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Patterns beyond Faraday waves 

Observation of parametric crossover from Faraday instabilities to the 
formation of vortex lattices in open dual fluid strata 

 
 

Kjell Ohlin* and Karl Fredrik Berggren ** 

*Ohlin Laboratories , SE 753 12 Uppsala, Sweden 
 

** Linköping University, IFM, Linköping, SE 581 83 Linköping, Sweden 
 
Abstract: Faraday first characterized the behaviour of a fluid in a container 
subjected to vertical periodic oscillations. His study pertaining to 
hydrodynamic instability, the “Faraday instability”, has catalyzed a myriad of 
experimental, theoretical, and numerical studies shedding light on the 
mechanisms responsible for the transition of a system at rest to a new state of 
well-ordered vibrational patterns at fixed frequencies. Here we study dual strata 
in a shallow vessel containing distilled water and high-viscosity lubrication 
oil on top of it. At elevated driving power, beyond the Faraday instability, the 
top stratum is found to “freeze” into a rigid pattern with maxima and minima. At 
the same time there is a dynamic crossover into a new state in the form of a 
lattice of recirculating vortices in the lower layer containing the water. 
Instrumentation and the physics behind are analyzed in a phenomenological 
way together with a basic heuristic modeling of the wave field. The study, 
which is based on relatively low-budget equipment, stems from related art 
projects that have evolved over the years. The study is of value within basic 
research as well as in education, especially as more advanced collective project 
work in e.g. engineering physics, where it invites to further studies of pattern 
formation, the emergence of vortex lattices and complexity. 

Keywords: Faraday waves, parametric excitations, Töpler/Rheinberg Schlieren 
optics, isotropic dual fluid strata, pattern formation, dynamic crossover, vortex 
lattices, streamline modeling, science and art 



  
 

I. INTRODUCTION 

Faraday wrote in July 1831 in his diary “Mercury on a thin plate being vibrated in 

sunshine gave very beautiful effects of reflections” [1]. That was his description of 

his new experiment on how oscillating wave patterns (parametric excitations) may 

appear on the surface of an open vibrating fluid stratum. Faraday used simple 

methods to generate the vertical vibrations. Today one refers to this phenomenon 

as Faraday waves or Faraday instabilities in fluids. Even with modern 

instrumentation the beauty of Faraday waves remain equally fascinating and it still 

raises thoughts about pattern formation, the complexity of nature, artwork and the 

sublime. The phenomenon has been investigated since early on, notably by 

Rayleigh [2]. Scientifically and technologically the field is alive and well also 

today as may be confirmed by a simple Google search for “Faraday waves”.  

Here we take one step further by studying a dual system (at ambient 

conditions) consisting of a thin isotropic high viscosity stratum on top of a fluid 

stratum in a shallow glass vessel and show how parametric oscillatory waves are 

replaced by frozen double curved surfaces on increasing excitation amplitudes. 

This crossover is assisted by stationary vortex flows underneath the top layer. We 

thus study the intrinsic physics of this new type of ordered flow and explore its 

visual qualities. The present study stems from related art projects as outlined in 

the Appendix. However, as indicated already aspects of art are set aside here; our 

purpose is rather to disentangle the underlying physics in qualitative ways. 

In the following sections we describe instrumentation and sample preparation (II), 

parametric excitations (Faraday waves) and the crossover to vortex lattices (III). 

Basic modeling of flow patterns in the vortex phase are outlined in section IV. 

Section V gives a brief summary and suggestions for further developments. The 

gradual development over time of the instrumentation is described briefly in the 

Appendix. The instrumentation we describe here is low-budget and may be 

constructed in a basic workshop. In this sense such studies should be of 

educational value and well suited for more advanced collaborative project work  



  
in, for example, engineering physics programmes based on the CDIO educational 

approach [3-5] (“Conceive, Design, Implement, Operate”).  

II. INSTRUMENTATION AND SAMPLE PREPARATION 
 

The gross features of the equipment needed for studying the type physics 

discussed here are quite simple; There is a shallow vessel containing the sample 

to be vibrated vertically and a unit to record the vibrational patterns. This  

may be achieved on many different levels of sophistication depending on, for 

example, purpose and budget as indicated briefly in the Appendix. Here we 

outline one possible realization shown schematically in Figs. 1 and 2 and used for 

the present study. It should, however, be considered as an example, not meant as 

a compulsory blueprint. 

 

The images displayed in Figs. 3 and 10 refer to parametrically exited dual fluid 

strata at different driving (multi )-frequencies of relative amplitudes and for 

dimension 28x28x2 mm of the strata. The images are obtained by means of a low-

budget system consisting of a weight minimized oscillating block with a 

transparent strata carrier for multi-layer fluid plates suspended in a chamber (Figs. 

1 and 2). Furthermore it includes Töpler/Rheinberg Schlieren optics with a pre-

optics for a white point source and parallel light and with post-optics consisting of 

a red-green-blue filter with a light absorbing black cone in the middle of the focal 

plane. Structures and forms of the excited top surface have been photographed and 

typical examples are displayed in Figs. 3 and 10. By a superposition of frequencies 

it is possible to generate in a flexible way various geometric structures, from 

simple to complex hybrid forms. 

The double layer that is contained in a square acrylic form is 

nominally 2 mm thick and rests on a glass plate (thickness 0.66 mm). It consists 

of distilled water and high viscosity lubrication oil layer that floats on top. The 

thickness of the upper layer is approximately 0.2-0.3 mm. In practice a drop of 

oil is deposited onto the central part of the liquid layer and brought to 

homogeneity by a surface centrifugation by means of a gentle air pressure from an 



  
external noozle (preparation time approximately 20 min). Layer thicknesses are 

estimated by the preset volumes of water and oil injected into the vessel. To 

avoid effects of evaporation there is a continuous refill of water. There is also a 

cooling unit as indicated in Fig.1. Small uncertainties in the dimensions above 

should not affect the conceptual aspects of the physics that we are looking for at 

this stage of our studies. 

 
Caption Figure 1: Schematic overview of the instrumentation used for recording 

the lattice state in Fig. 3 to be analyzed below. More examples of vibrational 

patterns are shown in Fig. 10 in the Appendix.  The basic units are a light source at 

the top, pre-optics to form a downward parallel light beam including a hot mirror 

to deflect heat, a square shallow sample container being vertically vibrated by 

eight transducers for up- and downward translations in opposite phases. Beneath 

the sample the transmitted light passes a Töpler/Rheinberg Schlieren optics set up 

and is finally recorded in an image plane. The cooling system on top prevents 

evaporation of the sample. 

 

Caption Figure 2: Real size of the instrumentation in previous figure used for 

recording the images in Figs. 3 and 10. 

 

Caption Figure 3: Observation of a regular lattice that emerges beyond the Faraday 

instability at a driving frequency of 440 Hz.  White colour stands for maxima, red 

for minima and blue for intermediate “saddle” regions. The cut defines the region 

that will be analyzed in the following sections (cf. Figs. 6-7) together with the unit 

cell within the white frame. 

 

III. PHYSICAL INTERPRETATION OF THE EXCITATION PROCESSES 

AND PATTERN FORMATION 

Traditional parametric excitation: Let us first recollect the basic features of 

Faraday waves (see, for example, [6] for a detailed description). Throughout we  



  
 

tacitly assume that the liquid is incompressible or nearly so. If so there is a single 

open fluid stratum with a surface membrane caused by surface tension. As the 

system is vibrated vertically by means of transducers as in Fig. 1, a parametric 

surface wave appears with nodes and antinodes, i.e. the membrane is set to 

oscillate as a standing wave between its nodal lines. In upward movements the 

surface becomes plane and in downward movements alternatively convex or 

concave in different parts of the interface. Thus plane-convex-plane-concave 

deformations appear in a cycle that is twice as long as the frequency of the 

transducers [6] as illustrated in Fig. 4a. Associated with this there is also a torus-

shaped steady flow centered right under an antinode. Thus, by looking at the cross-

section through the middle of an antinode, the streaming forms two closed opposite 

rotations that meet each other when moving upwards beneath the antinode as in 

Fig. 4b. 

 

Caption Figure 4: (a) Standing Faraday waves ; (b) Formation of tori with 

opposite rotations; the middle (abbreviated) and lower graphs give two 

different perspectives. The fluid is pushed into/out of the middle curved 

areas/antinodes [6]. 

Convex and concave phases occur intuitively in the following way. 

In the case of the convex phase the gradual volume expansion of segment right 

under the concave surface induces an upward stream in and around the 

center marked (1) in Fig. 5. In turn, that gives rise to a flow denoted (2) that 

converges into the center. This flow is fed by the layer that wobbles 

downwards and is semi-attached to the wetting glass plate. The  flow (2) is 

more ordered and therefore more easily rectified by the upstream marked (1).  

For the plane and concave phases one finds, on the other hand, the outward 

flow (3) and (4) from the center. 

Captions Figure 5: Intermittent forces at applied frequency/2 that launch 

and maintain the torus-like movements in Fig. 4b. 



  
In summary, the forces in the different phases, the converging 

flow at the bottom (2), the upstream (1), the diverging flow at the top (3) and 

(4) and the downward movements (5) establish two opposite closed rotational 

movements which meet upwards at the center as indicated by the cross-

sectional views in Fig 4b. 

This description is valid for small driving amplitudes of the vertical 

oscillations. At higher drive disorder and chaos occur above a distinct value. 

However, if subsequently left undisturbed for a sufficiently long time (5-7 days) the 

liquid layer will gradually homogenize and a permanent structure will develop at 

the fluid/air interface. To avoid for effects of evaporation the volume of the liquid may 

be kept constant by a gentle continuous refill. On the other hand, if there would be 

also a high-viscosity top layer this scenario will be accentuated in a way discussed 

below. 

Crossover from Faraday instability to vortex stability. 
 
Let us now consider what happens when a high-viscosity top stratum consisting of 

lubrication oil is introduced as outlined in Section II. It is important that the  

additional top stratum is brought to a homogeneous isotropic state. If not, as for 

example for incomplete coverage, chaos may appear at high intensities as for the 

Faraday waves above. To let the system homogenize one may proceed in the 

following efficient way. Rather than leaving the system undisturbed as above we 

have thus developed the less time-consuming method of surface centrifugation. A 

homogeneous top stratum is then obtained in about 20 minutes (cf Section II). 

The addition of the high viscosity layer gives rise to new dynamic and  

complex streaming phenomena. Initially, at low drive the excitations remain 

Faraday like. However, at a specific amplitude of the oscillations the top stratum 

will turn into a rigid double curved stratum, a “hilly” barrier film, that does not 

change with the upward or downward oscillatory movements because of its relative 

rigidity/higher viscosity. The fluid in the lower stratum acts as a solid mass 

compared to the top stratum and the vertical motions of the vessel itself that results  

 



  
in a unidirectional upward pressure. This process shapes the plane membrane in a  

distinct form. Antinodes all turn convex as in Fig. 6a and minima appear at the 

nodal line intersections as in Fig. 6b. These features grow stronger and eventually 

“freeze” and a redistribution of mass and streaming takes place at the same time. 

This means that the Faraday instability transforms into the formation of stable 

vortex lattices. We thus encounter a unique physics situation that appears under 

very specific conditions. In more detail, the initial phase illustrated in Fig. 6a at 

higher intensities of the driving field results in a small amount of mass below the 

convex antinodes in every downward convex phase. The accumulation of the 

liquid, on the other hand, appears for symmetry reason from the area below and 

around the intersection points of the nodal lines. Therefore the free fluid mass and 

one-sided intermittent upward pressure in Fig. 6a give rise to a vortex lattice at the 

crossover in Fig 6b and the rigid double curved stratum and associated flow lines as 

in Fig. 7. Vector fields in a unit element and cross-sections of the rotational flow in 

different directions are illustrated in Fig. 8. 

Caption Figure 6: (a) Gradual development of a top stratum with markers (*) 

“Addition of a small amount of fluid mass below the convex antinode in every 

downward convex phase” and (**) “The reshuffling of the liquid in the convex 

antinode comes for symmetry reason from the area below and around the 

intersection points of the nodal lines”; (b) Schematic view of the crossover from 

Faraday waves to a vortex lattice. 

 
Caption Figure 7: (a) Nature of the unit cell for the rigid top stratum; (b) 

Expected flow lines just beneath the top stratum. 

 

Caption Figure 8: (a) Expected three-dimensional view of the flow pattern within a 

unit cell: (b) Three-dimensional cross sections of the flow within the different 

quadrants of a unit cell. 

 
 
 
 



  
 
 

IV BASIC ANALYTIC MODELING OF THE VORTEX PHASE 
 
Further insight to the above scenario may be obtained by numerical modelling. 

There are, for example, a number of studies of Faraday waves end related 

phenomena based numerical solutions of the Navier-Stokes equation [7-9]. At this 

stage we will, however, follow another route related also to general wave physics 

for quantum dots, optical cavities, acoustic resonators etc. in which trajectories and 

streamlines refer to flow of energy or transport of particles (current). Such an 

approach, which is straightforward from a numerical point of view, appears 

conceptually more transparent and may therefore be more easy to deal with as we 

focus on gross features rather than fine details. As above we assume that the 

system is incompressible. 

As common in wave physics one deals with a wave field  Φ(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) to describe a 

particular state of system.  In open systems resonant modes are generally formed 

by a superposition of degenerate eigenmodes or nearly degenerate eigenmodes of 

the corresponding closed systems, i.e., the so-called  mode-mixing effect (see, for  

 example, [10-12]). To allow for particle flow for such states of this kind must be 

 complex.  If so, vortex flow appears at nodal points in 2D and around nodal lines in 

 3D systems (see e.g. [13,14] and refs. cited). Thus we shall look for situations at 
which  

    
          Re[Φ(x,y,z)]=Im[Φ(x,y,z)]=0.    (1) 
 

Following the previous section we now consider the periodic close-packed array of 

upright square pilasters, which constitute the periodic vortex lattice in Figs. 6 and 8a. 

We may restrict our discussion to the central pilaster, which serves as the unit cell 

since the entire state may be generated by simple translations of that cell.  Let 

dimension of the pilaster be �×�×ℎ where �×� is the cross-sectional area and ℎ 

is its height. 
 



  
          The discussion of the previous section suggests that the superposition of  

modes should be quite basic, i.e. the modes may be either horizontal or vertical. 

Following Fig. 7 we write the horizontal wave field as 

   ψ(x,y)∝cos(π(x+y)/l)cos(π(x-y)/l)         (2) 

  
where 𝑥𝑥 = 𝑦𝑦 = 0 defines the center of the cross-sectional area and the x- and  

y-axes are parallel with the sides of the area. For the vertical mode we assume the 

standing wave  

φ(z)∝cos(πz/h)            (3) 

 To obtain vortical flow we thus mix these modes as                 

 
   Φ(x,y,z)=Aψ(x,y)+iBφ(z)            (4) 
 
where � and � are real mixing parameters. With this choice of wave function  
 
diagonal nodal lines will appear midway up the pilaster as suggested in the  
 
previous section. This means that the state has been turned by �/4 relative the  
 
Faraday wave as in the previous section. Hence there will now be a rotational flow  
 
around these diagonals irrespective of the A/B ratio. To complete this analysis we  
 
consider the usual expression  for currents (flow) associated withΦ(x,y,z), i.e. 
  

                          

 j∝Im[Φ(x,y,z)gradΦ(x,y,z)].  (5) 

 Expanding Φ(x,y,z) to low order around the diagonal nodal lines one clearly 

finds closed    streamlines around these lines. Typical flow patterns are shown 

in Fig. 9. These results are generic, i.e. the qualitative features are the same 

irrespective of particular choices of l and h. Our basic Ansatz for Φ(x,y,z) thus 

supports the idea that a vortex lattice emerges as the system is driven beyond 

the Faraday instability as proposed in Section III. Obviously one may extend  



  
the present analysis to other frequencies and superpositions of different states 

(frequencies) as in Fig. 9 and with the possibility of variable weights A and B . 
 
Caption Figure 9: Upper case: Flow pattern within the top interface for a 

lattice modelled according to Eqs. (4) and (5) (not to scale). The flow 

emerges from beneath at the light coloured spots and turn downwards at 

the dark coloured ones. Diagonal lines refer to the nodal line lattice around 

which vortex flow occurs. Horizontal and vertical lines refer to the nodal 

lines in the corresponding Faraday state  (Fig. 4a). The flow reverses at the 

bottom the cell. Lower case: Vortex lattice along the diagonals of the 

periodic array of cells. 

V. SUMMARY AND CONCLUDING REMARKS 

 

The present work stems from a long-term activity how to generate images by 

vibrational techniques, originally within the general field of  “Art and Science” as 

outlined in the Appendix. Here we set the artistic aspects aside and focus on the 

underlying physics that gives rise to the observed patterns. The basic technique 

rests on vertically vibrated isotropic dual strata and Töpler/Rheinberg Schlieren 

optics. The crucial role of homogenization is emphasized. The discovery of a 

crossover from Faraday waves to a new stable vortex lattice state at elevated 

driving fields is analyzed in qualitative terms. This analysis is supplemented by a 

heuristic analytic model, which is numerically flexible and may be used 

conveniently to simulate more complex superpositions of vibrat ions. The 

associated images are not only fascinating in their richness, also the dynamic 

process is challenging  experimentally as well as theoretically. There are still 

many open ends and improvements to be made which calls for further studies, 

much of which could be explored, for example, within collaborative educational 

programmes as below.  

 

 



  
 The vibrational physics described here is quite basic and would be of 

interest for any comprehensive physics curriculum. On this basis laboratory work 

could, for example, be implemented on two different levels. On a first freshman 

level students may be exposed to vibrational physics and associated Faraday 

instabilities, pattern formation and beyond.  In this case students would need 

access to an operational facility provided by, for example, the particular physics 

department running laboratory courses (see below).  

 On a second, more advanced level, for example within a master’s 

programme for engineering physics, the ideas presented here lend themselves 

naturally to implementation within a CDIO framework [3-5]. Thus there is room 

for training in collaborative project work and planning of diversified projects like 

this one with its many different inputs; there is design and construction of 

equipment, an operational phase, final documentation, etc. Obviously one should 

expect improvements and creative developments over the years the project is run.  

Four to six students would form a project group assisted by a supervising teacher 

as for CDIO “capstone” courses. The two levels, the introductory and the 

advanced ones, may ideally be tied together so that the equipment constructed 

within the advanced level may also be utilized for the basic one. 
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APPENDIX 

The present study stems from related art projects that have evolved over a number 

of years. Creation and observation of phenomena as in Figs. 3 and 10 have meant 

long-term system development as well as testing of ideas and concepts. Thus both 

vertical and horizontally vibrated strata have been explored. For example, a large 

transparent fluid plate, 210x210x4 mm, was projected on a floor canvas of size 

360X360 cm (Ohlin, Museum of Modern Art, Stockhlm, 1982). This installation, 

named “ANADYOMENE”, meant the beginning of the particular phenomena that 

we wish to analyze here from a physics point of view. Originally  

“ANADYOMENE” derives from “WATERSQUAW”, a large work showed at 

CENTRE GEORGES POMPIDOU 1981 (the Museum of Modern Art in Paris) 

that was sketched and constructed during a scholarship for K.O. at MoMA PS1, 

New York, in 1980. The images in Figs. 3 and 10 are parametrically exited fluid 

strata at different excitation frequencies and relative amplitudes, all of dimension 

28x28x2 mm. They are all outcomes of an object named “ SON OF SON “ 

(Ohlin, Synergy Of Nature) presented on different occasions in the world of arts. 

“SON OF SON” is an object, originally intended as a Swedish contribution at the 

Biennale in Venice 1986 devoted to ART and SCIENCE. However, it did not 

perform as intended and was replaced by “AENEAS” which was an object used 

for research and development at College of Art and optical research at the Royal 

Technical University KTH in Stockholm. “SON OF SON” has, however, been 

reconstructed and improved several times and is outlined, for example, in [15] 

related to an installation at Linköping University (1996). 

 

Caption Fig. 10: (color on line) Examples of recorded excitation patterns at 

different (multi-) excitation frequencies. The unmarked cases are simply meant to 

show the rich morphology that may be found on mixing several excitation modes. 
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Caption Figure 1: Schematic overview of the instrumentation used for recording the 

lattice state in Fig. 3 to be analyzed below. More examples of vibrational patterns are  

 

 



  

shown in Fig. 10 in the Appendix. The basic units are a light source at the top, pre-

optics to form a downward parallel light beam including a hot mirror to deflect heat, a 

square shallow sample container being vertically vibrated by eight transducers for up- 

and downward translations in opposite phases. Beneath the sample the transmitted light 

passes a Töpler/Rheinberg Schlieren optics set up and is finally recorded in an image 

plane. The cooling system on top prevents evaporation of the sample. 

 

 

  



  

 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 

Caption Figure 2: Real size of the instrumentation in previous figure used for 

recording the images in Figs 3 and 10. 
 
 
 
 
 
 
 
 
 
 



  
 
 

 

Caption Figure 3: Observation of a regular lattice that emerges beyond the Faraday 
instability at a driving frequency of 440 Hz.  White colour stands for maxima, red for 
minima and blue for intermediate “saddle” regions. The cut defines the region that will 
be analyzed in the following sections (cf. Figs. 6-7) together with the unit cell within 
the white frame. 
  



  

 
 
 
 
 

 
 
 

 

Caption Figure 4: (a) Standing Faraday wave; (b) Formation of tori with opposite 

rotations; the middle (abbreviated) and lower graphs give two different perspectives. 

The fluid is pushed into/out of the middle curved areas/antinodes [6]. 
 



  

 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
Captions Figure 5: Intermittent forces at applied frequency/2 that launch and 
maintain the torus-like movements in Fig. 4b.



  

 
 
 

 
 
Caption Figure 6: (a) Gradual development of a top stratum with markers (*) “Addition 
of a small amount of fluid mass below the convex antinode in every downward convex 
phase” and (**) “The reshuffling of the liquid in the convex antinode comes for symmetry 
reason from the area below and around the intersection points of the nodal lines”; (b) 
Schematic view of the crossover from Faraday waves to a vortex lattice. 
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Caption Figure 7: (a) Nature of the unit cell for the rigid top stratum; (b) Expected 
flow lines just beneath the top stratum. 
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Caption Figure 8: (a) Expected three-dimensional view of the flow pattern within a 

unit cell: (b) Three-dimensional cross sections of the flow within the different  

quadrants of a unit cell. 



 

 

 
Caption Figure 9:  Upper case: Flow pattern within the top interface for a lattice 
modelled according to Eqs. (4) and (5) (not to scale).  The flow emerges from beneath at 
the light coloured spots and turn downwards at the dark coloured ones. Diagonal lines 
refer to the nodal line lattice around which vortex flow  
occurs. Horizontal and vertical lines refer to the nodal lines in the corresponding 
Faraday state (Fig. 4a). The flow reverses at the bottom the cell. Lower case: Vortex 
lattice along the diagonal of the periodic array of unit cells. 
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CaptionFigure 10: (color on line) Examples of recorded excitation patterns at 

different (multi-) excitation frequencies. The unmarked cases are simply meant to 

show the rich morphology that may be found on mixing several excitation modes. 
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