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ABSTRACT

The structure of the Cesaro function spaces Ces, on both [0, 1] and [0, co) for 1 < p < oo is investigated.
We find their dual spaces, which equivalent norms have different description on [0, 1] and [0, co). The
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g when Ces, [0, 1] contains an isomorphic copy of /4.
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1. INTRODUCTION AND PRELIMINARIES

Let 1 < p < oo. The Cesaro sequence space ces), is defined as the set of all real
sequences x = {x;} such that

00 1 n ri/p
||X||c(p)=|:z<;Z|xk|> :| <oo whenl<p<oo
1

n=1 k=

and

1 n
[l [l ¢ 00y = SUP — Z |xx| < oo when p=oo.
neN =1

The Cesaro function spaces Ces, = Ces, (1) are the classes of Lebesgue measur-
able real functions f on I =[0, 1] or I = [0, oo) such that

1 X P 1/p
I fllcp) = |:/<;/|f(t)|dt> dx:| <oo forl<p<oo
0

I

and

1 X
[ fllceo) = sup ;/If(t)ldt<00 for p=oc.
0

xel, x>0

The Cesaro sequence spaces ces, and ces,, appeared in 1968 in connection
with the problem of the Dutch Mathematical Society to find their duals. Some
investigations of ces, were done by Shiue [50] in 1970. Then Leibowitz [36] and
Jagers [26] proved that ces; = {0}, ces, are separable reflexive Banach spaces for
1 < p < oo and the [? spaces are continuously and strictly embedded into ces,, for
1 < p < oo. More precisely, |lx]lcp) < pllx|l, for all x € {? with p’ = ﬁ when
1< p<ooand p’ =1when p =oo. Moreover, if 1 < p < g < oo, then ces,, C ces,
with continuous strict embedding. Bennett [8] proved that ces,, for 1 < p < oo are
not isomorphic to any /9 space with 1 < g < oo (see also [45] for another proof).

Several geometric properties of the Cesaro sequence spaces ces,, were studied in
the last years by many mathematicians (see e.g. [10-16,34]). Some more results on
ces,, can be found in two books [8,39].

In 1999-2000 it was proved by Cui and Hudzik [11], Cui, Hudzik and Li [14] and
Cui, Meng and Ptuciennik [16] that the Cesaro sequence spaces ces,, for 1 < p < oo
have the fixed point property (cf. also [10, Part 9]). Maligranda, Petrot and Suantai
[45] proved that the Cesaro sequence spaces ces,, for 1 < p < oo are not uniformly
non-square, that is, there are sequences {x,} and {y,} on the unit sphere such that
[imy, s oo MINC[[x0 + Y lle(pys 162 — Yullep)) = 2. They even proved that these spaces
are not B-convex.

The Cesaro function spaces Ces [0, co) for 1 < p < oo were considered by Shiue
[51], Hassard and Hussein [25] and Sy, Zhang and Lee [54]. The space Cess[0, 1]
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appeared already in 1948 and it is known as the Korenblyum, Krein and Levin space
K (see [31] and [59]).

Recently, we proved in the paper [4] that, in contrast to Cesaro sequence spaces,
the Cesaro function spaces Ces, (/) on both 7 =[0, 1] and / = [0, o0) for 1 < p <
oo are not reflexive and they do not have the fixed point property. In other paper [5]
we investigated Rademacher sums in Ces,[0, 1] for 1 < p < oo. The description is
differentfor 1< p < o0 and p = oo.

We recall some notions and definitions which we will need later on. By L0 =
LO(I) we denote the set of all equivalence classes of real-valued Lebesgue mea-
surable functions defined on I = [0, 1] or 7 = [0, co). A normed function lattice or
normed ideal space X = (X, | - ||) (on I) is understood to be a normed space in
LO(I), which satisfies the so-called ideal property: if | /| <|g| ae.on/and g € X,
then f e X and || f|| < |lgll. If, in addition, X is a complete space, then we say that
X is a Banach function lattice or a Banach ideal space (on 7). Sometimes we write
|l - llx to be sure in which space the norm is taken.

For two normed ideal spaces X and Y on I the symbol X <— ¥ meansthat X c Y

and the imbedding is continuous, and the symbol X & Y means that X < Y with
the inequality ||x||y < C||x||x for all x € X. Moreover, notation X ~ ¥ means that
these two spaces are isomorphic.

For a normed ideal space X = (X, ||-||) on I and 1 < p < oo the p-convexification
X of X is the space of all f e LO(I) such that | £|? € X with the norm

1 e = | LA1P )37

X is also a normed ideal space on I.
For a normed ideal space X = (X, | - ||) on I the K&the dual (or associated space)
X' is the space of all £ e LO(I) such that the associate norm

IAl":= sup /If(x)g(x)ldx
geX,Hngéll

is finite. The K&the dual X’ = (X', || - ||") is a Banach ideal space. Moreover, X c X”

with || fI| < |If]1” for all £ € X and we have equality X = X” with | f|| = || f||” if

and only if the norm in X has the Fatou property, that is, if 0< f,, / f a.e.on [

and sup,,cy |1 full < oo, then f e X and [ £l 7 11 f1I-
For a normed ideal space X = (X, | - ||) on I with the K6the dual X’ we have the

following Holder type inequality: if f € X and g € X', then fg is integrable and

/ |f g ldx < I fllxllglx -
1

A function f in a normed ideal space X on I is said to have absolutely continuous
norm in X if, for any decreasing sequence of Lebesgue measurable sets A,, C I with
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empty intersection, we have that || f x4, || — 0as n — oo. The set of all functions in
X with absolutely continuous norm is denoted by X,. If X, = X, then the space X
itself is said to have absolutely continuous norm. For a normed ideal space X with
absolutely continuous norm, the Kéthe dual X’ and the dual space X* coincide.
Moreover, a Banach ideal space X is reflexive if and only if both X and its associate
space X’ have absolutely continuous norms.

For general properties of normed and Banach ideal spaces we refer to the books
Krein, Petunin and Semenov [32], Kantorovich and Akilov [28], Bennett and
Sharpley [9], Lindenstrauss and Tzafriri [38] and Maligranda [43].

The paper is organized as follows: In Section 1 some necessary definitions and
notation are collected. In Section 2 some simple results on Cesaro function spaces
are presented. In particular, we can see that the Cesaro function spaces Ces, (1) are
not reflexive but strictly convex for all 1 < p < co.

Sections 3 and 4 contain results on the dual and Kéthe dual of Cesaro function
spaces. There is a big difference between the cases on [0, c0) and on [0, 1], as
we can see from Theorems 2 and 3. This was also the reason why we put these
investigations into two parts. Important in our investigations were earlier results on
the Kothe dual (ces,)’ and remark on the Kéthe dual (Ces,, [0, cc))’ due to Bennett
[8]. This remark was recently proved, even for more general spaces, by Kerman,
Milman and Sinnamon [30]. Luxemburg and Zaanen [42] gave a description of the
Kothe dual (Cesuo[0, 1])".

Section 5 deals with the p-concavity and cotype of Cesaro sequence spaces ces,
and Cesaro function spaces Ces, (/). It is shown, in Theorem 4, that they are p-
concave for 1 < p < oo with constant one and, thus, they have cotype max(p, 2).

In Section 6 it is proved, in Theorem 6, that the Cesaro function spaces Ces, (1)
contain an order isomorphic and complemented copy of /. Therefore, they do
not have the Dunford—Pettis property. This result and cotype property imply that
Ces, (1) are not isomorphic to any L9(I) space for 1 < g < oo (Theorem 7).

The authors proved in [4] that “in the middle” Cesaro function spaces Ces, (1)
contain an asymptotically isometric copy of /* and consequently they are not
reflexive and do not have the fixed point property. This is a big difference with
Cesaro sequence spaces ces,, which for 1 < p < oo are reflexive and which have
the fixed point property.

Section 7 contains the proof that the Cesaro function spaces Ces,[0, 1] for 1 <
p < oo have the weak Banach—Saks property. Important role in the proof will be
played by the description of the dual space given in Section 4.

In Section 8 we present a construction showing that the Cesaro function spaces
Ces,[0, c0) and Ces,[0, 1] for 1 < p < oo are isomorphic. The isomorpisms are
different in the cases 1 < p < oo and p = oo.

In Section 9 it is proved that Ces, [0, 1] contains an isomorphic copy of /¢ if and
only if g € [1, 2] for the case 1 < p < 2 and in the case when p > 2 this can happen
when either ¢ € [1,2] or ¢ = p. This result is, in fact, different from the one for
LP[0, 1] space.
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2. PRELIMINARY PROPERTIES OF CESARO FUNCTION SPACES

The Cesaro function spaces Ces [0, co) for 1 < p < oo were considered by Shiue
[51], Hassard and Hussein [25] and Sy, Zhang and Lee [54]. The space Cesy[0, 1]
appeared in 1948 and it is known as the Korenblyum, Krein and Levin space K (see
[31] and [59, p. 26 and 61]).

We collect some known or clear properties of Ces, (/) for both 7 = [0, 1] and
I = [0, o0) in one place.

Theorem 1.

(@ If 1 < p < oo, then Ces, (/) are Banach spaces, Cesy[0, 1] = Lt with the
weight w(t) =In#, ¢ € (0, 1] and Ces1[0, c0) = {O}.

(b) The spaces Ces,(/) are separable for 1 < p < oo and Ces,(/) is non-
separable.

(c) If 1 < p < oo, then LP(I) Ly Ces, (1), where p' = ﬁ and the embedding is
strict.

(d) If 1 < p < oo, then Ces,[0, 1]j0,a) = L0, a] for any a € (0, 1) but not for
a =1 and Ces,[0, 0)j0,a] = L1[0, a] for any 0 < a < oo but not for a = oo,
that is, Ces,[0, 00) ¢ L1[0, co). Moreover, Cesx[0, 1] < L0, 1).

(e) If1< p <g <oo,then Ces,[0, 1] < Ces, [0, 1] and the embedding is strict.

(f) The spaces Ces,(I) are not rearrangement invariant.

(9) The spaces Ces, (1) are not reflexive.

(h) The spaces Ces, (/) for 1 < p < oo are strictly convex, that is, if || fllc(y) =
Iglc) =1and f # g, then | L ]lc(,) < 1.

Proof. (a), (b) Shiue [51] and Hassard and Hussein [25] proved that Ces, (1) are
separable Banach spaces for 1 < p < oo and non-separable ones for p = co. We
only show here that Ces;[0, 1] is a weighted L,}J[O, 1] space with the weight w(¢) =
In for 0 < ¢ < 1and Ces; [0, c0) = {0}. In fact,

1,1

(1) j(%/xu(mdr) dx=/(f%dx>|f<r>|dr=/1|f<r)|ln%dr.
0 0 0

0 t

Moreover, if f € LO[0, co) and | £ (x)| > Ofor x € A with 0 < m(A) < oo, then there
exists sufficiently large a > 0 such that § = f(;‘ | f(@®)|dt > 0. Therefore, for b > a, it
yields that

b(l X ) b 1 X

/ —/If(t)ldt dx>/ —/If(t)ldt dx
X X

0

0 a 0
b a
1
> /(— / If(t)ldt> dx
X
a 0
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b
=68ln——= o0 asb— oo.
a

Thus f ¢ Ces1[0, 00).
(c) Considering the Hardy operator Hf (x) = xljg f(¢)dt and using the Hardy
inequality (cf. [24, Theorem 327] and [33, Theorem 2]) we obtain that

I flley =THALDI, < Pl

forall f € L?(I), which means that the L” (1) SN Ces,(I) for 1 < p < 0.

The embeddings are strict. For example, f =Y 2, ,11%)(["2—1,;12) e Ces, (1) \
LP(I) for I =[0,00) and 1 < p < oo.

(d) If0<a < landsupp f C[0,al], then

1 1 x P 1/p
I fllcp = (/(;/If(t)ldt) dx)
0

a

> (j(%ofalf(t)ldt>de> /If(t)ldt(

a

)1/17

For a = 1 this is not the case. In fact, consider function f(x) = for x € [0, 1).

Then i 5 f(Hdt=2In{L and

‘ 1
”f”g‘(p):/<;|

_1x

) f(zlm)l’d;

(2Int)1’

and, hence, f € Ces,[0, 1] for any 1< p < oo but clearly, f ¢ L1[0, 1].
In the case of Ces,[0, co) we will have for 0 < a < oo with supp f C [0, a] and
p € (1, 00),

e 1 x p 1/p
Il fllcp = (/(;/If(t)ldt) dx)

0
y o 1 a . nd l//J_ 4 . 1
> ([ (5 [ronar) as) = [1rola——r.
a 0 0
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For the function f(x) = £ x(1,00)(x), x € (0, 00) we have ¥ [ f(1)dt = LInx (x >

1) and
nx
||f||2(p):/(—x ) dx < oo,
1

Thus, f € Ces,[0, 0o) forany 1 < p < oo, but clearly f ¢ L1[0, co).

(e)Ifl<p<qg<oo,then LY[0,1] i> L?[0, 1] and the embedding is strict, and,
thus,

Ifllcy =THASDIp < NTHASDlg = fllc@

for all f e Ces,[0, 1], that is, Ces, [0, 1] ci Ces,[0, 1] and the embedding is strict
since for positive decreasing functions the norms of Ces, and L? are equivalent.
The last statement follows from the fact that for a positive decreasing function f on
I we have f(x) < ;1]6“ f(@)dt for x € I and so

£ <UHSlp =1 fllce < P'IfIlp forany 0< feLP(D).

(f) Consider f(x) = 1 = for x € [0,1). Then, as it was shown in (d), f <
Ces, [0, 1] for any 1 < p < oo. However, its non-increasing rearrangement f*(r) =
=1 (0 < x < 1) does not belong to Ces,,[0, 1] for any 1 < p < oo and therefore the
space Ces,[0, 1] is not rearrangement mvanant for 1 < p < oo. In the case when
p = oo We can take the function g(x) = ﬁ x € [0, 1) for which 1 fo g(t)dt =

f(l J1-x) = 1+J_ and so [|glc(e) = 2 and for its rearrangement g* () =
17Y2,1 € (0,1) we have [|g*[lc(0e) = SUP, (0,1 2 Y% = o0, that is, g* ¢ Cesuo[0, 1]
and the space Ces.,[0, 1] is not rearrangement invariant. Similarly, we can consider
the case when I = [0, 00).

(9) If 1 < p < oo, then Ces,(I) contains a copy of L(1) (cf. [4], Lemma 1
for I =[0,1] and Theorem 2 for I = [0, 00)) and therefore, in particular, these
spaces cannot be reflexive. Of course, Ces;[0, 1] = L1(In1/r) is not reflexive and
the space Cesqo (1) does not have absolutely continuous norm and therefore is also
not reflexive.

(h) Assume that || fllc(p) = lgllcpy =1and [ f +gllcy =2 then [H( fDIlLr =
IH(gDlzr =21and

2=|f+gllcpy=1HUSf +gDllrr
SHNHAfD+HAgDILe <NIHASDILe +1HgDlLe
=|fllcip +lglcp) =2

Thus |H(| f|) + H(|g])|lLr = 2 and by the strict convexity of LP(I) for 1 < p < oo
and the above estimates we obtain that H (| f|)(x) = H(|g|)(x) for almostall x in I.
Therefore, | f(x)| = |g(x)| for almost all x € . We want to show that this implies
that f(x) = g(x) for almost all x € I. Assume on the contrary that f # g on I, that
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is, there exists a set A c I of positive measure m(A) > 0 such that f(x) # g(x)
forall x € A. Then f(x) = —g(x) and | f(x)| > 0 for x € A. Moreover, if B={x €
I: m([0,x]N (I \ A)) < x}, then m(B) > 0and

/X‘f(rwg(r)
2
0

di = f If(t)ldt</|f(t)ldt
0

[0,xIN(I\A)

for all x € B. Therefore,

p =/<3/X‘f(r>+g(r) dt)”dx
cp 4 \¥ 2
17 g
</<;/|f(f)|dt) dlelfllg(m:l,
0

I

1=H_f+g
2

which is a contradiction and the proof is complete. O

3. THE DUAL SPACES OF THE CESARO FUNCTION SPACES Ces)[0, o0)

We describe the dual and Kothe dual spaces of Ces,(I) for 1 < p < oo in the
case I = [0,00). The description appeared as remark in Bennett [8] paper but
it was proved recently, even for more general spaces, by Kerman, Milman and
Sinnamon [30, Theorem D] and they used in the proof some of Sinnamon results
[53, Theorem 2.1] and [52, Proposition 2.1 and Lemma 3.2].

We present here another proof following the Bennett’s idea for Cesaro sequence
spaces together with factorization theorems which are of independent interest. Since
the case I = [0, 1] is essentially different it will be considered in the next section.

Theorem 2. Let I =[0,00). If 1 < p < o0, then

p

) (Ces,)* = (Cesp) =D(p), p'= ot

with || fllcoy < P'ILfIpgy < 8P N flle(py, where the norm in D(p") is given by
formula

®) Ifllpgy = Ifll,» Wwith f(x)=ess sup |f(®)l.

te[x,00)

We need the definition of the G(p) space for 1 < p < oo, which is the p-
convexification of Ces.[0, 00), that is, its norm is given by the functional

x 1/p
1 1
(AT [FA =§g|g(;/|f<r>|f’dt) :
0
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Proposition 1. If 1 < p < oo, then

4 Ces, =L"-G(p'),

thatis, f € Ces, ifand only if f =gh withge L?, h € G(p’) and
®) I fllcoy =infliglplhlic .

where infimum is taken over all factorizations f = gh with g € L? , h € G(p').

Proof. “Imbedding <. For f € Ces,, f #0 let

(e¢]

u p—1
k(x):/u_”(/lf(tﬂdt) du, x>0.
0

X

Then k(x) > 0, k is decreasing and by the Holder—Rogers inequality

%) u p—1
k(x):/u_1<%/|f(t)|dt) du
0

X

(e o))

X

— p—1
T (p=DVrx1-1p ”f”C(p)'

We consider the factorization f = g - h, where
g = (IF0kC)) P sgn f(x) and  hx) = |f )Y k()7
Then

-1
IIgII”—fIf(X)I/ _p</|f(t)|dt> dudx
f "’(/If(t)ldt> flf(X)ldxdu—llfllc(,,)

0

and, by the Holder—-Rogers inequality,

X p X p
( / |h(r>|ﬂ’dt> _ ( / If(t)ll/”/If(t)ll/”k(t)""/”dt)
0 0
X p_l X
< ( f If(t)ldt> ( / If(t)lk(t)"’/dt>.
0 0
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Hence, by the above and using the fact that & is decreasing, it yields that

o0

X p
/(s1/|h(z)|1’/dt> ds
0

X

e e]

X p—1 x
<fs_”|:<[|f(t)|dt) /If(t)lk(t)_p,dt:| ds
0 0

X

— k() / Ok di
0

< / OO di = f ey ? di
0 0

or, equivalently,

ee]

X p—1
/s—!’ds(/ lh()|” dt) <1,
0

X

which means that

and, hence,

X

1 /
sup= [ |h(@)|P dt < (p — YD
X

x>0

or [kl < (p — DYP. We have proved that
Ces, CL”-G(p')
and

inf{llglierlilcon: f=g-h}<(p—=DY"Ifllc-

“Imbedding <~". Let f =g -h with ge L? and h € G(p’). Then

X

X
I r'
[ ar<imz,, [ ar
0

0
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and then, for any positive decreasing function w on (0, co), we have by [32, property

189, p. 72] that

X

X
[ o v <ini, [,
0 0

By the Holder—Rogers inequality we find that

X P X »
0 0
X X -1
</|g(l)|pw(t)l”dz</ Ih(t)lp/w(t)dt>
0 0

X x p—1
< f 8P wO P drlhlf, ( / w(r)dt)
0 0

and, thus,

X

p
If(t)ldt) dx

(1
[
0 0
00 x X p—1
S/x”(/ |g(l‘)|pw(t)1”dt) </w(t)dl‘> dxllhllé(p/)-
0 0

0

Taking in the last estimate w(r) = r~/7 we obtain that

° - 1-1/p \ p-1
112 < [ 272 [ 1gowred=Yrar ) (= dx||h||?
cip) § 1-1/p G(p)
0 0

o0 X
-1 — _
=(p)" f(/ lg(t)|Ptt 1/sz)x1/1’ dellhllf;(p,)
0

0

oo, 00

-1 _ —
=(p)" / ( / xtr 2dx>|g<r)|"rl Y2 ikl

0 t
oo
= ()" [ 1 arihif, = () eZIAIG
0

or

I flle < PIglplhliGe).
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thatis, L” - G(p") c Ces, and

I flle < plinf{liglpliall G = gh).

. _1 1/p ’
Putting these facts together we have that Ces, e} L? -G(p) L, Ces, and

the proof of Proposition 1 is complete. O
Proposition 2. If 1< p < oo, then
D(p)-G(p)=L"
and
I fllee =inf{ligllpp G f=gh.g € D(p),h e G(p)}

Moreover, G(1)' = D(1) with equality of the norms.

Proof. It suffices to prove the statement for p = 1 because the general result follows
by p-convexification. Suppose that f = gh with g € D(1),h € G(1). Then

||f||L1=/|g(t)h(t)|dt</§(t)|h(t)|dt-
0 0

Moreover, from the definition of the norm in G(1) it follows that

t t

/Ih(s)lds < Mhllewt = ke / X[0,00)(s)ds, t>0.
0 0

Therefore, since g decreases it follows by [32, property 18°, p. 72], we find that
o0
I flliz2 < ||h||G(1)/§(l)dl = |lhllcaylglipw-
0

Hence, D(1) - G(1) c L and
I £l <inf{liglipalihllca: f=gh g€ DQ),heGQ).

This also means that G(1) ¢ D(1)" and ||A| pay < G- We show that we have
in fact even equality. If f € D(1)’, then

1 1
—/lf(t)ldf=—/X[O,x](t)lf(t)ldf
X X

0 0

1
< ;”X[O,x]”D(l)”f”D(l)/ = fllpay,
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forall x >0, ie, f e G() and so D(1) c G(1) with | fllga) < I fllpay. Of
course, G(1)) = D(1)” = D(1) since the norm of D(1) has the Fatou property.
Finally, if f e L%, then, by the Lozanovskil factorization theorem ([40, Theorem
6, p. 429]; cf. also [43, p. 185]), we can find g € D(1) and h € D(1) = G(1) such
that f =g -h and

lellpwlhllca =11 £l

This ends the proof of Proposition 2. O

Remark 1. In particular, Proposition 2 shows that (Ces,, [0, 0)) = G(1) = D(2).
Thus, for the Cesaro function space on [0, co) we get the result analogous to the
Luxemburg—Zaanen theorem (cf. [42]): (Ceswo[0, 1]) = L[0, 1], where I fll1=
If 10,1 with f(x) =ess SUP; ey, 1y 1/ (DI

Remark 2. For a positive weight function w and 1 < p < oo let us define the
weighted spaces D(w, p) and G(w, p) by the norms || fllpw,p) = (f(;>O F(xX)P x
w(x)dx)MP, where f(x) = €sSSUP; [y o0) |/ (D], N 1| f |G, p) = SUPy= 0ty X
Jo LF@O1Pdn)tP, W (x) = [ w(t) dt, respectively. Proposition 2 is valid for weight-
ed spaces: If 1 < p < oo, then D(w, p)-G(w, p) = L? and || fl|.r =inf{lIg]l pw, p) ¥
IhllGw,py: | =2gh.g € D(w, p),h € G(w, p)}.

Proposition 3. Let 1 < p < oo. If g € (Cesy)’, then g(x) = €sSSUP,¢[,.0) 18(1)] €
(Cesp,)" and

Igllcy <8lglcpy-

Proof. Let f € Ces,, f >0. Then [y f(r)dt — Oif x — OF. Consider two cases:

@) If fO°° f(s)ds = oo, then we select a two-sided sequence {a;}rez such that
0< ar < agy1, ax — oo when k — oo and

ay
(6) /f(s)ds:Zk, k eZ.
ag—1

(b) If A= [;° f(s)ds < oo, we find a one-sided sequence {ax}x<o Such that
0< ar < agy1,ap= o0 and

ag
(7) / f(s)ds=2""tA, k<O.
ag—1

By J let us denote either Z or {k € Z: k < 0} depending on which of the cases
(@) or (b) we have, and let
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P= {k € J: thereisaset Ay C[ax_1,ax) such that m(Ay) >0

NI -

and |g(s)| = =g(ay_1) forall s € Ak}.

Note that P = @. In fact, let k € J be arbitrary and let i be the first “time” such that
i >kand

NI =

M{s € (ai-1,a;]: |g(s)| = g’(ak—l)} >0
Since g(a;—1) = g(ax—1), theni € P.

Let P = {k;}i",, where k; < k; (i < j) and I may be —oo. Moreover, it is easily
seen that either m = oo and k; — oo when i — oo (in the case (a)) or k,, = 0 and
tx,, = oo (in the case (b)).

Define the function

Fo —Z/ PO, O
_IA

where A; = (ax;—1, ax; 1, and estimate its norm in Ces,,.
Leta =lim__oay, if | = —oco and a = a, if 1 is finite. If @ > 0, then f(r) =0
for all ¢ € [0, a). Therefore

(8) /f(t)dt:O 0<x<a).
0

Suppose x > a. Then either (1°) r € A; for some i or (2°) there is i < m such that
t € (ax;, ax;,,-1]. In the first case, by (6) or (7) it yields that

/ f@yde= / fs)ds— m(Ak>
0 J=lA;
m(Ag; N (ag;-1,1])
+ m(Ar,) /f(s)ds

ag X
S/f(S)dS<2/f(S)ds.
0 0

Analogously, in the second case we have that

X Ak; X
/ Foydr < f F(s)ds < / F(s)ds.
0 0 0
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The last inequalities and equality (8) show that

9) I Fllciy <20 fllc-

Moreover, for any i running from 7 to m we find that
_ - 1. =
/f(t)lg(t)ldIZ[f(t)lg(t)ldt>§g(ak,~—1)/f(t)dt
A Aki Aki

1

(10) = 55’(%—1) f@)dt.

A;

Since g decreases, then (10) implies, in particular, that

_ 1
(11) / Folgwldi > 5 f FO@)dr.
A; A

Note that, by definition of the set P, it yields that g(¢) < g(ax;—1) a.e. on the interval
(ak,_,,ax;—1]1fi > 1 and on the interval (O, ax,—1] if 1 is finite. Moreover, taking into
account (6) or (7) once again, we have that

a; -1
/ f(S)dS</f(s)ds ifi >1
i1 Aj
and
aklfl

/ f(S)dS<ff(s)ds if 1 is finite.
0 Ay

Therefore, by (10), it follows that

ag; —1
/f(t)lg(t)ldt 2 %g(akﬁl) f f@de > %g(ak,«fl) f f(0)dt
A A g
aj; -1
1 .
>3 [ #oroar

ki1
where a;_1 = 0if [ is finite.

Since f =0a.e. on the interval (0, a], when I = —oo and a = lim;_, _c ay; > 0,
then, by summing the last inequalities and inequality (11) over all i, we get that

zoff(r>|g(r)|dt>2§! f@®lg@)ldt > %O/gu)f(r)dz,
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whence,

/é(t)f(t)dt < 4/ f)lg)|dr.
0 0

Combining the last inequality with (9), we obtain that

o0

Igllepy =Sup{f§(t)f(t)dt: Ifllep) < 1}
0
<4surJ{ Flg®lde: 1 flice <1}

0\8 0\8

< 4SUI0{ FOlgmldr: || flic) < 2} =8liglcpy

and the proof is complete. O

Proof of Theorem 2. Firstly, we show that D(p’) Ll> (L? - G(p")). Infact, let f €
D(pHandge L?-G(p),theng=h-kwithh € L? and k € G(p’). By the Holder—

Rogers inequality and the imbedding D(p’) - G(p’) S proved in Proposition 2
we obtain that

Ifgllpe=I1frkll g2 < WhllLell fEll Ly < IRILe Ikl G L D

from which it follows that D(p") C (L” - G(p")) and || fll(zr-c(pryy < I1f lpepry-
Since, by Proposition 1 we have equality Ces, = L? - G(p’), it follows that

D(p’) i; (Cesp)'.

To prove the converse, take f € (Ces,)’. Since f>1fland D(p’) is a Banach
lattice, then by Proposition 3, we may (and will) assume that f is a non-negative
decreasing function on (0, 00), i.e., f = f. Then, by the Hardy inequality, we find
that

If oy =11 =SUP{/ |f g ldx: lgllLr < l}
0
<p SUP{/ Lf g ldx: lgllep) < 1} =p'll fllces,y-
0

Therefore, f € D(p’) and (Ces,)’ & D(p). O
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4. THE DUAL SPACES OF THE CESARO FUNCTION SPACES Cespl0,1]

We describe the dual and Kéthe dual of Ces, (1) for 1 < p < oo in the case I =
[0, 1]. Surprisingly this will have a different description than in the case I = [0, c0).
For p = oo the space Cesn[0, 1] introduced by Korenblyum, Krein and Levin [31]
we denote by K and its separable part by Ko.

As we already mentioned the Kothe dual space K’ was found by Luxemburg and
Zaanen [42]: K’ = L with equality of norms, where

£l =11fll,2,  with f(x) =ess sup |£()l.

telx,1]

Earlier the dual space of Ko was found by Tandori [56]: (Ko)* = L with equality
of norms.

We will find the Kéthe dual space (Ces,[0, 1))’ for 1 < p < oco. Consider, for
1 < p < o0, a Banach ideal space U(p) on I = [0, 1] which norm is given by the

formula
1 D
iw T
1_ Yp-n ) *| >
0

1
12 Wl =| =@

=i

where f(x) = esssup,c(,.1; 1. (1)l

Remark 3. Since min(1, p—1) < % <max(1, p—1) forall x € (0, 1), then

the norm (12) in U (p) is equivalent to the norm

1 - 1/p
Fo\?
IIfII?](,,)=[/<1_X) dx} .
0

Theorem 3. If 1 < p < o0, then

(13) (Ces,)*=(Ces,)' =U(p), p'=——7,
with equivalent norms.
Before the proof of this theorem we prove some auxiliary results of independent

interest. First, for 1 < p < oo we define the Banach ideal space V(p) on I =[O0, 1]
generated by the functional

1— xY=Dyp-1 ’ p
14)  Iflvpy = sup [( a - ) /If(t)l”dt} .
0

0<x<1

Proposition 4. If 1 < p < oo, then

(15) Ces,CL?-V(p), p'=——7:,
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that is, if f € Ces,, then f =ghwithge L?, he V(p') and
(16) inf{ligllplkllvgy: f=g-h.geLP heV(p)}<(p— DYPN fllcp)-

Proof. The proof is analogous to the proof of Proposition 1 (for the case I =
[0, 00)) but we put details to see how the weight w(x) = (1 — x?~1)¥ =D gppeared
in the definition of the space V (p’). For f € Ces,, f # 0, define

1

u p—1
k(x):/u_p</|f(t)|dt> du, x€]0,1].
0

X

Then k(x) > 0, k is decreasing and, by the Holder—Rogers inequality, we find that

1

u p—1
k(x):/u_l<%/|f(t)|dt) du
0

X

1

(e o))

1 1—xP=1\VP
s(p_l)l/p( T ) 171

Let

200 = (If k@) sgn f(x) and  h(x)=|f )M k(x)™P, 0<x <1
Then f=g-hand

p—1

IIgII”—/If(X)I/ "’(/lf(t)|dt) dudx
p—1 u
:/ _"</|f(t)ldt> /If(X)Idxdu—llfllc(m
0

0

and, by the Hélder—Rogers inequality,

X P X p
( / |h(;)|ﬂdt> = ( f If(t)ll/”’lf(t)ll“’k(t)”//”dt>
0 0
x p—1 x
< (flf(t)ldt> (flf(t)lk(t)_”/dt>.
0 0
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Hence, by the above and using the fact that & is decreasing, we obtain that

X

1 P
/(sl/|h(l)|1’/dt> ds
X 0
1 -, X p—1 x -
é/s"’ (/If(t)ldt) flf(t)lk(t)_”,dt ds
X - 0 0
1

-, S p—1 x
< / o < / lf(t)ldt> f \F@Ok@O " dt |ds
- 0 0

X

=k(x) f |f () lk(t)"" dt
0

< / FO KOS di = / h(ey? dt
0 0

or, equivalently,

1

X p—1
/s_pds</ lh()|” dt) <1,
0

X

which means that

X p—l p—l
4 e
(/ h()| dt) <Gp-Drts
0

and, thus,

(1—xP~HY/e-D

x>0

X
/ )P dt < (p — DY @D
0

or |llypy < (p— 1)Y/7. Summing up we have proved that Ces, c L” - V(p’) and
inf{llgllzelhllven: f=g-h < —=DY"1flce- =

Remark 4. In the above imbedding we cannot take instead of the space V (p'),
where the weight w(x) = (1 — x?~1HY =D appeared, the corresponding space
without this weight, that is, the p’-convexification K ?") of K. This space is too
small since if the imbedding Ces,[0,1] C L? - K" would be valid, then since
L? . K@) crLr.LP c L10,1] we will have a contradiction because Ces,[0, 1]
is not embedded into L[0, 1] (cf. Theorem 1(d)) and the problem is “near 1”,
therefore this weight w is really needed in the imbedding (15).
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Proposition 5. If 1 < p < oo, then
(@ U(p)- V(p) C LP with

I f e inflliglug Ikllvey: f=gh g €U(p),heV(p)}
B) U C (V(p)-LPY and || flly .10ty < I Flugp Torall f € U(p).

Proof. (a) Let f =g-h,geU(p),h e V(p). Since |g| < g it follows that

1

an 11k < / SOOI dr.

0

On the other hand, by the definition of the norm in V (p) and using the equality

d X B 1
dx \(1—x¥p=D)p—1) = @ —xYr-Dyp’

we obtain that

p X
VP (1 — xV(p=-Dyp-1

X
/Ih(t)l”dt< A1l
0

[ 1

_ P

= ”h”V(p)/ (1_ tl/(p_l))p dt
0

for all x € (0, 1]. Since g7 decreases, then, by [32, property 18°, p. 72], the last
inequality implies that

1

1
. » g P
/g(t)Plh(t)|Pdt< IIhIIV(p)/<—1_t1/(p_1)> dt.
0

0

Therefore, by (17), f € L? and

Ifllee < lglu) - I1Allvp),

and the proof of (a) is complete.
(b)Forany f e U(p)and g V(p)-L” wehave g=h-kwithh e V(p), ke L
and, by the Holder-Rogers inequality and Proposition 5(a), we obtain that

1 1 1 Yp 1 1/p'
/|fg|dx=f|fhk|dx< (flfhl”dX> (f |k|1’/dx)
0 0 0 0

<M o Irlivp Ikl = 171y Ikl 1L o)

or fe(V(p)-L”'Y and L v pyr'y < Il fllu(py- The proof of (b) is complete. O
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Proposition 6. Let 1 < p < co. If g € (Ces,)’, then g(x) = esssup,, 118(1)] €
(Ces,)" and

1&gy <8lglcpy-

Proof. When p = 1, then the assertion is obvious since Ces; = L(In1/¢) and
(Cesy) = L®(n"t1/r). Let p>1and f Ces,, f > 0. Consider two cases:

@) If [Olf(s)ds = oo, then we select a two-sided sequence {a}rcz such that 0 <
ay < ags1,ar — 1Lwhen k — oo and

ag
(18) /f(s)ds:Zk, kel

ak—1

(b) If A= folf(s)ds < oo, then we can find an one-sided sequence {ax}r<o such
that 0 < ar < apy1,a0=1and

ag
(19) / f(s)ds=2""1A, k<O.

ag—1

The remaining part of the proof is completely analogous to the proof of Proposi-
tion 3 so we omit the details. O

Proof of Theorem 3. “Imbedding >”. If f € U(p’), then, by Proposition 5(b) and
Proposition 4, we obtain that

U(p')c(V(p')- L") c Cesp) and | flicey < (P —DYPI fllug-

“Imbedding c”. Let f € (Ces,)’. Since f > |f| and U(p’) is a Banach lattice,
then by Proposition 6 we may (and we will) assume that f is a non-negative
decreasing function on (0, 1], i.e., f = f. Define the weight

w(x) = x10,1/21(x) + (A = x) x[1/2,1(x), O<x <L

Since 1 — x < w(x) < 2(1 — x) for x € (0, 1], then according to Remark 3 it is
enough to prove that for some constant A, > 0 we have that

f oo T
SN 1 )
0
since
_ # <max(l, p —1 L
oy = 1_xl/(p_l)f(X) L < ( s D — ) l—xf(x) o

< Zmax(l,p’— 1)||f/w||Lp/'
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We now prove that if » € L”, h > 0, then h/w € Ces,, and

(21) Ih/wlleqy < (P +2p)lhllLe.

To prove this we first show that the operator S,, defined by

Swh(x) = Malt O<x<)]
w(t)
0
is bounded in LP[0, 1] for 1 < p < oo. In fact, for 0 < x < 1/2 we have that

X 1 1

h(l—1)
Swh(x)th(t)dtz/h(l—t)dtg/ ; dt

0 1-x 1-x

andfor1/2<x<1

1/2 x
h(t)

Swh(x)= | h(t)dt + 1—; dt

0 1/2

1 1/2h 1 1 nl

—t —t
=/h(1—t)dt+/ (t )dt</ (t )dz.
1/2 1-x 1-x

Thus,
Sph(x) <H'(h)(1—x) forO<x <1,

where h(t) = h(1 — 1) and H’ is the associated Hardy operator, i.e., H'h(x) =
fl @dr. It is well known that A’ is bounded in L”[0, 1] for 1 < p < oo (cf. [32],

X

pp. 138-139) and, thus,
ISwhlie < |H' )|, < |H |1l = | H |17 e

Since

X X

1 1 [ h(n) 1
;Swh(_x)z ;/mdtg ;/‘h(t)dtx[o’%](x)+ZSwh(x)X[%’1](X)

0 0
it follows that

< HhllLr +2(SwhlLr
Lp

< PIkllee +2plihlie = (p"+2p) Ikl e

1
Ih/wllcp) = H;Swh(X)
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and the estimate (21) is proved. Moreover, by using this fact we obtain that

1

:/ " h(t)dt: h=0,||h|r < }
0
1
<wp{ [Lo
0

<(p'+2p) 1 fllcepy

and also the estimate (20) is proved, which shows that (Ces,)" c U(p’) and for
every f € (Ces,)’

I flluen <16max(L, p' = 1)(p" +2p)Il fllc(py

and the proof is complete. O

h(t)dt: h >0, | —
Wlcp)

A|*“

<p’+2p}

Remark 5. Let 1 < p < co. The L? spaces have the property that the restriction
of L?[0, o) to [0, 1] gives the space L”[0, 1]. The situation is different for Cesaro
function spaces. In fact, if f € Ces,[0, co) and supp f C [0, 1], then

o0 1 X P
”f”éesp[o,oo)=/<;/|f(t)|dt) dx
0

0
l(l X p 00 1 1 »
=/ —/If(t)ldt dx—i—/ —/If(t)ldt dx
X X
0 0 0
IIfII(;esp[0 1 + ||f||L1 0.1

which means that

Ces, [0, 00)|[0.1) = Ces, [0, 11 N L0, 1].
Therefore,

(Ces,[0, 11N L0, 11)’ = (Ces, [0, 00)) lo.y = D(P) 10,11
or

U(p') +L*[0,11= D(p)lj0,11-

The last equality can be easily verified. For example, for f € D(p’)|[0,17 We can take
as a decomposition f =g +h,g € U(p’), h € L*°[0, 1] the functions

g)=1-x)f(x) and h(x)=xf(x), xe€[0,1].

Then f=g+hand gx) = eSS SUp; [, (L = DI f ()] < (1— x)f(x), which shows
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that g € U(p’) since f € D(p’). Moreover,

Ihlloo = €SS SUp x| f(x)| <ess sup xf(x)
x€[0,1] x€[0,1]

Sl < WAl =1 ey

so that # € L*°[0, 1].

5. ON p-CONCAVITY, TYPE AND COTYPE OF CESARO SEQUENCE AND FUNCTION
SPACES

A Banach lattice X is said to be p-convex (1 < p < oo) with constant K > 1,
respectively g-concave (1 < g < oo) with constant L > 1 if

n 1/p n 1/p
‘ (Z |xk|p) < K(Z ||xk||”) :
k=1 k=1

respectively
n 1/q n 1/q
(Z ||xk||") <L (Z |xk|">
k=1 k=1

for every choice of vectors x1, x2, ..., x, in X.

Of course, every Banach lattice is 1-convex with constant 1. In particular, ces,
and Ces, (/) are 1-convex with constant 1. The spaces L”(I) are p-convex and
p-concave with constant 1.

If the above estimates hold for pairwise disjoint elements {x;};_; in X, that is,

n 1/p
< K(Z ||xk||1’) :
k=1

s

n
D
k=1

respectively

n 1/q n
(Z ||xk||q) <L xi
k=1 k=1

then we say that X satisfies an upper p-estimate with constant K and a lower g-
estimate with constant L, respectively. It is obvious that a p-convex (g-concave)
Banach lattice satisfies upper p-estimate (lower g-estimate).

Let r,:[0,1] — R,n € N, be the Rademacher functions, that is, r,(t) =
sign(sin2z ). A Banach space X has type 1 < p < 2 if there is a constant K > 0
such that, for any choice of finitely many vectors x1, ..., x, from X,

/

’

PG

k=1

n 1/p
dr < K(Z ||xk||”) :
k=1
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A Banach space X has cotype ¢ > 2 if there is a constant K > 0 such that, for
any choice of finitely many vectors x1, ..., x, from X,

n 1/q9 1
(Z ||xk||4> <K /
k=1 0

In order to complete this definition for ¢ = oo the left-hand side should be replaced
by max1<k<n x|l

We say that the space X has trivial type or trivial cotype, if it does not have any
type bigger than one or any finite cotype, respectively.

More information and connections among the above notions may be found in
[17] and [38].

dt.

Y nx

k=1

Theorem 4. If 1 < p < oo, then Ces,, (1) are p-concave with constant 1, that is,

n 1/p n 1/p
(22) (Z ||fk||£(,,)> < (Z |fk|">
k=1 k=1

forall f1, fo2,..., fn€Ces,(I).

Cp

Proof. Inequality (22) taken to the power p means that

n 17 P 1 p Ap

E /<—/|fk(t)|dt) dxi/[—f(g |fk(t)|”> dt:| dx.
x X

k=17 0 1 - 0 W=t

If we show that

n (1 X P 1 X/ 1/p b4
- Ifk(t)ldt) < {— ( Ifk(t)l”) dt:|
gl gits

for every x € I, then we are done. The last estimate can also be written as

n X pl/p X n 1/p
[Z(/m(mdt) ] </< |fk(r)|1’) a,
k=1 0 k=1

0

which is the p-concavity of L[0, x] for every x € 1.

It is clear that L1(J), J = J, = [0, x] is 1-convex with constant 1 and it is well
known that then L1(J) is p-concave with constant 1 (cf. [38, Proposition 1.d.5] or
[44, Theorem 4.3]). We can also prove this fact directly as in [44, Theorem 4.3]: by
the Holder—Rogers inequality for ¢ € J it yields that

n n 1/p
D 1Akl < <Z|fk<r>|P) {ax}l
k=1 k=1
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and, by integrating over J,
n n 1/p
/Z|fk(t)||ak|dr< ||{ak}||pf/(2|fk<t)|"> di
T k=1 T k=1
n 1/p
(Dm")
k=1

Taking the supremum over all {a;} such that ||{a;}||,» < 1 we obtain, by the Landau
theorem,

wp{/ka(r)naudt: Ha} <1}
k=1

= [{ar}l

L)

|ak|/|fk(f)|df1 I{ai ]l <1}
Y
n p
={Z</|fk<r)|dz) }
p k=11Y
1/p
k=1

n 1/p n 1/p
(Z ||fk||{1w> < (Z |fk|">
k=1 k=1

and putting these facts together we obtain the estimate (22). O

1/p

Thus,

L)

Theorem 5. If 1 < p < oo, then the space Ces, (/) has trivial type and cotype
max(p, 2). The space Cess (1) has trivial type and trivial cotype.

Proof. Let 1 < p < co. The space Ces,(I) contains a copy of L1(1) (cf. [4],
Lemma 1 for 7 =[O, 1] and Theorem 2 for I = [0, co)) which implies that Ces, (1)
has trivial type.

On the other hand, since, by Theorem 4 the space Ces, (/) is p-concave, then
by a well-known theorem (cf. Lindenstrauss and Tzafiri [38, p. 100]) it has cotype
max(p, 2). The fact that this space has no smaller cotype follows, for example, from
Theorem 6 showing that Ces , (1) contains an isomorphic copy of /” and the fact that
the space I? has cotype max(p, 2) and this value is the best possible (cf. [38, p. 73]
or [44, pp. 91-94]).

For p = oo the space Cess (1) has no absolutely continuous norm and, by the
Lozanovskil theorem (see [40, Theorem 5, p. 65]; cf. also [28, Theorem 4 in X.4]
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and [59, Theorem 4.1]), it contains an isomorphic copy of /°°, therefore it has trivial
type and trivial cotype. The proof is complete. O

Remark 6. Similarly as in Theorem 4 we can prove that the Cesaro sequence
spaces ces,, are p-concave with constant 1 since /1 is p-concave with constant 1.
Moreover, similarly as in Theorem 5 we can obtain that the Cesaro sequence spaces
ces,, have trivial type and cotype max(p, 2) for 1 < p < oco. Also ces,, has trivial
type and trivial cotype.

6. COPIES OF /” SPACES IN THE CESARO FUNCTION SPACES Ces)
The Cesaro function space Ces,(I) contains a copy of LY(I) and as we will see in

the next theorem also complemented copies of /7.

Theorem 6. If 1 < p < oo, then Ces, (/) contains an order isomorphic and
complemented copy of /7.

Proof. Let 7 = [0, 1]. We shall construct a sequence {f,}°2; C Ces,[0, 1] with

disjoint supports which spans an isomorphic copy of /” in Ces,, [0, 1] and the closed
linear span [ fnces, is complemented in Ces,,[0, 1]. Let us denote

r
1
fan[z—n—l,z—ﬂ] and Fn(t):;/fn(s)ds, n=12,...
0

Since
0, if 0<r<2 L,
Futy=1{1- 535, if 2" t<i<2™,
ST if 1>27",
it follows that
2—n 1 P 2n(pfl) 1
b= p= - —(n+1)p -
L2y = NFallly = /1 (1 2n+1t> d +2 =
2—71—

Note that the first term in the above sum is not bigger than 2-7="~1 and the second
one satisfies the inequalities

1—2-p+1 P < -t Dp on(p—1) _ 1 _ 2—p—n
p—1 h p—1 ~ p-1’
Therefore,
(23) I fullcy = Il fullpp 27777
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with constants which depend only on p. If

_ fa

fo=—"— n=212...,
" falle

then

1=lfallcy = I fullLr, neN.

Let us denote

x(t) = Zanfn, o, € R.

n=1

Since f, are disjoint functions we may assume that «,, > 0. By Theorem 1(c) (the
Hardy inequality) and the above equivalence

P P (v v C
Ixlleep) < Ixlle = ——\ Y aZlfull}y ] <Cp| D ef
P 1 pP= 1 n=1 n=1

On the other hand, by Theorem 4, for any n € N,

n 1/p n 1/p
> (Z ||akfk||’c’(,,)> = (Za,f)
C(p) k=1

k=1

1/p

n
D afi
k=1
and passing to the limit as n — oo we arrive at the inequality

00 1/p
Ixllce) > (Za,f) ~ |xlee,
k=1

which together with estimation from above gives us that

(24) [fn]Cesp = [fn]LP ~[7P.

Next, we prove that [fn]Cesp is complemented in Ces, for 1 < p < co. Letx €
Ces,, x > 0and suppx C [27"71,27"],n € N. Then

t t
1 1 1
? /X(S) ds = ; / )C(S) dsX[anfl,Z*"](t) + ;”x”L]-X[Z_",l](t)

0 2—n—1
and
27" 1 t P 1
X0y = / (; / x(s)ds) dr+||x||§1/z—f’dz.
2-n-1 2—n—1 2—n
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The first term in the last sum is not bigger than

2*}1
_ r=t—1_ .~
Ix1173 f t Pdt=ﬁ2"“’ Yl 1,
2—n-1
and the second one is equal to
on(p—1) _ 1
Ielji——3
Therefore,
25)  lxlep = xll 2" TP, =12,

with constants which depend only on p. We consider the orthogonal projector

2—k

(26) Tx(t) ::2:2’“rl / x(s)ds Xjp-k-1 2k (1)

k=1 o—k-1

and prove that it is bounded in Ces,.
For arbitrary x € Ces,, x > 0 we set x; = XX2-k-1-k) (k=1,2,...). Since

Tax = el 12 X k-1 -4
then (23) and (25) imply that
ITxellcopy = Il 12T fell ey < Bllxall ;128712787 < Cllxlicpy-

Therefore, by (24) and Theorem 4, we have that

o) 1/p e’}
ITxllcp) < C' (Z IITkaé(m) <cc (Z ||Xk||’c’<p>>
k=1 k=1
o0
>

k=1

1/p

<C'C =C'Clixllcp).

C(p)

and the proof of the boundedness of T in Ces, is complete. Since the image of T
coincides with [xn]ces, then Theorem 6 is proved. O

The above theorem shows that the Cesaro function spaces Ces,[0, 1] behave
“near zero” similar to the I? spaces. The authors proved in [4] that “in the middle”
Cesaro function spaces Ces,(I) contain an asymptotically isometric copy of 72,
that is, there exist a sequence {¢,} C (0,1),s, — 0 as n — oo and a sequence of
functions { f,} C Ces,[0, 1] such that, for arbitrary {«,} € 11, we have that

00 00
Zanfn <Z|an|~
n=1

C(p) n=1

@7) D A—elal <
n=1
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Consequently, these spaces are not reflexive and do not have the fixed point property.
This is a big difference with the Cesaro sequence spaces ces,,, which for 1 < p < oo
are reflexive and have the fixed point property.

Let us recall that a Banach space X has the Dunford—Pettis property if x, — 0
weakly in X and f, — O weakly in the dual space X* imply f,(x,) — 0. The
classical examples of Banach spaces with the Dunford—Pettis property are the
AL-spaces and AM-spaces. It is clear that if X* has the Dunford—Pettis property,
then X has itself this property (cf. [2, pp. 334-336]). Of course, the Cesaro sequence
spaces ces,, 1 < p < oo, as reflexive spaces do not have the Dunford—Pettis

property.
Corollary 1. If 1 < p < oo, then Ces, (1) do not have the Dunford—Pettis property.

Proof. By Theorem 6, Ces, (/) contains a complemented copy of /7 and /” do
not have the Dunford—Pettis property. On the other hand, it is easy to show that, if a
Banach space has the Dunford—Pettis property, then its complemented subspace has
also the Dunford—Pettis property (cf. Wnuk [58, Lemma 1(i)] or [23, Proposition
11.37]). Thus, Ces,, (1) do not have the Dunford—Pettis property. O

As it was mentioned before the Cesaro sequence spaces ces,, are not isomorphic
to the 1 space for any 1 < ¢ < oo. An analogous theorem is true for Cesaro function
spaces.

Theorem 7. If 1 < p < oo, then Ces, (1) are not isomorphic to any L4 (/) space
forany 1< g < co.

Proof. If1<q < oo, then Ces, (1) has trivial type but L9 (1) has type min(¢, 2) > 1
and therefore they cannot be isomorphic. The space Ces, (/) for 1 < p < oo is not
isomorphic to L1(I) since L1(1) has the Dunford—Pettis property but Ces, (1), as
we have seen in Corollary 1, do not have the Dunford—Pettis property. Also Ces,, (1)
for 1 < p < oo is not isomorphic to L°°(I) since the first space is separable and the
second one is non-separable.

It only remains to show that Ces.. (/) is not isomorphic to L (I). Since, by
Petczynhski theorem L°°(1) is isomorphic to ¢*° (cf. Albiac and Kalton [1, Theorem
4.3.10]), therefore it is enough to show that Ces..(7) is not isomorphic to £°°.

We show this for K = Cesy[0, 1] since for the case of Ces,, (0, co) the proof
is similar. For fixed a € (0, 1) define a continuous projection P: K — K by Pf =
f Xa.11- Then

1 1 X
1
/|Pf<t>|dr</|Pf(r>|dr< IPflik = sup ;/If(f)X[a,l](t)ldt
g 5 O<x<1 0
x 1
1 1
— ap - / O xa®lde < = f \PF() dr.
a<x<1X J a ;
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Hence, P(K) is isomorphic to L'[a, 1], i.e., K contains a complemented copy of a
separable space while no separable subspace of £°° is complemented in £°° because
£°° is prime, that is, every infinite dimensional complemented subspace of ¢ is
isomorphic to £ (see Lindenstrauss and Tzafriri [37, Theorem 2.a.7], or Albiac
and Kalton [1, Theorem 5.6.5]). Therefore, K and ¢°° are not isomorphic. O

7. ON THE WEAK BANACH-SAKS PROPERTY OF THE CESARO FUNCTION SPACES

Let us recall that a Banach space X is said to have the weak Banach-Saks property
if every weakly null sequence in X, say (x,), contains a subsequence (x,,) whose
first arithmetical means converge strongly to zero, that is,

m
ank

k=1

=0.

o1
lim —
m—00o m

It is known that uniformly convex spaces, co, /* and L* have the weak Banach—
Saks property, whereas C[0, 1] and /°° do not have. We should mention that the
result on L1 space, proved by Szlenk [55] in 1965, was a very important break-
through in studying of the weak Banach—Saks property.

In 1982, Rakov [48, Theorem 1] proved that a Banach space with non-trivial
type (or equivalently B-convex) has the weak Banach-Saks property (cf. also
[57, Theorem 1]). Recently Dodds, Semenov and Sukochev [19] investigated the
weak Banach—Saks property of rearrangement invariant spaces and Astashkin and
Sukochev [6] have got a complete description of Marcinkiewicz spaces with the
latter property.

The spaces Ces,[0, 1] for 1 < p < oo are neither B-convex (they have trivial
type) nor rearrangement invariant. Nevertheless, we will prove that Ces, for all
1 < p < oo have the weak Banach—Saks property.

Theorem 8. If 1< p < oo, then the Cesaro function space Ces, [0, 1] has the weak
Banach-Saks property.

We begin with some auxiliary notation and results.

If I =[a,b]land J =[c, d] are two closed intervals, then we write I < J if b <c.
Let {I,}°2, be a sequence of closed intervals I, = [a,, b,] C [0,1]. Then I, — 0
means that /1 > I > --- and b, — 0. Analogously, 7, — 1 means that I < I> <
---and a, — 1~. Moreover, in what follows supp f = {¢: f () #0}.

Lemma 1 (Weakly null sequences in Ces,[0,1],1 < p < 00). Let {x,}32; C
Ces,,. Then x, > 0iin Ces,, if and only if

(a) there exists a constant M > O such that [|x,|lc(py <M foralln=1,2,...,

and

(b) for every set A C [0, 1] such that A C [k, 1 — k] for some & € (O, %) we have
S Xn(t)dt — 0as n — oo.
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Proof. Itis enough to check that the set of all functions of the form

(28)  a) =) arxa (),

k=1

wheren € N, qr e Rand A C [0, 1] are pairwise disjoint sets such that A C [h,
h] for some h € (0, %), is dense in the space U (p’) = (Ces,)* = (Ces,)’, p' =
with the norm

[0 v
I¥llun = (/( ) ) . F(O)=ess sp y(s)].
5 se(t,1]

Let y e U(p’) and ¢ > 0. Note that $(17) = lim,_, - y(t) = 0. In fact, if 3(z) >
¢ >0 (0<1t <1),thensince p’ > 1 we have that ||y||U(p,> > Cfo mdt 0.
Therefore, we may choose § € (0, 1) and 4 € (0, 8) so that

29) max(()/(y@)) t’/:<y(t)> )gel,

and

r_ 1/p
(30) &(1—h><s-(p—/1l) .

§1-p

p—

1

Since y € U(p’), then y(¢) is finite for every ¢ € (0, 1) which implies that y(¢) is
a bounded measurable function on the interval [/, 1 — &]. Therefore, there exists a
function a(r) of the form (28) such that suppa C [, 1 — k] and

1/p
p -1
— <L | —m M —
(31) Iy — @) xin1-mllLe < & (hlP' 1) :

By the triangle inequality we have that
ly —allyn
(32) < yxwomllvgy + 16 —a) xpna-mllugy + 11y xi—nullugpn.

and let us estimate each of the three terms separately. At first, since 0 < i < §, then,
by (29),

3

4 y (@) 4 /
(33) ||YX[0,h]||U(p/) < /(:) dr <e?.

0
Next, (31) implies

1-h
p/ -1 /
(34) ”(y _a)X[h 1-h] ”U(p/) / (1 [)I’ <m> :(C,‘P .
0
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Finally, (30) and (29) imply that

8

1- 1 :

(1—h) y() \” /

(35) Iy xia- h1||U(p) /(y ) dt—}—/(%) dr <267,
0 1-6

Thus, by (32)-(35), we have that ||y — ally () < 411’ ¢, and the proof is com-
plete. O

Corollary 2. Let {1,}7°, be a sequence of intervals from [0, 1] such that either

I, — 0or I, — 1. Then, for every p € (1, c0), we have szxﬁ 2 0in Ces,[0, 11.

Following Kadec and Petczyhski [27] (see also [46] and [47]) we will use the
following notation: Let X be a Banach function lattice on [0, 1]. For every x € X
and o e (0, 1] we set

n(x,a)= sup lxxallx.
AC[0,1],m(A)=«a

Moreover, if K C X, then

n(K,a) =supn(x,a), n(K,0") = |Irg n(K,a).
xekK

Lemma 2. If a Banach function lattice X on [0, 1] satisfies a lower p-estimate
(1 < p < o0) with constant one, then for any disjointly supported x,y € X and
a > 0, B > 0 we have that

nx+y,a+pB)r =nx, )’ +n(y, BP.

Proof. Forany ¢ > 0 choose the sets A and B from [0, 1] such that A c suppx, B C
suppy, m(A) < o, m(B) < B, and
lxxaly =n(x, ) —e, lyxslly =n(y, B)F —e.

Since m(A U B) < « + B and X satisfies a lower p-estimate with constant one it
follows that
2 [(x + y)xausllx = llxxa +yxslx
1
> (exall + lyxslif)Y”
1
> (n(x.e)” +n(y. B —2¢) "7

nx+y,a+p)

and the proof of the lemma follows by letting e — 0T. O

Let X be a Banach function lattice on [0,1] and a set K Cc X. We say that
K consists of elements having equicontinuous norms in X if

lim sup llxxallx =
C[0,1],m(A)—=0,cg
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An important tool in the proof of Theorem 8 will be the following assertion:

Proposition 7 (Subsequence splitting property). Let 1 < p < oo, {x,}°°; C
Ces,[0,1], lxxllc(py =1and x, £ 0in Ces, [0, 1]. Then there exists a subsequence
{x/} C {x,} such that

X,=yn+zm, n=12...,

where {y,}°2; consists of elements having equicontinuous norms in Ces, and
suppz, C I, U I,/ with {1, I,/}>° , being a sequence of pairwise disjoint intervals

n’> - nln

from [0, 1] such that I, — 0O, I;’ — 1. Moreover, y, £0,z, 2 0in Ces,,.

Proof. We set no = n({x,}, 0M). If no = 0, then the sequence {x,} consists of
elements with equicontinuous norms in Ces, and we have nothing to prove.
Therefore, assume that 9 > 0. By the definition of ng, there exists a sequence of
sets A, C [0, 1], m(A,) = a, — 0and a subsequence of {x,,} (which will be denoted
also by {x,}) such that for all n ¢ N

1
(36) lxn x4, lc(py = N0 — .
Let us denote

(37) Up =Xnxa, and v, =x, —u,.

Since Ces,[0, 1] is p-concave with constant one, then, by Lemma 2, it yields that

1 P
N(Wn, ) <N, o +an)? =y, 0n)? <nxn, o + o)’ — (no— ;) .

Hence, for 0 < o < 1/2 we have that

Ilm s"Ip W(Un,a)p g n({xn}’ 2a)]7 - 77(’)]

n—oQo

Since Ces,, is a separable space the last inequality implies that

(38) n({vn}v O+) = 0,

that is, {v,} consists of elements with equicontinuous norms in Ces,,.
According to Lemma 1, for every h € (0, %),

(39)  Xuxp1inm — 0 in Ces,.

Therefore, since Ces,[0, 1]jx,1-n = L[h,1 — h] with equivalent norms (see [4,

Lemma 1]) we have that x, x[n,1-n] £ 0in L. Moreover, since n({v,},0") =0t
follows that

11 ({vn x(h,1-11}, 07) =0
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(where 7,1 is calculated in the space L') and

Nlva xin,1-mll 12 < Cllve xin,1-mllcpy < C.

Thus, by the classical Dunford—Pettis criterion (see, for example, [22, Theorem
4.21.2] or [1, Theorem 5.2.9]), the sequence {v, xin,1-n1}50, is a relatively weakly
compact subset of L1 and, hence, simultaneously in Ces,. Therefore, there is a
subsequence {v,, } C {v,} such that v,, xs,1-1 2 v, wherev € Ces,,. By combining
the last mentioned facts with (39) and with the equality x, = u, + v,, we get that
Uny XTh,1-h] 5 —vin Ces,, and, hence, in L. Taking into account the definition of
u, (see (36) and (37)) and using again the Dunford—Pettis criterion we conclude
that for every & € (0, 1/2) there exists a subsequence {u,, } C {u,} (depending on &)
such that

lttny Xih,1-mllcpy = 0 ask — oo.

Since Ces,, is a separable space, then by a standard procedure, we may choose
a subsequence of {u,,} (denote it again by {u,,}) and pairwise disjoint intervals
{1}, 1'}ken, I] — 0, I/ — 1 such that

(40) et X101\ yurpy lcpy = 0 @Sk — oo.
Setting x;, = yx + zx, with

Vi = Un U X[o, a0\ juif)y» Lk = Um Xyur)s

we see that, by (38) and (40), this representation satisfies all conditions. In
particular, according to Lemma 1, we have that z; — 0 and y; — 0. The proof
is complete. O

Now, we may proceed with the proof of Theorem 8.

Proof of Theorem 8. Since Ces;[0, 1] = L1(In1/r) (with equality of norms) and
LY(In1/1) is isometric to L1, then in the case p = 1 the result follows from the
Szlenk theorem [55]. Therefore, we will consider the case when 1 < p < oo. Taking
into account Proposition 7 it is enough to prove the following: if {x,} C Ces,, x, Bt
0 and either

(@) {x,} consists of elements with equicontinuous norms
or

(b) suppx, C I,, where I,, > 1

or

(c) suppx, C I,, where I, — 0,

then there is a subsequence {x/,} C {x,} such that

m

Vi
Zxk

k=1

@

—0 asm — oo.
C(p)
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Case (a). We will use the following remark from Szlenk paper [55, Remark 1]:
a sequence {x,} C X,x, — 0in X (X is a Banach space) contains a subsequence
{x)} such that %II Y i1 X llx — 0as m — oo if and only if it contains a subse-
quence {x,, } such that

(42) lim sup

M=>00 jy <<k

=0.
X

1 m

- § xnk,

m 1
i=1

Let {x,} C Ces,, x, — 0and & > 0. At first, setting
Apm=1{t€l0,1]: |x,(t)| =m}, m,n=212,...,
we prove that

(43) lim supm(A, ) =0.
m%OOnEN

We may assume that ||x,[lc(, =1(n =1, 2,...). Therefore,

1
1
1=lxnllcep = Ixnllcw = 1xall L1gn1/) = f 2 (1) In;dr
0

1 1
> |x,,(t)||n;dt>m In;dt,
An,m An,m

i.e.,
1 1
(44) /In—dtg— forall n,m e N.
t m
An,m

Assume that (43) does not hold, that is, there exists a § > 0 such that for every m e N
there is n,, € N such that m(A4,,, ,») > §. Clearly, we may assume that n,, — oo as
m — oo. Since

) )
An ﬂ’lm 071__ ~
’”( " [ 2])>2

then we have that, for any m € N,

1 1
/ In—dt > / In—dt
t t

Anp.m Anpy ,mNIO, 1_%]

2 ST\ 5. 2
>ine"m( Ay, mn|01-2|)> 2N,
2—5’"( A, [ 2D>2 2-5

The last inequality contradicts (44) and, therefore, (43) is proved.
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We recall that {x,} consists of functions having equicontinuous norms. Hence, by
(43), for some mg and all n € N,

&
(45) ”anAn,mO“C(p) < é
Denote y, = Xn X Anmg (n=1,2,...). Then |x,(¢) — y,(¢)| < mg for ¢ € [0, 1], so that,
in particular, x, — y, € L? and ||x, — ynllLr < mg. Since L? is a reflexive space

for 1 < p < oo and since L? has the Banach—Saks property (cf. [7, Chapter XII,
Theorem 2]), we may choose an increasing sequence of natural numbers {n;}7° ;

such that x,,, — yn, = vin L?, where v € L?, and (see (42))

Z(x"k ynk

Using the imbedding L? c Cesp (see Theorem 1(c)) we obtain that x,,, — yn, = vin

Ces,,. Therefore, since x,, — 0in Cesp, we get that y,, — —v in Ces,. Moreover,
from (45) it follows that ||y, [lc(p) < 5 sothat [v]lc(p) < §. Atlast, by Theorem 1(c)
and (46), for large enough m € N,

Z(x”k ynki) -V

46)  lim =0,

"Hookl< ~<k,,,

LP

k1< <km

C(p)
&
<p Z(xnk — Vuy,) <3
k1< <km Lp
The last inequalities give us that
Z""k
k1<---<km c(p)
g Z(xnl‘ )’nki) -V
kl< <km C(p)

+ % Zynki

i=1

+|IUIIC(p)> <e,
C(p)

if m is large enough. Thus, {x,, } satisfies condition (42) and in this case everything
is proved.

Case (b). Let {x,} C Ces,,x, — O, sUpPx, C Iy = [an, bpl(n = 1,2,...), I1 <
I <---and a, — 17. We may suppose that x,, >0, ||x,llc(py =1and a1 > 1/2.

Since p > 1, itis enough to show that {x,} contains a subsequence (for simplicity,
it will be denoted also by {x,}) such that

n
D

k=1

<Cnt'?,
c(p)

(47)
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where C > 0 is independent of n € N. We will choose x, inductively. Suppose
that m > 2 and x1, x2, ..., x,;—1 are already chosen. Then a; < b1 < -+ - < ap-1 <
bn—1 < 1 are fixed and, since a, — 1~, we may take a,, so that

(48) 1-a,<A—=by-1)-277.

Then for x,, we take the function corresponding to the interval I, = [ay,, by, ] (that
is, supp x,, C I,,). Let’s check that inequality (47) holds. For all » e N and ¢ € (0, 1]
we have that

t

|2

bi t
n 1 n /m—1
> xi(s)|ds = - Z(Z/xi(s)ds +fxm(s)ds>xlam,hmj(t)

m=1\i=1 a;

am

1! b
> Z/ Xi(5) 45 Xt 11 ()

m=1 i=la’_

= 81(1) + S2(1) + S3(1),
where a,, 11 =1 and

n m—1 "}

bA
1
Sl(t) = ; Z Z /-xi(s) dsx[am»bm](t)’

m=2i=1 a;

bi
1 n m
Sa(t) = " Z Z/xi (8) A X1by ap 111

m:li:lai
1N |
S3(t) = ; Z /xm(s) dSX[am»bm](t)'
m=1;
Since, by Theorem 3, (Ces, [0, 1])* = (Ces, [0, 1))’ = U(p") it follows that, for all

ieN,

bi

bi 4 1/p'
t
. < : . b n = B —
/xz(s)dS\A”xz”C(p) | Xta; 6:1 10 (o A(f (l—t)P’>
0

aj
, 1 vy B

=A —11/”[7—1] < 17

R s A= b)¥r

where B > 0 depends only on p. Moreover, by (48), foreveryi =1,2,...,m — 1,

-1
1—a, \Y? _ ml_[ 1—aj 1/p < oiom
1— b A ST

Jj=i
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Therefore,

b; b
n /m-1 "} p “m dt
8212 = Z(Z/x,-<s)ds> @
m=2 i:lai am
n /m—1 p bp—l__ap—l
< B’ (1—b,-)—1/1’> T
mzzz<§1 (p—Dah ol
n m—1 p
<cfz<2<1—bi>1/1’> (1—ap)
m=2 \i=1
n m—1 14
<sz< 2"—'") <Con,
m=2 \i=1

so that [|S1]l, < C1nY/P, where C1 > 0 depends only on p. Similarly,

P p—1 p—1
S2115 < BY i i(l —p)"Yr g1 —bm
P ; ( —

—1
m=1\i=1 p—Da) b,
n m 1/p p
1-p
p m
gC2 Z(Z(l_b.) )
m=1\i=1 !
n m—1 ' 14
<Cyy (1+ > 2'—'") < (2C2)Pn,
i=1

m=1

which implies that || Szl , < 2C2n/?, where C, > 0 depends only on p. Finally, it is
easy to see that

n 1/p
IS3ll, < (Z ||xm||£(,,)) =n*/P.
m=1

Thus, combining the estimates of S, S» and S3 we get

n
D

k=1

<D ISkl < A+ C1+2C2) -nY?,
Cp) k=1

3

where C := 1+ C1+ 2C; is independent of n € N, that is, inequality (47) is proved.

Case (c). Let {x,) C Cesp,x, — O, suppx, C I, = [an, byl 0 =1,2,..), [ >
I, > ---and b, — 0*. Again we may assume that x, > 0, |lx,|c(p» =1 and b1 <
1/2. As in the case (b) it is enough to prove inequality (47) for some subsequence
of {x,} (it will be denoted also by {x,}), which will be chosen inductively.

Suppose that m > 2 and the functions x1, x, ..., x,,—1 are chosen. Then by >
ay> - >=byu_1>an_1> 0are fixed and, since b, — 0T, we may take b,, so that

(49) b, <2 Va1
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Let us show that the corresponding subsequence {x,} satisfies inequality (47). For
any n € Nand ¢ € (0, 1] we have that

t

dl

0

1 n
:;Z

j=1

ds

> xi(s)
k=1

t

bi
( Z /xi(S)der / x11—j+l(s)ds)X[anj+1,b,,j+1](t)

I:n_j+2ai an— 1

1 n n bl
5D SR FICTT TSI

j=Lli=n—j+1;
=T1(1) + T2(t) + T3(1),

where ag =1 and

b;
1 n n
=% / X ()15 Xlay_ 110012210

j:Zi:n—j+2ai

bi
1 n n
Lo=3 / Xi () dS Xib,_ 41,051 (),

j=li=n—j+15,
1L |
Ts0)=>) / Xnj11(8) S Xlay_ 1.0y 01 (-
j:1al1—j+1
Using again the duality result, as in the proof of (b), we find that

bi

/ xi()ds < Alxillco) - xtarsnllvon)

aj

1—%1—b0ﬂ4}ﬂﬂ

_ _
=A(p-1 |: (1—bi)p/_1

<BD (i=12..),

where B’ > 0 depends only on p. Since, by (49), forany k < i

(bi )l/[’, ll_[ ( bm )l/[’/ 2k ii1
- g < o )
ay ek am-1
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then

n n bi p bn_j+ldl
||T1||§=Z( 3 /xi(S)dS) | %
J=2 Ni=n—j+2q, dn—j+1
n n , p bP—l 1_aP—1 1
AV 1/p n—j+ n—j+
<y B ow) et
j=2 \i=n—j+2 (p— )“nfj+1 n—j+1
n n , p
4 1/p 1-p
S By ( > b )“n—j+1
j=2 \i=n—j+2
n n p
<B]]-7 ( Z 2nl}+l> < Bin,
j=2 \i=n—j+2

so that || 71|l , < BinY/?, where By > 0 depends only on p. Similarly,

n n , p aP—l_bP—l 1
p 1/p n—j n—j+
172115 < (B) Z( Y. b ) =W

(p_l)anfj n—j+1

j=1\i=n—j+1
» n n bi 1/p/ p
w3 2 (2"
j=1\i=n—j+1
n n p
< B} Z(H > 2’””“) < (2B2)"n.
j=1 i=n—j+2

Hence, [|T2]|, < 2Bon'/?, where B, > 0 depends only on p. Moreover, it is clear
that

n 1/p
173l < (Z ||x,-||’c’(p)> =ntP.
Jj=1

Thus, combining the estimates of Ty, 7> and T3 we get that

n
D

k=1

3
<Y Tkl < A+ By +2B) - 02,
C(p) k=1

where B := 1+ B1 + 2B> is independent of n € N. Since all cases (a)-(c) are
examined, the theorem is proved. O

8. THE CESARO FUNCTION SPACES Cesp[0,00) AND Cesp[0,1] ARE ISOMORPHIC FOR
l<p< oo

The main result in this Section is a construction of an isomorphism between the
Cesaro function spaces Ces [0, co) and Ces, [0, 1] for 1 < p < oo.
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Theorem 9. If 1 < p < oo, then the Cesaro function spaces Ces,[0, 1] and
Ces, [0, co) are isomorphic.

Proof. The proof will go in two parts. Let 1 < p < oco. Sy, Zhang and Lee proved
in [54] that the norm in Ces, [0, co) is equivalent to the functional

00 00 p 1/p
(50) ||f||o=[2< Zskm) +Z(m2tk<f>> m‘z} :
m=1 k=m

n=1

where

k+1

Sk(f)—/lf(S)ldS and  #(f)= /If(S)IdS k=12,....
1

k+1

Let’s prove the analogous assertion for the space Ces, [0, 1]. At first, if m%Ll <x <
L m=12..., then

1/(m+1) 1/m

mrd / L f|f| (m+1>/|f| Zm/IfI

Therefore,

1/(m+1)

2P Z ((m +1
m=1 0

Pr1 1
/1 (;_m+1)
00 1/m 1 x P
> (;/m) dx
m=1 /4n41) 0

:Oj(;o/’}fl)”dx

N

and
1/2 x P 00 1/m x p
1 1
/(—fm) =y | (—/m) dx
X X
0 0 M=21 (1) 0
00 1/m P 1 1
§2pm2=2<m O/ |f|> <Z_m—+1)
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The first of these inequalities implies that

1/m

[e’e) P
= 1 1
2o [10) (5 5)
m=2 0
o 1/(m+1) » 1 1
=2-"m§<<m+1> |f|> (—m+1—m—+ 2)

0
1

17\
</<;/|f|> dx=1f12,),
0

0

and the second one yields that

12, x » ~ Ym  p
60 20 [(Zfin) e (m [1n1) (=) <2
x = m m+1) " Cpr
0 0 m=2\ 9
Denote
o —}(2—n1—1’) n=12
n—2 ) =1,4,....
It is easy to check that % =a1 <y <app1 < 20,,n=12,...,and o, — 1 as

n — oo. Thus, if o, <x < a1, then

an ap X
1 1 1
o [ 11— [in1<5 [
Oy op+1 X

0 0 0
Up+1 Up+1

<ai/|f|<a2 [ i
0 0

n+1

which implies that

00 1 %n p
(52) 2"’Z<a— / |f|) (@1 — )
0
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and

1 1 X P 0o Yntl 1 X P
(53) /(—fm) =3 [ (—/Ifl) dx
X X
1/2 0 n=1 oy 0
00 1 p41 P
<2p2< / |f|> (an+l_an)~
— \ ¥n+1
n=1 0
Moreover, since
n+1
101 1 _p-1 1 4
Op41 — Oy = E np—1 - n+ 1)17*1 I [_P t

n

1 n+1 1 1 1 _»o—pl
and .5 > [ 5 dt > g = @gp = 2 P ypo it follows that

p—1 p—1 _
(54) W<“n+1—an<w, n=12 ...,
and we conclude that
p—1 p—1

<4
2nP 2r+tl(n+ 1)

< 4p(an+2 - an—Q—l)’ n=12,....

Apt1— 0y <

Therefore,

o] 1 n P
Z(a_/|f|) (@1 —ay)

n=1 0

1 a1 P 00 1 Up+1 p
= (-/Ifl) (a2 — 1) +Z< / Ifl) (@42 — Ant1)
o1 o On+1 0

0

00 1 Ap+1 P
>4—PZ< / Ifl) (@41 — )
n=1

Op+1
0

By combining the last inequality with (52) we obtain that

1 X

00 Ont1 p p
(55) Z(a; / Ifl) @ns-an <8 [ (% / |f|) dx.
0

n=1 172 V0
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From (51), (53) and (55) it follows that

1/m

00 P 1 1
||f||g(p)<2f’2<mf |f|> (Z‘m—+1>
0

m=2

00 1 Op+1 p
+2pZ((x / |f|> (@n+1 — o)

n+1
0

and

00 1/m p 1 00 1 0‘n+1 p
Z(m / |f|> (E_m-Fl +Z(an+l |f|> (@nt+1 — o)
0

m=2 n=1

X

j(%([lfl)pdx

1/2

X

<2”/1< [Ifl) dx +8°
0

0
<24+ )12,

Thus, taking into account (54), we obtain that

00 1 Un+1 p
| Fllen ~ [Z(M / | f(t)|dt)
0

n=1 n+1
o/ Um 1p
(56) +Z< /lf(t)|dt) m_2:| .
Note that
1/m
flf(t)ldt Zrkm
1/k
where #.(f) = / |f(®)ldt,
1/(k+1)
and
o1 1/2
/ |f(r>|dr—/|f(r>|dt+2bk(f>
0 k=1
Q41

where b (f) = / | f(D)|dt.

Ok
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Since oy, > % (n=1,2,...) it follows that the first sum in (56) does not exceed

1/2

21’2(/ |f(f)|dt+zbk(f)>
) 1/2

<22P[Z( Zbkm) ( / If(t)ldt> Z""’}

n=1

Because p > 1 and the second sum on the right-hand side of (56) contains
fl/z f@®|dn)?, then

00 o0 P 1/p
(57) ||fIIC(p)%[Z< Zbk(f)> —l—Z(mZtk(f)) mz} .

n=1 m=2 k=m

Denote by &, and [,, one-to-one affine mappings such that

kn . [n,n + 1] — [a}‘h an+1]v
1 1 1 1
| = = | = | = =
m+1 m m+2 m+1

and define the linear operator T for f € Ces,[0, 1] by

mn,m=12,...)

Tx) = (@nt1— ) f (kn (X)) Xnn 21 ()

n=1
+m§lf(l’"(x))x[%+y%](x)'
Since
n+l Up+1
/|f (ko) dr = / £ Ol dr
and
1/m 2 1/(m+1)
/ [ ) [ dx =2 / £ @)l dr
1/(m+1) 1/(m+2)

forn,m=1,2,..., then the equivalences (50) and (57) show that

ITfllcp0.00 = 1T f o

) Ee ) -]

n=1
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o) 1 n P 00 o0 14 1/p

w[}j(—}jbufo +—§:Cn§:u(ﬂ) m‘ﬂ
n=1 n k=1 m=2 k=m

~ | fllc,01-

Therefore, T:Ces,[0, 1] — Ces,[0, co) is an isomorphism and the proof for 1 <
p < oo is complete.

If p = oo the construction of isomorphism will be different and the proof
is even working for the p-convexifications, that is, if 1 < p < oo, then the
spaces Cesg;) [0, 1] and Cesfjo’) [0, co) are isomorphic. In particular, Ces, [0, 1] and
Ceswo [0, 0o) are isomorphic.

It is easy to check that

1/p
(58) £ 1l 00y 10,00) & ?g(z_kﬂ / NAGI dt)
€

(2k=1<r L2k}

and

1/p

59 Iflceywpon~ sup (271 lf@oPde) .

IO 0 1 2
o (k1<)

Moreover, for every k € Z,

2k 1
(60) 2—’<+1/ |f(t>|1’dz=/\f(2k—1(z+1))}”dt.
2k—1 0

Define the linear transforms
o0
T1:Cesug[0, 00) — 1°°< > eLro, 1]), nf =2t +D),,)
k=—00
and
T5:Cesso[0, 1] — 1° (Z ® L0, 1]) . Tof =(F(27e+ D), )
k=0

Formulas (58)—(60) show that T, and T, are isomorphisms. It is obvious that the
spaces [ (Y po @ LP[0,1]) and I3, 5@ L7[0, 1]) are isomorphic. There-
fore, the spaces Ces(?)[0, co) and Ces'?'[0, 1] are isomorphic. O

Problem 1. Is the Cesaro function space Cesy,(I) isomorphic with the Cesaro
sequence space CeSeo?
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9. A DESCRIPTION OF ISOMORPHIC COPIES OF /9 IN Cesp[0,1]

In Theorem 6 we proved that Ces, [0, 1] contains an isomorphic copy of /7. Now
we try to investigate when this is true for the spaces 4.

Theorem 10.

(@) If 1< p <2, then the space /7 is embedded isomorphically into Ces, [0, 1] if
andonly if ¢ € [1, 2].

(b) If 2< p < oo, then the space 17 is embedded isomorphically into Ces,, [0, 1] if
and only if either ¢ € [1,2] or ¢ = p.

Proof. Firstly, Ces, [0, 1] contains a copy of L1[0, 1] (cf. [4, Lemma 1]) and in turn
19 is embedded into L1[0, 1] if 1 < ¢ < 2 (cf. [1, Theorem 6.4.18]). Moreover, by
Theorem 6, /7 is embedded into Ces,, [0, 1] for every p € [1, oo) so we have to prove
only the necessity.

In the case when 1 < p < 2 necessity is obvious as a consequence of the fact that
Ces, [0, 1] has cotype 2.

If p > 2 noting that Ces [0, 1] C Ces;[0, 1] = L1(In1/¢) we consider two cases:

() Assume that the norms of the spaces Ces, [0, 1] and L1(In1/¢) are equivalent
on a subspace X c Ces,[0, 1] which is isomorphic to /9. In other words, X is a
subspace of L1(In1/¢). Since the last space has cotype 2, then ¢ < 2.

(b) The norms of the spaces Ces, [0, 1] and L1(In1/¢) are not equivalent on X ~
1. Then there is a sequence {x,} C X such that ||x,||c(, = 1and ||x, I 1gn1/) = O
In particular, x, — Oweakly in L1(In1/7), i.e.,

1
/xn (t)y(t)dt — 0 forevery y e L®(In"*1/1).
0

Denote F := | Jg_s-1 L*[0, 8. Obviously, it yields that 7 c L>®°(In"1/¢) and F is
dense in (Ces, [0, 1)’ = U (p’) (see Theorem 3). Therefore, || x,| ¢, = 1and x, —
0 weakly in Ces, [0, 1]. By a known result (cf. [37, Proposition 1.a.12]) there exists
a subsequence {x,} C {x,} which is equivalent to a seminormalized block basis of
the canonical basis of /9 and, consequently, is equivalent to the canonical basis of 74
itself (see [1, Lemma 2.1.1 and Remark 2.1.2]). Moreover, ||x,,||c(p = 1and x;, — O
in the Lebesgue measure m. Next, since Ces, [0, 1] is separable for 1 < p < oo, then
applying the Kadec—Petczyfski procedure we may find a subsequence {x} C {x,,}
and a sequence of disjoint sets A, [0, 1] such that |x;’ — x, x,llc(p) = 0. Using
a standard argument we can select a subsequence {x,’[k} C {x,/}, which is equivalent
to the sequence of disjoint functions zx := x;; xa,, . Note that {x; } and {z;} as well
are equivalent to the canonical basis of /9. To show that either g € [1,2] or g = p
we consider separately two cases:

(1) firstly, assume that there is h € (0, %) such that suppzx C [k, 1 — k] for all
k=1,2,....Since Cesp,[h,1— h]~ L[k, 1 — h] (cf. [4, Lemma 1]), then /¢ will
be embedded into L[A, 1 — k] ~ L1[0, 1], so that ¢ € [1, 2].
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(2) otherwise, there is a subsequence {z;} C {zx} such that supp zx C I for some
intervals I, satisfying either I, — O or I; — 1. Then, using the same arguments as
in the proof of Theorem 8, we may select a subsequence {z;} C {z,} such that

m
Zz}! <Cm*?,

k=1

Cp)

where the constant C > 0 does notdependonm = 1,2, .... Since [z;] ~ 17, then we
have ¢ > p. On the other hand, ¢ < p because Ces, [0, 1] has cotype p, thus g = p
and the proof is complete. O

Let us remind that L?[0, 1] contains an isomorphic copy of /4 if and only if
q € [p, 2] for the case 1 < p < 2and in the case when p > 2 this can be when either
g = p or g = 2. We can see then the difference between L7[0, 1] and Ces,[0, 1]
spaces. In particular, if 1 < p < oo, then Ces,[0, 1] contains an isomorphic copy of
11 but not L?[0, 1].
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