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1 Introduction

One of the main issues in game theory is the justification of the Nash equilibrium.

Several learning processes have been proposed to explain how players come to

play an equilibrium. A major class of such learning processes is fictitious play

(Robinson (1951), Brown (1951), Shapley et al (1964), Fudenberg and Levine

(1995), Fudenberg and Levine (1998b), Monderer and Shapley (1996) and, more

recently, Berger (2005), Perkins and Leslie (2014)). Under fictitious play, each

player acts as if his opponent plays a stationary mixed strategy. The player esti-

mates this strategy by the observed frequency distribution of his opponent’s past

actions of his opponent and chooses a strategy to maximize his expected payoff

in the next round. Although the idea is quite natural, the non-convergence of ficti-

tious play (Shapley et al (1964), Jordan (1993), Foster and Young (1998), Cowan

(1992)) raises doubts as to its validity as a learning map in a game with two, or

few, players. Fudenberg and Kreps (1993) suggest that it is more plausible to

see fictitious play as a process whereby individuals learn to play a convention

within a given society. Therefore, Ellison (1997) develops a large-population

analog of fictitious play in which players learn from their personal experience.

In its original form and its large-population analogs, fictitious play assumes that

all past actions observed by a player enter into the computation of frequency dis-

tribution. We suggest that there are situations in which it might be reasonable

to relax this assumption. More specifically, even if a given player observes his

opponent’s strategy, he might not strategically learn from it.

Our basic evolutionary model consists of a finite population of players re-

currently playing a game abstracting one of the aforementioned situations. Each

player has an action set composed of two strategies {A,B} and is endowed with

a private history. The private history of a given player i records past actions of

opponents observed by i. Beliefs of player i are captured by the fraction of action
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A in his history. Every period, only one player is selected to update his history

and thus his beliefs. This player - the updating player - observes the actions of

other players in the population and adds, following a given rule, one action of his

private history. The actions chosen by other players are determined as follows. In

each period, each player uses his personal experience (private history) to select

an optimal strategy. Typically, each player computes the frequency distribution

of actions in his private history, assumes that his opponent chooses his action

according to this distribution, and then chooses a best-reply to the estimated dis-

tribution. This learning model, proposed here, strikingly resembles the model of

personal experience of Ellison (1997), with the distinguishing feature that only

one player updates per period.

We present two applications for the presented model. First, we discuss a mod-

ification of the ’playing the field’ dynamics. More specifically, we consider the

scenario in which one player updates his beliefs in each period, while all other

players best-respond to their existing beliefs. In our proposed scenario, players

progressively and privately learn about the distribution of strategies in the popu-

lation. Second, we discuss the relevance of our evolutionary model for studying

the evolutionary dynamics of a class of asymmetric coordination games. We first

discuss the parking game, which is obtained by breaking the symmetry in the

famous driving game (driving on the left/driving on the right) of Young (2001).

Next, we discuss the currency game as discussed by Lewis (1969). Finally, we

prove that our model can approximate the behavior of experience-weighted at-

traction learning dynamics, in which players play an asymmetric coordination

game.

We aim to study the long-run behavior of fictitious play beliefs in our basic

model, and variations thereof, where players recurrently play a two-player 2×2

game and have an action set {A,B}. Recall that fictitious play beliefs for a player

i are captured by the empirical frequency of action A in his history. Each period,
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only one player (the updating player) updates his history by observing the actions

of other players in the population and adding one new observation to his history.

Define the learning map as the vector function that specifies, for each player, the

probability of adding action A to his history when selected as an updating player.

We show that fictitious play beliefs converge with probability one to the set of

fixed points of the learning map. If the updating player adds an action, picked

uniformly at random from the actions played in the population, then at any such

fixed point, the strategies’ profile of the players is a Nash equilibrium. If players

recurrently play a coordination game, then all players end up playing the same

pure strategy. Both strategies, however, coexist in the long run if players play a

game with no symmetric pure-strategy equilibria.

We also study the scenario in which players recurrently play a coordination

game and use a logistic best-reply to their beliefs. We show that (smooth) fic-

titious play beliefs converge with probability one to the set of fixed points of

the learning map. At any fixed point in this set, all players have the same be-

lief and play the same strategy. Moreover, we investigate the conditions under

which such fixed points are attained with positive probability. Finally, we study a

two-player population and show that, under symmetric conditions, fictitious play

beliefs converge to the risk-dominant Nash equilibrium with higher probability.

We study how the manipulation of initial conditions can make the risk-dominated

convention more likely to be reached in the long run.

This paper is organized as follows. Section 2 presents the model. Section 3

discusses the ’learning about the field’ dynamics. Section 4 applies the model

to asymmetric coordination games. Sections 5 studies the smooth fictitious play.

Section 6 discusses the link between convergence outcomes and initial condi-

tions, and, Section 7 concludes.
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2 The model

Consider a two-player game with a payoff matrix shown in Table 1. Let π(A,B)

be the utility of a player playing strategy A against strategy B and µ be such that

µπ11 +(1− µ)π12 = µπ21 +(1− µ)π22. Consider a population P of N players

playing game G as discussed below.

A B
A π11 π12
B π21 π22

Table 1: The symmetric 2×2 generic game G

Strategies and Equilibria: The action set for each player is {A,B}. The set of

mixed strategies Si for player i is the unit simplex of dimension 1 with Si = [0,1].

A mixed strategy is indexed with the probability si ∈ Si of playing strategy A. Let

S = ∏ j S j and S−i = ∏ j 6=i S j. An element s−i ∈ S−i is a list of mixed strategies

of players other than i. If pi j is the probability of a game between players i

and j, the expected payoff for player i with an opponent in the population is

∑ j 6=i pi jπ(si,s j). We assume in the remainder of the paper that pi j =
1

N−1∀i, j.

Define the best-reply map for player i: bi : S−i → Si such that, for any given

s−i ∈ S−i, bi(s−i) denotes the probability that action A is the best reply for player

i when the opponents uses the mixed strategy s−i - i.e.,

bi(s−i) = P[A = argmaxm∈{A,B}∑
j 6=i

1
N−1

π(m,s j)].

A strategy profile s∗ =
{

s∗1,s
∗
2, ...,s

∗
N
}

is a Nash equilibrium if, for each player i,

s∗i = bi(s∗−i).

We assume that players have incomplete information about the strategy dis-

tribution in the population and, therefore, base their strategy choice on private

beliefs that they form about their potential opponent’s strategy. Typically, beliefs
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of player i are captured by a scalar xi ∈ [0,1], such that player i believes that his

potential opponent plays a mixed strategy, putting a probability xi on strategy

A and 1− xi on strategy B. Players use an optimal strategy given their private

beliefs, so the strategy of player i is:

si = b′(xi) = P[A = argmaxm xi×π(m,1)+(1− xi)×π(m,0)] = I[xi ≥ µ], (1)

where I[y] is the indicator function taking value 1 if y is true and 0 otherwise.

The evolution of beliefs: In our basic model, we assume that one player, the

updating player, is randomly selected to revise his strategy. Thus, he actively

searches for information about the strategies’ distribution in the population. He

observes the actions of other players and adds one observation to his history.

Player i’s history in period t is described by a vector ht
i recording his observa-

tions up to period t. If player i is the updating player in period t and observes

action s̄, then ht+1
i =

{
ht

i, s̄
}

. Typically, player i’s history in period t consists of

wt
i observations, out of which strategy A was observed wt

i,1 times, and strategy B

wt
i,2 times. Initially, w1

i, j = wi, j and w1
i = wi.

To analyze the process, we project it into the space of proportions of A obser-

vations in each history. We refer to xt
i =

wt
i,1

wt
i

as the empirical frequency of strategy

A for player i and to xt := (xt
1,x

t
2, ...,x

t
N) as the vector of empirical frequencies

in period t. In period t, player i believes that a random opponent plays A with

probability xt
i, while each player (i) plays A with probability b′(xi) = I[xi ≥ µ].

The state of the game in period t is captured by the vector of empirical frequen-

cies (xt
1,x

t
2, ...,x

t
N). Consequently, {xt}t∈N = (xt

1, ...,x
t
N)t∈N is a homogeneous

Markov chain with state space (Q∩ [0,1])N - i.e., the set of vectors in [0,1]N

with rational coordinates.

Let (Ω,F ,P) be a probability space and define ξ t(x) = (ξ1,1(x), ...,ξN,2(x))
a sequence of random vectors in Z+

2N with one non-zero coordinate such that the
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event ’Player i adds an A observation to his history’ occurs when ξi,1(x) = 1 with

P[ξi, j(x) = 1] = qi, j(x). Recall that the updating player is selected uniformly at

random, so we have qi(x) = qi,1(x)+ qi,2(x) = 1
N . The number of observations

in player i’s history (wt
i) follows:

wt+1
i = wt

i +ξ
t
i,1(x

t)+ξ
t
i,2(x

t), t ≥ 1 | w1
i = wi (2)

E
[
ξ

t
i,1(x)+ξ

t
i,2(x)

]
= E

[
ξ

t
i,1(x)

]
+E

[
ξ

t
i,2(x)

]
= qi,1(x)+qi,2(x) = qi(x), (3)

with qi(x) = 1
N > 0.

The number wt
i,1 of A observations in the history of player i follows:

wt+1
i,1 = wt+1

i +ξ
t
i,1(x

t) | w1
i,1 = wi,1. (4)

Dividing (4) by (2) gives:

xt+1
i =

wt+1
i,1

wt+1
i

=
wt

i,1 +ξ t
i,1(x

t)

wt
i +ξ t

i,1(xt)+ξ t
i,2(xt)

= xt
i +

1
wt

i

ξi,1(xt)− xt
i
[
ξi,1(xt)+ξi,2(xt)

]
1+(wt

i)
−1
[
ξi,1(xt)+ξi,2(xt)

]
E
[
xt+1

i − xt
i | Ft

]
= E

[
1
wt

i

ξi,1(xt)− xt
i
[
ξi,1(xt)+ξi,2(xt)

]
1+(wt

i)
−1
[
ξi,1(xt)+ξi,2(xt)

] | xt = x,wt = w

]

E
[
xt+1

i − xt
i | Ft

]
=

1
wi

qi,1(x)− xiqi(x)
1+(wi)−1 =

qi,1(x)− xiqi(x)
1+wi

=
Fi(x)
1+wi

(5)

We refer to the sequence of empirical frequency vectors {xt} as the infinite

memory fictitious play beliefs. Define F(x) as the vector function whose ith com-

ponent is Fi(x) = qi,1(x)− xiqi(x). By the law of conditional probability, we

have P[ξi,1(x) = 1] = P[ξi,1(x) = 1 | ξi,1(x)+ξi,2(x) = 1]P[ξi,1(x)+ξi,2(x) = 1].

Define mi(x) as P[ξi,1(x) = 1 | ξi,1(x)+ ξi,2(x) = 1] = qi,1(x)
qi(x)

and call a learning

map, the vector function M(x) whose ith entry is mi(x). Define S as the set of
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fixed points of the learning map M(x). Clearly, S is also the set of zeros of F(x)
since, F(x) = qi(x)(mi(x)− xi).

Definition. A player i is an A-player (a B-player) in period t if xt
i ≥ µ (xt

i < µ)

We assume that players are unable to distinguish between other players. The

learning map M(x) depends, thus, exclusively on the number of A players - more

precisely, on the number of A players other than the updating player himself.

Define nt
−i = n−i(x) = ∑ j 6=i I[x j ≥ µ] as the number of A players in P\{i} in

period t.

Definition. The learning map is majoritarian if ∀i, mi(x) = f (n−i) with f (0) =

0, f (N−1) = 1 and f strictly increasing1.

A natural example of a majoritarian map is the uniform learning map. Un-

der this map, the updating player uniformly picks a strategy from the strategies

played in the population and adds it to his history. In this case, mi(x) = f (n−i) =
n−i

N−1 . Another example is the random sampling map. The updating player ran-

domly selects r (odd) other players from the remaining population. Since r is

odd, the majority plays a unique strategy, which the updating player adds to his

history. In this case, mi(x) = f (n−i) = ∑
m
k=m+1

2

[(n−i
k

)(N−n−i−1
r−k

)]
/
(N−1

r

)
. We as-

sume in what follows that f is invertible.

Definition. A state of beliefs x∗ is a convention if the strategies induced by x∗ are

the same.

If players use only pure strategies, a convention occurs when all players play

A or all players play B. We call such states A(B), respectively.

Definition. Beliefs x∗ are said to be Nash equilibrium beliefs if the strategy pro-

file (b′(x1), ...,b′(xN)) is a Nash equlibrium.
1Players have no a priori information on other players so they initially select their partners uniformly. Of course,

a player cannot interact with an A player if all other players are B players and, thus, is bound to interact with an A
player if all other players are A players.
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Proposition 1. Assuming that the learning map is uniform, any beliefs in S are

Nash equilibrium beliefs.

Proof. Recall that bi(s−i) = P[A = argmaxm∈{A,B}∑ j 6=i
1

N−1π(m,s j)]. Since any

given player i chooses between two pure strategies A(si = 1) or B(si = 0) and

n−i = ∑ j 6=i I[x j≥µ] = ∑ j 6=i s j, we rewrite:

bi(s−i) = P[A = argmaxm∈{A,B}
n−i

N−1
π(m,1)+(1− n−i

N−1
)π(m,0)].

It is equivalent to:

bi(s−i) = I
[

n−i(x)
N−1

≥ µ

]
. (6)

The learning map is uniform; so, for each player i, we have:

mi(x) =
n−i(x)
N−1

(7)

Moreover, for any x ∈ S, it holds that:

x∗i = mi(x∗). (8)

From (1), si = b′(xi) = I[xi ≥ µ]. Using (7) and (8), we obtain that xi =
n−i(x)
N−1

and, therefore, si = I[xi ≥ µ] = I
[

n−i(x)
N−1 ≥ µ

]
= b′(s−i). The strategy profile

(b′(x∗1), ...,b
′(x∗N)) is, then, a Nash equilibrium and x∗ ∈ S are Nash equilibrium

beliefs.

Definition. The infinite memory fictitious play beliefs induce pure-strategy con-

vergence if, for any initial history such that w1
i ≥ 1∀i, {xt} converges with prob-

ability one to a random variable whose support are states of beliefs where either

all players are A players or all players are B players.

The pure strategy convergence excludes not only the use of fully-mixed strate-

gies and cycling (Shapley et al (1964)), but also the coexistence of both strate-
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gies (Sugden (1995), Goyal (1996), Goyal and Janssen (1997), Berninghaus and

Schwalbe (1999), Morris (2000), Anwar (2002)).

Definition. The infinite memory fictitious play beliefs induce coexistence of strate-

gies if, for any initial history such that w1
i ≥ 1∀i, {xt} converges with probability

one to a point in S (degenerate random variable) such that where n∗ players play

A and N−n∗ players play B.

We proceed to study an application of the model where players progressively

learn about the strategies’ distribution in the population and best-reply to it.

3 Symmetric games and learning to play the field

In the basic ’playing the field’ dynamics (Kandori et al (1993), Young (2001)), a

player is randomly drawn at the beginning of each period, and updates his strat-

egy to play a best-response strategy to the distribution of strategies in the pop-

ulation. It might be implausible to assume that players know or have the same

information about the distribution of strategies in the population. The model,

in Section 2, can be used to describe a situation in which players, upon receiv-

ing a revision opportunity, actively search for information about the strategies’

distribution in the population and update their beliefs accordingly. In each pe-

riod, an updating player, uniformly selected by nature, observes a sample of size

r(1 ≤ r ≤ N− 1) of strategies and uses the learning map to derive information

from these r strategies. If the learning map is uniform, he uniformly picks the

strategy of one of his opponents. If the learning map is random sampling, he

picks the strategy played by the majority. In what follows, we study the different

behaviors of the model depending on the symmetric game at hand.
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3.1 Symmetric coordination games

Consider a population of taxpayers who decide to either declare truthfully (Strat-

egy A) or evade taxes (Strategy B). If at least a fraction p̄ of the population

declares truthfully, then it pays off to declare truthfully; otherwise, it is optimal

to evade. Players hold private beliefs about the fraction of truthful taxpayers.

Each period, one player updates his beliefs about the fraction of truthful players.

Player i believes that a fraction xt
i of players are truthful at time t. He declares

truthfully, at time t, if xt
i ≥ p̄ and evades otherwise. Intuitively, beliefs cannot

stabilize as long as both strategies are present in the population. The following

proposition confirms this intuition.

Proposition 2. If G is a symmetric coordination game and the learning map is

majoritarian, then the infinite memory fictitious play beliefs induce pure-strategy

convergence.

Proof. See Appendix 8.2.

Some applications are better described by a finite memory version of the

model presented in Section 2. In a finite history version of fictitious play, xi is

calculated based on the latest k observations in player i’s history and is given by:

xt
i =

1
k

k

∑
r=1

I
[
ht

i(w
t
i− r) = A

]
where wt

i = |ht
i| is the size of player i’s history in period t and ht

i(w
t
i− r) is the

element of index wt
i− r in ht

i. For r ≥ h; hi(wt
i− r) represents an initial fictitious

play history.

Imagine that players are to choose between technologies A and B. Players

prefer compatible technologies over incompatible technologies. Table 1 displays

the payoffs of the game. Assume that shifting from one technology to another
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has a cost c and that the length of any player’s memory is k. Let rt
i be the number

of A observations in player i’s history so that xt
i = rt

i/k. Player i shifts from A to

B in period t if k(π21xt
i +π22(1− xt

i)> k(π11xt
i +π12(1− xt

i)+ c ,i.e., if

rt
i < r̄ = µk− c∗

, and shifts from B to A if

rt
i ≥ r = µk+ c∗,

with c∗ = c
π11−π12−π21+π22

. If µk− c∗ ≤ rt
i < µk+ c∗, then st

i = st−1
i . If c∗ > µk,

then no player shifts from A to B and if c∗ > k− µk, then no player shifts from

B to A. For the case, c∗ = 0, we can show that finite memory fictitious beliefs

converge with probability one to a convention.

Proposition 3. If G is a symmetric coordination game and the learning map is

majoritarian, then the k-period finite memory fictitious play beliefs induce pure-

strategy convergence.

Proof. The system of best replying to beliefs constitutes a Markov chain on the

state space of the previous k observations of the players. The state in which the

k-period history of each player contains only A (B) observations is obviously a

steady state. We call such states A(B). To prove that these are the only absorbing

states, we show that for any other state xt , there exists T such that P[xt+T =A]> 0

or P[xt+T = B]> 0. Let n(xt) be the number of A players at time t.

We prove that for any xt , there exists T such that P[xt+T = B]> 0, and we do

it by induction (The proof that ∀xt ,∃T such that P[xt+T =A]> 0 can be done in a

similar manner). We check that the condition holds for all xt such that n(xt) = 1.

Call the unique A player player i. There is a positive probability that player i

is selected to update his beliefs for consecutive k− r̄ + 1 periods and observes

B every period. He then becomes a B player and state B is reached. It follows

that the condition is satisfied for all xt such that n(xt) = 1. We assume that the
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condition holds for all xt such that n(xt) = n∗ and prove that it holds for all xt such

that n(xt) = n∗+ 1. Assume that the current state is xt such that n(xt) = n∗+ 1.

Pick an A player (player j). There is a positive probability that player j is selected

to update his beliefs for consecutive T = k− r̄+1 periods and observes B every

period. Player j thereby becomes a B player and a state xt+T is reached such that

n(xt+T ) = n∗. By assumption, the probability of reaching state B from such a

state is positive. This establishes the induction and proves the proposition.

3.2 Games with no symmetric pure-strategy equilibria

In some games, players might want to act differently from the majority of the

population. Two natural candidates for such games are the matching pennies

game and the Hawk Dove game. We illustrate the dynamics with a game of fash-

ion. In this game, A and B are two colors of outfits, and players would like to

distinguish themselves from others. In each period, one player receives a revi-

sion opportunity; he then actively searches for information about the strategies’

distribution in the population. This updating player samples r strategies from the

strategies in the population and, following a learning map, updates his history.

The game between any two players has the payoff structure shown in Table 1

with π11 < π21 and π22 < π12. Player i shifts, in period t, from color A to color B

if xt
i > µ and from color B to color A if xt

i ≤ µ .

Proposition 4. If G is a game with no symmetric pure-strategy equilibria and

the learning map is majoritarian, then the infinite memory fictitious play beliefs

induce a coexistence of strategies where there are n∗ A players with beliefs f (n∗−
1) and N−n∗ B players with beliefs f (n∗) with n∗ = b f−1 (µ)c+1, where byc is

the integer part of y.

Proof. See Appendix 8.3.

There is always coexistence as long as f (0) = 0 and f (N−1) = 1, which are
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very plausible assumptions. The shape of the function f determines the long-run

distribution of strategies and beliefs. If f is linear (the uniform learning map),

then n∗= bµ(N−1)c+1. If f is concave (convex), then the number of A players

and the beliefs in the long-run are lower (larger) than in the linear case.

3.3 Symmetric dominance solvable games

The natural example of a dominance solvable game is the prisoners’ dilemma.

Players choose either to cooperate C or to defect D. The unique Nash equilib-

rium of this game is that all players play D. One standard payoff structure of a

prisoners’ dilemma game is presented in Table 2 with b > c.

C D
C b− c −c
D b 0

Table 2: The symmetric 2×2 Prisoners’ Dilemma game

Note that the unique best-reply to any possible history is to play D. There-

fore, for all initial histories, infinite memory fictitious play beliefs converge to a

random vector putting a probability 1 on the state where all players play D.

Proposition 5. If G is a symmetric prisoners’ dilemma game and the learning

map is majoritarian then, if, initially, there is one D player, then infinite mem-

ory fictitious play beliefs converge with probability one to a degenerate random

vector where all players play D.

Proof. If a given player i has beliefs xt
i < 1 at t then i will play D for t on.

Since any player updates his history with probability 1/N each period, and the

probability of adding a C observation to one’s history given that there is at least

a D player is, at most, N−2
N−1 , the probability that an initially C player continues

to play C up to period t is smaller to ( 1
N

N−2
N−1)

t . This probability goes to zero at

t→ ∞.
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If players have infinite memories, the state where all players cooperate is not

reachable since no information gets lost.

4 Asymmetric coordination games with single update

In this section, we study alternative applications of the model discussed in Sec-

tion 2. Instead of one player learning from a sample of strategies in the popula-

tion, we assume that only one game is played. One player is selected as an active

player, and is matched with a passive player. The two players play an asymmetric

coordination game in which only the active player updates his history. It might

seem counterintuitive to claim that a player who plays the game with an oppo-

nent does not strategically learn from the interaction. We show that it is not and

illustrate this fact with three examples.

4.1 The parking game

Imagine that two players are to choose between driving on the left (L) or on the

right (R). The two players work in the same company W . On their way home,

they can park in either of two positions, H1 and H2. Both players prefer to park

in H1 since it is closer to their homes and will park in H2 only if H1 is full. The

player who leaves work first gets to park in H1. Imagine that player 1 drives on

the left L and leaves work earlier than player 2. He will park in H1 on the right,

since he expects people to drive on the left. If player 2 drives on the right, then he

faces the risk of an accident, and he will need to slow down and go around player

1’s car to reach H2. This is costly to him compared the case where he drives on

the left. The situation is illustrated in Figure 1. If player 2 drives on the left, then

he proceeds smoothly to H2. Note that the passive player does not observe the

strategy of the active player.

Call player 2 the active player with utility function πA(., .). We have πA(L,L)=
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Figure 1: Illustration of the Parking Game

π11 and πA(L,R) = π21 < π11; and πA(R,R) = π22 and πA(R,L) = π12 < π22. If

we assume that the population plays the parking game recurrently, then in every

period t, nature selects an active player with probability 1
N and matches him, us-

ing a learning map, with a passive player. Both players play the parking game in

which the passive player moves first. This dynamic is described by the model in

Section 2.

Proposition 6. If G is the parking game and the learning map is majoritarian,

then the infinite memory fictitious play beliefs induce pure-strategy convergence.

Proof. Since the passive player does not observe the active players’s strategy,

then only the active player gets to update his history. The setting is similar to that

of Subsection 3.1. By Proposition 2, the infinite memory fictitious play beliefs

induce a pure-strategy convergence.

4.2 Lewis’s currency game

The currency game is a prominent game in the study of the emergence of conven-

tions (Young (1993),Young (2001)). It is usually analyzed using a normal-form

game. This, however, does not capture the sequential nature of the game. There-

fore, here, we study the currency game as discussed in Lewis (1969).

Suppose we are tradesmen. It matters little to any of us what

commodities he takes in exchange for goods (other than commodi-

ties he himself can use). But if he takes what others refuse he is stuck

15



with something useless, and if he refuses what others take, he need-

lessly inconveniences his customers and himself. Each must choose

what he will take according to his expectations about what he can

spend – that is, about what the others will take: gold and silver if he

can spend gold and silver, US notes if he can spend US notes, Cana-

dian pennies if he can spend Canadian pennies, [. . . ], nothing if he

can spend nothing.

A tradesman can be either a buyer or a seller. As a seller, his decision of

whether to accept or reject a given medium of exchange will depend on whether

he expects other sellers to accept this medium. That said, each tradesman collects

information about the conventional medium of exchange as a buyer and uses

this information: (1) as a buyer, to decide which medium of exchange to offer

in the future; and (2) as a seller, to decide whether to accept a given medium

of exchange. For instance, a tradesman who consistently sees his dollar bills

rejected, might cease to carry dollars, and might be reluctant to accept dollar

bills in exchange for his goods.

We model this rigorously in what follows. There are two players: a buyer

(active player) and a seller (passive player). There are two actions: trade in Gold

(G) or trade in Silver (S). A buyer carries a coin as a currency and can choose

to carry either a gold coin or a silver coin. A seller has goods for sale. If he

fails to sell them, he consumes them and gets a utility v0. Simultaneously, both

players choose a currency. After the choices are made, the seller can either agree

or refuse to transact. Although not essential to the model, we assume that a gold

coin retains value more than a silver coin, so its intrinsic value, vG, is higher than

that of silver coin. vS. Also, the consumption value of the goods is much higher

than the intrinsic value of the coins, since they cannot be consumed. We have,

then, v0 >> vG > vS.

Assume that both players trade in the same currency. The seller can now
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either accept A or refuse R the transaction. If he accepts, then each player gets a

utility of b > v0
2. If the seller refuses, he consumes his goods and gets a utility

v0, and the buyer keeps his coin of value vG or vS. Note that both are better off if

the seller accepts the transaction. If the seller refuses, he, in the words of Lewis

(1969), “needlessly inconveniences his customers and himself.”

Assume now that players trade in different currencies. If the seller accepts the

transaction, then the buyer gets b and the seller is “stuck with something useless”

and gets either vG or vS. If the seller refuses to transact, he consumes his goods

and gets a utility v0, and the buyer keeps his coin of value vG or vS. Figure 2

illustrates the game in its extensive form.

Figure 2: Extensive form of Lewis’ currency game

The strategic analysis of the game is done through its normal form equivalent.

By eliminating the strictly dominated strategies, we obtain a simplified normal

form game (Table 3) that captures the essential strategic features of the game.

We have two pure-strategy Nash equilibria (G,G) and (S,S). Given that vG >

vS, G is a ’risk-dominant strategy’3 for both buyers and sellers: buyers will carry
2When the seller uses the same currency as the buyer, he does not obtain vG or vS but b since the coins have

exchange value b higher than their intrinsic value.
3In asymmetric games, risk dominance is a characteristic of equilibria in games and not of strategies. We call
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Seller
G S

Buyer G b,b vG,v0
S vS,v0 b,b

Table 3: Strategic form of the currency game of Lewis (1969)

gold and sellers will accept gold if half of the population does so.

Proposition 7. If G is Lewis’s currency game and the learning map is majoritar-

ian, then the infinite memory fictitious play beliefs induce pure-strategy conver-

gence.

Proof. We construct a game G′ in which the seller’s payoffs are equal to the

buyer’s payoffs. Since the seller does not update his beliefs, playing G′ leads to

the same dynamics as playing G. Since G′ is a symmetric coordination game,

then, by Proposition 2, the infinite memory fictitious play beliefs induce pure-

strategy convergence.

Even if, in spirit, the game resembles the currency game discussed in Young

(2001), it has distinguishing features. First, it is asymmetric. Second, the seller

observes but does not strategically learn from the action of the buyer. To see

this, imagine that, in all previous periods, a tradesman, acting as a buyer, offered

gold as a medium of exchange and was constantly rejected. As a seller, he might

continue to reject gold regardless of how many times it is offered to him.

4.3 Asymmetric coordination games with highly asymmetric stakes

The model presented in Section 2 can be used to analyze the dynamics of re-

current play of a class of asymmetric coordination games in which players use

the strategy a risk-dominant strategy, because both roles choose their decisions based on the distribution of sellers’
strategies in their histories. In a sense, both buyers and sellers face a population of sellers, and in that sense, there is
a symmetry in the game.
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experience-weighted attraction learning (Camerer and Ho (1999)). In this class,

the stakes of the active player are much higher than those of the passive player.

Payoffs: We start first by discussing the payoffs, consider the following asym-

metric coordination game with payoffs as in Table 4 with π11 > π21,π22 > π12,π
′
11 >

π ′21 and π ′22 > π ′12:

Passive
A B

Active A π11,π
′
11 π12,π

′
21

B π21,π
′
12 π22,π

′
22

Table 4: The normal form of the asymmetric coordination game G - Original
payoffs

We perform an affine transformation of the payoffs and scale them with

π11−π21. We define θ , β1 and β2 as θ = π22−π12
π11−π21

, β1 =
π ′11−π ′21
π11−π21

and β2 =
π ′22−π ′12
π11−π21

respectively. Table 5 presents the normalized payoffs.

Passive
D I

Active D 1,β1 0,0
I 0,0 θ ,β2

Table 5: The normal form of the asymmetric coordination game G - Normalized
payoffs

Let πA (s,s−i) (πP (s,s−i)) be the utility gained by the active player (passive

player) playing s against an opponent playing s−i. Note that µ = θ

θ+1 .

In the experience-weighted attraction (EWA) learning dynamics, players as-

sign initial attractions to each strategy. Let ωA
i (0)(ω

B
i (0)) be the initial attrac-

tions that player i assigns to strategy A(B). We assume that players use a myopic

best-response to their attractions. At time t, player i plays A if ωA
i (t) ≥ ωB

i (t)
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and plays B otherwise. Let nt
i be the number of games played by player i in the

beginning of period t. Define the binary variable χ t
i such that χ t

i = 1 if i plays the

game as the active player at time t and χ t
i = 0 if i plays the game as the passive

player at time t. If player i plays a game at time t, the attractions are updated in

the following fashion:

ω
A
i (t +1) =

1
nt

i +1

[
nt

iω
A
i (t)+1.χ t

i I[ωA
−i(t)≥ωB

−i(t)]
+β1(1−χ

t
i )I[ωA

−i(t)≥ωB
−i(t)]

]
(9)

ω
B
i (t +1) =

1
nt

i +1

[
nt

iω
B
i (t)+θ χ

t
i I[ωA

−i(t)<ωB
−i(t)]

+β2(1−χ
t
i )I[ωA

−i(t)<ωB
−i(t)]

]
(10)

The attraction of strategy A for player i increases if the opponent of player i

plays A. The increase is a function of πA(A,A) = 1 if i is active and πP(A,A) = β1

if i is passive. The attraction of strategy B for player i increases if the opponent

of player i plays B. The increase is a function of πA(B,B) = θ if i is active and

πP(A,A) = β2 if i is passive. Let η0 be the EWA learning model with the myopic

best-reply rule and the initial conditions
(
ωA

i (0),ω
B
i (0)

)
i=1,...,N and η f p be the

single update fictitious play model with the myopic best-reply rule with initial

conditions (xi(0),ni(0))i=1,...,N satisfying ωA
i (0) θ (1− xi(0)) = ωB

i (0) xi(0)∀i.
We call P0[s→ A]

(
Pf p[s→ A]

)
the probability that the dynamics converge to a

state in which all players play A under η0
(
η f p
)
. We prove in the Appendix that

if the stakes of the passive player are sufficiently small relative to the stakes of the

active player (β1 and β2 are sufficiently small), then the strategy dynamic gen-

erated by η0 is equivalent to the one generated by η f p (The model described in

Section 2) provided corresponding initial conditions. In plain words, the players

behave as if they are not learning as passive players, even though they are.

Proposition 8. If θ is irrational, there exists a β̄ such that if β1 ∈ (0, β̄ ) and β2 ∈
(0, β̄ ), then the strategy dynamic generated by η0 is equivalent to that generated

by η f p. P0[s→ A] = Pf p[s→ A] and η0 induces pure strategy convergence.
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Proof. See Appendix 8.5.

If β1 = β2 = 0, we see that only games played as an active player enter into

the calculation of the attractions of the strategies. It is obvious that, given cor-

responding initial conditions, the strategy dynamics generated by η0 and by η f p

are the same. Proposition 8 shows that if the stakes of the passive player are in a

neighborhood of zero, the weight of games as a passive player is not sufficient to

alter the strategy dynamics, and all changes of strategies occur when players are

active. It follows naturally that such a dynamic can be described by a correspond-

ing single-update fictitious play model. The probability of converging to each of

the conventions should then be the same under both dynamics. The required β̄

to establish equivalence between both dynamics might be very low, which re-

duces the usefulness of the result. For this reason, we establish the following

approximation result:

Proposition 9. For any β ∈ (0,1), there exists ε(β ) such that: if β1 ∈ (0,β ) and

β2 ∈ (0,β ) then:

|P0[s→ A]−Pf p[s→ A]| ≤ ε(β )

|P0[s→ B]−Pf p[s→ B]| ≤ ε(β )

Proof. See Appendix 8.5.

Proposition 9 generalizes Proposition 8. Note that ε(β ) might be large. In

fact, if β1 and β2 are close to one, |P0[s→ A]− Pf p[s→ A]| can be close to

one, and the predictions of the single-update fictitious play dynamics diverge

significantly from the predictions of the EWA dynamics. We can easily establish

that the smaller β , the smaller is ε(β ) and if β ≤ β̄ , then ε(β ) = 0. The model

in Section 2 can serve as a good approximation for a wide range of asymmetric

coordination games, even if the stakes of the passive player are not vanishingly

small.
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An illustration of games with highly asymmetric stakes is the game between

an interviewer and interviewee. There are many interviewees for a single posi-

tion, to gain the interviewer’s approval, the interviewee has to answer the ques-

tions in the way that the interviewer expects. In jobs that do not require high

creativity or talent, we can imagine that the stakes of the interviewee are much

higher than those of the interviewer. Therefore, it is hard to imagine that the

interviewer will update his expectations if the interviewee does not conform to

them. Most likely, the interviewer will dismiss any non-conforming behavior

without giving much heed to it; while the interviewee will be very attentive to

the interviewer’s behavior. This does not, of course, dismiss the possibility that

the interviewer will miss a good candidate by having inappropriate expectations.

The pressure to learn, however, weighs more on the interviewer.

5 Smooth fictitious play and the single update property

So far, we have considered a behavior rule according to which players change

strategy only when their beliefs cross the threshold µ . In this section, we restrict

our attention to coordination games using the uniform learning map but consid-

ering the case where players use a perturbed best reply. The perturbed best-reply

function of player i σi is a continuous function [0,1]→ [0,1] which assigns to

xi ∈ [0,1] a probability σi(x) that player i plays strategy A in period t. A classi-

cal example of perturbed best-reply functions is the Logit map (Fudenberg and

Levine (1998a), Fudenberg and Levine (1998b)). Each strategy is played with

a probability proportional to the utility it has historically earned. Let σ(xi) be

the probability that player i plays strategy A given that his beliefs are xi and let

σ(x) = (σ(x1),σ(x2), ...,σ(xN)) such that,

σi(xt
i) =

exp[λ π(A,xt
i)]

exp[λ π(A,xt
i)]+ exp[λ π(B,xt

i)]
=

1
1+ exp

(
κ(µ− xt

i)
), (11)
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with κ = λ (π11+π22−π21−π12) and π(., .) is either the utility of any given

player if G is a symmetric coordination game or the utility of the active player in

the case of an asymmetric coordination game. In this case, the probability that

player i adds an A observation to his history in period t is equal to:

mi(xt) =
1

N−1 ∑
j 6=i

σ(xt
j) (12)

Recall from (5) that the expected change in the empirical frequency for player

i is given by:

E
[
xt+1

i − xt
i | Ft

]
=

qi,1(x)− xiqi(x)
1+wi

=
qi(x)(mi(x)− xi)

1+wi
=

Fi(x)
1+wi

, (13)

and that the vector function F(x) is defined as the function whose ith compo-

nent is Fi(x). The perturbed best response smooth field F : S→ T S is defined as

F(x) = 1
N (M(x)−x). Following Benaïm and Faure (2012), we define the set of

perturbed Nash equilibria as the set of x ∈ S such that F(x) = 0.

We call infinite memory smooth fictitious play beliefs the sequence of random

empirical frequency vectors {xt}.

Proposition 10. The set of fixed points of the learning map S is the set of per-

turbed Nash equilibria. Moreover, at any such perturbed Nash equilibrium,

all players have the same belief and play the same strategy. Technically, S =

{x = (x1,x2, ...,xN) ∈ S|xi = x∗∧ x∗ = σ(x∗)∀i} .

Proof. Clearly, any fixed point of the learning map is a zero of the vector F

and vice versa. Assume that x∗ ∈ S, so x∗i = 1
N−1 ∑ j 6=i σ(x∗j) ∀i. Consider two

players j and k with beliefs x∗j and x∗k , respectively. Subtracting x∗k from x∗j gives

x∗j− x∗k =
1

N−1[σ(x∗k)−σ(x∗j)]. Since σ(x) is increasing in x (G is a coordination

game), the equality holds only if x∗j = x∗k . Using the fact that x∗i =
1

N−1 ∑ j 6=i σ(x∗j)

∀i, we conclude that ∀i x∗i = x∗ such that x∗ = σ(x∗).
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Benaïm (1999) establishes a close connection between the limits of the sam-

ple paths {xt} and the dynamics of the deterministic differential equation
dx
dt

=

F(x). We use his results to prove that infinite memory smooth fictitious play

beliefs converge almost surely to a perturbed Nash equilibrium.

Proposition 11. Infinite memory smooth fictitious play beliefs converge with

probability one to a perturbed Nash equilibrium. Moreover, for each x∗ ∈ S
such that κx∗(1− x∗)< 1, we have

P[ lim
t→∞

xt → x∗]> 0.

Proof. See Appendix 8.6

As is shown in Appendix 8.6, the condition κx∗(1− x∗) < 1 is a necessary

condition so that a given fixed point x∗ ∈ S is linearly stable. We can derive a

sufficient condition for the linear stability of perturbed Nash equilibria in S. The

following corollary proves that the smooth fictitious play beliefs converge with

positive probability to any equilibrium in S, given that λ is sufficiently small.

Corollary 1. If λ <
4

π11−π12−π21 +π22
then, ∀x∗ ∈ S

P[ lim
t→∞

xt → x∗]> 0.

Proof. See Appendix 8.7.

6 Two-player population and initial conditions

We have established in Proposition 2 that fictitious play beliefs induce pure-

strategy convergence when players play a coordination game. The purpose of

this section is to track the impact of initial conditions on the convergence proba-

bility to each of the conventions. We will show that for a two-player population,
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under symmetric conditions, the infinite fictitious play beliefs assign a higher

probability to the risk-dominant equilibrium. We discuss how an asymmetry of

the initial conditions can make the infinite memory fictitious play beliefs assign

a higher probability to the risk-dominated equilibrium.

Consider a population of two players, 1 and 2, recurrently playing a coordi-

nation game G. Player 1 is initially an A player: his initial history is composed

of w1,1 A observations and w1,2 B observations such that w1,1/(w1,1 +w1,2) =

x0
1 ≥ µ . Player 2 is initially a B player, with w2,1/(w2,1 +w2,2) = x0

2 < µ . In

each period, one player is selected to update his history: player 1 is selected

with probability p and player 2 with probability 1− p. Note that once one of

the players changes strategy, the process enters an absorbing state and converges

to one of the conventions. Therefore, the probability of convergence to each

of the conventions coincides with the probability with which one of the players

changes strategy. More explicitly, if player 1 changes to play B in period t- i.e.,

(xt
1 < µ | xt−1

1 ≥ µ)- and player 2 keeps being a B player, then only strategy B is

played from period t +1 on, and st+1 = B. Consequently, P [s→ B] = P[Player

1 is the first to change strategy] and P [s→ A] = P[Player 2 is the first to change

strategy]

Proposition 12. If two players, 1 and 2, recurrently play a coordination game G,

we have

P [s→ A] =
δ1−1

∑
k=0

(
k+δ2−1

k

)
pk(1− p)δ2

P [s→ B] =
δ2−1

∑
k=0

(
k+δ1−1

k

)
pδ1(1− p)k

where δ1 = b1−µ

µ
w1,1−w1,2c+ 1 and δ2 = d µ

1−µ
w2,2−w2,1e and byc is the

integer part of y.

Proof. See Appendix 8.8
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Corollary 2. Assume that w1,1 + w1,2 = w2,1 + w2,2 and x0
1 = 1− x0

2. If p =

1− p = 1
2 , infinite memory fictitious play beliefs converge to the risk-dominant

equilibrium with higher probability.

Under symmetric conditions, infinite memory fictitious play beliefs select

the risk-dominant equilibrium, in the sense that, they converge to it with higher

probability. However, the size of the initial history, the initial proportion of A

observations and the probability of being selected as the updating/active player

might change this prediction. To see this, note that the convergence probability to

convention A decreases in µ and increases in w1 = w1,1+w1,2 and in x0
1. We will

illustrate later how these parameters can affect the convergence probabilities.

We illustrate the case of two-player population playing Lewis’s currency

game G. The payoffs are presented in Table 3 with b = 6, v0 = 4, vG = 2 and

vs = 1. The row player is the buyer and the column player is the seller with the

following payoff matrix: (
6,6 2,4

1,4 6,6

)

Note that µ = 2
5 , i.e., trading in Gold is the risk-dominant strategy. Player 1

is a buyer with probability p and a seller with probability 1− p. We ignore the

tie break to preserve the symmetry of the results. We also assume the initial size

of histories of both players are the same. Figure 3 shows the average dynamics

for different levels of q ∈ {0.2,0.5,0.8}:
As seen from Figure 3, for all values of p, infinite memory fictitious play

beliefs converge to either (0,0) or (1,1). The impact of p is easily seen in the

selection of the convergence outcome. For low levels of p, player 2 learns much

more often that player 1 so the initial strategy of player 1 plays a decisive role

in selecting the convergence outcome. The lower p, the quicker the convergence

to (1,1), compared to the convergence to (0,0). Symmetrically, for high levels

of p, with high probability, the strategy of player 2 is the convergence outcome.
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Figure 3: Fictitious play average dynamics for N = 2 and µ = 2
5

We discuss quickly, in what follows, the impact of the initial conditions on the

convergence outcomes.

Impact of size of initial histories: Assume p = 1− p = 1
2 and x0

1 = 1− x0
2 = 1.

It is easy to verify that if δ1 = δ2 then the dynamics converges to each of the

states (0,0) and (1,1) with equal probability. By changing the initial size of the

histories, we can make the risk-dominated strategy more likely to be selected.

Since x0
1 = 1 (x0

2 = 0) then the size of player 1 (2)’s initial history is w1,1(w2,2).

The condition δ1 = δ2 is equivalent to 1−µ

µ
w1,1≈ µ

1−µ
w2,2 or w2,2/w1,1≈ (1−µ

µ
)2.

Assume A is risk-dominant i.e. µ < 1
2 ⇒ (1−µ

µ
)2 > 1, the equality δ1 = δ2 gives

w2,2 ≈ (1−µ

µ
)2w1,1 > w1,1. It follows, that by sufficiently increasing the initial

size of player 2’s history, the risk dominated strategy can be equally (more) likely

to be selected.
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Figure 4: Average dynamics for p = 1
2 , µ = 0.4 and w2,2/w1,1 = 1 | 5 | 10

Given µ = 0.4 and w1,1 = 100, Figure 4 shows how the slopes of the average
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dynamics changes when the ratio of initial history sizes w2,2/w1,1 increases. By

increasing w2,2 relative to w1,1, the speed of x2 moving towards µ decreases,

making it more probable that x1 (inititially larger than µ) crosses µ first so that

the system of beliefs converges to (0,0).

Assume that µ = 0.5 and consider a population of N(even) players such that

all players have the same size of initial history. Initially, half of the population

has beliefs equal to 1 and the other half has beliefs equal to 0. Out of symme-

try, the convergence probabilities to each convention are equal. If strategy A is

risk-dominant (µ = 0.4 < 0.5), how much should the initial history size of the B

players increase to make the convergence to each convention equally likely? We

find that, even for a very low initial base history w1 = w1,1 = 4, the ratio required

to equalize both probabilities increases dramatically as N increases (it goes from

≈ 2.25 for N = 2 to ≈ 4 for N = 4 to ≈ 5.6 for N = 6...). B players with suffi-

ciently long initial history, can ’protect’ the risk-dominated strategy. The impact

of the initial history size, however, weakens in large populations and when the

initial history size of the opponents increases. It is most effective in small groups

and when the initial history size of the population is relatively small.

Impact of the probability of being the updating player p: Assume x0
1 = 1−x0

2 =

1 and w1,1 = w2,2. From Proposition 12, we have:

pδ1(1− p)δ2
δ1−1

∑
k=0

(
k+δ2−1

k

)
≤ P[s→ A]≤ pδ1

δ1−1

∑
k=0

(
k+δ2−1

k

)

pδ1(1− p)δ2
δ2−1

∑
k=0

(
k+δ1−1

k

)
≤ P[s→ B]≤ pδ1

δ2−1

∑
k=0

(
k+δ1−1

k

)
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Define g(p) = P [s→ A]−P [s→ B],
lb(p) = (1− p)δ2

[
pδ1 ∑

δ1−1
k=0

(k+δ2−1
k

)
−∑

δ2−1
k=0

(k+δ1−1
k

)]
and

hb(p) = pδ1

[
∑

δ1−1
k=0

(k+δ2−1
k

)
− (1− p)δ2 ∑

δ2−1
k=0

(k+δ1−1
k

)]
. The two conditions

above lead to:

lb(p)≤ g(p)≤ hb(p)

It is easy to see that for any (δ1,δ2), ∃p such that ∀p < p, lb(p)< 0; and ∃p̄

such that ∀p> p̄, hb(p)> 0. Since g(p) is a polynomial in p and thus continuous

on (0,1); then, by the intermediate value theorem, ∃p∗= p∗(δ1,δ2)∈ (0,1) such

that g(p∗) = 0. Out of symmetry, if δ1 = δ2 then p∗ = 1
2 . Assume convention

B is risk-dominant (µ > 1
2). If p < p∗, infinite memory fictitious play beliefs

converge with higher probability to the risk-dominated convention A.

As shown, the initial size of histories has limited impact when N increases,

and is mostly determined by historical conditions. The probability of being cho-

sen as an updating/active player (p) or as a passive player (1− p) is easier to

manipulate through appropriate actions.

7 Conclusion

In this paper, we tried to explore the evolution of fictitious play beliefs in a model

in which players engage in the recurrent play of games, and only one player up-

dates his beliefs per period. We found that the learning map is essential in deter-

mining the long-run behavior of beliefs. In fact, fictitious play beliefs converge

with probability one to the set of fixed points of majoritarian learning maps.

More specifically, beliefs converge to Nash equilibrium beliefs for all types of

2×2 games when the learning map is uniform. That is to say, players eventually

learn to play a Nash equilibrium, even if they rely only on personal experience

and might have different lengths of game experience. The difference of game

experience results from the fact that only one player is randomly selected each
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period to be the updating player. This property allows for the possibility that

some players learn much more often than others and, thus,have different degrees

of game experience. This result extends the results of Ellison (1997), who con-

siders the case in which players use personal experience and the beliefs of each

player are updated every period. Interesting venues for future research include

the study of the long-run behavior of beliefs when players can learn only from a

specific subset of players or when the learning map takes more general forms.
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8 Appendix

8.1 Details of the dynamics

Consider the stochastic process {wt}t∈N = (wt
1,1,w

t
1,2, ...,w

t
N,1,w

t
N,2). It can be

modelled as a 2N- color urn model. Let wt
i, j be the number of balls with label

(i, j) in period t and wt = ∑
N
i=1 ∑

2
j=1 wt

i, j the total number of balls in the urn. Let

yi,1 =
wt

i,1
wt be the proportion of (i, j)-labelled balls in the urn. Note that yt

N,2 = 1−
yt

1,1− yt
1,2− ...− yt

N,1. The distribution of the vector ξi, j(.)
4depends only on the

first 2N−1 coordinates. Let T2N−1 =
{

y ∈ R2N,yi, j ≥ 0|y1,1 + y1,2 + ...+ yN,2 = 1
}

and L2N−1 be the set of interior points of T2N−1 with rational coordinates.

The process starts at time 1 where there are w1
i, j balls with label (i, j) such

that wi := wi,1 +wi,2 ≥ 1 for i = 1, ..,N. The total number of balls in the urn wt

follows the law:

wt+1 = wt +1 t ≥ 1,w1 = w =
N

∑
i=1

2

∑
j=1

w1
i, j (14)

and the number of balls of label (i, j) follows:

wt+1
i, j = wt

i, j +ξ
t
i, j(y) t ≥ 1,w1

i, j = wi, j (15)

yt+1
i, j = yt

i, j +
1
wt

ξ t
i, j(y)− yi, j

1+(wt)−1 t ≥ 1,y1
i, j =

wi, j

w
(16)

Recall that P[ξi, j(y) = 1] = qi, j(y) with qi(y) = qi,1(y)+ qi,2(y) = 1
N

5. Let

nt be the number of A players in the population with nt = n(yt) = ∑
N
i=1 I[yt

i,1 ≥
µ

1−µ
yt

i,2]. Since the learning map is majoritarian, then we have qi,1(yt) = 1
N ×

f (nt
−i) and qi,2(yt)= 1

N× f (N−nt
−i). Let Φ(y)=Q(y)−y, with Q(y)= (q1,1(y), ...,qN,1(y)).

4The random vectors ξ t(.) can interchangeably be written as a function of y and x. Note that from (??), player i
plays strategy A if xt

i ≥ µ . This condition can be rewritten as yi,1 ≥ µ

1−µ
yi,2.

5Each period t, nature uniformly draws an updating agent among the N players.
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Standard results stipulate that, subject to some technical restrictions, the se-

quence of random vectors {yt}t∈N converges to a random vector whose support is

in the properly defined set of zeros of the function Φ (Arthur et al, 1987; Arthur,

1989). Since Φ(y) is not continuous,we use Theorem 2 of Arthur et al (1987).

The set of zeros of Φ is constructed as follows (Arthur et al (1987)). For any

y ∈ T2N−1, consider the sets A(Φ,y) and B(Φ,y) defined as:

A(Φ,y) =
{

g : zk 6= y,∃zk ∈ L2N−1,k ≥ 1, lim
k→∞

zk = y, lim
k→∞

Φ(zk) = g
}

B(Φ,y) =
{

g : ∃zk ∈ L2N−1,k ≥ 1, lim
k→∞

zk = x, lim
k→∞

Φ(zk) = g
}
.

Let A(Φ,T2N−1) = {y ∈ T2N−1,0 ∈ coA(Φ,y)} where coA is the convex hull

of A. The set B(Φ,T2N−1) = {y ∈ T2N−1,0 ∈ coB(Φ,y)} is defined similarly. If

Φ is continuous, both sets are equal to the solution set of Φ(y) = 0. Let O(T2N−1)

be an open set containing T2N−1. For a vector function F , define

F−1(y,v) = lim
t→0

t−1|F(y+ tv)−F(y)|

at each point in y ∈ T2N−1.

Theorem 1. (Arthur et al, 1987, Theorem 2). Let the following conditions be

fulfilled:

1. wi ≥ 1 i = 1,2, ...,N; j = 1,2,

2. There is Lipschitz on O(T2N−1) function F such that ∀y∈T2N−1\B(Φ,T2N−1),

the inequality F−1(y,‖z‖−1z) ≥ ν(y) > 0 takes place uniformly for z ∈
A(Φ,T2N−1) and the set F(B(Φ,T2N−1) does not contain non-degenerate

segments,

3. All connected components of B(Φ,T2N−1) are one-point sets,

32



then {yt} converges with probability one to a random vector whose support is in

B(Φ,T2N−1).

Consider the set C =
{

z ∈ [−ε,1+ ε]2N−1,ε > 0s.t.z1 + ...+ z2N ≤ 1+ ε
}

and let the largest set O ⊂ C be such that Ō = C, where Ō is the closure of

O. Clearly T2N−1 ⊂ O, so we set O(T2N−1) = O.

To prove the Lipschitz continuity of candidates for the vector function F in

Theorem 1, we use Theorem 2 below. Recall that a vector function F : D ⊂
Rm → Rm is Lipschitz continuous on D if there exists a constant L such that

‖F(x)−F(y)‖ ≤ L‖x− y‖∀x,y ∈ D.

Theorem 2. Let D be a compact subset of Rm and F : D→Rm a vector function

F(z) = ( f1(z), f2(z), ..., fN(z)). If fi(z) is continuously differentiable on D for

i = 1, ...,m then F : D→ Rm is Lipschitz continuous on D.

8.2 Proof of Proposition 2

Please review the details of the dynamics in Appendix 8.1 before proceeding. We

will prove Proposition 2 by applying Theorem 1 above. Condition 1 of the the-

orem is satisfied. We start by computing the sets A(Φ,T2N−1) and B(Φ,T2N−1).

Next, we check that all connected components of B(Φ,T2N−1) are one-point sets

(Condition 3 of Theorem 1). Finally, we construct a Lipschitz continuous vector

function for which condition 2 of Theorem 1 holds.

I - Computing the sets A(Φ,T2N−1) and B(Φ,T2N−1):
Let n(y) be the number of A players when the vector of proportions is y. We first

show that @y ∈ T2N−1 such that y ∈ A(Φ,T2N−1) and 0 < n(y)< N. Assume that

there exists such a vector y∗ with Φ(y∗) = 0 and 1 < n∗ := n(y∗)< N.

• For player k (A player), we have qk,1(y∗) = 1
N f (n∗− 1) and qk,2(y∗) =

1
N (1− f (n∗−1)). Hence,

y∗k,1
y∗k,1+y∗k,2

= f (n∗−1)≥ µ [1].
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• For player l (B player), we have ql,1(y∗) = 1
N f (n∗) and ql,2(y∗) = 1

N (1−
f (n∗)). Hence,

y∗k,1
y∗k,1+y∗k,2

= f (n∗)< µ [2].

Combining [1] and [2], we have f (n∗)< µ ≤ f (n∗−1). This condition can’t

hold since f is increasing. Therefore, Φ(y) = 0 has no solution y∗ ∈ T2N−1 such

that 0 < n(y∗)< N. We are left with the case where n∗ = N or n∗ = 0. It is easy

to see that z1 = (1,0,1,0, ...,1) ∈ T2N−1 and z2 = (0,1,0,1, ...,1,0) ∈ T2N−1 are

in the solution set of Φ(z) = 0 so {z1,z2} ⊂ A(Φ,T2N−1). At these points, either

all players play A (at z1) or all players play B (at z2).

The set of discontinuity of Φ is DΦ =∪i

{
y ∈ (Q∩ [0,1])N|∃i s.t.yi,1 =

µ

1−µ
yi,2

}
.

Note that y crosses a discontinuity point only if 0 < n(y)< N. For these points,

the argument above holds6. We conclude that A(Φ,T2N−1) = B(Φ,T2N−1) =

{z1,z2}. We apply now Theorem 2 of Arthur et al (1987).

II - Constructing a Lipschitz-continuous vector function F:
Consider the function F : C→ R2N−1 with F(y) = (F1,1(y), ...,F2N−1,1(y)) with

Fi, j(y)) = y2
i, j. Since C is closed and bounded subset of R2N−1 and hence com-

pact and the component function Fi, j are continuously differentiable on C; it fol-

lows from Theorem 2 that F is Lipschitz continuous on O(T2N−1) ⊂ C. We

compute F−1(y,v) = limt→0 t−1|F(y+ tv)−F(y)| for an arbitrary vector v =

6We establish that at each point of discontinuity where there are two limit points for sequences converging to
that point, zero does not belong to the convex hull of these two limit points. The set of discontinuity points is
DΦ = ∪i=1,..N

{
y|∃i s.t.yi,1 =

µ

1−µ
yi,2

}
. Consider a point y ∈ int(T2N−1) such that there are n∗ A players among

the players 2,3, ...,N such that players 2,3, ..,n∗+ 1 are A players and players n∗+ 2, ...,N are B players. Fix all
coordinates of y except y1,1. Consider a increasing sequence of zk starting at y1,1 < µ

1−µ
y1,2, it will eventually

reach µ

1−µ
y1,2. At the left of y1,1 =

µ

1−µ
y1,2, the limit of the sequence zk is gl = [ 1

N f (n∗)− µ

1−µ
y1,2,

1
N (1− f (n∗))−

y1,2, ...,
1
N f (n∗)− yn∗+2,1, ..].

Consider a decreasing sequence of zk starting at y1,1 ≥ µ

1−µ
y1,2, it will eventually reach µ

1−µ
y1,2. At the right of

y1,1 =
µ

1−µ
y1,2, the limit of the sequence zk is gr = [ 1

N f (n∗)− µ

1−µ
y1,2,

1
N (1− f (n∗))−y1,2, ..., f (n∗+1)−yn∗+2,1, ..].

Note that the number of A players is higher at gr than at gl . If 0 ∈ co(
{

gl ,gr
}
), then for i (A player), we must have

gr
i,1 > 0 > gl

i,1 and gl
i,2 > 0 > gr

i,2. Symmetrically, for k (B player), we must have gr
k,1 > 0 > gl

k,1 and gl
k,2 > 0 > gr

k,2.
We show that 0 /∈ co(

{
gl ,gr

}
) by finding for a player i that gl

i,1×gr
i,1 > 0. Assume that gl

i,1 < 0 then yi,1 <
1
N f (n∗−1)

⇒ xi(gl) < f (n∗− 1). Since xi(gl) ≥ µ then µ < f (n∗− 1) [1]. Assume now that gr
k,1 < 0 then yk,1 > 1

N f (n∗)
⇒ xk(gr)> f (n∗). Since xk(gr)< µ then µ > f (n∗) [2]. Combining [1] and [2], we deduce that 0 /∈ co(

{
gl ,gr

}
)
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(v1,1,v1,2, ...,vN,1).

t−1|F(y+ tv)−F(y)|=
√(

2y1,1v1,1 + tv2
1,1

)2
+ ...+

(
2yN,1vN,1 + tv2

N,1

)2

lim
t→0

t−1|F(y+ tv)−F(y)|=
√(

2y1,1v1,1
)2

+ ...+
(
2yN,1vN,1

)2
= 2‖y.v‖

where x.y is the dot product of x and y.

• z1 = (1,0,1, ...,0,1) ∈ A(Φ,T2N−1) with ‖z1‖=
√

N.

F−1(y,‖z1‖−1z1)=
2√
N
‖y.z1‖= 2√

N

√
∑

N
i=1 y2

i,1 := ν1(y). Note that ν1(y)=
0 if and only if y = z2 ∈ B(Φ,T2N−1). Hence, F−1(y,‖z1‖−1z1)≥ ν1(y)>
0 for any y ∈ T2N−1\B(Φ,T2N−1).

• z2 = (0,1,0, ..,1,0) ∈ A(Φ,T2N−1) with ‖z2‖=
√

N−1.

F−1(y,‖z2‖−1z2) =
2√

N−1
‖y.z2‖ = 2√

N−1

√
∑

N
i=1 y2

i,2 := ν2(y). Note that

ν2(y) = 0 if and only if y = z1 ∈ B(Φ,T2N−1). Hence, F−1(y,‖z2‖−1z2)≥
ν2(y)> 0 for any y ∈ T2N−1\B(Φ,T2N−1).

Define ν(y)=min(ν1(y),ν2(y))∀y∈T2N−1. Hence, ∀y∈T2N−1\B(Φ,T2N−1),

the inequality F−1(y,‖z‖−1z) ≥ ν(y) > 0 takes place uniformly for any z ∈
A(Φ,T2N−1). Also, it is easy to check that F(B(Φ,T2N−1)) = B(Φ,T2N−1) =

{z1,z2} so it doesn’t contain any non-degenerate segments. Condition 2 is satis-

fied.

Theorem 2 then stipulates that the sequence {yt} converges with probabil-

ity 1 to a random vector whose support in B(Φ,T2N−1). We use the fact that

xi =
yi,1

yi,1+yi,2
to conclude that the sequence of random vectors {xt} converges to a

random vector whose support is in {(1,1, ...,1),(0,0,0, ...,0)}. Hence, the infi-

nite memory fictitious play beliefs induce pure strategy convergence.
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8.3 Proof of Proposition 4

Please review the details of the dynamics in Appendix 8.1 before proceeding. We

will prove Proposition 4 by applying Theorem 1 above. Condition 1 of the the-

orem is satisfied. We start by computing the sets A(Φ,T2N−1) and B(Φ,T2N−1).

Next, we check that all connected components of B(Φ,T2N−1) are one-point sets

(Condition 3 of Theorem 1). Finally, we construct a Lipschitz continuous vector

function for which condition 2 of Theorem 1 holds.

I - Computing the sets A(Φ,T2N−1) and B(Φ,T2N−1):
Let n(y) be the number of A players when the vector of proportions is y. It

is easy to check that @y ∈ T2N−1 such that y ∈ A(Φ,T2N−1) and n(y) = N or

n(y) = 0. Assume now there exists a vector y∗ ∈ T2N−1 such that Φ(y∗) = 0 and

1 < n∗ := n(y∗)< N.

• For player k (A player), we have qk,1(y∗) = 1
N f (n∗− 1) and qk,2(y∗) =

1
N (1− f (n∗−1)). Hence,

y∗k,1
y∗k,1+y∗k,2

= f (n∗−1)≤ µ [1].

• For player l (B player), we have ql,1(y∗) = 1
N f (n∗) and ql,2(y∗) = 1

N (1−
f (n∗)). Hence,

y∗k,1
y∗k,1+y∗k,2

= f (n∗)> µ [2].

Combining [1] and [2], we have f (n∗ − 1) ≤ µ < f (n∗). Since f is invert-

ible, we have n∗ = b f−1(µ)c+ 1. It follows that z∗ = 1
N ( f (n∗− 1),1− f (n∗−

1), ..., f (n∗),1− f (n∗)...) ∈ A(Φ,T2N−1).

II - Constructing a Lipshitz-continuous vector function F:
Let F(y) = (F1,1(y), ...,FN,1(y)) where Fi, j(y) = 1

3y3
i, j−z∗i, jy

2
i, j−(z∗i, j)

2yi, j. Since

C is closed and bounded subset of R2N−1 and hence compact and the component

function Fi, j are continuously differentiable on C. It follows from Theorem 2 that

F is Lipschitz continuous on O(T2N−1)⊂C.
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We compute the value of F−1(y,v) for v = ‖z∗‖−1z∗, with

‖z∗‖= 1
N

√
n( f (n∗−1)2 +(1− f (n∗−1))2)+(N−n)( f (n∗)2 +(1− f (n∗))2).

F−1(y,‖z∗‖−1z∗) = lim
t→0

t−1|F(y+ t‖z∗‖−1z∗)−F(y)|

= ‖z∗‖−1|((y1,1− z∗1,1)
2,(y1,2− z∗1,2)

2, ...,(yN,1− z∗N,1)
2)T |= ν(y).

Note that ν(y) ≥ 0 and ν(y) = 0 if and only if y = z∗ ∈ B(Φ,T2N−1). Hence,

∀y ∈ T2N−1\B(Φ,T2N−1), F−1(y,‖z‖−1z) ≥ ν(y) > 0 takes place uniformly for

all z ∈ A(Φ,T2N−1). Also, F(B(Φ,T2N−1)) = {F(z∗)} doesn’t contain any non-

degenerate segments, so condition 2 is satisfied.

Consequently, {yt} converges to a random vector whose support is in B(Φ,T2N−1).

Since B(Φ,T2N−1) contains only one point z∗, it follows that {yt} converges with

probability one to z∗.

We use the fact that xi =
yi,1

yi,1+yi,2
to get that the sequence of random vectors

{xt} converges with probability one to the point (x∗1,x
∗
2, ...,x

∗
N) such that x∗i =

f (n∗− 1) if i is an A-player and x∗j = f (n∗) if j is a B-player. Hence, infinite

memory fictitious play beliefs induce coexistence of strategies where n∗ players

play A and have beliefs f (n∗− 1) and N − n∗ players play B and have beliefs

f (n∗) with n∗ = b f−1(µ)c+1.

8.4 Experience-weighted learning dynamics

The EWA model has two core variables. The first variable is n(t) which captures

the number of "observation equivalents" of past experience. The second variable

is the attraction of each strategy ω
j

i (t) where ω
j

i (t) is the attraction of strategy j

for player i at time t. The rule for updating attractions (Camerer and Ho (1999))

is the following:

ω
j(t) =

1
n(t)

(
ϕN(t−1)ω j

i (t−1)+
[
δ − (1−δ ).I(s j

i ,si(t))
]

ui(s
j
i ,s−i(t))

)
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The factor ϕ is a discount factor that depreciates previous attraction. The param-

eter δ measures the relative weight given to forgone payoffs comparing to actual

payoffs. I(x,y) is an indicator function that takes value 1 if x = y, zero otherwise.

8.5 Asymmetric coordination games with asymmetric stakes

In what follows, we consider the case where ϕ = 1 (no discount of previous

attraction) and δ = 1 i.e. actual payoffs and forgone payoffs have the same cog-

nitive weight. Initially each strategy has an attraction for player i ωA
i (0) for

strategy A and ωB
i (0) for strategy B. Let ni(t) be the number of games played by

player i at period t with nA
i,A (nB

i,A) be the number of games played, as active, with

an A-opponent (B-opponent) and nA
i,P (nB

i,P) be the number of games played, as

passive, with an A-opponent (B-opponent). We consider specifically two dynam-

ics using EWA learning:

Dynamics η0: EWA learning rule with best-reply behavior rule: In period t, the

attractions of each strategy for player i are equal to:

ω
A
i,0(t) =

1
ni(t)

[
ω

A
i,0(0)+nA

i,A(t).1+nA
i,P(t).β1

]
(17)

ω
B
i,0(t) =

1
ni(t)

[
ω

(B)
i,0 (0)+nB

i,A(t).θ +nB
i,P(t).β2

]
(18)

We define the best reply behavior rule of η0 as b0(ω) = I[ωA
i ≥ ωB

i ] which

takes 1 (equivalent to playing A) when ωA
i ≥ ωB

i and 0 (equivalent to playing B)

otherwise.

Dynamics ηsu: Single-update EWA learning rule with best-reply behavior rule:

It is the same as η0 except that the interactions as a passive player do not enter

into the update of the attractions. If is equivalent to setting β1 = β2 = 0. In each
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period t, the attractions of the strategies under η0 are given by:

ω
A
i,su(t) =

1
ni,A(t)

[
ω

A
i,su(0)+nA

i,A(t).1
]

(19)

ω
B
i,su(t) =

1
ni,A(t)

[
ω

B
i,su(0)+nB

i,A(t).θ
]

(20)

The update rule of attractions after each game played by player i as active is

as follows:

ω
A
i (t) =

1
ni,A(t)+1

[
ω

A
i (t)×ni,A(t)+ I[ωA

−i ≥ ω
B
−i].1

]
(21)

ω
B
i (t) =

1
ni,A(t)+1

[
ω

B
i (t)×ni,A(t)+ I[ωA

−i < ω
B
−i]θ

]
(22)

We define the best reply behavior rule of ηsu as bsu(ω) = I[ωA
i ≥ ωB

i ] which

takes 1 (equivalent to playing A) when ωA
i ≥ ωB

i and 0 (equivalent to playing B)

otherwise.

Note that every trajectory of learning dynamics is mapped through the best-

reply behavior rule to a trajectory of strategy dynamics. If two learning dynamics

assign the same probability to every trajectory of strategy dynamics then these

dynamics generate the same play and the same predictions. Call st be a N-sized

vector of strategies played in period t and ζs a trajectory
{

s1,s2,s3, ...,sT (ζs)

}
where in period T (ζs), all players play the same strategy. Let Ωs be the set of

all strategy trajectories and Ωη the set of trajectories generated by the learning

dynamics η . The probability that the learning dynamics η assigns to a trajectory

ζs is written Pη(ζs). Typically, we do not observe the details of the learning

dynamics, just the realization of strategies. We say that two learning dynamics

η and η ′ are realization-equivalent if and only if ∀ζs ∈ Ωs, we have Pη(ζs) =

Pη ′(ζs).

Lemma 1. ’realization-equivalent’ is an equivalence relation.
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Proof. We need to establish (1) Reflexivity: Any learning dynamics is obvi-

ously realization-equivalent to itself. (2) Symmetry: If η and η ′ are realization-

equivalent then ∀ζs ∈ Ωs, we have Pη(ζs) = Pη ′(ζs). Using the symmetry prop-

erty of equality, we have Pη ′(ζs) = Pη(ζs) ∀ζs ∈ Ωs and then η ′ and η are

realization-equivalent. (3) Transitivity: Assume η and η ′ are realization-equivalent

and η ′ and η ′′ are realization-equivalent. We have then ∀ζs ∈ Ωs, we have

Pη(ζs)=Pη ′(ζs) and Pη ′(ζs)=Pη ′′(ζs). It follows that ∀ζs ∈Ωs, we have Pη(ζs)=

Pη ′′(ζs) and therefore η and η ′′ are realization-equivalent.

When η and η ′ are realization-equivalent, we write η
r.e∼ η ′. Let Pη [s→ A]

as the probability, under dynamics η that the strategy dynamics converges to a

state where all players play A.

Lemma 2. If η
r.e∼ η ′ then Pη [s→ A] = Pη ′ [s→ A] and Pη [s→ B] = Pη ′ [s→ B]

. If η induces a pure-strategy convergence, then so does η ′.

Proof. Note that Pη [s→ A] = ∑ζs∈Ωs
Pη(ζs)I[sT (ζs) = A]. Since η

r.e∼ η ′, we

have, by definition, Pη(ζs) = Pη ′(ζs)∀ζs ∈ Ωs. Substituting Pη ′(ζs) for Pη(ζs)

in Pη [s→ A] yields Pη [s→ A] = P′η [s→ A]. Similarly, we obtain Pη [s→ B] =
Pη ′ [s→ B]. If η induces pure-strategy convergence then Pη [s→ A]+Pη [s→ B] =
1. It follows that Pη ′ [s→ A] +Pη ′ [s→ B] = 1 and therefore η ′ induces pure

strategy convergence.

Dynamics ηfp: Single update fictitious play dynamics with best-reply behavior

rule: This is the dynamics described in section 2. Let (x0
i ,n

0
i ) the initial condi-

tions for η f p. The updating rule of beliefs after player i plays G, as active, in

period t is given by:

xt+1
i =

1
nt+1

i,A

[
xt

i×nt
i,A + I[xt

−i ≥ µ]
]

(23)

nt+1
i,A = nt

i,A +1 (24)
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We define the best reply behavior rule as b f p(xi) = I[xi ≥ µ] which takes 1

(equivalent to playing A) when xi ≥ µ and 0 (equivalent to playing B) otherwise.

Lemma 3. If the initial conditions for η f p and ηsu satisfy ω
A,0
i .θ .(1− x0

i ) =

ω
B,0
i .x0

i then η f p
r.e∼ ηsu.

Proof. Consider the vector function φ = (φ1,φ2) defined by φ(x,n) = (x,θ(1−
x)). If (ωA

i ,ω
B
i ) = φ(xi,ni), then I[ωA

i ≥ωB
i ] = I[φ1(xi)≥ φ2(xi)] = I[xi ≥ θ(1−

xi)] = I[xi ≥ θ

1+θ
] = I[xi ≥ µ]. Similarly, I[ωA

i < ωB
i ] = I[xi < µ]. This shows

that:

b f p = bsu ◦φ (25)

Let ζ = (t,(xt ,nt) ∈ Ω f p, we want to prove that φ(ζ ) = (t,φ(xt ,nt)) ∈ Ωsu.

We need to establish two results:

[1] If (ωA(t),ωB(t)) = φ(xt ,nt) then (ωA(t +1),ωB(t +1)) = φ(xt+1,nt+1),

[2] If Pf p[(xt ,nt)→ (xt+1,nt+1)]> 0, then Psu[φ(xt ,nt)→ φ(xt+1,nt+1)]> 07

To establish [1], we show that the update rules are equivalent: Replacing

ωA
i (t + 1) by φ1(xt+1

i ) = xt+1
i and ωB

i (t + 1) by φ2(xt
i) = θ(1− xt

i) in (21) and

(22), we get:

xt+1
i =

1
nt+1

i
[nt

i× xt
i + I[φ1(x−i)≥ φ2(x−i)]. (26)

θ(1− xt+1
i ) =

1
nt+1

i
[nt

i×θ(1− xt
i)+θ I[φ1(x−i)< φ2(x−i)]. (27)

Using (25), we obtain that (26) is equivalent to (23) of the update rule of the

fictitious play dynamics. Multiplying (27) by 1
θ

and summing it with (26), we

obtain (24).

To establish [2], we show Pf p[(xt ,nt)→ (xt+1,nt+1)]=Psu[φ(xt ,nt)→ φ(xt+1,nt+1)].

Since the learning map is the same for both dynamics and, at time t and depend

only on the strategies’ distributions at t, the transition from (xt
i,n

t
i) to (xt+1

i ,nt+1
i )

7ζ ∈Ω f p means that η f p puts a positive probability on ζ . φ(ζ ) ∈Ωsu means that ηsu puts a positive probability
on ζ which means that all transitions between consecutive states must have a positive probability under ηsu.
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is a function of b f p(xt ,nt). Similarly, the transition from φ(xt
i,n

t
i) to φ(xt+1

i ,nt+1
i )

is a function bsu(φ(xt ,nt)). (25) establishes that b f p(xt ,nt) = bsu(φ(xt ,nt)) and

consequently that Pf p[(xt ,nt) → (xt+1,nt+1)] = Psu[φ(xt ,nt) → φ(xt+1,nt+1)].

Since Pf p[ζ ] = ∏
Tζ

j=0 Pf p[(x( j),n( j)) → (x( j + 1),n( j + 1))] and Psu[φ(ζ )] =

∏
Tφ(ζ )

j=0 Psu[φ(x j,n j)→ φ((x j+1,n j+1)] and Tζ = Tφ(ζ ), we have

Pf p[ζ ] = Psu[φ(ζ )]. (28)

Since by assumption, ωA
i (0)θ(1−xi(0))=ωB

i (0)xi(0) then (ωA
i (0),ω

B
i (0))=

φ(xi(0),ni(0)). We established that for any trajectory ζ ∈ Ω f p, φ(ζ ) ∈ Ωsu.

Since φ is invertible8 then: there is a one-to-one correspondence between Ω f p

and Ωsu (*).
Finally, we need to prove that ∀ζs ∈Ωs,Pf p(ζs) = Psu(ζs).

Pf p(ζs) = ∑
ζ∈Ω f p

Pf p[ζ ]I[b f p(ζ ) = ζs] = ∑
ζ∈Ω f p

Psu[φ(ζ )]I[bsu(φ(ζ )) = ζs]

= ∑
ζ ′∈Ωsu

Psu[ζ
′]I[bsu(ζ

′) = ζs] = Psu(ζs)

The second equality follows from (28) and (25). The third equality from (*).
This proves that η f p

r.e∼ ηsu.

Lemma 4. If θ is irrational, there exists β̄ such that if β1 ∈ (0, β̄ ) and β2 ∈ (0, β̄ ),
then η0

r.e∼ ηsu.

Proof. From (17) and (19), we can express ωA
i,0(t) as a function of ωA

i,su(t) and

from (18) and (20), we express ωB
i,0(t) as a function of ωB

i,su(t). We obtain then:

ω
A
i,0(t)−ω

B
i,0(t) =

1
nt

i

[
ni,A(t)(ωA

i,su(t)−ω
B
i,su(t))+nA

i,P(t)β1−nB
i,P(t)β2

]
(29)

8We have φ−1(ω(A),ω(B)) = ( ω(A)

ω(A)+ 1
θ

ω(B) ,ω
(A)+ 1

θ
ω(B))
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Both dynamics (η0,ηsu) map to the same strategy trajectories, if two conditions

are satisfied:

[1] Whenever i plays A under ηsu, he plays A under η0:

ω
A
i,su(t)≥ ω

B
i,su(t)→ ω

A
i,0(t)≥ ω

B
i,0(t)

[2] Whenever i plays B under ηsu, he plays B under η0 i.e.

ω
A
i,su(t)< ω

B
i,su(t)→ ω

A
i,0(t)< ω

B
i,0(t)

[1] Assume ωA
i,su(t) ≥ ωB

i,su(t). We have ωA
i,0(t) ≥ ωB

i,0(t) if ni,A(t)(ωA
i,su(t)−

ωB
i,su(t))> nB

i,P(t)β2−nA
i,P(t)β1. We know that nB

i,P≤ ni,P so nB
i,P(t)β2−nA

i,P(t)β1≤
ni,P(t)β2. Consequently, whenever:

β2 ≤
ni,A(t)
ni,P(t)

(ωA
i,su(t)−ω

B
i,su(t)) (30)

then we have ωA
i,0(t)≥ ωB

i,0(t).

[2] Assume ωA
i,su(t)<ωB

i,su(t). We have ωA
i,0(t)<ωB

i,0(t) if nB
i,P(t)β2−nA

i,P(t)β1 <

ni,A(t)(ωB
i,su(t)−ωA

i,su(t)). We know that nA
i,P ≤ ni,P so nA

i,P(t)β1− nB
i,P(t)β2 ≤

ni,P(t)β1. Consequently, whenever:

β1 <
ni,A(t)
ni,P(t)

(ωB
i,su(t)−ω

A
i,su(t)) (31)

then we have ωA
i,0(t)< ωB

i,0(t).

Pick ζ ∈Ωsu. Define β̄i,ζ as:

β̄i,ζ = min
t≤Tζ

ni,A(t)
ni,B(t)

|ωA
i (t)−ω

B
i (t)|

Note that by Lemma 2, ηsu induces a pure-strategy convergence i.e. ∃Tζ
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such that for all t > Tζ , all players play the same strategy i.e. for all t > Tζ ,

|ωA
i (t)−ωB

i (t)| ≥ |ωA
i (Tζ )−ωB

i (Tζ )|. It follows that βi,ζ is well defined. Since

θ is irrational that ∀t, |ω(A)
i (t)−ω

(B)
i (t)|> 0∀t so ∀i, we have β̄i,ζ > 0.

Now, let β̄ζ = mini=1..N β̄i,ζ . By choosing β1 ∈ (0, β̄ζ ) and β2 ∈ (0, β̄ζ ), we

know that, along trajectory ζ , learning as a passive player would not alter the

dynamics since we have that whenever player i plays A (B) under ηsu, he plays

the same strategy under η0. This, in turn, means that all strategy changes occur

when players are active. Let ζ ′ be a trajectory in Ω0 obtained from ζ by allowing

players to update as passive players. If β1 ∈ (0, β̄ζ ) and β2 ∈ (0, β̄ζ ), we have

b0(ζ
′) = bsu(ζ ). Typically, there will be many trajectories ζ ′ ∈Ω0 that coincide

with ζ in the distribution of strategy change times but have different distributions

of games played as passive players. Call the set of such trajectories V (ζ ). Since

no two trajectories in Ωsu coincide, then V partitions Ω0 (**). Since the learning

map depend only on the distribution of strategies then

Psu[ζ ] = ∑
ζ ′∈V (ζ )

P0[ζ
′] (32)

∀ζ ′ ∈V (ζ ),b0(ζ
′) = bsu(ζ ) (33)

Taking the minimum of β̄ζ over all ζ ∈Ωsu, we define:

β̄ = min
ζ∈Ωsu

β̄ζ

By choosing β1 ∈ (0, β̄ ) and β2 ∈ (0, β̄ ), that players learn as passive players

doesn’t alter the strategy trajectories and all strategy changes occur only when

players are active.

∀ζs ∈Ωs,
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Psu[ζs] = ∑
ζ∈Ωsu

Psu(ζ )I[bsu(ζ ) = ζs]

= ∑
ζ∈Ωsu

(
∑

ζ ′∈V (ζ )

P0[ζ
′]

)
I[bsu(ζ ) = ζs]

= ∑
ζ ′∈Ω0

P0[ζ
′]I[b0(ζ

′) = ζs] = P0[ζs]

The second equality follows from (32). The third equality follows from the fact

that V partitions Ω0 (**) and (33). We have therefore proved that if β1 ∈ (0, β̄ )

and β2 ∈ (0, β̄ ),η0
r.e∼ ηsu.

8.6 Smooth fictitious play: Proof of Proposition 11

Proposition 11. Infinite memory smooth fictitious play beliefs converge with

probability one to a perturbed Nash equilibrium. Moreover, for each x∗ ∈ S
such that κ

N x∗(1− x∗)< 1, we have

P[ lim
t→∞

xt → x∗]> 0.

Proof. Consider the dynamical system dx
dt = F(x) = M(x)− x et let ψ be the

flow associated with it. Since F(.) is locally Lipschitz continuous, with probabil-

ity one, the state limit set of {xt} is an invariant set of the flow of the game vector

field F (Benaïm and Hirsch, 1999, Theorem 3.3.). Clearly, any invariant set of

the flow ψ is a subset of S, it follows that {xt} converges with probability one

to S. Since S is the perturbed Nash equilibria (Proposition 10); {xt} converges

to a perturbed Nash equilibrium. However, not all perturbed Nash equilibria are

attainable. If x∗ ∈ S is linearly unstable, F is C2 in the neighborhood of x∗ and the

probability of playing any of strategy is positive at x∗; Pemantle (1990) proves

that the probability that {xt} converges to x∗ is zero (Benaïm and Hirsch, 1999,
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Theorem 5.1). We, therefore, investigate the linear stability of points in S.

Recall from (9) that mi(x)=
1

(N−1)
∑ j 6=i σ(x j) and from (8) that σ(xi)=

1
1+ eκ(µ−xi)

with κ = λ (π11 +π22−π21−π12)> 0. It follows that

Fi(x) =
1
N

(
1

N−1 ∑
j 6=i

1
1+ eκ(µ−xi)

− xi

)
.

For any i, j ∈ {1,2, ...,N}, we have:

∂Fi(x)
∂x j

=
1

N(N−1)
κeκ(µ−x j)

(1+ eκ(µ−x j))2
, (34)

and
∂Fi(x)

∂xi
=− 1

N
. (35)

For any x∗ ∈ S, by Proposition 10, x∗ = (x∗,x∗, ...,x∗) with x∗ = σ(x∗).

x∗ = σ(x∗)⇒ x∗ =
1

1+ eκ(µ−x∗)
⇒ 1+ eκ(µ−x∗) =

1
x∗

(36)

⇒ eκ(µ−x∗) =
1
x∗
−1⇒ eκ(µ−x∗) =

1− x∗
x∗

(37)

For any point in x∗ ∈ S, we have then:

∂Fi(x)
∂x j

|x = x∗ =
1

N(N−1)
κeκ(µ−x∗)

(1+ eκ(µ−x∗))2
=

1
N(N−1)

κ
1−x

x

( 1
x∗
)2

=
κx∗(1− x∗)
N(N−1)

,

(38)

The Jacobian at any x∗ ∈ S is as follows:

Jx∗ =
1
N
×


−1 κx∗(1−x∗)

N−1 ...
κx∗(1−x∗)

N−1
κx∗(1−x∗)

N−1 −1 ...
κx∗(1−x∗)

N−1

... ... ... ...
κx∗(1−x∗)

N−1
κx∗(1−x∗)

N−1 ... −1


46



The eigenvalues of Jx∗ are λ1 =
κ

N−1(x
2
∗− x∗)− 1. It is real, of multiplicity

N− 1 and always negative and λ2 = κ(x∗− x2
∗)− 1. It is real, of multiplicity 1

and is negative as long as κ(x∗− x2
∗)< 1.

As long as κ(x∗− x2
∗) < 1, the point x∗ is linearly stable, and, therefore,

asymptotically stable. Since, at any point x ∈ (Q∩ [0,1])N , the probability of

playing any action (A,B) is positive, so the set of attainable points from any x is

(Q∩ [0,1])N . Using Theorem 7.3. of Benaïm (1999), we obtain the second part

of the proposition.

8.7 Smooth fictitious play: Proof of Corollary 1

Corollary 1. If λ <
4

π11−π12−π21 +π22
then, ∀x∗ ∈ S

P[ lim
t→∞

xt → x∗]> 0.

Proof. We just need to prove that when λ <
4

π11−π12−π21 +π22
, then the sec-

ond eigenvalue λ2 is negative.

Since x(1−x)≤ 1
4∀x∈ [0,1], we have κx(1−x)≤ κ

4 . If κ

4 < 1 then ∀x∈ [0,1],
κx(1− x)< 1. Therefore, The Jocobian at any x∗ = (x∗, ...,x∗) ∈ S has negative

eigenvalues and therefore x∗ is linearly stable.

κ

4
< 1⇒ κ < 4⇒ λ <

4
π11−π12−π21 +π22

.

8.8 Two-player population - Absorption probabilities

Proposition 12. If two players, 1 and 2, recurrently play a coordination game G,

we have
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P [s→ A] =
δ1−1

∑
k=0

(
k+δ2−1

k

)
pk(1− p)δ2

P [s→ B] =
δ2−1

∑
k=0

(
k+δ1−1

k

)
pδ1(1− p)k

where δ1 = b1−µ

µ
w1,1−w1,2c+ 1 and δ2 = d µ

1−µ
w2,2−w2,1e and bzc is the

integer part of z.

Proof. Player 1 is initially an A player with x0
1 > θ and player (2) is initially a B

player with x0
2 < µ . Once one of the players changes strategy, an absorbing state

is reached and no more type changes are possible. Assume, now, that player 2

keeps playing B up to time t. Consequently, each time player (1) is selected as an

updating/active player, a B observation is added to his history. How many times

(δ1) should player (1) be selected as an active player in order to change strategy?

xt
1 = w1,1/(w1,1 +w1,2 +δ1)< µ ⇒ δ1 >

1−µ

µ
w1,1−w1,2

.

Since δ1 ∈ N, then δ1 = b1−µ

µ
w1,1−w1,2c+1.

Similarly, player 2 needs to observe player 1 playing A δ2 times to change his

strategy to A.

x2(t) = (w2,1 +δ2)/(w2,1 +w2,2 +δ2)≥ µ ⇒ δ2 ≥
µ

1−µ
w2,2−w2,1

.

Since δ2 ∈ N, then δ2 = d µ

1−µ
w2,2−w2,1e.

Player 1 is selected to be the updating/active player with probability p, and

player 2 is selected with probability 1− p. The probability that both players
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play A is equal to the probability that player 2 changes strategy before player

1 changes strategy - i.e. player 2 is selected δ2 times to be the updating/active

player before player 1 is selected δ1 times. This process is best modeled by the

negative binomial distribution.

Imagine a sequence of independent Bernoulli trials, each having two potential

outcomes called success and failure. P[success]= 1− P[failure]= p. Let Z be

a random variable counting the number of failures until r successes have oc-

curred. Z  NB(r, p) and has the following probability mass function P[Z =

k] =
(k+r−1

r−1

)
pr(1− p)k.

Let the choice of the updating/active player be a Bernoulli trial, in which suc-

cess is equivalent to the event ’Player 1 is selected’ and failure is equivalent to

the event ’Player 2 is selected’. Clearly, P[success] = p and P[failure] = 1− p.

Let Z be a random variable counting the number of failures i.e. the number of

additional observations in player 2’s history until δ1 successes have occurred

- i.e., δ1 observations are added to player 1’s history. Z  NB(δ1, p), with

P[Z = k] =
(k+δ1−1

k

)
pδ1(1− p)k.

Knowing this, it is easy to calculate9:

P[s→ B] =
δ2−1

∑
k=0

(
k+δ1−1

k

)
pδ1(1− p)k

P[s→ A] =
δ1−1

∑
k=0

(
k+δ2−1

k

)
pk(1− p)δ2

9P[s→ A] is obtained by permuting the definitions of ’success’ and ’failure’ and applying the same formula. Of
course, [P[s→ A] = 1− [P[s→ B] = ∑

∞

k=δ2
P[Z = k] = ∑

∞

k=δ2

(k+δ1−1
k

)
pδ1(1− p)k
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