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Abstract 

In manufacturing industry there is a high demand for on line quality control to minimize the 

risk of incorrectly produced objects. Conventional contact measurement methods are usually 

slow and invasive, meaning that they cannot be used for soft materials and for complex 

shapes without influencing the controlled parts. In contrast, interferometry and digital 

holography in combination with computers become faster, more reliable and highly accurate 

as an alternative non-contact technique for industrial shape evaluation. For example in digital 

holography, access to the complex wave field and the possibility to numerically reconstruct 

holograms in different planes introduce a new degree of flexibility to optical metrology. With 

digital holography high resolution and precise three dimensional (3D) images of the 

manufactured parts can be generated. This technique can also be used to capture data in a 

single exposure, which is important when doing measurements in a disturbed environment.  

The aim of this thesis is devoted to the theoretical and experimental development of shape 

and deformation measurements. To perform online process control of free-form 

manufactured objects, the measured shape is compared with the CAD-model to obtain 

deviations. To do this, a new technique to measure surface gradients and shape based on 

single-shot multiplexed dual-wavelength digital holography and image correlation of speckle 

displacements is demonstrated. Based on an analytical relation between phase gradients and 

speckle displacements it is shown that an object is retrieved uniquely to shape, position and 

deformation without the unwrapping problems that usually appear in dual-wavelength 

holography. The method is first demonstrated using continues-wave laser light from two 

temperature controlled laser diodes operating at 640 nm. Then a specially designed dual core 

diode pumped fiber laser that produces pulsed light with wavelengths close to 1030 nm is 

used. In addition, a Nd:YAG laser with the wavelength of 532 nm is used for 3D deformation 

measurements.  

One significant problem when using the dual-wavelength single-shot approach is that phase 

ambiguities are built in to the system that needs to be corrected. An automatic calibration 

scheme is therefore required. The intrinsic flexibility of digital holography gives a possibility 

to compensate these aberrations and to remove errors, fully numerically without mechanical 

movements. In this thesis I present a calibration method which allows multiplexed single-

shot online shape evaluation in a disturbed environment. It is shown that phase maps and 

speckle displacements can be recovered free of chromatic aberrations. This is the first time 
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that a multiplexed single-shot dual-wavelength calibration is reported by defining a criteria to 

make an automatic procedure.  

Further, Digital Speckle Photography (DSP) is used for the full field measurement of 3D 

deformations. In order to do 3D deformation measurement, usually multi-cameras and 

intricate set-up are required. In this thesis I demonstrate the use of only one single camera to 

record four sets of speckle patterns recorded by illuminating the object from four different 

directions. In this manner, meanwhile 3D speckle displacement is calculated and used for the 

measurement of the 3D deformations, wrapping problems are also avoided. Further, the same 

scale of speckle images of the surface for all four images is guaranteed. Furthermore, a need 

for calibration of the 3D deformation measurement that occurs in the multi-camera methods, 

is removed. 

By the results of the presented work, it is experimentally verified that the multiplexed single-

shot dual wavelength digital holography and numerically generated speckle images can be 

used together with digital speckle correlation to retrieve and evaluate the object shape. Using 

multidirectional illumination, the 3D deformation measurements can also be obtained. The 

proposed method is robust to large phase gradients and large movements within the intensity 

patterns. The advantage of the approach is that, using speckle displacements, shape and 

deformation measurements can be performed even though the synthetic wavelength is out of 

the dynamic range of the object deformation and/or height variation. 
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1 Introduction 

In manufacturing industry there is a high demand for on-line quality control to minimize the 

risk of producing defect objects. Digital holography has become faster and more reliable and 

is establishing itself as a method for high accuracy industrial shape measurement. One 

benefit is that digital holography allows numerical propagation of the recorded optical fields. 

Single wavelength digital holography can only be used when measuring the shape of smooth 

objects, with steps of less than half a wavelength. Therefore, multi-wavelength alternatives 

have been introduced where a synthetic wavelength is used to produce the phase. The use of 

multi-wavelength (MW) also opens up the possibility to inspect optically rough objects by 

comparing the change of phase because of a wavelength shift. The use of several 

wavelengths can though lead to chromatic aberrations. Within on-line inspection it is also 

important to capture the shape in a single exposure due to movements of the objects. Single-

shot multiplexed holography can be accomplished by having different incident angles of the 

reference light for the different wavelengths, hence separating the information in the 

frequency space. As the shape measurement is based on the phase difference between the 

holograms any phase differences between the reference beams will introduce an error. Hence 

it is important to calibrate the system so that such phase deviations can be eliminated. 

Recently a method has been suggested where knowledge about the object shape, e.g. a CAD-

model, is used to reduce the number of required images for shape measurement in Digital 

Holography [1, 2]. The main idea is to perform online process control of manufactured 

objects by measuring the shape and compare it to the CAD-model. The method presented in 

this thesis is also intended for such use. 

In a technique known as a Digital Speckle Correlation an analysis of speckle displacement by 

correlation techniques is used. The idea is to utilize the speckle pattern that appears when a 

coherent beam illuminates a rough surface. A change of the wavelength or a deformation of 

the object or a change of the microstructural distribution of the surface may appear as 

speckle decorrelation, movements of the speckle pattern and a change in the phase of the 

speckles. Recently, a method utilizing the peak position of the correlation value along the 

reconstruction direction, has been used to calculate the shape of the object [3]. The idea thus 

utilized is that speckles in a defocused plane tend to move when wavelength changes are 

introduced. The correlation function is however broad in the depth direction and the accuracy 

with that approach is limited. In this work, a similar approach is taken but instead of 

calculating the shape from the maximum of the correlation function in depth direction the 
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shape gradients of the object are calculated from the speckle movements at different focal 

planes caused by a wavelength change. By using image correlation and speckle 

displacement, the method presented in this thesis is also robust to large phase gradients and 

large movements within the intensity patterns. The advantage of the work is that, using 

speckle displacement, we can reconstruct the shape even though the synthetic wavelength is 

out of the dynamic range of the object. 

In addition to shape measurement, the measurement of deformation fields is one of the 

traditional objectives for speckle metrology. There exist two main group of methods for 

deformation measurement: speckle interferometry and Digital Speckle Photography (DSP. 

Also known as Image Correlation). In this thesis in addition to digital holography, DSP is 

also used for measurement of full-field 3D surface deformation extracted from speckle 

displacements from four successive illumination directions.  

In this summary the static properties of the speckle patterns as a source of information is 

discussed in section 2. Section 3 and 4 discuss digital holography and the dynamic properties 

of the speckle patterns, respectively.  The discussion will be continued in section 5 with 

holographic shape measurements. Multiplexed digital holography and related calibration 

issues are discussed in sections 6 and 7, respectively. A discussion about how the 

introduction of a CAD-model simplifies the measurement of shape by dual-wavelength 

digital holography is given in section 8. Finally, full-field 3D deformation measurement 

utilizing both speckle interferometry and DSP, is described in section 9 that is followed by 

some conclusions and a discussion of possible future work in section 10.  
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2 Static properties of speckle patterns  

In this section some static properties of speckle patterns of importance in coherent optical 

metrology are introduced and discussed. In general the statistical properties of the speckle 

pattern depend both on the coherence of the illumination light forming speckles and on the 

detailed properties of the speckle-forming medium. 

2.1 Speckle formation 

 

When a rough surface is illuminated with spatially and temporally coherent light and 

observed through a finite aperture, a granular pattern in space called a speckle pattern is 

produced. This pattern consists of dark and bright spots (speckles), are the result of 

interference of scattered waves from the surface [4-6].  

The speckle pattern is produced because light is received at each point in the image from 

several different points on the object because of the limited resolution of the imaging system. 

See Fig. 1. The path-length of the light from each point on the surface to the detector plane 

depends on the surface profile at that point. Significant variation of the surface height across 

the width of the point spread function, then cause random interference effects that are known 

as speckle [7, 8]. The scattered waves building up the speckle pattern are characterized by a 

random intensity and phase distribution. The observed speckle pattern that fundamentally is a 

statistical process may be thought of as a ‘’fingerprint’’ of the illuminated area where the 

observed pattern is unique for the microstructure of the specific area. A different area will 

 

 

Fig. 1. Schematic description of how speckles are generated (left). Typical speckle pattern 

(right). 
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result in a totally different random speckle pattern [9]. If the statistical properties of the 

speckle pattern are determined by the size of the illuminated spot, the pattern is called 

objective. If instead the statistical properties of the speckle pattern are determined by the size 

of the aperture of the imaging system, the pattern is called subjective. Any imaging with 

coherent light introduces subjective speckle. It is interesting to note that in an optical setup 

where laser light is coupled into a multi-mode fiber, a speckle pattern is also present due to 

interference among the various modes of propagation of the fiber [10].  

 Assume that the complex amplitude U(x,y)= u(x,y)eiφ at a point in a speckle pattern is given 

by 

k
c

i
N

k
k

c

i ea
N

ueU






1

1
     (1) 

where the amplitude ak and the phase φk of each scattered wave are statistically independent 

variables and also independent from the amplitude and phase of other wave components. The 

light field in a specific point in a speckle pattern, consists of a large number Nc of 

components representing the light from all points on the scattered surface. Goodman [8] has 

shown that in a fully developed speckle pattern the real and imaginary part of the complex 

amplitude of U follows Gaussian statistics. One consequence of this is that the probability 

density function for the phase 



2

1
)( P   is uniformly distributed between –π and +π. 

Further he has shown that the probability density function P(I) of the intensity 
2

UI  of the 

speckle field is given as 

)exp(
1

)(






I

I

I
IP ,     (2) 

where I is the average intensity. Then the intensity of a speckle pattern follows as a 

negative exponential distribution. The most probable intensity value is zero, thus dark 

speckles are more likely. However, there are always small portion of very bright speckles. 

Fig. 2 shows the probability density function of the intensity of a speckle pattern as given by 

Eq. (2). 
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Fig. 2. Probability density function of speckle pattern. 

 

2.2 Speckle contrast 

 

In speckle metrology, when there is a deformation, the speckle pattern will move. Tracking 

the speckle displacements gives useful information that is utilized for shape and deformation 

measurement. DSP provides higher accuracy for higher contrast intensity images. This is 

why speckle contrast is of great importance. For accurate measurements of speckle pattern 

displacements, there is a need for high speckle contrast. A measure of the contrast in a 

speckle pattern is the ratio of the standard deviation σ1 of the speckle intensity to the mean 

intensity  

.



I

C I
       (3) 

From Eq. (2) it may be concluded that C=1 for a fully developed speckle pattern. Consider 

Fig. 3 where Aa and Ac are the spots of imaging (Airy spot) and the coherence area of the 

illumination, respectively, on the object. If Ac > Aa only coherent addition, as in Eq. (1), will 

appear giving C=1. If, however, Ac < Aa  it may be shown that the resulting speckle contrast 

is due to incoherent addition of 
c

a

A
A

N    independent speckle patterns.  So we obtain for 

the speckle contrast C: 

,
1

a

c

A

A

N
C              (4) 

assuming fully polarized light. For depolarized light, the number of independent speckle 

patterns increase by a factor of 2. 
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Fig. 3. Definition of the parameters playing a role for the speckle contrast. Aa, Ac and dᴦ are the spot of 

imaging, coherence area of the illumination and coherence width, respectively. Angle uq defines the 

aperture of the illumination, uo defines the numerical aperture of the imaging, and ul defines the numerical 

aperture in the detection side.   

 

Consider again Fig. 3 that indicates that full speckle contrast is obtained provided Ac > Aa . 

According to the van  Cittert-Zernike theorem [11] the coherence width on the object is  

given by  

     ,
2 qNA

d


             (5) 

where NAq = sin uq  is the numerical aperture  of  the  illumination. Likewise the width of the 

diffraction spot, σo, is given by ,
2 o

o
NA


  where NAo= sin uo is the numerical aperture of 

the imaging. Therefore, coherent imaging with full speckle contrast is achieved provided  

.      qo

oq

ac NANA
NANA

AA 


     (6) 

This means that we can put Eq. (4) on the alternative form 
q

o

NA

NA
C   in the partial coherent 

regime. The result of Eqs. (4,6) is summarized in Fig. 4. 

The interesting consequence of Eq. (4) is that an image will always contain speckles, even 

for large illumination apertures and small observation apertures [12, 13]. 

The contrast   of  the  speckle  is  in  general   independent    of surface  characteristics   since  

the  optical  configuration and  the  surface  roughness   allow  for  a  complete  range of 

random  phase  shifts  from 0 to 2π [7]. However,   speckles observed   in  the  image  plane   

of  a well  corrected   lens arise  from  path-length differences  only due to the surface profile.  
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Fig. 4. Speckle contrast. 

 

The   appearance    of high   contrast    speckle thus depends on the following conditions [14, 

15]:     

(a)    The interfering waves must   have sufficient phase difference > (λ/2) to give   

complete destructive   interference at some points in   the   speckle   pattern.       

(b)    The   interfering   waves must be temporally coherent with respect to each other. 

(c)    The surface does not depolarize the light. 

(d)    A large number of independent scattering centers contribute to the intensity at 

the point in the observation (detector) plane. 

The first of these conditions   causes low speckle contrast for relatively smooth surfaces. 

Since an ideal   mirror   should   not   produce   speckle,  a  curve  of contrast   vs  roughness   

will  drop  to  zero  at  the  origin. Using a single-mode laser for surface illumination satisfies 

the second condition. However, if  spatially  coherent  light  having  a  broad spectral   

bandwidth   is used  for  illumination,   the  second condition   will  only  be  partially   valid.     

In particular, if the coherence length of the illumination   is made comparable in magnitude   

with   the   surface   roughness   of interest, a significant reduction   of speckle contrast   will 

occur.    By measuring   the speckle contrast   formed in broadband    illumination, a surface 

roughness can thus be measured [5]. The third condition is considered since any two 

orthogonally polarized components of the scattered light are incoherent with one another.  

Finally, a large number of scattering centers guarantees random interference effects leading 

to fully developed speckle patterns following Gaussian distributions. 

The contrast of the speckles is zero for a perfectly reflecting surface such as mirrors and it 

increases as the surface roughness increases. However, even when the roughness is well 
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within the wavelength of the light, the contrast increases to unity and remains so for any 

higher roughness. 

 

2.3 Speckle size 

 

The size of the speckle is known to be related to the numerical aperture NAl=sin ul of the 

observing   system (see Fig. 3). The numerical aperture hens influence the spatial frequency 

content in the image and then the sampling of the image (discussed in subsection 2.4, 3.1 and 

6.2). In addition the numerical aperture will define the rate of speckle decorrelation 

(described in subsections 4.2 and 4.3) [16]. Because speckle metrology is based on tracking 

the variations of a speckle pattern, it is beneficial to summarize the basic size and shape 

dependence of the speckles. Firstly, we need to know the in-plane speckle size along the 

detector plane to ensure that the detector resolution is small enough to sample each speckle 

property. The observation aperture should be larger than the illumination aperture ( qo NANA  ) 

for fully developed speckle patterns.  Secondly, since a speckle pattern also varies along the 

optical axis, we must understand how quickly the speckle pattern varies longitudinally. Fig. 5 

illustrates how the average in-plane and longitudinal size of a speckle lobe grows with 

distance. In this figure, d⊥ is the average in-plane speckle size that would be observed at the 

distance z from the diffuser.  If  D  represents  the  projected linear size extent of the 

illuminated portion of the scattering object for a given observation angle (equal to aperture 

size in an imaging system),  then  the  average  speckle size  d⊥ = σx,y [4, 5, 9, 17-20] 

measured in a plane parallel to the diffuse plane at distance z is given by 

. 
sin2

  
, D

z

ul
yx




       (7) 

In Eq. (7) a uniformly illuminated rectangular area of width D is assumed.  A correction 

factor of 1.22 is used for the cases of circular area of diameter D [21]. The calculation of the  

 

Fig. 5. Schematic of in-plane and longitude speckle size 
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size of the resulting so-called subjective speckles is analogous to the calculation of the 

objective speckle size. Here the cross-section of the illuminated area and distance z have to 

be exchanged by the diameter of the imaging aperture (D) and image distance zi, 

respectively. 

 By introducing the aperture number (F number) 

,   
D

f
F       (8) 

where f is the focal length of the imaging lens, we get 

,)1( 1.22  
,

FM
yx

          (9) 

assuming a circular aperture where M = (zi − f)/f is the magnification of the imaging system, 

see Fig. 6. More details of this magnification will be discussed in section 3. From the 

equations (7-9) and Fig. 5 we see that the speckle size is proportional to the wavelength λ and 

the range z but inversely proportional to the size D and consequently the numerical aperture 

NAl. Therefore the speckle size increases with decreasing imaging aperture (increasing 

aperture number) [22]. This can be easily verified by stopping down the eye aperture when 

looking at a speckle pattern. It is thus seen that the speckle size can be controlled by the 

magnification M and by the F of the lens. The control of speckle size by means of F is often 

used in speckle metrology to match the speckle size with the pixel size of the detector not to 

introduce systematic errors into the analysis. More details are provided in the following 

subsection. 

In Fig. 5, the average longitudinal speckle size that would be observed in the radial direction 

(along the propagation direction) at the distance z is denoted by d||. If we assume the 

propagation direction to be the z-direction, the average longitudinal speckle size z
 with 

circular and rectangular aperture, is given by 

circ, 
NA

2
  8  )

D

z
(8

2

22 
  F

z
    (10) 

rec,  )
D

z
(7.31  2 

z
    (11) 

respectively, meaning that the speckle size in general is much larger in the z-direction than in 

the x, y-directions unless very  large  numerical apertures are used [9, 18, 23, 24]. The 

speckle is thus cigar shaped in general. It is worth mentioning that in the conditions of  
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Fig. 6. Speckle size can be controlled by the F of the lens. 

 

having no information of the F-number or required distances to calculate the speckle size, the 

speckle size of an experimentally recorded speckle image can be estimated as the full width 

at half maximum of the auto-covariance function of the speckle intensity image, which 

provides a reasonable measurement of the “average width” of the speckle patterns [25].  

 

2.4 Sampling 

 

It is well known that the exit pupil of a well-designed imaging system and the detector can be 

treated as a Fourier transform pair [8]. The image on the detector is created by the 

frequencies that are available in the exit pupil plane (imaging or observation aperture). 

Consider objective speckle formation and the spectra of the recorded image, respectively, 

shown in Fig. 7. A portion of width D on the optically rough surface is illuminated by a laser 

beam and the resulting objective speckle pattern is observed on a screen S at a distance z 

from the scattering surface. For simplicity, we consider only the y-dependence of the 

intensity. An arbitrary point Pp on the screen will receive light contributions from all points 

on the scattering surface. Let us assume that the intensity at Pp is a superposition of the fringe 

patterns formed by light scattered from all point pairs on the surface. Any two points 

separated by a distance l will give rise to fringes of frequency f = l/(λz). The scaling factor of 

1∕λz that comes from the Fresnel-transform diffraction integral kernel [8]. The fringes of 

highest spatial frequency fmax will be formed by the two edge points [26], for which  
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f

,

max

12
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where σx,y is the smallest lateral speckle size defined in Eqs. (9-10). Then the imaged speckle 

pattern contains a continuum of spatial frequencies ranging from zero to fmax. This is the 

reason why the speckle size is important. As seen in Eq. (12), the size of a speckle can be 

estimated using the spatial frequency of interference terms. In the case of an imaging system, 

D may be used as the aperture diameter. The speckle size can be increased by closing the 

aperture of the imaging system or increasing the distance z, which both results in a reduction 

of the numerical aperture.  

The basic importance of the speckle size in metrology lies in the fact that it has to be adjusted 

to the resolution of the detector not to introduce systematic errors into the analysis. 

According to Nyquist sampling criterion, the speckle size should be at least two times greater 

than pixel pitch, therefore  
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],max[2 x      (14) 

where P = max [Px, Py] means the largest of the two parameters, Px and Py, that are the pixel 

pitch of the detector in the x- and y- directions, respectively [27]. Eq. (14) may also be 

expressed as  

.)1(],max[2 x FMPP y       (15) 

 

  

Fig. 7. Objective speckle formation and spatial sampling criterion are show in left and right, respectively. 

The sampling condition is then
P
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Then the maximum resolvable spatial frequency to satisfy the sampling criteria is determined 

by 

.
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3 Digital Holographic imaging of optically rough objects 

Holography provides a way to record and save not only the intensity but also the phase of a 

given wave front. The phase is encoded by the reference wave [4, 8, 28, 29] in the spectral 

domain. Digital holography gives some advantages like: high sensitivity and accuracy, high 

resolution, possibility of computerized processing and numerical analysis like refocusing.  

Holograms can be recorded either with the reference wave in parallel with the object light 

(optical axis) or tilted by an angle. These arrangements are called in-line holography and off-

axis holography, respectively. The in-line configuration holography is often used to image 

and localize particles in microscopy while the off-axis holography is used to simplify the 

signal processing in situations where only a single exposure can be used. In case of digital 

holography, the off-axis geometry introduces a spatial carrier to provide a simple way to 

filter out the information.  

Fig. 8 shows the schematics for a simple reflection off-axis digital holography set-up and the 

Fourier spectra of the recorded hologram, respectively. A laser is used for illumination and is 

expanded and collimated before illuminating the object. The light from the laser is divided 

into a reference beam and an object beam by a beam splitter. The laser beam is divided by a 

beam splitter into two parts; reference beam and object beam, respectively. The beam 

splitter, is also placed in a way to allow imaging the object from the same direction as the 

illumination. The reference beam is taken from the part transmitted through the beam splitter 

and a mirror is used to adjust the angle of the reference beam to the detector (CCD). 

 

   

Fig. 8. Schematic of off-axis holography (left). Fourier transform of the recorded hologram (right). 
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Fig. 9: Definition of the vectors and coordinate system in a holographic imaging system. The local normal 

vector n and the local sensitivity vector m are included. O and R defines object and reference light, 

respectively. Refocus a distance xp at the detector plane correspond to a change of focus  ΔL in object 

plane. 

 

Definition of the important vectors and coordinate system in a general holographic imaging 

system is shown in Fig. 9. The object surface has a local normal vector n. Directional vector 

SL points towards the laser point source and indicates the direction of illumination and 

directional vector SD indicates the chief ray direction of imaging, respectively, for a given 

point x⊥ on the object surface. The sum of these two vectors gives the local sensitivity vector 

m of the set-up. The  entrance  pupil  of  the  optical system is  positioned  at a distance  L  

from the  object surface along the optical path Z. The detector is placed a distance z2 from the 

exit pupil. Hence, the conjugate plane appears a distance z1 in front of the entrance pupil, 

giving the numerical aperture NAo for the rays entering the optical system. This plane is 

called as a focus plane of the optical system. In general, therefore, a defocus ΔL= L-z1 is 

present in the system, which may vary from point to point over the object.  

Note that the detector will be related to a focus plane in object space and if the optical field is 

refocused a distance xp  at the detector it will correspond to a change of defocus  ΔL at the 

object. θα , θβ and θθ are the angle between the illumination direction and surface normal 

vector, the angle between the illumination and imaging direction, and the angle between the 

surface normal vector and sensitivity vector, respectively. θξ shows the angle between the 

object light O and the reference light R at the detector plane. More details of this coordinate 

system will be discussed in section 4.  

In holographic recording an intensity distribution I(x, y, z) is formed by the object wave 

)exp( OiOO  and the reference wave )exp( RiRR   where R  and R  varies 
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deterministically in the detection plane (smooth reference wave), and O  and O  are the 

amplitude and phase of a speckle pattern. In the case of an optically rough surface the 

intensity distribution I(x, y, z) is given by  

.   
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***)( OROROORRI   ,     (18) 

where   and   are the Fourier transform and convolution operator, respectively. Notice 

that a weak object signal may be amplified by a strong reference wave. But in practice there 

is a tradeoff between a strong and a weak reference wave as a strong reference wave will 

magnify the noise and therefore deteriorate the result.  

The first two terms of Eq. (18)  represent the zero order diffraction (central lobe) and the 

third term and fourth term, respectively, are the interference (side lobe) and conjugated 

interference terms [30, 31]. 

Fig. 8-right shows an example of a recorded hologram in the Fourier domain in the case of an 

off-axis reference wave. A few definite features appear. The bright spot in the center is 

mainly the frequency contents of the reference beam and it is surrounded by the frequency 

content of the object intensity (light scattered from the object). The outer areas (side lobes) 

represent the spatial frequencies of the interference patterns. The object light and its 

conjugate are reconstructed at the upper left and the lower right of the Fig. 8-right, 

respectively. Two bright points in the upper right and the lower left are produced by 

reflection at the reverse surface of a half mirror used in the holographic set-up.  

The first two terms and the last term (real image) in Eq. (18) can be eliminated numerically 

by means of filtering their spatial frequencies as is shown in Fig. 10 [28, 32]. The object 

image can then be obtained by applying an inverse transform to the filtered spectrum [33]. If 

we consider the third term,  O,R   *J in Eq. (17) an estimated version O


 of the object wave 

is retrieved as 

  2

R

 R
J. = O 




      (19) 

where R


 is a digital reference wave that estimates the actual reference wave. The digital 

reference wave only contains the variation in phase over the detector caused by the tilt angle 



18 
 

and the curvature of the reference wave. Therefore, it is independent of the optical path 

length of the reference waves when properly specified.  The digital reference wave centralize 

the frequency components of the reconstructed term in the spectral domain and therefore 

compensates a constant gradient that appears in the reconstructed phase distribution as a 

consequence of the off-axis tilt angle. The role of multiplication by R


/
2

R


in Eq. (19) is to 

simulate the illumination of the hologram by a replica of the reference wave as performed in 

the reconstruction process of classical holography [18, 31]. For a single-shot multi-

wavelength holographic system, this is done in practice with a cost of calibration [34, 35]. 

Details of the calibration issues will be discussed in section 7.  

Multiplication by R


/
2

R


further the complex amplitudes unaffected by the registration by 

withdrawing the curvature of the reference wave. In that way a reference plane is defined in 

object space where the phase difference between the object wave and reference wave is zero, 

see Fig. 9. The complex optical field O


 can then be used for numerical refocusing. In this 

process it is important that a constant magnification is kept, which is the scope of subsection 

3.2.  

The approach described above is possible as long as the carrier frequency is large enough so 

that the bandwidths ∆fa of the central lobe and ∆fc of the side lobes do not overlap (∆fc.< 

1/4P). Note that ∆fa = 2∆fc in the case of a plane reference wave. To control the bandwidth 

and avoid overlapping there are two parameters to play with: aperture size and reference 

beam angle. As it is discussed in relation to Eq. (12), the fringes of highest spatial frequency 

fmax will be limited by the aperture size. Increasing the aperture size, increases the bandwidth 

of the central lobe and side lobes and vice versa. The advantages of a bigger aperture are 

better resolution and more object light to the detector. In addition the increased bandwidth 

will  

 

Fig. 10. Schematic of spatial frequency spectrum where a spatial filter C(f-fo, y) is used to filter out the 

side lobe positioned at the carrier frequency fo. 
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increase the speckle correlation that gives more accurate results. However a too large 

aperture has the following disadvantages: 

1) In the spectral domain, central and side lobes may overlap causing leakage between 

the lobes. 

 2) The detector may become saturated. 

 3) The spatial sampling criterion may be violated.  

 4) The longitudinal speckle size will be smaller and in certain cases may restrict the 

numerical propagation distance.  

 

3.1 Sampling condition in digital holography 

 

In the case of using an inclined reference wave, the minimum off-axis angle possible is given 

by the angle at which the carrier frequencies of the real image and those of the virtual image 

do not overlap with the central lobe in the spectrum of the hologram, see Fig. 10 [36, 37]. On 

the other hand, the angle cannot be too large in relation to the detector (CCD) resolution.  

Two examples are presented in Fig 11. Fig 11-a represents a case in which the angle of the 

reference beam is too small and the side lobes cannot be separated from components in the 

central lobe. Fig 11-b on the other hand represents a case where the angle is too large and 

aliasing is at risk.    

The maximum spatial frequency [26, 38], which has to be resolved, is also determined by the 

maximum angle max  between the object wave and the reference wave for a given 

wavelength λ as 

).
2

sin(
2 max

max




f       (20) 

 

Fig. 11. Hologram spectra at different off axis angles (a and b represent the spectrum for small and large 

angle, respectively) 
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Inserting the Nyquist-Shannon sampling theorem condition from Eq. (16), in Eq. (20) results 

in the condition, 

P2
sin 1

max




      (21) 

for the off-axis angle, where P is the distance between pixel centers (pixel pitch). If the pixel 

pitch is considerably larger than the wavelength the small angle approximation can be used 

[39], which gives  

P2
max


        (22) 

It is noted that the off-axis angle is limited by the pixel size of the CCD and the wavelength λ 

of the laser. This criterion means that the interfering distance (width) must be larger than 

twice the pixel size [31, 40]. According  to  Eq. (21)  the  maximum angle between the 

reference wave and the object wave is limited to a few degrees when a CCD is used as a 

recording detector [31].   

Fig. 12 shows the optimum situation in order to avoid aliasing and have maximum 

measurement resolution in the case of a plane reference wave. From Fig. 12 we directly 

conclude that the sampling condition for digital off-axis holography is given by,  

P
NA

8
  


 .     (23) 

Eq. (23) results in a speckle size at least four times larger than the pixel pitch of the detector. 

In an off-axis holographic configuration then at least twice the detector resolution is 

sacrificed. More details of the detector sampling ratio will be discussed in section 6. 

 

Fig. 12. Sampling criterion 
P

NA 1
 

8



 for the recorded image in a simple off-axis holographic set-up. 
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3.2 Telecentric Imaging  

 

In many applications of speckle metrology and DSP, there is a need to propagate the wave 

and refocus the image in different planes to find the focus plane that gives the highest 

correlation and the most accurate calculations. Telecentricity defines how the amount of 

magnification of an object within the field of view (FOV) changes with object distance.  

In a telecentric lens system, a small aperture stop is located at the focal point of the object 

lens. Therefore, only the light rays that are approximately parallel to the optical axis of the 

lens pass through the aperture stop and form the image. Since the image is formed by the 

parallel projection of the object onto the image plane, the image magnification does not 

depend on the object distance. Telecentricity in object and image space can be achieved by 

combining two single-sided telecentric lenses, as shown in Fig. 13. The two lenses are 

separated by the sum of their focal lengths f1, f2. The aperture stop is placed in the joint focal 

plane between the two lenses. A bilateral telecentric lens accurately reproduces dimensional 

relationships within its telecentric depth, and it is not susceptible to small differences in the 

distance between the lens and the camera’s sensor. The magnification, M = f2 / f1 from 

geometrical optics, is one of the most important parameters of a telecentric lens for imaging, 

which must be calibrated for high-precision measurements [41, 42].   

Making an accurate telecentric system suitable for digital holography in practice is too 

complicated and since refocusing is at the core of digital holography, a numerically 

telecentric system is preferred inevitably. In this section a simple method for numerical 

propagation of a measured complex amplitude keeping a constant magnification is presented. 

Fig. 14 shows the geometry of the reconstruction configuration for numerical telecentric 

refocusing.  To move the focus to a certain distance, the relation between x in object space  

 

 

Fig. 13. The schematic of a bilateral telecentric lens. 
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Fig. 14. Geometry of the reconstruction configuration: The distance a is the distance between the object 

and the entrance pupil of the imaging lens system having effective focal length f1. The distance l is the 

distance between the exit pupil of the imaging lens system and the detection plane. The numerical lens f2 

is used to compensate for the curvature of the reference wave and to move a distance x in object space and 

xp in image space, respectively, with constant magnification.  

 

and xp in image space must be known. Upon registration of the digital hologram, the 

reference wave will act as a positive lens on the object wave, with a focal length f2 equal to 

the distance between the center of curvature of the reference wave and the detector [8, 43, 

44]. Using the Fourier method, the resulting phase is the phase difference between the object 

and reference light. 

The relation between xp and x can thus be derived by using the thin lens formula twice: 

,
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       (24) 

where all lengths are shown in Fig. 14. In Eq. (24) a is the distance between the object and 

the entrance pupil of the imaging lens system having effective focal length f1. The distance l 

is the distance between the exit pupil of the imaging system and the detector plane.  

The numerical lens f2 is used to compensate for the curvature of the reference wave and to 

move a distance x in object space and xp in image space, respectively.  

In the same way the magnification M can be determined to be 
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It is seen in Eq. (25) that, if f2 = l – f1, the imaging system becomes telecentric with a 

magnification equal to  

1

2

f

f
M        (26) 
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In practice, the condition leading to Eq. (26) means that the distance l between the lens and 

the detector should be l =  f1 + f2 and that the focus point of the reference wave should be in 

the focal plane of the imaging lens. In this case 

 xp = M2.x         (27) 

In summary, to keep the magnification constant, first make the complex amplitudes 

unaffected by the registration by withdrawing the curvature of the reference wave. Then add 

to the field a new numerical lens of focal length  f2 = l – f1  to make the refocusing telecentric. 

This is done by multiplying the field by 

))(exp()( 2

22

2 frfikrU      (28) 

 where r is a radial position in the the lens perpendicular to the optical axis and k is the wave 

number. With the aid of Eq. (24) and the numerical lens, the complex amplitudes in different 

planes can be calculated without changing the magnification [43-45], which is important in 

calibration issues. Detailed discussion is provided in section 7. 
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4 Dynamic properties of speckle patterns 

In metrology it is in general the change in a given speckle pattern because of a change in any 

of the generating variables that are of primary interest. If we for example change the 

wavelength of the coherent beam, change illumination direction, deform the object or 

somehow change the microstructural distribution of scatterers the phase, position and 

microstructure of the speckle pattern are changed. It is this phase change, speckle movement, 

or decorrelation that is utilized in metrology. For example, Fig. 15 shows distributions of 

speckle displacement when the surface under the collimated illumination is subjected to in-

plane translation (ax) or tilt Ωy about an axis contained in the surface [46]. The rules for these 

changes have recently been described by Sjödahl [47, 48]. In this section a comprehensive 

summary is given.  

 

4.1 Objective speckle properties 

 

Consider Fig. 16.  A monochromatic point source Ps (xs) situated at position xs illuminates an 

arbitrary surface. A general scattering point on this surface is defined by position x⊥ so that 

the wave component illuminating the scattering point propagates in direction SL. The 

resulting field detected in point Pp(xp) at position xp in front of the surface is the result from  

 

Fig.15. Speckle displacement A due to in-plane translation ax (a) and tilt Ωy (b). 
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Fig. 16: Definition of the vectors and coordinate system in a imaging system. 

 

integrating the random contributions from a domain Σ on the surface defined by the solid  

angle Ω.   

Note that we assume Σ to be much smaller than the illuminated surface area as in an optical 

imaging system for example where Ω is limited by the numerical aperture of the imaging 

system. The intensity I0 on the surface may hence be considered constant. The directional 

vector SD points from the scattering point towards the detection point. The total length 

covered by a wave is hence L= Ls +Lp from the point source to the detection point and the 

accumulated phase becomes φ(k, x⊥, xp , xs ) = kL, where the k is  wave number. By virtue of 

the diffraction integral the field U(k, x⊥, xp, xS) in detection point Pp is given by, 

,)] ,  , k,([exp)() ,  , k,( 2

s0s 



  sxxxsxxx digIU pp     (29) 

where g(s⊥) is the random phase function of the surface and the integration is taken over all 

the spatial frequency components s⊥ within Ω. Any change in the system will now result in a 

change in the phase in Eq. (29) so that φ0→ φ + δφ. The result is a change in the speckle 

pattern in the neighborhood of Pp that is only partly correlated with the original pattern. If we 

assume a spatially incoherent source we may express the correlation between two speckle 

fields in the vicinity of Pp as 

,)] ,  , k,([exp)( 2
s1202

*
112 



 xxxxx diIUU p    (30) 

where Δx is a spatial separation in detection space, integration over spatial frequencies has 

been replaced by an integration over the generating surface and γ12 < 1 is the microscopic 

coherence function. In the following we will not be concerned with the microscopic 
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coherence function as other effects often dominate. The most important variable in Eq. (30) 

is the differential of the phase φ(k, x⊥, xp, xs) = kL, where the first three variables are allowed 

to vary. The result may be expressed as  

, . ) ,()( . ) , ,() , ,() , , k,( sss xxxsxaxxxmxxxxxx   pDppp kkkL  (31) 

if only first order terms are considered, where Δk indicates a change in the wavenumber, 

a(x⊥) is a movement of a surface point and Δx indicates a movement of the detection point. 

The vector m(x⊥, xp , xs ) = SD (x⊥, xp) + SL (x⊥, xs ) is known as the sensitivity vector of the 

set-up. 

We see that the phase changes are due to a change in the wavenumber in proportion to the 

distance travelled by the wave, but also due to an object point movement a(x⊥) in relation to 

the sensitivity vector and a change in detection point Δxp in relation to the observation point 

direction.  

By integrating over the surface patch Σ in Eq. (30) and introducing the central position x⊥0 

within Σ and the local variable xε confined to the surface patch in a way that x⊥ = x⊥0  + xε ,  

two type of phase terms are obtained  

)( . ) , , k,() , , k,( s0s   
  xxxxxxxx pp ,   (32) 

The first term 

, . ) ,()( . ) , ,() , ,() , , k,( 00s0s0s0 xxxsxaxxxmxxxxxx   pDpppa kkkL  (33) 

is an absolute phase term that is recognized as the static or absolute phase difference and is 

the phase difference that is measured in a speckle interferometer. The second term is the 

differential phase difference that may be expressed as  
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which may be written as  
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The vector A is the projection of the speckle movement in the plane of the detector (assumed 

perpendicular with the optical axis). Also the object displacement vector has been changed so 

that the vector aX refers to the projection of the displacement vector onto the plane of the 

detector while the component aZ refers to the component parallel with the optical axis. The 

expression mΣ (x⊥0, xP, xS) is the projection of the sensitivity vector onto the local surface 

patch and gives a vector that is perpendicular to the surface normal vector n. The magnitude 

of mΣ gives the magnitude with which the speckle movement is geared and its direction gives 

the direction in which the speckles move. The scaling parameter cos θX’ relates to the 

orientation of the detector to the surface patch, where θX’ is the angle between Δx and ΔxΣ. 

JΣ(a) is the gradient Jacobian matrix of the displacement vector with components eexpressed 

in relation to the orientation of surface path Σ.  Note that JΣ(a) is an improper tensor of rank 

2. 

With the aid of the above we may re-write Eq. (30) as 

),(]exp[)( 12012 xx  saiI      (37) 

where the deterministic phase of the coherence function is Δφa and the speckle correlation 

function, 
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where often only the magnitude is of practical interest. As written the coherence become γ12 

when Δx = A and drops off rapidly away from the correlation top. In general, as we will see 

in the next section the coherence will be lower. 

 

4.2 Speckle Correlation in an imaging system -subjective speckle 

 

We will now turn to the dynamic (correlation) properties of speckles in an imaging system. 

Consider a general optical system positioned in front of an object surface that is illuminated 

by an expanded laser beam as seen in Fig. 16. We will assume that the entrance pupil of the 
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optical system is positioned a distance L from the object surface and that the detector is 

placed a distance z2 from the exit pupil. Hence the conjugate plane appears a distance z1 in 

front of the entrance pupil giving the numerical aperture NA0 for the rays entering the optical 

system. We will call this plane the Focus plane of the optical system. In general, therefore, a 

defocus ΔL(x⊥0) = L(x⊥0) − z1 is present in the system, which may vary from point to point 

over the object. Further, a magnification M = −z2/z1 between the focus plane and the 

detection plane is present. Because of the linear relation between the focus plane and the 

detection plane, the detection point xp may be considered to lie in the focus plane and we 

may directly write down the speckle movement in the plane of the detector 

), , ,() , ,( s0s xxxAxxXA ppX M      (39) 

where X is a position in detector space and where the focus plane speckle movement A is 

given by Eq. (36) if the detection point distance Lp (x⊥0, xP) is replaced by the defocus 

distance ΔL(x⊥0 , xP). We see that if the surface is properly focused the speckle movement 

coincide with the surface movement and if defocus is introduced any gradients in the setup 

result in speckle movement. We next turn to the correlation properties of the speckles in the 

image plane. By virtue of Eq. (38) we may immediately write 
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where Ω is the solid angle in image space that reduce the spatial frequencies available to 

build up a speckle point and xd is a coordinate on the entrance pupil sphere. The pupil 

function P(xd ) is unity within Ω and zero outside and the speckle movement AP (x⊥0, xd, xS ) 

over the entrance pupil is given by Eq. (36) if the detection point distance Lp (x⊥0, xP) is 

replaced by the distance L(x⊥0, xd). Eq. (40) is maximized if ΔX = AX (X, xp , xs ) giving the 

correlation parameter 012 /)( Is A that describes the de-correlation effect of the imaged 

speckles as a result of correlation cells moving out of the entrance pupil and replaced by new 

incoherent ones.  

Now if two images I1(X1) and I2(X2) are recorded we may form the cross-covariance 

<ΔI1(X1) ΔI2(X2)> between these two images. This result in a correlation function  γ= 

|Γ12(ΔX)|2/I0
2 where the height of the correlation function gives the statistical similarity 

between the two patterns, the width of it gives the speckle size, and the position of the peak 

value gives the movement between the two patterns. Hence, by locating the position of the 
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cross-covariance peak in relation to the zero position the speckle movement AX(X, xP) is 

located and if the normalized peak height 
2

12
22

12
2
0

2

max12 )(/)( AX  sI   is 

calculated a measure of the micro-structural dynamics is obtained. 

 

4.3 Correlation properties of interferometric speckles 

 

Consider two images I1(X1) and I2(X2) recorded with a change in the system between the 

recordings and with a smooth reference wave added. Following any of the standard routes of 

interferometric detection the two fields 
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are restored, where μ is the correlation between the object and reference waves, respectively, 

and the φ’s are the phase of respective wave. Three things are important to note with these 

expressions. Firstly, only the components in the original object field that are coherent with 

the reference wave are restored in the fields U1 and U2, respectively. This means that stray 

light and components that have changed polarization are filtered out from the field, which in 

general is a good thing. See the high contrast speckle formation condition in subsection 2.2. 

Secondly, the object fields )],(exp[)( 1 kiI oi XX   are moderated by the reference field

)],(exp[ kiI rr X to both magnitude and phase. The moderation in magnitude means that the 

object field is magnified by an amount rI  upon detection, which means that a weak object 

signal may be amplified by a strong reference wave. As the reference wave usually is a point 

source in the exit pupil plane the reference wave field falling onto the detector will in general 

be a spherical wave with a curvature equal to z2. As discussed in subsection 3.2, this phase 

curvature needs to be withdrawn from the object field before it can be properly propagated to 

other detection planes (if this is required). See subsection 7.2 for a deeper discussion. 

Further, the accumulated plane wave phase equals φR (k) = kLR with which the object phase 

will be reversed. The total deterministic phase of U will therefore be kδL where δL = LO − LR 

is the difference in length between the object wave going from the source to the detector 

through the object and imaging system, and the length of the reference arm, respectively. 

Thirdly, as  )],(exp[)( kiI o XX   will be random both U1 and U2 are random processes. 

Neither U1 nor U2 therefore contains much useful information on their own, what needs to be 
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calculated is the coherence , )()( ) ,( 121

*

12112  XXXX UU  known as the modified mutual 

coherence function. With these modifications the results from subsection 4.2 may be adopted 

right away.  

In Digital Holographic interferometry usually the phase change Δφa is the primary source of 

information. This phase change is usually detected in two modalities. The most common is to 

acquire the phase change in a fixed detector position meaning that ΔX = 0. The coherence is 

then obtained from    Eq. (40) by setting ΔX = 0. The other modality is to track the correlated 

speckles on the detector and calculate the interference between them. The coherence is then 

obtained from Eq. (40) by setting ΔX = AX. As the speckles usually are small and the speckle 

movements may become significant the difference in fringe contrast between these two ways 

to calculate the phase difference may become very big. For example, if the in-plane 

movement of the speckles becomes larger than the in-plane speckle size the coherence 

becomes zero in the first case while it may become close to unity in the latter case, but this 

comes with the cost of calculation complexity. 

It is interesting to note that the speckle displacement originates from a calculation of phase 

gradients over a plane of integration since the speckle displacement is sensitive to any 

gradients in a . By detecting the speckle motion in two planes represented by a distance 

∆L12, the interferometric phase term may be restored. In principle, therefore, interferometric 

information is provided from speckle displacements alone and the sometimes-cumbersome 

operation of adding a reference beam may be excluded. Papers A and E describe how the 

speckle displacement is used to extract the same phase information as that provided by the 

interferometric set-up. 
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5 Holographic shape measurement  

Holography is a  rapidly  evolving  optical  technique  that  offers  an  excellent  approach  

for  non-contact, high resolution imaging [49].  In digital holography (DH), solid state 

sensors are used instead of photographic plates and the reconstruction of the digitized 

holograms is performed numerically. DH therefore gives direct access to the mod 2π phase 

distribution of the object without any additional physical manipulation. There  are  many  

ways  to  determine  the  phase,  with  perhaps  the  most  common  being phase-stepping and 

off-axis holography [50-52]. As phase stepping requires a temporal sequence of images to be 

acquired that prevents single-shot recording. In this thesis therefore off-axis holography is 

used and no further reference to phase-stepping techniques will be done. 

5.1 Holographic contouring 

 

In the holographic contouring method the shape of an object can be determined by the 

superposition of two holograms that have been recorded with, e.g., two different illumination 

wavelengths λ1 and λ2 (two-wavelength contouring) [50]. The reconstruction of these two 

holograms results in an interference pattern that can be interpreted as contour lines of the 

object. In digital holography the approach is slightly different. Two separate holograms are 

recorded at two different illumination wavelengths that are analyzed in two steps.  First,  the  

interference  terms are  determined  using  the  technique  visualized  in  Fig.  10.  Then the 

modified mutual coherence term, Γ12, between the two recordings is calculated numerically 

according to section 4 as  

Γ12= U1
*U2= O1R1O2R2 exp i(φ2- φ1),   (41) 

where φ1= φo1- φr1 and φ2= φo2- φr2 are the phases for hologram 1 and 2, respectively. See 

Eq.(32) in subsection 4.1. Given knowledge of the  experimental  setup, the  shape can be 

determined from the phase difference φ2 - φ1 identifying it as the phase difference Δφa  in Eq. 

(33).  

If we assume the object to be stationary  and  that the  two  holograms  are  recorded  using  

two  wavelengths, λ1 and λ2,  respectively, a(x⊥) in Eq. (33) is zero. If we further assume the 

imaging directional vector SD to be perpendicular to the detector plane (∆X .SD=0), the static 

phase difference reduces to Δφa =ΔkL. This means that the phase differences φi, between the 

object waves and the reference wave is given by  
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Fig. 17. Schematic description of the object space in a holographic setup. h and h’ are path differences 

between the theoretical reference level and the object.  
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  ,      (42) 

where  λi is the wavelength used in the respective hologram and L=2h is the path difference 

between  the  object  light  and  the  reference  light when the directions for illumination and 

imaging are the same. In Fig. 17 the physical distance h, between the object and a reference 

level is shown [53]. The reference level, also indicated in Fig 9 is the plane where a flat 

object should be positioned if the physical distance propagated by the object wave to the 

detector should be the same as the physical distance propagated by the reference wave. Since 

the illumination and imaging directions are the same the total path difference between the 

object and reference waves becomes 2h. 

Given Eq.  (42)  the phase  difference (see Eq. (33))  between  the  two  holograms recorded 

with different wavelengths can be calculated [54] as 
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    (43) 

Over the object surface this phase difference will vary due to the shape of the object, i.e. due 

to variations in h. The phase variation over the surface will be wrapped between –π and +π, 

thus the phase map can be seen as a contour map where each contour corresponds to a 

difference δ = h’ – h in object height, see Fig. 17. The difference of both phase maps results 
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directly in a mod 2π phase map, which can be interpreted as contour lines of the object. This 

phase map is equivalent to the phase distribution of a hologram recorded with a virtual 

wavelength 

 , 
12

21






        (44) 

which is called the synthetic or equivalent wavelength. However, because of the sinusoidal 

nature of the wave functions used in the measurement rather than an absolute phase, only a 

modulo 2π phase can be recovered. Using Eq. (44) and solving Δφ(h’) - Δφ(h) = 2π, the 

height difference δ between two phase orders becomes  

,
22
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21

21 








      (45) 

which may be taken as a sensitivity measure of the set-up. The absolute value is used to 

achieve a positive synthetic wavelength, however the signs of the height differences are 

given by the signs of the corresponding phase variations in the contour map. If the sensitivity 

vector is parallel to the optical axis the relation between object height, h, in relation to the 

reference (null) plane and phase change [30, 52, 55-58] can be extracted from Eq. (43). 

Therefore the surface height will be 
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h .      (46) 

The uncertainty of this experiment may be expressed as 
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h        (47) 

where )(    is the uncertainty in the phase measurement and )( is the uncertainty in the 

synthetic wavelength, respectively. The height accuracy or resolution of the surface height is 

therefore determined by the accuracy of the wave number and the phase error [42].  

Fig. 18 shows the phase resulting from the described method. The phase difference is 

wrapped between –π and +π since the height variation of the object is larger than the chosen 

synthetic wavelength. By proper choice of the two wavelengths, the axial range Λ can be 

adjusted to any value that would fit the axial size of the object being imaged. However, in 

order to obtain a longer range, the two wavelength values λ1 and λ2 must be chosen to be 

close together. The, the measurement ambiguity-free-range is then extended to Λ/2; see  
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Fig. 18. Two wavelength contouring of a micro gas flow sensor using digital holography [50]. 

 

Eq. (45). Theoretically, two close enough wavelengths are sufficient to measure any height. 

However, noise comes into play and error amplification leads to poor measurement 

precision. Suppose that the single-wavelength phase maps φ(x) contains phase noise 2πε, or 

that surface profiles h(x) have a noise level ελ. The noise in the difference phase map, φ12, is 

 22 12  , and that in the surface profile, h12, is 
2

4
.  In this case, when  the  difference  

between  the  two  images  is  taken, Λ becomes  noisy  due  to  error amplification and  

makes the  phase  measurement precision  poorer  than that  of  either  of  the individual 

single-wavelength phase images, thereby reducing image quality [49]. Fig. 19 shows the 

effect of different synthetic wavelength in reconstructed height map which is made by 

various wavelength shifts [42]. Furthermore, Fig. 20 shows the standard deviation of 

measurement as a function of wavelength shift. It is worth mentioning that often the larger  

 

Fig. 19. Reconstructed height maps of the specular step object obtained at various wavelength shifts Δλ. 
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Fig. 20. Standard deviation of the reconstructed surface of the specular object calculated at various 

wavelength shifts Δλ. 

 

synthetic wavelength is used in unwrapping process to find the correct 2πn to unwrap 

measured phase. More details are discussed in subsection 5.2 and 5.3. 

 

5.2 Spatial Phase Unwrapping 

 

A number of advantages make the holographic technique very appealing for inspection. 

These advantages include the availability of quantitative phase  information,  which  can  be  

used  to  detect  height  changes  on  the  order  of  a  few nanometers, numerical focusing, 

full-field information and single-shot recording [22, 59, 60]. On the other  hand,  a  limitation  

with  dual-wavelength,  phase-imaging  digital  holography  in reflection mode, is that 

surface features which exceed half of the synthetic wavelength cannot be determined directly 

due  to  phase  wrapping.  To identify the shape of the object, the modulo 2π phase 

distribution must be unwrapped.   The objective of phase unwrapping  is to find  the  integer  

part n of  the  fringe  number in the following equation to  measure  the  absolute  optical  

path  length,  

     ,2  nWU        (48) 

where Δφw and ΔφU are wrapped phase and unwrapped phase, respectively.  Phase 

unwrapping algorithms  are  mostly  based  on searching  for ambiguities  and  adding  

integer  multiples  of  2π,  followed  by  scanning  across  the  two-dimensional  array. A 

correct and unambiguous unwrapping is possible only if there are no phase jumps greater 

than π due to steps in the surface or isolated object areas. Otherwise, in order to make a phase 

map continuous, i.e. to unwrap it, 2π has to be added  or  subtracted  to  the  phase  whenever   
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Fig. 21.  Unwrapping of a wrapped phase map. 

 

there  is  a  phase  jump  that  is  smaller  than –π or  larger  than +π  respectively.  Fig. 21 

shows the result of unwrapping process in a 1D and a 2D map, respectively [53, 61]. 

However,  while  these  algorithms  can  be  used  to  unwrap  a  smooth continuous  surface,  

a  sharp  step  is  often  problematic.  In addition, unwrapping algorithms are often 

computationally-intensive, and so the capability for real-time analysis of measurements is 

lost.  

 

5.3 Multi-wavelength measurement and temporal phase unwrapping 

 

The noise being proportional to the synthetic wavelength means that a short synthetic 

wavelength is required for a high z-resolution. On the other hand, the synthetic wavelength 

has to be larger than twice the highest surface step to determine the step height 

unambiguously without any previous knowledge of the surface. The shape measurement of a 

surface with discontinuities at a high accuracy now results in a dilemma [62]. 

In  order  to  overcome  this  problem, the  phase  data  of  a  third,  shorter synthetic 

wavelength has been introduced [63, 64]. This generates intermediate synthetic wavelengths, 

which allows for smaller-difference reduction steps in the phase unwrapping procedure. The 

corrected phase data for the intermediate step can then be used to correct for the ambiguities 

in the single-wavelength phase data. In this way, we achieve long range phase imaging while 

maintaining the precision of the single-wavelength phase measurement. The system allows 

for real-time capture of the  three-wavelength  complex  wave-front  in  one  digital  image,  

and  in  addition  offers  the flexibility of performing profilometry over a range of both small 
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and large gauge heights. Thereby more wavelengths can be introduced to guarantee a good 

precision while achieving large measurement range. One synthetic wavelength Λ1 larger than 

the highest surface step in order to determine the step height and correct 2πn (see Eq.(48)) 

and one or more, smaller wavelengths Λi to ensure the desired range of accuracy. The 

wavelength bandwidth determines the nominal height measurement resolution that is called 

temporal phase unwrapping [65].  

Fig. 22 shows the phase unwrapping technique using three wavelengths for a smooth object 

[49]. It is shown how the extended range of synthetic wavelengths and intermediate 

wavelengths substantially recovers the surface profile. Fig. 22(a) displays a single 

wavelength surface profile z’3, the intermediate profiles z’23, z’13, and also the extended 

range profile z13-23, derived from z’23 and z’13. Instead of correcting for the ambiguities in 

z’1 using z13-23, where the combination of noise and reduction step is too large to give an 

accurate result, the intermediate step profile z’13 is corrected, as shown in Fig. 22(b). This 

step substantially recovers the profile accuracy, as displayed in Fig. 22(c). Finally, the 

corrected result, z13, is used as an intermediate step to correct for the ambiguities in the 

single wavelength profile z’3 in Fig. 22(d). The final surface profile result, z3, with the 

single-wavelength precision fully restored, is shown in Fig. 22(e).  

Multi-wavelength techniques enables us to use  a minimum number of wavelengths [50]. The 

advantage of this approach is that it can also be used with objects that have steps or isolated 

object areas. The basic idea of the multi-wavelength approach is to start with a large 

synthetic wavelength to avoid ambiguities of the phase because phase differences do not 

exceed 2π for any point on the object surface. This measurement is not yet very accurate 

because of the inevitable phase noise and because small phase differences represent large 

depth differences on the object surface. Thereafter, utilizing a systematic reduction in the 

synthetic wavelength the accuracy of the measurement is recovered [49, 65].   

As the method measures the depth relative to the synthetic wavelength there will be an 

ambiguity and absolute localization of the object is not possible. To cope with this problem, 

some methods have been presented in order to reach absolute distance measurements. The 

depth of each measured point on the object surface may be calculated by focus detection 

methods [3, 58, 64, 66, 67]. A window function of some parameter like intensity or 

correlation values [68] is introduced. By using free focus images reconstructed from the 

hologram, a transformation is done in the vicinity of the measured point in different depths to 

search the maximum value to define the focus. A plot of the focusing measure as a function  
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Fig. 22. Simulation of three-wavelength digital holography used for extending synthetic wavelength for a 

smooth object [49]. (a) single-wavelength surface profile z’3. (b) Ambiguity correction of the 

intermediate synthetic wavelength profile z’13 is done using z13-23, (c) Ambiguity corrected profile, z13, 

(d) Ambiguity correction using the phase data from the intermediate profile z13 to correct for  the 

ambiguities in the single-wavelength phase data z’3. e) Final ambiguity corrected surface height profile 

z3. 

 

of depth, gives the absolute height measurement. Recently a speckle displacement based 

method is introduced for absolute localization of  the object, which will be described in the 

next sub section [69].  
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5.4 Shape measurement using digital speckle photography (DSP)  

 

Speckles in a free-space geometry behave much like a grating and the movements are 

generated by relative phase changes over the surface patch of integration [47, 58], see Eq. 

(34). Any change in the system will then result in a change in the phase and position in an 

imaging plane. Therefore the result is a change in the speckle pattern [4, 47].  

A technique known as Digital Speckle photography (DSP) tracks the displacements of the 

speckle pattern to extract the information required to measure the phase and height 

information [16]. DSP uses two images, one before and one after surface change. For the 

analysis of the images each speckle field image is divided into small sub-images. Cross-

correlation is performed for each sub-image pair and the mean displacement is determined 

for each pair. Fig. 23 demonstrates cross-correlation between two speckle sub-images, before 

and after deformation, respectively [9, 18].  For computational reasons the cross-correlation 

is performed in the spectral domain by multiplying  the  conjugate  of  the  spectrum  of  one  

of  the  sub-images  by  the spectrum of the other sub-image. This is expressed as 

)(),( 2

*

1

1

SSji HHqpc  ,      (49) 

where c(pi, qj)  is  the  discrete  two-dimensional  cross-correlation  between  the  sub-

images,  1  is  the  inverse  Fourier  transform operator,  Hs1 and Hs2 represent  the  Fourier  

transform of the sub-images and * denotes complex conjugate. The location of the maximum 

value of c(pi, qj) gives the mean displacement between the sub-images expressed in integer 

pixels.  Fig.  24  shows  a  speckle  displacement  field  after  cross-correlation  of  many  

sub-images.  Each arrow in the image represents a displacement in a sub-image. The length 

of each arrow represents the magnitude of the  displacement  and  the  arrow  points  in  the  

direction  of  the  displacement. To increase the signal-to-noise ratio of the cross-correlation, 

image shifting procedures are performed. The  idea is to minimize the non-overlapping area 

by shifting one of the sub-images by non-integral  pixel  values  until  a  maximum  fit  is  

obtained  between  the  two  sub-images.  

For this technique to work properly it is important that aliasing isn’t introduced in the 

analysis which means that the images need to be properly sampled. Otherwise aliasing occurs 

resulting in systematic errors because of under-sampling of the speckle pattern.  Because of 

the finite extent of the sensor area however, some under-sampling is tolerable before 

systematic errors become noticeable [70].   
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Fig. 23. Cross-correlation of two sub-images of 64 × 64 pixels. The position of the correlation peak gives 

the displacement and the height gives the speckle correlation value. 

 

The standard deviation of the phase difference ∆φ caused by decorrelation as a function of 

the magnitude μ of the complex correlation value is shown in Fig. 25 [8]. For the higher 

correlation values of 7.0~ , Sjödahl  et  al. [71, 72]   has  derived an analytical expression  

in order to approximate the standard error in locating the correlation peak position,  
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Fig. 24. Speckle displacement field. 
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Fig. 25. Standard deviation of the phase difference ∆φ as a function of the magnitude μ of the complex 

correlation coefficient.  

 

where γ=μ2 is the correlation value obtained from the image correlation, σ is the lateral 

speckle size and Ns is the sub image size. For a given speckle size and sub-image size it is 

seen that the error depends on the correlation value 
2

12 )(A  as given by Eq. (40).  

If the in-plane movement of the speckles becomes larger than the in-plane speckle size or if 

refocusing goes out of the longitudinal speckles, the correlation becomes zero. The problem 

with large in-plane speckle displacements may be overcome by choosing a suitable sub-

image size for the cross-correlation and by the image shifting procedure mentioned. In the 

case of stationary object and dual-wavelength digital holography, ax and az are zero. Then the 

behavior of the speckle displacements in Eq. (36) may be rewritten as 

tan2
k

k
LM


A ,     (51) 

where θθ is the angle from the surface normal to the sensitivity vector, M is the positive 

magnification, k is the wave number, ΔL is the defocus distance. It is assumed that SD and SL 

are parallel with the optical axis. In this manner the sensitivity vector ẑ2m  is along the 

optical axis of the imaging system and X   sinmm . From Eq. (51) it is concluded that the 

speckle displacement is sensitive to surface slopes and height differences.  

Fig. 26 summarizes the important aspects of Eq. (51) and what is expected from the proposed 

method. Assume that an object is placed in focus and the complex optical field is recovered 

by holography. If this field is numerically propagated along the optical axis to two planes at a 

distance xp1 and xp2 from the detector respectively, the speckle movements, A(xp1) and A(xp2), 

related to a wavelength shift Δk can be determined by image correlation. These values will 

be on a line A=C+DΔL with a slope D = 2∆k/k tanθθ depending on the object surface angle θ 

and wavelength shift Δk. If the object is in focus this line has a zero crossing at the detector  
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Fig. 26. Speckle displacement field behavior. Speckle displacement is on a line A=C+DΔL, that Changing 

the gradient of surface, changes the slope of the line (left), and refocusing shifts the line vertically (right).  

 

plane. If the object is not in the focus plane A(xp1) and A(xp2) will instead be on a line shifted 

slightly vertically. The slope will be the same but the change in zero crossing relates to the 

difocus ΔL of the object. Locating the zero crossing position the object position can be 

calculated by multiplying the zero crossing position by the longitudinal magnification of the 

system Mz. Hence by extracting the parameters C and D for a given surface position the 

slope information and absolute distance can be retrieved [48, 69, 73]. It is seen in Fig. 26-left 

that the speckle displacement has a linear behavior. Changing the slope of surface by rotating 

the surface with the angels of -20, -10 and 10 degree respectively, changes the slope of the 

line. Moving the measured object along the optical axis, shifts the speckle displacement line 

vertically. See Fig. 26-right. For the shape measurement near discontinuities, the resolution 

of this technique is not sufficient [24]. Therefore a prescribed CAD-model can be utilized 

[42, 45, 71] to increase the accuracy of the measurement in quality control applications [44]. 

More details of this approach is discussed in section 8. 

Fig. 27 illustrates the phase map and the speckle behavior for a cylindrical object with a 

trace. Going from left to right, the phase maps in the top row originate from a plane behind 

the object, on the object, and in front of the object, respectively. The second row shows the 

corresponding speckle displacements in these planes. The speckle movement is always close 

to zero on the trace and at the part of the cylinder with surface normal parallel with the 

optical axis, while the magnitude of the speckle motion increase towards the right in the 

images when defocus is introduced. The sign of this motion changes as the focus plane 

changes side of the object. In front of the object the speckles move toward the left while they  
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Fig. 27. Phase map (top) and speckle displacement fields (bottom) when the image from the left to right is 

defocused to behind, on and in front of the object original plane. 

 

move to the right behind the object. As the defocus ΔL changes sign the direction of the 

speckle movement will also change sign. This is an effect that is utilized to locate the 

position of the object and to calculate absolute surface height [69]. More details are 

discussed in paper A. 

Phase retrieval [74-76] is another well-known phase extraction technique for shape 

measurement. In this method, the intensity distribution is measured at different focal planes, 

and the transport of intensity equation is utilized to reconstruct the phase distribution. The 

technique is therefore related to the method using speckle displacements. In contrast to 

digital holography, the technique needs no reference wave during the recording process but 

instead requires two or more exposures. 
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6 Multiplexed digital holography  

In this section, an approach named multiplexed off-axis digital holography in which a target 

object is illuminated simultaneously with different light sources, will be discussed. 

Multiplexing techniques [59, 60, 77, 78] make it possible to record several holograms on one 

single frame, which is referred to as a single-shot recording. In practice this means that 

holograms from multiple wavelengths, λi, can be obtained simultaneously using the same 

optics and CCD camera. A multiplexed holographic system uses pairs of reference and object 

beams from different laser sources. Adjusting the aperture size to control the spatial 

frequency content of the object wave, different interference terms can be positioned at 

different frequency regions of the recorded Fourier plane by introducing appropriate off-axis 

angles of each reference wave with respect to the CCD sensor. Therefore, with a single 

recorded holographic field, numbers of different holograms can be recorded simultaneously. 

Multiplexing techniques have wide areas of application such as monitoring dynamic changes 

in shape and deformation measurements or extending the achievable field of view of imaging 

systems. For example, by introducing different wavelengths for different reference waves, 

the unique phase combination of the waves will have a wider range and larger objects can be 

resolved. There are several advantages with multiplexing. Firstly the image noise reduce 

because  common-mode  noise  such  as  vibrations  are correlated  and  cancel  out  when  

the difference  image  is  calculated [49].  In addition, aberration correction techniques can be 

applied and real-time imaging is attainable because only one image is required at each 

inspection location. In the following details of the method will be described. 

6.1 Spatial multiplexing 

 

As seen in Eq.(23) the spatial resolution of the numerically reconstructed holograms (i.e., the 

pixel size in the image plane) is directly proportional to the object to detector distance and 

the laser wavelength, and inversely proportional to the number and dimension of the detector 

pixels [79]. 

In a holographic recording that use a single reference wave, only a limited portion of the 

frequency spectrum of the hologram is utilized, leaving a large portion of the spectrum 

available to add additional information. Such an example is seen in Fig.8. Increasing the 

number of possible recordable holograms with a single shot imaging system has potential 

applications in monitoring dynamic phenomena with increased accuracy. Multiplexing 

techniques increase the amount of information recorded in one single field [78, 80-82]. By 
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utilizing multiple directions of illumination and reference beams, it is possible to change the 

spatial distribution of the frequency components to fully utilize the entire frequency domain 

of the recorded field. 

To do this, the incident angles of the reference beams are adjusted to be slightly different 

from one another in order to occupy different spatial frequency arrays, so that the spatial 

frequency component of the recorded field is populated with different complex conjugated 

interference terms that are named side lobes in this thesis. Therefore, in one single field, 

information from different interference patterns can be encoded by adjusting both the 

reference waves and the numerical aperture to avoid overlapping of the embedded 

holograms. 

Figure 28 illustrates the geometry for multiplexed holography. All of the components have 

fixed positions. Each illumination beam λi illuminates the object simultaneously. Light 

reflected by the object forms a speckle pattern in 3D space. The aperture that controls the 

spatial resolution, collects a portion of this optical field and encodes the information into an 

image-plane hologram through interference with light from reference Ri.  What is recorded in 

the detector plane is then a multiplexed hologram that is a single image field with a number 

of embedded holograms.  

When the illumination beams λi are not collinear, the reflected speckle pattern from each λi is 

shifted in space because of the change in illumination angle that changes the sensitivity 

vector [47]. Therefore, we generally prefer to make the illumination beams collinear.  

 

Fig.28. Geometry of multiplexed digital holographic set-up with four embedded holograms. Note that 

illumination beams are not collinear. 
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An important aspect of the multiplexing holographic system is the alignment of the reference 

beams Ri. In the off-axis, image-plane hologram recording geometry configuration, the 

reference beams are introduced as point sources around the aperture at a distance d from the 

optical axis of the imaging system. Fig. 29 (a) shows the arrangement of the possible 

reference beam point sources for a typical case of having four multiplexed holograms. The 

locations of the reference beams are chosen so that the multiplexed holograms can be easily 

retrieved from the single recorded field [39]. For this purpose, the frequency components of 

each hologram should not overlap with others as well as with the autocorrelation terms 

centered about the dc spatial frequency in the spectral domain. Frequency components of 

each hologram appears as a side lobe in the Fourier spectrum of the recorded field.  

Fig. 29 (b) shows the locations of the interference terms (side lobes P1–P4) that result from 

the reference beam geometry of Figs. 28 and 29(a). The holographic twins of these 

interference terms appear on the opposite side of the dc spatial frequency and are denoted by 

P1’–P4’ in Fig. 29(b). With reference to subsection 2.4 and 3.1, the FFT array covers an area 

of the Fourier domain that is 1∕P wide (in units of spatial frequency), where P is the camera 

pixel pitch. Each side lobe term is D∕λz wide and appears a distance d∕λz away from the dc 

spatial frequency, where z is the image distance from the lens (aperture). The central lobe is 

2D∕λz wide. More details have been discussed in subsection 2.4 and 3.1 in this thesis. 

6.2 Sampling condition in multiplexed digital holography 

 

Depending on the number of holograms being multiplexed, a broader spectral bandwidth 

might be needed. This is because the detector array needs to accommodate the combined 

bandwidth of all the holograms simultaneously. The Fourier spectral domain in Fig. 29(b)  

 

 

Fig. 29. Illustrations of (a) side lobe reference beam geometry used in Fig. 29 and (b) corresponding 

location of various field terms in the FFT of the recorded image. 
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shows how all the side lobes and the dc term is located in a single recorded field. The actual 

need for a broader bandwidth depends on details of the recording geometry related to how 

much unutilized bandwidth is available for multiplexing [78]. The detector sampling ratio of  

,
2PNADP

z
Q


      (52) 

is used to keep track of the ratio of the detector frequency bandwidth to the bandwidth of the 

holographic interference term [83]. Q is effectively the ratio of the receiver (aperture or lens) 

diffraction-limited spot size (speckles) to the detector pixel pitch. Higher values of Q 

correspond to more samples of the optical point spread function as was seen in subsection 2.4 

and 3.1. 

Fig. 30(a) is an illustration of used bandwidth for a single-hologram set-up corresponding to 

Q = 4. Thus, the detector bandwidth is four times larger than that of the interference (side 

lobe) term [78]. However, in this scenario, a relatively large area around dc is occupied by 

the central autocorrelation term, which has a diameter of 2D∕λz (or 2∕Qp). The reference 

beams should be injected in a way that allows the lobes to be isolated, which is known as the 

holographic separation condition and is discussed in subsection 3.1. The condition is satisfied 

by positioning the reference beam fiber tip or reference point source a distance d = 3D∕2 (or 

3λz∕2Qp) off-axis. This positions the holographic image of the side lobe field in the region 

between the outer edge of the autocorrelation term and the upper limit of the detector 

bandwidth, while its twin lobe appears on the opposite side of dc autocorrelation term. Note 

that Fig 30(a) is a repetition of Fig. 12 in which NA is replaced by D/2z.  Fig. 30(b) shows 

how up to N = 6 holograms can be multiplexed at Q = 4, without changing detector array 

only by adjusting position of the reference point source and taking advantage of the existing 

bandwidth in the region around the central autocorrelation term. 

 

Fig. 30. Detector bandwidth usage at a sampling ratio of Q = 4 for recording (a) a single hologram and 

(b) N = 6 multiplexed holograms. 
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To multiplex more than six holograms, one can switch to a different detector array with a 

smaller pixel pitch P, which yields a wider frequency area and larger Q, to accommodate the 

additional side lobe terms, or change the numerical aperture. However, in cases in which a 

detector array with a smaller pixel pitch is not available, an alternative method is to increase 

the system focal length (equivalent to changing the NA) since the sampling ratio is given in 

terms of D and the image distance z according to Eqs. (23 and 52). 

Note, however, using a longer focal length increases the size of the image in the hologram 

plane which may lead to a need for a larger detector to preserve the system field of view. 

6.3 De-Multiplexing digital holograms  

 

In order to de-multiplex the different fields embedded in a single shot multiplexed hologram, 

we use the conventional method introduced in [33]. We simply compute the FFT of the 

recorded hologram. A mask will be defined for each individual side lobe terms to be cropped 

out from each of the side lobe frequency components. Then the desired holograms are 

reconstructed using the inverse Fourier transform of the centralized frequency components of each 

side lobes.  However, other methods of de-multiplexing can also be defined [84].  

Consider a three wavelength single-shot off-axis digital holographic acquisition. Define 

))(x,y;λ (iφ) (x,y;λ)  = A(x,y;λO ioiioiii exp  as the object waves and 

))(x,y,λ (iφ) (x,y,λ = AR iriirii exp  as the reference waves in the detector plane, respectively 

where i=1, 2, 3 represents the three wavelengths, respectively. The recorded image 

(multiplexed hologram) can then be represented by  
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 (53)  

where the three wavelengths are assumed mutually incoherent. The first six intensity terms of 

Eq. (53) correspond to the zero order and are slowly varying in space. These terms are 

independent of the correlation between the object and reference waves. The last six terms are 

the interference terms, which are sensitive to the phase difference 

).y,(x, - )y,(x,  iriioi   i  Fig. 31 shows an example of such a condition in the Fourier 

plane, in practice. As the lobes are separated, it is straightforward to isolate and filter out  
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Fig. 31. An example of experimentally multiplexed single shot holographic acquisition. Three embedded 

fields are seen in the spectrum which can be de-multiplexed by defining appropriate masks. 

 

each of the spectrums that corresponds to the different wavelengths. It is worth noting that in 

the special condition of having the reference beams much stronger than the object beam, the 

technique of increasing logarithmic space can be used [85]. 

 

6.4 Noise in multiplexed holograms 

 

A noise penalty associated with hologram multiplexing is due to the fact that the recorded 

single image field contains the combined shot noise from all of the individual holograms. In 

many practical cases, an imaging system works in the strong reference/weak signal mode 

since the delivery of the reference wave to the detector plane is much more efficient than the 

reflected beam path. In this regime, the dominant noise source is the shot noise of the 

reference beam or combination of the shot noise of all the reference beams in the multiplexed 

cases. The combined shot noise variance is proportional to the sum of all the reference beam 

intensities given by 

,...321
2

rrrrv NIIII     (54) 

where Ir1; Ir2 and Ir3 are the intensities of the individual reference beams R1, R2,  and R3, N is 

the number of multiplexed holograms, and the second equality assumes that all of the 

reference waves are balanced such that Ir1 = Ir2 =Ir3 =…= Ir. Define the SNR for each 

hologram as the ratio of the squared-amplitude of the holographic image to the noise 

variance. To maintain a fixed SNR when switching from recording individual holograms to 
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multiplexed one, there is a need to increase the energy of the illumination beam by a factor of 

N [78]. 

Furthermore, the noise present in the reconstructions of the de-multiplexed hologram may 

also be caused by the overlapping of the objects spectra in the Fourier domain. Obviously, 

the larger overlapping between lobes, the higher level of noise in the reconstructed 

holograms. To decrease the effects of the overlapping we can diminish the size of filtering 

mask. However, in this case, the spectral information of the filtered hologram and, therefore, 

the quality of the final reconstructed image are reduced [84]. 

It is noteworthy to mention at the end of this section that in the single-shot multiplexed 

measurements, different spatial frequency masks need to be carefully defined to  filter out the 

corresponding holograms in the Fourier plane [32, 35]. Furthermore, if the optics are not 

totally achromatic, the reconstruction distance for each hologram will change and different 

image shift and magnification could occur in the reconstruction. Valuable solutions of spatial 

frequency filtering for multi-wavelength measurements have been discussed in [86, 87]. 

Therefore, calibration needs to be done in a multiplexed recording system before processing 

the hologram. In the following section, and also in paper C, multiplexed recording calibration 

issues will be discussed in detail.  
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7 Calibration issues 

As discussed in section 5, a limitation with single synthetic wavelength acquisition is that 

surface features which exceed half of the synthetic wavelength cannot be determined without 

phase ambiguity because of phase wrapping problems. A straight-forward way to overcome 

the ambiguity limit and difficulties associated with the phase unwrapping problems is to use 

a multi wavelength (MW) optical approach. Thus in this technique the phase is measured at a 

synthetic wavelength much longer than either of the wavelengths. However, the use of MW 

techniques demands some caution when reconstructions are being combined at different 

wavelengths. In a classical optical system that is not totally achromatic, different problems 

could occur in the reconstruction plane. The system not only image the same object at 

different planes for each wavelength, but these images will also have different shift or/and 

sizes (different magnification) [86, 88]. This leads to increased chromatic aberrations. 

Furthermore, for the multiplexed applications, corresponding images are embedded at 

different spatial frequency regions of the Fourier plane due to different off-axis reference 

waves. To retrieve the images from a multiplexed hologram, different spatial frequency 

filters have to be defined in the Fourier plane of the hologram. Any mismatch between the 

frequency components of the reconstructed images will produce phase aberrations. In this 

section, different methods of aberration compensation will be discussed. 

7.1 Spatial frequency filtering    

 

The first step of the reconstruction procedure is to define a spatial filter Pλi on the spectrum 

of the recorded hologram in the Spectral domain (Fourier plane) to filter out the interference 

terms for each wavelength [32].  The masks Pλi (νk, νl, ri) defining the spatial filter depends 

on νk, νl that are the central spatial frequency coordinates for each side lobe and ri is the 

radius of the cut area. These masks should be of sufficient size to cover the carrier 

frequencies of the interference term given the numerical aperture NA of the imaging system. 

With reference to Eq. (12) the radius of the filters is given by  
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Furthermore, the central position of the filters are determined by the angles of the reference 

waves to match with the actual central position of the frequency contents of the embedded 
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holograms. Otherwise, according to the shift properties of the Fourier transform, it produces 

phase aberration represented by the term  

  ),(
2

byax
i

T 



       (56) 

where νk=a/λi and νl=b/λi.  T  appears as a constant phase gradient in the retrieved phase 

information. The constants a and b in Eq. (56) defines the translation between the center of 

the frequency contents and the center of the defined filter mask in x and y-directions, 

respectively. To define the accurate central position of the filter mask a technique that sets 

the speckle displacements between the two reconstructed speckle patterns to zero in the focus 

plane can be utilized [35]. The speckle based algorithm searches for the set of (k0, l0) that 

gives the minimum speckle displacements in the focus plane between the two reconstructed 

holograms. Note that minimum speckle displacements occur when the right center of the 

filter mask is found. The correlation value may also be used as a criterion for the search 

iteration [35]. However, comparison of the correlation value and the speckle displacements, 

shows that the speckle displacements represent a sharp minimum for proper mask definition 

while the correlation has a much more flat profile. The speckle displacements hence provide 

a more liable norm for defining the best mask position. Details of this technique is described 

in paper C. 

Since the filter mask size is inversely proportional to the wavelength, the smallest 

wavelength will define the size of the reference mask.  If we assume a constant off-axis angle 

for the reference waves for each wavelength, the scaling factor for the other mask sizes may 

be defined as  

,min
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that guaranties that a complete set of frequency components for each wavelength has been 

filtered out. Since the pixel size of the reconstruction pixel limits the resolution of the 

reconstructed phase image [89, 90], we make a zero padding operation to reassure that the 

reconstruction pixel size is the same for all wavelengths. Afterward, we reconstruct the two 

images in their own image plane to calculate the phase difference between them.  
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7.2 Curvature of the reference waves 

 

In many applications, as in this one, there is a need to propagate the wave and refocus the 

optical field in different planes. The curvature, c, of the reference wave will act as a positive 

lens on the object wave that produce a phase aberration of  

).(
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      (58) 

In order to remove the curvature of the reference wave, we may follow the procedure 

described in section 3.2. Using Eq. (28) we compensate the effect of reference wave 

curvature on the retrieved phase information. 

 

7.3 Flat fielding method and phase aberration compensation 

 

Different laser sources, induce extra aberration and pseudo phase changes that can be 

suppressed by applying the modified flat fielding method [90-92]. In the flat fielding method 

they use a single dark frame and a flat frame captured from the system containing dual 

wavelengths to calibrate the measured data. This method can be illustrated by the following 

formula [92] 

,
)(

 
BF

BRI
C

II

IIM
I




      (59) 

where IC is the calibrated image; IR is the noncalibrated object exposure; IB is the dark frame; 

MI is the average pixel value of the corrected flat field frame; and IF is the flat field frame. 

Using a dark frame guarantees the removal of systematic errors such as the 50Hz noise effect. 

One possible problem with the flat fielding method is an increase of the noise level because 

of division with intensity values close to zero.  

Reference flat plane subtraction is a kind of a modified flat fielding method, which is used in 

conventional multi-wavelength measurement for reorientation of the measurements to 

remove the phase gradient because of the tilted reference flat plane. The method also 

compensates phase aberration due to the phase delay for each wavelength. Therefore, the 

final phase difference map will simply be calculated by suppressing the aberration term 

∆ϕf(x,y) = ϕf1(x ,y, λ1) - ϕf1(x ,y, λ1) from the measured object phase map. Fig. 32 shows the 

effect of the flat plane phase subtraction on the final measured phase. 
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Fig. 32. The final phase of the measured object is calculated by the subtraction of the reference phase 

difference from the object phase. 

 

7.4 Shifting and Magnification 

 

The chromatic aberration involves a difference in the magnification and consequently a 

longitudinal shift of the image plane position on the optical axis. Assume that different 

wavelengths are used to record different interferograms.  Optical components, in occurrence 

of chromatic aberration, will image the same object at different planes for each wavelength. 

Subsequently, all but one image will appear out-of-focus on the detector plane.  Depending 

on the amount of chromatic aberration, the correctness of the phase map, obtained by 

subtracting two phases corresponding to two different wavelengths will be under question 

since at least one of them is defocused [90]. Consequently, the final phase map calculated 

with the MW synthetic wavelength is incorrect. It is therefore mandatory to correct the axial 

shifts of different images. 

One possible solution is mechanical adjustment of the set-up or using adaptive focus optics 

to compensate the focal shift of the image plane. However, the intrinsic flexibility of digital 

holography gives a possibility to compensate these aberrations and remove errors, fully 

numerically without mechanical movements. 

Consider Fig.33. A beam, diffracted from the object, propagates towards the sensor through 

the lens creating an image of the object. If the focal length of the lens depends on the 

wavelength the position of the image and consequently the magnification will depend on the  
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Fig. 33. Image plane shift due to chromatic aberration. 

  

wavelength. Let’s assume one beam to be red and the other one green. If the position of the 

red image PR is taken as the reference position, there is a shift in the position of the other 

images (distance Δd), which is given in Eq. (60), where f is the focal of the lens for the red 

light, and ν is the Abbe number [88]: 

.
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d R       (60) 

By defining ∆d as the axial shift for each wavelength in MW interferometry, the correct 

reconstruction distance will be defined to guarantee the images to be reconstructed in the 

corresponding focus plane. However, this axial shifts will also induce a size difference ∆y’ 

between the images of different wavelengths.  Defining the size of i.e. the red image as '
Ry  

in Fig (33), ∆y’ will be calculated as  
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where M and ∆M are the imaging system magnification and its variation, respectively. ∆m 

must be experimentally measured after defining ∆d. Eq. (61) may be written as  
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which may be thought of as strain in deformation measurements, which is discussed in 

section 9 and paper E. 
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Not that in this thesis, for the shape measurement applications, the wavelength shift is less 

than a nanometer. Therefore the shifting and magnification effect becomes negligible and the 

effect is not further considered. 

7.5 Automatic calibration method based on speckle displacements 

 

Consider Eq. (56) and Eq. (58) where the terms ax+ by indicate a shift of the object carrier 

frequency center in the spectral domain caused by the off-axis reference wave and c(x2 + y2) 

is the combined curvature of the reference wave and a correction term that makes refocusing 

telecentric. The purpose of the calibration is to find the constants a and b that centralize 

interference terms in the spectral domain and to find the term c that makes the refocusing 

process telecentric. Investigation of the speckle behavior in different planes gives a solution 

to define the calibration parameters. Consider Fig. 34 where a set of typical speckles are 

shown in relation to the optical axis. As shown in [47], the divergence of the propagated 

beam produces phase gradients perpendicular to the optical axis according to 

,
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where A= (Ax, Ay) is the speckle displacements between two planes separated a distance ΔL. 

On the other hand the phase compensation that we need for each hologram in  multiplexed 

holography can be expressed as  
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i      (64) 

which follows from Eqs. (56) and (58). 

The illustration in Fig. 34(b) represents the case where the curvature of the field is zero but 

where a constant phase gradient is added to the propagating wave. The angle of the 

propagation is in relation to the optical axis, and hence the in-plane speckle displacement 

between the two planes, depends on the phase gradients and therefore the constants [ai , bi ] in 

Eq. (64). The illustration in Figure 34(a) represents the more general case where also the 

propagating wave is divergent. In this case the speckle displacements between  the  two 

planes will experience a swelling proportional to the term ci. 

In the ideal case the speckles are aligned along the optical axis. This is accomplished by 

finding the correct set of parameters [ai, bi, ci,] that align the speckles produced by each 

reconstructed hologram along the optical axis when propagated a distance ΔL. From Eq. (64)  
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  Fig. 34. Schematic of speckle orientation and macroscopic phase front in relation to the optical axis. 

 Illustration in (a) shows how the speckles diverge from the line ai x + bi y during the propagation when 

the system is not telecentric (c ≠ 0) . In (b), after compensating the curvature of the reference waves, the 

speckles are parallel and c = 0.  ΔL is re-focusing (propagation) distance. 

 

we substitute Δφi into Eq. (63) to obtain ,
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which give the components of the 

speckle displacements in x- and y-direction for the wavelengths λi  respectively, in relation to 

the phase gradients. The relation between the calibration parameters and the calculated 

speckle displacements for each wavelength may then be expressed on matrix form as given 

in Eq. (65), where ki = 2π / λi and m and n are the number of rows and columns, respectively, 

in the speckle displacement calculation grid. The positions xm,n and ym,n on the left hand side 

are the center positions for each of the sub-images used to calculate the speckle 

displacements [47, 48]. The first matrix in Eq. (65) is of size (2m × n) × 3, which makes the 

linear system of equations over-determined in general. The calibration constants are found by 

solving Eq. (65) in least squares sense. Paper D presents more details of the automatic 

calibration method based on speckle displacements.  
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8 Shape verification  

The shape measurements comprise a large number of data points, which represent the 

measured surface and shape deviations between the measured surface and its ideal shape 

(CAD-model). However, problems may appear if the object has high reflectivity since this 

could result in specular reflections that could saturate the detector, or occur at regions of 

steep shape gradients and discontinuities where the correlation between the two holograms is 

lost.  Therefore a verification step is crucial in shape measurement applications. A simple 

schematic illustration of the process of shape verification is given in Fig. 35. Details of the 

holographic measurement have been discussed in section 5.   Shape registration (matching) is  

one of the main computational problems in shape verification, which is described in the 

following subsection. When the registration has done, comparison as the last step will be 

performed. 

8.1 Registration or matching problem 

 

Image registration is the process of overlaying two or more images of the same scene taken 

at different times, from different viewpoints, and/or by different sensors in the same 

coordinate system. Therefore, registration as a shape matching is the process of obtaining a 

transformation between coordinates from a prescribed CAD-model to coordinates of 

homologous points in a measured point cloud.  In addition to matching the coordinates of the 

measured shape and the reference CAD-model, all features such as edges and control points 

should be aligned. In order to do the desired alignment, we use a rigid body transformation 

between the reference CAD-model and the measured data given as 

T= [L, Ω],       (66) 

where L=[lx, ly, lz] and Ω=[Ωx, Ωy, Ωz] are rigid body translation and rigid body rotation, 

respectively.  

The registration process consists of the following steps:  

 

 

Fig. 35. Three main steps of a shape verification process. 
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1- Feature detection: closed-boundary regions, edges, contours, line intersections, 

corners, etc in both CAD-model and sensed images are detected. 

2- Feature matching: The correspondence between the features in the CAD-model and 

sensed image are established. This results in an initial guess of the transformation 

function. 

3- Transform model estimation: The transformation function is refined by adding more 

points.  

4- Transformation, comparison: The measured shape is transformed by means of the 

mapping functions and shape residuals are calculated. 

 

8.1.1 Iterative Closest Point (ICP) algorithm 

 

In this research, the registration is implemented by using the feature-based Iterative Closest 

Point (ICP) method proposed by Besl and McKay [93].  The ICP algorithm iteratively tunes 

the rigid transformation to minimize the Euclidean distance between two element (point, line, 

triangle,…) sets, the correspondence of which have been determined by proximity, as shown 

in Fig. 36. Even if any kind of element sets can be used, the ICP algorithm establishes point 

to point correspondence, so the data may need decomposition into point sets (cloud). 

Let S and S’ be two surfaces. In order to perform the registration, for each point Pi’S’ its 

corresponding point Pi in the surface S is to be determined. The following two steps are 

iterated until a given stop criterion is satisfied:  

1- Let S be the surface of the CAD-model and let S’ be the representation of the 

measured surface. To each element Pi’S’, we assign the homologous points PjS, 

which minimize the following distance 

)( '2
ji PPd  .      (67) 

where d is the Euclidian distance operator between Pi’ and Pj. 

 

 

Fig. 36. ICP correspondence. The arrows indicate the rigid body transformation to be determined. 
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2- The computation of the parameters corresponding to the rigid transformation T which 

minimize the following distance is performed: 

 

 
i

ji PPTd ))(( '2 .        (68) 

8.1.2 Regularization 

 

Finding the shape function from the phase map or gradient fields in the holographic 

measurement is an inverse problem. In general, a surface has discontinuities that make the 

inverse problem more difficult. Furthermore, the gradient field contains noise, especially at 

the discontinuity. A typical object can be as the one shown in Fig. 37.  Therefore, measured 

data will have poor prediction and generalization power to evaluate the shape of the object, 

especially in regions where the noise dominate for example as discontinuities.  

One method to handle such situations is known as regularization. In regularization a loss 

function is added defining a multiple weights vector to determine how much of the measured 

data or CAD-model should be used in the evaluation.   

In general, a regularization term is defined as  

 

  )(min hhr         (69) 

 

where r  is the regularization parameter, h is the measured shape and h’ is the ideal CAD-

model shape. More details of our implementation of the regularization function are found in 

Paper B.   

 

 

 

Fig. 37.  The measured Object (left) and the CAD-model (right). 
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8.2 Shape comparison with CAD-model using digital holography  

 

Using a CAD-model allows a larger depth of the measurement volume and solve the problem 

with steep shape gradients [1, 2, 59]. A flowchart describing the outline of the data analysis 

process is given in Fig. 38. Multiplexed dual-wavelength holographic acquisition and the 

speckle correlation analysis are presented in sections 6 and 5, respectively. The analysis 

results in phase data and speckle displacements at different planes, wherefrom all shape data 

from the measured object are extracted. Shape gradients of the measured object are computed 

from the speckle displacements and are used to roughly align the holographic data to the 

CAD-model. This step consists of feature detection which corresponds to the first step in the 

registration process, see section 8.1.  

Fitting piecewise linear basis functions over the triangular mesh will give us a representation 

of the measured shape. But discontinuities will be badly represented and they will have an 

undesired influence of the solution by deforming it. A way to partially prevent this behavior 

is to use different weights for the slope in different regions. Slopes in regions where the 

gradient field seems to contain discontinuities are assigned lower weights than slopes in 

regions that seem to be smooth. The weight functions used for the slopes are defined using 

the information of changes in the estimated gradient field. If the estimated gradients changes 

rapidly, the corresponding region has discontinuities and will be assigned lower weights to 

its slopes.  

 

 

Fig. 38. Outline of the shape evaluation using CAD-model. 
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To obtain a unique function that is fitted to the computed gradients and solving our ill-posed 

inverse problem the regularization is performed by combining the integrability constraint of 

the gradient field with shape and slope values from the CAD-model, which gives a unique 

solution. The regularization is based on both the height values and the slopes of the CAD-

model. Using the height values gives a unique solution, and discontinuities can be 

represented in the solution. Details of finding the weight functions for regularization is 

provided in paper B. 

To find the required shape data from the CAD-model used in the regularization, we first need 

to match the gradient field from the speckle displacement analysis to its corresponding part 

of the CAD-model by applying a rigid body transformation. The ICP algorithm can be used 

for this purpose. 

We are solving the gradient field matching problem in two steps. An initial match is found 

by fitting detected discontinuities in the gradient field to the corresponding edges on the 

CAD-model. By fitting these data points to the CAD edges, using a rigid body 

transformation, we will get a first rough match between the gradient field and the CAD-

model. This is the second step mentioned in subsection 8.1. This matching gives a 

correspondence between the gradient field and the CAD-model, which is used to find the 

required shape data from the CAD-model in the regularization. When all the regularization 

data that we need are found, we can obtain a first representation of the measured shape, given 

by a piecewise linear function. This shape representation in 3D space, is then matched to the 

surface of the CAD-model using the ICP algorithm again (Registration refinement step).  

The shape values from the CAD-model are then used in an iterative phase unwrapping 

process. When the gradient field is matched to the CAD-model by the transformation 

obtained from the ICP-algorithm, homologous points on the CAD-model can be found. The 

phase data from the holographic acquisition is represented in the same coordinate system as 

the gradient field. Hence, points on the CAD-model homologous to points in the phase map 

can be found by using the known correspondence transformation. 

In the iterative phase unwrapping algorithm, the phase data from the holographic acquisition 

provide much higher resolution and precision of shape information than the gradient field 

data from the speckle displacement analysis do. The iterative phase unwrapping algorithm is, 

therefore, used to find the deviations between the measured shape and the ideal shape 

represented by the CAD-model. This algorithm is based on finding deviations between 

wrapped phase values from the holographic acquisition and corresponding computed 

wrapped phase values of the shape of the CAD-model. The output from the iterative phase 
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unwrapping algorithm is the shape deviations between the measured surface and the CAD-

model. An example of utilizing the CAD-model is shown in Fig. 39. The weights for the 

slopes and the regularization function are shown in a and b, respectively. In regions that 

contain discontinuities, the weights for the measured slopes are almost zero. This is because 

in these regions, the measured data is noisy and unreliable because of the discontinuities. 

Instead, regularization provide higher values for the shape measurements algorithm and 

allow using CAD-model information to refine the shape in the corresponding regions. A 

surface representation from the gradient field analysis using regularization is seen in (c). 

Adding the phase data to the measurement in c shows a significant improvement in  surface 

representation. For more details of the comparison see paper B. 

 

 

Fig. 39. The weights for the slopes and the regularization function are shown in a and b, respectively. 

Surface representation from the Gradient field analysis using regularization and the resulting surface 

representation using the phase data and CAD-model are shown in c and d, respectively. 
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9 Deformation measurement 

The measurement of deformation field is one of the traditional objectives for speckle 

metrology. There are two main groups of methods for in-plane deformation measurements:  

Digital Speckle Photography (DSP, Image Correlation) and speckle interferometry (Digital 

Holography). As seen in section 4 and 5, DSP measures the speckle displacements using a 

sub-image approach to find the correlation peak whereas in the speckle interferometry, 

surface deformation results in phase changes of the speckles [94-96]. In this thesis a method 

to measure 3D deformation fields using DSP is described in paper E. However, in the 

following the two main groups of deformation measurement based on speckle interferometry 

(digital holography) and digital speckle photography is described.  

 

9.1 3D dynamic deformation measurement 

 

There are several possible arrangements for obtaining complete deformation data. One way 

to achieve a 3D deformation measurement is to have at least three different sensitivity 

vectors by illuminating the target object from three different directions. The information 

along different sensitivity vectors can be acquired simultaneously or sequentially. This can 

be achieved using three different cameras, with a cost of compensation for having different 

object perspective, or a single camera. Note that to evaluate the deformation components 

related to the object surface at a given point, it is in general necessary to know the shape of 

the object [95, 97]. 

Fig. 40 shows a schematic of an experimental set-up for 3D dynamic deformation 

measurements where Si and mi (i=1,2,3,4) here denotes the illumination directions and 

corresponding sensitivity directions, respectively. Location of the embedded holograms in 

the Fourier plane are seen in Fig 31. The three holograms are de-multiplexed and the phase 

distribution i of each holograms is retrieved. Note that the quantity of interest is the change 

of i  between two images captured before and after deformation, respectively. If the phase 

distribution in the second stage (after deformation) is 
'
i , the phase change is obtained by 

subtraction of  

.3,2,1       ,'  iiii            (70) 
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Fig. 40. Schematic of an experimental set-up for three dimensional measurement with simultaneous 

recording of three digital holograms corresponding to the illumination directions S1, S2 and S3. 

 

Consider Eq. (33) in which ∆k and SD.∆x are assumed zero. The remaining variable is a(x). 

The phase difference of ia   is then related to the deformation along each sensitivity 

vector mi as the vector scaler product, 

,)
2

( ii a.m



       (71) 

where a is the deformation vector and mi is the sensitivity vector. The deformation vector, a 

may be evaluated by decomposing the sensitivity vectors in to their orthogonal components 

of x, y and z [e.g mi = (mix, miy, miz), i=1,2,3]. From Eq. (71) the deformation components of 

a = (ax, ay, az) are obtained by 

.
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It should be noted that the sensitivity matrix must be invertible to be able to measure the 

deformation. Therefore, the experimental set-up should be designed in a way that the three 

sensitivity vectors are non-coplanar. 
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9.2 3D dynamic strain measurement using speckle displacements 

 

In analogy to subsection 9.1, the measurements of 3D strain using speckle displacements 

needs to have at least three sets of sensitivity vectors.  Using the similar set-up as in Fig. 41, 

3D speckle displacements occur according to Eq. (36) due to the variation in both a(x) and 

az. Following the method presented in section 4 and subsection 5.5, the defocused speckle 

displacements of iA  in relation to a propagation distance L is calculated for the each 

direction of Si as a result of deformation. The displacements derivatives can then be 

calculated from the set of linear equations as follows [16, 98]:  
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where double subscript (e.g.  xy) refers to differentiation with respect to the second direction 

(y) of the component in the first direction (x).  Therefore the strain components are 

constructed as axx and ayy for the two normal strain components and as (axy + ayx) for the shear 

strain component. 
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10 Conclusion and the future work 

The shape measurement method that we are using is based on a single-shot dual-wavelength 

holographic acquisition. This technique enables shape measurements on moving objects. The 

theoretical relation between the object surface normal and the speckle movements have been 

presented and it is shown that the amount and the direction of the speckle movements varies 

linearly with surface slope, wavelength shift and distance of the numerical refocusing.  

It has also been experimentally shown how measurements of speckle movements can be used 

to calculate the phase distribution and the object shape. By using holographic recordings, the 

re-focusing can be done numerically and without any mechanical movements, which ideally 

means that only one recording needs to be acquired. From a measurement on a cylindrical 

test object, it is shown that the measurement accuracy is in the order of a few micrometers. 

In addition, we have described a method for finding deviations between the measured shape 

of an object and its ideal shape, as described by a CAD-model. The holographic phase data 

contains shape information of high precision and resolution. Since we know the 

correspondence between the data from the measurements and the CAD-model, we can avoid 

many difficulties in the phase unwrapping problem just by taking the difference between the 

values in the phase map and corresponding phase values computed from the CAD-model. 

This gives a high precision shape representation of the measured surface, which can be used 

for a final shape assessment. However, discontinuities on the measured surface are still a 

problem, since the data in the gradient field does not provide any information about the 

height of the discontinuities. A way to avoid this problem is to use regularization using shape 

information from the CAD-model.  

In contrast to what is customary the presented method for shape evaluation is based on the 

speckle displacements as well as phase difference. In that way, problems associated with the 

phase wrapping is avoided and objects with larger depth can be measured. In addition, if a 

CAD-model of the object to be measured is used, it is important to have a good 

correspondence between the speckle displacements and the phases.  If we are having a 

constant drift between the speckle displacements and the phases, then we will measure or 

estimate the wrong shape. So in the presented method we first use speckle displacements and 

then the phases. In this single-shot multiplexed approach it is more important than in the 

normal case of sequential recording to have a calibrated system, which is done in this thesis 

based on finding the minimum speckle displacements. 
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It is demonstrated that the origins of the aberration are multiple and necessitate a full 

compensation. The effect of uncontrolled carrier frequency filtering in the reconstruction 

process was presented. Further, frequency filtering and calibration are controlled by 

searching for the minimum speckle displacements. It was shown that a single-shot dual-

wavelength phase map and speckle displacements can be recovered free of aberrations.  

Furthermore, an automatic calibration method is presented to avoid the searching process for 

the minimum speckle displacements. The automatic method improve the speed of algorithm 

since it estimates the calibration parameters in contrast to the iteration method.  

In addition to the shape measurement, we presented a full field 3D deformation measurement 

method based on extraction of 3D speckle displacements. We used a single camera to record 

four images from an object illuminated sequentially from four different directions. We 

showed that in order to perform 3D deformation measurements, the DSP technique can 

provide the same information from intensity images (without using a reference wave) as the 

interferometric images do.  

Finally there is a need to emphasize that all the measurements have been done on quite small 

objects. The technique is however scalable and larger objects can be measured using more 

powerful lasers and/or larger detectors.  

For the future work, it is possible to work on the calculation efficiency in order to use it as a 

real-time measurement system. The possibility of reducing noise and making better system 

can be investigated. The effect of multiplexing more holograms in a single recorded image to 

increase the resolution, field of view and the accuracy and reliably of the measurements 

should be investigated. In addition using pulsed laser for illumination of the object surface 

will give larger field of view and less noisy holograms that are less sensitive to 

environmental variation. Finally, incorporating more closely with the production line can be 

considered to find the real practical challenges. 
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Abstract. A new method to measure shape by analyzing the speckle
movements in images generated by numerical propagation from dual-
wavelength holograms is presented. The relationship of the speckle move-
ments at different focal distances is formulated, and it is shown how this
carries information about the surface position as well as the local slope of
the object. It is experimentally verified that dual-wavelength holography
and numerically generated speckle images can be used together with dig-
ital speckle correlation to retrieve the object shape. From a measurement
on a cylindrical test object, the method is demonstrated to have a random
error in the order of a few micrometers. © The Authors. Published by SPIE under a
Creative Commons Attribution 3.0 Unported License. Distribution or reproduction of this work in
whole or in part requires full attribution of the original publication, including its DOI. [DOI: 10
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1 Introduction
In many industries, online control within the manufacturing
process is needed to optimize quality and production effi-
ciency. Conventional contact measurement methods are
usually slow and invasive, which means that they cannot
be used for soft materials and for complex shapes without
influencing the controlled parts. An alternative is a noncon-
tact measurement by optical methods like digital holography.
With digital holography, high resolution and precise three-
dimensional (3-D) images of the manufactured parts can be
generated. This technique can also be used to capture data in
a single exposure, which is important when doing measure-
ments in a disturbed environment.1 Recently, a method has
been suggested where knowledge of the object shape, e.g., a
CADmodel, is used to reduce the number of required images
for shape measurement in digital holography.2,3 The main
idea is to perform online process control of manufactured
objects by measuring the shape and comparing it with the
CAD model. The method presented in this paper is also
intended for such use.

In digital holography, access to the complex wave field
and the possibility to numerically reconstruct holograms in
different planes4,5 introduce a new degree of flexibility to
optical metrology. From a single-recorded hologram, images
with amplitude and phase information for different focal
distances can be calculated by numerical propagation of the
optical field. By recording two or more holograms with dif-
ferent illumination wavelengths, a phase map can be deter-
mined for all these focal distances.5 These phase maps will
correspond to a measurement with a synthetic6 or equivalent
wavelength Λ, calculated as

Λ ¼ λ1λ2
λ2 − λ1

; (1)

where λ1 and λ2 are the wavelengths of the illumination. This
type of holographic contouring is based on the extraction of

phase by direct comparison of two or more speckle patterns,
and hence is sensitive to speckle decorrelation and speckle
movements. Phase retrieval7 is another well-known phase
extraction technique for shape measurement. In this method,
the intensity distribution is measured at different focal
planes, and the transport of intensity equation is utilized
to reconstruct the phase distribution.8,9 In contrast to digital
holography, the technique needs no reference wave during
the recording process but instead requires two or more
exposures.

In a technique known as a digital speckle correlation, the
analysis of speckle displacement by correlation techniques is
used for measurements of, e.g., deformation, displacement,
and strain. It has been shown that this technique provides an
effective nondestructive, optical measurement, and charac-
terization tool.10–13 The idea is to utilize the speckle pattern
that appears when a coherent beam illuminates a rough sur-
face. A change of the wavelength or a deformation of the
object or a change of the microstructural distribution of the
surface will cause the speckle pattern to change.11,14 These
changes may appear as speckle decorrelation, movements of
the speckle pattern, and a change in the phase of the speckles.
In general, all these changes appear simultaneously. Detailed
information on how to calculate the correlation properties of
dynamic speckles is given in Refs. 10, 11, and 14. A few
years ago, Yamaguchi et al.15 used the peak position of the
correlation value in reconstruction distance to calculate the
shape of the object. The idea thus utilized is that speckles in a
defocused plane tend to move when changes in the wave-
length set-up are introduced. The correlation function is,
however, broad in the depth direction, and accuracy with
that approach is limited. In this paper, a similar approach
is taken, but instead of calculating the shape from the maxi-
mum of the correlation function in depth direction, the shape
gradient of the object is calculated from the speckle move-
ments at two different focal planes caused by a change in
wavelength.
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In summary, our approach uses digital holography to mea-
sure the phase distribution of the light, and can then by post-
processing and numerical propagation generate the intensity
distribution in as many different focal planes as necessary.
By using image correlation and speckle movement, our
method is also robust to large phase gradients and large
movements within the intensity patterns. The advantage of
our approach is that, using speckle movement, we reached
the shape measurement even when the synthetic wavelength
is out of dynamic range of the height.

In Sec. 2, it is shown how the speckle movement and
wavelength shift relates to the angle of the local surface nor-
mal. In Sec. 3, experimental results are presented, and the
object shape of a smooth object is determined by integration
of the shape gradients. The technique is demonstrated by a
measurement on a cylindrical object with a trace milled off.

2 Theory
Holograms can be recorded either with the reference wave
in parallel with the object light or tilted at an angle. These
arrangements are called in-line holography16 and off-axis
holography,17,18 respectively. The in-line holography is
often used to image and localize particles in microscopy,
while the off-axis holography is used to simplify the signal
processing and in situations where only a single exposure
can be used. In case of digital holography, the off-axis geom-
etry introduces a carrier to provide a simple way to filter out
the information, and that is the technique used in this paper.
Consider Fig. 1 where LD is a tunable-laser diode, R the path
of the reference light, FP the focus plane, and object space
(OP) the position of zero phase difference between reference
and object light, respectively. EnP and ExP defines the
entrance pupil and the exit pupil of the imaging system,

respectively. Define Uoðx; yÞ ¼ Aoðx; yÞ exp½iϕoðx; yÞ� as
the object wave and Urðx; yÞ ¼ Arðx; yÞ exp½iϕrðx; yÞ� as the
reference wave in the detector plane. The recorded image
can then be represented by

Iðx; yÞ ¼ A2
oðx; yÞ þ A2

r þ ArAoðx; yÞ expðiΔϕÞ
þ ArAoðx; yÞ expð−iΔϕÞ; (2)

where it is assumed that Arðx; yÞ ¼ Ar is a constant and
Δϕ ¼ ϕoðx; yÞ − ϕrðx; yÞ is the phase difference between
the object and reference wave. The two first terms of
Eq. (2) correspond to the zero-order term, and are slowly
varying in time and space and are independent of the corre-
lation between Uo and Ur. The last two terms are the inter-
ference terms, which are sensitive to the phase difference,
Δϕ and can easily be filtered out in the Fourier domain19

in the off-axis arrangement.
Considering the third term Jðx; yÞ ¼ Uoðx; yÞU�

rðx; yÞ ¼
ArAo expðiΔϕÞ in Eq. (2), a modified version, Ŭoðx; yÞ, of
the object wave is retrieved as

Ŭoðx; yÞ ¼ Jðx; yÞ · Ŭrðx; yÞ
jUrðx; yÞj2

; (3)

where Ŭrðx; yÞ only contains the variation in phase over the
detector caused by the tilt angle and the curvature of the field.
In that way, a reference plane is defined in OP where the
phase difference between the object and reference waves is
zero. The complex optical field Ŭo can then be used for
numerical refocusing.4 In this process, it is important that
a constant magnification is kept.

If two fields Ŭ1ðx; y; λ1Þ and Ŭ2ðx; y; λ2Þ, recorded with
different wavelengths are retrieved, it is important to know
their correlation properties, which is the purpose of the com-
ing section. Consider Fig. 2(a) and 2(b). A diffuse plane sur-
face is illuminated from a monochromatic point source
PsðxsÞ located at xs [Fig. 2(a)]. If position x⊥ defines a gen-
eral scattering point on the surface, the plane wave compo-
nent that illuminates the scattering point will propagate in
direction ss ¼ ðx⊥ − xsÞ∕Ls, where Ls ¼ jx⊥ − xsj is the
length between the source and the scattering point, and
the directional vector ss points from the source to the scatter-
ing point. The random wavelet contributions from a surface
path Σ on the object surface produce a field detected in point
PpðxpÞ at position xp in front of the surface. It is assumed
that Σ is much smaller than the illuminated surface, and that
the point Pp is in a plane conjugate to a detection plane of the
imaging system called focus plane, as shown in Fig. 2(b). We
consider Io as a constant intensity on the surface, and sp ¼
ðxp − x⊥Þ∕Lp as a directional vector from the scattering
point toward the detection point, where Lp ¼ jxp − x⊥j is
the length between the scattering and the detection points.
Thus, the total length passed by the wave is L ¼ Ls þ Lp,
and the accumulated phase will be ϕðk; x⊥; xp; xsÞ ¼ kL,
where k ¼ 2π∕λ is wave number. In the following, the vector
mðx⊥; xp; xsÞ ¼ spðx⊥; xpÞ − ssðx⊥; xsÞ known as the sensi-
tivity vector of a surface point will be of importance.

The response of a speckle field due to a general change is
given in Ref. 14. Here, we will only consider the response
due to a change in wavelength. Though the absolute phase
difference will be

Fig. 1 The sketch of the set-up that defines the variables. LD is a
tunable laser diode, R the path of the reference light, FP the focus
plane, and object space (OP) the position of zero phase deference
between reference and object lights. EnP and ExP defines the
entrance pupil and the exit pupil of the imaging system, respectively.
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Δϕa ¼ ΔkLðx⊥0; xp; xsÞ; (4)

where Δk is the changes in the wave number, x⊥o is the
center position in Σ, and L is the total difference in optical
path between the object and the reference waves. In Fig. 1,
this corresponds to twice the distance between OP and the
object surface. The differential phase difference as the
response due to a change only in wavelength is given by

Δϕd ¼
k

ΔLðx⊥0; xpÞ
xε · ΔxP − Δkxε · mPðx⊥0; xp; xsÞ

¼ k
ΔLðx⊥0; xpÞ

xε ·
�
ΔxP

− ΔLðx⊥0; xpÞmPðx⊥0; xp; xsÞ
Δk
k

�

¼ k
ΔLðx⊥0; xpÞ

xε · ðΔx − AÞ; (5)

where xε is an integration variable over Σ and Δx is a spatial
separation in detection space, and

Aðx⊥0;xp;xsÞ ¼ΔLðx⊥0;xpÞ
mPðx⊥0;xp;xsÞ

cos θX̂

�
Δk
k

�
; (6)

is the speckle movement in the focus plane.
Equation (6) calls for some clarifications. First of all,

the speckle movement vector A is the projection of the
speckle movement in the conjugate plane of the detector
(perpendicular with the optical axis). The vector
mΣðx⊥0; xp; xsÞ appearing in Eq. (6) is the projection of
the sensitivity vector m onto the local surface patch Σ,
and gives a vector that is perpendicular to the surface normal
vector n. Hence, the speckle movement is related to the gra-
dient of the surface. The magnitude of mΣ gives the magni-
tude with which the speckle movement is geared, and its
direction gives the direction in which the speckles move.
The scaling parameter cos θX̂ relates the orientation of the
detector to the surface patch, where θX̂ is the angle between
Δx and its projection ΔxΣ on to Σ.

If an experimental set-up is used such that m ¼ sp − ss ≈
2 ẑ, where ẑ is a unit vector along the optical axis, and
speckle movement in the image plane is considered, we,
therefore, expect only surface variations in the horizontal
plane. Then mΣ ¼ m sin θx̂, and Eq. (6) is simplified to

Aðx⊥0; xp; xsÞ ¼ 2MΔLðx⊥0; xpÞ
Δk
k

tan θ; (7)

where θ is the angle from the surface normal to the sensitivity
vector and M is the positive magnification. In arriving at
Eq. (7), it is assumed that object deformations are absent
between the two recordings. If the defocus ΔL changes
sign, the direction of the speckle movement also changes
the sign.

Propagating the image to different planes causes different
speckle movement results as a result of wavelength shift.
Difference in speckle movement value ΔA for the different
propagated planes can be calculated by Eq. (7). Then, ΔL
will be the distance between two different propagated planes.
If ΔA is multiplied by the scaling parameter k∕ð2MΔLΔkÞ,
it equals the local phase gradient at the object surface. By
solving for θ, the surface normal and the slope of the object
shape can be calculated from the speckle movements and
change in wavelength.

3 Experiments and Results
Consider the experimental set-up14 seen in Fig. 1. A laser
diode LD (SANYO) illuminates an object with local surface
normal n along a direction ss. The temperature of the laser
diode can be controlled in order to tune the wavelength. The
object is a half cylinder with a diameter of 48 mm, which was
cut to have a measurement object of height 15 mm, as shown
in Fig. 3. The cylindrical object had a trace of depth 1 mm
and a width of 10 mm milled off. The cylinder was manu-
factured with an accuracy of 10 μm. The object is imaged by

Fig. 2 Defining of vectors (a) and quantities (b) included in the derivation of dynamic speckle properties in free-space geometry.

Fig. 3 White light image of the object.
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an optical system along a direction sp onto a digital camera
(Sony XCL 5005) with a resolution of 2456 × 2058 pixels, a
pixel size of 3.45 × 3.45 μm, a dynamic range of 12 bits, and
an output frame rate of 15 Hz. Part of the light from the laser
diode is decoupled and redirected toward the detector with an
angle of ∼10 deg with respect to the direction of the object
light. From the detector plane the reference light is seen to
originate from a point on the exit pupil plane outside the
opening. The off-axis method is therefore utilized, and the
complex amplitude field filtered out. Using this method,
our numerical aperture is restricted to NA1 < λ∕8a, where
a is the sampling pitch on the detector. The zero optical
path difference plane OP between the object light and refer-
ence light is indicated in Fig. 1. FP is the plane in which the
optical system is focused during the measurement. Only the
section of 11.6 × 11.6 mm2 indicated by a black square in
Fig. 3 is measured, which includes both the trace and a cylin-
drical part. In these measurements, approximately collimated
illumination is used, and the sensitivity vector is m ¼ sp −
ss ≈ 2 ẑ, where ẑ is a unit vector along the optical axis of the
imaging. Thus, constant phase is expected over planes
perpendicular with the optical axis. The part of the section
that includes the cylindrical shape has a surface normal that
varies in the horizontal plane. Therefore, the speckle move-
ment will vary only in the direction of the horizontal plane
and change the sign on either side of the central direction.

Two holograms, one with a temperature of the laser diode
of 15°C corresponding to a wavelength of 647.0 nm and
other with a temperature of 19°C corresponding to 649.4 nm
are acquired with FP coinciding with the surface of the trace.
Controlling the wavelengths by temperature changes are

straight forward but slightly inaccurate and may vary a
few tenths of a nanometer.

The complex amplitudes from the recorded holograms
were acquired and used to calculate two more sets of com-
plex amplitudes using numerical re-focusing. One field is set
10 mm behind the object and the other 10 mm in front of the
object. We, hence, have the set fU1−; U2−; U10; U20; U1þ;
U2þg of six complex amplitudes acquired at two wave-
lengths (denoted 1/2) and originating from three planes
(denoted −∕0∕þ), which will be used to acquire information
about the shape of the object. The wrapped phase of hŬ�

1Ŭ2i
in the three planes is shown in the upper row of Fig. 4.
Moving from left to right, these phase maps relate to a
plane behind the object, on the object, and in front of the
object, respectively. It is worth mentioning that the position
of the focus plane plays a crucial role in regions with a steep
slope, while the quality of the fringes is reasonably unaf-
fected by the position of the focus plane in regions where
the sensitivity vector is roughly parallel with the surface nor-
mal. This is clear from the sudden degradation of the fringe
contrast as a result of going from the trace out to the cylin-
drical part in the upper right part of the images.

The lower row of Fig. 4 shows the corresponding speckle
movement obtained by calculating hΔI1ΔI2i using speckle
correlation (digital speckle photography) in the three planes,
respectively. At the part of the cylinder where the surface
normal is parallel with the optical axis and on the trace
part, the speckle movement is always close to zero. How-
ever, the speckle movement magnitude shows an increase
toward the right when defocus is introduced. This result
is in accordance with the theoretical relation given in

Fig. 4 Results obtained from the modified mutual coherence function in different planes. The upper row shows the wrapped phase map, and the
lower row shows calculated speckle displacements. The columns correspond to results obtained 10 mm behind the object, on the object, and
10 mm in front of the object, respectively.

Optical Engineering 101912-4 October 2013/Vol. 52(10)

Khodadad, Hällstig, and Sjödahl: Dual-wavelength digital holographic shape measurement. . .

Downloaded From: http://spiedigitallibrary.org/ on 12/24/2015 Terms of Use: http://spiedigitallibrary.org/ss/TermsOfUse.aspx



Eq. (7). At the upper plane part and at the left part of the
cylinder, the surface normal is (almost) parallel with the opti-
cal axis which gives a θ close to zero. Hence, Aðx⊥; xp; xsÞ
will be close to zero as is seen in Fig. 4. We also note that the
sign of the speckle motion changes as the focus plane
changes the side of the object. In front of the object, the
speckles move toward the left, while they move to the
right behind the object. As shown by Yamaguchi et al.,15

this is an effect that may be utilized to locate the position
of the object surface. The technique thus obtained is very
similar to the technique of determining shape from the
projection of a random pattern.20

To study the relation between the speckle movements and
the focus distance ΔL, 20 more sets of complex fields were
calculated by numerical re-focusing, in the range from
10 mm behind the object to 10 mm in front of the object.
Speckle movements along a vertical line at x-position
4.7 mm (line a in Fig. 3) were calculated. The movements

at the flat part and at the cylindrical part of the object were
plotted versus ΔL (see Fig. 5). Note that the flat part with θ
close to zero gives small movements. For the cylinder, the
slope is approximately θ ¼ 10 deg, and the theoretical
speckle ovement was calculated from Eq. (7) and plotted
as a line. As can be seen in Fig. 5, the experimental results
match the theoretical line. The standard deviation of the
experimentally measured speckle movements at the cylindri-
cal part was less than 0.7 μm corresponding to 0.2 pixels. We
may compare this result with the theoretical expression for
the accuracy,21

Sd ¼
σ2

N

ffiffiffiffiffiffiffiffiffiffiffi
1 − γ

γ

s
; (8)

where σ is the average speckle size, N is subimage size in
one dimension, and γ the speckle correlation value. In our
case σ ≈ 4, N was 64, and the average correlation was
γ ¼ 0.77, which gives the theoretical accuracy of 0.14 pixels
in locating the speckle movement.

If ΔA is multiplied by the scaling parameter
k∕ð2MΔLΔkÞ, it equals the local phase gradient at the object
surface. These phase gradients may be integrated, for

Fig. 5 Relationship between the speckle movements and the focus
distance along a vertical line (line a in Fig. 3), at the cylindrical part of
the object (dots), and along the flat part (crosses). The line is the theo-
retical speckle movement calculated from Eq. (7) for a surface slope
of θ ¼ 10 deg.

Fig. 6 Unwrapped phase maps. (a) The phase over the surface calculated from defocused speckle movements, while (b) shows the results from
unwrapping the middle image of Fig. 4.

Fig. 7 Two measured profiles for horizontal line b and c in Fig. 3 are
plotted (dashed at the flat part and line at the cylindrical part). For
comparison, the theoretical shape of the cylinder is also plotted (dot-
ted). As the positioning of the cylinder in the set-up was not so precise,
it is difficult to compare the flat part with a theoretical shape.
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example using cumulative trapezoidal numerical integration
to get the phase of the measurement. As seen in Fig. 6(a), this
results in an unwrapped phase map that equals the interfero-
metric phase difference Δϕa up to a constant. Figure 6(b)
shows the unwrapped phase obtained from the middle image
of Fig. 4. For the unwrapping, the technique by Volkov and
Zhu was used.22 As seen, the results are almost identical.
These phase maps may then be transformed to shape by sim-
ple scaling.

Figure 7 shows the measured shape along the two rows
that are defined by b and c in Fig. 3 (dashed at the flat part
and line at the cylindrical part). The theoretical shape of the
cylinder is plotted as well (dotted). It is seen that the mea-
sured shape corresponds to the theoretical except for a linear
scaling factor. This scaling can be due to an unprecise read-
ing of the wavelength or that the light was not precisely col-
limated. If the wavelength shift is adjusted with as little as
0.5 nm, the measurement matches the theoretical shape per-
fectly. For the proposed method, it is necessary to have either
lasers with well-defined wavelengths or the possibility to
measure the wavelengths accurately. To estimate the accu-
racy of the measurement, we plot the difference between the
theoretical shape and the measured one with the adjusted
wavelength (see Fig. 8). The standard deviation of this differ-
ence is 4.2 μm. In Fig. 9, a 3-D display of the measured
object shape from the speckle movements is shown.

The use of measured surface slopes to estimate shape is
not unique to the method presented here. In fact, it may
be compared with other methods that give the surface slope

such as photometric stereo and deflectometric methods.23–25

These are well known for precise measurement of small local
shapes due to their derivative nature. By using a digital holo-
graphic recording and numerical propagation, the proposed
technique only requires two images and no mechanical
movements. As both interferometric data and the speckle
movements are obtained from the same recording, these
can be combined to achieve even better results.

4 Conclusion
Holographic contouring is a very precise measurement
method, but is based on the extraction of phase by direct
comparison of speckle patterns, and hence is sensitive to
speckle decorrelation and speckle movements. In this paper,
these speckle movements are utilized to calculate the shape.
The theoretical relation between the object surface normal
and the speckle movements have been presented and result
in a linear relation between surface slope and defocus. It has
also been experimentally shown how measurements of
speckle movements can be used to calculate the phase dis-
tribution and the object shape. By using holographic record-
ings, the re-focusing can be done numerically and without
any mechanical movements, which ideally means that only
one recording needs to be acquired. From a measurement on
a cylindrical test object, it was shown that the measurement
accuracy is in the order of a few micrometers.
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This paper discusses the possibility of evaluating the shape of a free-form object in comparison with its
shape prescribed by a CAD model. Measurements are made based on a single-shot recording using dual-
wavelength holography with a synthetic wavelength of 1.4 mm. Each hologram is numerically propa-
gated to different focus planes and correlated. The result is a vector field of speckle displacements that
is linearly dependent on the local distance between themeasured surface and the focus plane. From these
speckle displacements, a gradient field of the measured surface is extracted through a proportional re-
lationship. The gradient field obtained from the measurement is then aligned to the shape of the CAD
model using the iterative closest point (ICP) algorithm and regularization. Deviations between the mea-
sured shape and the CAD model are found from the phase difference field, giving a high precision shape
evaluation. The phase differences and the CAD model are also used to find a representation of the mea-
sured shape. The standard deviation of themeasured shape relative the CADmodel varies between 7 and
19 μm, depending on the slope. © 2013 Optical Society of America
OCIS codes: (090.1995) Digital holography; (100.3008) Image recognition, algorithms and filters;

(100.3190) Inverse problems; (100.5088) Phase unwrapping; (120.6650) Surface measurements, figure.
http://dx.doi.org/10.1364/AO.53.000123

1. Introduction

In the automotive industry, there is a need for quality
control of a large number of manufactured parts. To-
day, because quality control is often time-consuming,
only a minority of objects are controlled; thus, there
is a risk that objects are incorrectly produced before
the defect is detected. This means that there is an
interest in finding an accurate measurement method
that makes on-line, fast-paced process quality con-
trol feasible for all manufactured components. The
aim of this work is to measure the shape of an object
using digital holography in a single shot. The shape
measurements comprise a large number of data

points, which represent the measured surface and
shape deviations between the measured surface
and its ideal shape (CAD model).

There are two principal techniques for measuring
the shape of an object; contact measurement and
noncontact measurement, as argued in [1]. Contact
measurements are normally done using a pre-
producedmeasurement jig or a coordinate-measuring
machine (CMM), see, e.g., [2,3], and noncontact mea-
surements are typically done using optical methods,
see, e.g., [4,5]. Compared to a CMM, optical methods
are usually much faster, often because they can mea-
sureseveralpoints, i.e., a full-field,atonce.Depending
on the choice of measurement technique, measure-
ments can be robust and accurate. We have chosen
to work with digital holography on a single frame
using two different wavelengths, which is described

1559-128X/14/010123-09$15.00/0
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in [6]. The reason for this choice is that the measure-
ment can be done very rapidly, making it possible to
measure moving objects. In the measurement setup,
the illuminating and viewing directions are the same,
which means that all visible parts of the surface are
illuminated, and that the light is scattered back to
the camera detector. However, problems may appear
if the objecthashigh reflectivity since this could result
in specular reflections that could saturate the
detector, or occur at regions of steep shape gradients
where the correlation between the two holograms is
lost. Examples ofmultiwavelengthdigital holography
applications and its pros and cons are given in [7–9].

This paper is a continuation of the work presented
in [10]. The shape measurement method presented
in [11] is used because this measurement method al-
lows a larger depth of the measurement volume than
the method described in [10]. That is possible since
the analysis is not only based on phase differences,
it is also based on speckle displacements. The novelty
with the presented data analysis method in compari-
son with the one presented in [10] is that the varia-
tion of the orientation of the measured shape can be
much larger. Shape gradients of the measured object
are computed from the speckle displacements and
are used to roughly align the holographic data to
the CAD model that is describing the ideal shape
of the measured object. A flowchart describing the
outline of the data analysis is given in Fig. 1.

A short description of the dual wavelength holo-
graphic acquisition and the speckle correlation
analysis are presented in Section 2. The analysis re-
sults in phase data and speckle displacements at dif-
ferent planes, wherefrom all shape data from the
measured object are extracted. In Section 3, we de-
scribe how to obtain the phase gradients from the
speckle displacements without the problems associ-
ated with wrapped phases. These phase gradients
give us the shape gradients as a proportional rela-
tionship. Finding the shape from the shape gradients
is an inverse problem, which is described in Section 4.
We are solving the inverse problem using regulariza-
tion, which is described in Section 5, where regulari-
zation data from the CADmodel, describing the ideal
shape of the measured object, is used. To find the
necessary regularization data, we first need to align

the gradient field with the CADmodel using rotation
and translation, which is described in Section 6. This
transformation is initially found by matching de-
tected discontinuities in the gradient field to the cor-
responding edges on the CAD model with the
iterative closest point (ICP) algorithm. When the in-
verse problem is solved using regularization, we
have a rough surface representation of the measured
shape. Also, this surface is matched to the CAD
model for finding a 3D correspondence, consisting
of rotation and translation, between the holographic
shape data and the CAD model. The obtained 3D
correspondence is then used to find the deviations be-
tween the CADmodel and the measured object using
phase information and iterative phase unwrapping,
as in Section 7 and [10].

2. Holographic Shape Measurement and Speckle
Displacements

The single-shot dual-wavelength experimental setup
is depicted in Fig. 2. The measured object is a half
cylinder with a diameter of 48 mm, which is cut to
a height of 15 mm. Three traces of depths 1, 2,
and 3mm, respectively, are machined off the cylinder
(Fig. 3). We are doing the measurement of a section
11.6 mm × 11.6 mm of the object at the smallest
trace, as marked in Fig. 3. The measured section in-
cludes a cylindrical section and parts of the 1 mm
trace. The illumination consists of two laser diode
modules from Monocrom for which the temperatures

Edge
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rotation,
transl.

Rough
surface
matching

3D

rotation,
transl.

Iterative
phase
unwrapping

Final

assessement

Dual
wavelength,
holographic
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single shot

Two
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Speckle
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Phase
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(shape
gradients)

Phase data
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Fig. 1. Outline of the data analysis.

Fig. 2. Schematic of set-up. BS: beam splitter.

Fig. 3. Measured object. The measured section at the outermost
trace is marked with a square.
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can be set to adjust the wavelengths. A high precision
spectrometer from Ocean Optics is used to measure
the wavelengths that are set to λ1 � 638.5 nm and
λ2 � 638.8 nm, respectively. The two beams are com-
bined using two beam splitters and are adjusted to
illuminate the object along the optical axis of the im-
aging system. The detector is a Sony XCL 5005 cam-
era with a resolution of 2456 × 2058 pixels and a
pixel pitch of 3.45 μm in both directions. The imaging
numerical aperture is limited by a hard aperture to
give an effective numerical aperture of 0.04. This re-
sults in an average speckle size of 5.6 pixels on the
detector. The reference beams are taken from the re-
flection off a glass plate. The angle of each of the
reference beams onto the detector is controlled using
separate mirrors. These angles are set so that the
spatial spectra for the two wavelengths can be sepa-
rated and extracted from the same hologram using
the Fourier-filter method. The Fourier spectrum of
the digital hologram is shown in Fig. 4, where the in-
terference lobes for each of the wavelengths are also
indicated.

All information required for the shape evaluation
is present within the indicated lobes. The shape, h, is
proportional to the synthetic wavelength, Λ � λ1λ2∕
jλ1 − λ2j � 1.4 mm, through the phase difference,

Δϕ � 4πh∕Λ; (1)

which is the usual approach in dual wavelength
holographic interferometry. In addition, the shape
gradients are proportional to the speckle displace-
ments A [11,12], through the relation:

A�ΔL� � 2MΔL
�
Δk
k

�
tan θ; (2)

where tan θ � �tan θu; tan θv�T is the tangent of the
angles in u- and v-directions, respectively. The back-
ground to this relation is depicted in Fig. 5, where the
vectors of importance for evaluating the phase
changes over a small surface patch with local normal
vector n, are shown. Directional vector sL indicates
the direction of illumination and directional vector

sD indicates the direction of imaging, respectively.
The sum of these two vectors gives the local sensitiv-
ity vector m of the set-up. In these experiments, sL
and sD are collinear, so the magnitude of m is 2.
The surface normal vector n and the sensitivity vec-
tor mmake up a plane in which the speckle displace-
ments generated by a small wavelength shift are
confined. In this plane, the angle between the two
vectors is θ. If the relative shift in wavenumber is
given by Δk∕k and the local defocus is given by
ΔL, then the expression given for the speckle dis-
placements above is obtained, where M is the lateral
magnification between the focus plane and corre-
sponding image plane (see [12–14] for more details).
In general, this expression includes the two un-
knowns ΔL and tan θ, where the defocus is related
to the absolute position of the object patch in relation
to the focus plane, and tan θ relates to the surface
slope, assuming the local sensitivity vector to be
known. In the following, we calculate the speckle dis-
placements using image correlation on a 93 × 93 grid
using sub-window size of 64 × 64 pixels with a pitch
of 16 pixels in both directions [15].

3. Gradient Field

The method used to extract the surface gradient field
is sketched in Fig. 6. The field of speckle displace-
ments A�u; v; z�, where u and v are the coordinates
in a plane perpendicular to the optical axis and z
is a depth coordinate, is a two component vector field
in three dimensions. Equation (2) contains the un-
knowns, ΔL and tan θ, for a given wavelength shift,
which makes it underdetermined. However, if we set
the unknown object distance ΔL � ΔL0 in the record-
ing plane and refocus to new positions ΔL �
ΔL0 � z0, the speckle displacements in the new plane
may be expressed as:

A�ΔL0 � z0� � C� Dz0; (3)

where,

Fig. 4. Fourier spectrum. Fig. 5. Vectors related to the generation of speckle displacements
across plane D because of a wavelength shift.
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C � 2MΔL0

�
Δk
k

�
tan θ; (4)

D � 2M
�
Δk
k

�
tan θ: (5)

In practice, the propagation is performed in the im-
age space by a distanceΔz at the same time, ensuring
a constant lateral magnification M [16,17], and so
that Δz0 � Δz∕M2. Hence, speckle displacement is
a linear function in the known variable Δz0, where
the slope parameter D includes information about
the direction of the local surface normal. The two
components of D give information about the slopes
in the u- and v-directions, respectively. It may further
be noted that speckle displacement becomes zero
when z0 � −ΔL0, a fact that may be used to measure
absolute surface position [13]. To solve for D, we
propagate to the six planes ΔL � ΔL0 �mΔz0, where
m � 0;…; 5, and make a linear fit along the z-
direction. The gradients tan θ are then given by
inverting Eq. (5).

The result from this analysis is two sets of slope
values, one in the u-direction and one in the v-
direction. The slope estimates are obtained at the
same points as the speckle displacements. The esti-
mated slopes in each the u- and the v-directions are

shown in Figs. 7(a) and 7(b), respectively. In the fol-
lowing, we are denoting the estimated slopes in the
u-direction as p and the estimated slopes in the v-
direction as q. The object was positioned so that there
was almost only a step variation in the vertical direc-
tion of the shape. Hence, the v-gradient field is close
to zero, except at the step seen in Fig. 7(b). At this
region, the vector field is quite noisy.

4. Inverse Problem

We have found a discrete representation of the gra-
dient field of a function h � h�u; v�, describing the
shape of the measured surface. Finding this shape
function from the gradient field is an inverse prob-
lem, described in, e.g., [18–20]. In general, a surface
has discontinuities that make the inverse problem
more difficult. That is the case with our surface,
which can be seen in Fig. 3 and is indicated in the
slope values given in Fig. 7 as well. Furthermore,
the gradient field contains noise, especially at the
discontinuity. All these circumstances make the in-
verse problem very ill-posed. That is why the meth-
ods discussed in [18–20] cannot provide a usable
solution.

One way to solve the inverse problem is to find a
piecewise linear representation of the function
h�u; v� by fitting slopes of piecewise linear basis

Fig. 6. Schematic representation of the refocusing procedure with quantities included in the derivation of the dynamic-image speckle
properties.
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functions over a triangular mesh in the u, v-plane to
the estimated slopes, p and q. A schematic illustra-
tion of a triangular mesh representing the domain of
h is shown in Fig. 8. We create a regular grid of
squared grid cells over our sub-images, such that
the points where we have computed the gradients
are in the center of each grid cell. We have 93 � 93
points where the gradients are computed so that
we have n � 94 � 94 nodes in our grid. The squared
grid cells are divided by two adjacent triangles, giv-
ing us a triangular mesh of 2 � 93 � 93 triangles. Fit-
ting piecewise linear basis functions over the
triangular mesh will give us a representation of
the measured shape. Over each triangle we have a
difference in the u-direction and a difference in the
v-direction, giving the slopes of h�u; v� in each direc-
tion. Both triangles in one squared regular grid cell
are assigned the same estimated slope values, p and
q, when the piecewise linear representation of the
function h�u; v� is to be found.

Finding a representation of the measured surface
by solving an ordinary least squares problem over
the slopes gives a smooth surface representation.
Discontinuities will be badly represented and they
will have an undesired influence of the solution by
deforming it. Away to partially prevent this behavior
is to use different weights for the slope differences in
the least squares fitting. Slopes in regions where the
gradient field seems to contain discontinuities are
assigned lower weights than slopes in regions that
seem to be smooth. The weight functions used for
the slopes in the u- and v-directions are:

wu�i; j� �
α

α� δ2u
; wv�i; j� �

α

α� δ2v
; (6)

where,

δu � jp�i; j� 1� − p�i; j�j � jp�i; j� − p�i; j − 1�j;
δv � jq�i� 1; j� − q�i; j�j � jq�i; j� − q�i − 1; j�j;

are measures of changes in the estimated gradient
field. The parameter α is introduced as a positive
parameter that we have set to 1.0, and q and p
are matrices of size 93 × 93 containing data of the es-
timated slopes in the v- and u-directions, respectively
(Fig. 7). The weight functions in Eq. (6) are chosen as
to assign lower weights to slopes that seem to be in
regions having discontinuities. We have 0 < wu,
wv ≤ 1, and larger values of α give less variation of
the weights. The calculated weights wu, wv, are
shown in Fig. 9, where we can see that slopes in
the region having a discontinuity are assigned lower
weights.

We define a residual functional as:

J�h� �
Xm
l�1

wu�l��hu�l� − p�l��2 �wv�l��hv�l� − q�l��2;

(7)

Fig. 8. Schematic illustration of triangular mesh.
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where m is the number of slope values of the piece-
wise linear function h�u; v� over the triangular mesh
representing the shape, and the subscripts of u and
v denote a partial derivatives in the u- and v-
directions, respectively. We have written the used
quantities with only one index l associated to a
specific slope value of h�u; v�.

5. Regularization

A function h that is fitted to the computed gradients
is not unique. To an obtained function h we can add
an arbitrary constant and still have a feasible shape
function. A possible way to get rid of this nonunique-
ness property is to fix one of the function values at a
specific �u; v� point. Then, the problem has a unique
solution but it is still very ill-posed, since errors will
propagate along the surface when integrating over
the slopes. The fact that the surface contains discon-
tinuities makes the problem even more ill-posed. We
are solving our ill-posed inverse problem by using
regularization [21,22]. The regularization is per-
formed by combining the integrability constraint of
the gradient field with shape and slope values from
the CAD model, which gives a unique solution.

The part of the CAD model we are using is shown
in Fig. 10. Our regularization is based on both the
height values and the slopes of the CAD model.
Using the height values gives a unique solution,
and discontinuities can be represented in the
solution. Additional information from the slopes

gives an even better and well-conditioned problem
to solve.

The way we are choosing regularization parame-
ters is based on the weight functions wu�i; j� and
wv�i; j�, defined in Eq. (6). The definitions of regulari-
zation parameters of the height values μh�i; j� and
regularization parameters μu�i; j� and μv�i; j� of the
u-slopes and v-slopes, respectively, are as follows:

μh�i; j� � β�8 −wu�i − 1; j − 1� −wu�i; j − 1�
−wu�i − 1; j� −wu�i; j� −wv�i − 1; j − 1�
−wv�i; j − 1� −wv�i − 1; j� −wv�i; j��; (8)

μu�i; j� � γ�2 −wu�i; j� −wu�i − 1; j��; (9)

μv�i; j� � γ�2 −wv�i; j� −wv�i; j − 1��: (10)

We have set β � 1.0 and γ � 10. Using the regulari-
zation parameters in Eqs. (8)–(10) gives more regu-
larization in regions where the surface seems to have
discontinuities. The calculated regularization
parameters μh, μu, and μv are shown in Fig. 11.

In the following, we will write the regularization
parameters with only one index l associated to a spe-
cific node or a specific slope.

We define the regularization functional as:

K�h� �
Xn
l�1

μh�l��h�l� − ~h�l��2; (11)

where ~h�l� is an ideal function value given from the
CAD model at node l. Further, we define a second
regularization function as:

L�h� �
Xm
l�1

μu�l��hu�l� − ~hu�l��2

�
Xm
l�1

μv�l��hv�l� − ~hv�l��2; (12)Fig. 10. Part of the CAD model that describes the ideal shape of
the measured object.

Fig. 11. (a) Regularization parameters for function values, μh, (b) regularization parameters for u-slopes, μu, and (c) regularization
parameters for v-slopes, μv.
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where ~hu�l� and ~hv�l� are the ideal slope values in the
respective directions. These ideal slope values are
given from the CAD model.

We are finding a piecewise linear and continuous
function h by solving:

min
h

J�h� � K�h� � L�h�; (13)

which is a weighted and regularized linear least
squares problem. It can be written in matrix form as:

min
h

‖Ah − b‖22; �14�

where h is a vector with entries of h�l�,
l � 1;…; 94 � 94. Most entries in the matrix A are
zero, so it is an advantage to use a sparse matrix rep-
resentation for this matrix. Solving Eq. (14) using a
sparse QR-factorization ofA can be done very quickly
for our problem, despite the fact that A ∈
R�4�93�94�94�94�×n is a huge matrix. The matrix A
has 43804 rows, 8836 columns, and the number of
nonzero entries in the matrix A is 4 � 2 � 93 � 94�
94 � 94 � 78772. It takes only about 60 ms to solve
the linear least squares problem in Eq. (14) for our
sparse matrix, using an Intel Core 2 Duo CPU
E8500 working at 3.16 GHz having 4.0 GB RAM
using a 64-bit operating system.

When solving Eq. (13), it is required to have the
ideal values of h, hu, and hv, that is ~h, ~hu, and ~hv, from
the CAD model. Finding these corresponding values
from the CAD model is a problem in itself.

6. Shape Matching

To find the required shape data from the CAD model
used in the regularization, we first need to match the
gradient field from the speckle displacement analy-
sis to its corresponding part of the CAD model by
applying a rigid body transformation. The problem
is to then find this rigid body transformation, which
is represented by a rotation matrix R and a transla-
tion vector t.

Let X be a set of model points representing a shape
and let P � fpigNi�1 be a set of N data points that also
represents a shape. Assume that the shape repre-
sented by P, at least approximately, conforms to
the shape represented by a subset of X. The problem
of finding a rigid body transformation such that the
transformation fits the data points to the model
points is a registration problem and can be formu-
lated as:

min
R;t

XN
i�1

d�Rpi � t; X�2; (15)

where d�p; X� � miny∈X‖p − y‖2 is the distance be-
tween an arbitrary point p to the points in X . As writ-
ten here, the registration problem is solved in least
square sense, but other measures can also be consid-
ered depending on the expected amount of bad data
points. One algorithm that can be used to solve

Eq. (15) is the ICP algorithm, described in [23]. A
very simple description of the ICP algorithm is given
in Algorithm 1.

Algorithm 1 The ICP algorithm

repeat
Find closest model points in X to the data points in P
Find a rigid body transformation such that the data points in P are
fitted to the closest model points in X
until convergence

We are solving the gradient field matching prob-
lem in two stages. An initial match is found by fitting
detected discontinuities in the gradient field to the
corresponding edges on the CAD model. The data
points are discontinuities in the u, v-plane, having
values greater than a given threshold. The ICP algo-
rithm is used to solve the registration problem. By
fitting these data points to the CAD edges, using a
rigid body transformation, we will get a first rough
match between the gradient field and the CADmodel
in the u, v-plane. This matching gives a correspon-
dence between the gradient field and the CADmodel,
which is used to find the required shape data from
the CAD model in the regularization.

When all the regularization data that we need are
found, we can obtain a first representation of the
measured shape, given by a piecewise linear function
h�u; v�, by solving Eq. (13). This shape representation
in 3D space, depicted in Fig. 12, is then matched to
the surface of the CAD model using the ICP algo-
rithm again. This results in a rigid body transforma-
tion and produces an even better match between the
gradient field and the CADmodel, so that we can find
more appropriate shape values from the CADmodel.
These shape values from the CAD model are then
used in the iterative phase unwrapping process.

7. Iterative Phase Unwrapping

When a rigid body transformation demonstrates cor-
respondence between the gradient field, and the
CAD model is known, homologous points on the
CADmodel in the u, v-plane can be found. The phase
data from the holographic acquisition is represented

Fig. 12. Surface representation from the gradient field analysis
using regularization.
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in the same coordinate system in the u, v-plane as the
gradient field. Hence, points on the CAD model
homologous to points in the phase map can be found
by using the known correspondence transformation.
This is used in the iterative phase unwrapping
algorithm, which is described in [10].

The phase data from the holographic acquisition
provide much higher resolution and precision of
shape information than the gradient field data from
the speckle displacement analysis do. The iterative
phase unwrapping algorithm is, therefore, used to
find the deviations between the measured shape
and the ideal shape represented by the CAD model.
This algorithm is based on finding deviations be-
tween wrapped phase values from the holographic
acquisition and corresponding computed wrapped
phase values of the shape of the CADmodel. The out-
put from the iterative phase unwrapping algorithm
is the shape deviations between the measured sur-
face and the CADmodel. In addition to the shape de-
viations, which are computed in each iteration, a set
of data points in 3D space, representing the shape of
the measured object, is also obtained. In each itera-
tion of the iterative phase unwrapping algorithm, the
ICP algorithm, with one iteration, is used to find a
transformation such that these data points are fitted
to the CAD model. This gives an even better align-
ment between measured data and the CAD model,
and the unwrapping procedure can be repeated.
The iterative phase unwrapping algorithm is used
with five iterations. Initial deviations and deviations
after five iterations between the measured object and
the CAD model are shown in Fig. 13. The deviations
are given in mm. The resulting surface representa-
tion after five iterations is shown in Fig. 13(c).

8. Discussion and Conclusions

In this paper, we have described a method for finding
deviations between the measured shape of an object
and its ideal shape, as described by a CAD model.
The shape measurement method that we are using
is based on a single-shot dual-wavelength holo-
graphic acquisition. Speckle displacements at differ-
ent planes parallel to the focus plane are computed
by utilizing numerical propagation. This technique
enables shape measurements on moving objects,

since the holographic images can be captured in a
single shot. So far all the measurements have been
done on quite small objects, but larger objects can
also be measured by using more powerful lasers
and/or more sensitive detectors.

Speckle displacements provide information about
the shape of a measured object since these displace-
ments are proportional to the shape gradients. The
shape is then retrieved by numerical integration over
the gradients. In this process, we do not have un-
wrapping problems when the shape is to be found,
however, discontinuities on the measured surface
are still a problem, since the data in the gradient
field does not provide any information about the
height of the discontinuities. A way to avoid this
problem is to use regularization using shape infor-
mation from a CAD model. Our choice of weights
in the regularization is based on the measured sur-
face slope values. There is a physical reason for this
particular choice. As described by Sjödahl [24], the
random error in a speckle correlation calculation
varies in proportion to

��������������������
�1 − γ�∕γ

p
, where γ is the

speckle correlation value. The correlation value will,
in turn, depend on the speckle displacement across
the entrance pupil, in proportion to the size of the
entrance pupil. In this case, the speckle displace-
ment is given by Eq. (2), where ΔL is the distance
between the object surface and the entrance pupil
plane. For a given wavelength shift, the random error
in the calculation of the surface gradients will, hence,
depend on the surface gradients themselves. Steep
slopes are, therefore, less accurate than small slopes.
An alternative to the slopes could have been to use
the measured correlation values as the basis for
the regularization weights. The disadvantage with
such a choice is, however, that the directionality of
the weights is lost. However, the particular choice
of weights, as given by Eqs. (6) and (8–10), is still
rather arbitrary and more optimum choices may
be found. This is problem for further research.

The holographic phase data contains shape infor-
mation of high precision and resolution. Since we
know the correspondence between the data from
the measurements and the CADmodel, we can avoid
many difficulties in the phase unwrapping problem
just by taking the difference between the values in

Fig. 13. (a) Initial deviations and (b) final deviations (mm). (c) Resulting surface representation using phase data and the CAD model.
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the phase map and corresponding phase values com-
puted from the CAD model. This gives a high preci-
sion shape representation of the measured surface,
which can be used for a final shape assessment.
The standard deviation for the shape deviations on
the flat part, around the point �0;−3� in Fig. 13(b),
is about 7 μm, which corresponds to about 1∕200
of the synthetic wavelength of 1.4 mm. The standard
deviation of the shape deviations on the top of the
cylindrical section, around the point (0,3), is about
10 μm. On the cylindrical section having a steeper
slope, around the point (4,3), the standard devia-
tion for the shape deviations is about 19 μm. The
larger value of the standard deviation in this region
is explained by the fact that the value of tan θ is
larger here and, hence, the speckle decorrelation
is larger [24].

A few final words about the calculation efficiencies
of the method used are in order. The computer we are
using has an Intel Core 2 Duo CPUE8500 working at
3.16 GHz having 4.0 GB RAM using a 64-bit operat-
ing system. In this investigation, the core amount of
time was spent on calculating the speckle fields in
the six different planes and doing the speckle corre-
lation that gives the surface gradient fields. This part
of the analysis took about two minutes with the soft-
ware and hardware used. In this work, however, no
effort was put into making this first step more calcu-
lation-efficient; thus, significant improvements in ef-
ficiency might be found. Still, this step of the analysis
is a potential bottleneck for real-time applications.
The following steps are muchmore efficient. The first
rough matching, based on the gradients, takes only a
few ms. The following step, including ICP matching
and sparse matrix computation, depends on conver-
gence, but typically the calculations converge in less
than half a second. Finally, the iterative phase
unwrapping takes about a few 100 ms. In total,
therefore, the shape evaluation is very computa-
tion-efficient, if the first step is excluded.
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We present a calibration method which allows single shot dual wavelength online

shape measurement in a disturbed environment. Effects of uncontrolled carrier frequency

filtering are discussed as well. We demonstrate that phase maps and speckle displacements

can be recovered free of chromatic aberrations. To our knowledge, this is the first time

that a single shot dual wavelength calibration is reported by defining a criteria to make

the spatial filtering automatic avoiding the problems of manual methods. The procedure

is shown to give shape accuracy of 35 lm with negligible systematic errors using

a synthetic wavelength of 1.1 mm.

Keywords: calibration, correlation, digital holography, dual-wavelength, on-line shape measurement,

single-shot, speckle displacement

1. INTRODUCTION

In the manufacturing industry there is a high demand for on line quality control
to minimize the risk of incorrectly produced objects. Interferometry and digital
holography in combination with computers become faster, more reliable and highly
accurate as a well-established technique for industrial shape measurement.[1–5] For
example[6,7] has recently presented a method where a single shot shape evaluation
has been used for real-time evaluation of free-form objects in comparison with their
prescribed CAD-model. Digital holography allows defining numerical optics to
perform optical processing of the recorded data.[8–11] Conventional single wavelength
profiler techniques can only handle smooth profiles with step heights of less than
half a wavelength. Therefore, multi wavelength interferometry has been introduced.
On the other hand, use of several wavelengths in the same optical apparatus can lead
to the occurrence of severe chromatic aberrations.[12] For the measurement of the
shape of optically rough surfaces, dual wavelength digital holography, produces
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a longer synthetic wavelength[13] for retrieving the phase without ambiguity over
an extended range. However, disturbances in the form of phase aberration will result
in erroneous results and need to be corrected. One possible solution is mechanical
adjustment of the set-up or using adaptive focus optics to compensate the focal shift
of the image plane. However, the intrinsic flexibility of digital holography gives
a possibility to compensate these aberrations and remove errors, fully numerically
without mechanical movements.

The spatial frequency content in a hologram, depends on the wavelength and
angular content of object and reference light, respectively. Then different spatial
frequency filters are needed to filter out the corresponding holograms in the Fourier
plane.[14] Furthermore, if the optics are not totally achromatic, the reconstruction
distance for each hologram will change and different image shift and magnification
could occur in the reconstruction.[15] Valuable solutions of spatial frequency filtering
for multi wavelength measurements have been discussed in.[8,16] By calculating the
scale of spatial frequency in different wavelengths with respect to each other, the
filter size is controlled to extract the holograms. Furthermore, they compensate
the phase aberration by using polynomial fitting on flat areas or by using a reference
hologram. However, these methods fail when a single shot measurement is used for
online quality control purposes as the frequency components of each wavelength are
embedded in different places of the image spectrum.[17–19] Different laser sources in
the single shot measurements, induce extra aberration and pseudo phase changes
that can be suppressed by applying the modified flat fielding method.[9,11,20] In the
flat fielding method they use a single dark frame and a flat frame captured from
the system containing dual wavelengths to calibrate the measured data. One possible
problem with the flat fielding method is an increase of the noise level because of
division with intensity values close to zero. In this article, we use only phase subtrac-
tion to prevent magnification of noise. However, this compensation itself can lead to
some errors if it is done out of focus.

This article is a continuation of the work presented in.[6,21] In this method the
correspondence between speckle displacements and phase gradients is utilized to find
the shape without problems with phase unwrapping. However, for this method to
work properly it is necessary to have a well collimated set-up. In previous single shot
calibrations, spatial frequency filtering is performed manually without any definite
criteria.[11,16] Here we present the effect of uncontrolled carrier frequency filtering
in the reconstruction process. The objective is to determine a calibration process that
allows single shot dual wavelength online shape measurement in a disturbed environ-
ment. We demonstrate that a single shot dual wavelength phase map and speckle dis-
placements can be recovered free of chromatic aberrations. A flowchart of the
proposed method is shown in Figure 1. The method consists of a loop that includes

NOMENCLATURE

CAD Computer-Aided Design

2-D 2 Dimension

FFT Fast Fourier Transform

IFFT Inverse Fast Fourier Transform

CCD Charge-Coupled Device

NA Numerical Aperture

ROI Region of Interest
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three main steps. The loop starts with initial guesses of masks in the spectral domain
to extract the holograms. Secondly, curvature of the fields is corrected and the fields
are then numerically propagated to the focus plane. Thirdly, the phase map is
calculated by suppressing the aberration terms. The loop iterates until it finds the
best estimation of the mask.

Figure 1. Flowchart of the proposed algorithm for calibrated single shot dual wavelength digital holography.

IFFT and DA represent inverse Fourier transform and average speckle displacements, respectively.
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In the following, we describe the experimental set-up and the calculation pro-
cedure to do the calibration The procedure is demonstrated by a test object including
a step height. In the comparison a CAD-model which describes the ideal shape of the
measured object is utilized.

2. EXPERIMENTAL SET-UP

The single shot dual wavelength experimental set-up is shown in Figure 2 left.
The light source is a dual core diode pumped fiber laser that produces pulsed light
with wavelengths k1¼ 1030.44 nm and k2¼ 1031.4 nm, respectively. This gives
a synthetic wavelength of 1.1mm. A flat metal object is used as a reference plane
and the test object is a cylinder with a diameter of 48mm. A trace of depth 3mm is
machined off the cylinder. We are measuring a 18mm� 18mm section including
the trace and the cylindrical section (see Figure 2 right). The two beams are combined
using a mirror and a beam splitter and are adjusted to be collinear. Afterwards, a
negative lens is used to diverge the combined collinear beam to illuminate the object.
A 12 bit CCD camera (pco. Sensicam) with a resolution of 1280� 1024 pixels and
a pixel size of 6.45� 6.45 mm is used to record the image. A circular aperture with
a diameter of 4mm is used to regulate the spatial frequency content of the object light
passed on to the detector. The reference beams are taken from a beam splitter (10=90).
The angle of each of the reference beams to the detector is adjusted by separate
mirrors. These angles are adjusted in a way to have whole and separate spatial
frequencies of each hologram in the spectrum of the single shot recorded image. Then
all necessary information of two holograms are resolved in a single image.

3. CALCULATION PROCEDURE

The principle of dual wavelength single shot off-axis digital hologram
acquisition is shown in Figure 3. Define Uoiðx; y; kiÞ ¼ Aoiðx; y; kiÞ expði/oiðx; y; kiÞÞ
as the object waves and Uriðx; y; kiÞ ¼ Ariðx; y; kiÞ expði/riðx; y; kiÞÞ as the reference
waves in the detector plane, where i is 1 or 2, representing the two different wave-

Figure 2. Set-up (left). Test object (Right).
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lengths. The recorded image can then be represented by

Iðx; yÞ ¼ A2
o1ðx; y; k1Þ þA2

r1ðx; y; k1Þ þA2
o2ðx; y; k2Þ þA2

r2ðx; y; k2Þ
þAr1Ao1ðx; y; k1Þ expðiD/1Þ þAr1Ao1ðx; y; k1Þ expð�iD/1Þ
þAr2Ao2ðx; y; k2Þ expðiD/2Þ þAr2Ao2ðx; y; k2Þ expð�iD/2Þ ð1Þ

where it is assumed that Ari(x, y, ki)¼Ari is a constant, D/i ¼ /oiðx; y; kiÞ�
/riðx; y; kiÞ is the phase difference between the object wave Uoi and reference wave
Uri with the wavelength of ki. Further, the reference waves are assumed to be point
sources in the exit pupil plane and the coherence between the two wavelengths is zero.
The first four intensity terms of Equation (1) correspond to the zero order and are
slowly varying in space. These terms are independent of the correlation between the
object and reference wave. The last four terms are the interference terms, which are
sensitive to the phase difference D/i: By adjusting the aperture size to control
the spatial frequency content of the object wave the different interference terms can
be positioned at different parts of the recorded Fourier plane by appropriate angles
of the reference waves. Therefore, it is straightforward to isolate and filter out each
of the spectrums that corresponds to the different holograms. The dashed box in
Figure 1 represents the required steps to recover the different holograms from
a recorded single shot image.

Consider the third and fourth terms Jiðx; y; kiÞ ¼ Uoiðx; y; kiÞU�
riðx; y; kiÞ ¼

AriAoiexpðiD/iÞ in Equation (1). A modified version, �UUoiðx; y; kiÞ of the object waves
are retrieved as

�UUoiðx; y; kiÞ ¼ Jiðx; y; kiÞ �
�UUriðx; y; kiÞ
�UUriðx; y; kiÞ
�� ��2; ð2Þ

Figure 3. The recording of single shot dual wavelength digital holography.
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�UUriðx; y; kiÞ ¼ �UUriðx; y; kiÞ
�� �� exp i

2p
ki

ðaxþ byþ Cðx2 þ y2ÞÞ
� �

: ð3Þ

�UUriðx; y; kiÞ is a model of the correction wave that represents the leading parts of the
calibration. The term axþ by indicates a shift of the object carrier frequency center
in the spectral domain caused by the off-axis reference wave and C(x2þ y2) is the
combined curvature of the reference wave and correction terms to be discussed in

Section 3.2. In the following we will further assume the amplitude j �UUriðx; y; kiÞj to
be constant and is therefore ignored from now on.

3.1. Carrier Frequency Calibration

The first step of the reconstruction procedure consists of applying a careful
spatial frequency filter in the Fourier domain to filter out the corresponding inter-
ference terms. To do this, two masks Pi (nk, nl, ri) defining the spatial filtering are
introduced where nk, nl are the spatial frequency coordinates and ri is the radius
of the cut area. These masks should be of sufficient size to cover the carrier frequen-
cies of the lobes given the numerical aperture NA of the imaging system. The radius
of the filters is given by

ri ¼ 2p
ki

NA: ð4Þ

The central position of the filters are determined by the angles of the reference waves

and are represented by the term 2p
ki
ðaxþ byÞ in Equation (3). In general, there is a

need to define different masks Pi (nk, nl, ri) to cover and filter all carrier frequencies
of the interference term for ki. Let us define a mask Pi (nk, nl, ri) for each wavelength,

ðnk � kÞ2 þ ðnl � lÞ2 ¼ r2i ð5Þ

where k and l are coordinates of the mask center and ri is the radius of the mask. To
obtain a high accuracy in the chromatic aberration compensation and calibration of
the speckle displacements, two important requirements should be met. Firstly, the
extracted region of interests (ROI’s) should be centered in a way that frequency com-
ponents and their centers match each other. Secondly, the masks should include the
whole but only the required frequency components. The first requirement guarantees
that systematic errors caused by the off-axis reference wave are cancelled and the
second requirement minimize random noise that may lead to higher decorrelation
and lower accuracy in the speckle displacement calculation according to the theo-
retical expression of the random error in the speckle displacement,[22]

Sd ¼ r2

N

ffiffiffiffiffiffiffiffiffiffiffi
1� c
c

s
; ð6Þ

where r is the average speckle size, N is sub image size in one dimension and c the
speckle correlation value.
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To meet those requirements, a technique that sets the speckle displacements
between the two reconstructed speckle patterns to zero in the focus plane is
utilized.[21,23,24] First the focus plane needs to be found. This is done manually by
cutting out the frequency components of the holograms and search for the maximum
correlation along the optical axis in the reconstructed holograms.[25] Since the
purpose of this step is only to determine the focus plane position there is no need
to accurately cut out the lobes. Once the focus plane is found the exact position
of the lobe centers should be found. This is the procedure of estimating the term
(axþ by) in Equation (3) which in general includes four unknowns, two for each
wavelength. However, as only the difference in central positions is of importance
one of the centers is fixed and we search for the correct position of the other. For
this purpose the correction vector DPc¼ (k0, l0) as a miss-match between the two
hologram contents, is introduced (red arrow in Figure 4).

According to the shift properties of the Fourier transform, DPc¼ (k0, l0) will
introduce phase and spatial shift in the retrieved holograms f(x,y):

F�1 Fðnk þ k0; n l þ l0Þ½ � ¼ f ðx; yÞ exp i2pðk0xþ l0yÞ½ � ð7Þ

F�1 Fðnk; nlÞ exp½iðk0nk þ l0nlÞ�½ � ¼ f ðxþ k0; yþ l0Þ; ð8Þ

where F (nk, nl) represents the Fourier transform of the holograms and F�1 denotes
the inverse Fourier transform operator. Consequently, speckle displacement aberra-
tions will be introduced. Figure 5 shows the effect of phase and spatial shifts as the
result of unmatched carrier frequencies. Holograms of the flat reference object have
been retrieved in the focus plane where it is expected to have zero speckle displace-
ments. In the first row, both carrier frequencies matched each other. Then DPc¼ (0,
0) as a difference in the central position of centered frequency content of the two
holograms. The standard deviation for the phase along an arbitrary vertical line is
0.09 radians. The second row shows the result when the carrier frequencies are
not matched and DPc¼ (5, 5) pixels from the correct position. For this case, speckle
displacement aberration is introduced and for the same vertical line, the standard
deviation of the phase measurement is increased to 0.15 radians.

Figure 4. Fourier transform of the recorded image. Arrow in the right image corresponds to a miss-match

of DPc when the centered frequency components of k1 and k2 do not match each other.
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The automatic procedure is as follows: We first start to define a mask P1 (nk, nl,
r) manually where subscript 1 refers to the shorter wavelength. The objective is then
to estimate P2 (nkþ k0, nlþ l0, r) where reasonably good starting estimates of (k0, l0)
are obtained manually. We then search for the set of (k0, l0) that gives the minimum
speckle displacements in the focus plane. See Figure 1. Notice, that possible small
errors caused by the manual definition of the first mask will be canceled by the loop
iteration to find the second mask. Figure 6 shows two different criteria to find the
best shift values of k0 and l0. A typical shift value of k0¼ 49 pixels and l0¼ 41 pixels
relative to the original guess of the second mask, was calculated for the mask used in
our experimental data. Comparison of the correlation value and the speckle displace-
ments, shows that the speckle displacements represent a sharp minimum for proper
mask definition while the correlation has a much more flat profile. The speckle
displacements hence provide a more liable norm for defining the best mask position.

3.2. Curvature of the Reference Waves

In many applications, as in this one, there is a need to propagate the wave and
refocus the holograms in different planes. Here we follow the procedure described
in.[26] The term C(x2þ y2) in Equation (3), will act as a positive lens on the object

Figure 5. Effect of carrier frequency matching on the speckle displacement (left) and corresponding

measured phase (right) of flat reference plane in the focus plane. Results of matched and unmatched

carrier frequencies are shown in top and bottom rows, respectively. It is expected that both the speckle

displacements and the phase are zero.
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wave, with a focal length f1 equal to the distance between the reference wave point
source and the detector.[27] Figure 7 represents the geometry of the reconstruction
configuration where z and zi are distances in object and image space, respectively,
while l is the distance between the detector plane and the exit pupil of the imaging
system having effective focal length f0. Then a numerical lens f1¼ l� f0 is directly
determined from the set-up and used to compensate for the curvature of the
reference wave as well as to make the refocusing telecentric. In this way a constant
magnification is reassured for the refocused holograms and the effect of the term
C(x2þ y2) in Equation (3) is cancelled.

3.3. Phase Aberration Compensation

Assume that the specimen does not introduce aberration but only a phase delay
/fiðx; y;kiÞ for each wavelength. For the known flat area, these terms, /fiðx; y;kiÞ are
constant for any plane, neglecting the diffraction pattern due to defocus. Therefore,
assuming that the steps in the previous two sections are properly performed only
a small phase aberration will remain. The final phase difference map will simply
be calculated by suppressing the aberration term D/fðx; yÞ ¼ /f1ðx; y;k1Þ�
/f2ðx; y;k2Þ from the reference flat. Figure 1 shows the flowchart of our method. With
the calibration properly performed the final phase map will be

D/ðx; yÞ ¼ /o1ðx; y;k1Þ�/o2ðx; y;k2Þ�D/fðx; yÞ; ð9Þ
where /o1ðx; y;k1Þ and /o2ðx; y;k2Þ are the phase maps corresponding to the object
phase lag for the wavelengths of k1 and k2, respectively. In this way, a phase

Figure 7. Geometry of the reconstruction configuration.

Figure 6. The correlation values (left) and absolute speckle displacements (center) from a measurement of

the flat reference object for different shift values of k0 and l0. In the case of k0¼ 49 pixels, a 2-D plot of

both correlation and speckle displacements as a function of l0 are shown to the right.
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calibration of the set-up is done that allows a compensation of phase chromatic
aberration once and for all. Figure 8 represents the use of a flat plane phase differ-
ence to compensate the phase chromatic aberration of the measured object. After
defining proper masks and doing telecentric propagation to the focus plane, the final
object phase map is obtained by subtraction of the flat plane phase from the object
phase lag. Arbitrary vertical lines on the same place in the cylindrical part of the test
object have been chosen for comparison of the results before and after calibration.
The standard deviation for the phase along the vertical line before calibration is
1.81 radians and has improved to 0.38 radians when using the method described.

4. SHAPE MEASUREMENT

In order to find the shape deviations between the measured surface and a pre-
scribed CAD-model we are using the method described in.[6] A rigid body transform-
ation, that is a rotation and a translation, is to be found such that the transformed

Figure 8. Phase calibration using Equation (9). The final phase of the measured object is calculated by

the subtraction of the reference phase difference from the object phase (top right) in the focus plane.

The standard deviation of the measured phase has improved from 1.81 radians to 0.38 radians using

the proposed method.
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CAD-model is matched to the shape gradients, obtained from the speckle displace-
ments, and the phase map. This is an iterative method based on a combination of the
iterative closest point algorithm and a phase unwrapping algorithm. It results in that
the shape gradients and the phase map are aligned to the CAD-model which is in an
orientation given from the obtained transformation. The values in the phase map
represent wrapped height values of the measured object. Using the phase map and
the transformed CAD-model an accurate shape representation of the measured
object can be obtained.

Figure 9 shows the results of the shape measurement using the CAD-model,
before and after calibration, respectively. In the second and third column the
importance of doing the phase calibration (last step of Figure 1) is presented. Before
calibration (first column) the phase and speckle displacements include aberration
and consequently the standard deviation of the measurement from the CAD-model

Figure 9. Experimental results using the method described in Bergström et al.[6] The upper row shows the

measured phase difference, the central row the corresponding speckle displacements in the focus plane and

the lower row the estimated shape. The left column are results from an uncalibrated system, the central

column are results from when the calibration is performed out-of-focus, and the right column are results

from using the calibration procedure described in this article.

336 D. KHODADAD ET AL.

 



is too high. In the second column, phase subtraction has been done without propa-
gating the holograms to the focus plane. The phase map is improved but speckle
displacements differ from the direction of the fringes, which introduce noise. The
highest accuracy of the measurement and highest agreement between speckle displa-
cements and phase map are achieved when the calibration is done after propagating
the image to the focus plane. The standard deviation of the measurement without
calibration is 200 mm which is improved to 69 mm and 35 mm when the calibration
has been done before and after propagating the holograms to the focus plane,
respectively. Furthermore, the random errors in speckle correlation calculation for
the used data equals to 0.264 pixel which can be the source of errors.

5. DISCUSSION AND CONCLUSIONS

In this article we have described a method for dual wavelength single shot
holography to compensate and calibrate phase aberration and speckle displacements,
which can be used in shape measurement applications. Speckle displacements in the
focus plane are used to define a mask in the Fourier plane that gives the correct phase
compensation between the reconstructed waves. Since the correlation peak search
is broad, and in contrast, the speckle displacement is sharp, we rely on localization
of the minimum speckle displacements. In general, interference terms recorded with
different wavelengths require different mask sizes. For our recorded image where
the wavelength difference is less than 1 nm we have kept the mask size constant.

We need to emphasize that, it is of great importance to do the calibration in the
focus plane. Even if the image is recorded out of focus, it should be propagated
numerically to the focus plane. Firstly, we have accurate expectation of phase and
speckle displacements in the focus plane and secondly, in the focus plane, the cali-
bration avoids unknown error sources.

In summary, the shape measurement method that we are using is based on
a single-shot dual-wavelength holographic acquisition. In contrast to what is
customary the shape estimate is based on speckle displacements as well as phase
difference. In that way, problems associated with the phase wrapping is avoided
and objects with larger depth can be measured. In addition, if a CAD-model of
the object to be measured is used, it is important to have a good correspondence
between the speckle displacements and the phases. If we are having a constant drift
between the speckle displacements and the phases, then we will measure or estimate
the wrong shape as is seen in Figure 5-bottom row and Figure 9-left column. So in
our method that first uses speckle displacements and then the phases, it is much
important than in the normal cases to have a calibrated system. In this paper
we calibrate both phase and speckle displacements for single shot measurements.
The standard deviation of the measurement without calibration is 200 mm which is
improved to 69 mm and 35 mm when the calibration has been done before and after
propagating the holograms to the focus plane, respectively.
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The objective of this paper is to describe a fast and robust automatic single-shot dual-wavelength holographic
calibration method that can be used for online shape measurement applications. We present a model of the cor-
rection in two terms for each lobe, one to compensate the systematic errors caused by off-axis angles and the other
for the curvature of the reference waves, respectively. Each hologram is calibrated independently without a need
for an iterative procedure or information of the experimental set-up. The calibration parameters are extracted
directly from speckle displacements between different reconstruction planes. The parameters can be defined as
any fraction of a pixel to avoid the effect of quantization. Using the speckle displacements, problems associated
with phase wrapping is avoided. The procedure is shown to give a shape accuracy of 34 μm using a synthetic
wavelength of 1.1 mm for a measurement on a cylindrical test object with a trace over a field of view of
18 mm × 18 mm. © 2015 Optical Society of America

OCIS codes: (110.6150) Speckle imaging; (090.1995) Digital holography; (120.6165) Speckle interferometry, metrology; (150.1488)
Calibration; (120.6650) Surface measurements, figure.
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1. INTRODUCTION

There is a high demand for rapid techniques to minimize incor-
rectly produced objects in industry. Therefore, a combination of
computerswith interferometry indigital holography is becoming
attractive for quality control of shape [1–5]. One advantage of
digital holography is that the full optical field is recorded, which
allows for example refocusing [6,7], error compensation, and cal-
ibration [8–11] of the recorded data to be done numerically.

In order to increase the range of height measurement with-
out the unwrapping problem, the two wavelengths are chosen
to be close to each other. This unfortunately leads to error
amplification and low accuracy [12–14]. To overcome this
problem multi-wavelength interferometry has been introduced.
For a single-shot system, however, the use of several wave-
lengths in the same optical apparatus can lead to chromatic
and phase aberrations [8,15]. These aberrations then cause er-
rors in the measured shape of both the relative and absolute
type. It is therefore important to minimize all such disturbances
through proper calibration.

Several approaches have been presented in recent years in or-
der to correct optical aberrations in digital holography. Leclercq
and Picart [8] showed that if the optics are not totally achro-
matic, the reconstruction distance for each hologramwill change

and different image shift and magnification could occur in the
reconstruction. In addition, solutions using spatial frequency fil-
tering by adjusting the scale of spatial frequencies for different
wavelengths have been discussed [9,16]. However, these meth-
ods fail when a single-shot measurement is used for online
quality control as the frequency components of the different
wavelengths are embedded at different places of the image spec-
trum [17–19]. Using several laser sources in the single-shot mea-
surements induce extra aberrations and pseudo phase changes
that can be suppressed by, for example, themodified flat fielding
method [10,11,20]. One possible problem with the flat fielding
method is an increase of the noise level because of division with
intensity values close to zero. Another approach was taken by
Khodadad et al. [21] where speckle displacements in different
imaging planes were used to perform a phase only subtraction
in order to preventmagnification of noise. Thatmethod is a con-
tinuation of the work in [22,23] where the correspondence
between speckle displacements and phase gradients solves the
phase unwrapping problem in dual-wavelength contouring.
However, this method only works properly in a well calibrated
set-up.

In the single-shot calibration method presented in [10,16],
spatial-frequency filtering is performed manually without any
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definite criteria. Furthermore, no care is taken in filtering an
appropriate part of the Fourier spectrum, which may result in
pseudo phase changes and as a result, erroneous speckle displace-
ments. In the following we will refer to such errors as speckle-
displacement aberration [21,24]. A method to fully compensate
the speckle-displacement aberration in a single-shot multi-
wavelength measurement, however, does not exist in literature.
So, there is a need for an efficient compensation of aberration
parameters. Khodadad et al. [21] demonstrated that the origins
of the aberration are multiple and necessitate a full compensa-
tion. The effect of uncontrolled carrier frequency filtering in the
reconstruction process was presented. Further, frequency filter-
ing and calibration are controlled by searching for the minimum
speckle displacements. It was shown that a single-shot dual-
wavelength phase map and speckle displacements can be recov-
ered free of aberrations. However, this compensation itself can
lead to some errors if it is done out of focus. Furthermore, the
method is time consuming.

The objective of this paper is to describe a fast and robust
automatic calibration process based on speckle displacements.
In comparison with the previously presented work in [21], sev-
eral novelties are done. First, in contrast to the purely pixel-based
image-processing method in the previous work, a model-based
calibration is done. Therefore, instead of a time-consuming iter-
ative procedure, calibration parameters are estimated making it
possible to define the parameters quickly and robustly and by
any fraction of a pixel to avoid the effect of quantization.
Second, with this new technique, to compensate the curvature
of the reference waves, the calibration parameters are found
without detailed knowledge of geometrical information of the
set-up, such as the distance between the detector plane and the
exit pupil of the imaging system. This independence is in con-
trast to previously presented methods [21,25]. Third, each in-
terference term is also calibrated independently. Therefore, the
method can, in principle, be used for single-shot multi-
wavelength holographic recordings. The paper is organized as
follows. In Section 2 the theoretical background of single-shot
dual-wavelength digital holography and the calculation pro-
cedure for calibration are presented. Section 3 describes an ex-
periment that includes an experimental set-up and validation of

the proposed method on a test object including step height. The
measured shape is automatically compared to a CAD model,
which describes the ideal shape of the measured object. Finally,
in Section 4 the results are discussed and the main conclusions
are highlighted.

2. CALCULATION PROCEDURE

The principle of dual-wavelength single-shot off-axis digital
hologram acquisition is shown in Fig. 1. Define the object
waves as Uoi!x,y,λi" # Aoi!x,y,λi" exp!iϕoi!x,y,λi"", and the
reference waves in the detector plane as Uri!x,y,λi" #
Ari!x,y,λi" exp!iϕri!x,y,λi"", respectively. In these relations i
is the imaginary unit, i.e., i2 # −1, but when it appears as
an index, i is 1 or 2, representing the two different wavelengths
λi. A is the amplitude, and ϕ is the phase of corresponding
components. The recorded intensity image I!x,y" can then
be represented by

I!x,y" # A2
o1!x,y,λ1" $ A2

r1!x,y,λ1" $ A2
o2!x,y,λ2"

$ A2
r2!x,y,λ2" $ Ar1Ao1!x,y,λ1" exp!iΔϕ1"

$ Ar1Ao1!x,y,λ1" exp!−iΔϕ1"
$ Ar2Ao2!x,y,λ2" exp!iΔϕ2"
$ Ar2Ao2!x,y,λ2" exp!−iΔϕ2", (1)

where it is assumed that Ari !x,y,λi" # Ari is a constant, Δϕi #
ϕoi!x,y,λi" − ϕri!x,y,λi" is the phase difference between the ob-
ject wave Uoi and the reference wave Uri with the wavelength
λi. Further, the reference waves are assumed to be point sources
in the exit pupil plane and the coherence between the two
wavelengths is zero. The first four intensity terms of Eq. (1)
correspond to the zero order and are slowly varying across
the detector. These terms are independent of the correlation
between the object and reference waves. The last four terms
are the interference terms, which are sensitive to the phase dif-
ferenceΔϕi. By adjusting the aperture size the spatial frequency
content of the object wave is controlled. By adjusting the in-
cident angles the different interference terms can be positioned
at different locations in the spatial Fourier plane. Therefore, it is

Fig. 1. Single-shot off-axis dual-wavelength digital holographic imaging system. (a) ΔL is the refocusing distance in the image plane, and θi is the
off-axis angle of the reference waves. (b) Schematic image of the spatial spectrum of the recorded image where the side lobes are the terms Ji!sx ,sy ; λi"
and their complex conjugates.
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straightforward to isolate and window out the spectrums that
correspond to the different interference terms [26].

Consider the fifth and seventh terms Ji!x,y,λi" #
Uoi!x,y,λi"U %

ri!x,y,λi" # AriAoi exp!iΔϕi" in Eq. (1)’s modi-
fied version. Ŭ oi!x,y,λi" of the object waves are retrieved as

Ŭ oi!x,y; λi" # Ji!x,y; λi":
Ŭ ri!x,y; λi"
jŬ ri!x,y; λi"j2

, (2)

Ŭ ri!x,y;λi"# jŬ ri!x,y;λi"jexp
!
i
2π

λi
!aix$biy$ ci!x2$ y2""

"
,

(3)

where Ŭ ri!x,y,λi" only contains the variation in phase over the
detector caused by the tilt angle and the curvature of the field.
Therefore, it makes the complex amplitudes unaffected of the
registration by withdrawing the phase variation of the reference
wave. In that way a reference plane is defined in object space
where the phase difference between the object and reference
waves is zero; see Fig. 1(a). The fields Ŭ oi!x,y,λi" may then
be viewed as a modified version of the actual object fields
Uoi delayed by a constant phase reference. The complex optical
fields Ŭ oi!x,y,λi" can therefore be used for numerical refocusing.
In this process, it is important that a constant magnification is
kept. To accomplish this Ŭ ri!x,y,λi" is itself treated as amodel of
the correction wave that represents the leading parts of the cal-
ibration. The terms aix $ biy indicate a shift of the object carrier
frequency center in the spectral domain caused by the off-axis
reference wave and ci!x2 $ y2" is the combined curvature of the
reference wave and a correction term that makes refocusing tele-
centric. In the following section an automatic procedure to de-
fine the terms &ai,bi,ci,' are introduced. Further, we will assume
that the amplitude jŬ ri!x,y,λi"j is constant and will therefore be
ignored from now on.

A. Determination of the Calibration Coefficients
It is assumed in Fig. 1(a) that the object surface is a flat plate
oriented perpendicular to the optical axis. The reference waves
are incident on the detector at an angle θi, which is larger than
the numerical aperture of the imaging aperture. Thereby, the
frequency contents in Ji!sx ,sy; λi" are shifted out from the center
of the spectrum, as indicated in Fig. 1(b). With reference to

Eq. (3), the off-axis angle is represented by the constants
&ai,bi ' while the curvature of the fields is given by the constants
ci. The purpose of the calibration is to find the constants ai and
bi that centralize Ji!sx ,sy; λi" in the spectral domain and to find
the term ci that makes the refocusing process telecentric.
Investigation of the speckle behavior in different planes gives
a solution to define the calibration parameters. Consider Fig. 2
where a set of typical speckles are shown in relation to the optical
axis. As shown in [27], the divergence of the propagated beam
produces phase gradients perpendicular to the optical axis
according to

A!ΔL"
ΔL

≅ Δφ, (4)

where A # !Ax ,Ay" is the speckle displacements between two
planes separated a distance ΔL. On the other hand, the phase
compensation that we need can be expressed as

Δφi #
2π

λi
&aix $ biy $ ci!x2 $ y2"', (5)

which follows from Eq. (3). Consider Fig. 2 again. The illustra-
tion in Fig. 2(b) represents the case where the curvature of the
field is zero but where a constant phase gradient is added to the
propagating wave. The angle of the propagation is in relation to
the optical axis. Hence the in-plane speckle displacement be-
tween the two planes depends on the phase gradients and there-
fore the constants &ai,bi ' in Eq. (5). The illustration in Fig. 2(a)
represents the more general case where the propagating wave is
also divergent. In this case the speckle displacements between the
two planes will experience a swelling proportional to the term ci.
In the ideal case the speckles are aligned along the optical axis.
This is accomplished by finding the correct set of parameters
&ai,bi,ci,' that align the speckles produced by Ŭ oi!x,y,λi" along
the optical axis when propagated a distanceΔL. From Eq. (5) we
substitute Δφi into Eq. (4) to obtain

Axi #
∂φ
∂x

, Ayi #
∂φ
∂y

,

which give the components of the speckle displacements in
x- and y-direction for the wavelength λi, respectively, in relation
to the phase gradients. The relation between the calibration
parameters and the calculated speckle displacements for each
wavelength may then be expressed on matrix form as given in

Fig. 2. Schematic of speckle orientation and macroscopic phase front in relation to the optical axis. (a) Illustration shows how the speckles diverge
from the line aix $ biy during the propagation when the system is not telecentric (c ≠ 0). (b) After compensating the curvature of the reference
waves, the speckles are parallel and c # 0. ΔL is refocusing (propagation) distance.
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Eq. (6), where ki # 2π∕λi and m and n are the number of rows
and columns, respectively, in the speckle-displacement calcula-
tion grid. The positions xm,n and ym,n on the left-hand side are
the center positions for each of the sub-images used to calculate
the speckle displacements [27,28]. The first matrix in Eq. (6) is
of size !2m × n" × 3, which makes the linear system of equations
over-determined in general. The calibration constants are found
by solving Eq. (6) in least squares sense. To summarize the
method, it is required to

1. Window out the Ji!sx ,sy; λi" term in the spectral domain.
2. Use the center coordinate of Ji!sx ,sy; λi" to make a first

estimation of ai and bi. In this first step ci # 0.
3. Use Eqs. (2) and (3) to reconstruct each field

Ŭ oi!x,y; λi". The spectrum is almost centralized as a result
of this step.

4. Propagate Ŭ oi!x,y; λi; L0" a distance ΔL to obtain
Ŭ oi!x,y; λi; L0 $ ΔL".

5. With I 1 # jUoi!L0"j
2 and I 2 # jUoi!L0$ΔL"j2 calculate

hΔI 1,ΔI 2i to obtain the speckle-displacement field [Axi, Ayi]
where ΔI i # I i − hI ii.

6. Use Eq. (6) to calculate the calibration coefficients.
7. Update the calibration coefficients &ai,bi,ci,' and the

calibrated Ŭ oi!x,y; λi".
8. Do the phase delay compensation for an actual shape

measurement that is the suppression of a phase delay of each
wavelength for a flat plane in the single-shot multi-wavelength
recordings [21].
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Three points are worth commenting on at this stage. In the sec-
ond step the initial guess of the curvature parameter is set to zero.
This is, inpractice, a reasonable guess as the curvature of the refer-
ence wave compensates much of the curvature of the object wave
upon registration. The small remaining curvature is then easily
found from the speckle displacements. It is alsoworth noting that
a more accurate calculation of the calibration coefficients may be
found by defining a convergence threshold of &jδaij,jδbij,
jδcij'hε between steps 7 to 3 and iterate the process over these
steps. In the following, this possibility is not utilized. In the last
step, step 8, a phase-only subtraction is performed. This step cor-
rects both possible misalignments in CAD-model matching,
which originate from the assumption of an ideal perpendicular
orientation of the flat plane to the optical axis and other small
remaining errors coming from higher-order components that
are not anticipated in the model of the correction.

3. EXPERIMENTAL CONFIGURATION

The single-shot dual-wavelength experimental set-up depicted
in Fig. 3(a) is used to investigate the feasibility of the proposed
calibration method. The light source is a dual-core diode-
pumped fiber-laser that produces pulsed light at the two wave-
lengths λ1 # 1030.44 nm and λ2 # 1031.4 nm, respectively,
which gives a synthetic wavelength of 1.1 mm. The two beams
are combined using a mirror and a beam splitter and are ad-
justed to be collinear. Afterwards, a negative lens is used to di-
verge the combined collinear beam to illuminate the object. A
flat diffuse-metal object is used as a reference plane in order to
do the calibration that is oriented perpendicular to the optical
axis. A 12-bit CCD camera (pco. Sensicam) with a resolution of
1280 × 1024 pixels and a pixel size of 6.45 × 6.45 μm is used to
record the image. A circular aperture with a diameter of 4 mm
is used to regulate the spatial frequency content of the object
light passed on to the detector. The reference beams are taken
from a beam splitter (10/90). Separate mirrors adjust the angle
of each of the reference beams to the detector. These angles are
adjusted in a way to separate spatial frequencies of each lobe in
the spatial spectrum of the single-shot recorded image. All nec-
essary information of the two interference terms is then re-
solved in a single image. Figure 4(a) shows the spectrum of a
recorded single-shot dual-wavelength holographic image I!x,y"
using the described experimental set-up. The phase difference
ϕ12 # ϕ1 − ϕ2 between the reconstructed speckle patterns of

each interference term at λ1 and λ2, respectively, is completely
random as no calibration or centralization are done. Therefore,
we follow the procedure described in Section 2A. Figures 4(b)–
4(d) show the results for only the interference term of wave-
length λ1. The speckle displacements A1!ΔL" between the
detection-plane speckles with their propagated version at the
distance ΔL # 0.5 mm are seen in Fig. 4(b). The speckle-
displacement calculation is obtained by subdividing the speckle
pattern into sub-images of chosen size (64 × 64 pixels). Cross-
correlation is performed for each sub-image pair. Location of
the maximum value of cross correlation for each sub-image
gives the mean local speckle displacement between the sub-
images expressed in non-integer pixels. More details are found
in [29]. Equation (6) is used to calculate the calibration
parameters that gives the unit-less values of a1 # 216.29,
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b1 # 182.64, and c1 # 0.005 for the first lobe. The required
phase to compensate the aberrations of the first lobe is esti-
mated by Eq. (5) and is applied for the calibration. The first
lobe is then calibrated and the propagation becomes telecentric.
Figure 4(c) shows the spectrum of the first lobe after doing the
calibration. The side lobe is shifted to the center as a result of

the calibration. The corresponding speckle displacements
A1!ΔL" between the detection-plane speckles with their propa-
gated version after calibration are seen in Fig. 4(d). As expected,

Fig. 4. Result of the calibration procedure for the hologram λ1 in
the recorded single-shot dual-wavelength holographic image.
(a) Spectrum of the recorded image. (b) Speckle displacements A1!ΔL"
for the hologram λ1 in respect to its propagated version to a distance
ΔL. (c) Result of the calibration on the spectrum of hologram λ1.
(d) Result of A1!ΔL" when the calibration is done.

Fig. 5. (a) and (b) Gradient field of the speckle displacements in the
horizontal and vertical direction, respectively. (c) Phase map before
calibration. (d) and (e) Phase map after doing the calibration up until
step 7 and 8, respectively.

Fig. 3. (a) Schematic of the experimental set up. (b) Test object.
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according to Eq. (4) the speckle displacements A1!ΔL" become
zero as a result of the calibration. We do the same procedure
for the second lobe and therefore calibrate both lobes
independently.

A. Shape Measurement
As a demonstration of the performance of the calibration
method, a shape measurement is made on a test object. The
test object is a cylinder with a diameter of 48 mm and a trace
of depth 3 mm machined off. We are measuring an 18 mm ×
18 mm section including the trace and the cylindrical section;
see Fig. 3(b). In order to find the shape deviations between the
measured surface and a prescribed CADmodel we are using the
method described in [23].

Since the measured object is not in exactly the same position
and orientation in all measurements, there is a need for being
sure that the phase values in the phase map correspond to
almost correct positions on the CAD model. Therefore, the
phase unwrapping is done iteratively. An initial rigid-body
transformation, which is a rotation and a translation, is found
from the speckle displacements. The surface gradient is ex-
tracted from the field of speckle displacements A between the
reconstructed fields corresponding to λ1 and λ2, respectively
[5]. Because of the correspondence between the speckle dis-
placements and the gradient field, the gradient field is matched
to its corresponding part of the CAD model. This is done by
first fitting detected discontinuities in the gradient field to the
corresponding edges on the CAD model and then using the
iterative closest point (ICP) algorithm to match the gradient
field to the CAD model. Once the proper position is found,

the final shape estimate is calculated from the phase difference
using the iterative phase unwrapping algorithm [30]. In each
iteration the ICP algorithm updates the transformation to find
the tune alignment between measured data and the CAD
model until sufficient precision is found. The final result is
the deviations between the measured shape and the ideal shape
represented by the CAD model.

Figures 5(a) and 5(b) show the results of the speckle-
displacement analysis in the horizontal and vertical direction,
respectively, used to obtain the transformation for the CAD-
model alignment. Figure 5(c) shows the measured phase differ-
ence when only the first three steps in the calibration procedure
presented in Section 2A are performed. Figure 5(d) shows the
phase difference after doing the calibration up until step 7. In
comparisonwithFig. 5(c), pseudo-phase gradients and curvature
of the reference waves are corrected. Finally, Fig. 5(e) shows the
phase difference after doing all steps of the proposed calibration
method. In Fig. 6 the result of the shape measurement
[Figs. 6(a)–6(c)] and its deviation from the CAD model
[Figs. 6(d)–6(f)] are shown. By using the phase shown in
Fig. 5(c), the standard deviation of the measurement from the
CAD model in Fig. 6(a) becomes too high, resulting in large
random error and wrapping error. See the map of deviation in
Fig. 6(d) where the wrapping errors occur in the same corre-
sponding positions of Fig. 6(a). In Fig. 6(b) shape results after
using the proposed calibration up until step 7 [the corresponding
phase differences is in Fig. 5(d)] are shown. Figure 6(e) shows
how significant improvement is done as the effect of correcting
phase gradients and removing curvature of the referencewaves in

Fig. 6. Experimental results using the method described in Bergström et al. [23]. (a) Result from only using the first three calibration steps in
Section 2.A. (b), (c) Results of the new proposed method of calibration before and after considering the phase delay compensation in step 8,
respectively. (d), (e), (f). Deviations between the measured shape and the ideal shape in steps 3, 7, and 8 are shown in mm, respectively.
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step 7. But it still suffers from random errors caused by non-
corrected higher-order variations and the small tilt error coming
from the assumption of an ideal perpendicular-reference flat
plane to the optical axis. The highest accuracy is achieved in
Fig. 6(c), which uses the phase information of Fig. 5(e) when
the full calibration is done, including the phase delay compen-
sation that removes the remaining errors in Fig. 6(e). Figure 6(f)
shows the final result as the deviation from the CADmodel. The
standard deviation of the measurement calculated as the root-
mean-square deviation between the CAD model and the mea-
surement is improved from 200 to 58 and 34 μm when moving
from Figs. 6(a)–6(c).

4. DISCUSSION AND CONCLUSIONS

In this paper we have described a method for calibrating a
single-shot dual-wavelength holographic set-up. The objective
is to present a fast and robust automatic calibration process
based on speckle displacements without a need for an iterative
procedure that can be used in single-shot shape-measurement
applications.

To obtain high accuracy in the aberration compensation and
calibration of the speckle displacements, two important require-
ments should bemet. First, the interference terms should be cen-
tered in a way that the frequency components and their centers
match each other. This is the procedure leading to the definition
of the term aix $ biy. Second, in many applications, as in this
one, there is a need to propagate the wave and refocus the holo-
grams into different planes. Then the effect of the curvature of
the reference waves will act as a positive lens on the object wave.
Therefore, the method should be able to compensate the lens
and keep the magnification constant in the different refocused
planes. The first requirement guarantees that systematic errors
caused by the off-axis reference wave are cancelled and the sec-
ond requirement minimizes the effect of the curvature of the
reference waves. Therefore, in our new method, we present
two terms of aix $ biy and ci!x2 $ y2" in the model of the cor-
rection for each interference term. Both terms aix $ biy and
ci!x2 $ y2" are directly determined from the speckle displace-
ments using Eq. (6) when the interference terms are propagated
numerically. The propagation must be well below the range of
the longitudinal speckle size. The speckle-displacement vectors
will be parallel only in the special case of telecentric reconstru-
ction that leads to zero values for the ci parameter (ci # 0). In a
general case they will be slightly divergent; see Fig. 2. Therefore,
the term ci!x2 $ y2" will have a nonzero value (ci ≠ 0) and will
be used to compensate the curvature of the reference waves as
well as making the refocusing telecentric.

One advantage of this technique is that the calibration
parameters are found without detailed knowledge of geometrical
information of the set-up like the distance between the detector
plane and the exit pupil of the imaging system.This is in contrast
to previously presented methods [25]. This independency is one
of the advantages of the proposed method that frees the user’s
hands to utilize different postprocessing algorithms even when
there is no information of the experimental set-up.

Consider the results shown in Fig. 6. In Fig. 6(a) the lobes
corresponding to the wavelengths λi, respectively, are shifted to
the center of the frequency domain based on an estimate of the

center pixel in each lobe. Therefore, as is seen in Fig. 5(c), there
is a remaining phase error due to an improper centralization of
the lobes. Then, random errors and also wrapping errors will
appear as a result of using the inaccurate fringes in Fig. 6(a). In
Fig. 6(b) the calibration is followed until step 7 and the im-
provement is significant as the effect of the curvature of the
reference waves has been compensated and the centralization
is done by optimizing the ai and bi values.

However, in Fig. 6(b) we are using a model of the correc-
tion with an assumption that only considers the tilt (off-axis)
angles and spherical components. But in practice, it will be
small remaining errors coming from assuming an ideal
perpendicular-reference flat plane to the optical axis in the
CAD model matching, higher-order components that origi-
nate from imperfect point sources in the exit pupil and lens
aberrations and all other unknown sources that are not antici-
pated in the model of the correction. It is the additional cor-
rection of these orders in step 8 that make up the phase map
of Fig. 5(e). In practice, we therefore specify a new coordinate
system defined from the orientation of the flat reference plane,
which causes a fine tuning and reduction of the misalignment
between measured data and the CAD model in the final shape
measurement.

One of the main features with the calibration routine is that
each interference term is calibrated independently. Therefore,
the method can, in principle, be used for single-shot multi-
wavelength holographic recordings with several different refer-
ence waves. Finally, it is worth mentioning that since in this
new method the calibration parameters are over-determined
by Eq. (6), it is possible to define higher orders of aberrations.
However, as these in general are small, we choose to stay with
the simple model of Eq. (5) and correct the small remaining
errors using the phase residuals from the measurement of the
reference plane.

In summary, the shape measurement method that we are
using is based on a single-shot dual-wavelength holographic ac-
quisition. In contrast to what is customary, the shape estimate
is based on speckle displacements as well as phase differences.
In that way, problems associated with the phase wrapping is
avoided and objects with larger depth can be measured. In ad-
dition, if a CAD model of the object to be measured is used, it
is important to have a good correspondence between the
speckle displacements and the phases. If we have a constant
drift between the speckle displacements and the phases, then
we will measure or estimate the wrong shape as is seen in
Fig. 6(a). So in our method, which first uses speckle displace-
ments and then the phases, it is much more important than in
the normal cases to have a well calibrated system. In this paper
we calibrate both phase and speckle displacements for single-
shot measurements. The standard deviation of the measure-
ment is improved from 200 to 58 and 34 μm when going
through the different calibration steps. The last number corre-
sponds to 0.03 of the synthetic wavelength.
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The objective of this paper is to describe a full field deformation measurement method based on 3D 
speckle displacements. For our experiment a symmetrical arrangement with four illuminations parallel to 
the planes (x, z) and (y, z) were used. Four sets of speckle patterns were sequentially recorded by 
illuminating an object from four directions, respectively. A single camera is used to record the holograms 
before and after deformations. Digital speckle photography is then used to calculate the speckle 
displacements in each direction. The 3D speckle displacements vector is calculated as a combination of 
the speckle displacements from the holograms recorded in each illumination direction. Using the speckle 
displacements, problems associated with phase wrapping is avoided. In our experiment, the procedure is 
shown to give the theoretical accuracy of 0.24 pixels equivalent to an accuracy of 0.8 μm in locating the 
speckle displacements. 

 

1. Introduction 

In many areas of industrial metrology, measurement of three-dimensional surface-deformation fields is of 

great interest. Strain gages are widely used to measure deformations quantitatively. However, the strain 

gages can only be used on flat and relatively smooth surfaces. Further they measure only 2D (in-plane) 

strains and are limited in terms of spatial resolution for large area of deformation. Hence, non-contact 

methods such as digital image correlation, holographic interferometry and electronic speckle pattern 

interferometry are of great interest in determining deformations. With the interferometric methods the 

phases of the scattered wave fronts in the initial and final object states are compared by superposition with 

a reference wave. On the other hand, Digital Image Correlation (DIC) estimates the surface motion field 

by tracking the movements of intensity features between frames. No reference wave is used in recording 

the reference or current object states, which makes the method extremely simple, robust, and easy to use 

with a cost of losing phase information of the object wave [1-3]. Two-dimensional DIC or Digital Speckle 

Photography (DSP) [2] has been extended by introducing a third component through stereovision for 

simultaneous measurement of all three deformation components [4-6]. Calibrated white light stereo 

imaging is used to achieve standard deviations of small deformations as low as 1% of the pixel size for in-

plane deformations and 6% of the pixel size for the out-of-plane component [6, 7]. These systems are 

however limited to white light speckle patterns as the same features should appear in both cameras. 

Digital speckle pattern interferometry (DSPI) allows out-of-plane and in-plane deformation measurements 

in dynamic event analyses [8, 9].  Further, the speckle interferometric technique has been extended by 

using digitally recorded holograms with different sensitivity vectors in which case the 3D deformation of 

the object is determined with nano-scale accuracy [10, 11]. In addition, DSPI with the phase shifting 

technique can achieve higher-accuracy measurement.  Temporal phase shifting technique uses multiple 

interferograms at different times from a stationary target while the spatial phase shifting technique records 

multiple interferograms at different positions but the same time [12]. However, multi-cameras and 

intricate optical setups are required in the spatial phase shifting DSPI to achieve the phase shift which is a 

restriction [13, 14]. Recently, multiplexed digital holographic techniques have solved the need for  

multiple cameras [15, 16] with the cost of calibration [17, 18]. However, non-interferometric techniques 



need simpler set-up and is much less affected by vibrations compared with DSPI or digital holography, 

but its sensitivity is relatively low. 

The objective of this paper is to extend the DSP technique to full field measurement of deformation from 

four sets of speckle patterns recorded by sequentially illuminating the object from four different 

directions, respectively. The  designed set-up illustrated  in  Fig.1, is  based  on  the  idea  of  the  ordinary  

two  beam interferometer that can measure only in-plane deformation of the object. However, by using 

two sets of a two beam interferometer in different planes (x, z) and (y, z), simultaneous determination of 

three deformation components in x-, y- and z- directions are obtained. In contrast to the previous methods 

[6, 7, 14], only a single camera is used which guarantees the same scale of speckle images of the surface 

for all four interferometers and avoid a need for calibration. Further, instead of a speckle reduction 

algorithms in phase extraction methods, we use the DSP technique to extract the three deformation 

components directly from the intensity images before and after deformation without using phase 

information. Therefore, our proposed method in practice needs no reference wave and avoids wrapping 

problems, which are the main advantages of the work.  

The optical setup and the principle of the 3D speckle displacements are described in Section 2. 

Experimental results together with discussion of the method, are presented in section 3 and 4, 

respectively.  

2. Measurement of the 3D deformations using speckle displacements  

In order to measure 3D deformation, the digital holographic system shown in Fig. 1-a was utilized. Light 

from a Nd:YAG laser (λ=532nm) is divided into two beams by a beam splitter (is not shown in Fig.1). 

One beam is coupled into a single mode optical fiber and serves as the reference. The other one is further 

divided into four beams illuminating the object sequentially from four different directions. The sequential 

illumination is controlled by using a computer controlled shutter (rotating disk with a hole) allowing to 

select which beam illuminates the object. Fig. 1-b shows a more detailed sketch of the object illumination 

geometry where 4321 ,,, SSSS


 are unit vectors pointing along the four illumination directions with the 

same angle=60o to the optical axis, respectively, and 0S


is a unit vector pointing along the optical axis 

(observation direction). The light scattered by the object is reflected toward the imaging system by the 

harmonic separator (HS) through an aperture (AP) and then interfere with the reference wave forming an 

off-axis digital image plane hologram. The holograms are recorded with the magnification of M=1 on a 

Vistek, Eco655, CCD camera with 2448×2050 pixels and a pixel pitch of 3.45×3.45 μm.  

Due to the off-axis arrangement the amplitude and phase of the object wave field is obtained from 

application of a band-pass Fourier filter [19]. Any surface deformation changes the optical path (OP) 

length of the object wave. As OP length changes the image plane speckle pattern will change its phase, 

position and structure in relation to the optical set-up [20, 21]. In the DSP technique, the measurement of 

the movement of the speckle pattern is targeted.  

Consider a correlation function defined as 

W(X-∆X ; z) =  < ∆I1( X-∆X ; i), ∆I2(X; i)>,    (1) 

where I1 and I2 are the intensity images of the recorded holograms in a reconstructed plane. The 

magnitude, |W|, is maximized at the position ∆X = A(X) where A is a vector describing the local speckle 

displacements. The set-up therefore allows detection of speckle displacement Ai in a given detection  



      

    (a)               (b) 

Fig. 1. The experimental set-up based on digital holography (a). Illumination of the object along the directions 

4321 ,,, SSSS


. 
0S


is a unit vector pointing in the optical axis (observation) direction. 

 

plane corresponding to illumination along the directions )4321( ,,,iSi 


. For our experiment a symmetrical 

arrangement with four illuminations parallel to the planes (x, z) and (y, z) were used. See Fig. 1-b 

where=60o is the angle between the illuminations and the observation directions. For this arrangement 

the sensitivity vectors iSS


0  are: 
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the  movement of the corresponding defocused laser speckles, in a defocused plane L is given [3] by  
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where LS  is the length between the laser source and the object surface, a is an in-plane movement of a 

surface point, Za  is the out of plane surface movement,  sXis  and pXs are the projections of the 

directional vectors between the laser source and the scattering surface point, and the scattering surface 

point to the detection point, respectively, on the detection plane and i=1,2,3,4 indicates a given 

illumination direction. The Jacobian term )(aJ  is a second rank improper tensor given by 
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and is the gradient matrix of the displacement vector expressed in relation to the orientation of the surface 

patch . The symmetric part in )(aJ  is the strain tensor and the anti-symmetric part is the rotation. The 

reason for the zeros in the third column is that the speckles become insensitive to derivatives in the z-

direction as only surface changes are measured. The strain components are then constructed as xxxx a , 

yyyy a  for the two normal strain components and as yxxyxy aa   for the shear strain components. 

In-plane rotation is further described by yxxy aa  . 

Consider two planes separated by a relative distance ∆L. Relative speckle displacements ∆Ai is then given 

by 

).()()( amAAA  JLLLL iiii    (5) 

 

Due to the linear relations in Eq. (5), the measurements should be performed with at least three sets of 

sensitivity vectors mi to be able to solve for the displacements and strain fields, unambiguity. For our 

experiments, Eq. (4) may be written on component form as 
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where M is the optical demagnification, ixA and iyA are the projection of the relative speckle 

displacement on x- and y- direction when the two sets of recorded images before and after deformation is 

numerically defocused in a distance ∆L.  

For this specific set-up, the tilt values in x- and y-direction, respectively, are written out as  
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respectively. za as a deformation components in Z direction may also be restored by detecting the z 

components of the strain in two planes [21-23].  

In summary, for the proposed measurement procedure, the following steps are applied: 

1: The object that was a plate, is illuminated sequentially from four directions and four images are 

recorded. 

2: The plate is loaded with a micrometer. 

3: The plate is illuminated again from four directions and corresponding images are recorded. 

4: The recorded speckle fields are telecentrically propagated to two planes separated a distance ∆L using 

numerical propagation.  

5.  The speckle displacements are calculated for each four directions in both planes using the DSP 

method. 

6: The strain and tilt components are extracted using Eq. (6). 

At this stage it is worth noting that the procedure in principle only needs intensity values. If the speckle 

patterns are recorded in two defocused planes, there is no need to have a reference wave. The reason we 

used a holographic set-up is to keep an option of having phase information to compare our intensity based 

speckle displacement procedure with conventional phase based holographic methods.  

 

 3. Experimental Results: 

The experimental set-up depicted in Fig. 1 was used to investigate the feasibility of the proposed method. 

Two sets of images (before and after deformation) for each illumination direction are recorded. The 

deformation is produced by applying a rotating micrometer load. A plate is loaded in a way to produce a 

maximum deformation of 5μm. Fig. 2 shows the resultant ΔAi for each illumination direction of i=1,2,3,4 

in the image plane. The center point of the divergent vector map indicates the position of the micrometer. 

ΔAi increases as a function of the deformation gradients. Eqs. (5-6), are used to calculate xx , yy for the 

two normal strain components and y
y

a
x
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 as the tilt components in (x, y) 

plane. Fig. 3 shows the results for xx , yy  and za  in the a, b and c subfigures, respectively.  

 

4. Discussion 

Full field deformation measurement by speckle displacements avoids wrapping problems which is the 

main advantage of the proposed method. However, the proposed method relies on an accurate speckle 

displacement calculation. In order to calculate the displacement Jacobian, J , the recorded holograms 

should be propagated to an out of focus plane L. The reason for analyzing the speckle displacements in 

out of focus plane is that speckle movements induced by the phase gradients are not presented in the focus 



plane. In addition, more accurate slope of speckle displacement can be obtained in out of focus plane 

because of linearity of the speckle displacement behavior [21, 24]. On the surface of the object under 

investigation, the speckle displacements are always zero because of limited in-plane object movement. 

This behavior may be used for absolute height measurement by searching for local zero speckle 

displacement planes [24].  

The recorded holograms were numerically propagated to an out of focus plane distance of ∆L= -4.5 mm. 

Intensity defocused images of each hologram before loading is correlated with its corresponding 

defocused image after loading in order to measurement of ΔAi for each illumination direction. ΔAi 

calculation is obtained by subdividing the intensity speckle pattern into sub-images of chosen size (64 × 

64 pixels) with a sub-image distance of 8×8 pixels in both x- and y- directions. Cross-correlation is 

 

  
   (a)            (b) 

  

   (c)           (d) 

Fig. 2. Map of relative speckle displacement ΔAi for each illumination direction. a, b , c and d show ΔA 

for the directions of 
4321 ,,, SSSS


, respectively.  



 

            (a)       (b)          (c) 

Fig.3. Two normal strain components xx  and yy  in a, b, respectively. Tilt components, za  in c.   

 

performed for each sub-image pair. Location of the maximum value of cross correlation for each sub-

image gives the mean local speckle displacement between the sub-images. Theoretical expression of 

speckle displacements accuracy [25, 26] is calculated by  

,
12



 


N
Sd

      (9) 

where σ is the average speckle size, N is sub-image size in one dimension, and γ is the speckle correlation 

value. In our case σ ≈ 4, N was 64, and the average correlation was γ = 0.51, which gives the theoretical 

accuracy of 0.24 pixels in locating the speckle displacements. Therefore, we are measuring speckle 

displacements with the accuracy of 0.8 μm. 

In Fig. 2 from the tips of micrometer (center of the load) to the margins of the plane, ΔAi increases as a 

function of deformation gradients. Since the load was introduced in the positive z- direction, speckles 

mostly move in z-direction. The interesting point of Fig. 2 is that the four speckle displacement maps 

have a contribution of the load in z- direction. This is because in our set-up the illumination direction 

always contains the z- axis. Therefore, the load in z- direction affects all four maps. However, when it 

comes to Fig. 3 that the two normal strain components and the tilt component field za in (x, y) plane 

are shown in a, b and c respectively,  much of the effect influence za in c, in comparison with xx  and 

yy  in a and b, respectively. Further, we expect the strain xx  and yy  to be almost zero and in the same 

range. Comparing Fig. 3-a and 3-b, confirms the expectation, except at the bottom of Fig. 2-b map. The 

illumination in 
4S


 direction did not cover the whole field of view. As a result, the strain calculation of 

yy  map is erroneous at the bottom of the map. This is why in this region, xx  and yy differ from each 

other. Finally in Fig. 3-c, the dominated effect in z-axis is seen which is in agreement with the load which 

was superimposed in z-direction.  

Since we have measured the recorded images in the holographic set-up, following the same procedure 

described in [23, 27], we can also retrieve the phase changes as a function of deformation in x-, y- and z- 

directions as below: 
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where the deformation vector ),,( zyx aaaa 


is calculated by a combination of the phase difference i  

recorded by illuminating sequentially the object from the different directions, respectively, shown in Fig. 

1. The result from Fig. 3 may be compared with the conventional method of the deformation 

measurement in which the phase changes represents the deformation values. Figs. 4(a-c) shows the phase 

change map in x-, y- and z- directions, respectively. In Fig. 4, there are a lot of occurring wraps in c in 

comparison with a few numbers of wraps in a and b.  The reason is that deformation in x-, y- direction is 

much smaller than the z- direction. This is in agreement with what we saw in section 3 from the 

components of the measured strain that represent phase gradients in x-, y- and z- directions.  

As a final note, it should be emphasized that what we have measured in Fig. 3 is the deformation 

gradients. Integration over the deformation gradients in Fig. 3 will result in the phase information. 

Further, it is worth noting that the DSP calculation accuracy in our proposed method depends on the 

speckle size and the correlation value. The correlation value itself depends on the speckle movement over 

the entrance pupil. In order to increase the accuracy of the speckle displacement calculation and later on 

the deformation measurements, higher correlation values are needed. Bigger numerical aperture results in 

higher correlation, which requires smaller pixels and larger detectors for the same field-of-view. For a 

given deformation resolution larger sub images (in terms of pixels) can be used, which improves the 

reliability of the method. The ongoing race towards smaller pixels and more pixels therefore both speaks 

in favour for this technique. 

 

   

  (a)      (b)           (c) 

Fig. 4. a, phase map x ,b phase map y  and c as the phase map z  represent the deformation occurs in 

x-, y- and z- directions, respectively.   

 

5. Conclusion 

In this paper, we presented a full field 3D deformation measurement method based on extraction of 3D 

speckle displacements. We used a single camera to record four images from an object illuminating 



sequentially from four different directions. We showed that DSP technique can provide the same 

information from intensity images in order to do 3D deformation measurements without using a reference 

wave. Four intensity images from different directions have been recorded and correlated with that of 

corresponding images after deformation whereas recorded images have been propagated numerically to 

be defocused. We calculated the projection of strain in x- y- and z- directions by combining calculated 

speckle displacements in four different directions. In this manner, the method avoids problems associated 

with the phase wrapping problems in the phase retrieval based holographic methods. Theoretical accuracy 

of 0.24 pixels in locating speckles is calculated for the experimental set-up described in this paper which 

leads to the accuracy of 0.8 μm. 
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