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Rademacher functions in BMO
by

SERGEY V. ASTASHKIN (Samara), MIKHAIL LEIBOV (New York)
and LECH MALIGRANDA (Lulea)

Abstract. The Rademacher sums are investigated in the BMO space on [0, 1]. They
span an uncomplemented subspace, in contrast to the dyadic BM Og4 space on [0, 1], where
they span a complemented subspace isomorphic to l2. Moreover, structural properties of
infinite-dimensional closed subspaces of the span of the Rademacher functions in BMO
are studied and an analog of the Kadec—Pelczyriski type alternative with l2 and ¢y spaces
is proved.

1. Introduction. In 1961, when studying some problems concerning
partial differential equations, F. John and L. Nirenberg introduced the space
BMO of functions of bounded mean oscillation. In 1971 Fefferman [6] an-
nounced that the dual to the real Hardy space H' on R™ is BMO. Next
year, the proof was published by Fefferman and Stein in their paper [7, The-
orem 2| (see also Garnett [8 Theorem 4.4], Grafakos [12, Theorem 7.2.2],
Kashin and Saakyan [15, Theorem 5.5, and Stein [30, pp. 142-144]). This
duality result of Fefferman called considerable attention to the BMO space
and after 1971 many results were proved about this space (see e.g. Garnett
[8, Chapter VI|, Grafakos [12 Chapter 7] and Stein [30, Chapter IV]).

There is also a larger dyadic counterpart BMO 4 of the space of functions
of bounded mean oscillation, BMOy4 2 BMO. This dyadic space related to
BMO was studied already by Garnett and Jones [9]. Since BMO is trans-
lation invariant and BMO is not, BMO is more important in analysis. On
the other hand, it is much easier to work with BMO, because of the fact
that dyadic cubes are nested (if two open dyadic cubes intersect then one of
them is contained in the other).

Consider the Rademacher functions on [0, 1] defined by

r(t) = sign[sin(2f7t)],  keN, te[0,1],
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and the set of Rademacher sums

Rn(t):Zakrk(t), a, €R, fork=1,...,nand n € N.
k=1

The behaviour of Rademacher sums in the spaces L, = L,[0, 1] is well known
and it is described by the classical Khintchine inequalities: there exist con-
stants A,, B, > 0 such that for every sequence {a;}}_, of real numbers and
any n € N we have

(1) Ap<z ]ak’2)1/2 <|IRullz,01] < Bp<z ‘%\2>1/27 0<p<oo.
k=1 k=1

Hence, the Rademacher functions {r,} span an isomorphic copy of Iy in
L, for every 0 < p < oco. Moreover, the subspace [r,]72; is complemented
in L, for 1 < p < oo and it is not complemented in L; since no com-
plemented infinite-dimensional subspace of L; can be reflexive. In Lo, we
have ||Rn|lL.j01) = k- lax| and so the Rademacher functions span an
isometric copy of Iy, which is known to be uncomplemented in L. Inves-
tigations of Rademacher sums in general symmetric (rearrangement invari-
ant) spaces are well presented in the books by Lindenstrauss—Tzafriri [21],
Krein-Petunin-Semenov [I7] and Astashkin [2], where also the definition
and several properties of symmetric spaces can be found.

The purpose of this paper is to investigate sums of Rademacher functions
in the BMO space on [0, 1]. Some results are contained in Leibov’s disserta-
tion [I8] (Proposition 2 with some estimates of type (7)), which we correct in
this paper, and partly Theorem 5) but, in fact, they are not known to a wide
audience since they were not published in any journal and the dissertation
is not available.

The paper is organized as follows: after the introduction in Section 1,
we collect some necessary definitions, notation, and auxiliary results in Sec-
tion 2. The main result in Section 3 is Theorem 2 describing the behaviour of
Rademacher sums in BMOI0, 1]. In Section 4 we discuss the complementabil-
ity of Rademacher subspaces R4 and R in BMO4 and in BMO, respectively.
Namely, it is well-known that R4 is complemented in BMO,4 (Theorem 3). At
the same time we prove that R is not complemented in BMO (Theorem 4).
Finally, in Section 5, we investigate the structure of infinite-dimensional
subspaces of R. In particular, in Theorem 5 we state the following analogue
of the Kadec—Pelczyniski type alternative for R: every infinite-dimensional
closed subspace X C R is either isomorphic to ls and complemented in
BMO, or contains a subspace Y isomorphic to ¢y and complemented in R.
Then, in Examples 1 and 2, we construct block bases of the Rademacher
system whose span is ls and ¢y, respectively.
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2. Preliminaries and auxiliary results. For any function f € L]0, 1]
and arbitrary interval I C [0, 1] we denote

1
fr=1g §f(8) ds,

where |I| is the Lebesgue measure of I. Then, as usual, the space BMO =
BMOI0, 1] consists of all f € L]0, 1] such that

(2) I flBmo = supm§|f<> frlds < oo.

The quantity || f||samo is only a seminorm, since || f|gpo = 0 if f equals a
constant a.e. To turn BMO into a Banach space we can either restrict
to the linear space

1

{f€0,1): | f(z) dw = 0 with | fllpuo < oo}
0

(with identification of functions equal a.e.) or consider in BMO one of the

norms || flgas0 = £ 8mo + | o f@) dal or || F I gas0 = fllBro + 1 fllafo.1)

We also introduce a dyadic version of BMO. If IF = (k/2", (k +1)/2"],
E=0,1,...,2" =1, n = 0,1,2,..., are dyadic intervals in [0, 1], then the
space BMO, = BMO4[0, 1] consists of all f € L1]0,1] such that

1flla = I fllB7mO, = SUP 177 k’ S |f(s) = frxl ds < oo

It is clear that BMO C BMO, and ||f||d < ||fllBmo for all f € BMO.
Moreover, Lo, C BMO and, for f € L[0, 1], we have

1/2
1o <sup( 17§ 506) 17 ds )

L\
<S‘}p(m [IFeRds) = Il

At the same time, BMO # L and BMO4 # BMO. For example, we have
In|s—1/2[x[,1)(s) € BMO\ Lo and In |s —1/2|x[1/2,1)(s) € BMO4\ BMO.

To find a connection between the BMO- and BMO4-norms, we introduce
the functional
A(f) = Sup‘fh*ffz‘v feLl[Oal]v
1,1
where the supremum is taken over all adjacent dyadic intervals Iy, Is of the
same length.
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The following assertion is an exercise from Garnett’s book (cf. [8, Problem
12(b), p. 266]). We present the proof with concrete constants for the sake of
completeness.

PROPOSITION 1. For any f € L]0, 1] we have

(3) %[Hf“d‘i‘A(f)] < fllemo < 32[||flla + ACS)]-

Proof. 1t is clear that the left-hand inequality of is an immediate
consequence of the estimate

(4) A(f) < 2]l mo-

To prove , take two adjacent dyadic intervals I7 and I3 of the same length.
Then

5) ﬁwrf(fﬁfw+uﬁf@>=;m+ﬁ»
Therefore, for I := I; U Iy we have
|“§u mw—ﬂhﬁw F1)+ (7 = i)l ds
zﬂ}}f fr)d ;gf i) d
= §!f11 — 1.l

and similarly
1
— \|f = filds > ~|f1, — fnl-
L] i 2
Thus,

1 1 1
—\I|f = frlds = ds + — d

> 5 9 ‘fh fIz ‘ )
which implies .
Let us prove the right-hand inequality of (3)). For any I C [0, 1] we can find

adjacent dyadic intervals I; and I5 of the same length such that I C Iy U I
and

1
SRS
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Then

1

|I|§\f(5)—fﬂd5:ms

—_

1

(s) — |I|§f(t) dt| ds

ur2 (17 = fi0) de s

16
<7 ) ) )~ fOldids
‘IlUIQ| I1UIy 11Ul
< | 1) - fronldsdt
S ThULP ?) T oL
LUl I1UI>
0 1) — fronldsdt
11, U I|? holz
11Ul> [1UIo
32
— - ds.
o ) M~ fronlds

I1UI>
The above estimate and equality (5)) imply that

|I|W“ filds < ,HSU‘( - L+ plds
|]’S|f() %(f[1+f12)|ds

’I|S‘f( fh‘ds T6§ flz’ds

I
+ 16|f11 - f12| < 32||f||d + 16A(f)'
Hence,
1fllBmo < 32(flla + 16A(f) < 32[||flla + A(f)]. =

87

3. Rademacher sums in BMO spaces. The main purpose of this
paper is to investigate the behaviour of Rademacher sums in the BMO and

BMO, spaces.

PROPOSITION 2. For any ap € R, k=1,...,n, we have
1 n
(6) -5 @il < H;akrkud < (@il
and
2 m
: < A( ) <4 ‘
(7) 3 og%i(gn - ak’ Zakrk - og??li(gn kZJrl @k
k=j =j
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Proof. Set f =>"}_; agry and let I be a dyadic interval of length 2™,
that is, I = I = (i/2™, (i + 1)/2™]. Then

(ri)r = {sgn(rkh) if k <m,

0 if kK> m,
and so
n min(m,n)
fr= Zak(rk)[ = Z ag sgn(rg|r).
k=1 k=1

Thus, if m > n, then f|; is a constant and therefore the oscillation of f on
I vanishes, i.e., O7(f) := |I|71§, |f(z) — f1| dz = 0. Otherwise, if m < n, we
have

Or(f) = |I|S|f( x) — fI’d$:|}|S‘Zakrk(ff)_Zaszgn(rkh))dl‘
k=1

I k=1
1 n
|I| ‘ Z agri(z ‘d:n:g’ Z akrk_m(:z:)‘dx
I k=m+1 0 k=m+1
n
5 o,
k=m+1 !

Using Khintchine’s inequality for the space L]0, 1] with the sharp con-
stant A} = 1/\/5 (cf. [31]), we obtain

SORC L PR I o

k=m+ k=m+1
Thus,

() = [, = ()

Let now I; and I3 be adjacent dyadic intervals of length 27 each. Then by
the above observation,

min(m,n) min(m,n)
fro=fn="> asen(riln)— Y arsgn(riln).
k=1 k=1

Let I be the smallest dyadic interval containing I; UI; let I have length 277,
Of course, j < m and r|r, = ri|r, if & < j. Then for j > n we have f, = fr,,
and for j < n,

min(m,n)

fn—1In= Z ak[sgn(rk|n) — sgn(re/r)]-

k=j+1
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From the definition of I it follows that I; U I3 is in the middle of I. Suppose
that I lies to the left of I5. Then it is easy to see that 71|, = 1, rj41|n, =
—1and rglr, = =1, rglr, = 1if j +2 < k < m. Thus,

min(m,n)
\fr = fol = 2‘ > an- %‘H‘
k=j+2
and
A(f) = - ‘
(7) 0<§r§ﬁ(<n ZFQ U~ A1
k=j

It is not hard to check that

m
> wf

m
E ap —ajy1| <2 max

1

— max ’ g ak’ < max

3 0<j<m<n - 0<j<m<n 0<j<m<n
k=j+1 k

Combining this inequality with the previous equality, we obtain . "

The following well-known assertion is an immediate consequence of in-
equalities @ from Proposition 2. It was already proved by Garsia [10], [11]
and even for martingale BMO spaces. It was also obtained by Miiller and
Schechtman [25, Theorem 1] and Kochneff, Sagher and Zhou [16, Theorem 1],
who also gave an example showing that the similar result for BMO is not
true.

THEOREM 1. The sequence {r1,}72, of Rademacher functions is equiva-
lent in BMOy to the standard unit basis in ls.

From Propositions 1 and 2 and the elementary observation that
m

m m
g ar| < max E ak‘§2 max g ak‘,
0<j<m<n - 1<m<n
k=1 k=j+1 k=1

max
1<m<n

we obtain the following assertion:

THEOREM 2. For anyap € R, k=1,...,n, andn € N we have
ol(Xat) "+ [ Y] < [ an,,,
= =S k= k=1
n ) 1/2 m
<on{(3) " s S0
m<sn

k=1 = k=1

In particular, the following equivalence holds:

s n
~ o0
(8) H kzlakrkHBMO = |[(ar)rzilli, + ilég ‘ ,;1 ak‘,
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COROLLARY 1. The sequence {ry}3>, of Rademacher functions is equiv-
alent in BMO to each of its subsequences.

COROLLARY 2. The system {ri}32, does not contain an unconditional
basic subsequence in BMO.

For example, > 7, (—=1)fry/k € R and Y 32, ri/k ¢ R.

COROLLARY 3. Luo[0,1] is a unique (up to equivalence of norms) sym-
metric space on [0, 1] which is embedded into BMO,4.

Proof. For arbitrary § € (0, 1) let us introduce the “J-translation” of the
dyadic BMO, that is, the space BMO4(0) with the norm || fl|as = || fsll4,
where
9)  fs(s) == f(s=0)xs(s) + f(s =0+ 1)xp,e(s), s€I0,1].

Mei proved in [23] that there exists a dp € (0,1) such that
BMO = BMO4nN BMOd((So)

If X is a symmetric space on [0,1] such that X C BMOy, then X C
BMOg4(0p) as well. Thus, X C BMO. Next, since {ry}3, is an uncondi-
tional basic sequence with constant 1 in an arbitrary symmetric space (see,
for example, [2| Corollary 1.7]), by Theorem 2 we obtain

o o] (e.)
§: X §: X §: BMO
k=1 k=1 k=1

On the other hand, we have

(o] o0
X
k=1 k=1

Therefore, {r;,}72, is equivalent in X to the standard unit basis in /; and,
hence, by the Rodin—-Semenov theorem [27, Theorem 7|, we conclude that
X = Ly with equivalent norms. =

L= Cl@) .

COROLLARY 4. The sequence {r;}?°, of Rademacher functions is not
weakly convergent to zero in BMO.

Proof. Define a linear functional on R by

n n
@g(Zakrk):Zak, ar €R, k=1,...,n,neN.
k=1 k=1

Then, by the Hahn—Banach theorem, it can be extended to a functional
wo € R*, because in view of Theorem 2 we have

00 00 00
oo awre)| =[] < € L]
k=1 k=1 k=1

Since @o(rn) = 1 -+ 0, we see that r, - 0 weakly in BMO. =
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REMARK 1. Astashkin and Maligranda [3]| recently proved an equiva-
lence completely similar to for Cesaro function spaces K, on [0, 1] defined
by the norms || f||x, = supge,<i (@~ §5 | f ()P dt)t/? (1 < p < o0):

n
|2 e, = IMandicil, + max \Zak\
k=1 K

It is worth noting that the spaces K, and BMO are not comparable, that is,
neither is embedded in the other one.

4. On complementability of Rademacher subspaces in BMO and
BMO,4. We investigate the geometrical properties of the subspaces Ry :=
[rk) BMO, and R := [ry] pmo generated by the Rademacher system in BMO,
and BMO, respectively. In fact, complementability of Ry in BMOy is well-
known (see, for example, Garsia [10], [II], Miiller and Schechtman [25]).
However, we present a simple proof.

THEOREM 3. The subspace Ry is complemented in BMOy,.

Proof. In view of a dyadic version of the John—Nirenberg theorem, which
can be proved in the same way as the classical John—Nirenberg theorem (see,
for example, [12, pp. 124-127]), for an arbitrary f € BMOy, any dyadic
interval I¥ and 7 > 0 we have

m{zx € If{ | f(z) - fl,’g| > 7)< 6|Is|exp<_2€”}“d>‘

This inequality implies that, for any 1 < p < oo,

1/p
1l = [ fllap = sup<| k|S\f() fz;g\pdw> ,

with a constant depending on p (see [12, p. 128] and [26, p. 525]). More
precisely,

1flla < 11 fllap < 2elpT (p)e] /7| fla-

Therefore, for every 1 < p < oo, we have BMOg4 C L,|0, 1]. It is well-known
that the orthogonal projector P generated by the Rademacher system is
bounded from L,[0,1] onto [r]?°, if 1 < p < co. Then, by (6) and the
Khintchine inequality (I)), for all p € (1,00) and f € BMOy,

1P flla = I1Pflle, < Pl < CollPIHIFla-
Thus, P is bounded in BMO, and the proof is complete. m

In contrast with Theorem 3 and with the remarkable theorem of Maurey
[22] (cf. also [24, pp. 229-242]) which states that BMO]0,1] is isomorphic
to dyadic BMO4[0, 1], the subspace R is an uncomplemented subspace of
BMO. To prove this, we will need an auxiliary assertion.
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Denote by U = {u,}72, a block basis of the Rademacher system, that is,

Mnp+41
Up = Z agry  (n=1,2,...),
k=mn+1
where 1 < mj < mg < --- and ag € R. Moreover, let
Mn41
Z ag, n=12....
k=mn,—+1

PROPOSITION 3. The subspace R contains a complemented subspace E
isomorphic to cy.

Proof. Take a block basis U = {u, }72  satisfying the following assump-
tions:

(a) lunllBmo =1, n=1,2,....
b Up|ld < m_n-&-l a2 1/2S27n7 n:1,27“”
( k=mnp+1 "k

©) M) <27 n=1,2,....

It is clear that such a block basis exists. Let us prove that [u,]pao is
isomorphic to c¢y.

If f=)7",0nun €R with 8, € R, then

Mp+1

= Z( > 5nak7’k>=§:’7k7’k7
k=1

n=1 k=mn+1
where v, = Bpag if k =m, +1,...,mps1. Assuming that p, ¢ € N satisfy
Mp—1 <P <Mp < Mppy < g < Myl

with some positive integers n and [, we will estimate the sum EZ:p v Using
(c), (a), Proposition 2 and inequality (4]), we have

q Myt
‘Z’Wf‘ ‘Z%Jr Z Yk + Z Wc‘
k=p k=mn+1 k=mp41+1

n+l—1 mit1

‘Zﬁn g+ Y Y Biag+ Z ﬁn+lak‘

i=n k=m;+1 k=mg,+1
n+i—1 mMi41

< |Bn- 1|‘Zak‘+ Z 81| > ak‘+|ﬂn+l|‘ Zq: ak)

k=m;+1 k=mp+1
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n+l—1 1+1

<Supfﬂn<‘zak’+2‘ ‘ ‘ Zq: akD

i=n k=m;+ k=m,4;+1

3 3 "KL
< sup |ﬁn|(2A(un1)+2A<un+z>+ > 2)

< Bllun-1llamo + 3luntillBrro + DI Batllco = 7I{Bn Hleo-
Then from Theorem 2 and (b) it follows that || f|| gmo < Cl{Bn}lco-
On the other hand, by (a), (b) and Theorem 2, there is a 6 > 0 such that
A(uyp) > 0 for all n € N. Therefore, by and Proposition 2, we obtain
1 1 <
|fllza0 = SA(f) = gsup  sup Zﬂnak]

2 -3 neENmMp+1<p<qg<mn+1 b

SNTERIS

Thus, we have proved that E := [u,|pmo =~ ¢p. Since R is separable, the
Sobczyk theorem (see, for example, [1, Corollary 2.5.9]) implies that F is a
complemented subspace in R. u

1
> — A

THEOREM 4. The subspace R is not complemented in BMO.

Proof. Assume on the contrary that R is complemented in BMO and let
P : BMO — R be a bounded linear projection whose range is R. By Propo-
sition 3, there is a subspace E complemented in R and such that E = ¢g. Let
P, : R — E be a bounded linear projection. Then P := P, o P; is a linear
projection bounded in BMO with image E. Thus, BMO contains a comple-
mented subspace F =~ ¢y. Since BMO is a conjugate space (more precisely,
BMO = (Re Hy)*—see, for example, [15, p. 195]), this contradicts the well
known result due to Bessaga—Pelczyriski that a conjugate space cannot con-
tain a complemented subspace isomorphic to ¢ (see [B, Corollary 4|, which
follows from Theorem 4 and its proof in [4]). This contradiction proves the
theorem. m

5. Structure of subspaces of R. Sarason [29] introduced the VMO =
VMO|0,1] space (space of vanishing mean oscillation in [0,1]) consisting of
all f € BMOI0,1] for which lim o |I|7*§,[f(2) — fi|dz = 0. This is a
closed subspace of BMO containing the space C[0, 1] of continuous func-
tions and is equal to the BMO-closure of C0,1]. The space VMO was in-
vestigated by several authors. For example, it is known that VMO is not
complemented in BMO (see, e.g., [13]). Structural properties of closed sub-
spaces of VMO were considered by Leibov [I§], [19] who proved an analog
of the Kadec—Petczynski theorem for VMO (Kadec—Pelczynski type alter-
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native [14]): an infinite-dimensional closed subspace of VMO is either com-
plemented in BMO and isomorphic to ls, or, for every £ > 0, it contains a
subspace which is complemented in VMO and (1 + ¢)-isometric to ¢y (cf.
[18, Theorem 3.4] and [19]). A similar dichotomy for the dyadic VMO space
was proved by Miiller and Schechtman [25].

Our purpose here is to prove the Kadec—Pelczynski type alternative for
the Rademacher subspace R of BMO.

THEOREM 5. FEwvery infinite-dimensional closed subspace X C R is ei-
ther isomorphic to lo and complemented in BMO, or contains a subspace Y
isomorphic to cog and complemented in R.

In the proof of this theorem we will need some auxiliary result. Since
rn = 0 weakly in BMO (cf. Corollary 4), it follows that the corresponding
system of functionals biorthogonal to {7 }7°; is not a basis of the space R*.
Nevertheless, the following assertion holds.

PROPOSITION 4. The space R* has a basis.
Proof. Consider the sequence
Sp=Tn—Tpn_1, n=12..., withryg=0.
If f=25"7",0nsn, then

f = Zﬁn(rn - rn—l) = Z(ﬁn - /Bn—i-l)rm where ﬁO = 0.
n=1 n=0

Therefore, by Theorem 2,

> /
(10)  fllmwo = (X~ 6ue?) "+ sup G

n—=0 0<m<n<oo

with a constant ¢ > 0. This implies, in particular, that

(11) 1Bnl < [Bn = Bil + [B1] < 2¢[|fllBmo,  n=1,2,....
Let us prove that {s,}°; is a shrinking basis in R, that is, for any ¢ € R*,
(12) [elfsn)ee, [l =0 as m — oc.

Assume that does not hold. Then there exist € € (0,1), a functional
¢ € R* with ||¢|| = 1, and a sequence of functions f, = 322 ;"™ sy, where
m1 < mg < ---,such that ||fn||pyo =1 and o(fp,) >e>0(n=1,2,...).

We construct two sequences of positive integers, {g;}5°, and {p;}2,
1<qi<p1<q<ps<---,in the following way: ¢ = my and p; is chosen
so that || 302 4 af' skllBymo < €/2; g2 is the least my, > p1 and ps is such
that || Z;O:pzﬂ af’sillBmo < €/2; g3 is the least m, > py and p3 is such
that || 372 .11 @i’ skllBmo < €/2; and so on.
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Set aff = 0if p; < k < @41, ¢ = 1,2,.... Then U = {u;}, where
Zq”l ajisg, is a block basis of {s,}22,. Moreover, by the definition

k=q;
of Uj,
(13) sup [|ui|| prro < 2

€N
and
o0 o0 c
(1) ww)=o(f) —o( D als)ze() - | 3 afa| =3
k=p;i+1 k=p;i+1
Let us show that for every nonnegative sequence {7, }52; such that
Z’y,% < oo and Z% =00
n=1 n=1
the series > 7 | ypuy, converges in BMO.
Let by = afiv; for ¢ < k < giy1,i=1,2,.... If ¢; < k < gi41, then, in
view of and , we obtain |bg| < 4¢v;, and hence
(15) lim b, = 0.
k—o0

Moreover,

0o 0o Gi+1—2

D k=)= Y (afvi—al )

k=1 i=1 qui

+ Z Qz+1 1% — aqz+1%+1) = Ay + Aa.
=1

We will estimate A; and Ay separately. By ,

Git1—2
i 2
3 Y < Z%v
i=1 k=q;

and, by ,

oo
2 i 2
Z qzﬂ 1) '7@' + (agzii) ’Yz'+1)

(e 9] [e 9]
<4sup max |aZi|22'yi2 < 16022%2.
ieN i <k<git1 — -

Therefore, according to and , the series

00 S
Z YnlUn = Z bisk
n=1 k=1
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converges in BMO. On the other hand, taking into account , we have

e.@) o € oo
w(Z 'ynun) =D meun) = 5 Y = oo,
n=1 n=1 n=1

which contradicts ¢ € R*. Thus, is proved.
Finally, by Proposition 1.b.1 in [20], the biorthogonal system {s}}> ; of
functionals is a basis in the space R* and the proof is complete. m

Proof of Theorem 5. Assume that there is an £ > 0 such that [|f||q >
el fllBmo for every f € X. Then, according to (6) and (L), for every 1 < p
<ooandall f=>77 apry € X,

e 1/2
16)  Ifllswo << fla< e (3 ad) " <A o

k=1
On the other hand, BMO C L, for every 1 < p < oo (see the proof of
Theorem 3). Therefore, the BMO-norm on X is equivalent to the Ly-norm for
every 1 < p < co. In particular, this implies that X is isomorphic to 5. Since
the subspace R, generated by the Rademacher system is complemented in L,
if 1 < p < oo, and R, is isomorphic to I, it follows that X is complemented
in L, as well. Denote by P a linear projection bounded from L, onto X.

Then, by ,
IPfllamo < e " AMPfllL, < A te MIPlln,—r, I fllz,
< Cp()|IP|lL,—r, Il fll BMoO-

Therefore, X is complemented in BMO.

Now, assume that there is a sequence {f,}°2; C X with || f,|Bmo =1
(n = 1,2,...) such that ||fn]l¢ — 0 as n — oo. Then {f,}>2; does not
contain any subsequence converging in BMO. In fact, if limp_.o fn, = f €
BMO for some { fn, } C {fn}, then we have both || f||gmo =1 and || f||la =0
(and therefore f = 0), which is impossible.

Hence, passing to a subsequence if necessary, we may assume that for
some d > 0,

(17) | fm — fullBMo =6 >0  forallm,n=1,2,..., m#n.

Let {s;}72, be the basis of R* constructed in the proof of Proposition 4.
Using the diagonal process, it is not hard to choose a subsequence { fy,, }7°, C
{fn} such that for any k € N we have

SZ(fni-H _fm) — 0 as 7 — 00.

Since {s}}72 is a basis of R* and || fn|Bmo =1 (n = 1,2,...), it follows
that
Jnigs — fn; = 0 weakly in BMO.
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Then, by and by Proposition 1.a.12 in [20], there is a block basis U =
{u}32, of the Rademacher system, which is equivalent to some subsequence
of {fnio1 — fni}321 (denoted {fn,,, — fn;} as well). In particular,

”uk_(fnk-ﬂ _fnk)HBMO §2ik7 k=12,....

This implies that both u; — 0 weakly in BMO and |lug||q — 0 as k — oo.

Let @9 € R* be as in the proof of Corollary 4. If u; = EZICT;;Jrl a;Ti,
1<mi <mo<---,then

mE41
wol(ug) = Z a;—0 ask — oo.
i=mp+1

Therefore, using the same arguments as in the proof of Proposition 3, we
may choose a subsequence {ug, }?°; such that [ug,]|3°; ~ co and [ug,]52; is
complemented in R. =

Using Theorem 5, we are able to describe the structure of subspaces of
R in the following way.

COROLLARY 5. Let X C R be an infinite-dimensional closed subspace
of BMO. The following conditions are equivalent:

(1) X does not contain a subspace isomorphic to cy.

(2) X is isomorphic to a dual space.

(3) X is reflexive.

(4) X is isomorphic to ls.

(5) X is complemented in BMO.

(6) The BMO-norm on X is equivalent to the Li-norm.

Proof. By Theorem 5, condition (1) implies either of conditions (2)—(6).
Conversely, it is obvious that each of the conditions (3), (4) and (6) im-
plies (1). The implications (2)=-(1) and (5)=-(1) are consequences of the
above mentioned results of Bessaga—Pelczyriski. m

Recall that the function fs was defined in @

COROLLARY 6. There is a § € (0,1) such that no bounded linear pro-
jection P in BMQOg with range Rq commutes with the d-shift on Ks :=
BMO4 0 BMOy(5). This means that for every such projection there is a
function f € Ks such that P(fs) # (Pf)s.

Proof. Suppose, on the contrary, that for any 6 € (0,1) there exists a
bounded linear projection P : BMO4 — Ry such that P(fs) = (Pf)s for
every f € Kjs. By Mei’s theorem (cf. [23]) there is dp € (0,1) such that
Ks, = BMO and

11l Baeo = max([[ flla; 1 lla.s)-
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Then for any f € BMO, by assumption,

1P £l Bro = max(|[Pflla, ([P fllas,) < max(Cflla, |(Pf)slla)
= max(C||flla, [[P(f5,)lla) < Cmax([|f]la, || fsolla)
= Cmax([| flla, | fllas0) = lf ]| Bas0,

which implies that P is bounded in BMO, contrary to Theorem 4. m

To end the paper, we consider some examples of block bases of the
Rademacher system whose span is I3 and ¢y, respectively.

ExXAMPLE 1. A block basis of the Rademacher system which spans ls in
BMO. Let uy, :=rop41 —rop and f =Y}  apug, n=1,2,.... Then

n n n
F=2 ak(ropss —ror) = Y agropis — Y arrak
k=1 k=1

k=1

and, by ,

A() = max Jon] = [{arHi oo

On the other hand, according to @,

1
ﬁu{ak}Z:lle <1 lla < 20{an b llio-

Combining these relations with Theorem 2, we obtain

n
sz_la’“u’fHBMO = |{ar}icill, n=1,2,....

EXAMPLE 2. A block basis of the Rademacher system which spans cqg in
BMO. Take a block basis U = {u,}22, where
Mp41
Uy = Z apre  With mpe; —my, =22, n=1,2,...,
k=mn+1

and
{22" if my 4+ 1<k < (mp+ mng1)/2,
an —
T U272 it (g mpst)/2+ 1 < < mpsr.

Then, by @ and ,

Mn+1 1/2
[unlla = ( > 2*4”) =277 n=1,2,...,
k=mn+1
and
— 1
unllparo = 272 nt L Z T 4 oon o 0 =12,

2 2’
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Moreover,
(mn+mp41)/2 Mnp+1
7T SRS S RS
k=mnp+1 k=(mn+mnp4+1)/2+1

Then (see the proof of Proposition 3) [u,]Bmo = co.
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