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ABSTRACT

This paper is concerned with cooperative Terrain Aided Navi-
gation of a network of aircraft using fusion of Radar Altimeter
and inter-node range measurements. State inference is per-
formed using a Rao-Blackwellized Particle Filter with online
measurement noise statistics estimation. For terrain coverage
measurement noise parameter identification, an online Expec-
tation Maximization algorithm is proposed, where local suffi-
cient statistics at each node are calculated in the E-step, which
are then distributed to neighboring nodes using a random gos-
sip algorithm to perform the M-step at each node. Simulation
results show that improvement on positioning and calibration
performance can be achieved compared to a non-cooperative
approach.

1. INTRODUCTION

Modern autonomous systems are deployed in various envi-
ronments, such as underwater [1], indoors [2], or in civil and
military aviation [3]. Recently, there has been an increased
interest in multi-vehicle missions, where each platform acts
autonomously to fulfill a specified task. Apart from these
tasks, each platform performs self-localization to navigate
through the unknown environment, which is usually car-
ried out independently of other platforms. This approach,
however, has several shortcomings. For instance, the same
external landmarks may be used by different platforms for
self-localization, or inter-platform observations are available.
Exploiting this type of information generally improves the
self-localization of each platform, and therefore navigation of
multiple platforms need to be treated as a whole [2], which is
called cooperative navigation.

In cooperative navigation, each platform (or node of a
global network) has direct access to the observations of its
own sensors. Depending on the capacity of the (wireless)
communication link, the information collected at each node is
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- Conselho Nacional de Desenvolvimento Cientı́fico e Tecnológico, CISB -
Centro de Pesquisa e Inovação Sueco-Brasileiro and Saab AB.

usually distributed over the network, and each node then lo-
cally performs an improved estimation based on the informa-
tion received from the neighboring nodes. This so-called dis-
tributed estimation approach generally leads to an improved
global network estimation performance [4]. Consensus algo-
rithms are promising distributed approaches where all nodes
in the network aim at reaching an agreement on some com-
mon unknown information. The consensus averaging tech-
nique [5] has been studied in linear distributed estimation
problems using distributed Kalman Filter (KF) [6] and also
in nonlinear problems using Particle Filter (PF) [4]. It has
the property of asymptotically reaching the solution of the
centralized approach, but one of its drawbacks is the poten-
tially prohibitive communication overhead due to the multi-
iterative consensus step [7, 8]. Due to this shortcoming, other
techniques have been suggested in the literature which require
less communication bandwidth [9].

The purpose of this work is to study the problem of Ter-
rain Aided Navigation (TAN), whose concept is to use ter-
rain height variations along the aircraft flight path to pro-
vide high performance position estimates in an autonomous
manner without any support information sent to the aircraft
[10, 11]. The ground clearance (or terrain elevation) is mea-
sured by the Radar Altimeter (RALT), which is then com-
pared to a terrain height profile map to infer the aircraft’s po-
sition. The challenge with TAN is that the observation model
composed of the terrain height profile map is highly nonlinear
and non-analytical, i.e. common filtering approaches such as
Extended Kalman Filter (EKF) and Unscented Kalman Filter
(UKF) break-down [12]. In addition to that, when measur-
ing the ground clearance, the RALT will sometimes react on
echoes from tree tops or buildings, which can be modeled as
Gaussian Mixture Model (GMM) noise error whose parame-
ters are generally unknown [11, 12].

This paper can be seen as an extension of our previous
work [13], where the RALT observation has been modeled
as a jump Markov nonlinear system, in order to account
for the time-varying nature of the noise statistics. A Rao-
Blackwellized Particle Filter (RBPF) was then used for each
aircraft to simultaneously estimate the aircraft’s state together



with the model parameters describing the RALT observation
noise. Cooperation between aircraft took place by exchang-
ing sufficient statistics of the noise model parameters (which
can be assumed the same for all aircraft) via a consensus al-
gorithm. The main contributions of this work are as follows:
We extend the cooperation among aircraft by additionally
considering inter-node range measurements. These provide
geometric constraints on the position estimation [1] and in-
crease the reliability of the navigation in case (flat) areas with
low information on the terrain elevation profile are overflown.
The sufficient statistics of all measurement noise model pa-
rameters are distributed based on random pairwise gossip [9].

2. SYSTEM MODEL

1) General: The topology of the sensor network is modeled
as G = (ν, ε), which is an undirected graphical model where
ν is the set ofNS sensor nodes and ε are the set of edges, each
as an unordered pair of distinct nodes. The neighborhood of
a node s ∈ ν is defined as Γ(s) , {r|(s, r) ∈ ε}. Each node
s is assumed to be represented by a Jump Markov NonLinear
System (JMNLS) of the form

xs,t ∼ f(xs,t|xs,t−1), (1a)
ys,t ∼ grs,t(ys,t|xs,t; θrs,t), (1b)
rs,t ∼ Π(rs,t|rs,t−1). (1c)

where xs,t ∈ Rnx denotes the state of node s at time in-
stance t with transition density f(xs,t|xs,t−1), and rs,t ∈
{1, ...,K} is a discrete mode variable that evolves accord-
ing to a Markov chain with K × K Transition Probability
Matrix (TPM), whose elements are assumed to be unknown
and given by πk` = Π(`|k) = P(rt = `|rt−1 = k). The
state xs,t and the mode rs,t are latent, and are indirectly ob-
served through the measurement ys,t ∈ Rny which is de-
fined by a mode-dependent likelihood grs,t(ys,t|xs,t; θrs,t),
with unknown model parameters θk, k = 1, . . . ,K. The goal
is then to sequentially estimate (xs,t, rs,t) and identify the
model parameters θ = ({θk}Kk=1,Π) from the measurements
ys,0:t = [ys,0, . . . , ys,t]

T available up to time t.
2) Terrain Based Navigation: We consider NS aircraft in

formation flight, representing the sensor network. The dy-
namics of each aircraft (or node) s given by (1a) are assumed
to follow a constant velocity model [14], with state vector xs,t
composed of the pairs

{
pXs,t, p

Y
s,t

}
and

{
vXs,t, v

Y
s,t

}
that repre-

sent the 2D position and velocity. Each aircraft is measuring
the height above the terrain from the RALT (altitude above
sea level known), modeled as ys,t = h1(pXs,t, p

Y
s,t) + ers,t ,

where h1(., .) is a non-analytical and nonlinear lookup ta-
ble that represents the terrain elevation database that is stored
in the aircraft’s computer. The observation noise ers,t is as-
sumed mode-dependent, to account for the effect of multiple
reflections of the RALT echo signal on the open terrain model
[15]. The echo reflections are modeled by a 2-state Markov

chain [16], that switches between two Gaussian distributions
each having unknown mean and standard deviation, i.e. θk =
{µk, σk}, k = 1, 2. In addition to the RALT observations,
each node takes inter-node range measurements (via the inter-
node communication data link) to its neighboring sensors,
which are modeled as ỹsr,t = h2(pXs,t, p

Y
s,t, p

X
r,t, p

Y
r,t) + ẽs,t

with r ∈ Γ(s) and where h2(., ., ., .) denotes the Euclidean
distance between

{
pXs,t, p

Y
s,t

}
and

{
pXr,t, p

Y
r,t

}
. We further as-

sume reciprocity of the communication channel, i.e. ỹsr,t =
ỹrs,t holds, and the noise ẽs,t can be assumed zero-mean
Gaussian distributed with known variance σ2

d. Note, that the
variance can be also treated as an unknown parameter that has
to be identified, but we refrain from this option in the follow-
ing.

3. PROPOSED SOLUTION

1) Cooperative Sequential State Estimation: We assume
that at every time instant t each node s receives the fol-
lowing observation vector Ys,t , [ys,t Ȳs,t Ỹs,t]

T , where
ys,t is terrain elevation measurement observed by node s,
Ȳs,t , {yr,t}r∈Γ(s) are the terrain elevation measurements
of neighboring nodes, and Ỹs,t , {ỹsr,t}r∈Γ(s) is the set
of inter-node range measurements between node s and its
neighbors. For notational simplicity, we drop the unknown
parameter θ from the notation throughout this section. From
a Bayesian perspective, we are interested in recursively eval-
uating

p(xs,1:t, rs,t|Ys,1:t) = P(rs,t|xs,1:t, Ys,1:t)p(xs,1:t|Ys,1:t),
(2)

where the first density can be evaluated analytically using
conditional Hidden Markov Model (HMM) filters, and the
density p(xs,1:t|Ys,1:t) can be approximated using particle fil-
ters [17]. This technique is known as Rao-Blackwellization
and generally can lead to a reduction in variance of the esti-
mated parameters. The derivation of the filter can be found
in [13, 17] and is not repeated here. Rather, we present in the
following only the required filter modifications. We define for
each particle i (represented by the superscript (i)) the quantity

γ
(i)
s,t(rs,t) , p(Ys,t, x

(i)
s,t, rs,t|x

(i)
s,1:t−1, Ys,1:t−1)

= prs,t(Ys,t|x
(i)
s,t)f(x

(i)
s,t|x

(i)
s,t−1)α

(i)
s,t|t−1(rs,t).

(3)

where α(i)
s,t|t−1(`) , P(rs,t = `|x(i)

s,1:t−1, Ys,1:t−1) is ob-
tained by prediction using the previous HMM filter output
α

(i)
s,t−1|t−1(`) for ` ∈ {1, ...,K}. The HMM filter update

is then given by α(i)
s,t|t(`) = γ

(i)
s,t(`)/

∑K
k=1 γ

(i)
s,t(k). The un-

normalised particle weights w̃(i)
s,t can be adjusted accordingly,



yielding

w̃
(i)
s,t ∝ w

(i)
s,t−1

p(x
(i)
s,t, Ys,t|x

(i)
s,1:t−1, Ys,1:t−1)

q(x
(i)
s,t|x

(i)
s,1:t−1, Ys,1:t−1)

(4)

with p(x
(i)
s,t, Ys,t|x

(i)
s,1:t−1, Ys,1:t−1) =

∑K
k=1 γ

(i)
s,t(k), and

where q(x(i)
s,t|x

(i)
s,1:t−1, Ys,1:t−1) denotes the proposal density.

The modified likelihood prs,t(Ys,t|xs,t) can be decom-
posed as follows

prs,t(Ys,t|xs,t) = grs,t(ys,t|xs,t) p(Ȳs,t, Ỹs,t|xs,t)

= grs,t(ys,t|xs,t)
∏

r∈Γ(s)

p(yr,t, ỹsr,t|xs,t),

(5)

where the second equality follows from the assumption that
the observations are mutually independent. We further rewrite
the density p(yr,t, ỹsr,t|xs,t) in terms of the state vector xr,t
of the neighboring node

p(yr,t, ỹsr,t|xs,t) =

∫
p(yr,t, ỹsr,t, xr,t|xs,t) dxr,t

=

∫
p(yr,t|xr,t)p(ỹsr,t|xr,t, xs,t)p(xr,t|xs,t) dxr,t. (6)

The expression above is generally difficult to evaluate, so that
further simplifying assumptions have to be introduced. In par-
ticular, the evaluation of p(yr,t|xr,t) requires knowledge of
the mode rr,t which has generated the observation. In the
following we approximate this density by a mixture

p(yr,t|xr,t) ≈
1

K

K∑
k=1

gk(yr,t|xr,t), (7)

where we have assumed equal probable mixture component
weights. It is also possible to replace the mixture component
weights with conditional mode estimates αr,t|t(k) available
from the RBPF of node r, but this requires further informa-
tion exchange via the communication channel. Another issue
is the assumption on the density p(xr,t|xs,t). It is possible to
be considered as uniform distributed over some space relative
to node s, since we do not have (and exchange) information
about the current state of node r. Instead of evaluating the in-
tegral (6) over the entire space, we follow an approach that has
been suggested in [18]. We first note that the models for yr,t
and ỹsr,t are independent of the 2D velocity. Hence, the in-
tegration in (6) can be performed over the 2D position space.
We consider a smaller, ring-shaped discrete grid, χr, which
is centered at the position of node s and which has a radius
equal to the measured inter-node range ỹsr,t. The width of the
ring is based on a confidence interval of the inter-node range
observation model and is assumed to be ±3σ2

d. Assuming
NG grid points on the ring, the density can be approximated
numerically according to

p(yr,t, ỹsr,t|xs,t) ≈
1

NG

∑
x
(j)
r,t∈χr

p(ỹsr,t|x(j)
r,t , xs,t)p(yr,t|x

(j)
r,t ).

(8)

2) Networked Parameter Estimation: For estimating the
unknown parameter vector θ, the online Expectation Maxi-
mization (EM) algorithm [19] is used. It requires that the
nonlinear dynamical system corresponding to each mode be-
longs to the curved exponential family [20], such that a re-
cursive calculation of the corresponding sufficient statistics
s(zs,t, zs,t−1), with zs,t , {xs,t, rs,t}, becomes feasible. In
particular, it enables to recursively update an intermediate
quantity Ts,t(zs,t) , Eθ′ [

∑n
t=1 s(zs,t, zs,t−1)|zs,t, ys,1:t] at

each time step, from which the a new parameter estimate θ̂t

can be computed from the mapping Λk(.), as it is described in
more detail in [13,21]. The RBPF output, i.e. {w(i)

s,t, x
(i)
s,t}

Np

i=1

can be used to compute for each particle an approximation
of the intermediate quantity T̂ (i)

s,t (`) ≈ Ts,t(x
(i)
s,t, rs,t = `),

according to [17]

T̂
(i)
s,t (`) =

NP∑
j=1

K∑
k=1

(
w̃

(i,j)
s,t (`, k)∑N

u=1

∑K
m=1 w̃

(i,u)
s,t (`,m)

×
[
(1− ηt)T̂ (j)

s,t−1(k) + ηtst(x
(j)
s,t−1, rs,t−1 = k, x

(i)
s,t, rs,t = `)

])
.

(9)

where

w̃
(i,j)
s,t (`, k) = f(x

(i)
s,t|x

(j)
s,t−1)πk`α

(j)
s,t−1|t−1(k)w

(j)
s,t−1, (10)

the recursion is initialized with T̂ (i)
s,0(`) = 0, and where ηt is

a forgetting factor satisfying the stochastic approximation re-
quirements

∑
t≥1 ηt = ∞ and

∑
t≥1 η

2
t < ∞. The estimate

for the local sufficient statistics is finally obtained from Ŝs,t =∑NP

i=1

∑K
`=1 w

(i)
s,tα

(i)
s,t|tT̂

(i)
s,t (`). The computational complex-

ity of computing (9) is O(K2N2
P ) and can be reduced by us-

ing path-based smoothing [17], which is however not consid-
ered in this work.

2.1) Random Gossip: Defined as an algorithm in which
each node communicates with no more than one neighbor in
each time slot [9]. Different from consensus, evaluated in our
previous work [13], when each node s communicates with all
the elements of Γ(s), this algorithm utilizes only a subset of
unitary size.

As the quantity of interest we consider the sufficient
statistics, whose distributed averaging is aimed. Within this
approach, at each time-step, a randomly selected set of pairs
from neighboring nodes exchange data in order to spread
information throughout the network. The information ex-
changed between node pairs (local sufficient statistics) is



combined as ζ(t)
s = 1

2 (Ŝs,t + Ŝr,t) and leads to a random
information spread over the network.

It is worth noting that the random gossip is applied only to
the parameter estimation. Cooperation via inter-node measur-
ments is performed over standard protocol where each node
is communicating with each other.

The random gossip approach can significantly reduce the
communication cost, since, instead of communicating itera-
tively with all the neighbours, each node has only to exchange
information with one single node.

4. SIMULATIONS

Performance is assessed via 100 independent Monte Carlo
runs evaluating a 22.5 seconds (450 measurements) of stabi-
lized flight from NS = 9 aircraft flying in constant formation
over a simulated terrain created by a 2D Gaussian low-pass
filter over uniform noise [22]. The mode-dependent obser-
vation noise of the RALT follows a 2-state Markov chain,
with transition probabilities π11 = 0.85 and π22 = 0.6, that
switches between two Gaussian distributions with parameters
θ1 = {0, 1} and θ2 = {20, 4}. For the inter-node measure-
ments, σd = 0.5. The forgetting factor follows ηt = t−0.7.

The RBPF for each node usesNP = 300 particles, a blind
proposal density and NG = 400 grid points for the inter-
node measurements likelihood evaluation. At time t = 0,
all filters are initialized with x

(i)
s,0 = xs,0, w(i)

s,0 = 1/NP

and α
(i)
s,0|0(`) = 1(rs,0 = `) for s = 1, . . . , NS and i =

1, . . . , NP . The parameter estimation starts after 2.5 seconds
(50 iterations) in order to guarantee that the M-step update is
numerically well-behaved [21]. The initial guess for the on-
line EM algorithm are given by: π̂0

11 = 0.5 and π̂0
22 = 0.5,

θ̂0
1 = {−5, 5} and θ̂0

2 = {25, 5}.
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1) Results Analysis: Both consensus and random gossip
strategies were evaluated considering only one iteration per
time step. It is then the minimum load on the network im-
posed by the parameter estimation task. Figure 1 addresses
the position estimation Root Mean Square (RMS) error. It

is clear the proposed solution for the cooperative filtering
provides some performance increase on the navigation task
(around 12%).

In Figure 2, the parameter estimation presents substantial
performance improvement when using cooperation between
nodes. The random gossip behaves almost as the consensus
strategy.
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2) Communication Analysis: The total communication
bandwidth required by the entire network, also called net-
work throughput, was analysed for each strategy. We assume
a four-Byte representation for a floating point value and the
set of sufficient statistics demand 10 values (40 Bytes). The
consensus approach demands 18.75 KB/s and the random
gossip 6.25 KB/s in network throughput. A reduction of
more than 60% for parameter estimation can be achieved.

Regarding the use of inter-node measurements, the de-
mand increases to 20.625 KB/s and 7.1875 KB/s for the con-
sensus and random gossip, respectively, due to the exchange
of an additional floating point value between neighbors (10%
and 15% bandwidth increase, respectively). We have then a
trade off between navigation accuracy and network commu-
nication resources usage.

5. CONCLUSION

We have proposed two cooperative approaches for both fil-
tering and model parameters estimation. The results on a
network of flying platforms show that cooperation using the
randomized gossip over the sufficient statistics exchange
provides similar performance compared to the consensus ap-
proach using significant less network bandwidth. The state
estimation takes advantage of the inter-node measurements
together with the exchange of RALT measurements.
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