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ABSTRACT 
It is important to explore the possibilities of sustainable transportation systems in order to achieve a 
sustainable future. A two-wheeled vehicle, where the wheels are placed parallel to each other, is an 
option that is of interest to explore. This report explores the problems of modeling and constructing a 
prototype of a two-wheeled robot that is able to balance on its own. The aim of this thesis was to 
analyze the performance between theory and the prototype with respect to the rise time. The 
prototype was limited to independently balance on a flat surface in one direction with small angle 
deviations. The horizontal movement of all parts was assumed to be equal during balancing and other 
simplifications were made and justified in the report. The results showed that the rise time of the 
theoretical model was 0.420 seconds while the prototype’s was 0.451 seconds. The prototype was 
0.031 seconds or 7.4% slower than the theoretical model. The reasons for this were discussed and 
possible sources of error could have been difficulties in calibrating the IMU, not considering the center 
of gravity in the tilting direction, difference in motors’ actual performance, among other reasons 
discussed in the report. The causes for the slower performance show room for improvement which 
could lower the difference to negligible levels unless higher precision is desired. The derived models 
could also be expanded to control position and velocity. Furthermore the scope can be expanded to 
handle larger angular deviations, movement in more than one direction and on uneven surfaces. Our 
thesis is one of the areas that is useful to explore in order to develop a two-wheeled self-balancing 
vehicle. In combination with further research there are possibilities of a realized product. 
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SAMMANFATTNING 
Det är viktigt att utforska möjligheterna inom hållbara transportmedel för att gå mot en hållbar framtid. 
Ett två-hjuligt fordon, där hjulen är placerade parallellt i förhållande till varandra, är ett alternativ som 
är intressant att utforska. Den här rapporten utforskar möjligheterna av modelleringen och 
konstruktionen av en två-hjuling robot som självständigt kan balansera. Målet med arbetet var att 
analysera prestationen mellan teorin och prototypen med avseende på stigtiden. Prototypen 
begränsades till att kunna balansera självständigt på en platt yta i en riktning inom små 
vinkelförändringar. Alla delar antogs ha samma horisontala rörelse vid balansering och andra 
förenklingar som gjordes är rättfärdigade i rapporten. Resultaten visade att stigtiden av den teoretiska 
modellen var 0.451 sekunder medan prototypens stigtid var 0.420 sekunder. Prototypens stigtid var 
0.031 sekunder eller 7.4% långsammare än den teoretiska modellen. Skälen till detta diskuterades 
kunna ligga i svårigheterna att kalibrera IMUn, försummandet av tyngdpunkten i den lutande 
riktningen, skillnaden i motorernas faktiska prestanda, bland andra skäl som diskuteras i rapporten. 
Orsakerna till den långsammare stigtiden visar utrymme för förbättring till försumbara nivåer, om 
högre precision inte är önskat. De härledda modellerna kan också utökas för att reglera position och 
hastighet. Fortsättningsvis kan arbetets omfattning utvidgas till att hantera större vinkelförändringar, 
förflyttningen i flera riktningar och ojämna ytor. Vårt arbete är ett av de områden som är användbara 
att utforska i syfte att utveckla et två-hjuligt balanserande fordon. I kombination med vidare forskning 
finns möjligheterna av en realiserad produkt. 

 



 
 

VI 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

This page has been intentionally left blank. 
 



 
 

VII 
 

 

PREFACE 
This section is dedicated to the contributors that helped us execute this thesis.  

We would like to thank numerous people whose support and guidance has been of great help in 
completing this thesis.  

Firstly, we would like to thank our mentor Martin Edin Grimheden for sharing his experience and 
guiding us through the project.  

We would also like to thank Tomas Östberg and Staffan Qvarnström for their advice on the 
construction of the prototype. They also provided the materials and tools needed to build it. 

We are also thankful to Gustav Amberg for his helping hand on the mechanics portion of the thesis.   

Last but not least, we are grateful to the course assistants Mikael, Hanna, Filip and Ylva as well as 
other course participants and students who took their time to help us solve constantly occurring 
problems.  

Dan Nguyen 
Kayan Phoung 

Stockholm, May, 2016  



 
 

VIII 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

This page has been intentionally left blank. 



 
 

IX 
 

 

CONTENTS 
 

Abstract ............................................................................................................................................................. III 

Sammanfattning .............................................................................................................................................. V 

Preface ............................................................................................................................................................. VII 

Contents ............................................................................................................................................................ IX 

Nomenclature ................................................................................................................................................. XI 

1. Introduction ............................................................................................................................................. 1 

1.1 Background ............................................................................................................................................ 1 

1.2 Purpose ................................................................................................................................................... 2 

1.3 Scope ........................................................................................................................................................ 2 

1.4 Method ..................................................................................................................................................... 2 

2. Theory ........................................................................................................................................................ 3 

2.1 Problem Formulation ........................................................................................................................ 3 

2.2 Motor System ........................................................................................................................................ 4 

2.3 Mechanical System .............................................................................................................................. 5 

2.4 Control System ..................................................................................................................................... 6 

2.5 Linear-Quadratic Regulator, LQR .................................................................................................. 7 

2.6 Interrupt Signals on the Arduino .................................................................................................. 8 

3. DEMONSTRATOR ........................................................................................................................................ 9 

3.1 Problem formulation .......................................................................................................................... 9 

3.2 Electronics ........................................................................................................................................... 10 

Motor ....................................................................................................................................................... 10 

Motor Driver ......................................................................................................................................... 10 

Sensors .................................................................................................................................................... 11 

Arduino ................................................................................................................................................... 11 

Level Shifter .......................................................................................................................................... 11 

Electrical Assembly ............................................................................................................................ 11 

3.3 CAD......................................................................................................................................................... 12 

3.4 Hardware ............................................................................................................................................. 12 

Wheels ..................................................................................................................................................... 12 

Motor-Wheel-hub ............................................................................................................................... 12 

Platform .................................................................................................................................................. 12 

Connection ............................................................................................................................................. 13 

Assembly ................................................................................................................................................ 13 



 
 

X 
 

3.5 Code ....................................................................................................................................................... 14 

MATLAB – Simulating the robot.................................................................................................... 14 

Arduino – Control of the Robot ..................................................................................................... 15 

3.6 Results .................................................................................................................................................. 16 

Parameters ............................................................................................................................................ 16 

MATLAB Simulation ........................................................................................................................... 16 

Prototype................................................................................................................................................ 18 

4 Discussion and Conclusions .................................................................................................................. 21 

4.1 Reflection on Parameters .............................................................................................................. 21 

4.2 Theoretical Results .......................................................................................................................... 21 

The wheel’s impact ............................................................................................................................. 22 

4.3 Prototype Results ............................................................................................................................. 22 

The interval’s impact ......................................................................................................................... 22 

The motors’ impact ............................................................................................................................ 22 

The constant’s impact ....................................................................................................................... 22 

The hub’s impact ................................................................................................................................. 22 

Neglecting rotational friction and its impact ........................................................................... 22 

Reflection of simulation.................................................................................................................... 23 

Restrictions of the results ................................................................................................................ 23 

4.5 Conclusions ......................................................................................................................................... 23 

5 Recommendations and future work .................................................................................................. 25 

5.1 Recomendations ............................................................................................................................... 25 

Hub connecting wheel and motor shaft ..................................................................................... 25 

Controlling motor speed .................................................................................................................. 25 

Neglecting rotational friction ......................................................................................................... 25 

Center of gravity and IMU calibration ........................................................................................ 25 

5.2 Future work ........................................................................................................................................ 26 

Position Control ................................................................................................................................... 26 

References .......................................................................................................................................................... 1 

Appendix A: The mehcanical system ....................................................................................................... 1 

A.1 Wheel .................................................................................................................................................. 1 

A.2 Pendulum .......................................................................................................................................... 2 

A.3 The system ........................................................................................................................................ 3 

Appendix B: Linearization............................................................................................................................ 2 

Appendix C: MATLAB code .......................................................................................................................... 1 

Appendix D: Arduino Code .......................................................................................................................... 1 



 
 

XI 
 

 

NOMENCLATURE 
This section lists the symbols and abbreviations used in this thesis. 

Symbols 

Symbol Description 

fF   Frictional force 

g   Gravitational constant ( 2 29.81 Nm /kg  ) 

i   Current (A) 

, wpend
I I   Moment of inertia of the pendulum and wheel ( 2kgm ) 

Ek   Back Electromotive Force Constant 

Mk   Torque Constant 

L   Inductance (H) 

CGL   Distance between wheel axis to the center of gravity (m) 

,p wm m   Mass of the pendulum and wheel (kg) 

r   Radius of the wheel (m) 

iR   Reaction force, where i  is either x  or y  (N) 

R   Terminal Resistance ( ) 

t   Time (s) 

MT   Torque produced by the motor (Nm) 

u   Nominal voltage (V) 

eu   Back Electromotive Force (V) 

,p w   Angle of the pendulum and the wheel (radian) 

  Angular velocity (radian/s) 
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Abbreviations 

CAD Computer Aided Design 

EMF ElectroMotive Force 

IMU Inertial Measurement Unit 

MATLAB Matrix Laboratory 

MEMS MicroElectroMechanical Systems 

I2C Inter-Intergrated Circuit 

SCL Serial Clock 

SDA Serial Data 
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1. INTRODUCTION 
This chapter outlines the thesis by introducing the background, purpose, scope and method of 

the project. 

1.1 Background 

One of the biggest challenges facing humanity is the emittance of greenhouse gases and, as a direct 
consequence, global warming. In 2015, Eurostat published an article recognizing fuel combustion for 
transport as the second biggest source of greenhouse gases in Europe at 22.2% for the year of 2013[1]. 
In order to reduce the pollutants causing global warming it is therefore crucial to develop sustainable 
transportation systems. One method is to make current transportation systems electric as can be seen 
with the rising adaptation of electric cars[2]. But another option is to pioneer new solutions for 
transportation, which General Motor’s recent two-wheeled, driverless and full electric “EN-V” concept 
vehicle, shown in Figure 1.1, demonstrates. The concept vehicle is a response to the big surge towards 
urbanization that GM is predicting. Autonomous driving, mobility and efficiency are aspects that the 
company put most weight on which is shown through the vehicle’s minimalistic design[3].  

Figure 1.1. The EN-V concept vehicle, presented in 2011, is a two-wheel self-balancing vehicle designed to 
carry two people. Picture published by © General Motors[4]. 

 
The two-wheeled vehicle is not a new invention. Scooters, motorbikes and the Segway are example of 
existing products which makes use of the two wheels in different ways. This project will focus on the 
dicycle-type[5] where the wheels are placed parallel to each other, much like GM’s EN-V concept 
vehicle in the picture above. Dicycle robots have been a gadget built by many hobbyists for the last 
decades. To be able to implement this type of system it is therefore essential to know the possibilities 
as well as the limitations of the mechanism and the control system.  
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1.2 Purpose 

A two-wheeled vehicle is more compact and more mobile than a four-wheeled vehicle, but it is 
unstable in its upward standing state. Traditionally a two-wheeled vehicle is balanced by the user, 
bicycle being the most common example. But for an autonomous vehicle it is essential that the vehicle 
can balance without any input from the user. This thesis will explore the viability of a two-wheeled 
dicycle-type electric vehicle from a balancing standpoint. Problems arising in the process of building 
an Arduino-based two-wheeled self-balancing robot will be discussed and solved. Furthermore the 
theoretical balancing performance will be compared to the balancing performance of the prototype. 
More specifically this thesis gives an answer to the following research question 

 How will the theoretical performance of a two-wheeled self-balancing robot, with respect to 
rise time, differ from the actual performance of the prototype? 

 
This report will be useful to anyone who wants to acquire knowledge of the mechanism and control 
system of such a system as well as difficulties and possible solutions for building one.  

1.3 Scope 

The main focus of this thesis was to make the two-wheeled robot balance on its own with small angular 
deviations. The system was designed to balance on flat surfaces and move in one direction. Some of 
the calculations were simplified and other factors that were considered to have a small impact on the 
system were omitted. The changes were justified in the report.  

1.4 Method 

Research was conducted to gain insight into the mechanism and electronics of the two-wheeled robot. 
A CAD-model was then created using Solid Edge ST7, which was the basis for building the real 
prototype as well as determining important measurements such as the center of gravity. The electronic 
components were then chosen to meet the criteria determined from the research. The most suitable 
control system was chosen and simulated in Mathwork’s Simulink before being implemented onto the 
hardware. The prototype was then built by combining the hardware and the code. Data was then 
collected by simulating the prototype. Comparison between the MATLAB simulation and the prototype 
simulation was then performed.  
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2. THEORY 
This chapter presents the theory of the motor- and the mechanical system as well as the control 

system for the robot. 

2.1 Problem Formulation 

The principle of balancing a vertically standing robot with two wheels placed parallel to each other is 
illustrated in figure 2.1. The system is represented with one upward-standing inhomogeneous 
pendulum connected to the wheels on an axis. Firstly a tilt   from its upright equilibrium, caused by 
the force of gravity, is detected. A counter-torque in the opposite direction, larger than the torque 
caused by the gravitational force, has to be generated by the motor system. This generated torque will 
cause an acceleration in the same direction as the tilt. The dynamics of the systems in detail will be 
explored in this chapter.  
 

 
Figure 2.1. The principles of balancing a vertically standing robot on two wheels placed parallel to each other. 
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2.2 Motor System 

The previously described motor torque MT  required to keep the pendulum standing are provided by 

two motors and it is therefore important to know the correlation between the generated torque and 
the input voltage. In this section the motor torque as a function of the input voltage is derived. 

Kirchhoff’s voltage law[6] is applied on a model of a typical DC-motor illustrated in figure 2.2.  

   

 e

di
u Ri L u

dt
   . (2.1) 

 

   

Figure 2.2. Circuit of a DC-motor. A motor torque MT  is produced by the current i  , generated by the input 

voltage u . The motor has a terminal resistance R and a rotor inductance L . 

The back-EMF is proportional to the rotational speed of the shaft,  
 

 e e wu k  .  (2.2) 

Since the shaft is connected to the wheel, the rotational speed of the shaft is equal to that of the 
wheel[7]. 
 
Furthermore the thermal time constant is low and the current will therefore reach a constant state in 
matter of milliseconds. This is much faster than the mechanical system is expected to be, therefore it 
is assumed that the current reaches a constant state instantaneously and the transient current is 
neglected. Kirchhoff’s current law is then expressed as  
 

 e wk Ri u   . (2.3) 

 
Motor losses are assumed to be negligible, the produced output torque is then proportional to the 
current[7].  

 M MT k i . (2.4) 

The relation between the motor torque and input voltage is then expressed as 
 

 M M E
M w

k k k
T u

R R
  . (2.5) 
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2.3 Mechanical System 

In order to build and control a two-wheeled robot, models were drawn and used to determine the 
relationship between the forces and the angle deviation of the system. In this section the differential 
equations describing these relations are derived. 
 
The two-wheeled robot was simplified into a system consisting of three parts, two wheels and an 
inverted pendulum seen in figure 2.3.  
 

 

 
 
 

Figure 2.3, Free-body diagram of the entire system with all forces acting on them. 

 
Because of the symmetry on the Z-axis the forces on both wheels will have same forces that act on 
them and can therefore be described by the same figure seen to the left in figure 2.3. The final 
equations for the wheels and the pendulum were derived, see Appendix A: Mechanical system for a 
complete derivation of the mechanical system.  
 

  22 2 sin( ) cos( ) 2M M E
w CG p p p p CG p p p w

k k kx x
I u L m m L m x m x r

r R R r
   

 
       

 
,  (2.6) 

22 cos( ) sin( ) sin( ).M M E
pend p p CG p p CG p p CG p p CG p p

k k k x
I u m L x m L g m L m L y

R R r
    

 
       

 
 (2.7) 

Where equation (2.6) describes the wheels’ moment equation and equation (2.7) is the moment 
equations around pendulum’s center of gravity. With these equations the system’s state-space model 
can be derived which will be described in the next section. 
 
 
 

 



 

6 
  

2.4 Control System 

In this thesis the robot will deviate little from the equilibrium and therefore the system equations can 
be linearized. With the linearized system linear control theory can be used. The linearized equations 
of (2.6) and (2.7) were derived. See Appendix B: Linearization for details. 
  

 
2

22 2

2 2

22 2 2

p CGM M E

ww w
w pw p w p

m Lk k k
x u x

II I
m mRr m m Rr m m

rr r




  
   

       
   

, (2.8) 

 
   

 
2 22 2

2 2 p CG pp CG M E M

pend p CG pend p CGpend p CG pend p CG

m L g ym L k k k
x x u

I m L I m LRr I m L R I m L
 


   

  
.  (2.9) 

x  is the system’s acceleration and  is the pendulum’s angular acceleration. With these equations 

the system is represented with a state-space model, uh Ah B given by
 

0 1 0 0 0

2 1 2
0 0 1

0 0 0 1 0

22
0 0

p CG pM E M
p CG p CG E

Mp CG pp CGM E

m L Rr g yx xk k k
m L m L k r

rx x

km L g ym Lk k m
r Rr

,

1
p CG

u

L
R

    (2.10) 

 
where  

1

p p CGI m L
 

2

1

2 2 w
w p

I
m m Rr

r

   
 

2

1 p CGm L Rr  
2

1 p CGm L Rr . 

 
To understand the system in a better way a block diagram of the state-space was drawn as shown in 
figure 2.4. The system is dependent of the gain K, which tells the system how much the input signal 
should change in regard to the output signal y. 
 

 
  Figure 2.4. State space model with feedback control 
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2.5 Linear-Quadratic Regulator, LQR 

The systems poles can placed with the help of the gain K. However since the stability of the system is 

determined by the placement of the poles, they have to be carefully chosen. For a stable system the 

poles must be in the left half-plane. The poles cannot be too close to the origin otherwise the system 

will be too slow. If they are too far away the input voltage u will be too high.  The poles’ imaginary part 

should not be too large relative to the real part, otherwise the system might oscillate.   

There are few ways of placing poles but firstly the poles need to be chosen. One method is to choose 
some arbitrary poles in the left half-plane and see if it yields the desired rise time and overshoot. This 
method might require a lot of guessing before obtaining a desirable result. Another method is called 
Linear-Quadratic Regulator which is based on the theory of optimal control of a dynamic system. This 
is the method of choice for this thesis since it is more systematic. 
 
In LQR the poles are chosen by minimizing the cost function [8] defined as 
 

 T 2

0

J u dth Qh   (2.11) 

where the Q matrix define the weighted importance of each state in h . It can be shown that the 
optimal control law is  
 
 u Kh   (2.12) 

where K is  
 

 T
K = B P .  (2.13) 

And P is the solution to the Ricatti equation: 
 

 
T T

Q + A P + PA- PBB P = 0  . (2.14) 

Now it is just a matter of choosing Q. Notice that if Q is large enough then LQR will focus only on 

reaching 𝐡 = 0 since only 𝐡𝐓𝐐𝐡 will contribute to the cost function(2.11). In order to achieve the 
desired results the Q matrix should be chosen while iteratively simulating the entire system. The 
simulations with different Q would give a better understanding of how Q affects the system’s 
performance. 
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2.6 Interrupt Signals on the Arduino 

The Arduino has external interrupt pins which are very fast and can be set to trigger on RISING or 
FALLING signals[9]. The triggers are interpreted by hardware and allows the Arduino to detect any 
immediate change of a sensor. This is important since the Arduino otherwise would only read the 
sensor data once every loop which makes the resolution dependent of the loop-time. Most often in 
lengthier codes the resolution is lowered, which results in the Arduino receiving inaccurate data when 
the changes are too rapid. On the contrary, when an interrupt is used the Arduino detects the change 
immediately regardless of loop-time which allows for a much higher resolution and the Arduino 
receiving correct data as a result.   
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3. DEMONSTRATOR 

This chapter describes both the developing demonstrator as well as the process that the demonstrator 
has been developed according to. 

3.1 Problem formulation 

To make a good prototype with the system from the previous chapter it was important to choose the 
appropriate hardware and electrical components that meet a certain requirement. The underlying 
requirement for the prototype in this thesis was that of the motor. With approximations that the robot 
would not be taller than 50cm it was reasonable to assume a position velocity of 1.5m/s. Based on 
figure 2.3, following equation can be derived  

60
2 w

v
rpm

r
  . 

Using this equation gives a requirement of 358rpm with an approximated wheel radius of 4cm. This 
approximation does not take the tilt angle into consideration but was deemed sufficient for the 
purpose.  
 
Based on this, a motor was decided on and the other electrical components were then chosen 
accordingly to handle the current and voltage of the motor. Wheels were chosen based on that larger 
wheels covers more ground per revolution. Moreover sensors were chosen to give the data required 
by the control system. The Arduino were chosen accordingly to house the pins needed to connect the 
sensors. Low-density materials were chosen in order to build a lightweight construction.   
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3.2 Electronics 

This section presents the electrical parts used. 

Motor 
Two Faulhauber 2842006C brushed DC-motors were used. The 2842006C has a nominal voltage of 6V 
and a current up to 1.550A (thermal limits). The back-EMF constant is 1.150mV/rpm and the torque 
constant is 0.109Nm/A. The no-load speed is 5000rpm and has a torque up to 2.8Nm. Furthermore a 
Faulhaber Micromotor SA 23/1 planetary gearbox is attached to the outgoing shaft, which has a 14:1 
gear ratio. The outgoing no-load speed and maximum torque would then be 364rpm and 39Nm 
respectively, this meets the previously described requirement of the motor. The motor specifications 
are summarized in Table 1.[10] 
 

Table 1. Specifications of Brushed DC Motor Faulhauber 2842006C with a 14:1 gearbox. 

Nominal voltage u   6V 

Current up to 1.55A 

Back-EMF constant Ek
  

1.15mV/rpm 

Torque constant Mk
 

0.109Nm/A 

No-load speed 364rpm 
Torque up to 39Nm 

Motor Driver 
To control the DC-motors the Pololu dual MC33926 Motor Driver Shield for Arduino were used. A shield 
can be plugged directly on top of the Arduino and therefore extending its capabilities[11]. The board 
can operate from 5V to 28V and deliver a continuous 3A (5A Peak) per channel. This is sufficient for 
the Faulhauber motors which operates most efficiently at 6V and at 1.550A per channel. The maximum 
PWM-frequency is 20 kHz. The motor driver requires an external power source, capable of delivering 
the current the motors would need. This is summarized in Table 2.[12] 
 

Table 2. Specifications of Pololu dual MC33926 Motor Driver Shield for Arduino. 
Channels 2 

Operating Voltage 5-28V 

Continuous Output Current per Channel 3A (5A Peak) 
Maximum PWM-frequency 20kHz 
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Sensors 

An IMU was used to measure the tilt angle  as well as the angular velocity . Sparkfun’s MPU-6050 
was used with a 3-axis gyroscope and a 3-axis accelerometer, both using MEMS technology[13]. 
Communication between the Arduino and the IMU is performed using I2C[14] at 400kHz. This requires 
an SDA and an SCL pin on the Arduino. It is also important to read IMU values when change is detected 
which can be done with Arduino interrupt pins. The chosen IMU uses one interrupt pin. 

Arduino 
The Arduino Uno[15] was chosen because it has two interrupt pins which is sufficient for the one 
sensor used for the prototype. The Arduino board’s AVR microprocessor runs mostly on 5V. 

Level Shifter 
The IMU is a 3.3V chip while the Arduino operates mostly on 5V, therefore an Adafruit BSS138[16] 4-
channel, I2C-safe, Bi-directional Logic Level Shifter was used to protect the IMU from damages[17].   

Electrical Assembly 
The connection between the electrical components is illustrated in Figure 3.1. The Motor Driver shield 
were connected to the Arduino by soldering connective pins onto the shield and then mounting it on 
top of the Arduino. The IMU and the motors were then connected to the shield as an input and output 
respectively. For further details of specific connections refer to the manuals.     

Figure 3.1. A flowchart of the electronic components. 
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3.3 CAD  

Before constructing the prototype a visual model was modeled with a 3D-CAD program called Solid 
Edge. Some pieces that were difficult to find were designed and 3D-printed. In order to design an 
approximate model of the real prototype, in Solid Edge, all the parts were measured and weighed. 
With this information, the parts were modeled and put together into an assembly seen in figure 3.2.  

 
Figure 3.2. CAD-model of the robot where the green point shows the center of gravity. 

 

From the assembly the distance between the center of gravity and the wheel axis, CGL   was then 

obtained. Even the moment of inertia for each part could be acquired from the CAD-model, but these 
values were not used in this thesis, which is discussed later in the report.   
 

3.4 Hardware 

Based on the CAD and other facts the hardware components were chosen. 

Wheels 
To increase the total output rotational speed, the radius was the determining factor when choosing 
the wheels. For the size of the prototype a relatively big wheel radius of 4.6cm was chosen, which is 
larger than the initial approximation in section 3.1.  

Motor-Wheel-hub  
To connect the output shaft of the motors with each wheel a hex hub was needed. From the CAD, the 
hub was 3D-printed to fit the shaft and the wheel. The motor connecting to the hub is shown in figure 
3.3. 

Figure 3.3. The output shaft of the motor, to the left, connects to the hex hub.   

Platform 
When choosing material for the upper and lower platform, the weight was taken into consideration 
since they make up a big part of the prototype. From a lightweight plywood sheet, with a density of 
0.00067kg/m3, the two platforms were cut out with a laser cutter. Additionally the holes to attach the 
Arduino, motors, IMU and to connect the two platforms were cut out using a laser cutter.  
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Connection 
When choosing rods to connect the two platforms, both weight and sturdiness were thought of. As 
mentioned earlier a too heavy constructions hampers the balancing while a weak connection might 
lead to fraction. Therefore a metal threaded rod of 6mm was used which met our criteria.  

Assembly 
The prototype, shown in Figure 3.4, was built by first mounting the motors underneath the bottom 
platform with the designated holes. The wheels were connected to the motors’ output shaft with the 
3D-printed hub. The Arduino was then placed in the center on top of the bottom platform. Finally the 
IMU was placed in the center of the upper platform which was connected to the bottom platform, in 
each corner, with the threaded rods and nut screws.  

 
Figure 3.4. A picture taken of the prototype. 
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3.5 Code 

MATLAB – Simulating the robot 
The numerical calculations and simulations were done in MATLAB and Simulink, see Appendix C: 
MATLAB for the entire code. Firstly, the moment of inertia was computed[18]. The matrices A and B 
were then initialized, equation (2.10). With the numerical values in the matrices the gain K was then 
easily obtained knowing equation (2.13), and later inserted into Simulink. With Simulink and all needed 
parameters the state-space model were modelled, seen in figure 3.5, and the system’s behavior was 
simulated. 

 
Figure 3.5. Block-diagram of the system in Simulink. 

 
The simulations of the robot gave an idea of whether the construction of the robot worked or not as 
well as the limitations of the construction. Desirable results from the simulations means the values of 
the gain K is good enough to implement them into the system.   
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Arduino – Control of the Robot 
The flow chart in figure 3.6 illustrates the code logic for the Arduino. The program was based on several 
libraries which were implemented into our code. Note that the IMU, prior to balancing, has to be 
calibrated such that the angle is 0 at the upward-standing position.  

 System is initialized by including libraries, initializing variables and configuring pins. 

 Collect and process IMU data with Rowberg’s MPU6050 library for Arduino[19]. A constant is 
added to the measured data to compensate for the inaccuracy of the calibration and the 
assumption that the center of gravity is centered in the tilting direction. 

 A condition to check if the angle is in the interval 0.5deg 0.5deg    was added to reduce 

effects of noise as well as reduce impact of poor IMU calibrations. Improves the overall 
balancing.  

o If within interval, set motor speeds to 0 and break from loop. 
o If outside interval, continue the loop. 

 Calculate output voltage with state space controller with K constants from the control system. 

 Control motors using Pololu’s library for the MC33926 motor driver[20]. 

 Average loop-time is set to 10ms.  
The Arduino code in its entirety is attached in Appendix D: Arduino Code. 

Figure 3.6. Flowchart of the Arduino program main loop. 
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3.6 Results 

Parameters 
The robot’s mass and distance to the center of gravity were obtained from the approximate CAD-
model, seen in Table 3. 
 

Table 3. Value of the system’s mass and distance to the center of gravity. 

Parameters Value 

wm   0.07 [kg] 

pm   0.825[kg] 

CGL   0.0546 [m] 

 
Inserting these numerical values into the MATLAB code yielded the parameters presented in Table 4. 
 

Table 4. Values obtained from the calculations with MATLAB. 

Parameter Value 

wI   1.1396e-04 [kgm2] 

pendI   0.0012 [kgm2] 

totm  0.965 [kg] 

 

MATLAB Simulation 
By having all values of the parameters the matrices A and B were calculated with MATLAB and were 
given as 

 

0 1 0 0 0

0 0.0657 0.4185 0 0.2878
,

0 0 0 1 0

0 0.1294 9.1874 0 0.5422

A B   (3.1) 

The choice of Q, discussed in the next chapter, was 

 

1 0 0 0

0 1 0 0

0 0 5000 0

0 0 0 1

Q   (3.2) 

With the results above, the values of K were obtained. The focus in this thesis was regulating the angle 
which renders the system’s position and velocity irrelevant. That is why K1 and K2 were chosen to be 
zero. The original K and altered K was 
 

 

1 0

6.3671 0

96.9084 96.9084

22.1420 22.1420

K K   (3.3) 
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Where the left one is the original K. The one on the left is the altered K and also the one that was used 
in simulation and Arduino code. 
Simulation starting at 3 degrees in MATLAB, gave the following graphs, see figure 3.7 and 3.8. 
 

 
Figure 3.7. Simulation of the angle when the robot start at 3 degrees with the original K 

 
Figure 3.8. Simulation of the angle when the robot start at 3 degrees with the altered K 

 
As seen from the figure 3.7 the rise time of the simulation with the original K were 0.33 seconds and 
for figure 3.8 the rise time for the altered K were 0.42 seconds.  
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Prototype 
Combining the hardware, the software and the result from above the prototype were working and we 
could collect data. The robot performed the same experiment 10 times with an arbitrary chosen 
starting angle  of 3 degrees, taking in consideration that the MATLAB simulation could control an 
angle of approximately 3.5 degrees with the chosen motors. All experiments shows similar behavior 
and the collected data from three arbitrary selected experiments are shown in figures 3.9, 3.10 and 
3.11. The graphs shows the angle, on the y-axis, as a function of the time, in the x-axis. The lighter 
shade represents the collected data whereas the darker shade uses MATLAB’s Lowess Smoothing[21] 
to get smoother data from the oscillating data. This is useful for determining the rise time. The mean-
value of the rise time calculated from the smoothed data were 0.451 seconds from the three 
experiments, shown in Table 5. The difference, in rise time, to the theoretical value, collected from 
figure 3.8, was then 0.031 seconds, making it 7.4% slower.  
 

Table 5. Rise time of experiment 3, 8 and 9.  
 Experiment 3 Experiment 8 Experiment 9 

Rise time [s] 0.406 0.530 0.417 

 

 

Figure 3.9. Data from experiment 3. Angle as a function of time.  
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Figure 3.10. Data from experiment 8. Angle as a function of time. 

 

 

Figure 3.11. Data from experiment 9. Angle as a function of time. 
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4 DISCUSSION AND CONCLUSIONS 

In this chapter the presented results from the previous chapter are discussed. The conclusion is based 
on the analysts of the results and aims to answer the research question formulated in Section 1.2 

4.1 Reflection on Parameters 

The system was, as mentioned in 2.3, divided into two wheels and an inverted pendulum. The wheel’s 

mass 
wm  also included the parts that were attached to the wheel, a hub and a screw. All the other 

remaining parts were then included in the addition to the pendulum’s mass. The numerical values 
should be correct since they were obtained through weighing, unless the weighing scale had some 
defects. The distance between center of gravity and the wheel’s axis was small relative to the 
prototype’s length which is reasonable since all the heavy parts were placed underneath the 
prototype’s lower platform. All values were deemed reasonable and therefore they could be used to 
calculate the moment of inertia.  
 
As mentioned in the CAD section the moment of inertia could easily be obtained once the 3D-models 
had the right measurements. However some parts of the prototype had such a small weight that the 
moment of inertia were calculated to be 0. The pendulum’s moment of inertia was 0.001 [kgm^2] 
which was not accurate enough for our purpose. That is why we chose to calculate all the moments of 
inertia manually with MATLAB. The calculated values showed more significant digits than the ones 
from CAD and they seemed to be reasonable since the mass is not that large. 

4.2 Theoretical Results 

The Q was chosen as matrix (3.2) since the main focus of this thesis was to control the angle, hence 
the large factor for the angle compared to the other states. The factor, of 5000, for the angle in Q was 
chosen through an iterative process that resulted in a desired rise time while the input voltage still 
meet the limitations of the motors. Larger Q required a higher voltage but resulted in shorter rise time, 
which means that the choice of Q is solely dependent on the wanted performance.  
 
It is worth to mention that instead of setting K1 and K2 to 0, a slightly different result could be achieved 
by changing the weight matrix Q. If Q would be changed to  
 

 

0 0 0 0

0 0 0 0

0 0 5000 0

0 0 0 1

Q    (4.1) 

LQR would ignore the position and velocity while still controlling the pitch angle. The perks with this 
method would be that LQR would not take the position and velocity into account during the 
optimization, but this is of such small importance since LQR already almost ignores these states 
because of the dominant term for the angle. Additionally, changing the Q to the matrix (4.1) would 

require a modification of the size of matrices A and B by not including the first two states in h , x  and

x . What is more important and also the reason for why K1 and K2 were put to 0 is because it makes it 
a lot easier if one would like to control the position and velocity as well. What is required to do in order 
to get full control is to update Q to increase the importance of the position state and update the K 
values accordingly. The faster rise-time using the original K-values indicates that the speed of the 
system will increase by using all states, with angular overshot as a trade-off.  
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The wheel’s impact 
While simulating the balancing process from 3 degrees we tried to change the radius of the wheel. It 
showed that larger wheels would require higher voltage while smaller wheels gave a longer rise time. 
One possible explanation for this could be that larger wheels has larger moment of inertia which 
increased the needed torque and consequently also the voltage since it is dependent on it. However 
larger wheels also leads to better performance in rise time which is a result of the longer distance 
travelled per revolution.  
 

4.3 Prototype Results 

When comparing the theoretical rise time with that of the prototype, the results shows that they do 
not differ much. However the overall appearance of the experiments differs from the MATLAB 
simulation, which might have affected the measured rise time.  

The interval’s impact 
The oscillations and the overshoot apparent in the graphs from the prototype, but not in the MATLAB 
simulation, might be a consequence of the implemented 0.5˚-condition for the control system. When 
the angle is within the interval    0.5 0.5 , the motors stops. The robot will then start to fall 
randomly once again and will not start to balance before the angle is outside the interval. There is no 
documented theory behind the decision to use this condition and extensive effort was not put into 
evaluating different intervals. However, we observed a better balancing performance while using this 
interval which we believe works to counter noise measured by the IMU. We also observed that using 
a smaller or larger interval would lead to more severe oscillation. It is difficult to analyze what further 
consequences this interval might bring to the control system. One of them could be that it causes the 
overshoot that doesn’t exist in the theoretical graph. After the rise the motor does not keep controlling 
the angle until it overshoots to 0.5 degrees.  

The motors’ impact 
During testing it became evident that the difference in performance of the same type of motor as well 
as rotational direction of the motors are factors that might affect the balancing. In our case the motors 
were tested prior to the experiments and the difference was not significant enough to hinder the 
balancing, but we believe that it did affect the results negatively. Since the motors rotates slower than 
the calculated performance, the prototype is less responsive than the theory giving a slower rise time, 
as can be seen in simulation 9. Moreover, since the rotational speed was different for each wheel, the 
robot would slightly rotate. 

The constant’s impact  
The constant of 1.35 that was added to the measured angular data for better balancing performance 
might give rise to error due to its lack of accuracy. This was added to compensate for the inaccuracy 
of the IMU calibrations such that the angle would be 0 at an exact upward standing position as well as 
the fact that the center of gravity probably is not exactly centered in the tilt direction. 

The hub’s impact 
During the course of the thesis, we observed that the wear down of using plastic hubs, used to connect 
the motor’s output shaft and wheels, are significant and could affect the accuracy of the results. Since 
this was detected before any data were collected, new hubs were printed and used only for the 
collection of data. Therefore we deemed this to have negligible effect on the results. 

Neglecting rotational friction and its impact 
Neglecting the rotational friction does bring error to the model since the wheel would rotate slower 
than the calculations of the model. The consequence would be a worsened performance in the 
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balancing of the prototype depending on the magnitude of the friction, which were assumed to be 
small.  

Reflection of simulation 

When testing the balancing of the prototype it would have been ideal to let go of the robot when it is 
standing upwards and then compare the rise time during its rising with the theory. However it is 
impossible to foresee the direction the robot will fall towards, therefore the experiments began with 
a robot tilting 3 degrees. Knowing which direction it would fall made it easier to simulate the balancing 
process and compare the prototype’s rise time with the theoretical rise time. The angle was arbitrarily 
chosen with a restriction that any angle greater than 3.5˚ would result in breaching the motor’s 
nominal voltage of 6V. Based on our experience gained from this project, we believe that the 
characteristics of the results would be similar even if the starting angle, within the allowed interval

   3.5 3.5  , would have been different.  

Restrictions of the results 
The assumption of small angle deviations should not have a big impact on the results since the tests 
performed simulations did not exceed 3.5˚. The same assumption is justified by the fact that the 
purpose and scope of the thesis included research of the balancing aspect within small angles, which 
was successfully achieved. The small angle deviation translates to small disturbances that affects the 
robot and it is therefore important to note that sudden and more substantial disturbances are not 
covered by this thesis. It can also be added that the results of this thesis does not apply on models that 
move in more than one direction or on uneven surfaces. 

4.5 Conclusions 

The purpose of building a two-wheeled self-balancing robot as well as comparing the theoretical 
performance of a two-wheeled self-balancing robot, with respect to the rise time has been achieved. 
The prototype’s rise time was 0.451 seconds while the theoretical rise time was 0.420 seconds, which 
makes the prototype 0.031 seconds or 7.4% slower than the theoretical model. Reasons for this were 
discussed and possible sources of error could have been difficulties in calibrating the IMU, not 
considering the center of gravity in the tilting direction, difference in motors’ actual performance, 
among other reasons. Although there was a difference in performance of the rise time, there is also 
room for improvement to reduce this difference. The difference between the theoretical rise time and 
the practical could therefore be neglected unless high precision is desired. Our thesis is one of the 
areas that is useful to explore in order to develop a two-wheeled self-balancing vehicle. In combination 
with further research there are possibilities of a realized product. 
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5 RECOMMENDATIONS AND FUTURE WORK 
While this thesis has explored the possibilities to balance a two-wheeled robot within small angle 
deviations in one direction on even surfaces, many opportunities for improving and extending the scope 
of this thesis remain. This section presents some of these directions.  

5.1 Recomendations 

Hub connecting wheel and motor shaft 
When using a hub as a connection between the wheel and the shaft of the motor it is recommended 
to avoid using plastic and instead refer to metal. In case the right fit is not found for purchase, a 
suggestion is to use a lathe and drill to make a hub out of a metal cylinder. If those tools are not 
available, a 3D-printed plastic hub could be used as a last resort since it does function. In this case it is 
important to be aware of the consequences previously discussed and to adjust accordingly.  

Controlling motor speed 

The motors’ different performances could hinder the robot from balancing if ignored. It is therefore 
important to test both motors prior to assembling. If a significant difference is detected a 
recommendation is to either use encoders, if embedded into the motors, or the yaw-value from the 
IMU to control the direction which the robot moves. 

Neglecting rotational friction 
It is recommended to neglect the rotational friction between the wheel and the motor shaft since it is 
hard to model. If resources to explore the rotational friction in detail does not exist, there is a risk that 
the friction is incorrect which leads to unnecessary errors in the model.  

Center of gravity and IMU calibration  
To improve the balancing, without adding a constant to the measured angular data, the center of 
gravity in the tilting direction should be considered. Moreover the cables and other small components 
should also be taken into consideration when calculating the weight and center of gravity.  
 
To accurately calibrate the IMU with the correct orientation could save a lot of time and  
Improve the correctness of the results. More effort could therefore be put to solve this issue, 
suggestively build a stand for the robot to stand perfectly vertically upwards when calibrating the IMU.  
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5.2 Future work 

Position Control 
The derived control system can be utilized to also control the position and speed of the robot. If 
position and velocity sensors, rotary encoders being one example, are added to the robot and the Q-
matrix is modified to increase the importance of the position, the position will also be controlled. If an 
Arduino is used it is important to note that each encoder requires two interrupt pins each. It is then 
required to use five interrupt pins in total which neither the UNO nor the Mega provides since the I2C 
pins are shared with two interrupts pins on the latter, leaving only four interrupt pins available. A 
possible solution to this problem is to collect data from the encoders with one Arduino and then 
communicate the data to another Arduino which collects data from the IMU and controls the motors 
simultaneously.  
 
Model expansion 
There are several areas which the model can be expanded upon. Firstly it can be expanded by allowing 
larger angle deviations which would be important when dealing with more significant disturbances. 
This would also result in more accurate results since the assumption of small angle deviations are 
eliminated. Note that the system in that case would be non-linear. Another area is to expand the model 
by separating the two wheels when deriving the system. This allows for control of the movement in 
more than one direction. The model could also be expanded to move on uneven surfaces to make the 
model more anchored in reality.  
 
Control movement 
A joystick could be added to the Arduino to enable steering of the robot. This could be achieved 
through Bluetooth or other wireless communication.  
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APPENDIX A: THE MEHCANICAL SYSTEM 
Derivation of the mechanical system equations. To avoid wasting unnecessary time on writing out CGL

the following equations will be using L  to represent the distance. 

A.1 Wheel 
Because of the mass symmetry on the Z-axis the forces on both wheels will have same forces that act 
on them and can therefore be described by the same figure. See figure A.1 

 
Figure A.1. Free-body diagram showing the forces acting on two wheels. 

  
An analysis of the forces acting on the two wheels yielded the following equations 
 2: w w x fm x R F      (A.1) 

 : 0 2g y wR R m g     . (A.2) 

The friction between the wheel and the motor shaft estimated to be small enough to be neglected and 
gave the following moment equation 

 A : 2 w w M fI T F r    . (A.3)
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A.2 Pendulum 
For the inverted pendulum the system can be seen in figure A.2. 
 

 
Figure A.2. Free-body diagram of the pendulum 

 
In figure 5 the sum of forces perpendicular to the pendulum were yielded 
 

 cos( ) cos( ) sin( ) sin( ) sin( )p p p x p y p p p p p p p pm x R R m g m L m y             (A.4) 

 
and for the sum of forces in horizontal and vertical direction is given as 
 

 
2: cos( ) sin( )p p x p p p p p pm x R m L L m          (A.5) 

 
2: sin( ) cos( )P p y p p p p p p p pm y R m g m L m L m         . (A.6) 

 
The sum of moments around the pivot point of the pendulum yielded following equation 
 

    : sin cospend p M CG P y P xG I T L R R          (A.7) 

and TM is the motor torque that was described in previous section. 
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A.3 The system 

The system’s angular velocity, and acceleration,  can be rewritten as  

 ,
x x

r r
 

 
   . (A.8) 

For the defined coordinates the negative sign indicates the system’s direction is negative while the 
angular velocity and acceleration is positive.  
   
By substituting the expression for TM (2.5) and frictional force (A.1) into the wheel’s moment equation 
(A.3) it gives the following equivalence 

  2 2 2M M E
w w w x w w

k k k
I u R m X r

R R
 

 
    

 
 . (A.9) 

By rearranging equation (A.5) the expression for Rx is obtained and could be inserted into equation 
(A.9) 

          22 2 sin( ) cos( ) 2M M E
w w w p p p p p p p p w w

k k k
I u L m m L m x m X r

R R
     

 
      

 
 . (A.10) 

With equation (A.8), the wheel’s angular velocity and acceleration is rewritten and substituted into 
(A.10) which is expressed as 
 

  22 2 sin( ) cos( ) 2w wM M E
w p p p p p p p p w w

X Xk k k
I u L m m L m x m X r

r R R r
   

 
       

 

 . (A.11) 

When the entire system is moving towards one direction the pendulum and the wheel are expected 
to have approximately the same velocity therefore the systems’ velocity is expressed as 

p wx x x . The wheel’s moment equation (A.11) is now expressed as 

  22 2 sin( ) cos( ) 2M M E
w p p p p p p p w

k k kx x
I u L m m L m x m x r

r R R r
   

 
       

 
 . (A.12) 

Thus  

 2

2 2
2 2 2 2 cos( ) m sin( )wM M E

w p p p p p p p

Ik k k
u m m x x m L L

Rr r Rr
   

 
       

 
 . (A.13) 

For the pendulum’s moment equation (A.7), the torque MT  is again represented by equation (2.5) 

and the angular velocity is substituted with (A.8) which gives the following  

    : 2 sin cosM M E
pend p CG P y P x

k k k x
G I u L R R

R R r
  

 
        

 
 . (A.14) 

Equation (A.4) is rearranged and multiplied by 
CGL and yielded 

 

    2sin cos cos( ) sin( ) sin( )CG P y P x p p p p p p p p pL R R m Lx m Lg m L m Ly             . (A.15) 

Substituting this into equation (A.14) gives the following moment equation for the pendulum 
 

22 cos( ) sin( ) sin( )M M E
pend p p p p p p p p p p

k k k x
I u m Lx m Lg m L m Ly

R R r
    

 
       

 
 . (A.16)
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APPENDIX B: LINEARIZATION 
In this appendix the linearization of the system is shown. 
 

Assume small angle deviation for the angles, p  and 
w

. That means if vertical standing positions is

p 0  and 
w 0 , then assume p w , where  represents a small angle from the upright 

position. With these assumptions the following non-linear factors are expressed as 
 

 

p w

p w

2 2 2

p w

cos( ) cos( ) cos( ) 1

sin( ) sin( ) sin( )

0

  (B.1) 

By applying following assumptions in equations (A.13) and (A.16) gives the following linearized 

equations 

 
2 2

2 2 2 2wM M E
w p p

Ik k k
u m m x x m L

Rr r Rr


 
      

 
 , (B.2) 

 22 M M E
pend p p p p p

k k k x
I u m Lx m Lg m L m Ly

R R r
   

 
       

 
 . (B.3) 

 
Rearranging equations (B.2) and (B.3) to get the state space representation 
 

2

22 2

2 2

22 2 2

pM M E

ww w
w pw p w p

m Lk k k
x u x

II I
m mRr m m Rr m m

rr r




  
   

       
   

 , (B.4) 

   
 

2 22 2

2 2 p pp M E M

pend p pend ppend p pend p

m L g ym L k k k
x x u

I m L I m LRr I m L R I m L
 


   

  
 .                          (B.5) 

 
By substituting equation (B.4) into equation(B.5), then (B.5) into (B.4) the system is then represented 

by the form uh Ah B  ,where  

x

x
h , 

x

x
h  

and after a series of algebraic manipulation the state space-model for the system is obtained 
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To understand the system in a better way a block diagram of the state-space is drawn and seen in 
figure B.1. The system is dependent of the gain, K, which tells the system how much the input signal 
should vary relative to the output signal y. 
 

 
  Figure B.1. State space model with feedback control 
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APPENDIX C: MATLAB CODE 
In this appendix the code used for simulation of the system is presented.  
 
Variables.m  
 
%% Variables 
% This file calculates: 
% m_w,  wheel's mass 
% m_p,  pendulum's mass 
% mtot, total mass 
% I_w, I_p: I_p is the pendulums inertia around centre of mass. 
% I_G,  Inertia around the centre of mass 
  
L_G=0.03357+0.0210; %0.07405+0.0210;%0.08518+0.021;      % Distance between pivot point and the centre 
of mass 
g=9.81;            % Gravitational constant 
K_E=1.15 * 60*10^-3/(2*pi);     % Back-EMF constant [Vs/rad] 
K_M=0.01090303603066152;                      % 
res=1.6;             % Resistance in the motor################# 
  
%% Moments of inertia: WHEEL + SCREW + HUB 
%mass [kg] 
m_wheel=0.053; 
m_screw=0.009; 
m_hub=0.008; 
m_w=m_wheel + m_screw + m_hub;  %total mass 
  
%radius [m] 
r_w=0.092/2; 
r_screw=0.009; 
r_hub=0.019; 
  
%Intertia 
I_one_wheel = m_wheel*r_w^2; 
I_screw=0.5*m_screw*r_screw^2; 
I_hub=0.5*m_hub*r_hub^2; 
  
I_w = I_one_wheel + I_hub + I_screw; 
% Measurements 
r=0.455; 
  
%% Moments of intertia: Pendulum  
% sum of 4 intertia: mass of battery and floor + 4x dowels + floor + 
% motor(& company) 
  
%mass [kg] 
battery=    0;%0.001; roof 
batteryf=   0; %floor 
arduino=    0.028; 
dowel=      0.057; 
encoderbracket= 0;%0.006; 
encoder=        0;%0.033; 
motorplastic=   0.019; 
motormetal=     0.001; 
motordriver=    0.021; 
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motor=  0.195; 
floor=  0.051; 
screw=  0.001; 
  
%Sum of mass 
m_battery=battery+floor;            %battery + roof 
m_floor=floor+motordriver+arduino+batteryf;  %floor + motordriver + arduino + batteryf 
m_motor=motor+motorplastic+motormetal+encoder+encoderbracket+8*screw;   %motor + 
motorbracket(both part) + encoder bracket + encoder + screws 
m_p=m_battery + 4*dowel + m_floor + 2*m_motor;        % total mass of pendulum 
  
mtot=2*m_w+m_p;          %% The mass is correct! 
  
%length [m] 
len_battery=0.27;       % approximate the mass of battery + roof as a point of mass 
len_floor=0.026;        % approximate the mass of the floor+motordriver+aurdino as a point of mass 
len_motor=0.024;        % solid disk: sum of the mass of total components 
len_dowel=0.171;    
len_dowels_center = len_dowel/2; 
len_doweltowheel = 0.202 - len_dowels_center; % Distance between the center of dowel and the C of the 
weel 
  
%Intertia [kg/m^2] 
I_battery = m_battery * len_battery^2;          % point mass 
I_floor = m_floor * len_floor^2;                % point mass 
I_motor = m_motor * len_motor^2 * 0.5;          % solid disk 
I_dowel_center = dowel * len_dowels_center^2 * 1/12;    % dowel's intertia around its center 
I_dowel = I_dowel_center + dowel * len_doweltowheel^2;  % Steiners theorem 
I_pendulum = I_battery + I_floor + 2 * I_motor + 4 * I_dowel; 
 % Steiners sats, to calculate pendulums inertia around the system's centre of mass 
I_p = I_pendulum - m_p * (0.08518)^2;    % eller 0.08518-0.005 (där 0.005 är halva tjockleken på plankan 
 
I_tot = 2 * I_w + I_pendulum; 
I_tot_G = I_tot - mtot * L_G^2; 
%% Density 
m_floor=0.051;  %[kg] 
v_floor=(200*100*3.8)*10^-3;  %[m^3] 
den_floor=m_floor/v_floor;  %[kg/m^3] 
m_dowel=dowel;  %[kg] 
v_dowel=(236.6*6)*10^-3;  %[m^3] 
den_dowel=m_dowel/v_dowel;  %[kg/m^3] 

 

 

LQR.m 
close 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% 
% LQR.m 
% This code uses LQR to obtain the gain K 
% and simulates a balancing robot 
% Author: Dan Nguyen and Kayan Phoung 
% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
  
%-----------Variable initialization----------- 
% see matlabfile Variables.m for details. 



 

3 
  

Variables; 
%-----------System Matrices----------- 
% mutual factors 
alpha = 1/(I_p + m_p*L_G); 
beta = 1/((2*m_w + 2*I_w/r_w^2 + m_p)*res*r_w); 
gamma = 1 - (m_p*L_G)^2 * alpha * beta * res  * r_w; 
epsilon = 1 + (m_p*L_G)^2*res*r_w*alpha*beta; 
y_pp = 0; 
  
% MATRIX A 
A = zeros(4,4); 
A(1,2) = 1; 
A(2,2) = 2 * K_E * K_M * beta * (m_p*L_G*alpha-1/r_w) / gamma; 
A(2,3) = (m_p*L_G)^2*alpha*beta*res*r_w*(g+y_pp)/gamma; 
A(3,4) = 1; 
A(4,2) = -2*K_E*K_M*(m_p*L_G*alpha*beta/r_w + alpha/(res*r_w))/epsilon; 
A(4,3) = m_p*L_G*(g+y_pp)*alpha/epsilon; 
  
% MATRIX B 
B = zeros(4,1); 
B(2) = 2* K_M * beta*(m_p*L_G*K_E*alpha*r_w-1)/gamma; 
B(4) = -2*K_M*alpha*(m_p*L_G*beta+1/res)/epsilon; 
  
% MATRIX C 
C1 = [1 0 0 0; 0 1 0 0; 0 0 1 0; 0 0 0 1]; 
C = [1 0 0 0;  
    0 0 1 0] 
  
% MATRIX D 
D = [0; 0]; 
%-----------LQR control design----------- 
disp('LQR control') 
disp('In our case Q is a 4 x 4 weighting matrix for the outputs') 
disp('R is a 1 x 1 weighting matrix for the input') 
%x is the weighting for the wheels position 
%y is the weighting for the pendulum position 
x = 1; y =5000; 
weight = [1 x y 1]; 
Q = diag(weight); 
R = 1; 
BRinverse = B*inv(R)*B'; 
P = are(A,BRinverse,Q); 
% ----Feedback Gain---- 
disp('Feedback Gains for the system') 
K = inv(R)*B'*P 
% ----Simulate the system---- 
% Simulation time step 
T=0:0.02:10; 
% Impulse response input 
U=zeros(size(T)); 
U(1)= 1; 
% System matrices with feedback 
Ac = [(A-B*K)]; 
Bc = [B]; 
Cc = [C]; 
Dc = [D]; 
% Obtaining the States and the output response 
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[Y,X]=lsim(Ac,Bc,Cc,Dc,U,T); 
% Obtaining the torque needed to control the system 
[n m] = size (X) 
for i = 1:n 
UU(i) = -K*X(i,:)'; 
end 
new_poles = eig(Ac) 
figure, 
% plot the states 
title(' Impulse response of the plant with LQR control') 
plot(T,[X(:,1) X(:,2) X(:,3) X(:,4)]), xlabel('Time [s]'), 
ylabel('Position[m],Velocity[m/s],Angle[rad],Angular velocity[rad/s]') 
legend('x','xDot','phi','phiDot') 
% plot the outputs 
figure 
plot(T,[Y(:,1) Y(:,2)]), xlabel('Time [s]'), ylabel('Outputs') 
legend('x','theta')  
% simulate the angle deviaton when the robot starts from an angle of 3 degree 
r=0; 
deg = -3; 
rad = deg * pi/180;     % converting the angle to radian 
S=[0; 0; rad; 0];        
% only interested in regulating the angle hence the measurements of x and 
% xdot is neglected. Therfore the K1=K2=0 
%K=K.*[0 0 1 1]; 
% needed voltage for certain state, S 
u=-K*S+r 
figure 
D=zeros(4,1); 
% Simulating the system with simulink 
[tout1,yout1,uout]=sim('simu.slx'); 
sim_angle=yout1(:,3).*180/pi; 
plot(tout1,sim_angle), xlabel('Time [s]'), ylabel('Angle [deg]') 
legend('theta') 
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APPENDIX D: ARDUINO CODE 
In this appendix the code used to control the prototype is presented. 
 
// I2Cdev and MPU6050 must be installed as libraries, or else the .cpp/.h files 
// for both classes must be in the include path of your project (IMU DATA) 
#include "I2Cdev.h" 
#include "MPU6050_6Axis_MotionApps20.h" 
#include "DualMC33926MotorShield.h" 
 
// Arduino Wire library is required if I2Cdev I2CDEV_ARDUINO_WIRE implementation 
// is used in I2Cdev.h 
#if I2CDEV_IMPLEMENTATION == I2CDEV_ARDUINO_WIRE 
#include "Wire.h" 
#endif 
 
#define degToRad(x) (x*0.0174532925) 
 
MPU6050 mpu; // class default I2C address is 0x68 
DualMC33926MotorShield md; 
 
// MPU control/status vars 
// -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- 
bool dmpReady = false;  // set true if DMP init was successful 
uint8_t mpuIntStatus;   // holds actual interrupt status byte from MPU 
uint8_t devStatus;      // return status after each device operation (0 = success, !0 = error) 
uint16_t packetSize;    // expected DMP packet size (default is 42 bytes) 
uint16_t fifoCount;     // count of all bytes currently in FIFO 
uint8_t fifoBuffer[64]; // FIFO storage buffer 
 
// orientation/motion vars 
// -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- 
Quaternion q;           // [w, x, y, z]         quaternion container 
VectorFloat gravity;    // [x, y, z]            gravity vector 
float ypr[3];           // [yaw, pitch, roll]   yaw/pitch/roll container and gravity vector 
int16_t gyro[3];        // [dyaw, dpitch, droll] 
 
// Control System vars  
// -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- 
long voltage; 
float theta; 
float x = 0; 
float dx = 0; 
 
// Variables used for timing control 
#define STD_LOOP_TIME 10 
unsigned long loopStartTime = 0; 
 
// ================================================================ 
// ===                      INITIAL SETUP                       === 
// ================================================================ 
 
void setup() { 
  // join I2C bus (I2Cdev library doesn't do this automatically) 
#if I2CDEV_IMPLEMENTATION == I2CDEV_ARDUINO_WIRE 
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  Wire.begin(); 
  TWBR = 24; // 400kHz I2C clock (200kHz if CPU is 8MHz). Comment this line if having compilation difficulties 
with TWBR. 
#elif I2CDEV_IMPLEMENTATION == I2CDEV_BUILTIN_FASTWIRE 
  Fastwire::setup(400, true); 
#endif 
  // initialize serial communication 
  Serial.begin(115200); 
 
  // MPU6050 ------------------------------------------------------ 
  // Initialize MPU6050 
  mpu.initialize(); 
  Serial.println(F("Testing MPU6050 connections...")); 
  Serial.println(mpu.testConnection() ? F("MPU6050 connection successful") : F("MPU6050 connection failed")); 
  Serial.println(F("Initializing DMP...")); 
  devStatus = mpu.dmpInitialize(); 
 
  // MPU6050 offsets 
  mpu.setXGyroOffset(235); 
  mpu.setYGyroOffset(57); 
  mpu.setZGyroOffset(144); 
  mpu.setXAccelOffset(-2166); 
  mpu.setYAccelOffset(443); 
  mpu.setZAccelOffset(1263); 
 
  // make sure MPU worked (returns 0 if so) 
  if (devStatus == 0) { 
    // turn on the DMP, now that it's ready 
    Serial.println(F("Enabling DMP...")); 
    mpu.setDMPEnabled(true); 
 
    // enable Arduino interrupt detection 
    Serial.println(F("Enabling interrupt detection (Arduino external interrupt 0)...")); 
    attachInterrupt(0, dmpDataReady, RISING); 
    mpuIntStatus = mpu.getIntStatus(); 
 
    // set our DMP Ready flag so the main loop() function knows it's okay to use it 
    Serial.println(F("DMP ready! Waiting for first interrupt...")); 
    dmpReady = true; 
 
    // get expected DMP packet size for later comparison 
    packetSize = mpu.dmpGetFIFOPacketSize(); 
  } else { 
    // ERROR! 
    // 1 = initial memory load failed 
    // 2 = DMP configuration updates failed 
    // (if it's going to break, usually the code will be 1) 
    Serial.print(F("DMP Initialization failed (code ")); 
    Serial.print(devStatus); 
    Serial.println(F(")")); 
  } 
 
  // Motor Driver ------------------------------------------------- 
  // Initialize Motor Driver 
  md.init(); 
  Serial.println("Dual MC33926 Motor Shield initialized"); 
} 
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// ================================================================ 
// ===                Stop Motor Driver if Fault                === 
// ================================================================ 
 
void stopIfFault() 
{ 
  if (md.getFault()) 
  { 
    Serial.println("motor driver fault"); 
    while (1); 
  } 
} 
 
// ================================================================ 
// ===               INTERRUPT DETECTION ROUTINE                === 
// ================================================================ 
 
volatile bool mpuInterrupt = false;     // indicates whether MPU interrupt pin has gone high 
void dmpDataReady() { 
  mpuInterrupt = true; 
} 
 
// ================================================================ 
// ===                      GET IMU DATA                        === 
// ================================================================ 
 
void getImuData() { 
  // reset interrupt flag and get INT_STATUS byte 
  mpuInterrupt = false; 
  mpuIntStatus = mpu.getIntStatus(); 
 
  // get current FIFO count 
  fifoCount = mpu.getFIFOCount(); 
 
  // check for overflow (this could never happen unless our code is too inefficient) 
  if ((mpuIntStatus & 0x10) || fifoCount == 1024) { 
    // reset so we can continue cleanly 
    mpu.resetFIFO(); 
    Serial.println(F("FIFO overflow!")); 
 
    //otherwise, check the DM Pdata ready interrupt (this should happen frequently) 
  } else if (mpuIntStatus & 0x02) { 
    // wait for correct available data length, should be a VERY short wait 
    while (fifoCount < packetSize) fifoCount = mpu.getFIFOCount(); 
 
    // read a packet from FIFO 
    mpu.getFIFOBytes(fifoBuffer, packetSize); 
 
    // track FIFO count here in case there is > 1 packet available 
    // (this lets us immediately read more without waiting for an interrupt) 
    fifoCount -= packetSize; 
 
    // output yawpitchroll 
    mpu.dmpGetQuaternion(&q, fifoBuffer); 
    mpu.dmpGetGravity(&gravity, &q); 
    mpu.dmpGetYawPitchRoll(ypr, &q, &gravity); 
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    mpu.resetFIFO(); 
  } 
} 
 
// ================================================================ 
// ===             STATE SPACE CONTROL SYSTEM                   === 
// ================================================================ 
float K1=0, K2=0, K3=-96.9084, K4=-22.1420; 
long getVoltage(float x, float dx, float theta, float dtheta) { 
  timekeeper(); //for constant sample time  
  return constrain((x*K1 + dx*K2 + theta*K3 + dtheta*K4)*(400/6),-400,400); 
} 
 
// ================================================================ 
// ===                     GET PITCH VALUES                     === 
// ================================================================ 
// This returns the values from the IMU into degrees 
float pitch() { 
  return (ypr[1] * 180 / M_PI); 
} 
 
// ================================================================ 
// ===                      MAIN LOOP PROGRAM                   === 
// ================================================================ 
void loop() { 
  getImuData(); 
  theta = -pitch()+1.835; //Adjust pitch value to compensate for inaccurate calibration 
   
  if(abs(theta) > 0.5) voltage = getVoltage(x, dx, degToRad(theta), degToRad(gyro[1])); 
  else voltage = 0; 
  //Serial.println(voltage); 
  md.setM1Speed(voltage);  //motor 1 
  md.setM2Speed(voltage);  //motor 2  
   
} 
 
// ================================================================ 
// ===                          Timekeeper                      === 
// ================================================================ 
void timekeeper() { 
  
    // Calculate time since loop began 
    float timeChange = millis() - loopStartTime; 
  
    // If the required loop time has not been reached, please wait! 
  
    if (timeChange < STD_LOOP_TIME) { 
        delay(STD_LOOP_TIME - timeChange); 
    }  
  
    // Update loop timer variables 
    loopStartTime = millis();    
}



 

 
  

 


