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Abstract

Extreme conditions allow us to reveal unusual material prop-

erties. At the same time an experimental approach is di�-

cult under such conditions. Capabilities of a theoretical ap-

proach based on simpli�ed models are limited. This explains

a wide application of computer simulations at extreme condi-

tions. My thesis is concerned with computer simulations under

such a conditions. I address such problems as melting, solid�

solid phase transitions, shock�wave impact on material proper-

ties and chemical reactions under extreme conditions. We ad-

dressed these problems to facilitate simulations of phase transi-

tions to provide some interpretation of experimental data and

explain enigmatic phenomena in interior of the Earth.





Sammanfattning

Datorn modellering av amne under extrema förhållande. Detta arbete
har motiverats av ett antal problem, relaterade till metodologin för
simulering medelst molekyldynamik, som uppträder vid simuleringen
av material och fasövergångar vid extrema tryck och temperaturer.
Valet av problem har inspirerats av dessas relevans för geovetenskap, i
synnerhet för fysiken och kemin för jordens kärna.

Vi har undersökt överhettningsproblemet. överhettning förblir ett
hinder för simulering av smältning, då fenomenet, om man inte tar
hänsyn till det, leder till fel i beräkningarna av smälttemperatur och
ger som resultat avsevärt för höga smälttemperaturer. Vi har visat
att om man introducerar kristalldefekter och korngränser så eliminerar
detta till stor del e�ekten av överhettning. Med andra ord, genom
att göra kristallprovet mer realistiskt gör detta det möjligt för oss att
erhålla mer realistiska smälttemperaturer.

Vår studie av ädelgaser vid höga tryck inspirerades av nyliga exper-
iment som gav onormalt låga smälttemperaturer som resultat. Vi mis-
stänkte att det som observerades i dessa experiment var en solid�solid
fasövergång och inte smältning. Mycket riktigt, vi fann att den kubiskt
rymdcentrerade fasen blir stabil under dessa förutsättningar. En direkt
simulering av en solid�solid fasövergång kräver mycket långa simuler-
ingstider. Därför tillämpade vi metadynamikmetoden, som påskyndar
uppträdandet av en ny fas, vilken gjorde det möjligt för oss att simulera
solid�solid fasövergången.

Molybden studerades därför att liknande mönster framträder för
Mo och Fe. Järn, i sin tur är ett mineral av avgörande vikt för jor-
dens kärna. Det �nns experiment som mäter ljudhastigheten bakom
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en chockvågsfront i Mo och Fe. I båda fallen föreligger kontrover-
siella resultat. Det �nns experiment som pekar på en fasövergång längs
Hugoniotkurvan såväl som experiment som inte visar något tecken på
fasövergång. Därför kan vi genom att studeraMo indirekt få insikt i de
möjliga orsakerna till kontroversen vad gäller järn. Vi fann att antagan-
det att ingen fasövergång inträ�ar i Mo leder till en diskrepans mellan
mätta och teoretiska data ovanför en viss tryck�temperatur punkt på
kurvan medan däremot perfekt överensstämmelse råder under denna
punkt. Av detta drog vi slutsatsen att Mo genomgår en fasövergång
och kanske också samma förhållande gäller för Fe.

Strukturen och egenskaperna hos jordens kärna är avhängiga de
processer som äger rum vid dess rand. Vi fann att det är möjligt att
tunga kolväten syntetiseras från en C−O−H vätska vid kärnans yttre
rand. Syret binds till järn i kärnan medan en C −H blandning bildas.
Detta kan förklara den låga tätheten i den yttre, �ytande, kärnan.

Den centrala frågan vad gäller studier av jordens kärna är vilka
processer som äger rum under extrema villkor. En enorm mängd kon-
troversiella studier har gjorts inom detta område. Vi fann att vid de
villkor som gäller i jordens inre kärna så övergår den hexagonala fasen,
som är stabil vid låg temperatur och ett tryck på 3,6 Mbar, till den
rymdcentrerade kubiska fasen. Vidare har vi påvisat att nyliga experi-
ment redan har upptäckt denna övergång men att data har misstolkats.
Vår studie är ett bra exempel på att en beräkningstudie ger möjlighet
till insikt i fysiken för ett experiment och att förklara uppmätta data.

De studier som har genomförts påvisar styrkan hos det beräkn-
ingsmässiga angreppet, som idag har mognat till den grad att det kan
tävla med experiment vad gäller precision och oftast är överlägset ex-
periment vad gäller detaljer.
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Chapter 1

Introduction

Since the early days of science there were only two approaches to study
the Universe: theoretical and experimental. With the start of the
computer era in 1940's the new computational approach connecting the
theoretical and applied approaches has appeared. The main feature of
a computational method is the possibility to get the exact solution for
the models with practically any level of complexity.

In the theoretical approach in order to analytically solve the prob-
lem one have to often approximate the sophisticated model with a
more simple one. This might lead to ambiguity, misunderstanding and
errors. The direct solution achieved by numerical methods allows to
check the correctness of theoretical approximations. Besides, compu-
tational physics opens a possibility to treat the models that could not
be solved analytically. Further, the comparison of a numerical solution
with experimental data allows to direct testing the correctness of theo-
retical model. This is even more important for the experiments, where
direct measurements or control of parameters is laborious or not avail-
able. Besides, computer models can predict new properties of material
and new areas for research.

There are plenty of a states in which matter can exist in the Uni-
verse. The most familiar are solid, liquid and gas since they can be
found at normal conditions around us. If one will increase the tem-
perature, another, plasma state can be reached. This is the type of
matter from which stars are made of. But what if one increase the
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4 CHAPTER 1. INTRODUCTION

pressure, whereas still solid, matter can also acquire new properties.
The most common place for such a conditions is interior of planets.
At the pressure of millions of atmospheres atoms become so close to
each other that their electron shells start to overlap. This can lead
to completely new mechanic, electric, optical properties of materials.
Probably the most known example of high pressure�temperature trans-
formation is transition of graphite carbon to the diamond phase. Fur-
ther, the diamond remains metastable in the normal conditions. The
computational simulations opens possibility to study materials that can
preserve their high�pressure properties while quenched and to discover
new "diamonds".

Since the direct access to the planet's interior is not possible even
for our own planet, such an extreme conditions have to be produced in
the laboratory. There are two ways to do that. The �rst is dynamical,
when extreme conditions can be achieved during the blast due to a high
velocity collision (shock wave technique). Here, desired conditions last
only for a tiny part of second and are di�cult to control. Another
way is to use diamond anvil cell (DAC). A main idea of DAC is to
squeeze the matter between two tips of strong material. The less area
of the tips, the higher pressure one can achieve. The desired pressure
can be preserved in such a set�up for hours and days. But the thing,
which made the main advantage of this technique turns to be the main
drawback. The sample that one can squeeze appears to be down to the
fraction of the cubic millimetre of volume.

Obviously, often it is hard to interpret the results of such an ex-
periments. Analytical theory does not allow to directly interpret the
many�particle interactions since the �rst�principle equations can not
be solved analytically. Here the point where the computational meth-
ods come to the scene to help both theoretical and experimental ap-
proaches.

The scope of this thesis is the high pressure�temperature phase
transitions. After the introduction, in the �rst part of chapter 2 the
basics of the molecular dynamics technique and its extension, meta-
dynamics, are described. It explains how the atomic motion, forces
between atoms and interatomic potentials are calculated and analysed.
The second part of chapter 2 describes the density functional theory
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(DFT), which is used for the ab initio (from �rst principles) calcula-
tions and its application to the MD. The third part explains creation
of starting con�gurations for the simulations and tools used during the
simulations.

The third chapter lists the main results of this work. In the �rst
part I describe the in�uence of the grain boundaries and dislocations on
the sold�liquid phase transition during the molecular dynamics (MD)
simulations. The study was done using the simple atom�atom inter-
action model with Lennard�Jones potential �tted to xenon. Next, the
range and conditions of applicability of the metadynamics method to
the study of solid�solid phase transitions is described. The simulations
in this part were conducted using the Buckingham's model of inter�
atomic interaction.

The second part of the third chapter reports results for Iron and
Molybdenum under the extreme conditions. I performed the calcula-
tions of sound velocity in the Molybdenum along the Hugoniot using
DFT�based ab initio molecular dynamics. The same approach was
used to describe Iron under the Earth's core conditions.

The last part of this chapter describes the possibility and mecha-
nisms of synthesis of heavy hydrocarbons at the core�mantle boundary.





Chapter 2

Theory and methods

2.1 Molecular dynamics

2.1.1 Introduction

Whenever straightforward measurements can not be performed or in-
terpreted correctly one can try to predict the properties of the studied
system by numerical calculations. Probably the most straightforward
and brute�force method is to go "from scratch" using the principles of
quantum mechanics. That is solving the time�dependent Schrödinger
equations for the set of electrons and nuclei. Despite the apparent at-
tractiveness of this approach, it is out of reach even for a system of
hundreds of atoms for current computers and doubtfully will be avail-
able in a foreseeable future for systems containing a number of particles
comparable to the Avogadro number (6.022× 1023).

Another approach is classical molecular dynamics. In this approach
the Born-Oppenheimer approximation is used. The distribution of the
electrons is computed assuming that they adjust instantaneously to
the movement of the nuclei. Then the Schrödinger equation could be
splitted into a time�dependent part of equation for nuclei and a time�
dependent part for the electronic degrees of freedom. In many cases
the quantum aspects of nuclei motion could be neglected and classical
mechanics with Newton's equation of motion could be used to describe
the motions of atoms. Each atom moves according to the potential
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8 CHAPTER 2. THEORY AND METHODS

formed by the surrounding atoms, thereby describing the behaviour of
the whole system. This concept was initially proposed by B. Alder and
T. Wainwright [1] in the 1950's for a model with hard sphere colliding
particles. This approach was improved further by A. Rahman [2] for
continuous potentials and a uniform timestep.

The idea is to compute the motion on N interacting particles with
masses mi which represent the motion of atoms in the system. Accord-
ing to the Newton law

mi
d2ri

dt2
= Fi , i = 1..N, (2.1)

where ri(t) is the position of particle i at time t. At each moment of
time each atom experiences the force Fi, which could be calculated as
the derivative of the potential energy U . The function U is determined
by the positions of all the atoms at time t,

Fi = ∇ri
U(r1, .., rN). (2.2)

Knowing the mass of the particle mi and the force Fi one can calculate
the acceleration ai of the particle i. Then its trajectory can be calcu-
lated in a straightforward manner. The result of this calculation is the
position of the particle.

Repeating this cycle will result in a trajectory of all atoms of the
simulated systems in the direction of lower potential energy of each
particle thus minimizing the total energy of the system. The �nal result
depends on the quality of the approximated potential energy U . A good
approximation will lead to an an extremely detailed description of both
the dynamics and equilibrium properties of the simulated system.
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2.1.2 Models of inter�atomic interactions used in
work

Classically, the total potential of a system of N interacting point par-
ticles can be written as,

U(r1...rN) =
N∑
i=1

u1(ri)+
N∑
i=1

N∑
j>i

u2(ri, rj)+
N∑
i=1

N∑
j>i

N∑
k>j>i

u3(ri, rj, rk)+... ,

(2.3)
where the �rst summand corresponds to the external �eld (such as
electrical, gravitational, etc.), which is applied to the system. The
two�body term corresponds to the two�particle interactions. The other
terms correspond to the three�body, four�body, etc. interactions. High
order interactions represent the classical approximation to the quantum
mechanical interactions. Although these high order body interactions
plays an important role to the behaviour of the system, they are quite
computationally expensive. Even at normal conditions these terms can
account for up to ∼ 10% of the total potential energy and could not
be ignored. The standard way to deal with this is to parametrize the
two�body potential to reproduce the experimental data. In the density
and temperature range of interest these interactions could play an even
greater role and must be taken care of even more meticulously [3].

In the light of these considerations, the total potential could be
presented as an e�ective pair-potential u(rij):

U ≈
N∑
i=1

u1(ri) +
N∑
i=1

N∑
j>i

u(rij) . (2.4)

The choice of this potential is always a compromise between a detail
description and the complexity of computing. Providing an extremely
high accuracy might require vast computer resources although giving
slight improvement of results.

In most cases it is possible to introduce several approximations to
the concept of force �eld. First, the potential energy could be divided
into bonded interactions (e.g. for chemically connected atoms) which
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represent mostly the quantum e�ects, and nonbonded interactions for
pair of atoms which are only located near each other.

Normally the bonded atoms are situated on an average constant
distance just slightly deviating from their equilibrium position. Such a
deviation could be Fourie�transformed and if this deviation is relatively
small it could be presented as harmonic vibrations

Ubond(rij) =
kbij
2

(rij − r0
ij)

2 (2.5)

where kbij is a force constant that describes the sti�ness of the actual
type of bond and r0

ij is the equilibrium length of the bond.
Three atoms connected to an angle structure will slightly oscillate

around the equilibrium angle α0. In a similar way, this vibration can
be described by

Uangle =
kijk
2

(αijk − α0
ijk)

2 (2.6)

where αijk represents the angle between ij and jk bonds (where i is
bonded to j and j bonded to k). The constant kijk determines the
sti�ness of the structure.

While the bond between two atoms can be described as a 1�dimensional
oscillation, three atoms as a 2�dimensional oscillation, similarly a four�
atom system can be treated as a 3�dimensional interaction. An exam-
ple of such a system is the dihedral bond. In this case two atoms from
the sides could rotate about the axis represented by the bond between
two middle atoms. Although this e�ect is caused by a sophisticated
interaction of electronic orbitals, it can be imaged as a simple angle
dependent periodic potential.

Bonded interactions could be treated as local and thus normally
they involve only particles that are connected to each other.

Lennard�Jones potential

Nonbonded interactions could be described as long-range ordered and
at normal conditions will be applied at distances more than several
typical bond lengths. In other words, it could be described as "all
interact with all." Thus calculation of interactions account for most
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of the total computer time, even if we neglect contributions beyond
some cut�o� distance. Normally this type of interaction consists of two
parts. The repulsive part plays a role on short distances due to overlap
of the electronic wave functions. The attractive part corresponds to the
van der Waals forces, that is due to electrostatic interactions between
charged particles. The simplest form of such an interaction is known
as the Lennard�Jones (LJ) interaction [4],

VLennard−Jones(rij) = 4ε

[(
σ

rij

)12

−
(
σ

rij

)6
]
, (2.7)

where σ and ε could be chosen to reproduce the experimental data. The
power 6 is chosen due to London's theory. The power 12 is chosen ar-
bitrary to reduce the calculations and has no physical meaning. Often,
LJ interaction is using in the truncated form to achieve computational
savings. A common choice of cut�o� distance (rcut) is 2σ, after which
the potential is said to equal 0. Thus, results for the simulation should
be corrected for the long-range part of interaction (r > rcut). This
model mostly �tted to describe the solid, liquid and vapour phases of
the Noble gases.

Buckingham potential

The repulsion term could also be chosen in an exponential form (Buck-
ingham interactions [5]).

VBuck(rij) = A exp (−Brij)−
(
C

rij

)6

, (2.8)

where A, B and C could be chosen to reproduce the experimental data.
The Buckingham model is more adequate at higher densities, than LJ,
but requires more computational power. Although, at small r potential
diverges to −∞, which leads to unphysical bounding of atoms.
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Coulomb interaction

The calculation of interaction of charged particles is causing problems.
The electrostatic interaction is given by

VCoulomb(rij) =
qiqj

4πε0εrrij
(2.9)

where qi and qj are the charges. The vacuum permittivity ε0 is intro-
duced to relate the units of electrical charge to mechanical quantities
such as length and force. The parameter εr is the relative permittiv-
ity which corresponds to a macroscopic description of matter and in
general must be omitted on the microscopic scale. This in turn might
cause an unrealistic behaviour of polar molecules such as water and
must be compensated by introducing the electronic polarizability.

Embedded atom model

In the case of metals, due to the presence of relatively uniform electron
density between atomic sites, the pair potentials are unable to correctly
describe interactions. The most used model for metallic systems is
the semi�empirical Embedded atom model (EAM). In this model each
atom is viewed as being embedded in the material consisting of all other
atoms. This media produces the host electron density. The model
describes interaction as a sum of two components: interaction between
atoms and the term describing the interaction with the electron density:

VEAM(ri) = F (ρ̄i) +
1

2

∑
j 6=i

U(rij). (2.10)

Here, V (rij) term is responsible for the pair interaction, ρi is a local
electron density and F (ρi) is the energy corresponding the presence of
that local density. According to the Finnis�Sinclair model, the electron
energy contribution can be approximated through the pairwise function

F (ρ̄i) = −εC
√
ρ̄i (2.11)

ρ̄i =
∑
j 6=i

ρ(rij), (2.12)
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where ρ̄i represents the electron density at i�th atom position deter-
mined by the densities from all other atoms.

The pairwise functions for EAM potential is often implemented us-
ing the Sutton�Chen relations

U(rij) = ε

(
a

rij

)n
(2.13)

ρ(rij) = ε

(
a

rij

)m
, (2.14)

where parameters ε, C, a, m and n are �tted to represent either ex-
perimental of �rst�principle data. This potential is designed for metals
and their alloys and successfully reproduce di�erent solid and liquid
phases.

2.1.3 Boundary conditions

Even the largest molecular dynamics simulations are performed on a
number of molecules which is incredibly small compared to that of bulk
material. To avoid the edge e�ects from the computational call periodic
boundary conditions (PBC) are used. The idea of this consists of that
all simulated particles are surrounded by their virtual images. Thus
if one particle leaves the simulation cell to the right, it will enter it
from the left. The most usable cell for such a condition is a square
rectangular box, whereas other types (e.g. spherical) also do exist [6].

It was found that the properties calculated for such a system often
coincide with the properties of larger systems. Nevertheless one should
choose the minimum size of the system carefully to avoid �nite size
e�ects which can arise due to e.g. lack of long�wavelength phonon
vibrations.

To avoid the self�interaction between a particle and its image and
also reduce the calculation cost the radius of the interaction could be
truncated outside a cuto� distance rc. For the LJ interactions at a
distance around 1 nm the potential energy is dropping to a few percent
and could be neglected. To avoid artefacts normally the potential is
shifted in order to equal zero at in�nity.
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In contrast to LJ�type interactions, electrostatic interactions decays
as r−1, which means that they are still not negligible even at lengths of
several nanometers. Moreover if truncated it will accumulate charges
at the boundaries. At present, one of the best methods to treat long-
range interactions is based on Ewald summation which is a technique
to e�ciently calculate the interactions between a charge and its peri-
odic copies. The calculation is split into two parts: one short�ranged
part that converges quickly in real space. The other is long�ranged, it
converges quickly in Fourier space.

2.1.4 Ensembles and parameters' controlling

While simulating the microscopic behaviour of a material, one �nally
desires to get a macroscopic description of the system. In turn the
macroscopic parameters such as temperature, pressure, viscosity, hard-
ness etc. correspond to the average of the state of the system in sta-
tistical equilibrium. The connection between such macroscopic and
microscopical parameters (such as velocity and position of each parti-
cle) is introduced in the concept of ensemble. The standard equation of
motion represents the microcanonical ensemble: a system that consists
of a �xed number of particles in a �xed volume with constant total
energy. If instead of the total energy one wishes to keep constant the
kinetic energy (in other words the temperature) a thermostat should
be introduced. The concept of a thermostat could be implemented in
several ways. The simplest way is to scale the velocities of the particles
to obtain the desired average kinetic energy. This method has a draw-
back that it produces the isokinetic ensemble. Despite that it has the
same average temperature as the canonical ensemble, the distribution
of energy is not following the Boltzmann distribution, thus such an
ensemble represents incorrect thermodynamic properties of a material.
Due to the given reasons such a thermostat could be used better for
raising the temperature of the system than the actual simulations. The
well�known Berendsen thermostat [7] produces such an ensemble.

The �rst deterministic method for a correct thermostat molecular
dynamics was introduced independently by Nose and Evans [8] and
lately improved by Hoover [9]. This method uses the friction term in
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the equations of motion along with an additional degree of freedom.
It produces the true canonical ensemble and could be used during the
simulations.

To keep a constant pressure in the system barostats are used. The
main principle of keeping the pressure constant is changing the size
of the simulation box. Normally, this is done in the same way as
thermostating by introducing the box vector velocities as the additional
degrees of freedom to the equations of motion.

Also it should be mentioned that the Nose�Hoover algorithm can
produce large pressure and temperature oscillations while starting from
the far out equilibrium point. In this case a better way will be to use
the Berendsen weak coupling method at �rst to reach the equilibrium
surroundings and then switch to the Nose�Hoover algorithm.

2.1.5 Integration algorithms

The classic method to solve the di�erential equation in order to cal-
culate the atom's trajectory are the �nite�di�erence methods. These
methods approximate di�erentials such as dx and dt as �nite di�er-
ences ∆x and ∆t. Then di�erential equations become the �nite di�er-
ence equations, which can be solved numerically. The Tailor expansion
for the coordinate equation is

~ri(t+ ∆t) = ~ri(t) +
d~ri(t)

dt
∆t+

1

2

d2~ri(t)

dt2
∆t2 +

1

3!

d3~ri(t)

dt3
∆t3 +O(∆t4)

(2.15)
Between the large number of �nite�di�erence methods, the most

commonly used it the Runge�Kutta algorithm. It approximates them
up to �rst order.

~ri(t+ ∆t) = ~ri(t) + ~̇ri(t)∆t+O(∆t2) (2.16)

Then the problem is reduced to �nding the correct estimation for the
slope ~̇ri(t). The �rst�order RK algorithm approximates it with the
straight line and is called the Euler method. The more precise esti-
mation can be done by analysing several time�steps. Thus, the pop-
ular four�order RK requires four force evaluations per atom per step.



16 CHAPTER 2. THEORY AND METHODS

Whereas the accuracy of the Euler method often is not enough, the
four-order RK slows down with the large number of simulating parti-
cles.

Verlet's algorithm

If the Tailor expansion is written for one timestep up (+∆t) and one
timestep down (−∆t), then summation of these two equations will
eliminate all odd�therms, remaining

~ri(t+ ∆t) = 2~ri(t)− ~ri(t−∆t) +
d2~ri(t)

dt2
∆t2 +O(∆t4) (2.17)

This equation has a local truncation error that varies as (∆t)4 and
thus is third order, although contains only second�order derivatives.
There are several ways to calculate velocities. One of them is the
predictor�corrector scheme. The common idea behind them is to cal-
culate position and velocities on the next step, then evaluate the forces
using new position and correct predictions using combination of the
predicted and previous position and velocity.

1. Calculate: ~r(t+ ∆t) = ~r(t) + ~v(t) ∆t+ 1
2
~a(t) ∆t2

2. Derive ~a(t+ ∆t) from the interaction potential using ~r(t+ ∆t)

3. Calculate: ~v(t+ ∆t) = ~v(t) + 1
2

(~a(t) + ~a(t+ ∆t)) ∆t

The accuracy of such Verlet's algorithm implementation is O(∆t4)
for position and O(∆t2) for velocity.

Beeman's algorithm

The Beeman algorithm improves the Verlet's integration method. It
produces the same trajectory positions as the Verlet algorithm, but
the calculates velocities more accurate. The three step of predictor�
corrector method for the Beemans algorithm are next:

1. ~r(t+ ∆t) = ~r(t) + ~vi(t)∆t+ 1
6

(
4~a(t)− ~a(t−∆t)

)
∆t2 +O(∆t4).
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2. ~r(t+ ∆t) = ~r(t) + ~v(t)∆t+ 1
6

(
a(t+ ∆t) + 2~a(t)

)
∆t2 +O(∆t4);

~v(t+∆t)∆t = ~r(t+∆t)−x(t)+ 1
6

(
2~a(t+∆t)+~a(t)

)
∆t2+O(∆t4);

3. ~r(t+ ∆t) = ~r(t) + ~v(t)∆t+ 1
6

(
4~a(t)− ~a(t−∆t)

)
∆t2 +O(∆t4)

~v(t+∆t) = ~v(t)+ 1
6

(
2~a(t+∆t)+5~a(t)−~a(t−∆t)

)
∆t+O(∆t3);

It has the local error O(∆t4) for position and O(∆t3) velocity, re-
sulting in a global error of O(∆t3).

2.2 Metadynamics method

The time needed for a system to cross an energy barrier is exponentially
proportional to the height of the barrier. If this height is much more
than the characteristic energy kBT the timescale of such transitions
could be extended up to millions of years. Considering the character-
istic time of MD simulations is up to milliseconds it's clear that such
a transition will never occur using a standard MD method. This is
a common case during MD simulation where due to small size of a
system and periodic boundary conditions heterogeneous nucleation is
suppressed and the potential barriers are very high. The simplest way
to overcome such a barrier is to overheat or overpressurize the system
to close the point of mechanical instability. However, in many cases
this could not be done, f.ex. if the energy supplied by overheating will
lead to transition to an undesired state.

At given pressure and temperature system is always in a minimum
of the Gibbs free energy (either global or local). These minima corre-
spond to stable or metastable states of the system. During a standard
equilibrium MD simulation the system explores only a neighbourhood
of the free energy surface around a local stable minimum. The ap-
proach of metadynamics is to research these minima by exploring the
Gibbs potential at constant pressure [10, 11]. By adding a history�
dependent biasing potential, it is possible to escape the free�energy
minimum. This potential is constructed as a sum of Gaussians centred
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along the trajectory of variables. The trajectory is chosen to lead to
the direction of the new minimum of the Gibbs free energy.

In the general case the energy of the system is a function of N
variables where N is a number of degrees of freedom of a system. For
a system consisting of thousands of particles, the energy landscape
then will be represented by function G(RN) of N variables. It's really
impossible to operate on such complicated function. In many cases it
is possible to choose a set of collective variables (CVs) s, which are
nonlinear functions of the atomic coordinates and then operate on an
energy as a function of collective variables G(s).

In case of simulation with a small number of particles the metady-
namics approach can be implemented in the following way. As collective
variables the edges of the elementary cell could be taken.

Until the box has a small amount of distortions the MD supercell
edges (a,b, c) will correspond to the edges of the elementary cell. The
amount of appropriate distortions must be determined for each speci�c
simulation setup. Then by freezing the rotational degrees of freedom,
we can rewrite this symmetric matrix as upper�triangular and form
the vector h = (h11, h22, h33, h12, h13, h23)T as a collective coordinate
parameter. The Gibbs free energy then could be written as a function
of these variables G(h) = F (h)+PV , where F is Helmholtz free energy
of system and V = det(a,b, c) is a volume of the box.

Close to the equilibrium crystal structure h0, the Gibbs free energy
could be written as

G(h) ≈ G(h0) +
1

2
(h− h0)

T
A(h− h0), (2.18)

where the Hessian matrix

Aij = ∂2G(h)/∂hi∂hj|h0 (2.19)

could be calculated from �nite di�erences of the pressure tensor. Nor-
mally the potential well has a highly anisotropic shape. To reduce this
e�ect collective variables could be transformed to

si =
√
λi
∑
j

Oij(hj − h0
j), (2.20)
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where λi are eigenvalues and O is a matrix orthogonal to the Hes-
sian matrix A. With this transformation the potential well becomes
spherical

G(s) ≈ G(h0) + 1/2
∑
i

s2
i . (2.21)

The thermodynamic force ∂G/∂si reads

∂G

∂si
=
∑
j

∂G

∂hij
Oij

1√
λi
,

where −∂G/∂hij = V [h−1(P − p)]ij, P is the averaged macroscopic
pressure tensor and p is an internal pressure tensor. The collective
variables now evolve according to a steepest�descent�like discrete evo-
lution

st+1 = st + δs
φt

|φt|
(2.22)

with stepping parameter δs. The driving force

φt = −∂G
t

∂s
(2.23)

is coming from the history�dependent Gibbs potential

Gt(s) = G(s) +
∑
t′<t

We−|s−s
t′|2/2δs2 , (2.24)

where Gaussians �ll all visited points of a trajectory to push the system
out of the local minimum and to prevent these points being visited
again.

The concept of metadynamics could be imagined as a sandbox
where the depth of wells corresponds to the level of the energy and
the deposited fraction of the sand corresponds to the Gaussian. Start-
ing from one of the wells, one then deposits the sand at the point in
the neighbourhood where the depth is maximum, thus gradually �lls
the whole well and then moves to other holes. The bene�t of such an
approach is that one does not need to know the location and the nature
of all minima beforehand. The system will gradually migrate from one
local minimum to another step by step visiting each of them.
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2.3 Density functional theory

Density functional theory (DFT) is a computational quantum mechan-
ical modelling method used in physics, chemistry and materials science
to investigate the electronic structure (principally the ground state)
of many�body systems, in particular atoms, molecules, and the con-
densed phases. Using this theory, the properties of a many�electron
system can be determined by using functionals, i.e. functions of an-
other function, which in this case is the spatially dependent electron
density. Hence the name density functional theory comes from the use
of functionals of the electron density. DFT is among the most popular
and versatile methods available in condensed�matter physics, compu-
tational physics, and computational chemistry.

Although density functional theory has its conceptual roots in the
Thomas�Fermi model, DFT was put on a �rm theoretical footing by
the two Hohenberg�Kohn theorems (H�K). The original H�K theorems
held only for non�degenerate ground states in the absence of a magnetic
�eld, although they have since been generalized to encompass these.

The �rst H�K theorem demonstrates that the ground state prop-
erties of a many�electron system are uniquely determined by an elec-
tron density that depends on only 3 spatial coordinates. It lays the
groundwork for reducing the many�body problem of N electrons with
3N spatial coordinates to 3 spatial coordinates, through the use of func-
tionals of the electron density. This theorem can be extended to the
time�dependent domain to develop time�dependent density functional
theory (TDDFT), which can be used to describe excited states.

The second H�K theorem de�nes an energy functional for the sys-
tem and proves that the correct ground state electron density minimizes
this energy functional.

Within the framework of Kohn�Sham DFT (KS DFT), the in-
tractable many�body problem of interacting electrons in a static ex-
ternal potential is reduced to a tractable problem of non�interacting
electrons moving in an e�ective potential. The e�ective potential in-
cludes the external potential and the e�ects of the Coulomb interactions
between the electrons, e.g., the exchange and correlation interactions.
Modeling the latter two interactions becomes the di�culty within KS
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DFT. The simplest approximation is the local�density approximation
(LDA), which is based upon exact exchange energy for a uniform elec-
tron gas, which can be obtained from the Thomas�Fermi model, and
from �ts to the correlation energy for a uniform electron gas. Non�
interacting systems are relatively easy to solve as the wavefunction can
be represented as a Slater determinant of orbitals. Further, the kinetic
energy functional of such a system is known exactly. The exchange�
correlation part of the total�energy functional remains unknown and
must be approximated.

Another approach, less popular than KS DFT but arguably more
closely related to the spirit of the original H�K theorems, is orbital�free
density functional theory (OFDFT), in which approximate functionals
are also used for the kinetic energy of the non-interacting system.

2.3.1 The Born�Oppenheimer approximation

This approach is named after Max Born and J. Robert Oppenheimer,
who noted that the movements of the electrons are about 100 times
faster than those of the nuclei, one can factorize the wave function into

Ψtotal = ψelectronic × ψnuclear (2.25)

where ψnuclear describes the nuclei and ψelectronic describes the elec-
trons. Thus, we get two separate equations as

He(r,R) χ(r,R) = Ee χ(r,R) (2.26)

[Tn + Ee(R)]φ(R) = Eφ(R) (2.27)

Thus, the di�erence between the true Hamiltonian and the latter
expressions is that the nuclei are regarded as �xed, resulting in an
energy V (Ri) called the interatomic potential, to give the motion of the
nuclei. Although being simpli�ed by the Born�Oppenheimer method,
sine qua non the calculations would be severe, the evaluation is still
challenging. Furthermore in some cases, one must be cautious with
the �xed nuclei position due to quantum e�ects: a consequence of the
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uncertainty principle that prevents particles from being in a state of
absolute rest. One such a case could be molecular dynamics performed
on a light mass system at low temperatures.

2.3.2 Kohn�Sham equations

The Kohn�Sham equations are named after Walter Kohn and Lu Jeu Sham,
who introduced the concept in 1965. This equation is the Schrödinger
equation of a �ctitious system (the "Kohn�Sham system") of non�
interacting particles (typically electrons) that generate the same den-
sity as any given system of interacting particles. The Kohn�Sham
equation is de�ned by a local e�ective (�ctitious) external potential in
which the non�interacting particles move, typically denoted as vs(r) or
veff (r), called the Kohn�Sham potential. As the particles in the Kohn�
Sham system are non-interacting fermions, the Kohn�Sham wavefunc-
tion is a single Slater determinant constructed from a set of orbitals
that are the lowest energy solutions to(

− h̄2

2m
∇2 + veff (r)

)
φi(r) = εiφi(r) (2.28)

This eigenvalue equation is the typical representation of the Kohn�
Sham equations. Here, εi is the orbital energy of the corresponding
Kohn�Sham orbital, φi, and the density for an N�particle system is

ρ(r) =
N∑
i

|φi(r)|2. (2.29)

2.3.3 General gradient approximation

The major problem with DFT is that the exact functionals for ex-
change and correlation are not known except for the free electron gas.
However, approximations exist which permit the calculation of certain
physical quantities quite accurately. In physics the most widely used
approximation is the local�density approximation (LDA), where the
functional depends only on the density at the coordinate where the
functional is evaluated:



2.3. DENSITY FUNCTIONAL THEORY 23

ELDA
XC [n] =

∫
εXC(n)n(~r)d3r. (2.30)

Generalized gradient approximations (GGA) are still local but also
take into account the gradient of the density at the same coordinate:

EGGA
XC [n↑, n↓] =

∫
εXC(n↑, n↓, ~∇n↑, ~∇n↓)n(~r)d3r. (2.31)

Potentially more accurate than the GGA functionals are the meta-
GGA functionals, a natural development after the GGA (generalized
gradient approximation). Meta�GGA DFT functional in its original
form includes the second derivative of the electron density (the Lapla-
cian) whereas GGA includes only the density and its �rst derivative in
the exchange�correlation potential.

2.3.4 Computational methods

Projector augmented waves

The projector augmented wave method (PAW) is a technique used
in ab initio electronic structure calculations. It is a generalization of
the pseudopotential and linear augmented�plane�wave methods, and
allows for density functional theory calculations to be performed with
greater computational e�ciency.

Valence wavefunctions tend to have rapid oscillations near ion cores
due to the requirement that they be orthogonal to core states; this sit-
uation is problematic because it requires many Fourier components (or
in the case of grid�based methods, a very �ne mesh) to describe the
wavefunctions accurately. The PAW approach addresses this issue by
transforming these rapidly oscillating wavefunctions into smooth wave-
functions which are more computationally convenient, and provides a
way to calculate all�electron properties from these smooth wavefunc-
tions. This approach is somewhat reminiscent of a change from the
Schrödinger picture to the Heisenberg picture.
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Pseudopotentials

The many electron Schrödinger equation can be very much simpli�ed
if electrons are divided in two groups: valence electrons and inner core
electrons. The electrons in the inner shells are strongly bound and
do not play a signi�cant role in the chemical binding of atoms; they
also partially screen the nucleus, thus forming with the nucleus an al-
most inert core. Binding properties are almost completely due to the
valence electrons, especially in metals and semiconductors. This sepa-
ration suggests that inner electrons can be ignored in a large number
of cases, thereby reducing the atom to an ionic core that interacts with
the valence electrons. The use of an e�ective interaction, a pseudopo-
tential, that approximates the potential felt by the valence electrons,
was �rst proposed by Fermi in 1934 and Hellmann in 1935. In spite
of the simpli�cation pseudo-potentials introduce in calculations, they
remained forgotten until the late 50's.

A crucial step toward more realistic pseudo�potentials was given
by Topp and Hop�eld and more recently Cronin, who suggested that
the pseudo�potential should be adjusted such that they describe the
valence charge density accurately. Based on that idea, modern pseudo�
potentials are obtained inverting the free atom Schrödinger equation for
a given reference electronic con�guration and forcing the pseudo wave�
functions to coincide with the true valence wave functions beyond a
certain distance rl.. The pseudo wave�functions are also forced to have
the same norm as the true valence wave�functions and can be written
as

Rpp
l (r) = RAE.

nl (r)∫ rl

0

dr|RPP
l (r)|2r2 =

∫ rl

0

dr|RAE.
nl (r)|2r2 (2.32)

where Rl(r). is the radial part of the wavefunction with angular
momentum l., and pp. and AE. denote, respectively, the pseudo wave�
function and the true (all�electron) wave-function. The index n in the
true wave�functions denotes the valence level. The distance beyond
which the true and the pseudo wave�functions are equal, rl., is also
l.�dependent.
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2.4 Lattice vibrations

2.4.1 Phonons

Atoms in solids have rather limited mobility comparing to those in liq-
uids or gases; they are tethered to their respective equilibrium positions
which can frequently be represented by a crystal lattice. The crystal
lattice is however never rigid. Due to temperature, external �eld or
pressure, the atoms vibrate around their equilibrium positions cease-
lessly; even under the absolute zero temperature, the atoms are not
stationary at all. The study of lattice vibrations � lattice dynamics
� began with the understanding of thermal properties of solids, yet its
role is not limited to thermal properties, instead it is of fundamental
importance.

The vibration of atoms in a crystal is correlated, and a collective vi-
bration forms a wave of allowed wavelength and amplitude. The quan-
tum of such lattice vibration is called the phonon, while the "phonon
dispersion" gives the wave vector dependence of the phonon frequen-
cies. Experimentally, the phonon dispersion can be determined indi-
rectly via the interaction between lattice waves and other waves, such
as neutron inelastic scattering or electron energy loss spectroscopy.

2.4.2 Quasi�harmonic approximation

The phonon dispersion can also be determined by theoretical com-
putation. In this regard, there are mainly two approaches based on
the �rst principles calculations within density functional theory: direct
method (frozen�phonon) and the density functional perturbation the-
ory (DFPT). The direct method imposes displacements of atoms, and
constructs the dynamical matrix based on the Hellman�Feynman forces
induced. This method is relatively easy to implement and is therefore
widely used. However, such calculations usually require a supercell that
should be comfortably larger than the longest�range interatomic force,
and the phonon wavevector should be commensurate with the struc-
ture. With many atoms and electrons in a large supercell, however,
the calculations can become unwisely, especially since the computation
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time often scales as the cube of the number of electrons. The DFPT
approach makes use of the linear response theory to evaluates the dy-
namical matrix, which is found to be rather accurate and e�cient. In
spite of this, the methods based on �rst principles calculations are gen-
erally computationally demanding and frequently prohibitive, leaving
the empirical or semi�empirical force �eld based methods more or less
a practical choice. For the force �eld based methods, one usually con-
structs the dynamical matrix by evaluating the second derivatives of
the force �eld with respective to the equilibrium positions, and then
calculates the phonon frequencies by getting the eigenvalues of the dy-
namical matrix � the traditional lattice dynamics (LD). In general,
the LD provides a straightforward scheme to investigate the phonon
dispersion, provided that an accurate/reliable.

Phonon density of states

An alternative way is to evaluate the phonons within molecular dy-
namics (MD) simulation, where the equations of motion are integrated
to follow in time the positions and velocities of all atoms. Molecular
dynamics is not restricted to harmonic forces, and large-amplitude dis-
placements allow investigations of anharmonic behavior. Presently, the
widely known method available to evaluate the phonon dispersion based
on molecular dynamics simulation is to calculate the velocity�velocity
autocorrelation function v(t)v(0) from the trajectory of each atom in
a molecular dynamics simulation, whose Fourier transformation gives
the phonon density of states (PDOS)

g(ω) =

∫
eiωt
〈v(t)v(0)〉
〈v(0)v(0)〉

dt (2.33)

The dispersion relation could be obtained as well, but not as straight-
forward as the PDOS. Despite of its advantage, an accurate evaluation
of the velocity�velocity autocorrelation requires relatively large simu-
lation cells, considerably long simulation time and rather complicated
mathematical operations.
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2.4.3 Finite temperature phonon calculations

Phonon dispersion relations are calculated by looking for wavelike so-
lutions to the classical equations of motion of atoms under a small
displacement from their equilibrium sites.

Consider a crystal composed of an in�nite number of unit cells in
three dimensions labelled l = (l1, l2, l3) where li, i = 1, 2, 3 are integers.
Each unit cell is de�ned by three linearly independent vectors a1, a2,
a3 forming a parallelepiped. The origin of the l�th unit cell can then
be de�ned as

rl = l1a1 + l2a2 + l3a3,

relative to the origin l = (0, 0, 0). Each unit cell contains n basis atoms
which are labeled by k = 1, . . . , n, and the k�th basis atom lies at the
position ∆rk relative to the origin of its unit cell rl. Therefore the
position of any atom lk is given by rlk = rl + ∆rk.

Vibrations occur when the atoms are displaced from their equi-
librium positions by an amount of ulk = (ulkx , ulky , ulkz), the actual
position of any atom under the in�uence of a vibration is then Rlk =
rlk + ulk.

Assuming the displacements are small compared to interatomic dis-
tances, which is generally true for stable crystals at a temperature well
below its melting point, then the potential energy of the crystal can be
expanded about the equilibrium positions:

U = U0 +
∑
lkα

Φlkαulkα +
1

2

∑
lkα

∑
l′k′β

Φlkα,l′k′βulkαul′k′β + . . . (2.34)

where α and β enumerate all x, y, and z coordinates and the coef-
�cients Φlkα and Φlkα,l′k′β are given by

Φlkα =

(
∂U

∂ulkα

)
0

(2.35)

Φlkα,l′k′β =

(
∂2U

∂ulkα∂ul′k′β

)
0

, (lk) 6= (l′k′) (2.36)
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respectively. The subscript 0 indicates that the derivatives are evalu-
ated at the equilibrium positions, rlk.

Accordingly the lattice Green's function coe�cient can be obtained
by observing the second moment of the displacements:

Glkα,l′k′β = 〈ulkαul′k′β〉 , (2.37)

which relates to the force constant via

Φlkα,l′k′β = kBT
[
G−1

]
lkα,l′k′β

, (2.38)

i.e.,

Φ = kBTG
−1 (2.39)

The elastic constants Φlkα,l′k′β are well de�ned, it is possible to solve
the equation of motion

mkülkα = −
∑

Φlkα,l′k′βul′k′β (2.40)

by looking for the wavelike solutions. Finally, the dispersion can be
found

ω2(q)ekα =
∑

Dkα,k′β(q)ek′β, (2.41)

where D is known as the dynamic matrix, whose elements are given
by

Dkα,k′β(q) =
1

√
mkmk′

∑
Φlkα,l′k′β exp [iq · (rl′ − rl)] (2.42)

Consequently the eigenvalues of the dynamical matrix give the al-
lowed (squares of) phonon frequencies for a given q. The dynamical
matrix is Hermitian and the eigenvalues ω2(q) are therefore real; a
negative eigenvalue usually suggests that the system under study is
mechanically unstable.

The routine to measure the dynamical matrix and the phonon dis-
persion directly from molecular dynamics simulations is next. Observe
the displacements of atoms during molecular dynamics simulations and
then evaluate the Green's function coe�cients in the reciprocal space.
The force constant matrices and consequently the dynamical matrices
can then be obtained by simple matrix inversion and multiplication
operations [12].
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2.4.4 Sound velocity

From the macroscopic point of view, the sound is a mechanical vibra-
tions in the matter. The speed of sound depends on type of the matter
and di�ers for every aggregate phase. Thus it can serve a characteristic
property of matter to distinct phases. In solids there are two types of
vibrations: transverse and longitudinal. The speed of transverse waves
depends on the shear deformation under shear stress (shear modulus
G), and the density of the medium ρ. Longitudinal (or compression)
waves in solids depend on the same two factors with the addition of
a dependence on compressibility. The sound velocities of these two
types of waves propagating in a homogeneous 3�dimensional solid are
respectively given by

csolid,p =

√
K + 4

3
G

ρ
=

√
E(1− ν)

ρ(1 + ν)(1− 2ν)
, (2.43)

csolid,s =

√
G

ρ
, (2.44)

where

� K is the bulk modulus of the elastic materials

� G is the shear modulus of the elastic materials

� E is the Young's modulus

� ρ is the density

� ν is Poisson's ratio

Since the �uids do not sustain shear forces, there are only longitudi-
nal vibrations and the speed of sound in a �uid is given by cfluid =

√
K
ρ
,

where K is the bulk modulus of the �uid.
In order to �nd these constants and thus sound velocity, one can

use Hooke's law. It describes the elastic properties of material under
small stresses and can be expressed in matrix form as
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εxx
εyy
εzz
2εyz
2εzx
2εxy

 =



1
Ex

−νyx
Ey
−νzx

Ez
0 0 0

−νxy
Ex

1
Ey

−νzy
Ez

0 0 0

−νxz
Ex
−νyz

Ey

1
Ez

0 0 0

0 0 0 1
Gyz

0 0

0 0 0 0 1
Gzx

0

0 0 0 0 0 1
Gxy




σxx
σyy
σzz
σyz
σzx
σxy

 (2.45)

or εi = Cijσj, where C is a sti�ness tensor, σ is stress and ε is the
strain corresponded to stress can be calculated in MD simulation.

2.5 Tools

2.5.1 Molecular dynamics simulation package
DL POLY 4

DL POLY 4 is a general purpose parallel molecular dynamics simu-
lation package developed at Daresbury Laboratory by W. Smith and
I. T. Todorov. It is issued free under licence to academic institutions
pursuing scienti�c research of a non�commercial nature. Users have
direct access to source code for modi�cation and inspection. The code
is written in Fortran95, all real variables and parameters are speci�ed
in 64�bit precision (i.e real*8).

DL POLY is able to simulate simple atomic systems and mixtures,
unpolarisable and polarisable point ions and molecules, rigid molecular
ions with point charges, polymers with rigid bonds and point charges
(e.g. proteins), macromolecules and biological systems, silicate glasses
and zeolites, simple metals and alloys, covalent systems.

The list of implemented interactions is next:

� All common forms of non�bonded atom�atom potential;

� Atom�atom (site�site) Coulombic potentials;

� Valence angle potentials;
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� Dihedral angle potentials;

� Inversion potentials;

� Improper dihedral angle potentials;

� 3�body valence angle and hydrogen bond potentials;

� 4�body inversion potentials;

� Finnis�Sinclair and embedded atom type density dependent po-
tentials (for metals).

� The Terso� density dependent potential for covalent systems.

2.5.2 The large-scale atomic/molecular massively
parallel simulator (LAMMPS)

LAMMPS is a classical molecular dynamics code. It can model atomic,
polymeric, biological, metallic, granular, and coarse�grained systems
using a variety of force �elds and boundary conditions. LAMMPS can
model systems with only a few particles up to millions or billions.

LAMMPS was originally developed under a US Department of En-
ergy CRADA (Cooperative Research and Development Agreement) be-
tween two DOE labs and 3 companies. It is distributed by Sandia Na-
tional Labs. It uses the open�source code, written in C++, distributed
under the terms of the GNU Public License. It supports GPU (CUDA
and OpenCL), Intel(R) Xeon Phi(TM) coprocessors, and OpenMP ac-
celeration.

One of the main distinction of this software is the the script-like
format of the input script. It supports syntax for de�ning and using
variables, formulas, logical statements, looping, changing the parame-
ters of the simulation "on the �y" etc. As well, the script format allows
to user modi�cation of the output information format, dump per�atom
quantities, make spatial and time averaging of per�atom quantities.

Since its module structure, LAMMPS supports wide range of force
�elds:
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� charged and noncharged pairwise potentials

� manybody potentials

� long�range interactions for charge, point�dipoles, and LJ disper-
sion

� coarse�grained and mesoscopic potentials

� electron force �eld

� bond, angle, dihedral, improper potentials

� polymer potentials: all�atom, united�atom, bead�spring, break-
able

� water and implicit solvent potentials

� hybrid and overlaid potentials: superposition of multiple pair
potentials

LAMMPS allows to choose the appropriate integrator, such as velocity�
Verlet integrator, Brownian dynamics, rigid body integration, energy
minimization via conjugate gradient or steepest descent relaxation and
rerun command for post�processing of dump �les. LAMMPS allows
to dynamically add or modify ensembles, constraints, and boundary
conditions such as:

� 2d or 3d systems

� orthogonal or non�orthogonal (triclinic symmetry) simulation do-
mains

� constant NVE, NVT, NPT, NPH, Parinello/Rahman integrators

� thermostatting options for groups and geometric regions of atoms

� pressure control via Nose/Hoover or Berendsen barostat in 1 to
3 dimensions

� simulation box deformation (tensile and shear)
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� harmonic (umbrella) constraint forces

� rigid body constraints

� SHAKE bond and angle constraints

� Monte Carlo bond breaking, formation, swapping

� atom/molecule insertion and deletion

� walls of various kinds

� non�equilibrium molecular dynamics (NEMD)

� variety of additional boundary conditions and constraints

Finally, LAMMPS supports the range of specialized features, not
typical molecular dynamics. Generalized aspherical particles, stochas-
tic rotation dynamics (SRD), calculation of virtual di�raction patterns,
QM/MM coupling between others.

2.5.3 The Vienna ab initio simulation package
(VASP).

The Vienna Ab initio Simulation Package (VASP) is a computer pro-
gram for atomic scale materials modelling, e.g. electronic structure
calculations and quantum�mechanical molecular dynamics, from �rst
principles. It develops in the Vienna University and initially it was
based on the 1989 CASTEP version. The code is written in Fortran
90 language and supports MPI (message passing) parallelisation. VASP
computes an approximate solution to the many�body Schrödinger equa-
tion, either within density functional theory (DFT), solving the Kohn�
Sham equations, or within the Hartree�Fock (HF) approximation, solv-
ing the Roothaan equations. Hybrid functionals that mix the Hartree�
Fock approach with density functional theory are implemented as well.
Furthermore, Green's functions methods (GW quasiparticles, and ACFDT�
RPA) and many�body perturbation theory (2nd�order Moller�Plesset)
are available in VASP.
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In VASP, central quantities, like the one�electron orbitals, the elec-
tronic charge density, and the local potential are expressed in plane
wave basis sets. The interactions between the electrons and ions are
described using norm�conserving or ultrasoft pseudopotentials, or the
projector�augmented�wave method. It uses LDA, GGAs, metaGGAs,
Hartree�Fock, Hartree�Fock/DFT hybrids functionals. It can calculate
optical properties of material (frequency dependent tensors), magnetic
(collinear and non�collinear, spin�orbit coupling), linear response to
ionic displacements (phonons, elastic constants, internal strain tensors)
as well as macroscopic polarization and �nite electric �elds. The soft-
ware implements several dynamics and relaxation algorithms: Born�
Oppenheimer molecular dynamics, relaxation using conjugate gradient,
Quasi�Newton or damped molecular dynamics, etc.

2.5.4 Visual molecular dynamics (VMD)

VMD is designed for modeling, visualization, and analysis of biolog-
ical systems such as proteins, nucleic acids, lipid bilayer assemblies,
etc. It may be used to view more general molecules, as VMD can read
standard Protein Data Bank (PDB) �les and display the contained
structure. VMD provides a wide variety of methods for rendering and
coloring a molecule: simple points and lines, CPK spheres and cylin-
ders, licorice bonds, backbone tubes and ribbons, cartoon drawings,
and others. VMD can be used to animate and analyze the trajectory
of a molecular dynamics (MD) simulation.

Key features of VMD include:

� Support for all major computer platforms

� Support for multicore processors and GPU accelerated computa-
tion

� No limits on the number of molecules, atoms, residues or number
of trajectory frames, except available memory

� Many molecular rendering and coloring methods, stereo display
capability
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� Extensive atom selection syntax for choosing subsets of atoms
for display (includes boolean operators, regular expressions, and
more)

� Support for over 60 molecular �le formats and data types through
an extensive library of built�in �le reader/writer plugins and
translators

� VMD includes a multiple sequence alignment plugin, a uni�ed
bioinformatics analysis environment that allows one to organize,
display, and analyze both sequence and structure data for pro-
teins and nucleic acids.

� Ability to export displayed graphics to �les which may be pro-
cessed by a number of popular ray tracing and image rendering
packages, including POV�Ray, Rayshade, Raster3D, and Tachyon.

� User�extensible graphical and text�based user interfaces, built�
on standard Tcl/Tk and Python scripting languages

2.5.5 The ParaView data analysis and
visualization application

ParaView is an open�source, multi�platform data analysis and visual-
ization application. ParaView users can quickly build visualizations to
analyze their data using qualitative and quantitative techniques. The
data exploration can be done interactively in 3D or programmatically
using ParaView's batch processing capabilities. It was developed to
analyze extremely large datasets using distributed memory comput-
ing resources. It can be run on supercomputers to analyze datasets
of petascale as well as on laptops for smaller data. Under the hood,
ParaView uses the Visualization Toolkit (VTK) as the data processing
and rendering engine and has a user interface written using Qt library.

The ParaView project started in 2000 as a collaborative e�ort be-
tween Kitware Inc. and Los Alamos National Laboratory. The �rst
public release, ParaView 0.6, was announced in October 2002. Since
the beginning of the project, Kitware has successfully collaborated with
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Sandia, Los Alamos National Laboratories, the Army Research Lab-
oratory and various other academic and government institutions to
continue development.

2.5.6 Open visualization tool (OVITO)

OVITO (Open Visualization Tool) is a freely available visualization
and data analysis software for atomistic datasets as output by large�
scale molecular dynamics simulations. The task of visualization pack-
ages such as OVITO is to translate the raw atomic coordinates into
a meaningful graphical representation and enable an interpretation by
the scientist. OVITO provides realtime rendering of large particle sys-
tems (up to tens of millions) using OpenGL as well as high�quality
image and movie output for publication. It allows to analyse and
visualize particle properties based on user�de�ned math expressions,
common neighbor analysis (CNA), bond�angle analysis, coordination
number analysis and radial distribution function, atomic strain ten-
sors and other. OVITO is a platform�independent software written
in C++11 as Open Source software under the GNU General Public
License. It has Python�based scripting interface which allows batch
mode data processing.
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3.1 Phase transitions, classical potentials.

3.1.1 Melting of a polycrystalline material

Melting is one of the most common phase transitions we evidence in ev-
eryday life. It is also one of the least understandable phase transitions.
It is di�cult to analytically study the transition from a long�range or-
dered state into the state with a short�range order. This explains a
vast application of computational methods, mainly molecular dynam-
ics (MD), in studying the nature of melting. These studies can be
separated into two major groups. One of them is the study of generic
models, such as hard and soft spheres, Lennard�Jonesium, etc. An-
other group is the application of MD to particular materials where in-
teractions are described by various parametrized models or calculated
from �rst principles. Both kind of studies are abundant. An account
of the methods currently used in calculating the melting temperature
of a material can be found elsewhere [13]. We note, that if no special
arrangements are made, a material in a computational cell with peri-
odic boundary conditions will melt at the limit of superheating rather
than at the melting temperature. At the same time, real materials
are very di�cult to heat above the melting temperature. Very few su-
perheating experiments are known. Obviously, real materials are most
often di�erent from simulated materials. Of course, in computational
studies we deal with a model of interaction. However, even in the
case where the model is nearly perfect and does reproduce the melting
temperature correctly, superheating cannot be avoided without special
precautions. Real materials have an equilibrium population of defects
and this population becomes signi�cant when approaching the melting
temperature. Dislocations represent one of the defects and have been
used to explain the melting properties of materials. However, perhaps
the most signi�cant heterogeneity in real materials is introduced by
polycrystallinity. The con�guration in a MD simulation normally lacks
any of these. There are no defects, dislocations and grain boundaries.
The sample in a MD simulation is an ideal crystal unless special care
is taken of the setup.

The motivation for this study is as follows. There are two ways of
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Figure 3.1: Melting of a polycrystalline Xe sample. The isochore (particle
density is equal to 0.03 Å−1 and Xe melting curve are shown. Superheating
is avoided to a large extent.

experimentally reaching the state of high pressure. One of this is shock
wave experiment, that permits to create high pressure and high temper-
ature for a short period of time along the Hugoniot adiabat [14]. The
second is to use diamond anvil cell (DAC) where a high pressure can be
created along with a high temperature. Nowadays the DAC is the main
device to study melting at high pressure. The DAC technique permits
to obtain highly valuable data. At the same time, technical problems at
extreme pressures and temperatures often lead to controversial results.
In such a situation, direct atomistic modelling could help to get insight
into the physics of relevant processes and discriminate between correct
and erroneous results. However, before performing a direct modelling
of a DAC melting experiment, one has to make sure that the time and
space scales accessible in a simulation are su�cient to reproduce the
experimental situation. In particular, we want to make sure that our
simulations via direct heating make it possible to obtain the melting
temperature in agreement with the melting temperature as calculated
by comparing free energies of a solid and a liquid or by the 2�phase
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simulation method.
The molecular dynamics simulations have been performed using the

software package DL POLY [15]. We have studied Fe, He4, and Xe.
The convergence of results with timestep size, radius of cut�o� interac-
tion, system size, have been carefully checked. The Fe�Fe interaction
was modeled using the embedded atom method (EAM) developed by
�tting the results of �rst principle calculations [16, 17]. The He4−He4

interaction was described using the Aziz model [18]. Xe atoms were de-
scribed using the Born�Mayer potential parameterized by M. Ross [19].
Melting curves for Fe, Xe, and He4 have been calculated earlier [16, 17,
20, 21]. The isochores for face�centered cubic (fcc) and body�centered
cubic (bcc) phases were computed in the NVE ensemble.

The Z method [22] was shown to provide the melting temperature in
the absence of solid�solid transitions when simulations are performed in
the NVE ensemble. In such a case, the system, after reaching the limit
of superheating, spontaneously converges towards the melting temper-
ature. The loci of the points calculated in the NVE ensembles consist
of a solid part (almost the straight line corresponding to the tempera-
tures from 0 up to the temperature of the limit of superheating) and
a liquid part (these are the points that are obtained by heating the
system above the limit of superheating).

MD simulations have been performed for Xe fcc (stable at low T)
and bcc (stable at high P and high T) phases at low and high pres-
sures. These simulations con�rmed the validity of the Z method in the
pressure range without solid�solid phase transition. The low pressure
isochore almost exactly drops on the melting curve. The behavior at
high pressure, where a temperature induced solid�solid transition is
documented [20], is di�erent. The high pressure isochore lower "Z"
point is substantially higher than the melting curve. Besides, the lower
"Z" point of the fcc isochore is somewhat higher than the lower "Z"
point of the bcc isochore, giving an impression that the fcc phase melts
at a higher temperature as compared to the bcc phase. This behavior
is also obvious from the comparison of the fcc and bcc isochores in He4,
where the bcc phase is more stable than the fcc phase [21]. Therefore,
we conclude that the Z method might lead to erroneous conclusions if
it is used to determine the phase stability at an increasing tempera-
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ture [23].
We discovered that the presence of defects and grain boundaries

(Fig. 3.1) has a similar impact on the melting transition. Instead of
superheating the Fe sample with defects melts as a real sample un-
der condition of the constant volume. That is, when the temperature
reaches the melting temperature, it closely follows the melting curve
due to an increase of the liquid fraction in the computational cell. The
temperature increases at a lower rate due to the latent heat of melting.
When all of the sample is molten, the isochore quickly deviates from
the melting curve. A similar behavior can be seen for the sample with
grain boundaries (Fig. 3.1). The small overshooting of the melting
temperature that still can be seen in Fig. 3.1 is likely due to the �nite
time of simulations. The melting temperature can be calculated from
the condition that the liquid and solid Gibbs free energies are equal at
melting. This implies that the knowledge of the properties of a solid
phase alone is not su�cient to calculate the solid�liquid equilibrium
PT curve. This seems to contrast with the results of the present study
where only solid phases were considered. The question is, where the
liquid properties come into picture and become relevant? The answer
to this question is that in both cases, whether the sample has defects
or contains grain boundaries, the liquid is implicitly already present,
perhaps not as a bulk phase, but in a "nano" shape. Thus, defects
imply certain interruption of the crystalline order. High temperature
makes the structure around the defect even more close to a liquid. The
grain boundary case is more obvious due to the premelting, because
the interruption of the crystal structure allows for melting at the grain
boundary at temperatures below the melting temperature. Therefore,
this study suggests that indeed the properties of liquids are needed to
calculate the melting temperature. However, these properties are in-
trinsically described in the information on the energies of defect and
grain boundaries.
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3.1.2 In�uence of lattice defects on the melting
process

To study the in�uence of lattice defects on the melting we simulated
superheating using the simple Lennard�Jones model.

To determine the in�uence of the grain size on the superheating
limit the following simulation was conducted by substitution the central
region of the box by a randomly oriented grain with the same lattice
constant. The characteristic size of the inserted grains varied from
8 Å (several atomic layers) to 140 Å (inserted grain covered with several
layers of initial material). It was found that a noticeable reduction of
superheating starts already at 8 Å and from 100 Å a nearly complete
reduction of the superheating e�ect was obtained.

To check �nite�size e�ects on the simulation the size of the grain
was �xed to 12 Å. This size was chosen as being on the border of
in�uence on the superheating. It was obtained that starting from the
box with 13500 atoms and above the overheating e�ect is the same.

500 600 700 800 900 1000
Pressure, kbar

4000

6000

8000

10000

12000

14000

T
em

pe
ra

tu
re

, K

Melting line
Ref. overheat
30°
19.5°
14.5°
11.5°
9.6°
4.8°
0.29°

Figure 3.2: Isochores of combined two crystal layers compared to the
Lennard�Jonnesium melting curve. Dependence to the layers' disorienta-
tion. Mismatch angles are speci�ed in the legend. Rotation about Z axis.
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Finally, the dependence on grain boundary and grain lattice mis-
match was checked. The initial con�guration was created by substi-
tuting the half of the box by a material rotated along one axis. The
range of angles was chosen to be from 45◦ to 0.29◦. As a result these
con�gurations e�ectively removed the overheating e�ect independently
of the mismatch angle (�gure 3.2).

As a �nal conclusion it could be stated that introducing grain
boundaries in form of a single boundary or in a polycrystalline mate-
rial will allow the model to show realistic melting behaviour for crystals
with sizes down to several lattice layers.
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3.1.3 Metadynamics

A temperature induced solid-solid phase transition at high pressure is
di�cult to �nd in a diamond anvil cell (DAC) experiment [24]. More-
over, under high pressures and temperatures it is di�cult to discrimi-
nate a solid�solid phase transition from melting [25, 26].

A "�at" melting curve, that disagrees with melting predicted by the
Lindemann criterion [27], was reported for Cu, Ni, and Fe [28], Mo,
Ta [29], Ar, Kr and Xe [30] in the DAC measurements. The "�at"
melting curve can be seen in �g 2(a) in Ref. [30]. It was attempted to
explain this behaviour by a temperature induced solid�solid transition
(Fe [31], Mo [32], Ta [33], Xe [34]). The stable phase of Xe at normal
conditions is the face centered cubic (fcc) lattice. The existence of
a temperature induced stable body centered cubic (bcc) phase in Xe
described by the Buckingham potential was proven experimentally [34].
This result was later con�rmed by ab initio calculations [35]. Further,
the triple�point fcc�bcc�liquid was determined [36].

Direct computer simulations using variable�cell molecular dynamics
often fail to �nd a new phase due to free�energy barriers that separate
the phases. One of the methods that can be used to determine the PT
conditions at which such a phase transition occurs is metadynamics.
This method is based on the work of Rahman and Parrinello [37] and
Laio and Parrinello [38] and originally was applied to study of struc-
tural phase transitions in crystals by Marto¬ák, Laio and Parrinello [10,
11]. The main idea of this method consists in modi�cation of the free
energy surface by adding a history dependent term in such a way that
the system is e�ectively pushed out of the potential well. The impor-
tant advantage is that there is no requirement to know the possible
structures a priori. This method allows to search for minima of the
Gibbs free energy surface and, thus, for stable and metastable crystal
structures. Metadynamics was successfully applied for searching new
crystal structures obtained at high pressure and possible pathways of
the pertinent phase transitions [39�41].

In this work, we apply metadynamics to explore a solid�solid phase
transition in Xe modelled with the Buckingham potential for which
the T�induced phase is known to exist [34], and con�rmed by a recent
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study using the adiabatic free energy dynamics (AFED) approach [42].
The aim of this study is to determine the range of applicability of
the metadynamics approach. This might allow to apply it to other
materials, e.g. transition metals such as Mo, Fe, Cu, for which the
existence of T�induced phases is controversial [43�47].

As the model of interaction the Buckingham pairwise potential was
chosen because there is a proven solid�solid phase transition at high
temperatures [48]. The potential is de�ned by the pairwise function

uBuck(r) = A exp(−r/ρ)− C

r6
,

where parameters A = 740899.6 kJ/mol, ρ = 0.343846 Å and C =
28944.64 Å6· kJ/mol were taken from the work of Ross and McMa-
han [49].

We made simulations to search the phase transition temperatures
using a system of 13500 atoms when starting with the fcc lattice and
of 13718 atoms when starting with the bcc lattice (the cubic box with
approx. the same number of atoms).

The melting curve of Xe was obtained up to 2000 GPa, using the
Z�method [50] and two�phase method [36]. As was expected, the bcc
melting temperature was higher than that of fcc starting from the pres-
sure ∼50 GPa, indicating that bcc is more stable at higher pressures
near the melting temperatures.

It is known, that at low T and P the bcc structure of Xe is unstable.
In a stable structure the atoms subjected to a small displacement tend
to return to their equilibrium positions thus vibrating around the lattice
sites. If the lattice is unstable, then any displacement will lead to an
irreversible movement of the displaced atom, thus changing the total
structure of the lattice. Nevertheless at some T? the amplitude of
atomic vibrations can dynamically stabilise the average structure.

To �nd the approximate region of bcc stability a set of calculations
with NVE conditions was made. At volumes per atom (V) larger than
21 Å3, the bcc structure collapsed by di�usionless transformation of the
cell into a mixture of close packed structures. With V < 21 Å3, the
bcc structure didn't collapse after simulation around 100 times longer
than the characteristic time of the lattice destruction at higher atomic
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Figure 3.3: MD calculated melting data (crosses), compared to MD calculated
melting data by Belonoshko by Z-method using the fcc phase. The diamond
shows equilibrium between bcc and liquid, open triangle shows equilibrium be-
tween fcc and liquid [48]. The area between contains the triple point. Struc-
tural phase transition curve (squares) follows the melting line and starts from
the area of triple point.

volumes. The calculated PT values of dynamical stability points for
di�erent atomic densities can be seen to be related to the phase bound-
aries of Xe (Fig. 3.3). The dynamical stability curve showed that at
the pressure more than 90 GPa the bcc structure becomes dynamically
stable at any temperature.

Thus the next step was to �nd if the bcc lattice could at some
pressure become thermodynamically stable at zero temperature. Or
in other words if the shape of the stability curve of the bcc phase
will, in PT coordinates, follow the form of the dynamic stability region
(Fig. 3.3). The equilibrium between phases at constant pressure and
temperature is reached when their Gibbs free energiesG = E+PV−TS
are equal. At zero temperature the Gibbs free energy is equal to the
enthalpy G = H = U +PV , which, in turn, could be easily calculated.
Then the criteria of equilibrium between phases

Hfcc = Hbcc, or

U(Vfcc) + P (Vfcc)Vfcc = U(Vbcc) + P (Vbcc)Vbcc
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allow to �nd the equilibrium pressure (if such exists). To check this,
the internal energy together with pressure was calculated at zero tem-
perature. Down to the volume 10 Å3 per atom the enthalpy di�erence
is positive, which means that the fcc phase is stable. The slope of
the line shows that the di�erence grows with increasing density. Be-
low the volume 10 Å3 per atom the di�erence experiences an abrupt
drop. This volume corresponds to the nearest neighbour distance
≈ 2.35 Å and pressure ≈ 12000 GPa. The noise is due to some atoms
discretely appearing within the cuto� radius. Until a pressure around
1000−2000 GPa the enthalpy di�erence between fcc and bcc phases in-
creases with increasing of the internal energy di�erence. With further
increasing the pressure the internal energy di�erence keeps behaving
in the same manner, whereas the enthalpy di�erence decreases. This
shows that the PV term starts to play major role. Such a behaviour
can be explained by non�physical softening of the Buckingham poten-
tial. The existence of such a maximum of the potential is not physically
justi�ed so this sets a limit of 2000 GPa beyond which the force �eld
cannot be trusted anymore.

After �nding the upper and lower limits of phase stability, a com-
parison of the stability of the bcc and fcc phases was conducted using
the metadynamics method. A series of runs was performed for a range
of temperatures starting from the melting temperature of bcc with a
set of �xed pressures. The state of the system for the current metady-
namics step was monitored by calculating the coordination number.

The volume of the free�energy well in phase space is proportional
to the number of metadynamics steps that the system remains in that
well. Thus, calculating the number of metadynamics steps needed for
a phase transition will allow comparing the relative sizes of the energy
wells and approximately also the relative stability of the phases. With
temperature growth the number of metadynamics steps needed for a
fcc to bcc transition decreases, while if starting from the bcc lattice
more steps are needed to transform to the fcc lattice. The temperature
where the amount of steps are equal can be approximately considered
as the phase transition temperature.

We observe the existence of a phase transition from the fcc to bcc
structure at high temperatures for the chosen model using the metady-
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Figure 3.4: The fcc-bcc phase transition line (dashed) together with the MD
calculated melting curves for fcc (squares) and bcc (stars) lattices for pressure
up to 2000 GPa.

namics method (Fig. 3.4). The calculated phase transition line appears
to be in good accordance with the fcc�bcc�liquid triple point (around
4000 K at 50 GPa) [48]. The transition between the bcc and fcc struc-
tures occurs along a Bain pathway when two cell sides grow and one
side decreases in size preserving the orthogonal lattice. Further trans-
formation to the hcp structure occurs by growing one of the supercell
angles up to ≈ 120◦ while keeping all other variables nearly constant
(≈ 90◦). Thus the shape of the supercell e�ectively becomes rhombohe-
dral. The hcp phase is highly unstable and tends to release the stress
caused by the metadynamics by twinning already at the simulation
with 4000 atoms. This may be interpreted as the presence of a shallow
local energy minimum corresponding to the hcp phase. Unlike phase
transitions that occur at low temperature, where the entropy is not
important [11], in the range of our calculation there is no considerable
change in enthalpy.

The results appear to be strongly dependent on system size since
the relation between energy cost of lattice defect and the total energy
of the system can signi�cantly in�uence the phase transition. The
most reproducible results were obtained by using the middle�size boxes
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Figure 3.5: Evolution of cell edges (upper lines in graphs) and cell angles
(lower lines in graphs) during metadynamics run. The starting con�gura-
tion is a large fcc cubic cell with 256000 atoms and 166 Åedges at pres-
sure 200 GPa. At a temperature of 8400 K where smaller simulation boxes
demonstrate a sharp phase transition, the big box e�ectively relaxes stress
imposed by metadynamics by creating a large amount of defects. A sharp
phase transition is absent (a). At higher temperature of 8700 K, the creation
of defects starts much earlier and continues longer, which proves that the
size of the bcc free-energy well grows (b). At a temperature of 9000 K, above
the fcc melting temperature (≈8850 K) but below the bcc melting temperature
(≈9750 K), where the fcc phase could only exist as a metastable structure,
the system demonstrates sharp transition to the bcc phase along the Bain
path (c).

with ≈ 4000− 64000 atoms where phase transition occurs regularly in
both directions. At constant pressure, with increasing temperature, the
number of metadynamics steps required for fcc�bcc transition decreases
and for the bcc�fcc � increases. The stress appears to be uniformly
distributed between atomic layers with slight lattice deformations and
normally not causing lattice defects. Even though there is some scatter
in the number of metadynamics steps one can clearly see a pronounced
temperature dependence.

In systems with the number of atoms below 4000, the transitions
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basically occur in the same way. The di�erence is that the small sim-
ulation box is much more in�uenced by the lattice �uctuations. This
leads to the higher dispersion of the number of metadynamics steps
required to cross the free�energy barrier. The direct comparison of the
free�energy wells in the systems of such small size is complicated, and
use of larger simulation boxes is preferable. Still it is possible to use
small systems in the regions far from another phase transition (e.g.
triple point).

On the other hand, in systems with more than 64000 atoms we ob-
served a large amount of defects in the lattice. These defects e�ectively
relax the driving stress created by the supercell deformation in meta-
dynamics. We observe that the number of defects grows proportionally
to the number of metadynamics steps. Thus the system does not un-
dergo a collective phase transition but rather creates local nucleation
areas (Fig. 3.5). This behaviour was observed up to the melting tem-
perature of the fcc phase. On further increase of the temperature the
metadynamics shows a sharp transition to the bcc phase. In this area
fcc could exist only as a superheated metastable state and thus any
present nucleation center leads to a conversion to the stable bcc state.

An implicit assumption behind the Parrinello�Rahman MD as well
as metadynamics in the present version is that there is a direct connec-
tion between the unit cell u and supercellH of the formH = um. This
is guaranteed if the system size is not too large and the system does
not create extended defects. Otherwise, as was shown, the system can
escape the deformation by creating planar defects, rather than under-
going a proper structural transition and the supercell matrix H is no
more a good order parameter to distinguish between the unit cells. On
the other hand, the supercell should not be chosen too small since large
thermal-pressure �uctuations in the high-temperature regime close to
the melting line can signi�cantly a�ect the dynamics of phase transi-
tion.

The proposed way of searching for the location of phase transition
is based on the implicit assumption that in the space of the order pa-
rameter ~H there is the same relation between the volume of the well
and its depth for each phase. While this is clearly an approximation
the example of Xe shows that it can provide useful results. We found
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that for determining the transition temperature the best results could
be achieved for systems with the number of atoms ranging from 12000
to 35000. For this range metadynamics appears to show highly repro-
ducible results with sharp transitions and the number of false transi-
tions due to changing the FES by defects is minimized. To further
eliminate the e�ect of �nite temperature lattice �uctuations we made
several independent metadynamics runs for each point.

We have studied the applicability of the metadynamics technique
to investigate temperature�induced structural transitions close to the
melting line. Using the fcc�bcc phase transition in Xe as example,
we con�rm the previously found fcc�bcc�liquid triple point of Xenon.
Moreover, we showed that metadynamics can be used to approximately
determine the location of the phase boundary. We have performed a
systematic study of the dependence of metadynamics on the simulation
box size and found that too large system should not be used since ex-
tended defects could signi�cantly in�uence the phase transition search.
The method potentially could be applied to more complex structures
and potentials to discover new temperature�induced phases at high
temperature and high pressure conditions and study their stability re-
gions.
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3.2 Ab initio molecular dynamics

3.2.1 Sound velocity in Molybdenum

On the basis of extensive experimental [51�61] and theoretical stud-
ies [62�82] of the phase diagram of Mo the following can be safely
concluded. The body�centered cubic (bcc) phase of Mo is extremely
stable up to very high pressures, at least in excess of 5 Mbars. The-
ory [76] predicts that, at a pressure of about 6.6 Mbars, Mo transforms
to the double hexagonal close�packed structure. This result was re-
cently independently con�rmed by another theoretical study [81]. The
high�temperature part of the Mo phase diagram remains controver-
sial. There are two major experimental methods to assess the high�
temperature part of the Mo phase diagram: the diamond�anvil cell
(DAC) technique and the shock wave experiment. Early shock wave
studies [55, 57] revealed two discontinuities along the Hugoniot, one at
the pressure of 2.1 Mbars and 4100 K (explained by a solid�solid tran-
sition) and another one at 4 Mbars and 9000 K (assigned to melting).
The DAC studies [61] performed a few years later discovered nearly
a �at melting curve for Mo. Being extrapolated, the DAC melting
curve almost exactly matches the �rst discontinuity in the shock wave
experiment. DAC studies never reached the conditions of the second
discontinuity. Theory [73, 74, 77, 78] has provided melting consistent
with the shock wave data [55, 58]. Somewhat similar patterns of stud-
ies emerged for a number of other metals (Ta [61, 83�85] and Fe [86�
90], e.g.) where theory and shock wave data on melting are in agree-
ment whereas the DAC data demonstrate considerably lower melting
temperatures. Considering that the latest DAC data on Fe and Ta sup-
port much higher melting T, it seems rather safe to conclude that the
earlier DAC data were imprecise due to some yet unclear reasons. An
explanation [91] suggested by one of the authors of this Rapid Commu-
nication is that the earlier DAC melting curves were in fact due to fast
dynamic recrystallization induced by cumulative impact of increasing
stress and softening of the sample either due to a solid�solid transi-
tion or simply due to an approach to melting. Indeed, �rst�principles
calculations [73, 74] pointed towards such a possibility in a number of
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metals. That, however, was objected to [78] on the grounds that the
systems that provided the evidence for the existence of the solid�solid
transition were either modeled using analytical potentials or were small
when treated ab initio. We note, however, that the studies that did not
support the existence of T�induced solid�solid transitions are also per-
formed for small systems [78]. It is, however, possible and even likely
that such a transition is particularly sensitive to the size of the system.
This is because the emerging phase is stabilized by the low�frequency
thermal motion as, for example, is the case for the bcc Zr [92, 93] and
high-pressure bcc Fe [94]. A small system simply does not allow for
the long wave oscillations since the small system cannot accommodate
them. Yet, such oscillations are particularly important because they
contribute signi�cantly to the free energy and, thus, may stabilize the
phase. Generally small systems favor the phase that is dynamically
stable at low temperatures.

The recent shock wave experiment [58] that measured the speed of
sound in the sample behind the shock wave front was expected to clar-
ify this issue for Mo. However, the authors claimed that they did not
see any discontinuity that could be assigned to a solid�solid transition,
contrary to the previous shock wave experiment [55]. The authors do
observe a peculiar behavior of the sound speed as a function of density,
but that dependencewas assigned to a particular behavior of theMo bcc
phase. Therefore, it is critical to compute the sound velocity of Mo in
the bcc phase to verify whether indeed its sound velocity supports the
hypothesis of the experimentalists. First�principles calculations of Mo
demonstrated that well established data can be well reproduced with
high precision. Equation of state, thermal expansion, crystal struc-
ture, and a broad pressure range of the bcc stability are in very good
agreement with experimental data. The pressure�temperature�density
(PTρ) relation along the Hugoniot was also computed [79] in good
agreement with experiment [55, 57]. Therefore, it seems we can rely on
the same approach to compute the sound velocity in the Mo bcc phase.
In order to do that, we performed a number of DFT based molecular
dynamics (MD) calculations at the same densities as measured in the
shock wave experiment.

The energies and forces were calculated within the framework of
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Figure 3.6: The calculated sound velocity (large diamonds) compared to ex-
perimental data (small diamonds with error bars). Up to the pressure of just
above 200 GPa the experiment and theory provide very similar sound veloc-
ities (corresponding temperature is around 3700 K). At higher pressures the
experiment and theory diverge and it appears that the divergence increases
with increasing pressure. The divergence cannot be explained by experimen-
tal error bars or statistical errors of our calculations. The size of symbols
correspond approximately to the error bars. Somewhat irregular behavior of
experimental and theoretical curves also illuminates the possible error. The
error bars of two computed points (circles with error bars) are obtained by
Monte Carlo method of error propagation with the errors in stresses obtained
by blocking technique.
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the frozen�core all�electron projector augmented�wave method [95] as
implemented in the Vienna ab initio simulation package [96]. The en-
ergy cuto� was set to 350 eV. Exchange and correlation potentials
were treated within the generalized gradient approximation [97]. The
semicore 4p states of Mo were conservatively treated as valence. The
�nite temperatures for the electronic structure and force calculations
were implemented within the Fermi�Dirac smearing approach [98]. All
necessary convergence tests were performed, and the electronic steps
converged within 0.01 meV/atom. The molecular dynamics runs have
been performed in the canonical ensemble for a given volume and tem-
perature.We used 5×5×5 cubic supercells with 250 atoms. Tests have
shown that the point is su�cient at this size.

The single�crystal elastic constants were calculated via the gener-
alized form of Hooke's law.

σi = cijεj, (3.1)

where σi stands for the stresses, cij for the elastic moduli, and
εj for the strains; To obtain the three non�zero cij of the cubic cells
(namely, c11, c12, and c44) just one deformation matrix is needed, whose
components are shown below in the Voigt notation.

~ε =
([
δ, 0, 0, 0, 0, δ

])
. (3.2)

The applied δ were ± 2% and ± 4%.
The agreement between experimental and theoretical data sets is

very good, almost within mutual error bars up to pressures of just above
200 GPa and temperatures close to 4000 K, in fact, exactly where the
discontinuity was found by Hixson and colleagues [55]. Above that
pressure the experimental velocity goes sharply up, whereas the com-
puted one smoothly continues the same trend as below the pressure
200 GPa. Above 325 GPa computed sound velocity exhibits erratic be-
havior (not shown) because the Mo crystal becomes unstable on small-
est deformations. Such a change in experimental velocity might be
possible if a new solid phase has emerged in the vicinity of 200 GPa.
The discontinuity might not appear simply because the region behind
the shock wave front might be inhomogeneous including both bcc and
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emerging phases that makes the transition comparably smooth. A very
careful and improved experiment [58] has provided a better resolution
of the discontinuity, but the discontinuity seems to be there. A re-
mote possibility is that something happens to the experimental setup
in the vicinity of that point, but it has to have a similar impact both
on the earlier experiment and on the recent one. Finally, something
may happen to the accuracy of DFT calculations in that particular
pressure�temperature range, but no obvious reasons, such as e�ects of
strong electron correlations, can be named. Therefore we believe it is
very unlikely. Thus, Mo does not seem to stay in the bcc phase up to
the highest applied pressure. What is the nature of the emerging phase
remains to be found out by truly large�scale DFT (or DFT�like pre-
cision methods) MD. While this paper was in review, a Comment [99]
and a Reply [100] were published where a peculiar behavior of the Mo
shear modulus is discussed. It is also an indication that something
happens to Mo in the experiment [58].
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3.2.2 Iron under the Earth core conditions

The Earth solid inner core is mostly iron, however its crystal structure
is still uncertain. Currently, two major candidates are considered �
hexagonal close�packed (hcp) and body centered cubic (bcc) structures.
Neither of these structures received unanimous support. Experimental
evidence is controversial. Earlier ab initio based computational stud-
ies, whether supporting stabilization of the body�centered cubic phase
or rejecting it, su�ered from the small size of simulation cells. We
demonstrate that the size is important and show that if the size of
the computed structure is increased the bcc phase becomes more stable
than the hcp phase. This suggests that the iron in the Earth inner
core is stable in the bcc phase. The results of the latest experiments,
if interpreted correctly, con�rm our conclusion.

The Earth solid inner and liquid outer cores consist mainly of
iron [101].The pressure range of the inner core is from 330 to 365 GPa [102].
The temperature is known less precisely, since the melting temperatures
of iron have not been measured at the core pressures. When extrap-
olated, the data from shockwave (SW) [103, 104] and diamond anvil
cell (DAC) [105] experiments place melting temperature of iron some-
what above 6000 K at the pressure of the inner core outer core (ICOC)
boundary (330 GPa). The melting temperature of iron in the center
of the Earth then could be close to 7000 K. Some DAC studies [106]
place this number considerably lower, around 5000 K. Theory supports
higher melting temperatures [107�109].

Structure and properties of a crystal are intimately related. There-
fore, elasticity of the core, its seismic response, density, heat capacity
and heat conductivity, to name a few, critically depend on the struc-
ture of iron in the core. The interpretation of seismic data, our major
source of information about deep Earth, is completely dependent on
the phase diagram of iron at the core conditions [110�112].

At high pressure and low temperature the stable phase of iron is
hcp [113]. There are two experimental studies that support transition
of iron to another, yet unknown phase at pressures above 150�200 GPa
and temperatures higher than 3000 K [103, 114]. The SW data [103]
was interpreted as a transition from the hcp to the bcc phase. The DAC
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Figure 3.7: Results of molecular dynamics simulations in NPT ensemble
at 360 GPa and high temperatures for di�erent sizes of computational cells
starting from the bcc and hcp structures. The upper panel shows time evolu-
tion of enthalpy that also includes the electronic entropy term and the lower
panel time evolution of the electronic entropy. The legends in both panels
of the �gure are common. The bcc structure readily transforms into hcp
structure at 6000 K even at 1024 atoms cell (squares). Both enthalpy and
electronic entropy demonstrate drop at the transition from the bcc to the hcp
phase. The hcp to bcc enthalpy and entropy di�erences are computed as the
di�erence between the enthalpy and entropy averages for the hcp and bcc
structures at 7000 K and 1024 atoms cells.

data [114] is consistent with stabilization of the bcc phase [115]. Later
SW studies [104] claim that Brown and McQueen data [103], is not an
evidence for a phase transition. We note, however, that a similar situ-
ation was recently resolved for the case of Mo. It was suggested [116]
that there is no phase transition in Mo contrary to the discovery made
by Hixson et al. [117] earlier. Recently, it was demonstrated [118] that
the 'no�transition' scenario [116] is not consistent with theory and likely
the original data by Hixson et al. [117] is indeed an evidence for a tran-
sition. Recent DAC studies [119] claim to measure iron at the core
conditions. While the pressure is probably in the core pressure range
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Figure 3.8: Structural data on bcc iron from molecular dynamic NPT sim-
ulation at 7000 K and 360 GPa. The A and B parts show 3�dimensional
distribution of probability density of atoms as a function of distance from
the central atom. The density is averaged over the atoms and the last 8,000
timesteps of the run of 18,000 timesteps duration. Note, that A does not
show the distribution of atoms around their equilibrium positions but rather
the density of the vectors that connect this atom and the central atom. This
density enters the radial distribution function normally shown as a one-
dimensional plot. The �rst neighbor clouds in A have the shape squeezed
in the direction to the central atom (shown as a small sphere for clarity),
while the second neighbors are elongated in the same direction. The part B
shows the projection of A on the 110 plane that is the plane that cuts the bcc
unit cell along the face diagonal. One can see that about half of the second
neighbors density contributes to the coordination number, that is the total
coordination number is 8+6/2 = 11. Parts C and D show two projections of
�ve snapshots of the computational cell. The �ve snapshots are shown in the
picture with atoms colored according to the red�white�blue sequence corre-
sponding to time progression. The snapshots are separated by 200 timesteps.
The positions of the atoms are averaged using the 1000 timesteps running
window to average out the high�frequency vibrations. The projections along
X (part C) and Z (part D) axes are shown. One can clearly see the di�usion
along the (110) planes. Figures A and B are plotted using ParaView and C
and B are plotted using Visual Molecular Dynamics software.
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the temperature, as can be seen from the width of the peaks of their
X�ray spectra, does not probably exceed 4000 to 5000 K [120]. Besides
the changes in the X�ray spectra [119] can be explained by the iron
carbide formation or the bcc phase stabilization [120].

On the theoretical side, stability of the high�temperature high�
pressure bcc iron, thermodynamic [121] and dynamical [121, 122], was
suggested on the basis of molecular dynamics simulations (the stability
of Fe bcc phase was suggested [123] as an explanation of the results
of SW [103] experiments). However, recently it was proposed [124]
that the bcc phase is not even dynamically stable at the pressure-
temperature (PT) of the Earth inner core. The authors of Ref. [124]
ruled out the dynamical stabilization [121, 122] of the bcc phase. They
showed that the stabilization observed earlier is due to the constant
volume and shape of the simulated cell. We note, however, that the
size of all previous ab initio simulated cells was small and sometimes
very small.

All of the above leads to confusion regarding the stable phase in
the core. Theory and experiment provide arguments both supporting
and rejecting the bcc stability. While properties of the bcc phase allow
us to explain a number of enigmatic properties of the core [110�112],
the thermodynamic stability of the bcc phase remains a controversial
topic. Here we explore the mechanism of the dynamical instability of
the bcc phase.

Currently there are no simulations that would provide properties of
the bcc phase at constant pressure and temperature without restrictions
on the shape of the computational cell. All of the existing simulations
of the bcc phase provide its thermodynamics and/or dynamics com-
promised by the restrictions and small size of the computational cell.
This might lead to wrong conclusions regarding the bcc stability. We
performed ab initio MD simulations at constant P and T allowing for
deformation of the computational cell with the size up to 1024 atoms.
Pressure in all simulations was set to 360 GPa, close to the pressure in
the Earth center (364 GPa). We see that (Fig. 3.7) if the size of the cell
is 432 atoms (6×6×6 unit bcc cells) then the bcc phase is unstable even
at T as high as 7000 K, in full agreement with recent simulations [124].
However, if the size is increased to 1024 atoms (8×8×8) the bcc phase
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remains intact. Second, if temperature is 6000 K, the bcc phase (1024)
spontaneously transforms to the hcp phase.

Thus, the size of the computational cell and temperature are critical
for stabilization of the bcc phase. The enthalpy di�erence (Hbcc−Hhcp),
that includes also electronic entropy is 19.3 kJ/mole in favor of hcp
phase. That means that to be stable the vibrational entropy di�erence
(Sbcc−Shcp) should be larger than 2.757 J/mole/K or 0.332 kB (where
kB is the Boltzmann constant). This is comparable to the entropy
di�erence of similar phase transitions in, e.g., Ti and Zr [125�127].
Direct calculation of the free energy di�erence for systems of size 1024
atoms and higher (we do not know at which size the properties of the
bcc phase will converge) are not currently feasible. Recently, the di�er-
ence of vibrational free energies was computed [128] using the SCAILD
(self�consistent ab initio lattice dynamics) method [129]. This di�er-
ence is 27.1 kJ/mole at 360 GPa and 7000 K. This means that the
bcc phase is more stable than the hcp phase by 7.3 kJ/mole. If the en-
thalpy and entropy di�erences do not change with temperature, the bcc
would stabilize at 5200 K, which is lower than most current estimates
of the inner core temperatures. What is the mechanism behind the
stabilization of the bcc phase? If one looks at the snapshots in Fig. 3.8
one can see that atoms in the bcc phase di�use in avalanches along 110
directions.

Such a motion in small cells destroys the structure. Bigger cells
are apparently capable of relaxing the stress associated with the strain
caused by the motion however such strains lead to quite a remarkable
mechanism of di�usion, to our knowledge, never observed before. Such
di�usion might have profound consequences for the formation of lattice
preferential orientation in the inner core [130] and explanation of seis-
mic data including anisotropy [111, 112, 130, 131] and extremely low
shear resistance [110, 130].

A careful examination of the structure of the bcc phase (note, that
this is the �rst time we are looking at the structure of bcc iron calcu-
lated ab initio without constraints on shape and volume) tells us that
the atoms in bcc structure are e�ectively 11 coordinated (Fig. 3.8). The
�rst coordination sphere contains the 8 atoms however the 6 atoms in
the second shell contribute about half of them in the �rst coordina-
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tion sphere due to considerable amplitude of thermal motion. This is
the coordination that was measured in the recent shock wave exper-
iments [132]. However, the authors of the experimental paper [132]
assumed that 11�coordinated atoms should rather be a feature of a
close packed structures (formally 12 coordinated). The authors [132]
explained the coordination 11 by thermal motion in the hcp phase. It
is thermal motion indeed � but in the bcc phase that makes iron atoms
11 coordinated. Thus, we can suggest that the stability of the bcc phase
at the core conditions already has been observed but misinterpreted.

To conclude, for the �rst time we demonstrated the dynamical sta-
bility of the bcc phase at high pressure and temperature. The bcc
phase becomes thermodynamically stable according to �rst principles
calculations. The stability increases on increasing the size of the com-
putational sample and is likely to converge at larger sizes rendering full
convergence di�cult to achieve. However, already at the size of 1024
atoms with periodic boundary conditions the bcc phase at 7000 K and
360 GPa is thermodynamically stable. The discovered mechanism of
stabilization � di�usion along the planes with the soft phonon modes
at 0 K � is novel but could likely be the same in other metallic re-
fractory systems exhibiting phonon softening. The mechanism allows
one to explain a number of seismic observations related to anisotropy
and low shear modulus in the Earth inner core. Most of the earlier
ab initio molecular dynamics studies of the bcc phase with small (less
than 1024 atoms) size are likely inadequate. The unique feature of the
Fe bcc phase such as high�temperature self�di�usion even in an ideal
lattice might be responsible for the formation of large�scale anisotropic
structures needed to explain the Earth inner core anisotropy [111, 130,
131].
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3.2.3 Synthesis of hydrocarbons in the presence of
Iron

The subject of the origin of organic materials on the Earth is multi� and
cross� disciplinary, and is central to such topics as abiotic oil genesis,
the origin of life, CO2 sequestration, and mantle convection [133�148].
Quite a few experiments [133, 136, 137, 149] and computations [150,
151] have been conducted and theories [134, 135, 147, 148, 152] formu-
lated to explain the origin of organic material. The common feature of
all these theories is that they require a number of favourable circum-
stances to provide the conditions for chemical reactions that would
result in hydrocarbons. All experiments and computations have been
concentrated on methane and did not consider a chemical composition
more natural to the Earth interior. Hydrocarbons consist of C and
H atoms. These elements are present in water and carbon dioxide as
well as in a number of minerals (e.g. Mg(OH)2 and MgCO3). The
C, O, and H containing rocks can be dragged by subduction to the
core�mantle boundary, which is considered as a �nal destination grave-
yard of some oceanic plates. Oxidized hydrogen and carbon species can
be delivered by deep�sinking subducting slabs, whereas an alternative
source of carbon and hydrogen would be the core itself [142].

In this study we have attempted to answer what happens to a
H2O − CO2 (C −O −H) mixture subjected to high pressure (P) and
temperature (T) in contact with rocks. Several studies point to the pos-
sibility of CH4 formation in the upper mantle. Indeed, �ow of methane
of abiotic origin is well documented [153]. High P�T experiments have
demonstrated the transition of CH4 into heavy hydrocarbons in the
absence of oxygen [137]. Whether the C − C bond characteristic to
heavy hydrocarbons will emerge in a H2O − CO2 mixture under the
conditions of deep Earth interior remains unknown. Such a bond, if
formed, would indicate a possibility of endogenic oil synthesis. Such
possibilities are debated at present and a number of scenarios have been
put forward [135, 148].

To study the water�carbon dioxide mixture we applied the ab initio
molecular dynamics method (AIMD). This method is perfectly suited
to study systems with chemical reactions [154, 155] unlike a classical
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approach where the chemical identity of the components remains un-
changed. The method has been applied before to study methane [151,
152], H2O [156] and CO2 [157] at high PT and the reliability of the
method is well established. To make sure that the method is capa-
ble of providing results in close agreement with experiment and that
our set up is valid, we computed the structure of H2O (Supplemental
Materials) that turned out to be in close agreement with the most reli-
able experiments [158]. Since the reliability of the Method improves on
increasing of pressure and temperature (Supplemental Materials) we
consider the obtained results reliable.

Figure 3.9: The projection of atomic coordinates of the simulated H2O −
CO2 − Fe system on the XY plane for two time steps. Interatomic bonds
calculated during the �rst step (step 1, 0 ps, left) are shown on the �nal
step picture (step 32590, 8 ps, right). The simulation was conducted in a
cubic box with side 13.92 Å. The colors of atoms correspond to the elements:
◦ hydrogen (160 atoms), � iron (136 atoms), � oxygen (160 atoms) and
� carbon (40 atoms), totally 496 atoms.

We paid particular attention to two obstacles. One is metastability
of the obtained state and another is contact of the C −O −H system
with iron. In order to avoid the metastability all runs were performed
starting from atomic and molecular mixture of atoms. Also, the impact
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Figure 3.10: Structure of the Fe − C − O − H system. The upper row
provides results of simulation obtained for the atomic mixtures of elements;
the bottom row are results for the initially molecular mixture of water and
carbon dioxide. Each part provides a comparison of a partial RDF obtained in
the system with and without Fe. The results for the di�erent initial structures
are nearly identical that suggests that water and carbon dioxide become an
atomic mixture at the conditions at the core mantle boundary. Figs. A
and D show the appearance of a C −C bond with a length typical in organic
compounds [159] around 1.5 Å as the C−O−H system is brought in contact
with Fe. Figs. B and E show the appearance of the C−H bond with a typical
length of around 1.1 Å, also typical of organic compounds [160]. Strong C−O
bonds present in the system without Fe becomes almost non�existent in the
system with iron.
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of size was explored when simulating atomic C−O−H and molecular
mixture of H2O − CO2. Neither size nor initial structure a�ect the
�nal result and similar structures of the �nal product are obtained
in all cases of similar composition. It was observed that molecules of
water as well as carbon dioxide readily dissociate in the presence of iron.
Figure 3.9 shows initial and intermediate snapshots of H2O−CO2−Fe.
By comparing the two snapshots we see that molecules dissociate and
atoms di�use to signi�cant distances (note that the atoms in Fig. 3.9
are connected not because they form a bond � the connecting bars
simply show how far the neighbours moved apart). Therefore, one can
conclude that the resulting substance is an atomic liquid mixture. Very
long runs, up to 150,000 time steps, have been performed to ensure an
equilibrium state. Radial distribution functions (RDF) were computed
for all systems (Fig. 3.10). From Fig. 3.10 we see that the C − C
and C −H bonds develop as soon as Fe is added to the system. The
C − C bond is clearly formed in the presence of Fe because the RDF
in Fig. 3.10 demonstrates a narrow tall peak at the distance of the
C − C bond. This is a typical feature of a chemical bond (see, for
example the RDF for O−H in water in Fig. 3.11 where the �rst peak
is due to the chemical bond between O and H). The bond is formed
because the oxygen becomes bonded to Fe instead of C (the C − O
peak disappears). That is, under the conditions of the core-mantle
boundary the Fe a�nity to O is stronger than the a�nity of C to O.
Similarly, the C −H peak is exactly at the distance where the C −H
bond forms (Fig. 3.10). The C−H RDF peak is less pronounced than
the C − O peak because of the weaker bond but also because of the
low atomic weight of the H atom. At the temperature 4500 K the H
atom is very mobile. While formation of abiotic methane in nature is
known, for the �rst time we demonstrate the synthesis of hydrocarbons
with a C−C bond under conditions that are typical of the Earth core-
mantle boundary. The C−O RDF peak vanishes indicating the reduced
conditions. C and O demonstrate strong a�nity to Fe atoms, while
Fe−H correlation is weak. We want to emphasize that the formation
of C − C bond is not due to a�nity of C to Fe. The �rst peak of
Fe − C RDF is wide and broad indicating that there is no chemical
bond between Fe and C. On the contrary, the �rst peak of C−C RDF
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(Fig. 3.10) is narrow and high, a typical feature of a chemical bond.
The integration of C −C RDF provides us with the number of C that
is bonded to C atoms which is close to 1. This suggests that most
of C atoms form C − C bond and a typical C − H molecule has two
C atoms. We note that despite that we performed extraordinary long
calculations with a number of atoms that is large by the standards
of ab initio molecular dynamics, it might still be insu�cient to fully
capture the formation of larger C−H molecules. The a�nity of C and
O to Fe suggests that C and O can be light components of the Earth
core. Therefore, our simulations support the relatively high amount of
oxygen [160] in the outer core. While the authors of Ref. [160] relate
the core oxidation state to the oxygen content in the magma ocean, it
is likely that the core current state is signi�cantly a�ected by the mass
exchange and chemical reactions at the border of core and mantle as
well as at the inner�outer core boundary.

The composition of the �uid was not measured in the experiments,
whereas theoretical estimates indicate a mixture of H2O with methane
and possibly heavier hydrocarbons. A similar �uid/melt containing
H2O and hydrocarbons with a relatively low solubility of silicate com-
ponents along the mantle geotherm can exist through the lower mantle
and can be considered as the most reliable candidate for the fusible
component of mantle plumes from CMB.

Concluding, we demonstrated that formation of a hydrocarbon mix-
ture is highly probable under reducing conditions at the core-mantle
boundary. Such a formation might contribute to the explanation of
abiotic oil formation, mechanism of ascending hot plumes, ultra�low
velocity zone at the CMB, and amount of oxygen in the liquid outer
core.

We studied C − O − H, C − O − H − Fe, H2O − CO2, and
H2O − CO2 − Fe systems by means of ab initio molecular dynam-
ics simulations where energies and forces have been calculated using
density functional theory as implemented within the Vienna Ab Ini-
tio Simulation Package (VASP 5.3) [157, 161, 162]. All simulations
have been performed with gamma point. The PBE (Perdew�Burke�
Ernzerhof) exchange correlation functional [163] was used in all simula-
tions. Most of the working runs were performed in the NVT ensemble



68 CHAPTER 3. RESULTS

using the Nosé thermostat to control the temperature. The struc-
tural data (RDF) was computed for each pair of atoms as described in
Ref. [164].
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3.2.4 Water as test model.

Figure 3.11: Computed structure of water at the melting point (determined
using the two�phase method [165, 166]) and ambient pressure compared to
experiment [158] at T=298 K.

In this chapter we test the tool used in research of synthesis of hy-
drocarbons. We tested it by computing the structure of liquid H2O at
ambient pressure at the melting temperature of the ab initio model and
nearly perfect agreement with the most reliable experimental structural
data [158] was obtained (Fig. 3.11).

The H2O ice melts at 450 K according to simulations (this is due
to neglect of van der Waals forces and zero�point motion [156], both of
these can be neglected at high pressure and temperature). Note, that
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comparison of DFT�PBE water and real water at the room temper-
ature provides the impression that the DFT�PBE provides too high
and sharp peaks in comparison to experiment. This is simply because
DFT�PBE water at 300 K and 1 bar is metastable and supercooled �
the melting T of the DFT�PBE water is around 450 K as we obtained.
Only when we compare both waters at their melting point � that is
in their corresponding �eld of stability � we get good agreement. In
addition to the excellent agreement of the experimental and calculated
RDFs, we also obtain a self�di�usion coe�cient of about 2.3 cm2/s
which is in very good agreement with experiment. At the same time,
simulations of water with the same approach at ambient temperature
lead to overstructuring and very low self�di�usion [167, 168]. Our sim-
ulations of water allow to quantify the errors of DFT�PBE and it is
about 150 K. This is clearly negligible in comparison to 4500 K that
is the temperature at the core�mantle boundary. The �rst peak of
the calculated O − H and H − H RDF is due to the intra�molecular
O−H and H−H bonds. These bonds do not show up in experimental
spectra. The agreement is very good, almost within the experimental
error bars. Since the precision of the method improves with increase
of temperature (zero point motion becomes less important) and pres-
sure (dispersion becomes increasingly weaker in comparison to repul-
sive forces), we can rely on this method in our simulations performed
under the extreme PT conditions at the core�mantle boundary. While
there are other approaches to treat water ab initio, the method we have
chosen provides su�cient precision for our purposes.
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Conclusions

This work was motivated by a number of problems, related to the
methodology of molecular dynamics simulation, occurring in the simu-
lation of materials and phase transitions at extreme pressure and tem-
perature. The choice of problems was inspired by their relevance to
Earth Science, in particular to the physics and chemistry of the Earth
Core.

We have considered the problem of superheating. Superheating
remains an obstacle in simulations of melting because it leads to errors
in calculations of the melting temperature if not taken into account
resulting in signi�cantly higher melting temperatures. We have shown
that the introduction of crystal defects and grain boundaries allow
us, to a large extent, eliminate the superheating e�ect. In other word,
making the sample more realistic allows to obtain more realistic melting
temperatures.

Our study of noble gases at high pressure was inspired by recent
experiments that resulted in anomalously low melting temperatures.
We suspected that in these experiments a solid�solid transition was
observed instead of melting. Indeed we found that the body�centered
cubic phase becomes stable at these conditions. A direct simulation
of a solid�solid phase transition requires very long simulation times.
Therefore, we applied the metadynamics method, which accelerates the
appearance of a new phase and enabled us to simulate the solid-solid
transition.

71



72 CHAPTER 4. CONCLUSIONS

Molybdenum was studied because similar patterns emerged in the
case of Mo and Fe. Iron, in turn, is a critically important mineral of
the Earth Core. There are experiments that measure the sound veloc-
ity behind a shock wave front in Mo and Fe. In both cases we have
controversial results � there are experiments that point to a phase
transition along the Hugoniot as well as experiments that show no sign
of phase transitions. Therefore, by studying Mo we are indirectly get-
ting insight into possible reasons of the controversy in the case of Iron.
We found that the assumption of no phase transition in Mo leads to a
discrepancy between measured and theoretical data sets above a certain
pressure and temperature while both sets demonstrate a perfect match
below those conditions. From this we concluded that Mo undergoes a
phase transition and, perhaps, the same holds for Fe.

The structure and properties of the Earth Core are connected to
processes which occur at its boundary. We found the possibility of a
synthesis of heavy hydrocarbons at the outer core boundary from a
C −O−H liquid. The oxygen binds to iron in the core while a C −H
mixture is formed. This can explain the low density of the liquid outer
core.

The central question in Earth Core studies is about processes oc-
curring at extreme conditions. An enormous amount of controversial
studies has been performed in this �eld. We found that at the con-
ditions of the inner Earth Core the hexagonal phase, stable at low
temperature and a pressure of 3.6 Mbar, transforms on heating into
the body�centered cubic phase. Moreover, we demonstrated that re-
cent experiments have already discovered this transition but the data
was misinterpreted. Our study is a nice example that a computational
study allows to gain insight into the physics of an experiment and ex-
plain the measured data.

The studies performed demonstrate the power of the computational
approach that today has matured to the extent that it can produce data
that compete with experiment in precision and most often are superior
to experiment at the level of detail.
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Abstract. Calculating the melting temperature of a solid with a known
model of interaction between atoms is nowadays a comparatively sim-
ple task. However, when one simulates a single crystal by molecular
dynamics method, it does not normally melt at the melting tempera-
ture. Instead, one has to significantly overheat it. Yet, a real material
melts at the melting point. Here we investigate the impact of the defects
and the grain boundaries on melting. We demonstrate that defects and
grain boundaries have similar impact and make it possible to simulate
melting in close vicinity of thermodynamic melting temperature. We
also show that the Z method might be non-applicable in discriminating
a stable submelting phase.

1 Introduction

Melting is one of the most common phase transitions we evidence in everyday life. It
is also one of the least understandable phase transitions. It is difficult to analytically
study the transition from a long-range ordered state into the state with a short-range
order. This explains a vast application of computational methods, mainly molecular
dynamics (MD), in studying the nature of melting. These studies can be separated
into two major groups. One of them is the study of generic models, such as hard
and soft spheres, Lennard-Jonesium, etc. Another group is the application of MD
to particular materials where interactions are described by various parameterized
models or calculated from first principles. Both kind of studies are abundant. An
account of the methods currently used in calculating the melting temperature of a
material can be found elsewhere [1]. We note, that if no special arrangements are
made, a material in a computational cell with periodic boundary conditions will melt
at the limit of superheating rather than at the melting temperature. At the same
time, real materials are very difficult to heat above the melting temperature. Very
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few superheating experiments are known. Obviously, real materials are most often
different from simulated materials. Of course, in computational studies we deal with a
model of interaction. However, even in the case where the model is nearly perfect and
does reproduce the melting temperature correctly, superheating cannot be avoided
without special precautions. Real materials have an equilibrium population of defects
and this population becomes significant when approaching the melting temperature.
Dislocations represent one of the defects and have been used to explain the melting
properties of materials. However, perhaps the most significant heterogeneity in real
materials is introduced by polycrystallinity. The configuration in a MD simulation
normally lacks any of these. There are no defects, dislocations and grain boundaries.
The sample in a MD simulation is an ideal crystal unless special care is taken of the
setup.
The motivation for this study is as follows. There are two ways of experimentally

reaching the state of high pressure. One of this is shock wave experiment, that per-
mits to create high pressure and high temperature for a short period of time along
the Hugoniot adiabat [2]. The second is to use diamond anvil cell (DAC) where a
high pressure can be created along with a high temperature. Nowadays the DAC is
the main device to study melting at high pressure. The DAC technique permits to
obtain highly valuable data. At the same time, technical problems at extreme pres-
sures and temperatures often lead to controversial results. In such a situation, direct
atomistic modelling could help to get insight into the physics of relevant processes
and discriminate between correct and erroneous results. However, before performing
a direct modelling of a DAC melting experiment, one has to make sure that the time
and space scales accessible in a simulation are sufficient to reproduce the experimental
situation. In particular, we want to make sure that our simulations via direct heating
make it possible to obtain the melting temperature in agreement with the melting
temperature as calculated by comparing free energies of a solid and a liquid or by the
2-phase simulation method.
In this paper we investigate the impact of defects and grain boundaries on the

calculated melting temperature. In the Method section we explain the details of the
molecular dynamics simulations we applied. The initial configurations of atoms and
the way they are obtained are explained in detail. The Results and Discussion section
provide comparison of the calculated data with the melting curves calculated in earlier
papers.

2 Method

The molecular dynamics simulations have been performed using the software package
DL POLY [3]. We have studied Fe, He4, and Xe. The convergence of results with
timestep size, radius of cut-off interaction, system size, have been carefully checked.
The Fe-Fe interaction was modeled using the embedded atom method (EAM) de-
veloped by fitting the results of first principle calculations [4,5]. The He4-He4 inter-
action was described using the Aziz model [6]. Xe atoms were described using the
Born-Mayer potential parameterized by M. Ross [7]. Melting curves for Fe, Xe, and
He4 have been calculated earlier [4,5,8,9]. The isochores for face-centered cubic (fcc)
and body-centered cubic (bcc) phases were computed in the NVE ensemble. The Z
method [10] was shown to provide the melting temperature in the absence of solid-
solid transitions when simulations are performed in the NVE ensemble. In such a case,
the system, after reaching the limit of superheating, spontaneously converges towards
the melting temperature. The loci of the points calculated in the NVE ensembles con-
sist of a solid part (almost the straight line corresponding to the temperatures from
0 up to the temperature of the limit of superheating) and a liquid part (these are the
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Fig. 1. Comparison of the Xe melting curve [8] and fcc and bcc isochores computed at two
densities corresponding to low and high pressures.

points that are obtained by heating the system above the limit of superheating). All
the calculated points, if connected, form the letter Z. This explains the name of the
Z method. The lower corner of the Z letter corresponds to the melting temperature
while the upper corner corresponds to the limit of superheating.
The study of the impact of defects on the melting temperature was performed for

a sample with four million Fe atoms. To prepare the sample with defects, first the
cubic box with Fe atoms was melted to create the liquid and then cooled down to a
temperature slightly lower than the melting temperature. Then a solid sample was
simulated at the same pressure and temperature containing 250,000 atoms, and was
immersed in the center of a much larger (4,000,000 atoms) liquid box by removing
the liquid atoms overlapping with the introduced solid sample. This configuration was
then allowed to develop on its own. Since the temperature was slightly lower than
the melting temperature, the solid sample gradually grew in size. The temperature
increased, since the simulations were performed in the NVE ensemble. When the
system reached equilibrium, the temperature was lowered again and the process of
crystallization continued until all the liquid transformed into a solid. In this way, we
obtained a solid with presumably an equilibrium population of defects.
The study of the polycrystallinity impact on the melting simulation was performed

for a sample obtained by Voronoi tesselation [11]. We have chosen to study the impact
of grain boundaries (GB) in the pressure range (below 40 GPa) where the melting
transition is not overcomplicated by the action of the emerging temperature induced
solid-solid transition [8]. The density was appropriately chosen. The size of the cubic
box was chosen to restrict the total number of atoms to 250,000. The grains were
randomly positioned and oriented in the cubic box with an edge length of 198.4 Å.
Periodic boundaries were imposed, and the extra atoms were removed in order not
to allow any atom to be positioned too close to each other.
The single crystal simulations were performed by multiplying the unit cells of the

corresponding crystalline structures. All melting simulations have been performed in
the NVE ensemble.

3 Results and discussion

MD simulations have been performed for Xe fcc (stable at low T) and bcc (stable
at high P and high T) phases at low and high pressures (Fig. 1). These simulations
confirmed the validity of the Z method in the pressure range without solid-solid phase
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Fig. 2. He4 isochores for bcc and fcc structures computed for the same volume. In this
pressure range the bcc structure melts at a higher temperature yet the Z method points
toward a higher melting temperature of the fcc phase.
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Fig. 3. Isochore for a bcc iron sample with defects compared to the melting curve of hcp
iron. Defects are sufficient to avoid superheating.

transition. The low pressure isochore almost exactly drops on the melting curve. The
behavior at high pressure, where a temperature induced solid-solid transition is doc-
umented [8], is different. The high pressure isochore lower “Z” point is substantially
higher than the melting curve. Besides, the lower “Z” point of the fcc isochore is
somewhat higher than the lower “Z” point of the bcc isochore, giving an impression
that the fcc phase melts at a higher temperature as compared to the bcc phase. This
behavior is also obvious from the comparison of the fcc and bcc isochores in He4,
where the bcc phase is more stable than the fcc phase [9] (Fig. 2). Therefore, we con-
clude that the Z method might lead to erroneous conclusions if it is used to determine
the phase stability at an increasing temperature [12].
We discovered that the presence of defects (Fig. 3) and grain boundaries (Fig. 4)

has a similar impact on the melting transition. Instead of superheating (Fig. 1) the
Fe sample with defects (Fig. 3) melts as a real sample under condition of the constant
volume. That is, when the temperature reaches the melting temperature, it closely
follows the melting curve due to an increase of the liquid fraction in the computational
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and Xe melting curve are shown. Superheating is avoided to a large extent.

cell. The temperature increases at a lower rate due to the latent heat of melting. When
all of the sample is molten, the isochore quickly deviates from the melting curve. A
similar behavior can be seen for the sample with grain boundaries (Fig. 4). The small
overshooting of the melting temperature that still can be seen in Figs. 3 and 4 is
likely due to the finite time of simulations.
The melting temperature can be calculated from the condition that the liquid and

solid Gibbs free energies are equal at melting. This implies that the knowledge of the
properties of a solid phase alone is not sufficient to calculate the solid-liquid equilib-
rium PT curve. This seems to contrast with the results of the present study where
only solid phases were considered. The question is, where the liquid properties come
into picture and become relevant? The answer to this question is that in both cases,
whether the sample has defects or contains grain boundaries, the liquid is implicitly
already present, perhaps not as a bulk phase, but in a “nano” shape. Thus, defects
imply certain interruption of the crystalline order. High temperature makes the struc-
ture around the defect even more close to a liquid. The grain boundary case is more
obvious due to the premelting, because the interruption of the crystal structure allows
for melting at the grain boundary at temperatures below the melting temperature.
Therefore, this study suggests that indeed the properties of liquids are needed to cal-
culate the melting temperature. However, these properties are intrinsically described
in the information on the energies of defect and grain boundaries.

4 Conclusions

We performed the studies of melting for the models with well known melting curves.
We conclude that the presence of defects and/or grain boundaries is sufficient to
reproduce the realistic melting behavior. This opens up good prospects for the simu-
lation of the melting of materials in diamond anvil cell experiments in a realistic way.
Thus, one can now proceed with simulating a large polycrystalline sample subjected
to heating and expect that comparison with experiment can be done not only regard-
ing the properties but also the process that leads to measuring those properties. This
can potentially permit to resolve a number of controversies accumulated in the last
thirty years from the diamond anvil cell.
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a b s t r a c t

An ideal infinite lattice, when subjected to heating does not melt at the thermodynamic melting temper-
ature. Instead, it remains solid metastably up to considerably higher temperatures. This effect is called
superheating. We performed a molecular dynamics simulation of Xenon using Lennard-Jonesium poten-
tial with several types of defects. We observed a superheating effect on the chosen model for several
pressures and found that the presence of grain inclusion or grain interface eliminates the superheating
effect.

� 2013 Published by Elsevier B.V.

1. Introduction

Melting is one of the most studied and the least understood
phenomenon. Although melting experiments are naturally easy
to conduct at moderate pressures, experiments either might be
impossible to perform at very high pressures or difficult to inter-
pret. For better understanding of the processes near the melting
point, different types of computer simulations are widely used [1].

Structural defects have a crucial influence on the mechanism of
melting. In bulk materials in general there are grain boundaries
and free surfaces. In this case ‘‘thermodynamic melting’’ occurs
with pre-melting on free surfaces or internal interfaces [2]. In the
case of some nano-sized structures the surface-to-volume ratio is
so huge that the solid can melt at a temperature much less than
the bulk melting temperature [3]. Contrary when there are no de-
fects and free surfaces, solids could be heated up to a temperatures
much higher than the normal bulk melting temperature for the
current pressure [3]. The crystal remains metastable solid in this
case until reaching the mechanical destruction limit. This effect
is called overheating or superheating of solids. The effect is a rare
phenomenon in nature but could be produced in laboratory exper-
iment by eliminating outer surfaces of a single crystal by covering
it with another material with higher melting temperature [4].

Under normal simulation conditions of a bulk media in molec-
ular dynamics (MD) periodic boundary conditions (PBC) are ap-
plied. Thus an ideal infinite crystal is simulated. This leads to the
lack of free surfaces and internal interfaces, causing the same effect

of superheating. In this work we tried to minimize the overheating
for better simulation of the behaviour of real media during the
melting process. We study the influence of different defects on
superheating during MD simulations. The melting of a crystal with
an embedded misaligned grain and a grain boundary have been
simulated.

2. Method

All simulations were performed using the method of molecular
dynamics [1,5]. Shortly, the MD method consists in numerically
solving the equation of motion of every particle. As the model of
interaction the Lennard-Jonesium model was chosen due to it’s
simplicity and high level of study. This model is defined by a pair-
wise potential uLJðrÞ ¼ 4� r

r

� �12 � r
r

� �6
h i

. It behaves correctly at low
densities but is not precise at high densities and pressures. It is
well-studied model. Its phase diagram was studied by Agrawal
and Kofke [6]. The parameters for Xenon are chosen to operate
with a real units. All simulations were conducted using the DL
POLY software package [7].

Initial coordinates of atoms were generated according to two
simulation patterns: insertion of a randomly oriented cubic grain
into the perfect lattice and creating a grain boundary between
initial and rotated lattices of the same material. More details will
be provided below. Periodic boundary conditions were applied.
All simulations were performed in the NVE ensemble (constant
number of particles, volume and total energy), thus initial veloci-
ties were assigned according to the Boltzmann distribution for
given initial temperature, and the system was equilibrated. After

0927-0256/$ - see front matter � 2013 Published by Elsevier B.V.
http://dx.doi.org/10.1016/j.commatsci.2013.06.026

⇑ Corresponding author. Tel.: +46 855378598.
E-mail address: tymofiy@kth.se (T. Lukinov).

Computational Materials Science 79 (2013) 95–98

Contents lists available at SciVerse ScienceDirect

Computational Materials Science

journal homepage: www.elsevier .com/locate /commatsci



that production runs for calculating averages were conducted. A
range of initial energies was assigned for each density. The cutoff
distance rc P 2r was used, i.e. a value of 8 Å was chosen. Behaviour
of the system with this cutoff was in good consistency with data
archived in [6]. With a time step of 4 ps nearly 30,000 steps were
found enough for equilibration in regions far from melting and
50,000 for regions near the superheating limit. Equilibration was
detected by a comparison of the averages of temperature, pressure
and energy calculated on 1000 steps at the end of simulation and in
the middle. After equilibration pressure and temperature of the lat-
tice were calculated for construction of the isochore.

The first set of simulation was conducted to check the presence
of superheating in the chosen model. We have measured the heat-
ing curve of Xe for different atomic densities. Simulation was con-
ducted in a cubic box with 256,000 atoms for a series of densities
from 2.05 � 1022 to 3.2 � 1022 cm�3, which corresponds to lattice
constants in the range from 5 Å to 5.8 Å. The starting temperatures
were chosen to be in the close proximity to the melting line.

The goal of the next simulation was to determine if a single
grain inserted in bulk media affects the melting temperature. The
starting configuration was a fcc lattice with 256,000 atoms. The
lattice constant for current and further measurements was chosen
to be 5 Å, thus the initial cubic box had a side of 200 Å. Then a cubic
region was removed from the center and substituted with a ran-
domly rotated lattice with the same lattice constant. Atoms from
the inserted grain too close to atoms of the rest of the atoms were
removed. The criterium for removal was a distance less than 0.9 of
the smallest nearest neighbour distance of the original lattice. After
this procedure the total number of atoms in the simulation box
was calculated and the box isotropically compressed to keep the
density of the initial media. The edge of the inserted box varied
from 8 Å (just several atomic layers) up to 140 Å (the rotated grain
region is covered by several atomic layers of the default medium).
For the quality of statistics runs of 100,000 steps for equilibration
and 10,000 steps for data collection were conducted.

To confirm the absence of finite-size effects a series of runs with
fixed inserted grain size and different system sizes were con-
ducted. A minimal observable effect was found for the grain with
four atomic layers. The size of 12 Å or five atomic layers was cho-
sen. It lowers superheating only slightly, thus, even a subtle size ef-
fect could lead to the change in the behaviour of the system. The
initial setup was created in the following way. We generated boxes
with fcc lattice with a range of 4000–530,604 atoms and then re-
moved a cube of atoms with the 12 Å side and inserted instead a
randomly oriented fcc lattice with the same lattice constant. The
schematic initial box is shown in Fig. 1. The same removal criterion
for the distance between embedded and original atoms as in the
previous simulation was applied. The total number of simulated
particles was in the range from 4000 to 530,000.

In real media the minimal size of grains can be as high as hun-
dreds of nanometres, thus every grain could contain hundreds of
millions of atoms, which is too many for simulating directly on cur-
rent computers. Therefore, we decided to check the influence of
interface mismatch on the grain boundary. This was conducted
by combining two rectangular slabs (cuboids) with different orien-
tations. We generated an initial rectangular fcc lattice slab with
height and depth (Y and Z axes) twice bigger than its width (X axis).
After this half of the box in the X direction was removed and filled
with rotated lattice. Thus both semi-infinite slabs had an interface
from two sides. The size of each slab in X direction was four times
smaller than size in Y and Z direction to emphasise the effect of
interface between slabs rather than auto mismatch on box borders
due to PBC. The same removal criterion for the distance between
embedded and original atoms as in previous simulations was ap-
plied at the end. Rotations of the inserted slab were conducted
about X and Z axes on angles from 45� to 0.29�. This requires a lat-

tice vector to be just slightly deviated from default media h001i,
thus we chose directions up to h02001i and h20010i for rotated
media. The example of configuration with crystal directions
h001i and h051i is presented in Fig. 2. All simulations included
up to 1,024,000 atoms (the number of simulated atoms slightly
varies depending on crystal orientation).

3. Results

We observed the existence of the superheating effect in a per-
fect single crystal in a series of simulations with several different

Fig. 1. Schematic XY projection of the initial setup (yellow/lighter spheres) for
simulations with an embedded grain (red/darker spheres). Arbitrary scale. Some of
red spheres are not shown. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

Fig. 2. Schematic XY projection of the initial setup (yellow/lighter spheres) for
simulations with a grain boundary. Red/darker spheres present rotated layer.
Arbitrary scale. (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)
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densities (Fig. 3). Data for the melting curve of Xenon were taken
from Agrawal and Kofke. Simulations were conducted in a cubic
box with 256,000 atoms. The growth of the difference between
bulk and overheated melting temperatures is in agreement with
data achieved by Gomez and Gazza [8] and Belonoshko et al. [9].

A partial lowering of the overheating temperature can be ob-
tained from the embedded cubic grain of size 8 Å (which is actually
3–4 atomic layers at this density). Moreover, with growing grain
size and thus of interface area the melting process continually
closes to the bulk melting behaviour (Fig. 4).

The presence of a finite-size effect is confirmed for small sys-
tems (less than 10,000 atoms for 470 embedded atoms). Neverthe-
less this effect is only qualitative and decreases with the number of
simulated particles from 13,000 and more, which is easy to simu-
late with current computer systems. For large boxes the effect is
found to be constant and depends only on the size of interface
(Fig. 5).

All configurations with interface disorientations showed a very
low to nearly disappearing overheating and rather well follow the
theoretical melting line (Fig. 6). Also, there is no or a negligible
small dependence on lattice directions mismatch.

4. Conclusions and discussion

We have studied the influence of grain boundaries on the effect
of superheating. We found that superheating could be removed by

introducing either grain inclusion or just a grain boundary. We
have shown that this effect depends on the absolute value of area
of crystal interface, but not the area to volume relation. We found
no observable dependence on the crystal direction mismatch angle.
The absence of a finite size effect was confirmed.

Direct simulations of melting by MD are difficult because of
superheating effects. We showed that presence of grain boundaries
allows to simulate real polycrystalline structures with realistic
bulk melting temperatures. Such a modification of starting config-
urations is very simple and easy to introduce.

Also, despite the inclusion of a single grain allows to eliminate
the superheating, it is a more resource-intensive process compared
to generation of a intercrystalline interface. Nevertheless the ob-
tained results together with a method of generating the crystal de-
fects [10] could be useful for the assessment of grain size for
modelling melting processes of polycrystalline materials.
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a b s t r a c t

To theoretically find a stable solid phase is not a trivial task even at 0 K. The difficulties multiply at high
temperature (T) because even more elaborate crystal structure prediction methods fail in the vicinity of
the melting transition. Moreover, if the submelting phase is dynamically unstable at low T some methods
cannot be applied at all. The method of metadynamics allows finding local minima of Gibbs free energy
without additional simplifications. However, so far this method has been mainly used for study of
pressure-induced solid–solid phase transitions and not in searching for T-induced ones. Here we study
the applicability of the technique to the latter class of problems as well as to the approximate determi-
nation of the transition temperature. We apply the metadynamics method to study the solid–solid phase
transition in Xe described by the Buckingham potential at high temperature and observe the fcc–bcc
phase transition in a pressure–temperature range consistent with earlier results.

� 2015 Elsevier B.V. All rights reserved.

1. Introduction

A temperature induced solid–solid phase transition at high pres-
sure is difficult to find in a diamond anvil cell (DAC) experiment [1].
Moreover, at high pressures and temperatures it is difficult to dis-
criminate a solid–solid phase transition from melting [2,3].

A ‘‘flat’’ melting curve, that disagrees with melting predicted by
the Lindemann criterion [4], was reported for Cu, Ni, and Fe [5],
Mo, Ta [6], Ar, Kr and Xe [7] in the DAC measurements. The ‘‘flat’’
melting curve can be seen in Fig. 2(a) in Ref. [7]. It was attempted
to explain this behavior by a temperature induced solid–solid tran-
sition (Fe [8], Mo [9], Ta [10], Xe [11]). The stable phase of Xe at
normal conditions is the face centered cubic (fcc) lattice. The exis-
tence of a temperature induced stable body centered cubic (bcc)
phase in Xe described by the Buckingham potential was proven
experimentally [11]. This result was later confirmed by ab initio
calculations [12]. Further, the triple-point fcc–bcc–liquid was
determined [13].

Direct computer simulations using variable-cell molecular
dynamics often fail to find a new phase due to free-energy barriers
that separate the phases. One of the methods that can be used to
determine the PT conditions at which such a phase transition
occurs is metadynamics. This method is based on the work of

Rahman and Parrinello [14] and Laio and Parrinello [15] and orig-
inally was applied to the studies of structural phase transitions in
crystals by Martoňák, Laio and Parrinello [16,17]. The main idea of
this method consists in modification of the free energy surface by
adding a history dependent term in such a way that the system is
effectively pushed out of the free-energy well. The important
advantage is that there is no requirement to know the possible
structures a priori. This method allows to search for minima of
the Gibbs free energy surface and, thus, for stable and metastable
crystal structures. Metadynamics was successfully applied for
searching new crystal structures obtained at high pressure and
possible pathways of the pertinent phase transitions [18–20].

In this paper, we apply metadynamics to explore a solid–solid
phase transition in Xe modelled with the Buckingham potential
for which the T-induced phase is known to exist [11], and con-
firmed by a recent study using the adiabatic free energy dynamics
(AFED) approach [21]. The aim of this study is to determine the
range of applicability of the metadynamics approach. This might
allow to apply it to other materials, e.g. transition metals such
as Mo, Fe, Cu, for which the existence of T-induced phases is
controversial [22–26].

2. Method

Metadynamics is a method for exploring the free energy surface
(FES) expressed as function of selected collective coordinates h [15].
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At given pressure and temperature a system in thermodynamical
equilibrium is always in a global or local minimum of the Gibbs free
energy GðhÞ ¼ FðhÞ þ PVðhÞ, where F is the Helmholtz free energy.
The approach of metadynamics is based on escaping the
free-energy minima by systematically adding a history-dependent
potential constructed as a sum of Gaussians centered along the tra-
jectory of collective variables [15].

For simulation of structural phase transitions in crystals the
primitive unit cell u could in principle be naturally used as order
parameter. It is, however, more convenient to instead use a super-
cell since this setup naturally provides the possibility of a final
structure with the number of atoms in the unit cell different from
that in the original one. In case of a relatively small simulation box,
where the creation of defects is too costly, the simulation box
edges a;b; c could be taken as collective coordinates which can
provide a coarse-grained description of the system. The matrix
H ¼ ða;b; cÞ, formed by three column vectors a; b and c, is related
to the unit cell via the relation H ¼ um, where m is an integer
matrix [14,16]. In order to freeze the irrelevant rotational degrees
of freedom, we can rewrite this matrix

H ¼
h11 h12 h13

h21 h22 h23

h31 h32 h33

0
B@

1
CA

as upper-triangular, i.e. one could set the matrix components
below the diagonal to zero and choose the 6D vector

h ¼ ðh11; h22; h33; h12; h13; h23ÞT as a collective coordinate. Close to

the equilibrium crystal structure h0, the Gibbs free energy could
be written as

GðhÞ � Gðh0Þ þ 1
2
ðh� h0Þ

T
Aðh� h0Þ;

where the Hessian matrix

Aij ¼ @2GðhÞ=@hi@hjjh0

can be calculated from finite differences of the pressure tensor [17].
Normally the potential well has a highly anisotropic shape. To
reduce this effect the collective variables are transformed to

si ¼
ffiffiffiffi
ki

p X
j

Ojiðhj � h0
j Þ;

where ki are eigenvalues of the Hessian matrix A and O is an orthog-
onal matrix which diagonalizes A. Here

� @G
@hij
¼ V ½h�1ðp� PÞ�ji;

where the volume of the system V ¼ detða;b; cÞ, p is the averaged
microscopic pressure tensor and P is the external hydrostatic pres-
sure. The collective variables evolve by equation

stþ1 ¼ st þ ds
~/t

j~/t j

with stepping parameter ds, and ~/t is the driving force

~/t ¼ � @Gt

@s

determined from the history-dependent Gibbs potential

GtðsÞ ¼ GðsÞ þ
X
t0<t

We�js�st 0 j2=2ds2
;

where Gaussians are placed at all visited points of the trajectory in
order to push the system out of the local minimum.

The implementation of metadynamics consists of three steps.
Two steps are preparative. The first is equilibration of the system
at given pressure and temperature and calculating the equilibrium

vector h0. Second is calculating the Hessian. This is made from
finite differences of the stress tensor components by altering each

of the 6 components of the vector h0 by ±1%. The third step is
metadynamics itself. The metadynamics code can be implemented
as a wrapper to a molecular dynamics (MD) simulation without the
need to modify the MD code. As the model of interaction the
Buckingham pairwise potential was chosen because there is a pro-
ven solid–solid phase transition at high temperatures [27]. The
potential is defined by the pairwise function

uBuckðrÞ ¼ A expð�r=qÞ � C
r6 ;

where parameters A ¼ 740899:6 kJ=mol, q ¼ 0:343846 Å and
C = 28944.64 Å6 kJ/mol were taken from the work of Ross and
McMahan [28]. The cutoff radius was taken to be 8 Å for large boxes
and 6 Å for boxes with less than 500 atoms. We performed MD
equilibration and sampling using the DL POLY software [29].

For all MD simulations we used a timestep of 1 fs. During each
metadynamics simulation we equilibrated the starting configura-
tion for 20,000 steps (20 ps) with a Berendsen barostat. Then
50,000 steps (50 ps) were used in each run for calculating the
Hessian matrix. For each metadynamics step we run 1000 steps
for equilibration and 1000 steps for gathering statistics, 2 ps total.

We made simulations to search for the phase transition temper-
atures using a system of 13,500 atoms when starting with the fcc
lattice and of 13,718 atoms when starting with the bcc lattice
(the cubic box with approx. the same number of atoms). We per-
formed simulations of 3000 metadynamics steps using a
Gaussian width ds = 4, 18, 20, 30, 35, 50, 70, 80 (GPa A3)1/2 with
the corresponding Gaussian height W ¼ ds2.

The melting curve of Xe was obtained up to 2000 GPa, using the
Z-method [30] and two-phase method [13]. In the Z-method, the
simulations were conducted using 2000 atoms for a pressure range
from 10 to 2000 GPa starting from the fcc lattice. The melting tem-
peratures of bcc and fcc phases were obtained also using the
two-phase method. The initial conditions for this simulation were
prepared in the following way. The ideal lattice with 128,000 atoms
was generated and then melted with a temperature 50% higher than
the melting temperature for a given pressure. Next, the system was
equilibrated with the pressure and temperature close to the melt-
ing conditions calculated by the Z-method. Then, atoms belonging
to a spherical region with radius 27 Å were removed. Instead a
pre-equilibrated solid sphere with radius 25 Å was inserted. A 2 Å
gap was created to guarantee that inserted atoms are not too close
to the liquid atoms (note the non-physical behavior of the
Buckingham potential (Fig. 1) at short distances). The resulting con-
figuration was a supercell containing two phases – a solid sphere
(2975 atoms for bcc and 3043 atoms for fcc) and liquid (124,218
atoms) surrounding it. A relaxation procedure was applied to min-
imize the energy of the system. Then the simulations were con-
ducted using the NVE ensemble starting from a temperature
slightly below the melting line. After the simulation starts, liquid
atoms start to crystallize around the solid sphere. The latent heat
of this atoms is released as a kinetic energy, raising the temperature
in the simulation box (Fig. 2). This process will continue until either
equilibrium between solid and liquid is reached, or all the liquid
solidify. Because of small undercooling and the small size of the ini-
tial solid, both phases (solid and liquid) were always present in the
end of simulation. As was expected, the bcc melting temperature
was higher than that of fcc starting from the pressure�50 GPa, indi-
cating that bcc is more stable at higher pressures near the melting
temperatures.
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It is known, that at low T and P the bcc structure of Xe is unsta-
ble. In a stable structure the atoms subjected to a small displace-
ment tend to return to their equilibrium positions thus vibrating
around the lattice sites. If the lattice is unstable, then any displace-
ment will lead to an irreversible movement of the displaced atom,
thus changing the total structure of the lattice. Nevertheless at
some TH the amplitude of atomic vibrations can dynamically
stabilise the average structure.

To find the approximate region of bcc stability a set of calcula-
tions with NVE conditions was made. As starting configuration bcc
and fcc lattices with 250,000 and 256,000 atoms respectively were
taken. Simulation was performed for the volume 20–29 Å3 per
atom (Fig. 3) at several temperatures. At volumes per atom (V) lar-
ger than 21 Å3, the bcc structure collapsed by diffusionless trans-
formation of the cell into a mixture of close packed structures.
With V < 21 Å3, the bcc structure didn’t collapse after simulation
around 100 times longer than the characteristic time of the lattice
destruction at higher atomic volumes. The calculated PT values of
dynamical stability points for different atomic densities can be
seen to be related to the phase boundaries of Xe (Fig. 4). The
dynamical stability curve showed that at the pressure more than

90 GPa the bcc structure becomes dynamically stable at any
temperature.

Thus the next step was to find if the bcc lattice could at some
pressure become thermodynamically stable at zero temperature.
Or in other words if the shape of the stability curve of the bcc phase
will, in PT coordinates, follow the form of the dynamic stability
region (Fig. 3). The equilibrium between phases at constant pres-
sure and temperature is reached when their Gibbs free energies
G ¼ Eþ PV � TS are equal. At zero temperature the Gibbs free
energy is equal to the enthalpy G ¼ H ¼ U þ PV , which, in turn,
could be easily calculated. Then the criteria of equilibrium between
phases

Hfcc ¼ Hbcc; or UðVfccÞ þ PðVfccÞVfcc ¼ UðVbccÞ þ PðVbccÞVbcc

allow to find the equilibrium pressure (if such exists). To check this,
the internal energy together with pressure was calculated. The cal-
culation was made at zero temperature for bcc and fcc lattices for
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Fig. 1. The energy of interaction between two particles with Buckingham potential
with parameters used in simulations. The insertion shows the behavior of potential
near the minimum.
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Fig. 2. Temperature evolution of two-phase (solid–liquid) system. Initial temper-
ature is 16,000 K (doubled target temperature), simulated in NVE. The temperature
increases due to the crystallization process. The increase stops when the system is
at the melting temperature. Pressure in bcc + liquid (127,193 atoms) varies between
179.7 GPa and 174.9 GPa, while in fcc + liquid (127,261 atoms) it varies between
180.0 GPa and 177.8 GPa.

Fig. 3. Energies of the Xenon phases as a function of temperature. Solid lines
represent configurations starting with bcc structure. Dashed lines represent
configurations with fcc structure. Identical color represents identical atomic
volumes in Å

3
(specified in the legend with the corresponding characteristic

pressure). Simulations with fcc starting structure always ended in a fcc structure.
Simulations with bcc starting structure resulted in a different structure depending
on temperature. The energies of bcc and fcc structures are calculated using 250 and
256 thousands of atoms, respectively. The dotted arrow shows the progression of
the bcc instability temperature with increasing density. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)
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Fig. 4. MD calculated melting data (crosses), compared to MD calculated melting
data by Belonoshko by Z-method using the fcc phase. The diamond shows
equilibrium between bcc and liquid, open triangle shows equilibrium between fcc
and liquid [27]. The area between contains the triple point. Structural phase
transition curve (squares) follows the melting line and starts from the area of triple
point.
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atomic volumes in the interval from 4 to 70 Å3. The difference of
enthalpies is showed in Fig. 5. Down to the volume 10 Å3 per atom
the enthalpy difference is positive, which means that the fcc phase
is stable. The slope of the line shows that the difference grows with
increasing density. Below the volume 10 Å3 per atom the difference
experiences an abrupt drop (Fig. 6). This volume corresponds to the
nearest neighbor distance �2.35 Å and pressure �12,000 GPa. The
noise is due to some atoms discretely appearing within the cutoff
radius. The transition in Fig. 5 looks sharper than in Fig. 6 due to
the non-linear dependence of change of the pressure DP on change
of the density Dq. As can be seen until a pressure around 1000–
2000 GPa the enthalpy difference between fcc and bcc phases
increases with increasing of the internal energy difference. With
further increasing the pressure the internal energy difference keeps
behaving in the same manner, whereas the enthalpy difference
decreases. This shows that the PV term starts to play major role.
Such a behavior can be explained by non-physical softening of the
Buckingham potential (Fig. 1). The existence of such a maximum
of the potential is not physically justified so this sets a limit of
2000 GPa beyond which the force field cannot be trusted anymore.

After finding the upper and lower limits of phase stability, a
comparison of the stability of the bcc and fcc phases was conducted
using the metadynamics method. A series of runs was performed
for a range of temperatures starting from the melting temperature
of bcc with a set of fixed pressures. The state of the system for the
current metadynamics step was monitored by calculating the coor-
dination number. This was done by integrating the radial distribu-
tion function (RDF) from zero distance until the distance
corresponding to the first minimum of the RDF. An atom in a
close-packed structure has 12 nearest neighbors, therefore the
integral over the first peak (the first coordination shell) equals to
12. In case of bcc structure at high temperature the first two peaks
of RDF overlap, thus integrating until the first minimum gives the
second coordination number, which is equal to 14 (Fig. 7). Note
that sometimes the search for bcc phase is performed looking for
8-coordinated atoms [31], which might lead to erroneous conclu-
sions, since at high T bcc atoms become effectively 14 coordinated.

The volume of the free-energy well in phase space is propor-
tional to the number of metadynamics steps that the system
remains in that well. Thus, calculating the number of metadynam-
ics steps needed for a phase transition will allow comparing the
relative sizes of the energy wells and approximately also the
relative stability of the phases.

As can be seen in Fig. 8, with temperature growth the number of
metadynamics steps needed for a fcc to bcc transition decreases,
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Fig. 5. Enthalpy difference between bcc and fcc lattices for different atomic volumes
at 0 K. Simulation is performed for 250 and 256 thousands of atoms, respectively. It
is clearly visible that the enthalpy difference drops abruptly at the volume around
10 Å3 per atom.
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Fig. 6. Enthalpy and internal energy differencies between bcc and fcc lattices for
different pressures. Energy difference increases with the pressure growth. Enthalpy
difference first increases, after 3000 GPa decreases with the pressure growth.
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Fig. 7. Radial distribution functions of fcc, bcc and hcp structures simulated at
6000 K and 125 GPa. It is clearly visible that first two peaks of the bcc RDF overlap
forming a non-symmetrical shaped bell. Close-packed structures differ only in the
third peak.
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Fig. 8. The number of metadynamics steps needed for the phase transition.
Simulations employed 13,500 atoms for starting fcc configuration and 13,718 atoms
for starting bcc configuration. The simulation pressure is 1000 GPa. With increasing
temperature the number of metadynamics steps needed to transform from bcc to
fcc increases, and from bcc to fcc decreases.
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while if starting from the bcc lattice more steps are needed to
transform to the fcc lattice. The temperature where the amount
of steps are equal can be approximately considered as the phase
transition temperature (Fig. 9).

Using a small number of atoms with PBC applied could lead to a
lack of long-wavelength phonons. This could lead to a finite-size
effect and change the stability of the phases. Furthermore, the
change of cell during metadynamics can lead to lattice mismatch
because the cell length could not fit an integer number of lattice
constants, which will highly impact on the overall energy of a
small system. To confirm the absence of a finite-size effect and
impact of lattice defects on the cell boundaries we performed a ser-
ies of runs with 256, 500, 864, 13,718, 32,000, 62,500, 108,000 and
256,000 atoms in the simulation box. We fixed pressure to 200 GPa
which is in the middle of range of our simulations and 8500 K as
the temperature found closest to a phase transition point. In this
case the depth of potential wells of the fcc and bcc configurations
should be of comparable size, thus a finite-size effect may lead to
a big change in the relative size of wells. Simulations were per-
formed using a Gaussian width ds = 3, 4, 10, 20, 30, 50, 70 and
100 (GPa Å3)1/2 and Gaussian height W ¼ ds2.

3. Results and discussion

We observe the existence of a phase transition from the fcc to
bcc structure at high temperatures for the chosen model using
the metadynamics method (Fig. 10). The calculated phase transi-
tion line appears to be in good accordance with the fcc–bcc–liquid
triple point (around 4000 K at 50 GPa) [27]. The transition between
the bcc and fcc structures occurs along a Bain pathway when two
cell sides grow and one side decreases in size preserving the
orthogonal lattice. Further transformation to the hcp structure
occurs by growing one of the supercell angles up to �120� while
keeping all other variables nearly constant (�90�). Thus the shape
of the supercell effectively becomes rhombohedral. The hcp phase
is highly unstable and tends to release the stress caused by the
metadynamics by twinning already at the simulation with 4000
atoms. This may be interpreted as the presence of a shallow local
energy minimum corresponding to the hcp phase. Unlike phase
transitions that occur at low temperature, where the entropy is

not important [17], in the range of our calculation there is no con-
siderable change in enthalpy (Fig. 11).

The results appear to be strongly dependent on system size
since the relation between energy cost of lattice defect and the
total energy of the system can significantly influence the phase
transition. The most reproducible results were obtained by using
the middle-size boxes with �4000–64,000 atoms where a phase
transition occurs regularly in both directions (Fig. 8). At constant
pressure, with increasing temperature, the number of metadynam-
ics steps required for fcc–bcc transition decreases and for the
bcc–fcc—increases. The stress appears to be uniformly distributed
between atomic layers with slight lattice deformations and
normally not causing lattice defects. Even though there is some
scatter in the number of metadynamics steps one can clearly see
a pronounced temperature dependence.

In systems with the number of atoms below 4000, the transi-
tions basically occur in the same way. The difference is that the
small simulation box is much more influenced by the lattice fluctu-
ations. This leads to the higher dispersion of the number of meta-
dynamics steps required to cross the free-energy barrier. The direct
comparison of the free-energy wells in the systems of such small
size is complicated, and use of larger simulation boxes is prefer-
able. Still it is possible to use small systems in the regions far from
another phase transition (e.g. triple point).
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along Y axis for the readers convenience. Simulations were performed for 13,500
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On the other hand, in systems with more than 64,000 atoms we
observed a large amount of defects in the lattice. These defects
effectively relax the driving stress created by the supercell
deformation in metadynamics. We observe that the number of
defects grows proportionally to the number of metadynamics
steps. Thus the system does not undergo a collective phase
transition but rather creates local nucleation areas (Fig. 12). This
behavior was observed up to the melting temperature of the fcc
phase. On further increase of the temperature the metadynamics
shows a sharp transition to the bcc phase. In this area fcc could
exist only as a superheated metastable state and thus any present
nucleation center leads to a conversion to the stable bcc state.

An implicit assumption behind the Parrinello–Rahman MD as
well as metadynamics in the present version is that there is a
direct connection between the unit cell u and supercell H of the
form H ¼ um. This is guaranteed if the system size is not too
large and the system does not create extended defects.
Otherwise, as was shown, the system can escape the deformation
by creating planar defects, rather than undergoing a proper struc-
tural transition and the supercell matrix H is no more a good
order parameter to distinguish between the unit cells. On the
other hand, the supercell should not be chosen too small since
large thermal–pressure fluctuations in the high-temperature
regime close to the melting line can significantly affect the
dynamics of phase transition.

The proposed way of searching for the location of a phase tran-
sition is based on the implicit assumption that in the space of the
order parameter h there is the same relation between the volume
of the well and its depth for each phase. While this is clearly an
approximation the example of Xe shows that it can provide useful
results. We found that for determining the transition temperature
the best results could be achieved for systems with the number of
atoms ranging from 12,000 to 35,000. For this range metadynamics
appears to show highly reproducible results with sharp transitions
and the number of false transitions due to changing the FES by
defects is minimized. To further eliminate the effect of finite tem-
perature lattice fluctuations we made several independent meta-
dynamics runs for each point.

4. Conclusions

We have studied the applicability of the metadynamics tech-
nique to investigate temperature-induced structural transitions
close to the melting line. Using the fcc–bcc phase transition in Xe
as example, we confirm the previously found fcc–bcc–liquid triple
point of Xenon. Moreover, we showed that metadynamics can be
used to approximately determine the location of the phase bound-
ary. We have performed a systematic study of the dependence of
metadynamics on the simulation box size and found that too large
system should not be used since extended defects could signifi-
cantly influence the phase transition search. The method poten-
tially could be applied to more complex structures and potentials
to discover new temperature-induced phases at high temperature
and high pressure conditions and study their stability regions.
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Fig. 12. Evolution of cell edges (upper lines in graphs) and cell angles (lower lines in
graphs) during metadynamics run. The starting configuration is a large fcc cubic cell
with 256,000 atoms and 166 Å edges at pressure 200 GPa. At a temperature of
8400 K where smaller simulation boxes demonstrate a sharp phase transition, the
big box effectively relaxes stress imposed by metadynamics by creating a large
amount of defects. A sharp phase transition is absent (a). At higher temperature of
8700 K, the creation of defects starts much earlier and continues longer, which
proves that the size of the bcc free-energy well grows (b). At a temperature of
9000 K, above the fcc melting temperature (�8850 K) but below the bcc melting
temperature (�9750 K), where the fcc phase could only exist as a metastable
structure, the system demonstrates sharp transition to the bcc phase along the Bain
path (c).
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The sound velocity of Mo along the Hugoniot adiabat is calculated from first principles using density-
functional theory based molecular dynamics. These data are compared to the sound velocity as measured in
recent experiments. The theoretical and experimental Hugoniot and sound velocities are in very good agreement
up to pressures of 210 GPa and temperatures of 3700 K on the Hugoniot. However, above that point the experiment
and theory diverge. This implies that Mo undergoes a phase transition at about the same point. Considering that
the melting point of Mo is likely much higher at that pressure, the related change in the sound velocity in
experiment can be ascribed to a solid-solid transition.

DOI: 10.1103/PhysRevB.92.060101 PACS number(s): 64.10.+h, 64.70.K−, 71.15.Pd

On the basis of extensive experimental [1–11] and the-
oretical studies [12–32] of the phase diagram of Mo the
following can be safely concluded. The body-centered cubic
(bcc) phase of Mo is extremely stable up to very high pressures,
at least in excess of 5 Mbars. Theory [26] predicts that, at a
pressure of about 6.6 Mbars, Mo transforms to the double
hexagonal close-packed structure. This result was recently
independently confirmed by another theoretical study [31].
The high-temperature part of the Mo phase diagram remains
controversial. There are two major experimental methods to
assess the high-temperature part of the Mo phase diagram:
the diamond-anvil cell (DAC) technique and the shock wave
experiment. Early shock wave studies [5,7] revealed two
discontinuities along the Hugoniot, one at the pressure of
2.1 Mbars and 4100 K (explained by a solid-solid transition)
and another one at 4 Mbars and 9000 K (assigned to melting).
The DAC studies [11] performed a few years later discovered
nearly a flat melting curve for Mo. Being extrapolated,
the DAC melting curve almost exactly matches the first
discontinuity in the shock wave experiment. DAC studies
never reached the conditions of the second discontinuity.
Theory [23,24,27,28] has provided melting consistent with
the shock wave data [5,8]. Somewhat similar patterns of
studies emerged for a number of other metals (Ta [11,33–35]
and Fe [36–40], e.g.) where theory and shock wave data on
melting are in agreement whereas the DAC data demonstrate
considerably lower melting temperatures. Considering that the
latest DAC data on Fe and Ta support much higher melting T ,
it seems rather safe to conclude that the earlier DAC data were
imprecise due to some yet unclear reasons. An explanation [41]
suggested by one of the authors of this Rapid Communication
is that the earlier DAC melting curves were in fact due to
fast dynamic recrystallization induced by cumulative impact
of increasing stress and softening of the sample either due to a
solid-solid transition or simply due to an approach to melting.
Indeed, first-principles calculations [23,24] pointed towards
such a possibility in a number of metals. That, however, was
objected to [28] on the grounds that the systems that provided
the evidence for the existence of the solid-solid transition
were either modeled using analytical potentials or were small
when treated ab initio. We note, however, that the studies
that did not support the existence of T -induced solid-solid

transitions are also performed for small systems [28]. It is,
however, possible and even likely that such a transition is
particularly sensitive to the size of the system. This is because
the emerging phase is stabilized by the low-frequency thermal
motion as, for example, is the case for the bcc Zr [42,43]
and high-pressure bcc Fe [44]. A small system simply does
not allow for the long wave oscillations since the small
system cannot accommodate them. Yet, such oscillations are
particularly important because they contribute significantly to
the free energy and, thus, may stabilize the phase. Generally
small systems favor the phase that is dynamically stable at low
temperatures.

The recent shock wave experiment [8] that measured the
speed of sound in the sample behind the shock wave front was
expected to clarify this issue for Mo. However, the authors
claimed that they did not see any discontinuity that could be
assigned to a solid-solid transition, contrary to the previous
shock wave experiment [5]. The authors do observe a peculiar
behavior of the sound speed as a function of density, but that
dependence was assigned to a particular behavior of the Mo bcc
phase. Therefore, it is critical to compute the sound velocity
of Mo in the bcc phase to verify whether indeed its sound
velocity supports the hypothesis of the experimentalists.

First-principles calculations of Mo demonstrated that well-
established data can be well reproduced with high preci-
sion. Equation of state, thermal expansion, crystal structure,
and a broad pressure range of the bcc stability are in
very good agreement with experimental data. The pressure-
temperature-density (PTρ) relation along the Hugoniot was
also computed [29] in good agreement with experiment [5,7].
Therefore, it seems we can rely on the same approach to
compute the sound velocity in the Mo bcc phase.

In order to do that, we performed a number of DFT based
molecular dynamics (MD) calculations at the same densities
as measured in the shock wave experiment.

The energies and forces were calculated within the frame-
work of the frozen-core all-electron projector augmented-wave
method [45] as implemented in the Vienna ab initio simulation
package [46]. The energy cutoff was set to 350 eV. Exchange
and correlation potentials were treated within the generalized
gradient approximation [47]. The semicore 4p states of Mo
were conservatively treated as valence. The finite tempera-

1098-0121/2015/92(6)/060101(5) 060101-1 ©2015 American Physical Society
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FIG. 1. (Color online) The calculated dependence of pressure on
density along the Hugoniot compared to experimental data. The shift,
independent of density, is typical of DFT calculations on metals.

tures for the electronic structure and force calculations were
implemented within the Fermi-Dirac smearing approach [48].
All necessary convergence tests were performed, and the elec-
tronic steps converged within 0.01 meV/atom. The molecular
dynamics runs have been performed in the canonical ensemble
for a given volume and temperature. We used 5 × 5 × 5 cubic
supercells with 250 atoms. Tests have shown that the � point is
sufficient at this size. The time step was set to 1 fs, and the runs
continued for 4000 time steps. The averages were computed
over the last 2000 and 1000 time steps, and the difference of
these averages was considered as the error. This is probably a
better estimate of the error than the statistical error that could
be obtained by, e.g., a blocking technique. When a comparably
short run is considered for a comparably small system, many
factors contribute to the error, and such an estimate of the
error is made in the spirit of computer experiments. The tests
that have been performed for the cutoff of 500 eV and MD
run duration of 8000 time steps confirmed convergence of
the results regarding the cutoff and duration of MD runs
(see the Appendix below). The computed pressures at the
experimental densities and temperatures estimated in previous
work [29] are compared with the pressures measured along the
Hugoniot. A very reasonable agreement is obtained (Fig. 1).
To estimate the sound velocity we need to compute elastic
constants.

The single-crystal elastic constants were calculated via the
generalized form of Hooke’s law,

σi = cij εj , (1)

where σi stands for the stresses, cij stands for the elastic
moduli, and εj stands for the strains; all in the Voigt nota-
tion (i,j = 1,2, . . . ,6). The calculated time-averaged stresses
associated with strains applied to our 250-atom supercell were
used. To obtain the three nonzero cij ’s of the cubic cells
(namely, c11, c12, and c44) just one deformation matrix is
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FIG. 2. (Color online) Elastic constants of bcc Mo along the
Hugoniot as a function of pressure. The bcc phase of Mo becomes
unstable above pressure 300 GPa which results in irregular behavior
of elastic constants.

needed, whose components are shown below

�ε = ([δ, 0, 0, 0, 0, δ]). (2)

The applied δ’s were ±2% and ±4%. The calculated
dependencies of the time-averaged σi on δ were subject to
a linear least-squares fit to directly estimate cij from the
relations,

σ1 = c11δ, (3)

σ2 = c12δ, (4)

σ6 = c44δ. (5)

Figure 2 shows the pressure dependence of c11, c12, and
c44 along the Hugoniot. Above the pressure of 325 GPa Mo
the bcc phase becomes unstable for some deformations and
melts. The sound velocity was computed in the Voigt-Reuss-
Hill approximation [49]. The shear modulus G and the bulk
modulus B of a cubic crystal can be written as

G = GV + GR

2
, (6)

B = C11 + 2C12

3
, (7)

where

GV = C11 − C12 + 3C44

5
, (8)

GR = 5(C11 − C12)C44

4C44 + 3(C11 − C12)
. (9)
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FIG. 3. (Color online) The calculated sound velocity (large dia-
monds) compared to experimental data (small diamonds with error
bars). Up to the pressure of just above 200 GPa the experiment
and theory provide very similar sound velocities (corresponding
temperature is around 3700 K). At higher pressures the experiment
and theory diverge, and it appears that the divergence increases
with increasing pressure. The divergence cannot be explained by
experimental error bars or statistical errors of our calculations. The
size of the symbols corresponds approximately to the error bars.
Somewhat irregular behavior of the experimental and theoretical
curves also illuminates the possible error. The error bars of two
computed points (circles with error bars) are obtained by the Monte
Carlo method of error propagation with the errors in stresses obtained
by the blocking technique (see the Appendix).

The longitudinal sound velocity CL and the bulk sound
velocity CB can now be calculated as

CL =
√(

B + 4G
3

)
ρ

, (10)

CB =
√

B

ρ
. (11)

Figure 3 provides the comparison of the recently measured
sound velocity and the sound velocity calculated in this Rapid
Communication. The agreement between experimental and
theoretical data sets is very good, almost within mutual error
bars up to pressures of just above 200 GPa and temperatures
close to 4000 K, in fact, exactly where the discontinuity was
found by Hixson and colleagues [5]. Above that pressure
the experimental velocity goes sharply up, whereas the
computed one smoothly continues the same trend as below the
pressure 200 GPa. Above 325 GPa computed sound velocity
exhibits erratic behavior (not shown) because the Mo crystal
becomes unstable on smallest deformations. Such a change in
experimental velocity might be possible if a new solid phase
has emerged in the vicinity of 200 GPa. The discontinuity
might not appear simply because the region behind the shock
wave front might be inhomogeneous including both bcc and
emerging phases that makes the transition comparably smooth.
A very careful and improved experiment [8] has provided a

better resolution of the discontinuity, but the discontinuity
seems to be there. A remote possibility is that something
happens to the experimental setup in the vicinity of that
point, but it has to have a similar impact both on the earlier
experiment and on the recent one. Finally, something may
happen to the accuracy of DFT calculations in that particular
pressure-temperature range, but no obvious reasons, such as
effects of strong electron correlations, can be named. Therefore
we believe it is very unlikely. Thus, Mo does not seem to stay
in the bcc phase up to the highest applied pressure. What is
the nature of the emerging phase remains to be found out by
truly large-scale DFT (or DFT-like precision methods) MD.

While this paper was in review, a Comment [50] and a
Reply [51] were published where a peculiar behavior of the
Mo shear modulus is discussed. It is also an indication that
something happens to Mo in the experiment [8].

Computations were performed using the facilities at the
Swedish National Infrastructure for Computing (SNIC). We
also wish to thank the Swedish Research Council (VR) for
financial support (Grants No. 2013-5767 and No. 2014-4750).
S.I.S. acknowledges Linköping Linnaeus Initiative for Novel
Functional Materials (LiLi-NFM) and the Swedish Govern-
ment Strategic Research Area Grant in Materials Science
Advanced Functional Materials (AFM). Comments by the
anonymous referee have helped to improve the paper.

APPENDIX

There are quite a few obstacles that can contribute to
the quality of computed data. In this Appendix, we check
the cumulative impact of the energy cutoff, duration of our
molecular dynamic runs, and the way of estimating numerical
errors. Although most of the runs are performed with the cutoff
of 350 eV for 4000 time steps, in this Appendix we report
results of the runs performed with the cutoff of 500 eV for
8000 time steps. We are aware that 350 eV is already a very
high cutoff. Converged properties have already been reported
at the cutoff of 224.6 eV [28]. However, the referee requested
to check for an even higher cutoff, so this is why we do it here.

Table I shows the average pressures computed over the
same periods of time with different cutoffs for two densities. It
is obvious that the use of 350 and 500 eV as a cutoff produces
identical pressures. The average pressures computed with a
500-eV cutoff over a number of time intervals are compared to
the pressures computed over the last 4000 time steps in the runs
with 8000 time steps (Table II). The last column lists the errors
obtained by a blocking technique [52]. The errors obtained in
different ways are quite comparable. They cannot be identical
due to their statistical nature. The reason why they are similar is
simple. In the blocking technique the error becomes constant

TABLE I. Impact of cutoff on average pressure (GPa).

Cutoff

Density (g/cm3) 350 (eV) 500 (eV)

13.304 135.712 136.129
15.094 257.791 258.289
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TABLE II. Impact of duration of MD run on average pressure
(GPa).

Steps

Density (g/cm3) 2000–4000 4000–6000 4000–8000

13.304 136.129 136.190 136.177
15.094 258.290 258.292 258.295

when the blocks are long enough to remove the correlation
between the blocks. In solids it is normally dozens or hundreds
of time steps. Clearly, if the error is computed over the blocks
of 1000 time steps, their magnitude becomes similar to those
computed by the blocking technique.

We note, however, that although the evaluation of statistical
errors in pressure and stresses is a straightforward procedure,
the errors in sound velocities are more difficult to estimate.
To do that we use the Monte Carlo (MC) method of error
propagation. That is, we vary the computed stresses within
their statistical errors, compute elastic constants and then,
finally, sound velocities (as outlined in the main text). The
result of these calculations is shown in Fig. 4 where histograms
of 10 000 MC attempts for two densities are shown. The error
being very small at low density (about 0.01 km/s) becomes
considerably larger at higher density (about 0.05 km/s).
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FIG. 4. (Color online) The histograms of longitudinal sound ve-
locities computed at two densities as indicated in the legend. The
width of the distribution represents the error in sound velocity. The
error is larger at higher density that corresponds to the pressure of
257 GPa. The histograms are computed assuming errors in stresses
computed by the blocking technique.

Yet, the errors are certainly small enough to see that the
experimental and theoretical sound velocity curves are quite
different above the pressure of 220 GPa.
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The Earth solid inner core is mostly iron, however its crystal structure is still uncertain. 

Currently, two major candidates are considered –  hexagonal close-packed (hcp) and 

body centered cubic (bcc) structures. Neither of these structures received unanimous 

support. Experimental evidence is controversial. Earlier ab initio based computational 

studies, whether supporting stabilization of the body-centered cubic phase or rejecting it, 

suffered from the small size of simulation cells. We demonstrate that the size is important 

and show that if the size of the computed structure is increased the bcc phase becomes 

more stable than the hcp phase. This suggests that the iron in the Earth inner core is 

stable in the bcc phase. The results of the latest experiments, if interpreted correctly, 

confirm our conclusion. 



One Sentence Summary: Iron in the  Earth solid core has body-centered cubic structure. 

The Earth solid inner and liquid outer cores consist mainly of iron1.The pressure range of 

the inner core is from 330 to 365 GPa2. The temperature is known less precisely, since the 

melting temperatures of iron have not been measured at the core pressures. When 

extrapolated, the data from shockwave (SW)3,4 and diamond anvil cell (DAC)5 experiments 

place melting temperature of iron somewhat above 6000 K at the pressure of the inner 

core outer core  (ICOC) boundary (330 GPa). The melting temperature of iron in the 

center of the Earth then could be close to 7000 K. Some DAC studies6 place this number 

considerably lower, around 5000 K. Theory supports higher melting temperatures7-9. 

Structure and properties of a crystal are intimately related. Therefore, elasticity of the 

core, its seismic response, density, heat capacity and heat conductivity, to name a few, 

critically depend on the structure of iron in the core. The interpretation of seismic data, 

our major source of information about deep Earth, is completely dependent on the phase 

diagram of iron at the core conditions10-12. 

At high pressure and low temperature the stable phase of iron is hcp13. There are two 

experimental studies that support transition of iron to another, yet unknown phase at 

pressures above 150-200 GPa and temperatures higher than 3000 K3,14. The SW data3 was 

interpreted as a transition from the hcp to the bcc phase. The DAC data14 is consistent 

with stabilization of the bcc phase15. Later SW studies4 claim that Brown and McQueen 

data3, is not an evidence for a phase transition. We note, however, that a similar situation 

was recently resolved for the case of Mo. It was suggested16 that there is no phase 

transition in Mo contrary to the discovery made by Hixson et al.17 earlier. Recently, it was 

demonstrated18 that the ‘no-transition ’ scenario16 is not consistent with theory and 

likely the original data by Hixson et al.17 is indeed an evidence for a transition. Recent 

DAC studies19 claim to measure iron at the core conditions. While the pressure is 

probably in the core pressure range the temperature, as can be seen from the width of 



the peaks of their X-ray spectra, does not probably exceed 4000 to 5000 K20. Besides the 

changes in the X-ray spectra19 can be explained by the iron carbide formation or the bcc 

phase stabilization20. 

 On the theoretical side, stability of the high-temperature high-pressure bcc iron, 

thermodynamic21 and dynamical21,22, was suggested on the basis of molecular dynamics 

simulations (the stability of Fe bcc phase was suggested23 as an explanation of the results 

of SW3 experiments). However, recently it was proposed24 that the bcc phase is not even 

dynamically stable at the pressure-temperature (PT) of the Earth inner core. The authors 

of Ref. 24 ruled out the dynamical stabilization21,22 of the bcc phase. They showed that 

the stabilization observed earlier is due to the constant volume and shape of the 

simulated cell. We note, however, that the size of all previous ab initio simulated cells was 

small and sometimes very small. 

 All of the above leads to confusion regarding the stable phase in the core. Theory 

and experiment provide arguments both supporting and rejecting the bcc stability. While 

properties of the bcc phase allow us to explain a number of enigmatic properties of the 

core10-12, the thermodynamic stability of the bcc phase remains a controversial topic. Here 

we explore the mechanism of the dynamical instability of the bcc phase. The insight into 

the mechanism allows us to understand what stabilizes the bcc phase and then to answer 

whether -and if yes - at which conditions the thermodynamic stability of the bcc phase 

sets in.  

 It is well known that bcc phase at high P and low T is unstable and its phonon 

spectrum includes imaginary frequencies. The instability is due to decrease of the energy 

(for calculation of energies and description of molecular dynamics see Methods and 

Supplementary Materials) when [110] planes are shifted along each other with some wave 

length (Fig. 1). 



 

 

 

Fig. 1. Energy change on shifting atomic planes in ideal Fe bcc crystal. Left: (001) 

projection of the equilibrium atomic positions in the part of the supercell corresponding 

to one cubic cell for different electron temperatures. Crosses correspond to the atomic 

positions in the ideal bcc structure. Right: Electron free energies as a function of the 

magnitude of the atomic displacement according to the N-point transverse phonon wave 

in the <110> direction with the [110] polarization. The data are presented for the same 

temperatures as in the left panel and are given with respect to the electron free energy of 

the ideal bcc structure. 

 The depth of the minimum is related to the kinetic energy corresponding to the 

temperature of dynamical stabilization of the bcc phase21,22 at constant volume. 

Accordingly the mechanism of instability can be explained by the (110) planes sliding 

along the [110] direction to reach the local energy minimum. This is happening at any 

temperature that is insufficient to escape the minimum. However, if the temperature is 



high enough, the planes can oscillate around the equilibrium bcc positions, thus 

stabilizing the bcc phase dynamically. This is possible if the shape of the cell and its 

volume are maintained constant. Such a motion leads to the appearance of deviatoric 

stresses24 that would destroy the bcc structure if the volume/shape restrictions are 

removed. If the cell is large enough the strains due to the planes motion can be 

accommodated in a large cell. Besides, due to the large amplitude of thermal motion at 

high temperature the planes are diffused in space therefore the plane shift is dispersed 

with a finite dispersion length. Therefore, one needs to simulate large cells to see whether 

and at what size the bcc phase becomes dynamically stable. 

 Currently there are no simulations that would provide properties of the bcc phase 

at constant pressure and temperature without restrictions on the shape of the 

computational cell. All of the existing simulations of the bcc phase provide its 

thermodynamics and/or dynamics compromised by the restrictions and small size of the 

computational cell. This might lead to wrong conclusions regarding the bcc stability. We 

performed ab initio MD simulations at constant P and T allowing for deformation of the 

computational cell with the size up to 1024 atoms. Pressure in all simulations was set to 

360 GPa, close to the pressure in the Earth center (364 GPa). We see that (Fig.2) if the size 

of the cell is 432 atoms (6×6×6 unit bcc cells) then the bcc phase is unstable even at T as 

high as 7000 K, in full agreement with recent simulations24. However, if the size is 

increased to 1024 atoms (8×8×8) the bcc phase remains intact (Fig. 2). Second, if 

temperature is 6000 K, the bcc phase (1024) spontaneously transforms to the hcp phase. 



 

Fig. 2. Time evolution of the initially cubic box sizes (a-red, b-green, and c-black; in the 

initial cubic structure a=b=c) during molecular dynamics run. The evolution is computed 

at pressure 360 GPa and temperature 7000 K. The upper set of three curves shows the 

evolution for the cell composed by 8×8×8 bcc unit cells (each cell with 2 atoms) that is 

1024 atoms in total. The lower set shows the results of the same simulation for the 6×6×

6 bcc unit cell with 432 atoms. The 432 atoms cell demonstrates instability developing 

between 7,000 and 8,000 timesteps. After that, the cell shape is deformed and the bcc 

structure transforms into the hcp one. On the contrary, the 1024 atoms cell shows no 

such instability. The computations for the 1024 atoms cell were continued longer than 

similar runs that demonstrated the instability for the cell with 150 atoms24. 

 



 

Fig. 3.  Results of molecular dynamics simulations in NPT ensemble at 360 GPa and high 

temperatures for different sizes of computational cells starting from the bcc and hcp 

structures. The upper panel shows time evolution of enthalpy that also includes the 

electronic entropy term and the lower panel time evolution of the electronic entropy. The 

legends in both panels of the figure are common. The bcc structure readily transforms 

into hcp structure at 6000 K even at 1024 atoms cell (squares). Both enthalpy and 

electronic entropy demonstrate drop at the transition from the bcc to the hcp phase. The 

hcp to bcc enthalpy and entropy differences are computed as the difference between the 

enthalpy and entropy averages for the hcp and bcc structures at 7000 K and 1024 atoms 

cells. 

 

 



 

Thus, the size of the computational cell and temperature are critical for stabilization of 

the bcc phase. The enthalpy difference (Hbcc-Hhcp), that includes also electronic entropy is 

19.3 kJ/mole in favor of hcp phase. That means that to be stable the vibrational entropy 

difference (Sbcc-Shcp) should be larger than 2.757 J/mole/K or 0.332 kB (where kB is the 

Boltzmann constant). This is comparable to the entropy difference of similar phase 

transitions in, e.g., Ti and Zr25,26,27. Direct calculation of the free energy difference for 

systems of size 1024 atoms and higher (we do not know at which size the properties of 

the bcc phase will converge) are not currently feasible. Recently, the difference of 

vibrational free energies was computed28 using the SCAILD (self-consistent ab initio 

lattice dynamics) method29.  This difference is 27.1 kJ/mole at 360 GPa and 7000 K. This 

means that the bcc phase is more stable than the hcp phase by 7.3 kJ/mole. If the 

enthalpy and entropy differences do not change with temperature, the bcc would 

stabilize at 5200 K, which is lower than most current estimates of the inner core 

temperatures. What is the mechanism behind the stabilization of the bcc phase? If one 

looks at the snapshots in Fig. 4 (the whole movie is included in Supplementary materials) 

one can see that atoms in the bcc phase diffuse in avalanches along 110 directions. 

 



 

 

 

Fig. 4. Structural data on bcc iron from molecular dynamic NPT simulation at 7000 K and 

360 GPa. The A and B parts show 3-dimensional distribution of probability density of 

atoms as a function of distance from the central atom. The density is averaged over the 

atoms and the last 8,000 timesteps of the run of 18,000 timesteps duration. Note, that A 

does not show the distribution of atoms around their equilibrium positions but rather the 

density of the vectors that connect this atom and the central atom. This density enters the 

radial distribution function normally shown as a one-dimensional plot. The first neighbor 

clouds in A have the shape squeezed in the direction to the central atom (shown as a 

small sphere for clarity), while the second neighbors are elongated in the same direction. 



The part B shows the projection of A on the 110 plane that is the plane that cuts the bcc 

unit cell along the face diagonal. One can see that about half of the second neighbors 

density contributes to the coordination number, that is the total coordination number is 8 

+ 6/2=11. Parts C and D show two projections of five snapshots of the computational cell. 

The five snapshots are shown in the picture with atoms colored according to the red-

white-blue sequence corresponding to time progression. The snapshots are separated by 

200 timesteps. The positions of the atoms are averaged using the 1000 timesteps running 

window to average out the high-frequency vibrations. The projections along X (part C) 

and Z (part D) axes are shown. One can clearly see the diffusion along the (110) planes. 

For the full movie of the simulation and diffusion demonstration please see 

Supplementary Materials video. Figures A and B are plotted using ParaView and C and B 

are plotted using Visual Molecular Dynamics software. 

 

  Such a motion in small cells destroys the structure. Bigger cells are apparently 

capable of relaxing the stress associated with the strain caused by the motion however 

such strains lead to quite a remarkable mechanism of diffusion, to our knowledge, never 

observed before. Such diffusion might have profound consequences for the formation of 

lattice preferential orientation in the inner core30 and explanation of seismic data 

including anisotropy11,12,30,31 and extremely low shear resistance10,30.  

 A careful examination of the structure of the bcc phase (note, that this is the first 

time we are looking at the structure of bcc iron calculated ab initio without constraints on 

shape and volume) tells us that the atoms in bcc structure are effectively 11 coordinated 

(Fig. 4). The first coordination sphere contains the 8 atoms however the 6 atoms in the 

second shell contribute about half of them in the first coordination sphere due to 

considerable amplitude of thermal motion. This is the coordination that was measured in 

the recent shock wave experiments32. However, the authors of the experimental paper32 

assumed that 11-coordinated atoms should rather be a feature of a close packed 



structures (formally 12 coordinated). The authors32 explained the coordination 11 by 

thermal motion in the hcp phase. It is thermal motion indeed –  but in the bcc phase that 

makes iron atoms 11 coordinated. Thus, we can suggest that the stability of the bcc phase 

at the core conditions already has been observed but misinterpreted. 

 To conclude, for the first time we demonstrated the dynamical stability of the bcc 

phase at high pressure and temperature. The bcc phase becomes thermodynamically 

stable according to first principles calculations. The stability increases on increasing the 

size of the computational sample and is likely to converge at larger sizes rendering full 

convergence difficult to achieve. However, already at the size of 1024 atoms with periodic 

boundary conditions the bcc phase at 7000 K and 360 GPa is thermodynamically stable. 

The discovered mechanism of stabilization –  diffusion along the planes with the soft 

phonon modes at 0 K- is novel but could likely be the same in other metallic refractory 

systems exhibiting phonon softening. The mechanism allows one to explain a number of 

seismic observations related to anisotropy and low shear modulus in the Earth inner core. 

Most of the earlier ab initio molecular dynamics studies of the bcc phase with small (less 

than 1024 atoms) size are likely inadequate. The unique feature of the Fe bcc phase such 

as high-temperature self-diffusion even in an ideal lattice might be responsible for the 

formation of large-scale anisotropic structures needed to explain the Earth inner core 

anisotropy11,30,31. 
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Materials and Methods 



The energies and forces were calculated within the framework of the frozen-core all-

electron Projector Augmented Wave (PAW) method33, as implemented in the Vienna Ab 

initio Simulation Package (VASP)34,35,36. The energy cut-off was set to 400 eV. Exchange 

and correlation potentials were treated within the generalized gradient approximation 

(GGA)37,38. Fourteen electrons were considered as valence, therefore any overlapping of 

core states at high pressures and temperatures was avoided. The finite temperatures for 

the electronic structure and force calculations were implemented within the Fermi-Dirac 

smearing approach39. All necessary convergence tests were performed, the electronic 

steps converged within 0.0001 meV/atom. The molecular dynamics runs have been 

performed in the NPT (N –  number of atoms, P –  pressure, T – temperature) ensemble 

for a given pressure and temperature. We used supercells with 432 and 1024 atoms. Tests 

have shown that Γ-point is sufficient at these sizes. The timestep was set to 1 fs and the 

runs continued for up to 18000 timesteps. The averages were computed over last 3000 to 

5000 timesteps depending on the run and the errors were estimated by the blocking 

technique. 

 Entropy change on transition from hcp to bcc phase. 

It has been established that bcc iron is dynamically unstable at high pressure and low 

temperature40. There are several methods that allow calculation of entropy of an unstable 

phase29,41,42,43. We note, that thermodynamic integration43 is not technically possible in 

the present case because we see that the dynamical instability sets in only at the size of 

1024 atoms which is very time-consuming to simulate. The stability increases on size, as 

we see from comparison of 432 and 1024 atoms simulations, and most likely is not 

converged at the size 1024 atoms. Therefore, one needs an alternative to the 

thermodynamic integration method. Recently, the entropy difference (∆Shcp-bcc) has been 

calculated28 using self-consistent ab initio lattice dynamics (SCAILD) approach29 (using the 

very same PAW pseudopotential with 14 valence electrons that is used in this study). We 



do not think that the SCAILD is the best possible method. However, it is better than MD 

on small dynamically unstable systems because the molecular dynamics of small bcc 

structures provide us with incorrect data. The bcc structure does not possess the correct 

dynamics if the size of the structure is small. At the same time, SCAILD provides the 

entropy in reasonable agreement with experiment29. The difference of vibrational 

entropies28 T⋅∆Svib
bcc-hcp=27.1 kJ⋅mole-1, according to SCAILD. This makes the bcc phase 

by -7.8 kJ more stable than the hcp phase. This suggests that the stability of the bcc 

phase sets in at around 5200 K at the pressure of 360 GPa. The ⋅∆Svib
bcc-hcp =3.9 J⋅mole-1⋅

K-1. Let us see if we can verify this number independently. Using Clausius-Clapeyron 

equation for both hcp and bcc phase melting we can write 

   dT/dPliq-hcp=(Vliq-Vhcp)/(Sliq-Shcp) 

   dT/dPliq-bcc=(Vliq-Vbcc)/(Sliq-Sbcc) 

Considering that melting temperatures of the bcc and hcp are close44 and, 

correspondingly, the gradients of their melting curves are close too, we can obtain that  

   Sbcc-Shcp = (Vbcc-Vhcp)/A, 

where 

   A=dT/dP melting 

on melting at pressure 360 GPa. The most recent melting curve of iron44 computed up to 

the pressure 15 Mbar gives the dT/dP melting = 8.9 K/GPa at the pressure 360 GPa. The 

volume difference can be calculated from our MD runs for the bcc and hcp phases at 360 

GPa and 7000 K. 

This is equal to 0.032 cm3/mol. Therefore, we are getting ∆Sbcc-hcp=3.6 J/mole/K. This 

entropy includes both electronic and vibrational terms. Our MD runs give the electronic 



part Sbcc-Shcp = 0.73 J/K/mole. Therefore, the ∆Svib
bcc-hcp = 2.87 J/mole/K which is 

somewhat less than the SCAILD result (3.9 J/mole/K) yet still sufficient to stabilize the bcc 

phase. 

 It is of interest to compare the entropy change for iron to the entropy change for 

similar transitions where experiments exist. The measured phonon spectra were used to 

calculate the vibrational entropy in quasiharmonic approximation for Zr26 and Ti27 at the 

temperatures 1156 K and 1188 K respectively for hcp and bcc phases.  For example, for Zr 

⋅∆Sbcc-hcp =2.17 J/mole/K and for Ti ⋅∆Sbcc-hcp =2.41 J/mole/K. One can expect that ⋅∆

Svib
bcc-hcp increases with temperature. 

 Therefore, all existing estimates provide consistent range of vibrational entropy 

changes. To stabilize the bcc phase over the hcp phase one needs ∆Svib
bcc-hcp >19.3 

kJ/mole / 7000 K = 2.75 J/mole/K. Even if we assume that the SCAILD calculations 

overestimate the ∆Svib
bcc-hcp by more than 30 percent (which is highly unlikely) the 

entropy difference will be still sufficient to stabilize the bcc phase. Moreover, it is likely 

that the SCAILD approach underestimates the entropy difference. The unique mechanism 

of diffusion in the bcc phase (see Fig. 4) considerably increases the number of available 

microstates and, therefore, increases the entropy. 

 Thus, we conclude that the increase of entropy in the bcc iron phase is sufficient to 

stabilize the bcc phase thermodynamically at the pressure of 360 GPa, likely starting from 

the temperature around 5000 K. This temperature is estimated using the most reliable 

based on the same method as used in this paper estimate of entropy in bcc and hcp 

iron28. Remarkably, this number is very close to the extrapolated temperature of melting if 

the extrapolation is done using the measurements providing the so-called low melting 

curve (e.g. Ref. 45). It was suggested, that these experiments do not measure melting 

temperatures but rather the temperature of the onset of dynamic recrystallization7,46. 



Indeed, if the possibility of the recrystallization was considered the melting temperatures 

from experiments increased significantly5 and became consistent with the high melting 

temperature as suggested by theory7. The recent measurements that are very sensitive to 

appearance of liquid-like structures insist on the low melting curve45. We want to 

emphasize that during re-crystallization such liquid-like regions are abundant because 

the grain boundaries at high T are essentially liquid-like10. Besides, the discovered in this 

study self-diffusion might be mistakenly thought of as the signature of the liquid phase. 

Also, the diffusion in the bcc phase makes its shear resistance likely very low. There is the 

evidence that the inner core material has very low shear resistance. Stabilization of the 

bcc phase allows to explain it. 

Movies S1. Motion in 1024 atoms bcc cell at 360 GPa and 7000 K. The coordinates are 

averaged over the moving window of 1000 timesteps to remove the high-frequency 

oscillations. 
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Synthesis of heavy hydrocarbons at 
the core-mantle boundary
Anatoly B. Belonoshko1, Timofiy Lukinov1, Anders Rosengren1,2, Taras Bryk3 & 
Konstantin D. Litasov4,5

The synthesis of complex organic molecules with C-C bonds is possible under conditions of reduced 
activity of oxygen. We have found performing ab initio molecular dynamics simulations of the C-O-
H-Fe system that such conditions exist at the core-mantle boundary (CMB). H2O and CO2 delivered to 
the CMB by subducting slabs provide a source for hydrogen and carbon. The mixture of H2O and CO2 
subjected to high pressure (130 GPa) and temperature (4000 to 4500 K) does not lead to synthesis of 
complex hydrocarbons. However, when Fe is added to the system, C-C bonds emerge. It means that oil 
might be a more abundant mineral than previously thought.

The subject of the origin of organic materials on the Earth is multi- and cross- disciplinary, and is central to such 
topics as abiotic oil genesis, the origin of life, CO2 sequestration, and mantle convection1–16. Quite a few experi-
ments1,4,5,17 and computations18,19 have been conducted and theories2,3,15,16,20 formulated to explain the origin of 
organic material. The common feature of all these theories is that they require a number of favourable circum-
stances to provide the conditions for chemical reactions that would result in hydrocarbons. All experiments and 
computations have been concentrated on methane and did not consider a chemical composition more natural 
to the Earth interior. Hydrocarbons consist of C and H atoms. These elements are present in water and carbon 
dioxide as well as in a number of minerals (e.g. Mg(OH)2 and MgCO3). The C, O, and H containing rocks can be 
dragged by subduction to the core-mantle boundary, which is considered as a final destination graveyard of some 
oceanic plates. Oxidized hydrogen and carbon species can be delivered by deep-sinking subducting slabs, whereas 
an alternative source of carbon and hydrogen would be the core itself10.

In this study we have attempted to answer what happens to a H2O-CO2 (C-O-H) mixture subjected to high 
pressure (P) and temperature (T) in contact with rocks. Several studies point to the possibility of CH4 formation 
in the upper mantle. Indeed, flow of methane of abiotic origin is well documented21. High P-T experiments have 
demonstrated the transition of CH4 into heavy hydrocarbons in the absence of oxygen5. Whether the C-C bond 
characteristic to heavy hydrocarbons will emerge in a H2O-CO2 mixture under the conditions of deep Earth 
interior remains unknown. Such a bond, if formed, would indicate a possibility of endogenic oil synthesis. Such 
possibilities are debated at present and a number of scenarios have been put forward3,16.

To study the water-carbon dioxide mixture we applied the ab initio molecular dynamics method (AIMD, see 
Method). This method is perfectly suited to study systems with chemical reactions22,23 unlike a classical approach 
where the chemical identity of the components remains unchanged. The method has been applied before to study 
methane19,20, H2O24 and CO2

25 at high PT and the reliability of the method is well established. To make sure that 
the method is capable of providing results in close agreement with experiment and that our set up is valid, we 
computed the structure of H2O (Supplemental Materials) that turned out to be in close agreement with the most 
reliable experiments26. Since the reliability of the Method improves on increasing of pressure and temperature 
(Supplemental Materials) we consider the obtained results reliable.

The conditions of the most relevant runs are summarized in Table 1. We paid particular attention to two obsta-
cles. One is metastability of the obtained state and another is contact of the C-O-H system with iron. In order to 
avoid the metastability all runs were performed starting from atomic and molecular mixture of atoms. Also, the 
impact of size was explored when simulating atomic C-O-H and molecular mixture of H2O-CO2. Neither size nor 
initial structure affect the final result and similar structures of the final product are obtained in all cases of similar 
composition. It was observed that molecules of water as well as carbon dioxide readily dissociate in the presence 
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of iron. Figure 1 shows initial and intermediate snapshots of H2O-CO2-Fe. By comparing the two snapshots we see 
that molecules dissociate and atoms diffuse to significant distances (note that the atoms in Fig. 1 are connected not 
because they form a bond – the connecting bars simply show how far the neighbours moved apart). Therefore, one 
can conclude that the resulting substance is an atomic liquid mixture. Very long runs, up to 150,000 time steps, 
have been performed to ensure an equilibrium state. Radial distribution functions (RDF) were computed for all 
systems (Figs 2 and 3). From Fig. 2 we see that the C-C and C-H bonds develop as soon as Fe is added to the system. 
The C-C bond is clearly formed in the presence of Fe because the RDF in Fig. 2 demonstrates a narrow tall peak 
at the distance of the C-C bond. This is a typical feature of a chemical bond (see, for example the RDF for O-H in 
water in Fig. S1 where the first peak is due to the chemical bond between O and H). The bond is formed because 
the oxygen becomes bonded to Fe instead of C (the C-O peak disappears). That is, under the conditions of the 
core-mantle boundary the Fe affinity to O is stronger than the affinity of C to O. Similarly, the C-H peak is exactly 
at the distance where the C-H bond forms (Fig. 2). The C-H RDF peak is less pronounced than the C-O peak 
because of the weaker bond but also because of the low atomic weight of the H atom. At the temperature 4500 K 
the H atom is very mobile. While formation of abiotic methane in nature is known, for the first time we demon-
strate the synthesis of hydrocarbons with a C-C bond under conditions that are typical of the Earth core-mantle 
boundary. The C-O RDF peak vanishes indicating the reduced conditions. C and O demonstrate strong affinity 
to Fe atoms, while Fe-H correlation is weak (Fig. 3). We want to emphasize that the formation of C-C bond is not 
due to affinity of C to Fe. The first peak of Fe-C RDF is wide and broad indicating that there is no chemical bond 
between Fe and C. On the contrary, the first peak of C-C RDF (Fig. 2) is narrow and high, a typical feature of a 
chemical bond. The integration of C-C RDF provides us with the number of C that is bonded to C atoms which 
is close to 1. This suggests that most of C atoms form C-C bond and a typical C-H molecule has two C atoms. We 
note that despite that we performed extraordinary long calculations with a number of atoms that is large by the 
standards of ab initio molecular dynamics, it might still be insufficient to fully capture the formation of larger 
C-H molecules. The affinity of C and O to Fe suggests that C and O can be light components of the Earth core. 
Therefore, our simulations support the relatively high amount of oxygen27 in the outer core. While the authors of 
Ref. 27 relate the core oxidation state to the oxygen content in the magma ocean, it is likely that the core current 

System C O H Fe L, Å
P, 

GPa T, K

C-O-H 40 160 160 0 11.28 138.8 4500

C-O-H-Fe 40 160 160 136 13.68 137.3 4500

H2O-CO2 86 342 340 0 14.64 128.9 4500

H2O-CO2-Fe 40 160 160 136 13.92 110.8 4500

Table 1.  Simulated systems of C-O-H-Fe composition.

Figure 1. The projection of atomic coordinates of the simulated H2O-CO2-Fe system (Table 1) on the XY 
plane for two time steps. Interatomic bonds calculated during the first step (step 1, 0 ps, left) are shown on the 
final step picture (step 32590, 8 ps, right). The simulation was conducted in a cubic box with side 13.92 Å. The 
colors of atoms correspond to the elements: ○  hydrogen (160 atoms),  iron (136 atoms),  oxygen (160 atoms) 
and ●  carbon (40 atoms), totally 496 atoms. Animation of the first 4000 timesteps of this simulation provided 
in Supplemental materials.
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state is significantly affected by the mass exchange and chemical reactions at the border of core and mantle as well 
as at the inner-outer core boundary.

It is important to discuss possible migration mechanisms and survivability of hydrocarbons, presumable formed 
at the core-mantle boundary, in the mantle plumes or upwelling mantle. The arguments below indicate that suc-
cessful delivery of hydrocarbons from the core-mantle boundary to sub-lithospheric depths is possible.

The mantle plumes or convection upwelling originated at the core-mantle boundary are explained by the 
necessity to release heat from the core accumulated due to poor thermal conductivity of the lower mantle. Since 
most silicates of the lower mantle are highly refractory, ‘violent’ plume ascent is only possible with an additional 

Figure 2. Structure of the Fe-C-O-H system under conditions as indicated in Table 1. The upper row 
provides results of simulation obtained for the atomic mixtures of elements; the bottom row are results for the 
initially molecular mixture of water and carbon dioxide. Each part provides a comparison of a partial RDF 
obtained in the system with and without Fe. The results for the different initial structures are nearly identical 
that suggests that water and carbon dioxide become an atomic mixture at the conditions at the core mantle 
boundary. Figure A,D show the appearance of a C-C bond with a length typical in organic compounds39 around 
1.5 Å as the C-O-H system is brought in contact with Fe. Figure B and E show the appearance of the C-H bond 
with a typical length of around 1.1 Å, also typical of organic compounds27. Strong C-O (Figures C and D)  bonds 
present in the system without Fe becomes almost non-existent in the system with40–44 iron.

Figure 3. Radial distribution function of Fe and light elements. The affinity of Fe to C and O suggests that C 
and O elements will be transported to the outer core while H is less likely to be present in the core.
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fusible component. Thus, plumes from the core-mantle boundary are thought to have thermo-chemical nature28. 
The most likely candidates for fusible chemicals in the mantle plumes are alkali-bearing species, C-O-H volatiles, 
and carbonates.

An important requirement for plume motion would be stress-induced melting and dissolution-precipitation 
of the fusible component at the front and rear of the plume, respectively29. For this process one would have a 
volatile-bearing melt with low solubility of silicates (ca. 5–15%, but not zero) at the temperature of lower mantle 
geotherm (or slightly higher). The possible candidates are alkali-bearing silicate melt, hydrous silicate melt, car-
bonatite melt, and hydrocarbon-bearing melt. Alkaline silicate melt and hydrous silicate melt cannot be considered 
since a huge amount of silicate can be dissolved in these melts and the process of plume ascent will be easily ter-
minated by progressive reactions with the surrounding silicate matrix. Carbonated or carbonatite melt is a likely 
candidate, but it cannot survive through the lower mantle due to reduction to diamond or other carbon-bearing 
species (carbide) if we assume redox state of the lower mantle close to the Iron-wustite (IW) buffer30,31. Thus, 
hydrocarbon-bearing or hydrous hydrocarbon-bearing melt might be the best candidate for the liquid portion of 
a mantle plume arising from the core-mantle boundary (Fig. 4).

There is a limited amount of information about hydrocarbon phase relations and reactions with silicates in the 
lower mantle due to an extremely difficult experimental setup. The data for melting of volatile-bearing peridotite in 
the system buffered by the IW buffer at 1–3 GPa indicated negligible solubility of silicates in coexisting CH4-H2O 
fluid32. However, recent melting experiments on peridotite and eclogite systems with reduced C-O-H fluid at 
3–16 GPa indicated a significant solubility of silicates in the coexisting C-O-H fluid. The diamond or graphite 
traps contained abundant microinclusions of silicates after experiments33. The composition of the fluid was not 
measured in the experiments, whereas theoretical estimates indicate a mixture of H2O with methane and possibly 
heavier hydrocarbons. A similar fluid/melt containing H2O and hydrocarbons with a relatively low solubility of 
silicate components along the mantle geotherm can exist through the lower mantle and can be considered as the 
most reliable candidate for the fusible component of mantle plumes from CMB.

Concluding, we demonstrated that formation of a hydrocarbon mixture is highly probable under reducing 
conditions at the core-mantle boundary. Such a formation might contribute to the explanation of abiotic oil for-
mation, mechanism of ascending hot plumes, ultra-low velocity zone at the CMB, and amount of oxygen in the 
liquid outer core.

Method
We studied C-O-H, C-O-H-Fe, H2O-CO2, and H2O-CO2-Fe systems (Table 1) by means of ab initio molecular 
dynamics simulations where energies and forces have been calculated using density functional theory as imple-
mented within the Vienna Ab Initio Simulation Package (VASP 5.3)34–36. The plane wave cut-off was chosen as 
the largest for the involved elements (C, O, H, Fe) and in addition it was increased by 20 percent considering high 
pressure, so the cut-off was 480 eV. All simulations have been performed with gamma point only since the systems 
are very large by AIMD standards. The PBE (Perdew-Burke-Ernzerhof) exchange correlation functional37 was 
used in all simulations. The time step ∆t was equal to 0.25 femtosecond (fs) because of high PT conditions and low 
atomic weight of the involved elements, in particular hydrogen. The number of steps was at least 80,000 to get a 
time of observation of at least 20 picoseconds. The error was calculated using the blocking technique. Most of the 
working runs were performed in the NVT ensemble using the Nosè thermostat to control the temperature. The 
initial configurations in all cases were created by first generating a liquid structure of Ar in a box well above the 
melting T. Then, all Ar atoms were substituted by either C, O, H, or Fe atoms or an H2O or CO2 molecules (or a 
vacancy). We know that a system can remain metastable in the molecular state because breaking chemical bonds 
requires considerable energy. We tried monatomic C-O-H and C-O-H-Fe systems as well as molecular H2O-CO2 
and H2O-CO2-Fe systems. The size of the computational box was adjusted to match approximately the pressure 
in the vicinity of the core-mantle boundary (CMB). All the details of studied cases are provided in Table 1. After 
a long equilibration period of at least 60,000 time steps the data was accumulated and averaged over at least 5 ps. 

Figure 4. Formation of unsaturated hydrocarbons marked as C-C and C-H bonds at the core-mantle 
boundary via reaction of C-O-H-bearing fluid/melt from subducting slab with Fe from the core. An 
alternative source for C and H would be the metallic core itself. Green slices represent former oceanic crust.  
Pv – perovskite, PPv – post-perovskite-bearing layers in colder zones of the CMB.
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We checked the averages by calculating them over smaller periods of time and the statistical error is negligible 
for our purposes (statistical errors in pressure are less than 1 GPa and errors in temperature are smaller than 6 
degrees). The structural data (RDF) was computed for each pair of atoms as described in Ref. 38. The tools we 
used were tested by computing the structure of liquid H2O at ambient pressure at the melting temperature of the 
ab initio model and nearly perfect agreement with the most reliable experimental structural data26 was obtained 
(Supplemental Materials Fig. 1S).
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