for 0 < a < b < 00)

o0
VP f < (0= DYP flleg) < @ /P fll, with || f]l = / |£(t)| dt,
0
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and then for f, = g,/l|gnllc(p) We have that

- I Z;.LO=1 an fnlli
H;anfn”(?(p) > W

o

|| > = 1-1/p
> 5 > 3k )
n=1

(p = DY?|lgnllcp)

n=1
= > (1=27)"Plag| =) (1 - ep)lanl,
n=1 n=1
ande, =1—(1— 2’”)1*1/” is a required sequence. The proof is complete. O

Remark 1. It is obvious from Theorem 1 and Theorem 2 that the Cesaro function
spaces Ces,(I) for 1 < p < oo are not reflexive.

Dowling-Lennard [9] proved that if a Banach space X contains an asymptotically
isometric copy of I', then there exists a nonexpansive mapping defined on a closed
bounded convex subset of X without a fixed point, i.e., that X fails to have the fixed
point property (see also [10, Theorem 2.3 and Corollary 2.11]). By the Dilworth-
Girardi-Hagler result [8, Theorem 2] the dual space X* does not have the fixed
point property since they proved there that X contains an asymptotically isometric
copy of ! if and only if the dual space X* contains an isometric copy of L'[0, 1].
Combining these results with our Theorem 1 and Theorem 2 we obtain immediately
our main result on the fixed point property of Cesaro function spaces and their dual
spaces.

Theorem 3. If either 1 <p<ooand I =1[0,1] orl <p<oo and I =[0,00), then
the Cesaro function spaces Cesy(I) and their dual spaces Ces,(I)* fail to have the
fixed point property.

Theorem 3 gives information about the fixed point property, and therefore it is
natural to ask what one can say about the weak fixed point property.

Note that the space Ces;[0, 1] is isometric to L[0, 1] by the equality (), and by
the Alspach result [1] L'[0,1] fails to have WFPP; therefore Ces;[0, 1] also fails to
have WFPP.

By combining Theorem 1, Theorem 2 and the Dilworth-Girardi-Hagler result
[8, Corollary 13] we have the following result:

Proposition 1. The dual spaces to the Cesaro function spaces Ces,(I)* do not
have the weak fixed point property.

Proposition 2. The Cesdro function spaces Cesy(I) for 1 < p < co are not iso-
morphic to any Li(I) space for 1 < q < co. In particular, they are not isomorphic
to LY(I).

Of course, Ces,(I) for 1 < p < oo, as nonreflexive and separable spaces, cannot
be isomorphic to any L%(I) with 1 < g < 0o or ¢ = co. The statement for ¢ = 1
will be proved in the forthcoming paper [2].
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