
The Final Thesis for Master Degree

Design and Implementation of
Sigma-Delta Converter in
Oversampling frequency

Author: Xizhuo Li
Yaobin Pan

Supervisor: Sven Nordebo
Examiner: Sven Nordebo
Academic term: V16
Subject: Electrical Engineering



Design and Implementation of Sigma-Delta

Converter in Oversampling frequency

YaoBin Pan and XiZhuo Li

June 4, 2016

1



Abstract

Nowadays, Sigma-Delta analog-to-digital converters have been widely used
in the technology of analog-to-digital conversion. It depends on the merits
that the approach of Sigma-Delta has. The signal converted by oversam-
pling is precise and well-suited in signal processing systems.

This thesis mainly focuses on the principles and simulations of fundamen-
tal first-order Sigma-Delta converter, and some brief introductions about
other Sigma-Delta converters.

The main researches of this thesis are as follows:

(1)This thesis shows not only the path about development of technology
of different ADCs, but also the features and principles of these ADCs and
their structures.

(2)The thesis discusses how the technologies of oversampling and noise
shaping are used in Sigma-Delta analog-to-digital conversion.

(3)Illustrate different orders Sigma-Delta converters in different bits and
their advantages and disadvantages, respectively.

(4)The simulation is given in Matlab(Simulink). Typical first-order Sigma-
Delta converter is simulated with additional noise which will impact the
input signal when implement.

Keywords : Sigma-Delta converters, Oversampling, Analog-Digital con-
verters.
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1 INTRODUCTION

1.1 Background

With the development of VLSI (Very Large Scale Integration) technology and
CMOS crafts, digital technology is increasingly developed. Conventionally, sig-
nal processing is achieved by analog methods.

But nowadays, as a result of the features of digital technology, it is completed by
digital technology instead. Digital implementation has sorts of merits compared
with analog way, such as convenient propagation, high precision, high reliability,
low power depletion and low cost. Besides, in order to fully exert benefits of
digital technology, it is necessary to design a high performance analog-to-digital
converter. Then, Sigma-Delta ADC is vividly portrayed[1].

Currently, Sigma-Delta ADC plays an important role in most of the analog-
digital-mixed systems. In fact, this method was designed earlier but it was
limited by the devices crafts at that time, especially for the implementation of
digital decimation filter. Recently, this problem is tackled by the development
of VLSI and digital signal processing technology. Then, in recent 4 decades
from 1970s, Sigma-Delta ADC is widely used and improved. In 1980s, Sigma-
Delta ADC is mainly used in audio signal processing field. After that with
the progress of technology, Sigma-Delta ADC obtains a further development,
particularly since 1990s. It is widely used in digital audio system, multimedia,
seismic exploration equipment, sonar, electronic measurement and other fields.

1.2 Current Situation About Sigma-Delta ADCs

Currently, 18 and 24 bits Sigma-Delta ADC has already come out. As we all
know that Sigma-Delta ADC improves precision at the expense of speed which
is the significant fact to restrict a further development of Sigma-Delta ADC.
However, conversion speed of Sigma-Delta ADC has already reached to MHz
and its resolution can achieve 15 bits, as the improvement of speed of signal
processing. Nowadays, Sigma-Delta ADC can convert analog signal with 1 MHz
bandwidth into digital signal under 100 dB SNR. For much lower bandwidth in
20 KHz for example, its SNR can achieve 120 dB. At the same time, bandpass
Sigma-Delta ADC has already been used in wireless communications. It can
directly digitize narrow-band signal which is close to carrier frequency. And it
will be wider applied in more fields in the future.

There are reasons to explain the trend that Sigma-Delta ADC is increasingly
widely focused today. First of all, oversampling technique of Sigma-Delta ADC
can obtain precision at the expense of speed. Secondly, combining analog circuits
and digital filters can heavily decrease the requirements of analog circuit mode,
matching performance and linearity. Therefore, Sigma-Delta ADC is gradually
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changing to be the main technology in terms of high resolution data conversion in
middle and low frequency domain. Besides, according to its function of shaping
the waveform of noise, it is widely used in instrumentation measurement, speech
processing ISDN, ASDL, AD conversion and so on.
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2 PRINCIPLES AND DEVELOPMENTS OF
DIFFERENT ANALOG-TO-DIGITAL CON-
VERTERS

2.1 Classification of Analog-to-Digital Converters

Analog to digital conversion is the technology which converts analog input sig-
nal into a N-bit binary output signal. Digital signal processing can implement
a variety of advanced adaptive algorithms conveniently. It is able to achieve
the function which analog circuits cannot accomplish. Therefore, more analog
processing is replaced by digital technology. Relatively, analog-to-digital con-
version which is the bridge through between analog system and digital system
is increasingly applied.

Analog-to-digital conversion include four processes: sample, hold, quantization
and coding. Currently, there are various types of analog-to-digital converters in
the world such as conventional integral converter, successive approximation con-
verter, parallel converter, Sigma-Delta converter and etc. These analog-digital
converters have their own advantages and disadvantages. They can satisfy dif-
ferent application requirements.

2.1.1 Integrating Analog-to-Digital Converter

Integrating analog-to-digital converter is also called dual-slope data converter
or multi-slope data converter which is most widely used among all types of
converters. Figure 2.1 shows the structure of an integrating analog-to-digital
converter.

Figure 2.1: Structure of an integrating analog-to-digital converter.

Integrating analog-to-digital converter[2] consists of an analog integrator with
input switch, a comparator and a counter. The integrator calculates the in-
tegral of input voltage in fixed time interval which usually corresponds to the
maximum number of internal count unit. The counter reset and the input of
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integrator are connected with reverse polar (negative) reference voltage at each
time interval. Under the influence of reverse polar signal, the integrator runs
until the output becomes zero. Then the counter will stop and the integrator
will reset.

The sampling rate and bandwidth of integrating analog-to-digital converter are
both very low, but its accuracy is high which can restrict high-frequency noise
and fixed low-frequency interference such as 50 Hz or 60 Hz. It is usually used in
noisy industrial environments and the application which do not require high con-
version. Therefore, integrating analog-to-digital converter has the advantages
of high resolution, low power consumption and low cost. The disadvantage of
it is low conversion rate. When the conversion accuracy reaches 12 bits, its
conversion rate will be about 100-300 sps.

2.1.2 Successive Approximation Analog-to-Digital Converter

Successive approximation analog-to-digital converter[3] is widely used in analog-
to-digital conversion method. Its principle is the binary search algorithm which
is a kind of analog-to-digital conversion process. It compares the different ref-
erence voltage with the analog signal which needs to convert in many times.
Then it makes the converted digital values to successively approximate input
corresponding values.

Successive approximation analog-to-digital converter is made of comparator,
D/A converter, clock generator, successive approximation register (SAR) and
logic control circuit shown in Figure 2.2. It makes sampling input signal to
constantly compare with the given voltage. Then the signal is converted into
a binary number. According to Figure 2.2, this converter saves the most sig-
nificant bit (MSB) of DAC in SAR. Then the MSBs voltage compares with the
input voltage. After that, the output of comparator will be back to DAC to
amend it before next comparison. Because of logic control circuit and clock
generator, SAR constantly does comparison and shift operations until the con-
vension of least significant bit (LSB) has been completed. At this point, the
output of DAC approximates to the LSB of the input voltage. After each bit is
determined, the conversion result is saved in SAR as the output of ADC.

The features of successive approximation conversion are high conversion rate
which can reach 1 Msps and low cost when resolution is less than 12 bits. But
this conversion needs digital-to-analog conversion circuit so that the accuracy
of this ADC will not be very high. If this precision can be achieved, it requires
a higher resistance and capacitance to match in digital-to-analog conversion cir-
cuit.
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Figure 2.2 Structure of a successive approximation analog-to-digital converter.

2.1.3 Flash Analog-to-Digital Converter

Flash analog-to-digital converter[4] is the fastest analog-to-digital converter a-
mong all kinds of converters. Its sampling rate is more than 1 Gsps. Flash
conversion converts signals from analog to digital in a direct way. It greatly
reduces the intermediate step in the conversion process. Every digital bit is
almost obtained at the same time.

Flash analog-to-digital converter consists of a resistor divider, a comparator, a
buffer and an encoder shown in Figure 2.3. This structure of ADC converts
all bits in the same time. Its conversion time is mainly depended on switching
speed of the comparator and the delay of the transmission time in the encoder.
Increasing the output code almost cannot impact the time used in conversion.
When the digital output increase one bit, the number of precise resistors and
the comparators will be almost doubled. The higher the accuracy obtain, the
more difficult manufacture need. The advantage of this converter is high con-
version rate, and its disadvantages are low resolution, high power consumption
and high cost.

Figure 2.3: Structure of the flash analog-to-digital converter.
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2.1.4 Pipelined analog-to-digital converter

The pipelined analog-to-digital converter[5] is a kind of converter which can be
improved from the flash analog-to-digital converter. It not only has the feature
of high conversion rate, but also solves the problem in manufacture. It could
obtain high-speed and high-resolution analog-to-digital conversion. And it has
a satisfied low power consumption and small size of chips.

The pipelined analog-to-digital converter uses a plurality of low-precision flash
converters to sample signal and operate the classification quantization. And
then it combines all the result of quantization together to constitute a high-
accurate quantization output. Figure 2.4 shows an 8-bit 2-stage pipelined
analog-to-digital converter.

Figure 2.4: Structure of the pipelined analog-to-digital converter.

Its conversion processes are:

(1) Doing the flash conversion for the top four bits in the first stage to get
its digital signal.

(2) Then the input analog signal subtracts with the analog signal which is
converted from the first stage digital signal.

(3) The difference obtain from step 2 sends to the second stage flash converter
to get the low four bits signal.

The advantages of pipelined converter are high precision, high conversion rate
and low power consumption. But its disadvantages are also obvious. The con-
version errors maybe occur in the conversion processes. Then it needs an extra
circuit to adjust the errors.

9



2.1.5 Sigma-Delta Analog-to-Digital Converter

Oversampling Sigma-Delta analog-to-digital conversion is a conversion method
developed in recent decades. Nowadays, this conversion is mainly used in the
audio field. Compared with the general ADCs, Sigma-Delta converter does not
directly quantize every samples of input signals but quantize the differences be-
tween input signals and the feedback loop. Figure 2.5 shows the structure of
the Sigma-Delta modulator.

Figure 2.5: Structure of the Sigma-Delta modulator.

The sampling frequency of the Sigma-Delta ADC is several times greater than
the signal frequency. This kind of ADC uses 1-bit quantizer to avoid the dif-
ficulty about the manufacture of high-precision resistors. Because of the mod-
ulation technology of Sigma-Delta and digital decimation filter, it can get the
high-resolution output signal. At the same time, it is not sensitive to the am-
plitude variation of the samples, because of the 1-bit quantized output of the
Sigma-Delta modulator. Actually this converter uses high sampling frequency
to take the place of high-bit quantization.

The main features of the over-sampling Sigma-Delta analog-to-digital conver-
sion are both high conversion resolution which can achieve more than 24 bits
and the low demand of the circuit components. And its disadvantage is that
it has higher power consumption than the integrating analog-digital converter
and the successive approximation analog-to-digital converter. This Sigma-Delta
converter will be discussed specifically and be the main content of this thesis.

2.2 Development of ADCs

With the development of the digital technology, ADC is developing in the direc-
tion of low-power, high-speed and high-resolution. Based on this, the convenien-
t multi-function and the compatibility with the computer and communication
networks are also the important parts that need to be designed. The main
applications for ADC continue to expand. They widely used in multimedia,
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communications, automation, instrumentation and other fields. There are dif-
ferent demands in the difference applications. For example, the requirements
of interface, power, channel and internal configuration have a corresponding
optimization method for each kind of ADC. A variety of new designs emerged
for the specific requirements of the practical applications. These technologies
continue to improve the speed and accuracy of the current ADCs. The benefits
from them will be the new features and developing direction of new modern
ADCs in the future.

The traditional methods of ADCs, such as integrating and successive approxi-
mation, are mainly used in the data sampling and intelligent instruments which
are low-speed, medium-accuracy or medium-speed. The pipelined ADCs which
are developed based on flash ADCs are mainly used in high speed data sam-
pling, video signal quantization, high speed digital communications technology
and other fields. The developing directions of these high speed ADCs are im-
proving resolution to satisfy with high speed and high accuracy. Since 1990s,
the Sigma-Delta ADCs experienced great development. They used oversampling
and the technology of digital signal process to integrate sampling, quantization
and digital signal process together. Then they can implement high accuracy.
They are widely used in high-accuracy data sampling, such as digital audio sys-
tems, multimedia and other electronic applications.

With the integrated technology, the technologies of data conversion in model,
hybrids and single-chip integrated are developed. The important technologies
of the single-chip integrated circuits are bipolar process, CMOS with bipolar
process and CMOS combined with BICMOS. The main developed trend of AD-
Cs is the development of silicon-based heterojunction technology.

In summary, the development of integrated circuit and several of technologies
will make ADCs to achieve higher speed, higher accuracy and lower cost than
before.
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3 THE SIGMA-DELTA CONVERTER

Sigma-Delta ADC does not directly modulate every sample value. It modulates
the signal based on the differences between input signals and feedback loop.
Sigma-Delta ADC mainly consists of two components: Sigma-Delta modulator
and digital filter.

3.1 The Structure of Sigma-Delta Converter

Figure 3.1: Structure of the Sigma - Delta converter.

As shown in Figure 3.1, the main part of Sigma-Delta ADC is Sigma-Delta
modulator. The analog input signal will firstly go through a anti-aliasing filter,
and then will be sampled by the frequency fs which is far greater than Nyquist
frequency. After sampling, the signal will go pass through a Sigma-Delta mod-
ulator and generate a digital signal which describes as a discrete sequence. The
structure of feedback loop in Sigma-Delta modulator changes the spectrum of
noise distribution. The noise in low frequency will decrease. On the other hand,
the noise in high frequency will increase relatively. Then, through the digital
low-pass filter, the noise outside the signal bandwidth will be filtered and the
sampling frequency will be reduced as high as the Nyquist frequency[6].

Digital filter can prevent downsampling from aliasing and can improve SNR and
resolution of ADCs as well.

3.2 The Main Technology of Sigma-Delta Converter

Oversampling and Noise Shaping are two main technologies in Sigma-Delta
ADC. Depending on oversampling technology, the noise in signal bandwidth
can be diluted. And then because of the noise shaping, the noise in signal
bandwidth can be further reduced and modulated into high frequency area.
Finally, the downsampling filter can filter the noise in high frequency away. As
the result of this, SNR has been improved.
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3.2.1 Oversampling

First of all, the concept of oversampling is given by Nyquist frequency. When
the sampling frequency fs is more than twice as great as the signal bandwidth
fb, the signal can be modulated in lossless way. The double signal bandwidth
2fb also refers to as Nyquist frequency fN . According to this, the ADC with
sampling frequency which is far greater than Nyquist frequency is known as
oversampling ADC. Definitely, Sigma-Delta ADC is one of the oversampling
ADCs.

Oversampling technology has two obvious advantages:

1) To reduce the demand of the front anti-aliasing filter[7].

For ADCs in Nyquist frequency, the sampling frequency fs equals or is little
greater than Nyquist frequency fN . In order to prevent from aliasing distortion,
anti-aliasing filter needs to have a short period of transition between pass-band
and stop-band. Such high-order switch capacitor filter, which is achieved by
CMOS industry, will occupy in amount of areas in chips and this contributes to
impossible achievement of low-power design. So this problem needs to be solved
by oversampling ADC.

In terms of oversampling ADC, the sampling frequency fs is far greater than
Nyquist frequency fN . There is a long period of transition between pass-band
and stop-band in anti-aliasing filter. And due to this, it is easy to achieve the
performance above. In fact, some simple filters can be used to achieve this func-
tion. This is the most important merit with respect to oversampling ADC.

2) To reduce the quantization noise in signal bandwidth.

For a N-bit ADC, the total power of quantization noise should be the same
no matter it is a Nyquist ADC or a oversampling ADC. In other words, the
areas of noise distribution described in Figures 3.2 and 3.3 should be the same.

Due to the high sampling frequency in oversampling ADC, quantization noise
will distribute in a wider frequency domain and this lead to a reduce of noise
power in signal bandwidth, which is shown in Figure 3.3.

As can be known in Figure 3.2, the quantization noise in Nyquist frequency
ADCs distribute in the area with width of fb, but that in oversampling ADCs,
which is shown in Figure 3.3, distribute in a wider range of fs2 , where fs >> fN .
The distributon of quantization noise power in oversampling has only a small
part inside the signal bandwidth. Other noise power outside the bandwidth will
be filtered by digital low-pass filter. Therefore, it is also an access to reducing
the quantization noise in signal bandwidth. Furthermore, the noise distribution
shown in Figure 3.3 can be shaped into a curve in order to filter away more
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Figure 3.2: Quantized noise dis- Figure 3.3: Quantized noise distribu-
tribution in Nyquist frequency. tion in oversampling frequency.

noise from bandwidth. The principle of this will be introduced below.

3.2.2 Noise-shaping

As we all know, the output of ADC in Z-domain is normally described as
Y (z) = X(z)HX(z) + E(z)HQ(z), where HX(z) is the transfer function of sig-
nals and HQ(z) is the transfer function of noise. For normal ADC in Nyquist
frequency, HX(z) = HQ(z) = 1. If HX(z) can be different from HQ(z) when
design, for example |HX(z)| = 1 and |HQ(z)| << 1 shown in Figure 3.4 after
noise shaping. |HX(z)| should always be 1 and there is no deformation of input
signal shown as a rectangular in Figure 3.4. But if |HQ(z)| is changed and un-
equals to 1, after multiplication the noise distribution will change its shape. As
a result, the improvement of SNR can be achieved.

For oversampling Sigma-Delta ADC, noise shaping further reduces the noise
power in signal bandwidth by pushing more noise power outside the band-
width. Comparing with Figure 3.3 and 3.4, the purpose of noise shaping can
be described that part of quantization noise distribution is push from signal
bandwidth to higher frequency areas by noise shaping. More power of noise
is contained by somewhere outside the signal bandwidth. The principle and
achievement of noise shaping will be introduced in section 5.3.

3.3 Decimation Filter

The decimation filter plays a role in Sigma-Delta converter to ensure whether
the resolution decided by the modulator achieves or not.

There are three basic features for the decimation filter in Sigma-Delta ADC[8]:

(1) Filtering the quantization noise after shaping
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Figure 3.4: Quantization noise distribution after noise shaping in oversampling
frequency.

The Sigma-Delta modulator inhibits the noise in signal bandwidth. And it push-
es most of quantization noise into high frequency outside the signal bandwidth.
The main feature of the digital filter is to filter the noise which is out of the
signal bandwidth.

(2) Reducing the frequency

It decreases the oversampling frequency of output in Sigma-Delta modulator to
the Nyquist frequency.

(3) Anti-aliasing

With respect to the sampling frequency (fs), the function of anti-aliasing needs
to be included in decimation filter.

The decimation filter is not only the key to get a high SNR for Sigma-Delta
ADC, but also has the decisive role in reducing the power consumption of the
chip and improving the utilization of the chip.
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4 THE PARAMETERS OF SIGMA-DELTA CON-
VERTER

4.1 The Concept of Parameters in SDM

The main parameters of Sigma-Delta ADC are:

1. Signal-to-Noise Ratio, SNR: the ratio of power between output signal and
noise, which is normally described by dB. Based on the definition, SNR can be
expressed as:

SNR =
Ps
PQ

, (4.1)

where Ps is the output power and PQ is the power of quantization noise.

2. Signal-to-(Noise + Distortion) Ratio, SNDR: the ratio between output signal
power and the total noise and harmonic power[9]. Therefore, SNDR is defined
as,

SNDR =
Ps

PQ + Pr + Pd
, (4.2)

.

where P, which are usually expressed by dB, are the average power of the sig-
nal, quantization error, random noise and distortion components. Generally in
the case of Sigma-Delta converter, the component of Pr and Pd in (4.2) can be
ignored[10] compared with the power of quantization error PQ. Then, (4.2) can
do the approximation as follows,

SNDR ≈ Ps
PQ

= SNR. (4.3)

3. Dynamic Range, DR: the concepts of signal-to-noise ratio (SNR) and dy-
namic range (DR) are closely related[11].

The dynamic range of the input signal for the Sigma-Delta converter is the
ratio between the maximum input power and the minimum input power of the
converter. In the same way, the dynamic range of the output signal for the
Sigma-Delta converter is the ratio between the maximum output power and the
minimum output power of the converter. The minimum output power is the
power of the quantization error. So the dynamic range of the output equals to
the maximum achievable SNR in a digital system. Therefore,

DR =
Ps
PQ

= SNR.
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As another point of view,

DRdB = (1.76 + 6.02N)dB, (4.4)

where the 1.76 term comes from quantization error in an ideal ADC while the
6.02 term represents the coefficient which aim to convert bits of resolution to
decibels. The specific deduction of (4.4) will be given in next section 4.2.

4. Effective Number of Bits, ENOB[12]:

ENOB =
(SNDR− 1.76)

6.02
. (4.5)

Effective number of bits (ENOB) is a measure of the dynamic performance
of an analog-to-digital converter. In other words, ENOB is the resolution of the
output of modulator, which is the N in (4.1) and (4.4).

4.2 Sampling and Quantization in SDM

Time sampling and quantization amplitude are two most important concepts in
sampling system and digital modulation system such as ADC. The process of
AD conversion is essentially a procedure that sample the input analog signal in
time domain and quantize it in amplitude. The frequency bandwidth of input
signal decide the available minimum sampling frequency. Generally, the noise
in sampling caused by the shake of sample clock cannot be a serious problem
in terms of Sigma-Delta ADC. For signal quantization, the quantization noise
and distortion is inevitable. This is one of the fundamental factors to impact
the resolution of ADC. Hence, the most significant part to design a Sigma-Delta
modulator is to reduce the quantization noise distributed in signal bandwidth.
An example below is taken to analyze the noise distribution in quantizer.

Take an example of 3-bit resolution, unity gain quantizer as depicted in the Fig-
ure 4.1 shown below and consider the case of Nyquist sampling frequency first
where the number of bits in quantizer equals to the number of bits of resolution.

For conventional ADCs in Nyquist sampling frequency, the full-scale amplitude
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Figure 4.1: The transfer curve and quantization error of 3-bit quantizer.

of input and output are given as ∆. And δ is the unit amplitude of input and
output. From Figure 4.1 one has,

δ =
∆

2N
. (4.6)

The quantization error, which refers to as eQ is the difference between input
and output in quantizer. One has,

eQ = y − x. (4.7)

In order to explain how the quantization error impact the system resolution,
the dynamic range (DR) can be used to represent quantizer resolution. This
DR is given from the ratio between the power of full-scale input sinusoidal signal
and the equivalent power of input quantization noise as the same as mentioned
in section 4.1. Although the concept of DR is abstract, this can relate to the
number of bits in quantizer and then thereby, can equal to system resolution,
instead.

If input varies randomly and do not spill over among all the quantization thresh-
olds which is the normal case in ADC, eQ can be assumed as follows:

(1) eQ is a stationary random sequence.

(2) eQ is a non-related sequences which equals to white noise and do not relate
to the input.
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(3) The probability density function of eQ distribute in average in the whole
quantization error[13].

Therefore, the quantization error is a Gaussian random process according to
the assumption above and can be approximately seen as one of the white noise,
which is known as quantization noise.

Now, the quantization error can be assumed that eQ distribute in average in
the interval of ± δ2 . Its probability density distribution should be:

ρE(eQ) =

{
1
δ − δ2 < eQ 6 δ

2

0 others
. (4.8)

The quantization noise eQ is approximately white noise and its power should
be:

PQ = e2rms =
1

δ

∫ δ
2

− δ2
e2QdeQ =

δ2

12
, (4.9)

where erms represents the root-mean-square of quantization noise, and e2rms
represents the mean-square of quantization noise.

Assume that the input is a full-scale sinusoidal signal. The signal power should
be:

Ps =
2

T
(

∫ T
2

0

sin2 xdx)(
∆

2
)2 =

2

T

T

4

∆2

4
=

∆2

8
=
δ2

8
(2N )2. (4.10)

According to (4.9) and (4.10), one has the dynamic range(DR) of quantizer:

DR =
Ps
PQ

=
3

2
(22N )

that means, DRdB = 1.76 + 6.02N,

(4.11)

where in (4.10) and (4.11), N is the number of bits in quantizer and in Nyquist
frequency this N equals to its resolution.

Hence, (4.11) simply links the dynamic range to the number of bits of reso-
lution in quantizer. When the quantizer increase 1 bit resolution each time, the
dynamic range will ascent 6 dB. And if the DR of quantizer reach 85 dB, this
represent its resolution will be 14 bits. So, in the following thesis, dynamic range
is used to describe A/D precision, instead. For conventional ADC in Nyquist
frequency, its DR equals to DR of quantizer which means that the number of
bits for ADC is the same as that of quantizer. But in terms of ADC in oversam-
pling frequency, its DR will be far greater than that in quantizer. As a result
of this, the concept of ENOB is given to describe how many bits of quantizer in
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conventional ADC (Nyquist sampling frequency) the Sigma-Delta ADC can be
equivalent.

The case above is the ADC in Nyquist frequency, but for the ADC in over-
sampling frequency such as Sigma-Delta ADC, oversampling can reduce the
quantization noise in signal bandwidth. If an ADC works in oversampling ratio
M, where M = 1

2Tsfb
= fs

2fb
, the original signal bandwidth will just occupy 1

2M
of sampling bandwidth, which is obtained from the equation above. When the
sampling frequency is fs = 1/Ts, one can assume that the noise power distribu-
tion in the range of 0 < f < fs/2 is average and then has its power spectral
density E(f) should be:

E(f) = erms

√
2

fs
= erms

√
2Ts, (4.12)

since the noise power density is E2(f) =
PQ
fs/2

= e2rms2Ts.

According to (4.12), the quantization noise in signal bandwidth PN should be:

PN =

∫ fb

0

E2(f)df = e2rms2Tsfb =
e2rms
M

=
PQ
M

, (4.13)

where fb is the signal bandwidth and M = 1
2Tsfb

= fs
2fb

as mentioned above.

Obviously, oversampling technology makes the quantization noise diluted in
signal bandwidth. If low-pass filter is used to filter the noise outside the signal
bandwidth and decrease the sampling frequency to fN , the quantized noise in
systems will be only 1/M of original one.

From (4.10) and (4.13), the dynamic range (DR) can be obtained as:

DR =
PS
PN

=
PS
PQ
M

=
3

2
M(22N ) (4.14)

As can be seen from (4.14), if the sampling frequency is increased in every 4-
folds, the DR of ADC will increase 6.02 dB. Thus, oversampling achieve that
the resolution of quantizer is far lower than that of ADC. Oversampling ratio
M can replace quantizer to complete some bits of the resolution of ADC.
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5 FIRST-ORDER SIGMA-DELTA MODULA-
TOR (SDM)

5.1 The Structure of First-Order SDM

The first-order Sigma-delta modulator is mainly constituted by a integrator, a
quantizer and a negative feedback loop. The order of modulator depends on the
number of integrators in the modulator. So there is only one integrator in the
first-order Sigma-delta modulator. The Figure 5.1 below shows the structure of
the first-order Sigma-delta modulator.

Figure 5.1: Structure of the first-order Sigma-Delta modulator.

The function of integrator[14], as the name suggests, is to calculate the integral
operation of its input signal which is the difference between the input signal
of modulator system and quantizer output. To be more specific, the integrator
describe the value of its input in every sampling time by its rising and falling.
Assume that the input of integrator at this time is 0.2, then its output will be
0.2 if the output of integrator starts from 0. Then for the next sampling time,
assume that at that time its input value is 0.5, then its output will change to
0.7, rising 0.5 from 0.2. The same case if the next value is -0.4, than the output
of next value should be 0.3, falling 0.4 from 0.7.

The function of quantizer is more brief than integrator. The output of quan-
tizer should be 1 if its input is positive, while its output will be -1 if its input
value is negative. Then the output is not only the final output of the modulator
system but also the negative feedback loop. So the output signal of quantizer
is a sequence consisted of 1 and -1. This makes sense because the average of
this output from quantizer equals to the average value of input of modulator
system. The reason of this will be given in next subsection (5.2).

5.2 The Principle of First-Order SDM

When the output of the integrator is more than 0, the quantizer gives a positive
feedback pulse to the input signal (In this thesis, this positive feedback pulse is
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picked as 1 while the negative one is picked as -1 and the reason will be given
below). Then this value will be subtracted by the input of the modulator and
the result should be negative according to the condition that the range of the
quantizer should be grater than the amplitude of input signal which will be
explained later[15]. Due to the negative value after subtracting, as the input of
integrator, this will make the output of the integrator change towards negative
direction according to the principle of integrator given in section 5.1, until the
output of integrator falls to negative. Then the quantizer will give a negative
feedback pulse (a negative value -1). After that in the same way, this -1 will be
subtracted by input signal and give a positive result to make the output of the
integrator change towards positive direction. Then this system will round again
and again as a result of integrator and negative feedback loop.

The range of the quantizer can be set as any reasonable number, but the range
of the quantizer should be grater than the amplitude of input signal. Based on
the process how first-order SDM works, the reason is easy to give as follows.
The main function of negative feedback loop is to change the positive output of
integrator towards negative direction and change the negative one towards posi-
tive direction. So, in order to achieve this purpose, the value given by quantizer
should be larger than input signal so that the quantizer can change the sign of
input of integrator after subtraction. Otherwise if the value given by quantizer
is smaller than the amplitude of input signal, after subtraction the value will
not change its sign whatever positive or negative the quantizer gives. If in this
case, the integrator will change towards one direction and never back. It will
lead to the case that the sequence given by quantizer will be stationary 1 or -1
and make no sense.

Here gives a discussion ”does the sequence given by quantizer make sense after
such complex explanation above?”. Definitely, the answer should be YES and
the explanation gives as follows. As mentioned above, the integrator memorizes
the value of input signal in every sampling time by rising and falling. To ana-
lyze this problem, we can consider some limit case first. Assume that the input
signal of the whole modulator system at this period of time is close to peak
value. When the value from feedback loop is negative, then after subtraction,
the input and output of the integrator will be too large, so that quantizer will
give several continues positive value. Even if this continues positive pulse will
give negative input to integrator through negative feedback loop, the output
of integrator is hard to change into negative, since input signal of modulator is
large and after subtraction the negative input of the integrator is so small. So in
other words, in this case of input signal of the system, the output of integrator
is ”easy” to rise up but ”hard” to fall down. Therefore correspondingly, the
number of 1 should be more than that of -1 and vice versa. When input signal
of the system is close to valley value, the output of integrator is ”easy” to fall
down but ”hard” to rise up.

In consequence by the discussion above, through this negative feedback loop,
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the average value of the sequence, which is consisted of 1 and -1 and given by the
output of quantizer, equals to the average of original input signal of modulator
in every small interval.

5.3 The Estimation of First-Order SDM

In Figure 5.1, EQ is the quantization noise. The output of the integrator is
u(n). So the output of the quantizer y(n) can be expressed as follows:

u[nTs] = u[(n− 1)Ts] + x[(n− 1)Ts]− y[(n− 1)Ts], (5.1)

then,
y[nTs] = u[nTs] + EQ[nTs], (5.2)

where Ts is the sampling period.

From (5.1) and (5.2), one has,

y[nTs] = x[(n− 1)Ts] + EQ[nTs]− EQ[(n− 1)Ts]. (5.3)

So the output of the quantizer in Z-domain should be

Y (z) = z−1X(z) + (1− z−1)EQ(z). (5.4)

From (5.4), the output of the modulator consists of two parts. One is the input
signal, the other one is quantized noise. So the transfer function of quantized
noise is HQ(z) = 1− z−1. As the result of this noise transfer function, which is
the coefficient of noise, the noise distribution will be changed after multiplying
this coefficient. This is the process that noise shaping achieves.

Then the dynamic range of the output for the first-order Sigma-Delta mod-
ulator can be calculated as follows.

The noise power spectral density after shaping should be:

N(f) = E(f)|1− z−1|z=e2πifTs , (5.5)

where E(f) = erms
√

2Ts as mentioned in (4.7).
To calculate |1−z−1|z=e2πifTs term, the square of it should be considered at first.

|1− z−1|2 = (1− z−1)(1− z), (5.6)

where z = e2πifTs , Ts = 1
fs
.
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Then one has,

|1− z−1|2 = (1− e
2πif
fs )(1− e−

2πif
fs )

= 2− (e
2πif
fs + e−

2πif
fs ).

From Euler’s formula eix = cosx+ isinx, one has,

= 2− 2cos(
2πf

fs
)

= 2(1− cos(2πfTs))
= 4sin2(πfTs).

Then,|1− z−1| = 2sin(πfTs). (5.7)

According to E(f) = erms
√

2Ts, the noise power spectral density after shaping
can be expressed as:

N(f) = E(f)|1− z−1|z=e2πifTs = 2erms
√

2Ts sin(πfTs). (5.8)

Then, the noise power in the signal bandwidth should be:

PN =

∫ fb

0

|N(f)|2df = e2rms
π2

3
(2fbTs)

3 = e2rms
π2

3M3
, (5.9)

since sin(πfTs) ≈ πfTs, Ts = 1/fs and f � fs.

As can be seen from (5.8), E(f) is the noise power spectral density before
shaping, which is a constant of erms

√
2Ts. But after noise shaping, the function

of N(f) of (5.8) is shown in Figure 5.2.

Figure 5.2 The distribution of quantized noise after shaping.
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Figure 5.2 shows that the transfer function H(z) = (1− z−1) changes the shape
of function of noise power spectral density, which stands for the quantization
noise distribution. Besides, from (5.9), the noise power without noise shaping
would be:

P ∗N =

∫ fb

0

|E(f)|2df = e2rms2Tsfb =
e2rms
M

, (5.10)

which is obviously larger than PN = e2rms
π2

3M3 . That is all the principle that
the technology of noise shaping works to further reduce the noise power inside
the signal bandwidth.

Compared with the Nyquist ADC, the input range of Sigma-Delta ADC does
not equal to the input range of the quantizer, because there are integrators in
the closed loop of the Sigma-Delta modulator. It also prevents the overload
from the increasing output of the integrators. The input range of the integra-
tors cannot exceed the output voltage range of the quantizer in the feedback
loop. The maximum input signal is ∆ = (2N − 1)δ[16], where N is the bits of
quantizer and equals to 1 in SDM. So the power of the full-scale sinusoidal input
signal for Sigma-Delta converters should be:

PS =
∆2

8
=
δ2

8
(N = 1), (5.11)

based on the (4.10), Ps is in Nyquist frequency.

So from (5.9) and (5.11), the dynamic range of the first-order Sigma-Delta
converter should be[17]:

DR =
PS
PN

=
9M3

2π2
. (5.12)

Therefore, whenever the oversampling ratio increases 1 fold, the dynamic range
will increase 9 dB, since DR has one additional 23. So DRdB will add 30log2,
which equals to 9.
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6 OTHER SIGMA-DELTA MODULATORS

6.1 High-Order Sigma-Delta Modulator

One more integrator can be added to expand the first-order Sigma-Delta mod-
ulator into a second-order Sigma-Delta modulator[18] as shown in Figure 6.1.

Figure 6.1: Structure of the second-order Sigma-Delta modulator.

In the same way to analyze second-order Sigma-Delta modulator, the output of
quantizer in Z-domain in Figure 6.1 should be:

Y (z) = z−2X(z) + (1− z−1)2EQ(z). (6.1)

The transfer function of quantization noise is:

HQ(z) = (1− z−1)2. (6.2)

The noise power spectral density should be:

N(f) = E(f)|(1− z−1)2|z=e2πifTs = 4erms
√

2T sin2(πfTs). (6.3)

The noise power in the signal bandwidth should be[19]:

PN =

∫ fb

0

|N(f)|2df = e2rms
π4

5
(2fbTs)

3 = e2rms
π4

5M5
. (6.4)

Compared with (5.8) and (6.3), the second-order Sigma-Delta modulator more
deeply changes the distribution of noise power by a higher order noise trans-
fer function HQ(z). Likely, compared with (5.9) and (6.4), the second-order
Sigma-Delta modulator could further reduce the noise power PN in the signal
bandwidth effectively. In (6.4), when the oversampling ratio grows 1 fold, the
noise power in the signal bandwidth will reduce 15 dB.

Furthermore, by adding more integrators and feedback loops, this SDM will
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Figure 6.2: Structure of the L-order Sigma-Delta modulator.

change to a higher-order SDM with deeper noise shaping. The structure of a
L-order Sigma-Delta modulator is shown in Figure 6.2.

Analyze L-order SDM in the same way above. The transfer function of the
L-order Sigma-Delta modulator is:

Y (z) = z−LX(z) + (1− z−1)LEQ(z). (6.5)

Its quantization noise function should be:

HQ(z) = (1− z−1)L. (6.6)

The noise power spectral density after shaping should be:

N(f) = E(f)|(1− z−1)L|z=e2πifTs = erms
√

2Ts[2 sin(πfTs)]
L. (6.7)

The noise power in the signal bandwidth is:

PN =

∫ fb

0

|N(f)|2df ≈ e2rms
π2L

2L+ 1
(2fbTs)

2L+1 = e2rms
π2L

(2L+ 1)M2L+1
. (6.8)

From (5.11), the power of the full-scale sinusoidal input signal for L-order Sigma-
Delta converter should be:

Ps =
∆2

8
=

[(2N − 1)δ]2

8
. (6.9)

From (6.8) and (6.9), the dynamic range of L-order SDM should be:

DR =
Ps
PN

=
3

2

2L+ 1

π2L
M2L+1(2N − 1)2. (6.10)

Therefore, from (6.10), when the oversampling ratio is fixed, the dynamic range
could be increased by increasing the order L. From (6.8), the quantization noise
in signal bandwidth will be smaller when the order L is higher.
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6.2 The 1-bit Cascaded Quantization Sigma-Delta Modu-
lator

As shown in Figure 6.2, this is a L-order modulator. Known from research[20],
this is used to achieve the design of modulator with orders greater than 2. But
if L is too large, unstable situation will occur and lead to oscillation[21-23]. This
is because the output of integrator may have great output amplitude caused by
several times accumulations. And this accumulation will impact overload the
quantizer and finally will make SNR far lower than theoretical value. In order
to eliminate such unstable impact, adding some nonlinear parts into circuits
is needed, such as restricting the amplitude of integrator to prevent from the
overload of quantizer.

Another access to stabilizing high-order Sigma-Delta modulator is to combine
with the first-order or second-orders Sigma-Delta modulators together to consist
of a cascaded high-order modulator[24]. If this is done, it is succeed in not only
modulating high-order noise but also stabilizing systems.

For cascaded modulator[25-27], the number of quantizers refers to as ”series”.
A second-orders modulator consisting of two first-order modulator refers to as
a 1-1 structure. As following, this 1-1 structure will be taken as an example to
illustrate the principle of cascaded modulator.

The structure of a 1-1 cascaded Sigma-Delta modulator is shown in Figure 6.4.
In this figure, the quantization noise in the first series is E1(z), and that in the
second series is E2(z).

Figure 6.4: A 1-1 structure cascaded Sigma-Delta modulator.

As shown in Figure 6.4 with the same analytic way above, the first series output
should be:

Y1(z) = z−1X(z) + (1− z−1)E1(z). (6.11)
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The second series output should be:

X2(z) = U1(z)− Y1(z) = −E1(z)

Y2(z) = z−1E1(z) + (1− z−1)E2(z).
(6.12)

The final output should be:

Y (z) = z−1Y1(z) + (1− z−1)Y2(z). (6.13)

Substitute (6.11) and (6.12) into (6.13), the output of this cascaded modulator
can be described as:

Y (z) = z−2X1(z) + (1− z−1)2E2(z). (6.14)

From (6.14), the noise in first series is canceled. So this method accomplish in

modulating the quantized noise in second-orders.In ideal situation, the quanti-
zation noise in the first series will all be canceled through the noise cancellation
logic circuit. But in physical circuits, there are errors between practical devices
and theoretical values. And these errors will lead to some troubles. The noise
may not be canceled entirely through noise cancellation logic circuit in former
series and will divulge into output and impact the performance of modulator.
Generally, using second-orders Sigma-Delta modulator in the first series can
greatly reduce the impact from the non-ideal characteristics in the circuits.

6.3 The N-bit Cascaded Quantization Sigma-Delta Mod-
ulator

For 1-bit quantizer, it has merits like excellent linearity and simple circuits
design. However, the quantized noise involved is very great. Then, relatively
high over-sampling frequency is needed. And also the number of bits in quantizer
should be larger than or equal to the number of orders to make the whole system
stable.

As can be known in (6.10) and Figure 6.2, N-bit quantization can have a large
DR and thereby, reduce the excessive reliance of resolution of modulator on the
oversampling frequency. This plays an very important role in the field of high
frequency signal without large oversampling frequency ratio.

However, N-bit quantization has a fatal flaw, which loses the transfer functions
of ideal linearity. In cascaded N-bit quantization Sigma-Delta modulator[28-30],
the N-bit quantizer is used in the last series and 1-bit quantizer is used in all
the former series. Then, the non-linearity of transfer curve in N-bit quantizer
can be modulated by modulator.

29



N-bit quantization Sigma-Delta modulator in 1-1 structure is shown in Figue 6.5.
If assume that the quantized noise in the first series is E1(z), the quantization
noise in the second series is E2(z) and the non-linear errors of N-bit quantization
in Dth series is ED(z). One has:

Figure 6.5: A 1-1 structure cascaded N-bit Sigma-Delta modulator.

As shown in Figure 6.5 with the same analytic method of 1-bit, the first series
output should be:

Y1(z) = z−1X(z) + (1− z−1)E1(z). (6.15)

The second series output should be:

Y2(z) = z−1(−E1(z)− ED(z)) + (1− z−1)E2(z). (6.16)

The final output should be:

Y (z) = z−1Y1(z) + (1− z−1)Y2(z). (6.17)

Substitute (6.15) and (6.16) into (6.17), the output of this modulator can be
described as:

Y (z) = z−2X(z)− z−1(1− z−1)ED(z) + (1− z−1)2E2(z). (6.18)

30



As can be seen from (6.18), the non-linear errors in N-bit quantizer are not
included in the output results. That is because that they are modulated by
noise shaping in the first-order. Hence, this method reduces the errors when
converting from analog to digital in time domain and frequency domain. As a
result, the resolution of ADC is improved.

However, in terms of cascaded N-bit Sigma-Delta ADC, in order to improve
its conversion resolution, generally some additional hardwares are needed, such
as analog reference circuit, digital correction circuit, cascade modulator and so
on[30]. Such devices can promote the drawbacks bought from non-linearity in
N-bit quantizer. These make the circuits very complex. Because of this, N-bit
quantizer is not widely used in reality.
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7 SIMULATION

7.1 Simulation for the First-Order Modulator

The simulation configuration of the first-order modulator is given by Figure 7.1
designed in Matlab (Simulink) from Figure 5.1, the schematic figure of first-
order modulator.

Figure 7.1: Structure of first-order Sigma-Delta modulator in Simulink.

From Figure 5.1, the integrator part in Figure 7.1 should be designed identically
as shown in Figure 7.2 below.

Figure 7.2: Structure diagram of integrator in Simulink.

As can be seen from Figure 7.2, the transfer function H(z) can be given as
follows:

y(t) =
1

z
[x(t) + y(t)]

= z−1x(t) + z−1y(t)

y(t) =
z−1

1− z−1
x(t)

H(z) =
y(t)

x(t)
=

z−1

1− z−1
. (7.1)

Therefore, the integrator used in Figure 7.1 has the same transfer function with
structure in Figure 7.2. The structure of Figure 7.2 can be simplified based on
the same transfer function[31].

The input of the modulator is sinusoidal signal, with relative parameters shown
as follows in Table 7.1.
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Parameter Value
Input signal bandwidth fb 600 kHz

Input signal amplitude 0.5 V
Oversampling frequency fs 38.4 MHz

Oversampling ratio M 32

Table 7.1: The parameters of input signal.

As the table shows, oversampling ratio M is given by 32. Take a sinusoidal input
signal with 600 kHz bandwidth(frequency) as an example. Oversampling ratio
of 32 means the oversampling frequency should be 38.4 MHz, which is shown in
the table above. But if the oversampling ratio is designed as 64, the oversam-
pling frequency needs to be satisfied with 76.8 MHz. Therefore, it is easy to
hold that for the same input bandwidth, higher oversampling ratio necessarily
contribute to a greater oversampling frequency. This gives high requirements
for the operational amplifier in systems. Though oversampling ratio can im-
prove the elimination of noise, in terms of first-order Sigma-Delta convertor,
the ratio of 32 is enough to achieve that and at the same time, can reduce the
requirements of devices.

The output signal of this modulator shown in Scope1 in Figure 7.1 is given
by Figure 7.3.

Figure 7.3: The simulation consequence in Scope1 of figure 5.1.

As can be seen from Figure 7.3, when the input closes to 1, the output signal
mainly consists of positive pulses. On the other hand, when the input signal
approaches -1, the output mainly consists of negative pulses. When the case
that the input closes to 0, the output of quantizer is oscillated between 1 and
-1 and makes its average values approach the average values of input in a short
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period of interval in modulator which is mentioned above in section 5.2. And
also this figure can prove that the range of the quantizer should be larger than
the amplitude of input signal.

7.2 Simulation for the Noise in the First-Order Modulator

The convertor is simulated above but that is the ideal circuit. Instead for
implement, there should be several various noise among the system. In this
section, 3 important noise will be additionally simulated in this system.

7.2.1 Clock Jitter

In simulink ideally, the sampling assumes an well-defined exact clock. The term
clock jitter refers to the the timing variations of a set of signal edges from their
ideal values[32], which means the real sample time has a little error with the
ideal sample time. Clock jitters in clock signals are typically caused by noise or
other disturbances in the system.

Consider that it is difficult to simulate clock jitter by varying sampling time
randomly. Therefore in this thesis, the errors in time domain is equivalent to
an amount added to the input voltage x(t). In other words, voltage variances
caused by sampling jitter can be superimposed to the input voltage x(t) because
of the following (7.2), which assume that the error introduced when a sinusoidal
signal with amplitude A and frequency f is sampled at an instant which is in
error by amount δ is given by

x(t) = Asin(2πft)

x(t+ δ)− x(t) = 2Acos(2πft+ πfδ)sin(πfδ)

≈ 2Acos(2πft)(πfδ),

since sinx = x and cos(t+ x) = cos(t) when x is small enough like δ,

(δ) = 2Aπfδcos(2πft)

= δ
d

dt
x(t),

(7.2)

where the δ is the sampling uncertainty with Gaussian random process with
standard deviation ∆τ(the parameter ’-K-’ in Figure 7.4). In the case of real
implements, the value of ∆τ is decided by the real devices. Here in this simu-
lation, the value of ∆τ is set to be 80 ns based on the normal case[33].

As can be seen from (7.2), if the part δ ddtx(t) is superimposed to the input
signal, the signal jitter in time domain x(t+ δ) can be obtained.

This effect can be simulated with Simulink by using the structure shown in Fig-
ure 7.4, which implements (7.2).
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Figure 7.4: The structure of clock jitter noise.

Obviously, Figure 7.4 shows the calculation of (7.2). If the input is x(t), the
output should be x(t+ δ). After creating this model as a subsystem, the simu-
lation circuit and consequence are given respectively by Figure 7.5 and 7.6.

Figure 7.5: The simulation for clock jitter noise as a subsystem.

Figure 7.6: The simulation consequence in Scope1 of Figure 7.5.
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As shown in Figure 7.6, the first output signal is the original input sinusoidal
signal and the second output is the sinusoidal signal with the same amplitude
and frequency but with some uncertain jitter ∆τ .

7.2.2 Integrator noise

Integrator noise is generated by the real and non-linear integrator when imple-
ment which is different from the ideal integrator used in Simulink. Hence, the
non-linear and real part should be added in the circuit in order to simulate the
whole real system. Normally when implement, SC-integrator (switch capacitor
integrator) is used in the circuit to implement Sigma-Delta convertor[34]. The
switch capacitor integrator is shown in Figure 7.7.

Figure 7.7: Switch Capacitor Integrator

In Figure 7.7, Cs is the sampling capacitor, which relates to sampling frequency
fs,

R =
1

Csfs
, (7.3)

where R is the equivalent resistance of the SC-integrator given by the real de-
vices.

And Cf is the feedback capacitor which relates to the sampling capacitor Cs,

b =
Vout
Vin

=
Cs
Cf

Cf =
Cs
b
.

(7.4)

where the coefficient b is the integrator gain, which normally equals to 2 for
SC-integrator[35].
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7.2.2.1 Thermal noise

The thermal noise relates to the switches due to input sampling. Assume that
Cs with finite resistance Ron is in series with a switch which periodically opens.
The total noise power can be evaluated by integral[36]

e2T =

∫ ∞
0

4kTRon
1 + (2πfRonCs)2

df =
kT

Cs
, (7.5)

where k is the Boltzman constant, T is the absolute temperature and the re-
sistance is calculated as a noise source in series with power 4kTRon∆f . This
thermal noise voltage eT can be superimposed to the input voltage x(t), so the
thermal noise can be modeled in Simulink as follows[37]:

y(t) = b ∗ [x(t) + eT (t)] = b ∗ [x(t) +

√
kT

Cs
n(t)], (7.6)

where eT (t) = eTn(t) and n(t) is a Gaussian random process with unity stan-
dard deviation, while b is the integrator gain. And (7.6) explains the model
shown in Figure 7.8.

Figure 7.8: The model of thermal noise

where f(u) =
√

ku
Cs

, the kT/C noise function with the input of Temperature.

The devices ”Random Number” and ”Zero-Order Hold” generate a Gaussian
random process n(t), as mentioned above. SC integrator gain is 2 as a constant
coefficient and if x(t) is given a sin wave that this thesis used before, the output
y(t) can be simulated by Figure 7.9 with the temperature of 100 degree Celsius.
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Figure 7.9: Thermal noise simulation in Simulink

The results of simulation of Scope1 in Figure 7.9 can be shown in Figure 7.10
as follows:

Figure 7.10: The results of simulation of thermal noise in Simulink

where the first trail is the original sinusoidal wave, while the second trail repre-
sents the output y(t) after adding the thermal noise.

As can be seen in Figure 7.10, the thermal noise cannot impact the ampli-
tude heavily. There are just slight errors on the sinusoidal wave. As regards,
the reason why the amplitude of output is two times as that of input is that the
SC integrator gain is 2. But anyway, the results will not change after though
the quantizer.
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7.2.2.2 Operational amplifier noise(Op-Amp noise)

As same as those two noise mentioned above, Op-Amp noise can be described as
a model that random errors are superimposed to the input voltage x(t), which
is shown in (7.7)[37].

y(t) = b[x(t) + nOp(t)] = b[x(t) + VnN(t)], (7.7)

where b is the same SC integrator gain as thermal noise shown in Figure 7.7.
That is because these two noise are all from SC integrator. And Vn is the
Op-Amp RMS noise voltage. N(t) is a Gaussian random number with unity
standard deviation. The model can be seen in Figure 7.11, which implement
(7.7).

Figure 7.11: The model of Op-Amp noise in Simulink

Here, Vn stands for the total rms noise voltage referred to the Op-Amp in-
put. This can be estimated, through circuit simulation of Figure 7.7 during the
phase Φ2, by superimposing the noise impacts of all the devices related to the
Op-Amp input and integrating the resulting value over the full-scale frequency
spectrum[38]. Because Vn is contributed to flicker (1/f) noise, wide-band ther-
mal noise and dc offset, which is described as (7.8)[32]

Vn ≈ 2
2

3
kT

1

gm
+

kf
COXWL

1

f
=

√
4kTR∆f, (7.8)

where kf , COX , W and L are decided by the triodes in SC integrator, while gm
and R are transconductance and equivalent resistance of SC integrator, respec-
tively.

The same as those two noise simulation above, the Op-Amp model is simu-
lated in simulink, shown in Figure 7.12, and the results of simulation is given in
Figure 7.13.
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Figure 7.12: Op-Amp noise simulation in Simulink

Figure 7.13: The results of simulation of Op-Amp noise in Simulink

In Figure 7.13, the first trail is the original sinusoidal wave. The second trail
represents the Gaussian random process N(t), and the third trail stands for the
results after these two signals though adding device.

7.3 Design for Digital Low-Pass Filter in Simulink

The digital low-pass filter here in system is designed by the application named
”Filter Design and Analysis” in Matlab. The relative parameters and sets are
given in Figure 7.14.
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Figure 7.14: The model of first-order Sigma-Delta convertor with three kinds of
noise.

As shown in Figure 7.14, response type choose lowpass and design method
choose FIR. In the block of filter order, the option of minimum order is chosen,
which supply the order of LP filter automatically by the values of Fpass and
Fstop, which stands for passband and stopband, respectively. The passband and
stopband are given by the values of 650 and 850 because the frequency of input
sinusoidal wave is 600 kHz. So the value of 650 can make sure that all the
signal can pass through the filter. And the value of stopband is good to close
passband. But due to the limitation of devices during impliment, it is suitable
to set 850 with orders of 441.

Accorfing to these parameters set above, this digital filter is a low-pass filter
which can filter away the signal with frequency above 650 with orders of 441.

7.4 Simulation for All Parts Designed Above

The configuration of simulation for the model of first-order Sigma-Delta conver-
tor with three kinds of noise (sampling jitter, thermal noise and Op-Amp noise)
is given by Figure 7.15 as follows:
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Figure 7.15: The model of first-order Sigma-Delta convertor with three kinds of
noise.

The input signal is still sinusoidal wave with the same frequency and amplitude
as the one in section 7.1. Other parameters are listed in the table 7.2 below,

Parameter Value
Input signal bandwidth fb 600 kHz

Input signal amplitude 0.5 V
Oversampling frequency fs 38.4 MHz

Oversampling ratio M 32

SC integrator gain 2
Clock jitter ∆τ 8 ns

Sampling Capacitor Cs 5 pF
Temperature T 100 ℃

Thermal noise Vn 50 µVrms

Table 7.2: The parameters of the Sigma-Delta modulator shown in Figure 7.15.

The simulation results of Scope in Figure 7.15 can be shown in Figure 7.16 after
the signal with noise through digital low-pass filter.
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Figure 7.16: The result of simulation of Figure 7.15.

As shown in Figure 7.16, the first trail is still sinusoidal wave and the sec-
ond trail represents the adding results of three noise and sin wave. The last
trail shows the results that the signal on trail 2 pass through digital low-pass
filter.

As can be seen from the whole simulation of Sigma-Delta ADC shown in Figure
7.16, there is a little period of delay between the output signal from digital
low-pass filter and the original input signal. This delay is caused by operations
and transmissions. All these devices need time to deal with input wave and do
the calculation.

In terms of the function and features of Sigma-Delta ADC, as can be seen,
the noise taken by input sinusoidal wave is almost filtered away from signal on
trail 2. Based on the theory described in this thesis above (section 3.2), that is
because Sigma-Delta ADC uses the approach of oversampling so that noise can
be distributed over a wider bandwidth of fs/2. That means less power of noise
is distributed over the passband fb. Furthermore, due to the noise shaping by
the transfer function HQ(z) in the integrator, more noise is shaped above the
passband. However, the LP filter just filters away the noise outside the signal
bandwidth fb. And the system can keep the frequency and amplitude of input
signal identically which can be seen from Figure 7.16. Therefore, most of the
noise can be filtered away and after the LP filter, it can obtain a sinusoidal wave
almost the same as the original input signal.
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8 SUMMARY AND CONCLUSION

Before to give the conclusion about Sigma-Delta Analog-to-Digital converter,
some equations can be shown at first. And 3 important parameters N(f), PN
and DR will be compared and discussed among Nyquist frequency ADC, Over-
sampling frequency ADC and Sigma-Delta ADC.

As can be seen from (4.12), (5.8), (6.3) and (6.7), E(f) in (4.12) is the pow-
er spectral density in oversampling frequency but without noise shaping. The
distribution should be in average and should have the most power inside the
signal bandwidth. Combined with (5.8), (6.3) and (6.7) one has, the noise pow-
er spectral density after shaping should be erms

√
2Ts[2 sin(πfTs)]

L, where L is
the number of orders in Sigma-Delta converters, which is the same as the (6.7).
Then, for different value of order L, Figure 8.1 can discribe through the expres-
sion of N(f).

Figure 8.1: The distribution of power spectral density for different order SDM.

As can be seen from Figure 6.3, with increase of the number of orders for SDM,
the area of noise power distribution inside signal bandwidth fb will gradually
decrease. On the other hand, the area of distribution outside fb will increase
which will be filtered away. This is how the noise shaping works in different
order SDM system, which is given by the expression of N(f) in (6.7). The
higher order L is, the higher order of noise transfer function HQ(z) has, and the
deeper noise shaping tends towards. Therefore, for the same device of quantizer
in modulator, the order L of Sigma-Delta ADC can be increased to reduce the
quantization noise.

In terms of noise power PN , one can make a good guess first through the analysis
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of N(f) above. With increasingly heavily noise shaping. The noise power leav-
ing inside signal bandwidth should be increasingly small. Analyze this based on
(4.9), (4.13), (5.9), (6.4) and (6.8). In the case of ADC in Nyquist frequency,
the noise power should be e2rms, according to (4.9). But in the case of ADC in

oversampling frequency, it changes to
e2rms
M in (4.13) which is obvious smaller

than e2rms, since M is the oversampling ratio and will be further greater than 1.
Furthermore in the case of Sigma-Delta ADC in oversampling frequency with

noise shaping, PN = e2rms
π2L

(2L+1)M2L+1 is even smaller than the former and will

be increasingly smaller by adding the order L. So this makes sense. The higher
order Sigma-Delta has, the less noise power has.

For the most important parameter DR, based on the consequence of N(f) and
PN above, DR should be greater when the order L is higher, since the numer-
ator Ps will not be changed but the denominator PN will be smaller. Likely,
explain it in equations. For the ADC in Nyquist frequency in (4.11), DR equals
to 3

2 (22N ). DR in oversampling frequency case in (4.14) is smaller and equals
to 3

2M(22N ), since M is the oversampling ratio and should be further greater
than 1. Furthermore, in (5.12), DR in first-order Sigma-Delta converter should

be even smaller and should equal to 9M3

2π2 , where in (4.11) and (4.14), N need to
be 1 to compare because the quantizer is 1-bit in Sigma-Delta converter. And
in the same way, DR will be larger when the higher order L choose, shown in
(6.10). This makes sense. Like SNR, DR describes how much noise impacts
the signal. If the ADC is improved like the way above, the quantization noise
should be promoted and should gradually decrease. Then DR will be gradually
improved and will obtain a better ADC.

The advantages of Sigma-Delta ADC are not only just reducing quantization
noise by noise shaping or getting a large DR, but also reducing the require-
ments of devices. This can be explained by comparing DR in Nyquist frequency
ADC and oversampling Sigma-Delta ADC. Comparing the (4.11) and (5.12), if
the same resolution(DR) need to be implemented after the quantizer, for con-
ventional ADC, N-bit quantizer is needed, but in Sigma-Delta converter, the
expression of DR does not relate to N or in other words, N needs to be 1. But
in Sigma-Delta ADC, the resolution can be achieved by a satisfied frequency
ratio M. In order words, the frequency ratio M can replace the bits of quantizer
to achieve the resolution. That is the reason why Sigma-Delta ADC can reduce
the requirements of devices to achieve the same resolution as conventional one.
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