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Abstract

Lattice-based simulations of microscopic
reaction-diffusion models in a crowded environment

Markus Eriksson

Molecules inside living cells move by diffusion and can react with each other upon
collision. Living cells are occupied by macromolecules which limits the available space
for the particles to diffuse in.  The effect caused by these crowders has been modeled
and the accuracy of the models has been evaluated. We investigate two models that
follows individual particle trajectories. The more accurate model samples Brownian
Dynamics in a continuous space. The second computationally more efficient model,
uses discrete space were the particles move on a lattice. The result shows that the
lattice model under-estimates the crowding effect on the diffusive behavior. The
reaction rates were both increased and decreased depending on the time and amount
of crowders when comparing the lattice model to the model using Brownian
Dynamics. This also prove the importance to model the particles with realistic sizes
when simulating reaction-diffusion in a crowded environment.
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Populärvetenskaplig Sammanfattning

Matematiska modeller är ett kraftfullt verktyg och forskare inom system-
biologi har börjat utforska möjligheten att använda dessa modeller för att
f̊a en bättre först̊aelse för hur molekyler beter sig i en levande cell. Mod-
ellerna är stokastiska eller deterministiska, men i jämförelse har det visat sig
att den stokastiska tolkningen ger upphov till fenomen som överensstämmer
bättre med verkliga molekylers beteende. I det här projektet utvärderas tv̊a
olika stokastiska modeller. Den ena modellen bygger p̊a Brownsk rörelse som
simulerar partikelns rörelse i det kontinuerliga rummet. Den andra modellen
är mer approximativ för att öka beräkningseffektiviteten och bygger p̊a att
partiklarnas rörelse är begränsad till ett beräkningsnät. Levande celler in-
neh̊aller makromolekyler som begränsar den möjliga ytan för partiklar p̊a
membran att röra sig p̊a är. Det är därför viktigt att undersöka om simu-
leringarna av partiklarnas rörelse i modellen som bygger p̊a ett beräkningsnät
ger samma resultat som modellen med Brownsk rörelse. Dessa tv̊a modeller
undersöktes genom att göra simuleringar där partiklar diffunderar i miljöer
med olika koncentrationer av makromolekyler. Sedan utvärderas modeller-
nas beteende när partiklarna till̊ats reagera med varandra. Resultatet av
dessa simuleringar jämförs med de deterministiska ekvationerna som g̊ar att
lösa för en miljö utan makromolekyler. Det visade sig att modellen som
använder sig av ett beräkningsnät simulerar partiklarna med högre diffu-
sion, detta förklaras av att beräkningsnätet ordnar partiklarna och mindre
yta blir exkluderad. För simuleringarna med reaktioner var partiklarnas be-
teende mera komplext. Reaktionshastigheten är till en början l̊angsammare
i rutnätsmodellen men när en viss tid har passerat f̊ar diffusionen en större
inverkan och reaktionerna inträffar oftare i rutnätsmodellen. Slutsatsen är
att rutnätsmodellen är applicerbar endast i miljöer där det är en l̊ag andel
makromolekyler.
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1 Introduction

It is still challenging to experimentally track individual molecules in vivo,
therefore different mathematical models have been proposed to simulate the
diffusion and the reactions of a system of particles. The available models
can be categorized depending on their level of detail: micro-, meso- and
macroscopic. The microscopic model follows individual particles along their
Brownian trajectories were the particles diffuse randomly in space. The de-
tailed off-lattice version of the microscopic model uses a continuous space,
this is computationally costly and can not be scaled to simulate a big sys-
tem of particles. The more computationally efficient model is the on-lattice
microscopic model, where space is discretized into voxels and the particles
can only move to a neighbouring voxel in a discrete space Markov process.
An approximation of the microscopic model is the mesoscopic model. The
space is discretized, but in this model each voxel is allowed to contain more
than one particle and reactions can only occur when the particles are located
in the same voxel. These two models are stochastic, a property which is
needed to represent certain phenomena inside living cells [1][2]. The macro-
scopic model on the other hand is deterministic and is valid in the limit of
large particle numbers, it describes the time evolution of the concentrations
of particles by partial differential equations. The small numbers of chemical
particles will make deterministic models inaccurate or even irrelevant [1].
Up to 40% of the available volume inside the cytoplasm can be occupied
by macromolecule [5]. These so called crowders have big influence on the
diffusivity and reaction behavior of the particles due to the excluded volume
effect. Particles have to diffuse around the crowders, slowing down diffusion.
Introducing crowders in the environment can either increase or decrease the
reaction rate due to the formation of sub-domains which can separate the
particle, but it will also limit the available space making reactions more
likely. Since crowding can cause complex behavior it is important that the
model simulate in a realistic way [2][3].
In this project we compare the microscopic off-lattice and on-lattice models to
investigate how well they capture the excluded volume effects on the reaction-
diffusion behavior. The purpose of this study is to investigate if the more
computationally efficient on-lattice model gives similar simulation results as
the accurate off-lattice model in crowded environments. Different lattice ge-
ometries of the on-lattice model will be examined. The off-lattice model will
be simulated with the existing software ”Smoldyn”, which is using Brownian
dynamics. Second order reactions will be simulated and a model where the
product particle of a reaction gets the sum of the area of the reacting par-
ticles is then proposed and evaluated. The results of the reaction-diffusion
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simulations will be compared with the solutions to the macroscopic reaction-
rate equations for dilute media. Due to computational costs the simulations
will be performed in 2 dimensions, modeling a cell membrane.
In the next section the physical background of diffusion and reactions will
be presented. Then the methods for simulating diffusion in environments
with various crowder densities are introduced. In Section 4 the methods are
extended to include reactions in a crowded environment. In Section 5 the re-
sults of the diffusion and reaction simulations are shown. Finally conclusions
on the similarities between the models are drawn in Section 6.
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2 Background

In this section the fundamentals of diffusion and reactions will be presented
and how measurements of these phenomena can be made.

2.1 Diffusion

Diffusion is the process that occurs when particles are moving due to thermal
energy. The diffusion constant (γ0 [m2/s]) determines the proportionality ra-
tio between the molar flux and the driving force of the diffusion. The diffu-
sion coefficient depends on the size of the particle, absolute temperature and
viscosity of the solution [1] and can be calculated using the StokesEinstein
equation

γ0 =
kBT

6πηr
(2.1)

where kB is the Boltzmann’s constant, η is the dynamic viscosity and r
is the radius of the spheres. To measure the diffusivity the mean squared
displacement (MSD) will be used, which is a measurement of the distance
a particle has moved relative to its origin. The MSD of a particle in a
dilute environment (no crowders) is growing linearly with time and can be
calculated by

〈x2(t)〉 = 4γ0t (2.2)

in 2 dimensions, where t is the time. In the simulations the effective MSD
will be calculated using the equation

〈x2(t)〉 = (x(t)− x(0))2 + (y(t)− y(0))2 (2.3)

where x(t) and y(t) is the x- and y-position at time t. Using equation (2.3)
the diffusivity for simulations with different crowder concentrations (φ) can
be measured and compared. Introducing crowders in the environment re-
duces the available space for the diffusing particle, this effect is illustrated in
Fig. 2.1.

2.2 Reactions

A reaction is the transformation of chemical substances. A first order reaction
is when the reaction only depends on one type of particle. The first order
reaction

C
kd−→ A+B (2.4)

is a dissociation process where the reactants of type C splits into smaller par-
ticles. The dissociation rate constant kd determines the rate of the reaction.
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(a) Artificial lattice (b) Continuous space

Figure 2.1: Illustration of the excluded volume effect where the grey area
is the space which is unavailable for the moving particle (blue) and the red
area represents the crowders.

A second order reaction depends on the interaction of two reactants. One
example is the association

A+B
ka−→ C, (2.5)

where A particles react with B particles and the product particles are of
type C. ka is the association rate constant. Combining the association and
dissociation process, reasults in the reversible reaction

A+B
ka−⇀↽−
kd

C. (2.6)

An alternative to the reaction rate constant is the reaction probability P ,
which determines the probability that the reaction will occur when particles
collide.
To evaluate the reaction behavior of the different models the change of parti-
cle concentration in time will be examined. The concentration of A particles
at time t is detonated by a(t) and can be calculated by

a(t) =
A(t)

V
, (2.7)

where A(t) is the number of A particles at time t and V is the volume of the
domain. The occurrence of bimolecular reactions is dependent on the time
it takes for the particles to find each other, therefore the diffusivity of the
models will influence the measurement of reactions.
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3 Diffusion models

In this section two different methods and their implementation on the mi-
croscopic level to simulate a diffusing particle in a crowded environment are
presented.

3.1 Brownian dynamics

When the particles in a cell diffuse there will be collisions with smaller solvent
particles, this results in a random walk which can be modeled by Brownian
dynamics (BD). The random walk of a particle in time can be calculated
using the Smoluchowski equation [1]

x(t+ ∆tBD) = x(t) +
√

2γ0∆tBDξ, (3.1)

where x(t) is the position vector at time t, ∆tBD is the time step and ξ is
a random number normally distributed with zero mean and unit variance.
Equation (3.1) is used in BD to sample particle trajectories in a continuous
space. Derived from the dilute MSD Equation (2.2) the time step is [17]

∆tBD <
s2

2γ0
, (3.2)

here s is the desired spatial resolution which is the largest possible step length
for a particle. The spatial resolution has to be tuned, a too big resolution can
result in unphysical behavior where a particle may ignore a collision with an-
other particle and decreasing the resolution will increase the execution time.
The freely available software package Smoldyn which is based on the Smolu-
chowski Equation (3.1) was used to simulate diffusion with BD. In Smoldyn
the particles are represented as hard spheres, but the implementation of
excluded volume effect is not fully supported [17]. To prevent overlapping
particles at the initial state a setup simulation had to be made. The parti-
cles were allowed to move until they were separated, then the positions of the
particles were recorded and used as an input for the simulations. MATLAB
was used to create a script that executed multiple Smoldyn simulations.

3.2 Cellular Automata

Compared to the BD model that uses a continuous space the computational
performance is increased when the particle trajectories are limited to an
artificial lattice, this method is called Cellular automata (CA).
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3.2.1 Implementation

In the CA model a lattice which discretizes the domain into voxels is intro-
duced. Each voxel can contain at most one particle or be empty. Initially
the particles are randomly distributed on the lattice. At each time step the
particles are picked in random order to jump to a random chosen neighbour-
ing voxel. If the chosen neighbouring voxel is empty the particle will move
there, otherwise the jump will be rejected. Crowders are represented as an
extra, static particle type. The time step is chosen by the equation

∆tCA =
h2

4γ0
, (3.3)

derived from Equation (2.2), where h is the distance between the center of
two neighbouring voxels. When all particles have been chosen and moved
the time step is updated by t = t+ ∆tCA.
To simulate diffusion with the CA model Algorithm 1 in the Appendix was
implemented using MATLAB. To be able to track the diffusive motion of
particles over long times without encountering boundary effects, periodic
boundary conditions on all boundaries were implemented. Then we used a
counter that tracked the amount of times a particle crossed a boundary and
in what direction the crossing occurred. We then computed the MSD from
an ensemble of these trajectories.

3.2.2 Lattice geometries

In the diffusion simulation three different lattice geometries were investi-
gated: Cartesian, Cartesian with diagonal jumps and hexagonal geometry.
When Cartesian coordinates are used the target site is chosen from the four
neighbouring voxels oriented up, right, down or left relative to the particle

h 

(a) Cartesian

h 

(b) Hexagonal

h 

(c) Diagonal

Figure 3.1: Different lattice geometries for CA simulations. (a) Cartesian
geometry, (b) hexagonal geometry and (c) Cartesian geometry with diagonal
jumps.

15



position. The implementation of a Cartesian lattice was straightforward, the
particle has the probability of 25% to jump in either direction. When a
hexagonal lattice was used the particle neighbour target site is chosen from
the six neighbouring voxels. The particle now has the probability of 16.67%
to jump in either direction. The hexagonal lattice was implemented by using
pointy-topped hexagons, the voxels were mapped to axial coordinates as seen
in Fig 3.2. Since the rows are more compact than the columns there are 1.5
times more rows then the amount of columns to maintain a squared domain.
When mapping to axial coordinates there is an 0.5 distance unit offset in
the x-direction for the odd-numbered rows which have to be included in the
MSD calculation. For the Cartesian coordinates with diagonal jumps the

Figure 3.2: Pointy-topped hexagonal lattice mapped to axial coordinates

target site is chosen from the 8 closest neighbouring sites, as in Fig 3.1.
The distance to a neighbouring voxel that is located along the diagonal axis
is longer then a neighbouring voxel along the Cartesian axis, therefore the
probability for the particle to jump along the diagonal axis is scaled as in [8]
to the probability 17.88%. The model has to match the dilute MSD stated
in (2.3) and since the particle makes a longer jump along the diagonal axis
the time-step for the model with diagonal jumps will be calculated as in [8]
by

∆tCA
diagonal =

h2

3.3934γ0
. (3.4)
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4 Reaction-diffusion models

It is not only important that the model is able to simulate the diffusion pro-
cess in a realistic way, it should also be able to simulate reactions. The diffi-
culty when investigating reactions is that the occurrence of reactions not only
depends on the reaction rates but on the diffusivity of the particles since they
need to collide for a reaction to occur. The crowders’ impact on the reactions
are twofold: they slow down the diffusion of the particles, which decreases
the number of reactions per time interval; on the other hand the crowders
decrease the available volume and hence increase the rate of reaction-rate-
limited reactions. To investigate the difference between the reaction behavior
in BD and CA, association, dissociation and reversible reactions will be sim-
ulated. We use two different models for the reaction-diffusion simulations,
see Fig. 4.1. Model 1 is the traditional interpretation of the CA model where
all particles have the same size. In Model 2 a more physical correct interpre-
tation is suggested, the product particle of an association reaction occupies
the sum of the reactants volume. However, this method only allows unreal-
istic representation of C in the CA method. The radius of C particles are
increased in Model 2, therefore the diffusion constant has to be scaled, by
using Equation (2.1) the equation

γ0,C =
γ0r

rC
(4.1)

is derived, where γ0,C is the diffusion constant used for the bigger sized C
particle and rC is the radius of the C particles.

(a) BD: Model 1 (b) BD: Model 2

(c) CA: Model 1 (d) CA: Model 2

Figure 4.1: The two different models for particle C. Model 1: C has the
same size as A and B. Model 2: C has the sum of the volume of A and B.
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4.1 Association reactions

The bimolecular binding reaction

A+B
ka−→ C (4.2)

is considered. To be able to simulate the association reaction with CA the
diffusion model was extended, if the chosen voxel is occupied and the two
particles can react then a reaction will occur with probability Pa [4][5][6]. The
association reaction simulations were made by implementing the algorithm
stated in CA Algorithm 2 in the Appendix using MATLAB. For the BD
implementation of association reactions Smoldyn was used. A reaction rate
constant ka had to be entered and since Smoldyn does not fully support ex-
cluded volumes this value had to be found experimentally. This was done by
simulating the mean binding time for two particles in a [20×20] domain with
reflective boundary conditions without any crowders, with different values on
ka until the mean binding time matched with the corresponding simulation
done in CA where the association reaction probability Pa was set to one. The
result is seen in Table 4.1.

Parameter Mean binding time
BD ka = 20.3 τa = 105.23± 1.06
CA Pa = 1 τa = 103.81± 1.20
RRE kmacro

a = 3.8270 τa = 104.52

Table 4.1: The reaction rate ka in Smoldyn, such that the mean binding time
agrees with that of a CA simulation with Pa = 1 in a dilute environment.
kmacro
a is the macroscopic reaction rate.

In order to have a reference to the simulation results the macroscopic reaction-
rate equation (RRE) was used. The RRE for the reaction in Equation (4.2)
in a dilute environment can be calculated by

d

dt
ad(t) = −kmacro

a a(t)b(t), (4.3)

where ad(t) is the concentration of A particles and kmacro
a is the macroscopic

rate constant. The resulting value of ka was converted to the macroscopic
constant kmacro

a by inverting it and scaled by the domain volume V [13]. In
the simulations the initial concentration of A and B particles are equal, then
the solution to the RRE (4.3) is

ad(t) =
a0

a0kmacro
a t+ 1

(4.4)

where a0 is the initial concentration of A particles.
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4.2 Dissociation reactions

In this section the dissociation reaction

C
kd−→ A+B (4.5)

is considered. To be able to simulate the dissociation reaction in CA Algo-
rithm 3 in the Appendix was implemented using MATLAB. The particle in
this model has the probability Pd to dissociate each time step, if the chosen
voxels are empty. The dissociation probability Pd is set to 0.1. The mean
time until a dissociation reaction occurs in a dilute environment can then be
calculated by

τd = ∆tCA

∞∑
i=1

Pd(1− Pd)
i−1i = 2.5. (4.6)

To derive the macroscopic RRE reference solution the macroscopic reaction
rate kmacro

d can be calculated by

kmacro
d =

1

τd
= 0.4. (4.7)

We use the dissociation rate kmacro
d for the simulations with Smoldyn of BD.

The macroscopic dissociation RRE can then be solved using the equation

ad(t) = ad0 + cd0
(
1− e−kmacro

d t
)
. (4.8)

When using Model 1 for CA the dissociation reactions can be rejected if
there is no space for the product particles, but since Smoldyn does not fully
support excluded volumes the BD model will always allow the dissociation
reaction to happen even if there is no space for the product particles. Hence,
for dissociation simulations only the CA model will be examined with Model
1 and compared with the macroscopic RRE solution. Then Model 2 will be
used to investigate both the CA and BD model.

4.3 Reversible reactions

Finally the reversible reaction for the binding reaction will be investigated

A+B
ka−⇀↽−
kd

C. (4.9)

The reaction rates ka and kd are the same as in the corresponding associ-
ation and dissociation models, but for the reversible reactions a rebinding
probability has to be set in Smoldyn to 25% so that the A and B particles
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are placed at the correct distance from each other after a dissociation event
to match the rebinding probability in the CA model. The implementation
of CA was done by merging the association and dissociation algorithms seen
in the Appendix. The macroscopic RREs for the reversible reaction are non-
linear and can not be solved analytically in time, but we can compute the
steady state concentration ā

ā =
1

2

−kmacro
d

kmacro
a

±

√(
kmacro
d

kmacro
a

)2

+ 4
kmacro
d

kmacro
a

(a0 + c0)

 . (4.10)

We simulate the reversible reaction with CA when Model 1 is used, and
compare CA and BD for Model 2.
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5 Simulation results

In this section the results of the diffusion and reaction-diffusion simulations
will be presented and analyzed.

5.1 Diffusion simulations

The diffusion simulations were carried out in a [50 × 50] squared domain
with the particle size h set to one, so that the particles in CA have the
size [1 × 1] and the particles in BD have the diameter one. The diffusion
constant was set to γ0 = 1. The time steps for the CA simulations were
calculated using Equation (3.3) and Equation (3.4), resulting in ∆tCA = 0.25
and ∆tCA

diagonal = 0.2947. The time step for the BD model was chosen by
starting with the spatial resolution s = 0.1 and then decreasing it until the
result was unaffected by any smaller time step, resulting in ∆tBD = 0.001.
Periodic boundary conditions were used. The crowders were static in all
simulations. The models were validated by simulating in a dilute environment
and the result matched the theoretical MSD stated in Equation (2.2).
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Figure 5.1: The MSD for a diffusing particle where φ is the percentage of
occupied volume of the static crowders. The reference line is the theoretical
MSD in a dilute environment. The first row is shows 〈x2(t)〉 and the second
row shows 〈x2(t)〉/4t.
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In Fig. 5.1 the MSD for the diffusion simulations with different crow-
der densities (φ) is plotted. We sample 1e5 trajectories with CA where the
crowder distribution was randomized for each new trajectory. For the BD
simulations we computed 1000 trajectories for 100 different crowder distri-
butions. As expected the diffusion was decreased when increasing φ, but
the diffusion in the BD model was lower than the CA models. This appears
counter-intuitive, since the lattices in the CA models limits the possible di-
rections and in the BD model the diffusing particle can move in any direction
and this should lead to higher mobility. On the other hand the lattice also
orders the particles so that they exclude less space (see Fig. 2.1), thus the
faster diffusion in the CA model. When comparing the lattice geometries
the hexagonal lattice has the highest diffusivity, since the diffusing particle
has more possible directions to jump compared to Cartesian lattice. At the
lattice with diagonal jumps the particle has less diffusivity then hexagonal
even though it has more possible jump directions compared to the hexagonal
lattice, this is caused by the fact that the jumps happen along the Cartesian
axes 82% of the times. For high crowder densities (φ = 0.6) the diffusing
particle in the BD and the Cartesian lattice have almost no diffusion since
there is no free passage, but in the hexagonal and diagonal lattices which
have less direction limitations the particle still has the possibility to diffuse.
In the second row of Fig. 5.1 the diffusion constant is analyzed by using
Equation (2.2) and dividing it by 4t. In a dilute environment the diffusion
constant stays constant (γ0 = 1) but for a crowded environment it becomes
anomalous and varies in time. When the particle starts to diffuse into space it
diffuses as in an uncrowded environment until it encounters a crowder which
will slow it down, after a while the diffusion constant will converge to a long
time behavior . When the crowder density is high (φ = 0.6) the pathways
the particle can take is less then 2-dimensional and the particle is bounded
in a sub-domain, this results in a diffusion constant that is decreasing for all
times [18].
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Figure 5.2: The converged values of the effective diffusivition constant γ(φ).

In Fig. 5.2 the simulations where the effective diffusion constant had
converged at t = 1000 is plotted to further investigate effective diffusion
constant γ(φ). As expected, γ(φ) decreased with increasing crowder density.
It is seen that the lattice methods are underestimating the excluded volume
effect on the diffusivity. It also appears that γ(φ) depends linearly on φ
[9][15].

(a) BD (b) Cartesian

(c) Hexagonal (d) Diagonal

Figure 5.3: MSD and the 95% confidence interval simulated for 100 trajec-
tories with one crowder distribution.
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To investigate the variance of the MSD, we simulated with 100 trajectories
in one crowder distribution, and then plot the MSD together with the 95%
confidence interval in Fig. 5.3. When increasing the crowder density φ the
available space becomes limited for the particles to diffuse in, hence the
decreasing variance. In the BD simulation only two curves are seen since the
diffusion and variance for the cases with φ = 0.4 and φ = 0.6 are close to
zero. The grid geometry does not appear to have any further effect on the
variance.

5.2 Reaction-diffusion simulations

The reaction-diffusion simulations were made in a [20× 20] squared domain.
The particle size h was again set to one in Model 1. In Model 2 the C par-
ticles had the size of [1 × 2] or [2 × 1] in CA and the diameter 2

√
2 in BD.

The diffusion constant for the particles was set to γ0 = 1 and in Model 2 the
diffusion constant for C particles was calculated to be γ0,C =

√
2 by Equa-

tion (4.1). The time steps for the CA and BD simulations were the same as
in the diffusion simulations for Model 1. For Model 2 the time step for the
C particle was calculated by Equation (3.3) to ∆tCA

C = 0.3536. Reflective
boundary conditions were used for all reaction-diffusion simulations. Since
the diffusivity for the Cartesian lattice was most similar to the more accurate
BD model only this geometry was considered in the reaction-diffusion sim-
ulations. The reaction-diffusion simulations were done for 1e4 trajectories
with a new crowder distribution for each trajectory.

5.2.1 Association simulations

The association simulations were done with Model 1. Note that when a
reaction occurs the C particle is still in the system and will be equivalent to
a diffusing crowder, this phenomena can be called self-crowding.
In Fig. 5.4 the concentration a(t) and the difference to the dilute association
RRE solution ad(t) is plotted. For very short times the reaction speed is
increased in the models compared to the RRE solution, because initially
reaction partners are distributed close to each other since the surrounding
crowders limits the space. The CA simulations with the artificial lattice
had faster diffusion than the BD model, which leads to a non-linear effect
on the reaction behavior [11]. For early times it slows down the reactions
since the particles that may react have a higher chance of escaping each
other. Then a cross-over between the CA and BD curves occurs when the
increased diffusivity of the CA simulations leads to a faster encounter of the
initially distant reaction partners and the reaction occurs faster in the CA
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Figure 5.4: Concentrations a(t) of A particles for the association reaction
A + B → C in a crowded environment for different crowder concentrations
φ, simulated with CA (solid lines) and BD (dashed lines) for Model 1. First
column: a(t). Second column: a(t)− ad(t).

5.2.2 Dissociation simulations

In Fig. 5.5 the concentration a(t) for CA simulations with different crowder
concentrations and the difference to the dilute dissociation RRE solution at(t)
are plotted. Even the simulations in dilute medium (φ = 0.0) do not follow
the concentration from the dilute macroscopic solution in Equation (4.8),
this is due to the self-crowding effect. In the dissociation process the A and
B particles act as moving obstacles and it is seen that the deviation between
the simulations and the analytical solution are increased for an increased
initial concentrations a0 = b0. The crowders prevent the C particles from
dissociating into A and B particles since an additional voxel is needed and
as expected a decrease in the concentration a(t) is seen when φ is increased.
When introducing Model 2 the C particles are doubled in size compared to
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Figure 5.5: Concentration a(t) of the A particles in a system with the disso-
ciation reaction C → A + B for different crowder concentrations simulated
with CA for Model 1. First column: a(t). Second column: a(t)− ad(t)

the A and B particles, then the dissociation reaction is always successful,
since no additional voxel is needed. To illustrate this, sample paths from
the BD and CA simulations are compared to the concentration from the
analytical solution and are shown in Fig. 5.6.
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Figure 5.6: Sample paths of the dissociation reaction C → A + B with
Model 2, simulated for BD and CA and the macroscopic solution (4.8) in
dilute medium with c0 = 0.4.

5.2.3 Reversible simulations

We now combine the previous results to investigate the reversible reaction
in a crowded environment. In Fig. 5.7 the simulations of the reversible re-
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Figure 5.7: The concentration of A molecules for the reversible reaction
A+B 
 C simulated with CA, for Model I and the steady state solution ā
in dilute medium (4.10).

action for Model 1 with CA is plotted. It is seen that when increasing the
amount of crowders the amount of A particles are decreased in the steady-
state, since the crowding particles occupy the lattice and hence block some
of the dissociation reactions. Furthermore the rebinding time for A and B
is decreased since the crowders prevent the reactants from escaping, making
a rebinding more likely. The difference between the reversible RRE solution
and the simulations made without crowders deviate due to the self-crowding
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ā

(a) a0 = 0.05

0 10 20 30 40 50

t

0.05

0.1

0.15

0.2

a
(t
)

φ = 0.0
φ = 0.2
ā
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Figure 5.8: The concentration a(t) of A molecules for the reversible reaction
A+B 
 C with Model II, simulated with CA (solid lines) and BD (dashed
lines).

In Fig. 5.8 the simulations of the reversible reaction for Model 2 with CA
and BD are plotted. Comparing the results for the CA simulations with the
results of Model 1 it is seen that the steady-state is increased, which was
expected since in this model the C particle always has space to dissociate
into A and B particles. The steady state solution is still above the simulated
steady state, indicating that the increased rebinding probability is the dom-
inant effect. The CA simulations underestimate the excluded volume effect
since it is more likely that the A and B particles diffuse away from each
other.
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(a) BD with φ = 0.0 (b) BD with φ = 0.2

(c) CA with φ = 0.0 (d) CA with φ = 0.2

Figure 5.9: The spatial distributions of A (blue), B (red) and C (grey)
and the static crowders (black) in the steady state of the reversible reaction
A+B 
 C with the initial concentrations a0 = b0 = 0.2 and c0 = 0.

Finally snapshots of the distributions of A, B, C and crowder particles from
the Model 2 simulations in the steady state are shown in Fig. 5.9. It is seen
that when increasing the crowder concentration the distribution of A and B
particles spatially becomes more inhomogeneous, this is caused by the effect
that crowders make it more common that the A and B particles that are
close to each other associates into C particles [6].
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6 Conclusions

To be able to understand the diffusion and reaction behavior of a particle
inside a living cell different models have been investigated. We are especially
interested in their performance in a crowded environment. It is not only
important that the model is accurate but it should also be computationally
efficient. In this project a more accurate model with Brownian dynamics has
therefore been compared to the Cellular Automata model which is a more
computationally efficient model. The results of these microscopic models
have been compared with the solutions of the dilute macroscopic reaction-
rate equations. The simulations were limited to two dimensions and only
simulations with static crowders were performed to reduce the computational
complexity.
The investigation of the diffusivity in a crowded environment showed, as
expected, that when increasing the amount of crowders the diffusivity was
decreased. But the diffusivity was lower in the model that used Brownian Dy-
namics compared to the Cellular Automata model, which can be explained by
the fact that when the particles become ordered in a lattice, less space is ex-
cluded, and the particles diffuse faster. The diffusion simulations were made
with three different lattice geometries. The result was that the Cartesian
geometry was most similar to the more accurate Brownian dynamics model,
and therefore this geometry was the only one used in the reaction-diffusion
simulations. To investigate the reaction-diffusion behavior three different re-
actions were modeled: association, dissociation and reversible reactions. In
the association simulations the reaction rates were decreased when increasing
the amount of crowders, since the reactions are limited by how fast the reac-
tants can collide. Comparing the model that used a lattice to the one with
Brownian dynamics showed that there are two phases. Initially the reactions
happen faster in the Brownian dynamics model since the particles are less
likely to escape a reaction when placed close to each other, but for longer
times the reactions occurred faster in the lattice model since it has a higher
diffusivity. To model dissociation and reversible reactions a new model was
introduced where not all particles had the same size but instead the product
of a reaction occupies the sum of the reactants’ volumes. The result of the
dissociation and reversible reaction simulations showed that the crowding
stabilizes the particles making a rebinding after a dissociation event more
likely, which makes the particle distribution more inhomogeneous. When the
initial concentration of particles was increased the reaction rates were slowed
down for all reaction-diffusion simulations, due to more self-crowding.
The purpose with this project was to investigate if the more computationally
efficient on-lattice model gives similar simulation results as the the accurate
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off-lattice model in crowded environments. The conclusion is that the lattice
model is more computationally efficient but the diffusion does not agree with
the more accurate model when the concentration of crowders is high.
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Appendix

The following algorithms were used to implement the CA models using MAT-
LAB to investigate the diffusivity and reaction behavior:

Algorithm 1 Cellular Automata - Diffusion

1: Initialize system by distributing one diffusing particle and the initial
number of crowder particles randomly on the lattice.

2: while t < T do
3: Randomly choose a nearest neighbouring site as target.
4: if target site is empty then
5: Move the particle.
6: else
7: Reject the jump.
8: end if
9: Set t = t+ ∆t

10: end while

Algorithm 2 Cellular Automata - Association reaction

1: Initialize system by distributing initial numbers of particles A, B and C
particles and the initial number of crowders randomly on the lattice.

2: while t < T do
3: Choose molecules in random order.
4: for each molecule do
5: Randomly choose a nearest neighbouring site as target.
6: if target site is empty then
7: Move the particle.
8: else
9: if molecule is A(B) and target site is occupied by B(A) then

10: Generate a random number ξ
11: if ξ < Pa then
12: Replace A and B with a C particle at target site.
13: else
14: Reject the jump.
15: end if
16: else
17: Reject the jump.
18: end if
19: end if
20: end for
21: Set t = t+ ∆t
22: end while
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Algorithm 3 Cellular Automata - Dissociation reaction

1: Initialize system by distributing initial numbers of particles A, B and C
particles and the initial number of crowders randomly on the lattice.

2: while t < T do
3: Choose molecules in random order.
4: for each molecule do
5: Randomly choose a nearest neighbouring site as target.
6: Generate a random number ξ
7: if ξ < Pd and target site is empty then
8: Replace C with A and B at initial site and target site.
9: else if target site is empty then

10: Move the particle.
11: else
12: Reject the jump.
13: end if
14: end for
15: Set t = t+ ∆t
16: end while
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