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CONNECTIONS FOR LEARNING MULTIPLICATION  

Kerstin Larsson  

Abstract 

This paper presents an analytical tool designed to capture the connections students make 
between three components essential to the learning of multiplication: the calculative act, 
the arithmetical properties and multiplicative representations. Connections are viewed 
as building blocks for learning and conceptual understanding and their components are 
central for multiplication. The analytical tool is presented alongside examples of 
students’ connections shown as calculations or statements. By examples from one 
student’s work, it is demonstrated what can be inferred from the exploration of these 
connections. Finally other important connections concerning understanding of 
multiplication not included in the analytical tool are discussed. 
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INTRODUCTION 

Multiplication is at the core of elementary arithmetic instruction and underpins 
other mathematical topics such as fractions, ratio, proportionality and functions 
(Bakker, van den Heuvel-Panhuizen, Robitzsch, 2014; Thompson, Saldanha, 
2003; Vergnaud, 1983, 1994). Multiplication can be viewed as comprising 
components that cannot be learned separately, since they are interdependent, but 
which retain different aspects for the learning of multiplication. Three important 
components in the learning of multiplication are the calculative act, the 
arithmetical properties and multiplicative representations. 

THE COMPONENTS 

The three components, salient in literature discussing learning of arithmetic (e.g. 
Fuson, 2003), are presented in more detail in this section. 

Calculative acts 

Multi-digit multiplication can be performed through learned algorithms or 
student-invented strategies. Calculations concerning multiplication and division, 
whether learned algorithms or student-invented strategies, have attracted less 
research when compared to addition and subtraction (Fuson, 2003; Verschaffel, 
Greer, De Corte, 2007). In the early 1980s most research on calculations tended 
to focus on conceptual errors in algorithms, while a decade later student-invented 
strategies became the focus. This latter focus on student-invented strategies has 
prompted a number of case studies in which students have been engaged in 
devising methods for calculation, especially concerning multi-digit addition and 
subtraction (Verschaffel et al., 2007). In this work three groups of strategies have 
been identified, applicable to all four arithmetical operations: jump, split and 
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varying strategies. In jump strategies numbers are basically seen as objects on the 
number line. In split strategies they are seen as objects with a decimal structure, 
while in varying strategies they are objects that can be structured in various ways 
(Verschaffel et al., 2007). In respect of multiplication a jump strategy could be 
repeated addition on a number line and a split strategy would be the partitioning 
of numbers by their decimal system. Varying strategies are based on the 
arithmetical properties, and vary depending on the numbers involved. This 
classification is broad but for student-invented multiplication strategies there is no 
better agreed or more refined categorisation. 

One categorisation of students’ invented multiplication strategies, presented as a 
developmental map, begins with direct modelling where students use counters or 
make drawings directly modelling the total number of objects structured in groups 
in order to count the total number of objects. This is followed by complete 
number strategies, partitioning strategies or compensating strategies (Ambrose, 
Baek, Carpenter, 2003). Here, complete number strategies deal with numbers as 
repeated addition; partitioning strategies split one of the two numbers into 
numbers that are easier to deal with, such as representing 3·27 as 3·20 + 3·7; 
compensation strategies involve one or both numbers being rounded and then the 
answer of the operation is corrected, such as 3·27 is changed to 3·30 and then 9 is 
subtracted from 90 to compensate the rounding. To view direct modelling and 
repeated addition as multiplicative strategies is controversial, not least because 
repeated addition is construed as conceptually additive rather than multiplicative 
(Thompson, Saldanha, 2003; Vergnaud, 1983). On the other hand, repeated 
addition can be an intuitive model for multiplication (Fischbein, Deir, Nello, 
Marino, 1985). Another way to categorise strategies is to categorise according to 
what arithmetical properties underpin the strategy, both the examples of 3·27 
above build on the distributive property (Carpenter, Franke, Levi, 2003). 

Arithmetical properties 

In this paper learned algorithms refer to both vertical algorithms and other 
methods such as halving-doubling. Vertical algorithms typically build on the 
distributive property where both factors are split into ones, tens, hundreds etc. and 
each part is multiplied by each part of the other factor. The halving-doubling 
method builds on the associative property where one of the factors is factorised 
by two and the two is multiplied by the other factor, for example 
12 · 4 = (6 · 2) · 4 = 6 · (2 · 4) = 6 · 8. These two properties, along with 
commutativity, implicitly underpin student-invented strategies, even if students 
do not know the names of the properties. Implicit use of distributivity and 
associativity has been found to develop without instruction in elementary 
classrooms focussed on student-invented strategies for multiplication. This was in 
contrast to commutativity, which was harder for students to discover by 
themselves (Ambrose et al., 2003). In another study where students were tested 
on commutativity and distributivity in a multiple choice setting, it was the 
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opposite; they could solve more commutativity-tasks than distributivity-tasks 
(Squire, Davies, Bryant, 2004). 

Multiplicative representations 

Multiplication can be represented in various ways¸ although there is less of a 
consensus with regard to categorising multiplicative situations in comparison to 
additive situations (Fuson, 2003). Some of these representations are contextual, as 
in word problems or real life problems. Others have described multiplicative 
representations from a mathematical perspective as either isomorphism or 
products of measures (Vergnaud, 1983). Isomorphism of measure comprise 
asymmetrical situations such as equal groups and rate, where the multiplier has a 
different role from the multiplicand while product of measures comprise 
symmetrical situations such as rectangular arrays and area, where the two factors 
have the same role. Multiplicative representations frequently found in the 
literature include, among other situations, equal groups and rectangular arrays 
(Greer, 1992). Equal groups refer to objects in sets, for example three bags of 8 
cookies, while an array of cookies on a tray can be 3 rows of 8 cookies, both 
describing 3 · 8 = 24. A reason to distinguish into more specific categories when 
studying how children solve different types of situations is that young children 
perceive the situations differently. Such multiplicative representations are not 
simply contextual or visual cues, they can also be perceived as the thinking tool 
students use when determining what actions to take with regard to the numbers in 
a problem or explaining properties like commutativity (Yackel, 2001). 

CONNECTIONS 

These three components, calculations, properties and representations, are all 
important for young students’ learning of multiplication. However, the depth of a 
student’s multiplicative knowledge is a function of the connections between them. 
Indeed, it is widely accepted that the connections between different components, 
such as procedural and conceptual knowledge, underpin the learning of 
mathematics in general (e.g. Baroody, Dowker, 2003; Kilpatrick, Swafford, 
Findell, 2001). For example, adaptive expertise has been said to depend on a 
well-connected conceptual understanding integrated with procedural knowledge 
(Baroody, Dowker, 2003). Thus, as connections are agreed to be at the very core 
of mathematical understanding in general and arithmetic in particular, in this 
paper I investigate the connections between the three components of, calculations, 
properties and representations. To do this I have developed an analytical tool, 
which I present with examples from students’ own calculations, explanations and 
justifications. 

THE ANALYTICAL TOOL 

Exploring what connections students make between their calculative acts, 
arithmetical properties and multiplicative representations could be done in a 
number of ways. I have chosen to look for connections between two of the three 
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components at a time, thus I need to make three comparisons to cover all possible 
connections between the three components. Each of the three comparisons is 
presented in a matrix. There is generally no hierarchy between categories of the 
components; the categories are just different from each other.  

The acts of calculations have been divided into three wide categories derived 
from the literature (Verschaffel et al., 2007); repeated addition, learned algorithm 
and student-invented strategy. While repeated addition is not construed as 
multiplication (Vergnaud, 1983), it was how many students undertook multi-
plication, so is included. The two multiplicative strategies, learned algorithms and 
student-invented strategy, are not perceived as being of different levels of 
sophistication, they have different roots and students described them differently. 

The properties component comprises the arithmetical laws, commutativity 
distributivity and associativity. Research tells us on one hand that multiplicative 
commutativity is harder to develop without instruction than distributivity 
(Ambrose et al., 2003) and one the other hand that children succeed more on 
commutativity than on distributivity (Squire et al., 2004). This inconsistency 
concerning what property is easier for children sustains the absence of hierarchy 
between the properties. 

The multiplicative representations component comprises the categories 
numerical, equal groups and rectangular arrays. Equal groups and rectangular 
arrays represent multiplicative situations and numerical is a multiplicative 
representation where numbers are employed as entities without reference to real-
world situations. In this paper I refer to multiplicative representations as both 
thinking tools and multiplicative situations, and students in the study proved to 
sometimes only refer to numerals, as number facts and numerical relations 
building the multiplicative representation as something completely embedded in a 
numerical world. Originally the component included other multiplicative 
situations such as multiplicative comparison. However, the data offered only 
instances of equal groups and rectangular arrays, therefore, to save space, no 
other multiplicative situations have been included. 

The examples highlighting the different connections come from a longitudinal 
study of approximately 20 Swedish grade 5-7 (10-13 years old) students. The 
study’s aim was to investigate students’ multiplicative understanding. They had 
been interviewed individually while undertaking and explaining their calculative 
acts, participated in peer discussions concerning commutativity, distributivity and 
calculation strategies, as well as solved multiplicative problems individually and 
in pairs. All data focussed on the development of multiplicative understanding. In 
this paper these data are used to exemplify the connections students made 
between the three multiplicative components. Hence, as the aim was to determine 
the types of connections susceptible to the analytical tool, no further details about 
the students or data collection are given. 
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The examples below come from different students on different occasions. Not 
found indicates that no student in the study made statements showing evidence of 
that connection. 

With respect to Matrix 1, the connection between repeated addition and 
distributivity shows how a student, calculating 20·50, partitioned 20 into two 
tens, calculated 10·50 by adding 50 + 50 five times before doubling the sum of 
500. The use of distributivity led to the calculation, (10 · 50) + (10 · 50), with 
10 · 50 being completed by repeated addition. This differed from the connection 
between repeated addition and associativity, where another student undertook the 
same task and, after have written twenty 50s, saw that the addition could be 
transformed into ten 100s instead. His 20 · 50 = 10 · 2 · 50 = 10 · 100 showing 
associativity. Distributivity underpins the vertical algorithm, which was used by 
some students. However, no students made any references to distributivity when 
working with the algorithm or referred to the algorithm when discussing 
distributivity. The connection between learned algorithm and associativity was 
reflected in student’s explaining why he needed to change both factors in a 
specific way when discussing the learned algorithm of halving-doubling. The 
connection between an invented strategy and commutativity is here exemplified 
by a student who asserted that he could choose either number as multiplier. 

 Commutativity Distributivity Associativity 

Repeated 
addition 

Calculating 5·19 both as 
19+19+19+19+19 and 
5+5+5… 19 times. 

10·50 = 500 because 
50+50 = 100 and it 
is five of those 
[50+50] in 10·50. 
Then 500 more is 20 
times is 1000. 

20·50=50+50+50… 

50+50 = 100. Make 
100s of two 50s with 
all 50s and count ten 
100s. 

Learned 
algorithm 

You must always put the 
bigger number on top, so 
it is the same really no 
matter what order. 

Not found Then it has to be 
half of one and 
double the other 

Invented 
strategy 

16·25 can be calculated 
as 10·25 + 6·25 or 
taking the other number 
first 16·20 + 16·5 

5·19 as 5·10 + 5·9 16·25 as 4·100 

Matrix 1: Connections between property and calculation 

In terms of Matrix 2, the numerical arguments connected to each property 
reflected students’ explanations and justification for how a calculation worked. 
Since they are not from the students’ calculative acts, but from explanations 
building on multiplicative representations they show connections between 
representation and properties. In their explanations students represented 
multiplication as numbers that you operate on according to more or less explicit 
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rules. The connections between commutativity and both equal groups and 
rectangular arrays emerged from discussions where students tried to convince a 
peer why commutativity is valid. This is the only instance where rectangular 
arrays were explicitly employed as a multiplicative representation. To represent 
multiplication as equal groups was more common and used in many different 
connections to explain properties as well as to make sense of calculations. The 
representation of equal groups was frequently connected to explanations and 
justification for distributivity, as in the connection in Matrix 2 where a student 
clarified that changing the multiplier by one implies a change of the product 
equivalent to the value of the multiplicand. 

 Commutativity Distributivity Associativity 

Numerical You can do it from both 
ways, 23·39 is the same as 
39·23. 

21·37 is 20·37+37. 
You must add 37 
since you took ‘one 
37’ too little. 

If you take a 
fourth of 16, you 
can take four 
times 25 instead.

Equal 
groups 

120 persons one can say in 
40 houses, castles. It is the 
same as 40 persons in 120 
castles. You increase 
castles but take away 
persons. 

If you take away one 
pile, then you take 
away nineteen. 
[Explanation of the 
change of 19·26 into 
19·25] 

Not found 

Rectangular 
array 

If you have, let’s say, 4 
rows of 12, and then if you 
turn [it 90°, shown by hand 
gestures] it is still the same 

Not found Not found 

Matrix 2: Connections between property and representation 

With respect to Matrix 3, all statements concerning the calculative act of repeated 
addition were connected to numerical or equal groups representations. This does 
not necessarily imply that students did not use rectangular arrays as a thinking 
tool, even though no explicit connections were found. When students used a 
learned algorithm all statements connected to numerical representations; they 
talked about the numbers involved as in the example where a student describes 
what she did when using the vertical algorithm for 5 · 19, pointing at numbers 
and positions on the paper as she spoke. Students commenting on or explaining 
their own invented strategies made connections to numerical representation as 
well as equal groups. The student who exemplified the connection between 
invented strategy and numerical representation, essentially presenting the vertical 
algorithm, calculated 5 · 19 as 5 · (10 + 9). The difference being that she invented 
this strategy during the interview. Connections between equal groups and 
invented strategies were frequently found in the data. This example is from a part 
of a student’s explanation why 19·26 cannot be calculated as 10 · 20 + 9 · 6 and 
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reflects how the representation of equal groups provided the student with a 
thinking tool. There were no instances in the data where representation of 
multiplication as a rectangular array was connected to calculations. 

 Repeated addition Learned algorithm Invented strategy 

Numerical 19+19+19+19+19 I timesed this by this 
and got 45. Then I put 
a five here and write 
the four here. Then I 
plussed that with five 
times one. 

If you take away nine, 
then it is 5·10, 50. 
Then you add 5 nine 
times, which is 45, 95. 

Equal 
groups 

Twenty-five times 
sixteen is easiest I 
think. Twenty-five 
apples sixteen times 

Not found If you take first ten 
bags with money then 
it is 200 coins but here 
are nine more bags that 
has 20 coins. 

Rectangular 
array 

Not found Not found Not found 

Matrix 3: Connections between calculation and representation 

EXAMPLE OF ANALYSIS 

To further illuminate how the analytical tool can be employed I exemplify what 
can be inferred of an individual students’ understanding of multiplication by 
analysis of the connections he made at a certain time. For this purpose I employ 
data from one student, whom I call Erik, collected during two months during first 
term of his grade 5 year. I exclude all cells left empty by his data. 

 Commutativity Associativity 

Repeate
d 
addition 

19+19+19+19+19 and 
5+5+5… 19 times 

20·50 = 50+50+50 … 50+50 = 100. Make 
hundreds of two fifties with all fifties and count 
ten hundreds. 

Matrix 4: Erik’s connections between property and calculation 

 Commutativity Distributivity 

Numerical If you take one times 
two, it is two. Two 
times one is still two. It 
is the same even if you 
take it from both ways 

If you take one times too much, you must 
take away one from the answer (from 
discussion about 20·45 instead of 19·45, 
demonstrating a misconception of 
distributivity: 19·45 = 20·45-1). 

Matrix 5: Erik’s connections between property and representation 
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 Repeated addition 

Numerical 19+19+19+19+19, 5+5+5… etc. 

Matrix 6: Erik’s connections between calculation and representation 

By means of the analytical tool it becomes clear that Erik makes connections 
between numerical representations, repeated addition and commutativity. These 
connections were made repeatedly in individual interviews as well as peer 
discussions, when solving problems, performing calculations and discussing 
problems and properties. On one occasion he made a connection between 
repeated addition and associativity and, on another, made an erroneous 
connection between distributivity and numerical representation. As can be 
inferred from the absence of any other category of calculation than repeated 
addition and any other representation than numerical, Erik’s understanding of 
multiplication during the first term in grade 5 is limited. His understanding of 
multiplication draws on additive reasoning, reflected by his use of repeated 
addition as his only suggestion for calculations. He does know that multiplication 
is commutative and uses examples from the multiplication table as well as 
employing commutativity when he chooses what number to add repeatedly. He 
demonstrates a misconception concerning distributivity that can be explained as 
additive reasoning (Squire et al., 2004). 

DISCUSSION 

As indicated in the introduction, connections are central in many theoretical 
frameworks for understanding of mathematical concepts (Baroody, Dowker, 
2003; Kilpatrick et al., 2001). Therefore I decided to investigate what connections 
students made implicitly and explicitly when they worked with multiplicative 
tasks. In order to explore connections I needed to define which components that 
were of importance for the learning of multiplication as well as possible to 
connect. Three different components of importance were found in the literature 
about arithmetical learning with high relevance for upper elementary students and 
the operation multiplication: the calculative act with multi-digit numbers, the 
arithmetic properties and multiplicative representations. 

It can be argued that multi-digit calculations no longer are of importance since 
cheap calculators are available in today’s society. Nevertheless calculations of 
multi-digit numbers constitute a central part of upper elementary mathematics 
teaching. There are many arguments for focussing calculations, one of which that 
conceptual understanding of arithmetic operations can be acquired by the 
calculative act (Fuson, 2003). To know what properties are valid in different 
arithmetic operations underpins invented calculation strategies and later algebraic 
understanding. This does not imply that students need to know the names of the 
properties, but to avoid over-use the properties need to be investigated, explained 
or justified (Carpenter et al., 2003). An example of over-use of the commutative 
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property is to believe the numbers can be written in any order in subtraction – just 
like in addition – since the difference between the numbers does not change by 
the positions. Multiplicative representations, both contextual and visual, is argued 
to be an important tool for students to “organize their thinking and reasoning” 
(Yackel, 2001, p. 27). The literature tells us that representations of different 
situations for additive as well as multiplicative real-world situation is central for 
the learning of arithmetic (Fuson, 2003; Greer, 1992; Verschaffel et al., 2007). 
Hence, I find the three components as central for the learning and understanding 
of multiplication. 

It is possible that all the cells with “not found” would be filled with students 
making connections between these categories of components if other problems 
were posed to them or if a larger group of students were interviewed. I find it 
striking that no student made any connections between rectangular array and 
calculations or with properties apart from the commutative property. The 
representation of multiplication as rectangular array is argued to be an important 
stepping-stone to enhance conceptual understanding of calculations as well as the 
distributive and commutative property (Carpenter et al., 2003; Fuson, 2003). 

Another possible connection central to the learning and understanding of 
multiplication, not included in this analytical tool, is the ability to translate 
multiplicative situations represented as contextual word problems into numerical 
expressions and vice versa; to represent a multiplication represented numerically 
into a contextual multiplicative situation. To flexibly change between forms of 
representations such as verbal, visual and numerical and to interpret different 
multiplicative situations is very closely related to the part of students 
understanding that can be analysed by the analytical tool described in this paper. 

The presented analytical tool can be employed in order to explore connections 
between three components related to multiplication. The connections are 
important building blocks for learning and understanding and hence makes it 
possible to infer something about a student’s understanding of multiplication. To 
illustrate the possibility to infer a students’ understanding I presented Erik’s 
connections between categories of the components. From this it was possible to 
infer that he understood multiplication as a numerical operation of repeated 
addition and that it is commutative, just like addition.  
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