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Abstract

Axicons are optical elements that produce Bessel beams, i.e., long and narrow focal lines
along the optical axis. The narrow focus makes them useful ine.g. alignment, harmonic
generation, and atom trapping, and they are also used to increase the longitudinal range
of applications such as triangulation, light sectioning, and optical coherence tomography.
In this thesis, axicons are designed and characterized for different kinds of illumination,
using the stationary-phase and the communication-modes methods.

The inverse problem of axicon design for partially coherentlight is addressed. A
design relation, applicable to Schell-model sources, is derived from the Fresnel diffraction
integral, simplified by the method of stationary phase. Thisapproach both clarifies the
old design method for coherent light, which was derived using energy conservation in
ray bundles, and extends it to the domain of partial coherence. The design rule applies
to light from such multimode emitters as light-emitting diodes, excimer lasers and some
laser diodes, which can be represented as Gaussian Schell-model sources.

Characterization of axicons in coherent, oblique illumination is performed using the
method of stationary phase. It is shown that in inclined illumination the focal shape
changes from the narrow Bessel distribution to a broad asteroid-shaped focus. It is proven
that an axicon of elliptical shape will compensate for this deformation. These results,
which are all confirmed both numerically and experimentally, open possibilities for using
axicons in scanning optical systems to increase resolutionand depth range.

Axicons are normally manufactured as refractive cones or ascircular diffractive grat-
ings. They can also be constructed from ordinary spherical surfaces, using the spherical
aberration to create the long focal line. In this dissertation, a simple lens axicon consisting
of a cemented doublet is designed, manufactured, and tested. The advantage of the lens
axicon is that it is easily manufactured.

The longitudinal resolution of the axicon varies. The method of communication
modes, earlier used for analysis of information content fore.g. line or square apertures,
is applied to the axicon geometry and yields an expression for the longitudinal resolution.
The method, which is based on a bi-orthogonal expansion of the Green function in the
Fresnel diffraction integral, also gives the number of degrees of freedom, or the number
of information channels available, for the axicon geometry.

Keywords: axicons, diffractive optics, coherence, asymptotic methods, communication
modes, information content, inverse problems
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Introduction 1

1 Introduction

Optics is an intriguing subject, since its effects show up everywhere in our daily life. After
all, almost all of us base most of our understanding of the world on what we see, i.e., on
light. Have you ever been in a car on a dark, rainy evening? Thewindscreen wipers will
leave traces of water and dirt on the glass, and when you look at the lamp-posts through
the window, their light will be spread out, diffused — but only in one direction. The traces
on the windscreen will act as a grating. This is diffraction,which happens due to the wave
nature of light. Or have you, on a sunny summer’s day, walked in a forest in the shade of
the trees? If you watch the ground, you can see small bright circles where the light has
passed between the leaves. This can be explained geometrically — each space between
the leaves, where light can pass through, will act as a pinhole camera and image the sun
onto the ground.

After just two examples, two different models of light have already been used. In
general, there is said to be four different models, as shown in Fig. 1. Geometrical optics
is often considered to be the simplest model of light. Light is regarded as rays, which are
reflected of refracted when they encounter a new medium. Thisexplains e.g. reflection in
a mirror, or the creation of an image by a lens. Although the basic theory is very simple,
consisting mainly of Snell’s law, considering many rays at the same time gives rise to very
complex tasks of optical design.

G e o m .
o p t i c s

Figure 1: The four different models of light.

The next step of complexity is wave optics — light is considered to be a wave de-
scribed by a scalar quantity called optical field. While this model still explains reflection
and refraction, it also includes propagation, diffractionand interference. However, it does
not cover e.g. polarization of light, or regions very close to an optical element. For this,
the electromagnetic model, where light is regarded as an electromagnetic wave of vector
nature, is used. In order to understand microscopic interaction of light and matter, e.g. to
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explain how a laser works, the most complex theory is required: quantum optics. Here
light is considered to be quantized into photons.

Since the quantum optics model contains more information than the others, it often
becomes very complicated. To design a lens system by quantumoptics is an impossible
and unnecessary task, since the calculations are too complex to perform. The general rule
is to use the simplest model, which still is accurate enough for one’s purpose. Conse-
quently, this dissertation is based on wave optics: since diffraction effects are significant
the ray optics model is inaccurate, and since polarization or near-field effects are small
the electromagnetic theory is unnecessarily complicated.

Diffraction is the spreading of light on propagation, and onpassage through objects.
A beam of light will spread and become broader during propagation. For example, a
Gaussian beam of radius1 m will be ∼150 m wide if it travels to the moon and back.
Diffraction also happens when lenses are used in an imaging system, mainly since light
passes the limited aperture of the lens. The image of a point source cannot get smaller
than a certain limit, which is given by the size and focal length of the lens and by the
wavelength of the light. This is referred to as the diffraction limit. The relation is inverse:
a small lens aperture gives a wide image of the point source, while a large aperture gives
a narrow image.

When the Bessel beam was first presented, it was labeled as “non-diffracting” or
“diffraction-free” [1, 2], thus implying that diffractionhad somehow been cheated. This
claim was based on the fact that the width of the beam does not change on propagation,
but can also relate to the width of the beam which is actually smaller than the focus pro-
duced by the corresponding lens (see Sec. 6.1). In fact, the Bessel beam is subject to
diffraction as much as any other light distribution, and its“non-diffracting” qualities can
be derived from the diffraction laws which show that the beamwidth remains constant
on propagation. The narrow focus, which could be referred toas “beating the diffraction
limit”, is merely a trade-off between the width of the focus,and the amount of intensity
contained within its central part. The central part of the axicon focus is narrower, but a
large part of the intensity is instead spread more widely.

The Bessel beam does not break the laws of diffraction, but nonetheless it is very
useful in e.g. alignment or metrology, due to the long and narrow line of light. Bessel
beams can be produced in several ways, the most effective onebeing by use of an axicon.
The principle of an axicon is illustrated in Fig. 2: rays are refracted at approximately the
same angle, independent of position in the axicon, thus producing a conical wave which
creates the Bessel beam. Axicons have many applications, forexample in alignment, light
sectioning, harmonic generation, or atom trapping and guiding. They can also be used to
increase the range of depth in triangulation [3]. As shown inFig. 2, the Bessel beam from
an axicon illuminates a surface whose height profile and position are to be measured. The
scattered light is then imaged by a lens, and the position of the image yields the distance
to the surface of interest.

Most optical elements, including axiocns, have normally been designed either for co-
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A x i c o n
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Figure 2: An axicon can be a cone of glass, which creates a narrow focal line. Itcan

be used to increase the depth range in triangulation [3], as schematically illustrated

in the figure.

herent light, or for incoherent light. The degree of coherence can be said to represent how
well ordered the radiation is; coherent light from a high-quality laser of narrow bandwidth
is ordered, while incoherent light from the sun or a light bulb is not, containing a lot of
random fluctuations. Some sources, such as light emitting diodes, diode lasers or excimer
lasers, produce radiation which is half-ordered, referredto as partially coherent. The state
of the incident light is important for the performance of theaxicon, and in this dissertation
it is shown how to design and characterize axicons for partially coherent light.

If axicons are used in oblique illumination, the narrow Bessel focus is destroyed.
The resulting line of light is both broadened and distorted.One part of this thesis is the
characterization of the focal line in inclined illumination, and it is also shown how the
axicon can be reshaped to give Bessel beams under oblique angles. A design method, and
a sample design, for lens axicons is also given. This kind of axicon consists of spherical
surfaces only, and will be cheap and easy to produce.

The communication modes are used for evaluating the information content and the
resolution of an optical field [4]. A “mode” in itself is any field which solves the wave
equation, in a certain geometry. The communication modes consist of two such solutions:
one set for the incident field, and one for the resulting field.Their special property is that
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T r a n s m i t t i n g  r e g i o n R e c e i v i n g  r e g i o n

P r o p a g a t i o n

M o d e s  o f
t h e  f i e l d

Figure 3: The communication modes are two sets of eigenfunctions, in the trans-

mitting and receiving domain, and the coupling between them. Each function is

connected only to one function in the other domain [4].

each eigenfunction for the incident field is connected to oneand only one eigenfunction
for the resulting field (see Fig. 3). Thus each pair of functions, and the coupling coeffi-
cient that binds them together, represent an independent communication channel between
two regions. The number of channels, also called the number of degrees of freedom,
is determined by the geometry of the regions, referred to as the transmitting and the re-
ceiving region. In this thesis, the communication modes forthe axicon geometry, where
light from an annular aperture goes into an axial focal line,are found. They are used to
determine the resolution and the information content of theaxicon focal line.

1.1 Background of the publications

Axicons, when used in spatially partially coherent illumination, generate focal lines
whose intensity distributions differ from the ones produced by fully coherent light. It
is possible to adjust the axicon design to include the coherence properties, so that the
axicon produces the desired on-axis distribution when illuminated by light of the correct
degree of coherence (see papers I, II and Sec. 5.2 of the thesis). It is also possible to
predict how the transverse distribution is affected by the degree of coherence (see paper
III and Sec. 6.2.1). This analysis touches the still unanswered question of how to design
optical elements for partially coherent light. If an element is constructed to give a certain
transverse field distribution in fully coherent light, willthe same element still be optimal
in partially coherent light?

An interesting application for axicons is in scanning optical systems, since the focus
is narrow and the depth of focus longer than for an ordinary lens. The difficulty is the
oblique illumination, which causes a broad and distorted focus. To predict and, ultimately,
to compensate for these effects would provide scanning systems that are, in some aspects,
superior to the existing ones. In paper IV and in Sec. 6.2.2–3, it is shown how the shape
and size of the focal line may be predicted, and some suggestions on how to improve
the focal properties are given. Full compensation seems to be possible only by time-
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dependent adjustment of the axicon shape.
Axicons can be manufactured in many different ways: as refractive of reflective cone

axicons, as circular diffractive gratings, and as lens systems with spherical aberration.
An axicon can be produced from spherical surfaces only, as a doublet-lens for which
the curvatures of the surfaces have been adjusted to give theright amount of spherical
aberration (see paper V and Sec. 5.3). Such a lens is cheap andeasy to manufacture, and
still mounted in one piece which makes it simple to handle andalign.

Using the communication modes in axicon geometry allows foranalysis of the on-
axis resolution as well as the information content. The method of communication modes,
which has been used in optics for more than thirty years, has attracted new interest due
to improved computation capacity. The mode functions for rectangular apertures in the
Fresnel regime are prolate spheroidal wave functions, which are nowadays easily gener-
ated using e.g. Matlab (see paper VI and Sec. 3.2.1). If applied to the axicon geometry,
they yield information both on the on-axis resolution, which changes with he distance to
the axicon, and on the information content which depends on the number of modes (see
paper VII and Sec. 6.3).

1.2 Outline

Sections 1 to 4 of this thesis consist mainly of background material, except for Sec. 2.1.2
which contains material from paper IV, and Sec. 3.2 where some of the contents of paper
VI are reviewed. Sections 5 and 6 give a presentation of the research first published in the
appended papers.

In Sec. 2 follows an introduction to scalar diffraction theory in the form of diffraction
integrals, mainly in the Fresnel regime. It covers fully coherent light, the Fresnel diffrac-
tion integral for oblique illumination, the definitions of coherence theory, and propagation
of the coherence functions. Section 3, in turn, describes two methods for evaluating the
diffraction integrals: the stationary-phase method, which is an asymptotic technique and
yields approximate expressions, and the communication-modes method, which gives ad-
ditional knowledge of e.g. resolution and information content.

Section 4 gives an introduction to axicons and their properties, including examples of
applications and different kinds of axicons. Section 5 deals with the design of axicons
for coherent and partially coherent illumination, design of lens axicons with experimental
results, and the use of apodization functions to improve theuniformity of the on-axis
intensity. In Sec. 6 the axicons are characterized: by the stationary-phase method, e.g. in
oblique illumination, and by the communication-mode method.

The main results and conclusions of the thesis are summarized in Sec. 7.
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1.3 Notation

Some notations used in the thesis belong only to specific sections, and are explained
there. But some notations are used throughout the thesis, andI give a brief listing of
those. For example,(x, y, z) denote the Cartesian coordinates, and(ρ, θ, z) the cylindrical
coordinates, sometimes also described as(ρ, z). Since many of the situations discussed
have one aperture plane and one image plane (see e.g. Fig. 4),I have a special notation
for this. Where applicable, primed variables such asx′ or ρ′ belong to the aperture plane
and plain variables such asx or ρ are in the image plane. Other symbols are listed below.

i = imaginary unit
β = angle of inclined illumination t = time
T = amplitude transmittance ϕ = phase transmittance
ω = angular frequency of light ν = frequency of light
λ = wavelength of light k = wave number
c = speed of light (vac.) U = time-dependent electric field
U = electric field (no time-dep.) I = intensity
Γ = mutual coherence function γ = complex degree of coherence
W = cross-spectral density µ = spectral degree of coherence
φ = convergence angle in axicon α = sin φ

R1 = inner radius of annulus R2 = outer radius of annulus
d1 = beginning of focal line d2 = end of focal line
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2 Diffraction theory

Since this dissertation is mainly based on the wave optics model, a short introduction to
wave optics, or scalar diffraction theory, is given below. For further reading, e.g. the
books by J.W. Goodman [5] or M. Born and E. Wolf [6] are recommended. The only part
of the thesis not based on wave optics is paper V, where geometrical optics and ray tracing
is used. This subject is very briefly introduced in Sec. 5.3.1.

2.1 Scalar diffraction theory

Scalar theory, where light is considered to be a wave similarto e.g. sound or water waves,
is based on different forms of the Fresnel-Kirchhoff diffraction integral

U(x, y, z) =
1

iλ

∫∫

A

U(x′, y′, 0)
exp[ikR(x, x′, y, y′, z)]

R(x, x′, y, y′, z)
dx′dy′, (1)

where

R(x, x′, y, y′, z) =
√

(x − x′)2 + (y − y′)2 + z2 (2)

is the distance between two considered points(x, y, z) in the image plane and(x′, y′, 0)

in the aperture plane. It is assumed that the light is monochromatic of wavelengthλ, and
that the time dependence of the fields isU(r, t) = exp(−iωt)U(r) whereω = 2πc/λ is

A
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Figure 4: Aperture and image plane for diffraction integrals. The area of the aperture

is A, and the distance between pointsr
′ andr is R.

its angular frequency andc the speed of light. The wave number isk = ω/c, andA is the
area of the aperture in thex′y′ plane. The obliquity factors which are sometimes included
in the integral, have here been omitted.
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With the help of Fig. 4, the diffraction integral can be understood intuitively. Each
point (x′, y′, 0) in the aperture plane can be seen as a point source, emitting aspherical
wave described byexp(ikR)/R. The integration overx′ andy′ corresponds to taking
the contributions from all point sources, and adding them together. Division byλ is
reasonable, since long wavelengths are spread more by diffraction and thus should have
lower intensities. The factor1/i represents half of the phase shift of a beam passing
through a focus [7, pp. 257–261] Apart from this intuitive understanding, the integral can
also be derived directly from Maxwell’s equations [5]. In this derivation, two assumptions
are made: that the diffracting aperture, or the structures within that aperture, are large
compared to the wavelength, and that the diffracted field is observed more than a few
wavelengths away from the screen.

If an optical element is inserted into the aperture, it will affect the resulting field. In
the thin element approximation, the element can be described by its transmittance func-
tion T (x′, y′) exp[ikϕ(x′, y′)]. The real functionsT (x′, y′) andϕ(x′, y′) are the amplitude
and phase transmission, respectively. Since the incident field is multiplied by the trans-
mittance function to yield the field leaving the aperture, the field in the image plane is
now given by

U(x, y, z) =
1

iλ

∫∫

A

U(x′, y′, 0)T (x′, y′)

× exp[ikR(x, x′, y, y′, z)]

R(x, x′, y, y′, z)
exp[ikϕ(x′, y′)]dx′dy′. (3)

Most elements dealt with in this thesis will be phase-only, so the amplitude transmit-
tanceT (x′, y′) will not be included. From Eq. (3) the output field, and thus the intensity
I(x, y) ∝ |U(x, y)|2, can be found.

In the equations above, the complex analytical signalU(r, t) is used. In reality, the
field is always real and described by

Ureal(r, t) = U(r) exp(−iωt) + U∗(r) exp(iωt) = 2ℜ{U(r, t)} , (4)

whereℜ denotes the real part andU∗(r) is the complex conjugate ofU(r). Often, only
the exp(−iωt) part of Eq. (4) is used, since the calculations yield similarresults for the
second part.

2.1.1 Fresnel approximation

In most applications, the full diffraction integral in Eq. (1) is considered too complicated,
and approximations are used. Depending on the geometry and on the required accuracy,
there are a number of different alternatives. The two most common are the Fresnel and
the Fraunhofer diffraction integrals. In the Fresnel region, the expression forR is approx-
imated using the assumption thatz ≫ x′, y′, x, y, i.e., that the distance to the image plane
is large compared to the size of the aperture and the image plane. Consequently the Fres-
nel diffraction integral is paraxial, in the sense that it isvalid if all light remains close to
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the optical axis. It is also the exact solution to the paraxial wave equation. Consequently,
it does not apply to far off-axis points.

In the denominator, the approximationR ≈ z is sufficient. In the exponent,kR is large
and consequently small variations inR will change the value of the integrand significantly.
A better approximation, using the Taylor expansion

√
1 + s ≈ 1 − s/2 + 3s2/8 − . . . for

|s| < 1, is required:

R(x, x′, y, y′, z) ≈ z +
x2 + y2

2z
+

x′2 + y′2

2z
− xx′ + yy′

z
, (5)

if the first two terms of the expansion are used. Inserting Eq.(5) into Eq. (3) and moving
the parts that are independent ofx′ andy′ outside the integral yields the Fresnel diffraction
integral in cartesian coordinates:

U(x, y, z) =
exp(ikz)

iλz
exp

(
ik

x2 + y2

2z

) ∫∫

A

U(x′, y′, 0) exp[ikϕ(x′, y′)]

× exp

[
ik

(
x′2 + y′2

2z
− xx′ + yy′

z

)]
dx′dy′. (6)

The Fresnel diffraction integral can be applied as soon as the diffracting structure and
the distance to the aperture are both larger than a few wavelengths. Despite its accuracy,
it is much easier to evaluate, both analytically and numerically, than the full Fresnel-
Kirchhoff diffraction integral. The Fraunhofer diffraction integral is useful for longer
distances, when also the quadratic phase components can be disregarded and the integral
becomes

U(x, y, z) =
exp(ikz)

iλz

∫∫

A

U(x′, y′, 0) exp[ikϕ(x′, y′)]

× exp

(
−ik

xx′ + yy′

z

)
dx′dy′. (7)

In the Fraunhofer case, the integral becomes a Fourier transform. This is useful for both
the analytical and the numerical cases: analytically because many Fourier transforms are
known, numerically because such techniques as the fast Fourier transform (FFT) can be
used to evaluate the integral. If the quadratic phase factorin Eq. (6) is included in the field,
such techniques can be applied to the Fresnel diffraction integral as well. Note that the
Fraunhofer integral is not paraxial, i.e, that it applies also to far-field off-axis points [5].

Sometimes it is useful to have the Fresnel diffraction integral in cylindrical coordi-
nates:

U(ρ, θ, z) =
exp(ikz)

iλz
exp

(
ik

ρ2

2z

) ∫∫

A

U(ρ′, θ′, 0) exp[ikϕ(ρ′, θ′)]

× exp

[
ik

(
ρ′2

2z
− ρρ′ cos(θ − θ′)

z

)]
ρ′dρ′dθ′. (8)

In the special case of rotational symmetry, the angular partof the integrand can be evalu-
ated analytically.
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2.1.2 Approximation for oblique illumination

As noted in the previous section, the Fresnel diffraction integral does not apply for off-
axis points(x, y, z). In this case, a better approximation is required. In order to simplify
the analysis, we consider not an off-axis point, but an on-axis pattern produced by a tilted

by ' ' y '

x '

z = 0

R 0

x

y ( x , y )
( x ' , y ' ) R

z

Figure 5: Geometry for oblique illumination of a diffractive optical element. Rather

than changing the illumination angle, the element is tilted by an angleβ.

optical element. As illustrated in Fig. 5, the element has been tilted an angleβ relative
to the normal position. The distanceR now depends also on the tilt angleβ, and the
diffraction integral becomes

U(x, y, z) =
1

iλ

∫∫

A

U(x′, y′, 0) exp(iky′ sin β)

× exp[ikR(x, x′, y, y′, θ, z)]

R(x, x′, y, y′, β, z)
exp[ikϕ(x′, y′)]dx′dy′, (9)

where

R(x, x′, y, y′, β, z) = [(z − y′ sin β)2 + (x − x′)2 + (y − y′ cos β)2]1/2 . (10)

The exponential partexp(iky′ sin β) follows from the tilt of the element. If the same
approximation as in Eq. (5) is used, the expression forR is

R(x, x′, y, y′, β, z) ≈

≈ R0 +
x′2 + y′2

2R0

+
x2 + y2 cos2 β

2R0

− xx′ + y′(y cos β + z sin β)

R0

, (11)

where R0 =
√

x2 + y2 + z2. Using R0 ≈ z and including the exponential part
exp(iky′ sin β), the full exponent becomes exactly the same as in Eq. (5), except that
y has been replaced byy cos β. Consequently the only difference from the on-axis case
is that the image intensity distribution is squeezed in they direction. Since it is generally
known that the tilting of an element can have considerable effects on the shape of the focal
spot, it is obvious this approximation is not good enough.
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If the first three terms of the Taylor expansion
√

1 + s ≈ 1 − s/2 + 3s2/8 − . . . are
used, instead of just the first two, a very complicated expression is obtained. The different
parts of the exponent are listed in Table 1. The first column gives the full contribution, the
second the approximation whenR0 ≈ z, and the third its order in1/z. From this table
it is clear that one of the extra terms, namely−y′2z2 sin2 β/2R3

0, behaves as1/z while
the others behave as1/z2. This term, which represents off-axis astigmatism, must bethe
most significant one. If the extra term is included the diffraction integral becomes

Table 1: Table of the different contributions to the approximation of R.

s/2

−y′z sin β/R0 −y′ sin β 1

(x′2 + y′2)/2R0 (x′2 + y′2)/2z 1/z

−(xx′ + yy′ cos β)/R0 −(xx′ + yy′ cos β)/z 1/z

−s2/8

−y′2z2 sin2 β/2R3
0 −y′2 sin2 β/2z 1/z

y′z sin β(x′2 + y′2)/2R3
0 y′ sin β(x′2 + y′2)/2z2 1/z2

−y′z sin β(xx′ + yy′ cos β)/R3
0 −y′ sin β(xx′ + yy′ cos β)/z2 1/z2

−(x′2 + y′2)2/8R3
0 −(x′2 + y′2)2/8z3 1/z3

(x′2 + y′2)(xx′ + yy′ cos β)/2R3
0 (x′2 + y′2)(xx′ + yy′ cos β)/2z3 1/z3

−(xx′ + yy′ cos β)2/2R3
0 −(xx′ + yy′ cos β)2/2z3 1/z3

s3/16

−z3y′3 sin3 β/2R5
0 −y′3 sin3 β/z2 1/z2

z2y′2 sin2 β(x′2 + y′2)/4R5
0 y′2 sin2 β(x′2 + y′2)/4z3 1/z3

z2y′2 sin2 β(xx′ + yy′ cos β)/2R5
0 y′2 sin2 β(xx′ + yy′ cos β)/2z3 1/z3

...
...

...

U(x, y, z) =
exp(ikz)

iλz

∫∫

A

U ′(x′, y′, 0)

× exp

[
ik

(
x′2 + y′2 cos2 β

2z
− xx′ + yy′ cos β

z
+ ϕ(x′, y′)

)]
dx′dy′ , (12)

now including the effects of astigmatism. Note that for a change of variablesξ′ = x′ and
η′ = y′ cos β the integral becomes

U(x, y, z) =
exp(ikz)

iλz cos β

∫∫

A

U ′(x′, y′, 0)

× exp

[
ik

(
ξ′2 + η′2

2z
− xξ′ + yη′

z
− ϕ(ξ′, η′/ cos β)

)]
dξ′dη′, (13)

i.e., the diffraction pattern of an optical element which issqueezed in they direction.
This implies that the tilted and the squeezed objects, casting the same shadows, have
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similar diffraction patterns. It also indicates that squeezed optical elements can be used
to produce on-axis diffraction patterns for off-axis illumination, a result which will be
implemented in Sec. 6.2.3.

2.2 Coherence theory

So far, only monochromatic light has been considered. If thelight consists of a spectrum
rather than one wavelength, no explicit time dependenceexp(−iωt) may be assumed, and
we must deal with the fieldU(r, t) rather than the time-independent quantityU(r). The
spectrum, and its transverse distribution, is closely related to the coherence properties of
the light. A good quality laser, which produces almost monochromatic light with small
transverse changes, is nearly coherent, while light from the sun, containing a wide spec-
trum and being an extended source, is nearly incoherent. Many sources, such as light
emitting diodes or diode lasers, produce light which is neither coherent nor incoherent,
but something in between. This is referred to as partially coherent light. Below the theory
for description and propagation of such field is briefly described. For a more complete
description, the reader is referred to chapters 4 and 5 of thebook “Optical coherence and
Quantum Optics” by L. Mandel and E. Wolf [8].

2.2.1 Description of coherence

Consider the fluctuating light fieldU(r, t). One way of understanding the concept of
coherence is to consider the field at two different points in time and space: at positionr1

ant timet1, and at positionr2 and timet2. If there is a fixed phase relation between the
field at these two points, the field is coherent. If the phases of the field do not depend on
each other at all, the light is incoherent. If there is a relation for some conditions onr1,
r2, t1 andt2, but not for others, the light is said to be partially coherent and its behaviour
is described by probability functions. Mathematically, this relation is described by the
cross-correlation function

Γ(r1, r2; t1, t2) = 〈U∗(r1, t1)U(r2, t2)〉 . (14)

The brackets denote the ensemble average, i.e., the averageof the possible realizations of
the field. If the field is stationary and ergodic, the ensembleaverage is the same as time
average [8, sec. 2.2.2]. Also the statistical properties ofa stationary field do not change
with time, so the cross-correlation will depend only onτ = t2 − t1 and not ont1 andt2
separately. Then the cross-correlation function becomesΓ(r1, r2, τ) = 〈U∗(r1, t)U(r2, t+

τ)〉, referred to as the mutual coherence function.
Sometimes, two different kinds of coherence are consideredseparately. One is spatial

coherence, where the two points are considered at the same time. Then the mutual coher-
ence function isΓ(r1, r2, 0). A spatially coherent source, such as s good quality laser, can
be reduced to a small image point, or focus, by an imaging system. Spatially coherent
light can also originate from an incoherent source, provided this source is placed at such a
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distance that it can be considered a point source. For example, a star is a huge, incoherent
light source, but seen from the earth it is so far away that itslight has a very high degree of
spatial coherence. Spatially incoherent light either comes from an extended source, e.g., a
light bulb at a close distance, or can be reduced by an imagingsystem to an extended im-
age. It can never be focused to a single point. The area withinwhich the light is coherent
is called the coherence area.

The other kind is the temporal coherence, where the same point in space is considered
at different times. The mutual coherence function isΓ(r, r, τ). The coherence is crudely
measured by the coherence time, or sometimes the coherence length (the distance traveled
by the light in the coherence time). The papers in this thesis, where coherence properties
are considered (papers I-III), all deal with spatial coherence.

The intensity at a point in space isI(r) = Γ(r, r, 0). If the mutual coherence function
is normalized by the intensity,

γ(r1, r2, τ) =
Γ(r1, r2, τ)

[I(r1)I(r2)]1/2
, (15)

the complex degree of coherence is found. Being normalized,|γ(r1, r2, τ)| ranges from 0
to 1: it is 0 for incoherent light and 1 for coherent. If light is sent through in interferometer,
the visibility of the interference pattern will equal|γ(r1, r2, τ)| [8, p. 166]. Temporal
coherence can be seen in e.g. Michelson interferometers, while the degree of spatial
coherence is found from e.g. Young’s double-slit experiment.

The mutual coherence function and the complex degree of coherence form the ba-
sis for the physical understanding of coherence, being defined directly from the electro-
magnetic fields and showing so clearly in the interference patterns. However, especially
when considering the propagation of the fields, it is useful to separate them in different
wavelength components. The cross-spectral densityW (r1, r2, ν), whereν = c/λ is the
frequency of the light, is defined by the Fourier transform pair

Γ(r1, r2, τ) =

∫
∞

0

W (r1, r2, ν) exp(−2πiντ)dν , (16)

W (r1, r2, ν) =

∫
∞

−∞

Γ(r1, r2, τ) exp(2πiντ)dτ . (17)

The integration of the cross-spectral density goes only from 0 to infinity sinceU(r, t)

andΓ(r1, r2, τ) are complex analytical signals [8, Sec. 3.1]. Despite its advantages in
propagation, the cross-spectral density is much more difficult to interpret physically than
the mutual coherence function. To do so, the inverse FouriertransformŨ(r, ν) of U(r, t)

must be defined as

U(r, t) =

∫
∞

0

Ũ(r, ν) exp(−2πiντ)dν . (18)

The quantityŨ(r, ν) now contains the spectral properties of the electromagnetic field.
Thus the cross-spectral density may be expressed as

W (r1, r2, ν)δ(ν − ν ′) = 〈Ũ∗(r1, ν)Ũ(r2, ν
′)〉, (19)
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whereδ denotes the Dirac delta function and the brackets indicate the ensemble average.
From Eq. (19) the cross-spectral density may be interpretedphysically as the correlation
between the field components of frequencyν, taken at the two pointsr1 andr2.

Just as for the mutual coherence, it is useful to define a normalized quantity. The spec-
trum, or the power of a specific frequency component, is defined asS(r, ν) = W (r, r, ν).
The spectral degree of coherence is

µ(r1, r2, ν) =
W (r1, r2, ν)

[S(r1, ν)S(r2, ν)]1/2
. (20)

These four quantities, namely the mutual coherence function, the complex degree of
coherence, the cross-spectral density and the spectral degree of coherence, form the basis
of coherence theory. In the next section their propagation is considered.

2.2.2 Propagation of coherence

The mutual coherence function follows a wave equation very similar to that for the elec-
tromagnetic field, as shown by Wolf in 1955 [9]. Consequently,it can be propagated in
the same way as the field, using integrals. But, again in similarity to the Fresnel-Kirchhoff
diffraction integral, each frequency component is propagated separately. So the propaga-
tion integrals apply to the cross-spectral densityW (r1, r2, ν), rather than to the mutual
coherence functionΓ(r1, r2, τ) [8]:

W (r1, r2, ν) =

(
k

2π

)2 ∫

A

∫

A

W (r′1, r
′

2, ν)
exp[ik(R2 − R1)]

R1R2

d2
r
′

1d
2
r
′

2 . (21)

The geometry of the situation is illustrated in Fig. 6. As in the coherent case, the obliquity
factors have been left out. Unlike the Fresnel-Kirchhoff diffraction integral, this integral
is over all pairs of points rather than over all points, and sois four-dimensional rather than
two-dimensional.

The integral may be approximated, just as in the coherent case. Since many of the
problems addressed in this thesis will use cylindrical coordinates,r1 = (ρ1, z1) andr1 =

(ρ1, z1) are defined. The approximation ofR1 is

R1 =
√

(ρ′

1 − ρ1)
2 + z2

1 ≈ z1 +
(ρ′

1 − ρ1)
2

2z1

(22)

for large values ofz1, and the approximation ofR2 is similarly defined. The diffraction
integral becomes

W (ρ1, z1,ρ2, z2) =

(
k

2π

)2
exp[−ik(z1 − z2)]

z1z2

×
∫

A

∫

A

Win(ρ
′

1,ρ
′

2)T (ρ′

1)T (ρ′

2) exp{−ik[ϕ(ρ′

1) − ϕ(ρ′

2)]}

× exp{−ik[(ρ′

1 − ρ1)
2/2z1 − (ρ′

2 − ρ2)
2/2z2]}d2

ρ
′

1d
2
ρ
′

2 , (23)
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Figure 6: Geometry and notations for diffraction of partially coherent light. The

integration is performed twice over the areaA: once inr′1 and once inr′2.

whereT (ρ′) andϕ(ρ′) describe the transmittance of the thin optical element inserted into
the aperture A, andWin(ρ

′

1,ρ
′

2) is the cross-spectral density of the incident light.
The intensity may be found by adding all the spectral contributions together:

I(r) =

∫
∞

0

S(r, ν)dν . (24)

From Eq. (23) it follows that the spectrum is

S(ρ, z, ν) =

(
k

2πz

)2 ∫

A

∫

A

[Sin(ρ
′

1, ν)Sin(ρ
′

2, ν)]
1/2

µ(ρ′

1,ρ
′

2, ν)

×T (ρ′

1)T (ρ′

2) exp{−ik[ϕ(ρ′

1) − ϕ(ρ′

2)]}
× exp{−ik[(ρ′

1 − ρ)2 − (ρ′

2 − ρ)2]/2z}d2
ρ
′

1d
2
ρ
′

2 . (25)

Thus it is possible to find the intensity of the propagated light also for partially coherent
light. In Sec 5.2 of the thesis, some special cases will be considered where the integrals
can be evaluated and analytical expressions for the intensity obtained.
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3 Methods of light propagation

In diffraction theory, propagation of light is performed byevaluating, exactly, approx-
imately or numerically, the appropriate diffraction integral. In the Fraunhofer regime
Eq. (7) is used, in the Fresnel regime Eq. (6), and for partially coherent light Eq. (21).
In most cases, the integrals cannot be calculated exactly, and one must resort to either
finding them numerically or approximating them analytically. There are many meth-
ods for doing this, e.g. by Fourier optics [5] which providesboth analytical solutions as
Fourier transforms, and an efficient numerical propagationby the FFT (Fast Fourier trans-
form) method. Other methods are e.g. the angular spectrum [8] or, for partially coherent
light, the coherent-mode representation [8]. The researchpresented in this dissertation
is based mainly on two methods: the method of stationary phase [7] and the commu-
nication modes [4, 10, 11]. The stationary-phase method yields approximate, analytical
expressions for the diffraction integrals, useful when searching for simple design rules or
characterization of focal properties. The communication-mode approach is more com-
plex and must often be performed numerically, but is yields additional information on the
image resolution and information content of the field. Furthermore, it allows the effects
of noise to be included in the analysis, an important featurewhen considering resolution
or, in particular, the inverse problem of field reconstruction [12].

3.1 Method of stationary phase

All diffraction integrals have rapidly varying integrands, and can be expressed in the form

J =

∫

A

g(r) exp[ikf(r)]dr , (26)

whereA is the area of the aperture. The slowly varying partg(r) of the integrand is e.g.
the strength of the incident field, or the amplitude variation of an optical element in the
aperture. The rapidly varying partexp[ikf(r)] contains both the appropriate approxima-
tion of exp(ikr), and the influenceexp[ikϕ(r)] of a phase element in the aperture.

An example, namely the integrand over an aperture of 1 mm radius in plane wave
illumination, evaluated for an on-axis point 100 mm from theaperture, is shown in Fig. 7.
The wavelength isλ = 633 nm. Most of the integrand is rapidly varying, which means
that the positive and negative parts will cancel each other,and the contribution to the
integral will be almost zero. The main contributions will come from the stationary part
in the middle, where the oscillations are slow, and also fromthe edges of the aperture.
The stationary part, i.e., the point where the derivative off(r) is zero, corresponds to the
direction of propagation and would, in geometrical optics,be considered a ray. Higher-
order contributions from this point, and from the edges, correspond to diffraction but
are generally not considered since the increase in accuracyis not worth the increase in
complexity. Below follows a brief mathematical descriptionof the method of stationary



18 A. Burvall: Axicon imaging by...

-1,0 -0,5 0,0 0,5 1,0

-1,0

-0,5

0,0

0,5

1,0

R
ea

l p
ar

t o
f i

nt
eg

ra
nd

' [mm]

Figure 7: Integrand suitable for evaluation by the stationary-phase method. It shows

the real part of the integrand over an aperture in plane wave illumination, for an

on-axis image point 100 mm away. The wavelength is 633 nm and the Fresnelap-

proximation is used.

phase. For more detailed information, and for higher-orderterms of the approximation,
the interested reader is referred to Stamnes [7].

3.1.1 One-dimensional stationary-phase method

In the one-dimensional case, the diffraction integral may be written

J =

∫
g(x) exp[ikf(x)]dx , (27)

whereg(x) is the slowly varying part andexp[ikf(x)] is the rapidly varying part. A
stationary pointxc is the point where the derivative off(x) is zero, i.e.,f ′(xc) = 0.
Definingfn = ∂nf/∂xn/n! andgn = ∂ng/∂xn/n!, where each derivative is evaluated at
xc, the functions may be expanded as

f(x) = f0 + f2(x − xc)
2 + f3(x − xc)

3 + . . . (28)

g(x) = g0 + g1(x − xc) + g2(x − xc)
2 + . . . (29)

where the fact thatf1 = 0 has already been taken into account. Introducing the new
variablet = x − xc the exponential may, in turn, be expressed as

exp[ikf(x)] = exp(ikf0) exp(ikf2t
2)

[
1 + ik(f3t

3 + f4t
4 + . . .)

+
(ik)2

2!
(f3t

3 + f4t
4 + . . .)2 + . . .

]
, (30)
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where the higher-order part of the exponential has been expanded in a Taylor series. Mul-
tiplying Eqs. (29) and (30), and then choosing only the lowest-order contributions int,
gives the approximate integral

J0 = g0 exp(ikf0)

∞∫

−∞

exp(ikf2t
2)dt . (31)

The limits of integration may be extended to infinity sincexc is an isolated stationary
point. The integrand will be rapidly oscillating in the added regions, and so they give no
extra contribution. If the stationary point is close to the edge of the aperture, or to another
stationary point, special techniques [7] must be used to findthe stationary-phase approxi-
mation. Here only stationary points well inside the aperture are considered. Knowing that
the integrand is even, and using the identity [13]

∞∫

0

cos x2dx =

∞∫

0

sin x2dx =

√
2π

4
(32)

the integral becomes

J0 =





exp(+iπ/4)g(xc) exp[ikf(xc)]

(
2π

k|f ′′(xc)|

)1/2

: f ′′(xc) > 0 ,

exp(−iπ/4)g(xc) exp[ikf(xc)]

(
2π

k|f ′′(xc)|

)1/2

: f ′′(xc) < 0 .

(33)

Sincef(x) is real, so isf ′′(x), and consequently only those two cases need be investi-
gated. If complexf(x) are possible, a more complicated approach is needed [7]. Theex-
pression forJ0 can, at least in part, be understood intuitively: the size ofthe contribution is
determined by the value of the integrand at the stationary point, i.e., byg(xc) exp[ikf(xc)],
and by the width of the stationary region. The width is determined by the second deriva-
tive: a largef ′′(xc) gives a narrow peak and a small value of the integral, while a small
f ′′(xc) means the peak is broad and the integral value is higher.

3.1.2 Two-dimensional stationary-phase method

A two-dimensional diffraction integral may be written on the form

J =

∫∫

A

g(x, y) exp[ikf(x, y)]dxdy . (34)

The exponent may be expanded as

f(x, y) = f00 + f20(x − xc)
2 + f11(x − xc)(y − yc) + f02(y − yc)

2 + . . . , (35)

where

fnm =
1

n!m!

∂n+m

∂xn∂ym
f(x, y) . (36)
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However, this expansion contains the cross-termf11(x − xc)(y − yc) which complicates
the integration. In order to evaluate it, we do a change of variables

x − xc = ξ y − yc = η − f11

2f02

. (37)

Now the new functionsF (ξ, η) = f(x, y) andG(ξ, η) = g(x, y) may be expanded as

F (ξ, η) = F00 + F20ξ
2 + F11ξη + F02η

2 + . . . , (38)

and

G(ξ, η) = G00 + G10ξ + G01η + G20ξ
2 + . . . . (39)

By inserting Eqs. (37) into the expansions off(x) and g(x), it is possible to identify
F00 = f00, F11 = 0, F20 = f20 − f 2

11/4f02, F02 = f02 andG00 = g00. Since the Jacobian
of the transformation is unity,dxdy = dξdη and the integral becomes

J00 = G00 exp ikF00

∫∫
∞

−∞

exp[ik(F20ξ
2 + F02η

2)]dξdη , (40)

where only the lowest-order contributions inξ andη have been used. The limits of inte-
gration may be extended to infinity since the stationary point is isolated, and the added
regions give no contributions due to the rapid oscillations. Using Eq. (32), it is found that

J00 =
2πσ

k
√

|H|
G00 exp ikF00 , (41)

whereH = 4F02F20 = 4f02f20 − f 2
11 and

σ =





1 : H < 0 ,

i : H > 0 , f20 > 0 ,

−i : H > 0 , f20 < 0 .

(42)

Another way of dealing with a two-dimensional integral would be to perform the one-
dimensional stationary-phase analysis twice, first in e.g.x and then iny. However, these
results are not identical to the two-dimensional method, since it would yieldH = 4f02f20

and not include the effect off11.
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3.2 Propagation by communication modes

All the diffraction integrals have the general form

Uout(r) =

∫

ST

G(r, r′)Uin(r
′)dr′ , (43)

whereG(r, r′) is referred to as a Green function. Depending on the geometryand on the
level of approximation the Green function can take on many forms, some of which are
given in Sec. 2. The core of the communication-mode theory isa bi-orthogonal expansion
of the green function. As it turns out, the number of modes required for this expansion is
limited, i.e.,

G(r, r′) ≈
N∑

n=0

gna
∗

n(r′)bn(r) , (44)

where N is determined by the Green function and by the geometry of the propagation, and
also by the noise level and the required precision. An example of the geometry, for the
two-dimensional case, is shown in Fig. 8. A transmitting region and a receiving region
are defined, a distancez apart. If Eq. (44) is inserted into Eq. (43), it immediately follows
that

Uout(r) =
N∑

n=0

Angnbn(r) , (45)

where

An =

∫

A

a∗

n(r′)Uin(r
′)dr′ (46)

are the projections of the incident field onto the orthogonalset of functionsan(r′). Sim-
ilarly, the Green functioñG(r′, r) for back-propagating the fieldUout(r) to yield Uin(r

′)

can be described as

G̃(r, r′) =
N∑

n=0

1

gn

an(r′)b∗n(r) . (47)

Back-propagation can be performed in the same manner as forward propagation. From
these propagators, results on resolution and information content of the optical field can
be found. For example, each mode can be regarded as a separate“channel” for sending
information between the transmitting and the receiving region. Thus the number of modes
N reveals how much information can be passed on. From Eq. (45) it follows that the
output field must be composed of theN available modes in the receiving region. This
places restrictions on the resolution of the image field. Andsince the part of the incident
field which will actually contribute to the output field must be expressed using the firstN

modes, parts of the incident field that are orthogonal to these functions will always end
up outside the receiving region.
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Figure 8: Example of transmitting and receiving regions for a two-dimensional ge-

ometry. The width of the two apertures is2∆xT in the transmitting region, and2∆xR

in the receiving region.

The bi-orthogonal expansion in Eq. (44) consists of two setsof eigenfunctions,an(r′)

andbn(r), and one set of eigenvalues or coupling coefficientsgn. Since the Green function
G(r, r′) is not Hermitian, the Hermitian kernel

K(r′, r̃′) =

∫

SR

G∗(r, r′)G(r, r̃′)dr (48)

is constructed. Now the eigenfunctions in the transmittingdomain, along with the abso-
lute values of the eigenvalues, may be found from the integral equation [4, Paper VI]

|gn|2an(r′) =

∫

ST

K(r′, r̃′)an(r̃′) . (49)

The eigenfunctions of the receiving domain, and the phase ofthe eigenvalues, are found
from the projection

gnbn(r) =

∫

ST

G(r, r′)an(r′)dr′. (50)

This procedure can also be referred to as finding the singularvalue decomposition (SVD)
of the Green function. In some cases it can be done analytically, in others it must be
computed numerically. It is also possible to obtain the receiving domain eigenfunctions
directly from the integral equation

|gn|2bn(r) =

∫

SR

J(r, r̃)bn(r̃)dr̃ , (51)

where

J(r, r̃) =

∫

ST

G(r, r′)G∗(r̃, r′)dr′ . (52)
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In this case the transmitting domain eigenfunctions are found from the projection

g∗

nan =

∫

SR

G∗(r, r′)bn(r)dr . (53)

The solutions found using Eqs. (48)-(50) are identical to those found from Eqs. (51)-(53).

3.2.1 Explicit modes for the Fresnel region

In the Fresnel region, the modes can be found explicitly. If the two-dimensional case in
Fig. 8 is considered, the Fresnel diffraction integral is

Uout(x) =

∫ ∆xT

−∆xT

G(x, x′)Uin(x
′)dx′ , (54)

where the two-dimensional Green function is

G(x, x′) =
exp(ikz) exp(−iπ/4)√

λz
exp

[
ik

(
x2 + x′2

2z
− xx′

z

)]
. (55)

Some misprints of paper VI have been corrected in Eq. (55). The differences do not
change the results of that paper, since the only effects are changes in the constants.

In the Fraunhofer domain, the eigenfunctionsan(x′) andbn(x) can be found immedi-
ately as prolate spheroidal functions. In the Fresnel domain, the focusing terms must be
taken into account [10] according to

an(x′) = exp

(
−ik

x′2

2z

)
αn(x′) , (56)

bn(x) = exp

(
ik

x2

2z

)
βn(x′) , (57)

Figure 9: The absolute values of the coupling coefficientsgn in the Fresnel approxi-

mation, forN = 83. Forn > N , the values quickly drop to zero.
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in both the transmitting and the receiving domain. If Eqs. (56) and (57) are inserted into
Eqs. (48) and (49), and the integration inx performed, the remaining integral is

|gn|2αn(x′) =

∫ ∆xT

−∆xT

sin[ΩT (x′ − x̃′)]

π(x′ − x̃′)
αn(x̃′)dx̃′ , (58)

whereΩT = k∆xR/z. This yields theαn(x′) as Prolate Spheroidal Wave Functions
(PSWFs) of scale∆xT and bandwidthΩT [14]. From the projection in Eq. (50), using the
known limited Fourier transform of the PSWFs, it can similarly be found that theβn(x)

are PSWFs of scale∆xR and bandwidthΩR = k∆xT /z. The projection also yields the
phase of the eigenvalues as

gn = exp(−iπ/4) exp(ikz)(−i)n|gn| , (59)

using the known limited Fourier transform of the PSWFs [14].
The absolute values of the eigenvalues have an interesting property: they are close to

1 for n < N , and close to0 for n > N . The numberN , also referred to as the number of
degrees of freedom, is

N =
2

π
∆xT ΩT =

(2∆xT )(2∆xR)

λz
(60)

and represents the number of available information channels between the two regions.
This step-like behaviour, exemplified in Fig. 9, is also the reason why Eq. (45) may be
written using only a limited number of modes. One way to interpret the eigenvalues is [14]

|gn|2 ∝
∫ ∆xR

−∆xR

|βn(x)|2dx/

∫
∞

−∞

|βn(x)|2dx , (61)
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i.e., the square of the eigenvalues represents the part of the intensity of this mode which
will fall inside the receiving region. So forn > N , most of the light will fall outside the
receiving region and thus not contribute to the examined field distribution.

The PSWFs are thoroughly investigated functions [15–19], with many interesting
properties making them useful in optics [14, 20]. Their shape is determined byn, but
also by the number of degrees of freedomN . An example is shown in Fig. 10, where the
first PSWFs are shown forN = 10. If N is increased the functions become narrower,
and if it is decreased they become broader. Each function always passes through zeron

times. The functions are orthogonal, both on the infinite interval and on the finite interval
consisting of its scale (e.g. on[−∆xR, ∆xR] for βn(x)). Furthermore, they are eigenfunc-
tions of the finite Fourier transform, i.e., they reproduce themselves under finite Fourier
transform [14]:

∫ ∆xR

−∆xR

βn(x) exp(iux)dx = in|gn|
√

2π∆xR

ΩR

αn

(
u∆xR

ΩR

)
. (62)

As shown in paper VI, the PSWFs can easily be found numerically, using e.g. Matlab.
Then the field can be propagated or back-propagated, as shownin Fig. 11. The incident
field distribution, a flattop, is shown in Fig. 11(a), together with the expansion of the
incident field into the N functionsan, i.e., the part of the field that will actually contribute
to the field in the receiving domain. In Fig. 11(b) the resulting distribution in the receiving
domain is shown. If the field is back-propagated from there, it will yield the expansion in
Fig. 11(a) again.
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Figure 11: (a) The incident field and its expansion into the PSWFs (dotted line), and

(b) the propagated field. The parameters are∆xT = 1.0 mm, ∆xR = 5.0 mm,

z = 1.0 m, andλ = 600 mm, yieldingN = 33. The quadratic phase factor in the

image plane is not included.

In many situations, e.g. if the near field is considered, the modes cannot be found
explicitly. Their approximation is found numerically, using the Singular Value Decompo-
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sition (SVD) [21]. Then the number of modes is not limited by such a clear step function
as in the Fresnel region. The value of|gn| is continually decreasing, and ultimately the
noise level determines which modes will contribute to the field in teh receiving domain.
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4 Introduction to axicons

While an ordinary lens creates a point focus, an axicon produces focal lines extended
along the optical axis. The length of the line can vary from a couple of millimeters [22] up
to several kilometers [23] depending on the design of the axicon. The principle, as shown
in Fig. 12, is to refract all rays at approximately the same angle. Through interference
effects, the focal line also becomes very narrow.
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Figure 12: Principle of an axicon. The axicon, which consists of e.g a glass cone or

a circular grating, creates conical wavefronts which form the narrow focal line. The

shape of the axicon can be adjusted to yield different on-axis intensity distributions.

The first experiments on axicons were done in 1954 by McLeod [24]. Since then,
many new investigations, design methods, construction methods, and applications have
been presented. For further reading on axicons, there are several reviews [25–28].

4.1 Bessel beams

Bessel beams can be produced by axicons, but also by e.g. the Fourier transform of a
narrow ring aperture. They belong to a class of beams which issometimes referred to as
“nondiffracting” or “diffraction-free” beams [1, 2]. Thisrefers to the fact that the trans-
verse intensity profile of the beam doesn’t change on propagation, which is interpreted to
mean that it doesn’t diffract. The choice of words, however,is slightly unfortunate. The
beam does diffract - all beams do. But it diffracts in such a waythat it constantly reshapes
itself, and so the transverse profile remains the same.

This “nondiffracting” property does not go on forever. The length of the focal line
depends on the size of the axicon, and on the desired width of the focal line. If the aperture
is infinite, so is the Bessel beam, but real, limited aperturesproduce shorter Bessel beams.
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The length may vary considerably. A very narrow line will be very short while a broad
focal line can become very long.

It is possible to generate not only zero-order, but also higher-order Bessel beams
exp(inθ)Jn(αρ) exp(ikzz) [29, 30]. Some examples of possible transverse distributions
are shown in Fig. 13. The higher-order beams, having a phase singularity at the center,
are of special interest in alignment, since the dark spot in the middle is smaller and more
sharply defined than the central bright spot of the zero-order Bessel beam.
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Figure 13: (a) The first three Bessel functions, squared, give the intensity distribution

of some different Bessel beams. The functions are normalized to unity at their highest

points. (b) Image of the transverse intensity distribution for the fundamentalBessel

beam. The image was obtained experimentally from the focal segment of a binary

diffractive axicon.

4.2 Applications

The main applications for axicons are in alignment and metrology [3, 31–33], where the
properties of the long and narrow focus are used. However, widely different applications
can be found, such as non-collinear harmonic generation [22,34–36], coherence tomogra-
phy [37], atom trapping and guiding [38–41], radial shear interferometry [42–45], Bessel
resonator [46], beam transformation [47, 48], second harmonic generation [49–51], test
interferometry for cylindrical surfaces [52, 53], and optical pumping of plasma [54, 55].
Below, some of these applications are explained in more detail.

One of the metrology applications where axicons come in handy is light sectioning
[31], a method for determining the height profile of an object. Without axicons, instead
using ordinary lenses, light sectioning is performed as shown in Fig. 14. The sample is
illuminated, at an angle, by a straight line. The line is thenimaged, from another angle,
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s l i t
u n k n o w n  s u r f a c e

Figure 14: Light sectioning using an ordinary lens. A slit is imaged onto the sample,

and if the sample is studied from a different angle the slit image will appear curved.

The apparent shape of the line yields the profile of the sample.

onto a detector. If the height of the object varies, the line will now appear to be curved,
not straight. From the profile on the detector, the surface profile of the object can be
determined. Conventionally, the straight line is obtained as an image of a radiating slit
(see Fig. 14). The disadvantage is the small depth of focus, which is also connected to
the width of the line image. A narrow line image, which gives high resolution in the
determination of the profile, gives a very small depth of focus. With an axicon, this can
be avoided. Light is sent through an axicon, and then deflected by a scanning mirror to
form a light sheet rather than just a line. This way, high resolution can be obtained even
for a long depth of focus. In Fig. 15, taken from Ref. [31], the result from light sectioning
of a hand is shown.

Figure 15: Light sectioning can give a very clear image of the object, in this case a

palm. The image is from Ref. [31].
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A similar advantage can be gained in coherence tomography [37]. The method is
based on interferometry, using light of a low degree of coherence. If the degree of coher-
ence is low, interference can only be noticed if the optical paths of the two interferometer
arms are equal. By scanning the reference mirror, it is possible to find the regions, e.g.
inside a human eye, where light is reflected. By also moving thebeam laterally, a profile
of e.g. the lens of a human eye can be found in less than a few seconds. As in light
sectioning, the depth of focus and the resolution are linkedand limited by the properties
of the focusing lens. One way of overcoming this difficulty isby replacing the lens by an
axicon.

(a) (b)

Figure 16: (a) Two axicons produce the shear required in a radial shear interferome-

ter. (b) Interferogram of a circular phase object after radial shear, with tilt. The image

is from Ref. [42].

In a radial shear interferometer [42–45], light from an object is passed into an inter-
ferometer. The incident wave can be reflected from a shiny object, or passed through a
transparent object. In the interferometer, one of the beamsis radially sheared using e.g.
two axicons, as shown in Fig. 16(a). When the two beams are allowed to interfere, the
edges (where the height of the object changes) will show up clearly in the interferogram,
since there will be a phase shift between the reference and the sheared wave. This is
illustrated in Fig. 16(b), which was obtained from Ref. [42].

A recent application is the trapping and guiding of atoms inside a light beam [38–41].
For this the higher-order Bessel beams, with low-intensity regions in the middle, are very
useful. The atom is trapped in the ”hollow” region of the beam, and can be guided to the
desired position.
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4.3 Different kinds of axicons

4.3.1 Fourier transform of an annulus

A way of producing a Bessel beam is to utilize the Fourier transform of a narrow ring-
shaped aperture [1,56]. If an object is placed in the back focal plane of a lens, in normally
incident plane wave illumination, its Fourier transform will appear in the front focal plane
of the lens [5]. The Fourier transform of a ring aperture is the zero-order Bessel function,
and consequently the setup in Fig. 17 will generate a Bessel beam after the lens.

a n n u l u s

Figure 17: Generation of a Bessel beam using a narrow annular aperture and a

Fourier-transforming lens.

4.3.2 Refractive and reflective cone axicons

The oldest kind of axicon, described by McLeod in 1954 [24] isthe refracting cone. A
glass cone will refract all rays at the same angle relative tothe optical axis, thus causing
a Bessel beam to appear. The phase function of the axicon in Fig. 18 will be

ϕ(ρ) = (n − 1)ρ cos δ , (63)

wheren is the refractive index of the axicon, andδ is the prism angle, as show in Fig. 18.
A similar effect can be obtained using a reflecting cone.

d

f o c a l  l i n e

Figure 18: A refractive cone axicon. The length and width of its focal line are

determined by the prism angleδ and the refractive indexn.
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The axicon described above is referred to as a linear axicon (see Sec. 5.1.1), since
its phase function depends linearly on the radius of the axicon. In order to obtain other
kinds of axicons, e.g. a logarithmic axicon, the shape of theglass cone has to be slightly
modified.

4.3.3 Diffractive axicons

Today, the diffractive version of an axicon is rather common. A circular grating will send
the first diffraction order towards the optical axis. The angle is determined by the spacing
of the grooves. For this kind of axicon it is easier to change the phase function than for a
refractive axicon, since it is done by varying the groove spacing. A disadvantage is that
much of the light is lost, since it goes into other diffraction orders. Care must also be
taken so that the these diffraction orders do not cause disturbances to the focal line.

The grating itself can be an amplitude or a phase grating, andits performance can be
improved e.g. by blazing. The phase structures are normallycoded as step functions,
which can be binary or have several different layers. The width of these steps must be
adjusted to the wavelength of the incident light. The axicons can be manufactured e.g. by
photoreduction [57,58], or by writing the phase function ona substrate using laser or elec-
tron beams [59, 60, paper IV]. The coding and fabrication of diffractive optical elements
is a complex task not covered in this thesis, and for more information e.g. Refs. [61]
or [62] are recommended.

4.3.4 Lens axicons

Axicons can also be produced in the form of lens axicons. A perfect lens would produce
a spherical wave converging towards its focus. However, no lenses are perfect: they all

A B

(a)

A B

(b)

Figure 19: (a) Positive spherical aberration creates a backward axicon. (b) Negative

spherical aberration creates a forward axicon. The axicon line is found between the

planes A and B.
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suffer from aberrations. A wavefront exiting from a lens will not be a perfect sphere,
but rather deformed. These deformations, called aberrations, can take on different shapes
and have different names: coma, astigmatism, and sphericalaberration, to mention some.
The one of interest to us is spherical aberration: it makes the focal length of the lens
vary with the radial coordinateρ′ of the aperture. The amount of aberration, and its sign,
depends on the shape of the lens. Two possibilities are shownbelow: positive spherical
aberration in Fig. 19(a), and negative spherical aberration in Fig. 19(b). Both can be
called axicons: a backward axicon [26] for positive spherical aberration, and a forward
axicon for negative. If the lens design is adjusted to give the correct amount of spherical
aberrations, the system can act almost exactly like an axicon.

The advantage of this method is that cheap axicons are produced, since they can be
constructed from standard spherical surfaces in any optical workshop. For more details
on the design of a lens axicon, see Sec. 5.3.
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5 Axicon design

The axicon phase function, and the properties of the focal line, varies. While a linear
refractive cone axicon is not difficult to design, other kinds of axicons are more compli-
cated. Their phase functions can be adjusted to different kinds of incident illumination,
or to yield different on-axis intensity distributions, or both. The first systematic approach
to axicon design in coherent light was presented in 1992 by Sochacki et. al. [26]. This
approach, which is based on energy conservation in ray bundles, is explained in Sec. 5.1
below. It was confirmed by a wave optics derivation, which also extended it to partially
coherent light [Paper I, II] as presented in Sec. 5.2.

The design of lens axicons has been considered for a long time, using many different
approaches. Sec. 5.3 contains a design method, and a design,based on the use of ray-
tracing and optimization software [Paper V]. In Sec. 5.4, itis shown how the on-axis
intensity oscillations may be smoothed out by apodization in the axicon aperture.

5.1 Design for coherent light

The following section is a brief derivation of the design rule for axicons in coherent light.
It was originally derived by Sochacki et. al. in 1992 [26], where a more detailed analysis
can be found. The axicon in Fig. 20 is considered. There is an incident, radially symmetric
intensity distributionIin(ρ

′), which on passage through the axicon will produce the on-

r '

d r '
x '

y '

zd z
f

Figure 20: Illustration of the design principle for axicons in coherent light. The

energy incident on the annulus of radiusρ′ and widthdρ′ is equal to the energy on

the sectiondz of the optical axis.

axis intensityIout(z). The on-axis distribution is controlled by the angle of refraction
φ(ρ′), which in turn is determined from the phase functionϕ(ρ′) according to

dϕ

dρ′
= − sin φ = − ρ′

√
ρ′2 + z2(ρ′)

. (64)
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This is the non-paraxial expression. It simplifies to

dϕ

dρ′
= − ρ′

z(ρ′)
(65)

in the paraxial case, i.e., whenz ≫ ρ′. Since most axicons are used in paraxial conditions,
Eq. (65) is normally accurate enough.

So the phase function must be adjusted to yield the desired on-axis distribution. In
Fig. 20, the situation is illustrated for a ray bundle at positionρ′ of widthdρ′. It is refracted
at angleφ, and passes thez-axis at distancez having widthdz. From energy conservation
in this ray bundle it follows that

2πIin(ρ
′)ρ′dρ′ = Iout(z)dz , (66)

i.e., the energy which is incident on an annular ring of radius ρ′ and widthdρ′ is now
squeezed into the sectiondz on the optical axis. The incident intensityIin(ρ

′) is in power
per area unit, but the output intensityIout(z) is in the rather strange unit of power per
length unit. The problem with the units is removed in the waveoptics derivation in
Sec. 5.2.

Integration of Eq. (66) yields the design relation

2π

∫ ρ′

R1

Iin(ρ
′)ρ′dρ′ =

∫ z(ρ′)

d1

Iout(z)dz , (67)

whereR1 is the inner aperture radius, andd1 the starting point of the focal line. IfR1 = 0

the axicon is circular. Using Eqs. (64) and (67) the phase functionϕ(ρ′) can be determined
in such a way that it yields the desired on-axis intensityIout(z). Two examples, called
linear and logarithmic axicons, are considered below.

5.1.1 Linear axicons

There are two definitions of a linear axicon. One is the axiconof linear phase function,
used e.g. in Secs. 6.2.3 and 6.3. The other, which will be considered in this section, is
an axicon of linearly increasing on-axis intensity. It is worth noticing, though, that quite
often the two definitions coincide.

Assume that the incident field is uniform, i.e., thatIin(ρ
′) = I0 is constant. The output

intensity is linearly increasing withz, i.e.,Iout(z) = bz. Inserting these expressions into
Eq. (67) and performing the integration yields

z(ρ′) = [d2
1 + a(ρ′2 − R2

1)]
1/2 , (68)

wherea = 2πI0/c. The initial conditionz(R1) = d1 is automatically fulfilled, and
z(R2) = d2 yields a = (d2

2 − d2
1)/(R

2
2 − R2

1). Then the phase function can be found
through integration of Eq. (64), yielding

ϕ(ρ′) = − [(1 + a)ρ′2 + d2
1 − aR2

1]
1/2

1 + a
. (69)
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This is the phase function of an axicon of linearly increasing intensity. It can be seen that
if R1/d1 = R2/d2, or if R1 = d1 = 0, the phase function will be linear too, and the two
definitions of a linear axicon coincide. Most axicons are manufactured in this way, since
the above condition gives both the smallest possible phase function variation, making the
axicon easy to manufacture, and the smallest variations in line width.

Figure 21(a) shows the on-axis intensity for a linear axicon. In Fig. 21(b) the width of
the focal line (the half width to the first zero of the Bessel function) is shown. The linear
axicon gives a focal line of constant width, an issue also discussed in Sec. 6.1.
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Figure 21: The on-axis intensity (a) and line width (b) of an apodized linear axicon.

The parameters areR1 = 2.5 mm, R2 = 5.0 mm, d1 = 100 mm, andd2 =

200 mm. The apodization is super-Gaussian (see Sec. 5.4) of parametersn = 10 and

w = 1.04 mm.

5.1.2 Logarithmic axicons

Again, assume a uniform incident field so thatIin(ρ
′) = I0. But now the on-axis intensity

is assumed constant too,Iout(z) = Iz, and so Eq. (67) gives

z(ρ′) = d1 + a(ρ′ − R2
1) , (70)

wherea = πI0/Iz. The initial conditionz(R1) = d1 is automatically fulfilled, and the
conditionz(R2) = d2 givesa = (d2 − d1)/(R

2
2 − R2

1). Thus Eq. (64) on integration
yields [63]

ϕ(ρ′) = − 1

2a
log 2

{
a[a2ρ′4 + (1 + 2ad1 − 2a2R2

1)ρ
′2 + d2

1 − 2ad1R
2
1 + a2R4

1]
1/2

+ 2aρ′2 + 1 + 2ad1 − a2R2
1} , (71)

wherelog is the natural logarithm. This expression, though accurate, is long and cum-
bersome, so mostly the paraxial approximation from Eq. (65)is used. Then integration
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yields instead [28,63–65]

ϕ(ρ′) = − 1

2a
log[1 + a(ρ′2 − R2

1)/d1] , (72)

a much more well-known and useful expression. It also explains why this type of axicon,
of constant on-axis intensity, is referred to as a logarithmic axicon. The logarithmic axicon
is always annular, i.e.,R1 > 0, since the paraxial rays cause variations in both the intensity
and the width of the focal line [64–66]. In Fig. 22, the on-axis intensity and the line width
is shown. As will be proved in Sec. 6.2, the line width is not constant but varies withz.
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Figure 22: (a) The on-axis intensity and (b) the line width for a logarithmic axicon

in plane wave illumination. The axicon parameters are the same as in Fig. 21.

The “ideal” axicon could be said to be a combination of the linear and the logarithmic
axicons: it would yield constant on-axis intensity and constant width, i.e., produce a
Bessel beam of constant on-axis intensity. Two possible schemes for achieving this are
variations in the diffraction efficiency [67] or tandem systems [68,69]. The latter also has
high efficiency since most of the incident light goes into thefocal segment.

5.2 Design for partially coherent light

Optical elements are generally designed for fully coherentlight, and it is assumed that the
same elements are optimal also in partially coherent light.This assumption, however, has
never been proved, and is in some aspects disproved. If the optical element is constructed
to create a specific transverse intensity distribution, nobody has yet neither confirmed nor
disproved the assumption, although there are indications that it is true [70]. If the optical
element is constructed to create a certain longitudinal, oron-axis, distribution, it has been
shown that the degree of coherence has significant effects onthe intensity distribution,
and that better elements can be designed if the coherence is taken into account [71, Paper
I,II].
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If an axicon designed for coherent light is used in spatiallypartially coherent illumi-
nation, the intensity distribution in the image plane will change. For a linear axicon, the
slope of the on-axis intensity will decrease when the degreeof coherence is decreased,
until for a certain degree of coherence it becomes almost constant [72]. If a logarithmic
axicon is used, the intensity will instead decrease with thedistance from the axicon [73].
This behavior can be understood from the interference properties of partially coherent
light. When the degree of coherence is reduced, the contrast of its interference pattern
will decrease. Since the central intensity peak of the beam is a result of constructive in-
terference, it will be reduced. The focal line neard2 is formed from light incident at the
outer aperture of the axicon, and since the distances are longer the effects of decreased
coherence are more visible for at end of the focal line.

The first design of axicons for partially coherent light was done by Popov and Friberg
[71], assuming an incident beam of uniform intensity and Gaussian coherence profile and
uniform on-axis intensity. This approach was generalized to any Gaussian Schell-model
incident beam [Paper I], and to incident Schell-model beamscreating any reasonable on-
axis intensity profile [Paper II]. If the incident light is assumed to be coherent, the design
rule in paper II simplifies to the design rule for coherent light given in Eq. (67). Since it
is the most general method, it will be briefly presented in this section.

Consider an incident light beam, radially symmetric and of Schell-model type. At a
specific optical frequencyν (suppressed) it has spectral densityS(ρ′) and spectral degree
of coherenceµ(|ρ′

1 − ρ
′

2|). The incident cross-spectral density then is

Win(ρ
′

1,ρ
′

2) = [S(ρ′

1)S(ρ′

2)]
1/2µ(|ρ′

1 − ρ
′

2|) , (73)

and if the axicon transmission function isT (ρ′) exp[ikϕ(ρ′)] the intensity in the image
plane can be found from the diffraction integral in Eq. (25).If only on-axis image points
are considered, i.e., ifρ = 0, the integral simplifies to

Sout(z) =

(
k

2πz

)2 ∫

A

∫

A

[S(ρ′

1)S(ρ′

2)]
1/2µ(|ρ′

1 − ρ
′

2|)T (ρ′

1)T (ρ′

2)

× exp{−ik[ϕ(ρ′

1) − ϕ(ρ′

2)]} exp[−ik(ρ′2
1 − ρ′2

2 )/2z]d2ρ′

1d
2ρ′

2 . (74)

The integration inρ′ may be performed using the stationary-phase method of Sec. 3.1,
yielding the on-axis spectral density as

Ssp(z) =
k

2πz2
T 2(ρ′

c)Sin(ρ
′

c)g̃in(ρ
′

c)ρ
′2
c

1

1/z + ϕ′′(ρ′

c)
, (75)

whereρ′

c is the stationary point defined byρ′

c/z+ϕ′(ρ′

c) = 0. The only part of the integral
which depends on the angular coordinateθ′ is the angularly averaged spatial coherence
function

g̃in(ρ
′) = 2π

∫ 2π

0

µ{ρ′[2(1 − cos θ′)]1/2}dθ′ . (76)
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The integration in one angular coordinate has already been performed, yielding2π. Set-
ting Ssp(z) equal to the desired on-axis intensity distributionF (z), a differential equation
is obtained. With a change of variables

z(ρ′

c) = −ρ′

c/ϕ
′(ρ′

c) , (77)

z′(ρ′

c) =
z2(ρ′

c)

ρ′

c

[
ϕ′′(ρ′

c) +
1

z(ρ′

c)

]
, (78)

the differential equation reads, ifρ′

c is replaced byρ′,

ρ′G(ρ′) = F (z)z′(ρ′) (79)

whereG(ρ′) is defined as

G(ρ′) =
k

2π
Sin(ρ

′)T 2(ρ′)g̃in(ρ
′) . (80)

The quantityG(ρ′) describes the intensity and coherence properties of the incident light.
For example, a pure phase element [T (ρ′) = 1] in fully coherent light [µ(|ρ′

2 − ρ
′

1|) = 1]
hasG(ρ′) = 2πkSin(ρ

′). Integrating the differential equation in Eq. (79) yields the final
design rule

∫ ρ′

R1

ρG(ρ)dρ =

∫ z(ρ′)

d1

F (z′)dz′ , (81)

where the boundary conditionz(R1) = d1 has been applied. If the light is coherent,
this equation is exactly the same as the design relation in Eq. (67). Also, the definition
of the stationary point yields the phase function asϕ′(ρ′

c) = −ρ′

c/z, which is identical
to Eq. (70). Thus the old design relation has been extended tothe domain of partial
coherence. In addition, the old relation has been derived entirely from wave optics, and
the problem with the unit of the on-axis intensity has been resolved.

In some cases, for example those demonstrated in Sec. 6.2, the equation in Eq. (81)
can be solved exactly. Mostly, though, it has to be solved numerically. This process
can easily be done in e.g. Matlab, and does not require very much computational power.
In Fig. 23(a), some derivatives of the phase functions are shown for different degrees of
coherence. The derivatives are displayed in place of the phase functions themselves, since
the difference between different phase functions is so small it can not be seen in a graph.
Figure 23(b) contains the corresponding on-axis intensities. They are found from direct
evaluation of Eq. (74). The evaluated integral is two-dimensional and rapidly oscillating,
and so requires better integration routines than Matlab provides. The integral was instead
calculated by a Fortran program using NAG routines. The axicons were designed to yield
constant on-axis intensity, and from Fig. 23(b) it is obvious that the design was successful.
The transmittance functionT (ρ′) is assumed to be a super-Gaussian apodization function
which reduces the on-axis oscillations (see Sec. 5.4).
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(a) (b)

Figure 23: (a) The derivative of the phase function (b) the on-axis intensity for axi-

cons designed for partially coherent Gaussian Schell-model illumination. The axicon

parameters are the same as in Fig. 21. The degree of coherence is (A)∞, (B) 10 mm,

(C) 5.0 mm, (D) 3.0 mm, and (E) 1.5 mm.

5.3 Design of a lens axicon

The idea of using spherical aberration to produce an axicon from ordinary lenses is not
new — in fact it was first suggested by Steel in 1960 [74]. It hasbeen thoroughly inves-
tigated both analytically and numerically [75–77]. However, this analysis only specifies
the focal length and the amount of spherical aberration required - how to actually achieve
those aberrations, i.e., what materials and what surface curvatures to use, is not investi-
gated. In paper V we show that the methods presented in Refs. [75,76], although elegant
in the theoretical approach, are difficult to implement in the actual design process. In-
stead, we present a new method better suited for practical implementation.

Other designs have also been presented. Some are based on aspheric surfaces [78–81],
some on a defocused telescope [23, 82, 83], and others consist of a positive singlet lens
[83, 84]. The lens axicon presented in paper V (see Fig. 24) has some advantages over
these schemes. It consists entirely of spherical surfaces,which are much less expensive
than aspherics. It is very simple and mounted in one piece only, unlike the defocused
telescope, and it still has negative spherical aberration,which is impossible to achieve
with a positive singlet lens. (For negative spherical aberration, the width of the focal line
will be more uniform than for positive aberration.) The tradeoff for the low price and
simplicity of the system is in the performance: the on-axis intensity will be decreasing
rather than constant, and the line width will vary a bit more than for a logarithmic axicon.

The design procedure is presented below. First, however, a very short introduction to
aberration theory is needed. For the details, which are beyond the scope of this thesis,
the interested reader is referred to e.g. the books by Mahajan [85] or Welford [86]. An



42 A. Burvall: Axicon imaging by...

r 3r 2r 1

B K 7
S F 2

t 1
t 2

2 R 1 2 R 2

Figure 24: A doublet-lens axicon. The aperture radii and distances areR1 =

5.0 mm, R2 = 10.0 mm, d1 = 200 mm, d2 = 400 mm, f = 171.0 mm,

t1 = 6.00 mm, and t2 = 4.00 mm. The radii of curvature of the surfaces are

r1 = 52.36 mm, r2 = −14.25 mm, andr3 = −131.52 mm.

introduction can also be found in Chaps. 5 and 6 ofOpticsby E. Hecht [87].

5.3.1 Short introduction to aberrations

When designing an optical system, the aberrations of the components must be taken into
account. The aberrations, as already mentioned in Sec. 4.3.4, are slight disturbances to
the otherwise spherical wavefronts produced by a lens. The wavefront aberrationsW (ρ′)

are marked in Fig. 25 as the optical path difference between the perfect spherical wave,
converging towards the paraxial focus, and the actual wavefront. The axicon is described
by its transmittance functionexp[ikϕ(ρ′)], and if the incident light is uniform the shape of
the exiting wavefront will equal the phase function. Thus the phase function can be found
as

ϕ(ρ′) = ρ′2/2f + W (ρ′) , (82)

wheref is the paraxial focal length of the system.
The wavefront aberrations cause the rays to go to the wrong place, i.e., not to the

paraxial focus. The transverse aberrations TA, shown in Fig. 25, are related to the wave-
front aberrations as [86]

TA(ρ′) = −f
∂W

∂ρ′
, (83)

for an optical system in air.
For a radially symmetric optical system, the wavefront aberrations can only have cer-

tain shapes. The most common of these shapes have been given names of their own, such
as spherical aberration, astigmatism, or coma. The only aberration affecting on-axis im-
age points is spherical aberration, which was shown in Fig. 19. The wavefront aberration
takes on the shape ofW (ρ′) = A3ρ

′4 (third order spherical aberration),W (ρ′) = A5ρ
′6
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W
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Figure 25: Illustration of the wavefront aberrationW , i.e., the optical path differ-

ence between the ideal, spherical wavefront (solid) and the real, aberrated wavefront

(dotted). If rays rather than wavefronts are considered, it translatesinto the transverse

aberrationTA.

(fifth order spherical aberration),W (ρ′) = A7ρ
′8 (seventh order spherical aberration), and

so on. If the spherical aberration is positive the rays will focus before the paraxial focus,
and if it is negative the rays will focus after (as shown in Fig. 19). Since the width of the
created focus is determined by the convergence angleφ, and positive spherical aberration
causes considerable variations in this angle, negative spherical aberration gives a more
uniform focal line.

5.3.2 A simple lens axicon

In an attempt to make a logarithmic axicon, we first decide that it must be based on
negative spherical aberration [Paper V]. Positive spherical aberration causes the line width
to vary too much. The lens system must have positive refractive power in order to form
a focal line, and should also be simple and mounted in one piece. Since positive singlet
lenses cannot have negative spherical aberration, a cemented doublet lens is used. For a
doublet lens, two kinds of glass are required. We use two commonly available glasses, the
crown glass BK7 and the flint glass SF2. Our investigations show that the design works
best with the crown glass in front.

Since the paraxial rays will go to the paraxial focus, and cause disturbances to the
axicon focal line [64,65], the central part of the axicon is blocked by a metal layer. To keep
the line width as constant as possible we chooseR1/d1 = R2/d2, just as in Sec. 5.1.1.
The paraxial focal length of the lens system should be [75, Paper V]

f = d1d2
R2

2 − R2
1

d2R2
2 − d2

1R
2
1

, (84)

in order to have the most uniform on-axis intensity.
The lens is optimized using the lens design software Synopsys [88]. The elaborate

scheme in Refs. [75,76] is avoided, and a theoretically much simpler method, better suited
for practical implementation, is used. The transverse positions of the rays when they pass



44 A. Burvall: Axicon imaging by...

200 300 400 500
0,0

0,4

0,8

1,2
I [

no
rm

al
iz

ed
]

z [mm]

(a)

0 200 400 600 800
0

5

10

15

20

w
(z

) (
 

m
)

z (mm)

(b)

Figure 26: (a) On-axis intensity and (b) line width for the axicon in Fig. 24, found

numerically. Figure (b) also contains the measured values (squares). The thick line

in (a) is the stationary-phase approximation, and the dotted lines in (b) the widthof

the Arago spot (see paper V).

the paraxial focus are considered. The ideal positions for ten rays are easily found using
the phase function of a logarithmic axicon. They are inserted into the software, which
optimizes the system to make the ten chosen rays go through these specific points in the
paraxial focal plane. The rays continue past this plane, andform the axial focal line of a
logarithmic axicon. The process also optimizes for the correct paraxial focal length. The
success is not complete, insofar that the rays do not go exactly to the right places, but all
ten rays end up approximately where they should. The resulting lens axicon is shown in
Fig. 24, where also the values of all parameters are given.

The transverse aberrations of the designed lens are calculated by the software, the
wavefront aberrations determined from Eq. (83), and the phase function of the axicon
from Eq. (82). Numerical integration of the diffraction integral is be performed to find
the on-axis intensity and the line width. These results are shown in Fig. 26. The on-axis
intensity is not constant, since the performance of the system was traded for simplicity,
but the doublet lens obviously acts like an axicon.

The lens was manufactured at the Institute of Applied Opticsin Warsaw. In Fig. 27 and
26(b), the measured on-axis intensity and line width are shown. Although not ideal, they
confirm experimentally the earlier conclusion the doublet lens now acts like an axicon.
The objective, to construct a simple and relatively cheap lens axicon, has been met.
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Figure 27: On-axis intensity for the axicon in Fig. 24, found experimentally. The

thick line is the stationary-phase approximation, and the dotted lines show a 95%

confidence interval for the measured values.

5.4 Removing the on-axis oscillations

As Fig. 28 illustrates, the on-axis intensity profile of an annular-aperture axicon is not
smooth. Due to diffraction at the edge of the aperture there will be rapid oscillations.
The effect is not wanted: the goal is normally a uniform intensity profile, not one of
rapid variations. These oscillations can be reduced by apodization [57, 59, 65, 89, Paper
I], a transmittance window in the axicon aperture which smoothes the sharp edges. The
window can be an amplitude filter at the edge of the axicon, or achanged degree of
diffraction efficiency [59,67]. It is also possible to use a marginal correction of the phase
function [90]. The oscillations can also be reduced by use ofpolychromatic light sources
[91].
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Figure 28: On-axis intensity for a logarithmic axicon with no apodization. The

axicon parameters are the same as in Fig. 21.

The apodization function can be of many shapes: Gaussian, arctangent or super-
Gaussian are some examples. The main criteria are that the transmittance should be unity
in almost all of the aperture, to let the light through, but smoothly drop to zero close to the
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axicon aperture. The apodizations in papers I and II are all arctangent or super-Gaussian,
i.e., they follow the distribution

T (ρ′) =
{

0.5 + arctan[∆(R̃1 − ρ′)/π]
}
×

{
0.5 + arctan[∆(ρ′ − R̃2)/π]

}
(85)

for arctangent functions and

T (ρ′) = exp

[
−

(
ρ − Rm

w

)n]
(86)

for super-Gaussians. Here∆ is a parameter which determines the steepness of the
apodization function,R̃1 is slightly larger thanR1, andR̃2 slightly smaller thanR2. For
the super-Gaussian,w gives the width of the window andn is a positive, even integer
which determines how fast the apodization function rises orfalls. A large value ofn gives
a “hard” apodization: the swift rise and fall allows a lot of light to get through, but some
of the on-axis oscillations remain. A small value ofn, for examplen = 2 which gives a
Gaussian distribution, cuts off more of the light but removes all of the on-axis oscillations.
Two examples of apodization functions are shown in Fig. 29(a), and their corresponding
on-axis intensities in Fig. 29(b).
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Figure 29: In (a), two different apodizations are shown. The solid line is an arctan-

gent curve (∆ = 20 mm−1, R̃1 = 2.7 mm, andR̃2 = 4.8 mm) and the dashed line

is a super-Gaussian (n = 10, w = 1.04 mm−1). In (b), the corresponding simulated

intensities are shown. The third line (dash-dot) is the intensity for super-Gaussian

apodization ofn = 16 andw = 1.09 mm−1. The axicon is a logarithmic axicon

with R1 = 2.5 mm, R2 = 5.0 mm, d1 = 100 mm andd2 = 200 mm in monochro-

matic illumination of wavelengthλ = 632 nm.

It is worth noticing the two different kinds of oscillationsthat occur. One kind, which
shows clearly in Fig. 28, is very rapid and of basically the same size throughout the focal
line. It occurs when there is a sharp edge. The other kind, which can be seen in Fig. 29,
is smoother and of lower frequency, and the oscillations occur mainly at the edges of the
focal line. It is caused by a smooth, but swiftly rising apodization function. For further
comments on this subject, see paper I.
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6 Axicon characterization

6.1 Comparison between lens and axicon

Apart from the alignment applications, in which the unusually long focal line is needed,
axicons can be used in place of lenses to produce small focal spots, often for imaging
purposes. The advantages of the axicon are the narrow focus and the depth of focus. The
disadvantage, compared to the lens, is mainly the lower ratio between the light that goes
into the central peak and the total amount of light. A transverse object imaged by an
axicon will never produce a sharp image.

Assuming the incident light is a plane wave of wavelengthλ, the field and intensity
distributions after the axicon and lens can be found from theFresnel diffraction integral.
For a perfect lens (in the paraxial approximation) the well-known result is

I(ρ) ∝
[
J1(kRρ/f)

kRρ/f

]2

, (87)

wheref is the focal length of the lens,R is the radius of the lens aperture, andJ1(x) is
the Bessel function of order one. (The intensity is proportional to the square of the field,
and the field is the Fourier transform of the circular aperture.)

If the axicon is assumed to be linear, the transverse distribution of the light can be
found from a stationary-phase approximation of Eq. (8) (seealso Sec. 6.2). It yields

I(ρ) ∝
[
J0

(
kρ′

cρ

z

)]2

, (88)

whereρ′

c is the stationary point, i.e., the point where the rays converging towardsz are
sent out. For example, at the end of the focal lineρ′

c/z = R2/d2. Thus a reasonable way
to compare the axicon and the lens is to useR/f to mean the same asρ′

c/z.
The two functions,[J1(x)/x]2 and[J0(x)]2 are shown together in Fig. 30. Their half

widths∆ρ are given by the first zero, i.e.,

∆ρ =
3.8317

k
· f

R
(89)

for the lens and

∆ρ =
2.4048

k
· z

ρ′

c

(90)

for the axicon. AssumingR/f means the same asρ′

c/z, it follows that the axicon focus is
narrower, i.e., beyond what is often referred to as the diffraction limit. On the other hand
it is easily seen from Fig. 30 that the axicon places a lot moreintensity outside the first
peak, making an image blurred.

Possibly the small or non-existent effects of coma on the axicon focus are also useful
in oblique illumination: it seems possible, though it has not been proved, that the intensity
of the focal segment is symmetrically distributed around the geometrical focus (see e.g.
the figures in paper V). For a lens with coma the focus is non-symmetric, and it can be
difficult to retrieve the exact position of the geometrical focus.
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Figure 30: The normalized transverse focal intensity distributions for axicons,

[J0(x)]2, and lenses,[J1(x)/x]2. The axicon intensity distribution is narrower, but

has higher side-lobes. For lenses,x = kRρ/f , and for axicons,x = kρ′cρ/z.

6.2 Stationary-phase method applied to axicons

As already shown in Sec. 5.3, the method of stationary phase is a useful tool for investi-
gating axicon properties. In this section, it is applied to three different cases. First, to the
transverse behaviour of the axicon line in partially coherent light, linking it to the design
procedure in Sec. 5.2. Second, to elliptic axicons in fully coherent light, and third, to the
related case of axicons in fully coherent, oblique illumination.

It is also interesting to investigate the linear and logarithmic axicons whose phase
functions were derived in Sec. 5.1. The phase function for the simplest kind of linear
axicon isϕ(ρ′) = −αρ′, disregarding any constant terms. Inserting this phase function
and uniform monochromatic incident illumination into Eq. (8), the angular part of the
integral can be evaluated. Applying the method of stationary phase, as in Sec. 3.1, yields
the intensity distribution

I ∝ αz

λ
[J0(kρα)]2 (91)

, if d1 ≤ z ≤ d2. The definition of the stationary point,ρ′

c = αz, has been used to
simplify the expression. It is obvious that the on-axis intensity is linearly increasing, and
that the transverse distribution is described by a Bessel function of constant width that
depends on the parameterα.

Similarly, the intensity distribution can be evaluated forlogarithmic axicons. Since
the Fresnel diffraction integral is paraxial, the phase function of Eq. (69) is used. After
some algebraic manipulations the stationary point is foundasρ′2

c = (z + aR2
1 − d− 1)/a,
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and the on-axis intensity is shown to be

I ∝ 1

λ

[
J0

(
kρρ′

z

)]2

. (92)

As expected, the on-axis intensity does not vary withz. The transverse distribution is a
Bessel function, but its width varies since the value ofρ′

c/z will change withz.

6.2.1 Transverse distribution for partially coherent light

In Sec. 5.2, the phase function of the axicon is adjusted to give the desired on-axis in-
tensity distribution for a known degree of spatial coherence. In this design, the effects
on the focal line width are not considered. Investigations of the transverse behaviour of
partially coherent axicon lines had been done numerically directly from the diffraction
integrals [73]. The integrals are four dimensional and rapidly oscillating, so the method
requires a lot of computational power. In paper III, we present an approximate way of
finding the transverse intensity distribution, using the stationary-phase method in com-
bination with Taylor series. In this way, the transverse profile and the line width can be
readily determined.

The incident partially coherent illumination is assumed tobe of Gaussian Schell-
model type, so its cross-spectral density can be written [8]

Win(ρ
′

1,ρ
′

2) = [Sin(ρ
′

1)Sin(ρ
′

2)]
1/2 exp[−(ρ′

1 − ρ
′

2)
2/2σ2

µ] , (93)

whereσµ is a positive constant. Inserting the cross-spectral density into Eq. (25) and
rewriting it gives the spectral density in the image plane as[92]

Sout(ρ, z) =

(
k

2πz

) ∫ R2

R1

∫ R2

R1

[Sin(ρ
′

1)Sin(ρ
′

2)]
1/2T (ρ′

1)T (ρ′

2)C(ρ′

1, ρ
′

2; ρ, z; σµ)
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(
−ρ′2
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2

2σmu

)
exp

(
− ik(ρ′2

1 − ρ′2
2 )

2z

)

× exp{ik[ϕ(ρ′

1) − ϕ(ρ′

2)]}ρ′

1ρ
′

2dρ′

1dρ′

2 , (94)

where

C(ρ′

1, ρ
′

2; ρ, z; σµ) =

∫ 2π

0

∫ 2π

0

exp

(
ρ′

1ρ
′

2 cos(θ′1 − θ′2)

σ2
µ

)

× exp

(
−ikρ

ρ′

1 cos θ′1 − ρ′

2 cos θ′2
z

)
dθ′1dθ′2 . (95)

The integral in Eq. (95), when evaluated, is slowly varying in ρ′

1 andρ′

2 [63], and so
a stationary-phase calculation can be performed accordingto the procedure in Sec. 3.1.
The result

Ssp(ρ, z) =
k

2π
Sin(ρ

′

c) exp

(
−ρ′2

c

σµ

)
T 2(ρ′

c)
ρ′2

c

z2

× 1

1/z + ϕ′′(ρ′

c)
C(ρ′

c, ρ
′

c; ρ, z; σµ) , (96)
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whereρ′

c is the stationary point defined byρ′

c/z = −ϕ(ρ′

c), is much easier to evaluate,
and an example of the transverse profiles is shown in Fig. 31(a). Still, though, it requires
numerical evaluation of the integralC(ρ′

c, ρ
′

c; ρ, z; σµ).
For the on-axis caseρ = 0, the integral in Eq. (95) can be evaluated analytically as

4π2I0(ρ
′2
c /σµ) whereI0 is the modified Bessel function of order zero. For fully coherent

illumination,1/σµ goes to zero and the integral yields4π2[J0(kρρ′

c/z)]2. For most other
cases, exact analytical evaluation is not possible.
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Figure 31: (a) Exact and (b) approximate transverse intensity distributions, produced

by axicons in uniform-intensity Schell-model beams of coherenceσµ = 5.0 mm. The

axicons, of the same parameters as in Fig. 21, have been designed for uniform axial

intensity using the procedure in Sec. 5.2. The dotted line in (a) is for coherent light.

The approximation in (b) is found from Eq. (97).

If the Gaussian, slowly varying part of the integrand in Eq. (96) is expanded as a
Taylor series, it becomes possible to evaluate each term separately [Paper III]. Using only
two terms of the expansion, and grafting a correction for theknown on-axis intensity onto
the expression, the intensity distribution can be described as

Ssp(ρ, z) = 2πkSin(ρ
′

c) exp

(
−ρ′2

c

σµ

)
T 2(ρ′

c)
ρ′2

c

z2

1
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(
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0

(
k
ρρ′

c

z

)
+

ρ′2
c

σ2
µ

J2
1

(
k
ρρ′

c

z

)]
, (97)

whereJ0(x) andJ1(x) are the Bessel functions of orders zero and one, respectively. The
first term of the Taylor expansion is the Bessel distribution produced by fully coherent
light, and the second term is the first correction for the partial coherence. Obviously, it
makes the beam broader. A sample distribution is shown in Fig. 31(b), where it can be
seen that the approximation is valid, though not entirely accurate. From this result the
width of the beam can be readily found by solving the equation

J2
0

(
k
∆ρρ′

c

2z

)
+

ρ′2
c

σ2
µ

J2
1

(
k
∆ρρ′

c

2z

)
=

1

2
, (98)
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where∆ρ is the full width at half maximum. This is a simple expressionfor the focal line
width produced by an axicon in partially coherent Gaussian Schell-model illumination.

6.2.2 Elliptic axicons

The expression “elliptic axicon” is used to denote an axiconwhich has been squeezed in
one direction. If the axicon is linear, i.e., has a linear phase function, it can be described
as

ϕ(x′, y′) = −α
√

x′2 + ǫ2y′2 , (99)

whereǫ determines the degree of ellipticity. When inserted into thediffraction integral in
Eq. (7), this phase function yields the focal field distribution as

U(x, y, z) ∝ 1

z

∫∫

A

exp

[
ik

(
x′2 + y′2

2z

− xx′ + yy′

z
− α

√
x′2 + ǫ2y′2

)]
dx′dy′ (100)

whereA is the axicon aperture, and the quadratic phase dependence on x andy in the
image plane has been disregarded.

The intensity distribution resulting from an elliptic axicon can be found both numer-
ically, by evaluation of Eq. (100), and experimentally [93,Paper IV]. Several such ex-
amples are given in paper IV, where also the intensity distributions for axicons in oblique
illumination are shown. The similarity between the patterns is striking, and the reason to
perform the analysis for the elliptic axicon was, originally, the hope to bring understand-
ing also to the oblique illumination case. This similarity can also be seen from Eqs. (12)
and (13). As it happens, it also turned out that an ellipticalaxicon can be used to compen-
sate for the aberrations that appear in oblique illumination [94, 95, Paper IV]. This will
be further discussed in Sec. 6.2.3.

According to the stationary-phase method for double integrals, as stated in Sec. 3.1.2,
the integral in Eq. (100) can be simplified to

|U(x, y, z)| ∝ 2π

k|H|1/2
, (101)

where

H =
1

z

[
1

z
− αǫ2(x′2

c + y′2
c )

(x′2
c + ǫ2y′2

c )

]
, (102)

after some tedious but straightforward algebra [Paper IV].The point(x′

c, y
′

c) is the sta-
tionary point given by the equations

x′

c − x =
αzx′

c

(x′2
c + ǫ2y′2

c )1/2
, (103)
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y′

c − y =
αzǫ2y′

c

x′2
c + ǫ2y′2

c

1/2

. (104)

The intensity is proportional to1/|H|, since the field is proportional to1/|H|1/2. As
pointed out in Sec. 3.1, this approximation is of the lowest order, and it fails ifH = 0.
A region where this happens is referred to as a caustic [7, 96,97]. A caustic is a line or
surface where the number of intersecting rays changes. Since this caustic will denote the
edge of a focal area, it is reasonable to assume that more rayswill cross inside it, and that
the intensity will be higher inside it than outside. Findingthe caustic surface is equal to
solving the equation system formed byH = 0 together with Eqs. (103) and (104). There
are four unknown quantities,x, y, x′

c andy′

c, and three equations. Solving the system will
yield a relation betweenx andy which yields a caustic curve, and sincez contributes a
third dimension it will describe a caustic surface containing the focal line.

How to solve the equation system is described in paper VI. Thesolution is

x3/2 + (ǫy)3/2 = [(1 − ǫ2)αz]2/3 , (105)

i.e., an asteroid curve squeezed in they direction. The shape of the caustic surface is
shown in Fig. 32(a). The transverse intensity distributionin a focal plane is displayed in
Fig. 32(b), together with the caustic curve which limits thefocal area. From this image,
and others in paper IV, it is obvious that Eq. (105) accurately describes the shape of the
focus. It is also seen that a high degree of ellipticity will produce a broad focal line, and
that the width of the focus will increase with z.

(a) (b)

Figure 32: (a) The shape of the caustic surface described in Eq. (105). (b) CCD

image of the transverse intensity distribution for an elliptic linear axicon withα =

0.0076 andǫ = 0.94, atz = 1000 mm. The white outline is the solution of Eq. (105).
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6.2.3 Axicons in oblique illumination

Axicons could be very useful in e.g. scanning, due to the narrow focal line in combination
with a long depth of focus. Scanning, however, requires the axicon to be used in oblique
illumination, and in this situation there are aberrations which broaden the focal line and
distort the focus [98–100, Paper IV]. Even for on-axis applications this is a problem, since
a small misalignment will destroy the narrow focal line. In order to prevent or minimize
those effects, it is of importance to know exactly what they are. This issue had been
addressed before [99], but not so fully or with such compact results as those in paper IV.

The geometry of the situation is shown in Fig. 5. An optical element, which is usually
perpendicular to the optical axis, is now tilted by an angleβ. The analysis starts from the
diffraction integral for oblique illumination, which was derived in Eq. (12). The axicon,
assumed to be of linear phase function, is described by

ϕ(x′, y′) = −α
√

x′2 + y′2 . (106)

Inserting this into Eq. (12) yields the diffraction integral

U(x, y, z) ∝ 1

z

∫∫
exp

[
ik

(
x′2 + y′2 cos2 β

2z0

− xx′ + yy′ cos β

z0

− α
√

x′2 + y′2

)]
dx′dy′ . (107)

The similarity to the diffraction integral for elliptical axicons in Eq. (100) is obvious: a
change of variablesx′ = ξ′ andy′ cos β = η′ makes the two integrals identical. Thus the
two integrals can be treated in a similar manner, and it follows that the focal segment of
an axicon in oblique illumination is described by the equation

x2/3 + y2/3 = [(1 − 1/ cos2 β)αz] . (108)

The shape of the focus is an asteroid curve. From Fig. 33, which shows the intensity
distribution for an axicon in oblique illumination together with the curve of Eq. (108),
and from similar figures in paper IV, it is confirmed that the approximation is accurate.

From the shape of the caustic, the half width of the focus is determined asαz(1 −
1/ cos2 β). Thus the width of the focus is easily predicted, and the parameters can be
adjusted so that the width remains within given tolerances.But it is possible to do more
than just predict the width: if the oblique angle of illumination is constant, it is also
possible to correct for it. If an elliptic axicon is used in oblique illumination, adjusted so
thatǫ = cos β, the diffraction integral after a change of variables becomes

U(x, y, z) ∝
1

z

∫∫
exp

[
ik

(
ξ′2 + η′2

2z0

− xξ′ + yη′

z0

− α
√

ξ′2 + η′2

)]
dξ′dη′ , (109)

i.e., the diffraction integral for a non-squeezed element in normal illumination. So by
squeezing the element by the right amount, a Bessel beam can beformed even for oblique
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Figure 33: Photograph of the transverse intensity distribution of an axicon in oblique

illumination atβ = 7.5o. The axicon is linear withα = 0.036, and taken atz =

100 mm. The white outline is the solution of Eq. (108).

illumination. Unfortunately, this works only for one angleat a time. In order to produce
a scanning Bessel beam, real-time compensation must be performed, using e.g. a Spatial
Light Modulator (SLM).

6.3 Communication modes applied to axicons

The characteristics of the axicon focal line can be examinedby the communication-mode
method, which also gives physical insight into how the focalline is formed. Since the
geometry of the axicon is different from the geometry discussed in Sec. 3.2, the eigen-
functions will be different. Using a change of variables, however, they can be found in a
form very similar to those in Sec. 3.2.

6.3.1 Exact modes

In this approach, outlined in paper VI, the communication modes were applied for the first
time to the axicon geometry: circular or annular aperture toon-axis line focus. Previously,
similar analysis had only been done in the two-dimensional case: from a line aperture to
an on-axis region [101,102].

The geometry is the same as in Fig. 12 in Sec. 4. The transmitting region is defined as
the annular aperture of the axicon, of inner and outer radiiR1 andR2, while the receiving
region is a section of the optical axis located betweend1 andd2. Here,d1 andd2 do not
necessarily denote the ends of the focal line, as in the earlier section, but simply the limits
of the receiving region. In order to observe the whole focal line, the limits should be
placed outside the focal region.
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If the axicon is rotationally symmetric the angular part of the diffraction integral can
be evaluated. For on-axis points, i.e., forρ = 0, it becomes

Uout(z) =
k exp(ikz)

iz

∫ R2

R1

Uin(ρ)ρ′ exp

(
ik

ρ′2

2z

)
dρ′ , (110)

whereUout(z) is the field on the optical axis andUin(ρ
′) is the field leaving the axicon

aperture. The phase function of the axicon is included inUin(ρ
′). After a change of

variablesq = ρ′2 − (R2
1 + R2

2)/2 the integral reads
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k exp(ikz)
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whereŨin(q) = Uin(ρ) andQ = (R2
2 − R2

1)/2. Now the Green function is

G(z, q) =
k exp(ikz)

2iz
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ik

2z
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)
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ik

2z
q

)
. (112)

Most of the terms in the Green function are already separatedin z and q, and can be
excluded in the same way as the quadratic phase factors are inEqs. (56) and (57). The
remaining termexp(ikq/2z) is expanded bi-orthogonally as in Eq. (44), according to the
analysis in paper VI. The eigenvalues and the eigenfunctions, now with all terms included,
are found to be

gn = i(n−1)
√

kπ · |gn| , (113)

an(q) = exp(− ikDsum

2
q)αn(q) , (114)

and

bn(z) =
1

z
exp(ikz) exp

(
ik

2z

R2
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2

2

)
βn

(
1

z
− Dsum

)
. (115)

HereDsum = (1/d1 + 1/d2)/2, Ddiff = (1/d1 − 1/d2)/2, αn(q) is the PSWF of order
n, scaleQ and bandwidthkDdiff/2, andβn(1/z − Dsum) is the PSWF of order n, scale
Ddiff and bandwidthkQ/2. The accuracy of these expressions is confirmed [Paper VI] by
numerical propagation. The results of direct evaluation ofthe diffraction integral, and the
results from propagation using Eqs. (113)-(115), agree very closely.

Interesting knowledge of the information content and the axial resolution can be found
from these expressions. The number of degrees of freedom, i.e., the number of available
information channels, is

N =
kQDdiff

π
=

1

2λ

(
R2

2 − R2
1

) (
1

d1

− 1

d2

)
. (116)

If the aperture of the axicon is increased, or the receiving region on the optical axis is
increased, the number of modes will grow. Thus more information can be transmitted in
this particular geometry.
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It is also interesting to analyze the on-axis resolution [101, Paper VI]. A PSWF of
ordern always passes through zeron times, and function numberN is the most rapidly
oscillating function which is propagated. If the analysis is done in the variables = 1/z −
Dsum, the distance between two adjacent zeros will be∆s = 2Ddiff/N = 2λ/(R2

2 − R2
1).

Changing variables to thez domain through the relation∆s = 1/(z +∆z)− 1/z leads to

∆z =
z2∆s

1 − z∆s
. (117)

Since the highest on-axis frequency to be resolved isfz = 1/∆z, the axial resolution is
given by

fz =
1

z

(
R2

2 − R2
1

2λz
− 1

)
. (118)

The value offz depends only on the size of the aperture, and on the position on thez

axis. There is no dependence on the chosen observation area betweend1 andd2, which is
reasonable since the resolution should not change just because a larger or smaller part of
the axis is considered. In Fig. 34, the variation withz of the on-axis resolution is shown.
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Figure 34: The on-axis resolution changes withz according to Eq. (118). The radii

areR1 = 10 mm andR2 = 5.0 mm, and the wavelengthλ = 633 nm.

It is well known that the depth of focus of a lens will increaseif the focal length,
and consequently the distance from the aperture, is increased. An increased depth of
focus means a decreased axial resolution, and since the analysis above applies not only to
axicons but also to lenses, it is reasonable that the resolution decreases when the distance
to the axicon increases.
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6.3.2 Approximate modes

In Eqs. (113)-(115) the exact modes for the axicon geometry are shown. It is possible
to find a simpler version of the modes, using an approximation[Paper VI]. When the
integral equation similar to Eq. (58) is solved, the integration limits may be extended to
infinity since the kernel is stationary and much narrower than the integration interval. This
approximation is well-known and can be found in several textbooks, e.g. in Ref. [103].
The condition that the kernel is narrow simplifies toN ≫ 2 for our situation [Paper VI].
The modes in the receiving region are found from the projection in Eq. (50). Then the
modes are
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2
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1√
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2
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2

2

)
×

× sin[kQ(1/z − Dsum)/2 − (n − N/2)π]

kQ(1/z − Dsum)/2 − (n − N/2)π
, (120)

and

gn =

{
−i

√
kπ : n ≤ N ,

0 : n > N .
(121)

This approximation is interesting because of the physical insight it yields. Eachan(u)

represents a spherical wave, converging towards a point on thez axis which is determined
by the numbern of the mode. Each modebn(z) is a sinc function whose position is
determined byn. Since they are functions of1/z rather thanz, they are smeared out in
different directions. It is easily shown that the width of each function is∆s = 2λ/(R2

2 −
R2

1), i.e., the same as the width for the exact modes. Thus the resolution analysis in Eqs.
(117) and (118) applies also to the approximate modes.
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7 Summary and conclusions

7.1 Summary of the results

The subject of this dissertation is axicons of different types, analyzed or designed by use
of diffraction theory. The axicons considered are either diffractive or refractive axicons or,
in one case, lens axicons. They are characterized or designed using either the stationary-
phase method or the communication-modes method, both applied to Fresnel diffraction
integrals. The considered illumination is either a plane wave, normally or obliquely inci-
dent, or a partially coherent Schell-model beam. The main results are listed below.

A: Design method for axicons in partially coherent light
A new method for design of diffractive axicons has been derived [Papers I, II]
by application of the stationary-phase method to the Fresnel diffraction inte-
gral. For coherent illumination it coincides with the old method, and since it
is based entirely from wave optics it clarifies some points ofthe old deriva-
tion. The new method also extends the design principle to partially coherent
light. Both the intensity and coherence properties of an incident Schell-model
beam are now taken into account, to create the desired on-axis intensity distri-
bution. The design equation can be solved analytically for some special cases,
and numerically for any well-behaved input and output parameters.

B: Transverse profile for partially coherent axicon lines
Simple expressions for the approximate transverse intensity distribution and
line width for an axicon in partially coherent illuminationare presented [Pa-
per III]. Previously the transverse distribution was foundnumerically, a less
transparent process requiring a lot of computational power.

C: Focal segments of obliquely illuminated axicons are asteroid curves
When an axicon is illuminated by a plane wave at an oblique angle, the fo-
cus is distorted and broadened. In paper IV these changes arecharacterized,
and the shape and width of the focus predicted by one simple equation. The
curves that describe the focal line are caustics, found using the method of
stationary phase on diffraction integrals for inclined illumination. All results
were confirmed both numerically and experimentally.

D: Elliptical axicons compensate for the effects of oblique illumination
The negative effects of oblique illumination can be partly compensated. At
one particular oblique angle of illumination, the use of an elliptic axicon, with
a degree of ellipticity which corresponds to the obliquity angle, will cause the
narrow Bessel beam to reappear [Paper IV].

E: A simple lens axicon designed from spherical surfaces only
A cheap and easy method of producing axicons is to produce so-called lens
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axicons, where the spherical aberration is used to make a lens act as an axicon.
In paper V the design principles and a characteristic samplelens axicon are
presented. This doublet-lens axicon is mounted in one pieceand easy to align,
and made from spherical surfaces only. Experiments, along with numerical
analysis of the lens, confirm that it acts as an axicon.

F: Communication-modes method to analyze axicon imaging
The communication modes, used for e.g propagation and resolution studies
in the presence of noise, can readily be used for numerical propagation us-
ing in-built functions of e.g. Matlab [Paper VI]. It is shownthat, after some
changes of variables, the communication modes in the axicongeometry con-
sist mainly of prolate spheroidal wave functions [Paper VII]. The modes are
used to analyze the on-axis resolution and the information content.

7.2 Conclusions

In this thesis, several new results on axicons have been derived or confirmed. First, a de-
sign relation for axicons in partially coherent Schell-model illumination has been derived.
Using this method, it is possible to design axicons that yield uniform on-axis intensity dis-
tributions for light from multi-mode sources such as light emitting diodes, excimer lasers,
or diode lasers.

The shape of the focal line in coherent, tilted plane wave illumination has been found.
It is now possible to predict the width of the line for specifictilt angles, and thus to
set tolerances on the alignment of axicons. It has also been shown, analytically and ex-
perimentally, that an elliptically shaped axicon will produce a narrow Bessel focus if
illuminated at a specific angle. By real-time adjustments, possible if e.g. a spatial light
modulator (SLM) is used, an axicon system producing narrow Bessel lines for a wide
range of angles could be constructed for scanning applications.

The design of a compact, simple lens axicon has been presented, complete with exper-
imental tests. The advantage is that the lens axicon is constructed from spherical surfaces
only, and such surfaces are easy and cheap to produce.

The communication modes, which were previously only known for rectangular or line
apertures, have been found for axicon geometry. This yieldsadditional knowledge of the
information content and on-axis resolution of the axicon focal line.
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7.3 Suggestions for future work

In this thesis, a design method producing desired axial intensity distributions in partially
coherent light is presented. The question of how to design elements that produce specific
transverse intensity distributions in partially coherentlight still remains unanswered. It
is generally assumed that elements optimal in coherent light are also optimal in partially
coherent illumination, but it has never been proved. To establish such a design method
is not only of scientific but also of commercial interest, since it would improve the use
of (cheap) diffractive optical elements in partially coherent light from (cheap) diodes or
diode lasers.

Axicons are already implemented in a number of applications, but new areas where
they could perform better than lenses can still be found. Forexample, a scanning system
based on axicons has an unparalleled depth of focus. The problem is the broad and dis-
torted focal line which appears on oblique illumination, and which can only be removed
at one specific illumination angle if a static axicon is used.A Spatial Light Modulator,
nowadays commercially available at rapidly decreasing costs, allows for time-dependent
compensation. The ellipticity of the axicon can be adjustedto the oblique angle of the
incident beam, and the narrow Bessel beam be utilized for scanning [104,105].

Another possibility of improving the off-axis focus is by use of lens axicons. A lens
system could be designed, which has the right amount of spherical aberration to act like
an axicon, but which still has no astigmatism. Other improvements to the lens axicon
presented in paper V would be a non-cemented version of the lens, which could allow for
constant on-axis intensity or maybe even compensation of chromatic aberrations.

Micro-arrays of axicons could also be used in Hartmann-Schack sensors, to replace
the arrays of lenses. The advantage of this scheme is the lowered requirement in axial
positioning of the sample, e.g., the investigated eye. It isalso possible that there is an-
other benefit. The lenses in the array suffer from coma, whichblurs the focus and, more
importantly, makes it unsymmetrical. Then it is difficult todetermine the exact position
of the focus. The axicon for some reason is insensitive to coma, and possibly to other
odd aberrations. The focus seems to be symmetrically distributed around the geometrical
focus (see e.g the images of paper IV), and there is no problemin determining the position
of the focus.

The communication modes have previously been applied to different geometries, all
two-dimensional or factorable in cartesian coordinates (i.e., square apertures). In paper
VII, we derive the communication modes for axicon geometry,that is, circular or annular
aperture to on-axis line. It would be interesting to find the communication modes for a
circular transmitting and a circular receiving region, since most real systems have circular
apertures.
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