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Abstract
This Thesis is devoted to theoretical and experimental studies of resonant inelastic X-ray
scattering (RIXS) of gas-phase carbon monoxide and water molecules. Using state-of-the-art
ab initio electronic structure calculations and a time-dependent wave packet formalism, we
make a complete analysis of the experimental RIXS spectra of the two molecular systems.
In the CO RIXS analysis, we are able to reproduce the RIXS experiment with an excellent accuracy, allowing for a complete description of all experimental features. Interference
between different RIXS channels corresponding to the scattering via orthogonal molecular
orbitals in the core-excited state of CO is described. With the help of the high-resolution
spectrum and extensive ab initio simulations we show the complete breakdown of the BornOppenheimer approximation in the region where forbidden final Rydberg states are mixed
with a valence allowed final state. Here we explain the formation of a spectral feature which
was attributed to a single state in previous studies. Moreover, through an experimentaltheoretical combination, we improve the minimum of the valence E ′1 Π excited state, along
with the coupling constant between the valence and two Rydberg states. In order to study
the water system, we developed a new theoretical approach to describe triatomic molecules
through the wave packet propagation formalism, which reproduces with high accuracy the
vibrational structure of the high-resolution experimental quasi-elastic RIXS spectra, allowing to draw several important conclusions. We demonstrate that due to the vibrational
mode coupling and anharmonicity of the ground and core-excited potential energy surfaces,
different core-excited states in RIXS can be used as gates to probe different vibrational
dynamics and to map the ground state potential using molecular vibrational normal modes.
Tuning the X-rays above the absorption resonance allows to extract additional information
about the ground state potential, due to high vibrational excitation. Isotopic substitution
is investigated by theoretical simulations and important dynamical features are discussed,
especially for the dissociative core-excited state, where a so-called “atomic” peak is formed.
This feature is crucial to explain the nuclear dynamics in RIXS from water. We show the
strong potential of high-resolution RIXS experiments combined with high-level theoretical
simulations for advanced studies of highly excited molecular states, as well as of ground
state potential energy surfaces, as an auxiliary technique to optical and IR spectroscopy.
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List of papers included in the Thesis
Paper I R. C. Couto, M. Guarise, A. Nicolaou, N. Jaouen, G. S. Chiuzbăian, J. Lüning,
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I would like to thank Prof. Freddy Fernandes Guimarães, who introduced me to the theoretical chemistry field and showed how the theory is as important as the experiment. Without
him I would never have the opportunity to come to Stockholm to pursuit my PhD.
I am thankful to Dr. Michael Odelius and Emelie Ertan for their fruitful collaboration and
help with the electronic structure modeling. Their help was crucial for the development of
my research.
I would like to give my gratitude to our collaborators: Marco Guarise, Alessandro Nicolaou,
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Chapter 1
Introduction
The development of science began from the urge to understand natural phenomena, which
creates a bond between all nations, where only one language is spoken, science. Over the
centuries, the size of the studied systems decreased, reaching sub-atomic levels now. But
let us go back a few steps and focus on the systems of molecular size. Through the understanding of the electronic structure of molecules, one can disclose valuable information
about reaction activity, bond breaking, bulk properties and several other features which
help understanding natural phenomena. Following this interest, many experimental techniques have been developed towards improvement of the knowledge of molecular structure.
Along with experiment, theory was also developed. Hereby, a whole new scientific field was
launched, the spectroscopy.
Spectroscopy studies molecular properties via interaction between light and matter. Controlling the photon energy, various information can be extracted from the studied system.
Let us focus on three spectral ranges of the electromagnetic radiation: the infrared (IR),
optical (visible) till vacuum ultraviolet (VUV) and X-ray range. The infrared radiation
comprehends photons with energy between approximately 0.01 eV and 1 eV. This radiation
allows to probe the molecular vibrations as well as low energy electron transitions. Photons
with energy ranging from 1 to 100 eV are in the region from optical till VUV radiation,
which allows to reach electronic transitions, but mainly in a valence and inner valence region. Finally, X-rays involves photons with energy between 100 eV and 100 keV, which
can be divided in soft (100 eV to 1 keV ) and hard X-rays (above 1-10 keV). This class
of radiation is responsible for the excitation and ionization of electrons from the core-shell
orbitals, i.e., the core-electrons, addressed in the X-rays spectroscopy.
X-ray spectroscopy comprises several well-established experimental techniques and has been
growing together with development of new technology, triggered by large investments in the
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field. Europe is experiencing a special time now, related to X-ray science development.
In particular, the inauguration of the new Synchrotron facility in Lund (MAX IV) in June
2016, and the construction of the new X-ray free-electron laser facility in Hamburg, Germany,
(The European XFEL - inauguration in 2017), in a collaboration of 11 European countries.
These facilities will have at the moment the world’s best characteristics, and will have a
tremendous impact on X-ray technology. Among numerous X-ray techniques, we highlight
a few having important applications at the present: X-ray photoelectron spectroscopy [1, 2],
Auger electron spectroscopy [3], X-ray emission [1], X-ray absorption [1, 4, 5] and resonant
X-ray scattering [6–8] spectroscopy. In this Thesis we focus on the latter one.
Resonant X-ray scattering (RXS) spectroscopy is a powerful tool for probing the electronic
structure [8], nuclear dynamics [9, 10] and even the attosecond electronic dynamics [11] of
a wide range of systems. When a molecule absorbs an X-ray photon, a core-electron is
promoted to an unoccupied molecular orbital, forming a core-excited state. It is followed
by the dynamics of the nuclear degrees of freedom on the femtosecond time scale, described
by the nuclear core-excited wave packet. The molecule then decays, according to the scattering duration time [12], either to an excited final state, as in the resonant inelastic X-ray
scattering (RIXS) or back to the ground state, the resonant elastic X-ray scattering. The
spectral shape of RXS is very sensitive to the wave packet dynamics, changed by the excitation energy and photon polarization, which allows one to adjust the experiment for study
different phenomena and system properties. Among several features of the RIXS [8], one can
point out the most important possibilities, the element and orbital specificity, polarization
dependence, bulk sensitivity, and manipulation of both energy and momentum dependency
of the scattered photon. In this thesis we focus on RIXS of two molecules, carbon monoxide
and water.
Carbon monoxide is a very important gas due to its abundance in the Universe. It is used in
several reactions as a source of carbon and oxygen atoms. As a relatively simple molecule,
with only one degree of freedom (stretching vibrational mode), it has been studied in spectroscopy since many years [13]. This simplicity, however, keeps many interesting features in
electronic structure and nuclear dynamics. The ground and valence electronic excited states
have been studied by several groups by both experimental [14–16] and theoretical [17–19]
approaches. The inner-shell structure of CO was investigated through the X-ray photoemission [20, 21], X-ray photoabsorption [22–24], resonant Auger [25–27], RIXS [28, 29] and
theoretical simulations of core-excitations [30, 31].
Water is one of the most important substances for human life, so the understanding of its
structure and interaction with other systems is of a great concern for the development of
different fields of science, specially in studies of biological systems. Over the years, numerous studies have been conduct with water as the main subject. The vibrational-rotational
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energy levels and potential energy surface of the electronic ground state water have been
studied by experimentalist [32–35] and theoreticians [36–39]. Also, the interaction of water
with X-rays was widely studied through core-excitation and ionization [31, 40, 41], X-ray
absorption [42, 43] and Auger spectroscopy [44–48]. One should pay attention that RIXS
spectroscopy has been used to study the structure of hydrogen bonds in liquid water [49–
53], the effect of the isotope substitution [54–56], anisotropy effects [57], polarization dependence [58], reorganization of ion solvation in water solution [59] and electronic structure in
gas-phase [60].
The main scope of this Thesis refers to theory development for a complete elucidation of
experimental RIXS spectra for the two different systems, carbon monoxide and water. In
CO, we did a complete experimental and theoretical investigation of RIXS. We were able
to identify new features in the spectra through the comparison of the results of the present
high-resolution experiment with extensive ab initio calculations. The physics discovered in
the experimental-theoretical study extends the understanding of CO structure, important
for both fundamental studies and astrophysical applications. For gas-phase water, we were
able to demonstrate how different intermediate core-excited states in RIXS may act as selective gates to specific vibrational modes by means of core-excited dynamics. We explain this
selectivity using the analysis of the potential energy surfaces of the ground and core-excited
states, and using the time-dependent wave packet picture. We show that the RIXS technique makes it possible to study the normal-to-local mode regime transitions for symmetric
triatomic molecules.
This thesis is organized as follows. In Chapter 2, the basic theory of the methods used in
this Thesis will be presented. Sec. 2.1 will outline the theoretical formalism of the RIXS
based on the wave packet technique used later in the spectral simulations. A brief description of the methods for electronic structure modeling is presented in Sec. 2.3. Chapter 3
presents an analysis of experimental RIXS spectra of the CO molecule through our theoretical simulations. In Chapter 4, the experimental and theoretical RIXS of gas-phase water
will be disclosed. Last, in Chapter 5 all the important results presented in the Thesis will
be summarized.
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Chapter 2
Basic principles
In this Chapter, the basic theory used in the present Thesis will be described. First, the
theory of resonant X-ray scattering and the wave packet formalism will be described, then
the theoretical approach to compute the potential energy surfaces will be presented. We
use atomic units (a.u.) in this Thesis.

2.1

Resonant X-ray scattering

As it was mentioned in Chapter 1, the resonant X-ray scattering is a powerful technique to
study the electronic structure and nuclear dynamics of molecules. Fig. 2.1 portrays two representations of the RIXS process. On the left-hand side of Fig. 2.1, a multielectronic states
representation is shown, which is nicely suited to describe the vibrational structure. The
molecule at the ground state ∣0⟩ is shined by a photon with frequency ω, which excites the
molecule to an intermediate state ∣i⟩. Then it may decay to the final states ∣f ⟩ or back to the
ground state, emitting a photon with frequency ω ′ . In the molecular orbital representation
(Fig. 2.1 right-hand side) this process can be seen from the point of view of one-electron
transitions, which gives insight into the electronic structure of the molecule. An electron
from the core orbital, e.g., 1s, is excited to an unoccupied orbital. This core-hole state is
unstable and can decay via radiative or Auger channels. In the case of radiative decay, the
molecule emits an X-ray photon when the valence electron from an occupied orbital fills the
core-hole. This process is named RIXS. The same core-excited electron may decay to the
core-hole, resulting in resonant elastic X-ray scattering. When the latter happens, several
vibrational levels of the ground state potential energy surface can be excited, and a vibrational progression is seen in the spectrum. This process is called quasi-elastic scattering, as
the pure elastic channel leads back to the initial lowest vibrational level.
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Multielectronic states representation

Molecular orbitals representation

.....

Unoccupied

Core

Figure 2.1: RIXS scheme based on transitions between multielectronic states (left-hand side
panel) and between molecular orbitals (right-hand side panel).
Simulations of RIXS spectra, being the main goal of the Thesis, are of crucial importance
for the interpretation of experimental results and in obtaining information about electronic
and nuclear properties of molecules. In this Thesis, all the spectra simulations were made
using the wave packet formalism [6, 61], which in generalized form will be presented in the
following Section. As each system studied in this Thesis has its own peculiarities, the specific
theory will be presented in Chapters 3 and 4 for carbon monoxide and water, respectively.

2.2

Wave packet formalism

We study in the Thesis the X-ray absorption and RIXS processes. Both processes can be
described by the time-independent formalism based on the Fermi’s golden rule. In spite of
this, we use the time-dependent representation of the X-ray absorption and RIXS through
the wave packet formalism. This technique gives big advantage over the stationary approach,
as it provides a dynamical picture of the X-ray interaction, has numerical advantage for
treating dissociative (continuum) states, as well as studying molecular systems with many
vibrational modes. Let us show here the wave packet application for the X-ray absorption
and RIXS cross sections.

2.2.1

Born-Oppenheimer approximation

The aim of any quantum chemistry software is to solve the time-independent Schrödinger
equation
HΨ = EΨ,

(2.1)

2.2 Wave packet formalism
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with the full Hamiltonian [62] given by
1
ZA
1
ZA ZB
1
∇2A − ∑ ∑
+∑
+ ∑
,
H = − ∑ ∇2i − ∑
i A riA
i<j rij
i 2
A 2MA
A<B RAB

(2.2)

where MA is the mass of the Ath nucleus, ∇ is the gradient operator, Z is the nucleus
charge, rij , riA and RAB are the distances between electrons, nuclei-electrons and nuclei,
respectively, with i and j referring to the electrons and A and B to the nuclei. The first and
second terms of the Hamiltonian represents the kinetic energy of the electrons and nuclei,
respectively. The third term represents the electron-nucleus interaction. The forth and fifth
terms are the interaction between the electrons and between the nuclei, respectively.
The solution of the Schrödinger equation with the Hamiltonian (2.2) is rather difficult. So
one may use the Born-Oppenheimer (BO) approximation. Considering that the mass of
the nucleus is much bigger than that of the electrons, we can assume that the electron’s
movement is much faster than the movement of the nuclei. Due to this, we can separate the
electronic and nuclear degrees of freedom of the total wave function as follows [63, 64]
Ψn (r, R) = ψnelec (r, R)ψn (R),

(2.3)

with ψn (R) as the nuclear wave function. In most of chemical applications, the electronic
part may be treated with the time-independent formalism
Helec ψnelec = En (R)ψnelec ,
1
ZA
1
Helec = − ∑ ∇2i − ∑ ∑
+∑ .
i 2
i A riA
i<j rij

(2.4)

The nuclear part, as it will be shown in the next Section, is convenient to solve with the
time-dependent Schrödinger equation in order to describe the nuclear dynamics
∂
ψn = hψn ,
∂t
1
ZA ZB
h = −∑
∇2A + ∑
+ En (R),
A 2MA
A<B RAB
ı

(2.5)

where h is the nuclear Hamiltonian. One should mention that the nuclear repulsion (the
last term of eq. (2.2)) is usually also included in the solution of eq. (2.4).
In our simulations of X-ray spectra, the electronic structure is treated stationary through the
solution of the time-independent Schrödinger equation with ψnelec (r, R), which is solved for a
fixed bond distance R (2.4). When several values of R are considered, one obtains a potential
energy surface (PES), which is computed by standard electronic structure calculations (see
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Sec. 2.3). The nuclear dynamics is treated in a time-dependent approach (2.5) through the
wave packet formalism.
The BO approximation, in general, can be broken because of the coupling between the
electronic and nuclear motion. The origin of this coupling is the operator of nuclear kinetic
energy, represented by VV C , which couples different electronic states, as one can see from
the perturbative expansion [63, 64]
⟨Ψm ∣VV C ∣Ψn ⟩
Ψm (r, R)
(2.6)
m≠n En (R) − Em (R)
1
elec
elec
[⟨ψm
ψm ∣ψn ∇2A ψnelec ⟩ + 2⟨ψm
ψm ∣(∇A ψnelec )∇A ψn ⟩].
⟨Ψm ∣VV C ∣Ψn ⟩ = − ∑
2M
A
A

Ψn (r, R) → Ψn (r, R) + ∑

When the non-BO correction ∝ 1/(En (R) − Em (R)) becomes larger, in the vicinity of the
crossing of different PESs, En (R) − Em (R) = 0, the BO approximation can be broken and
the electron-nuclear coupling should be accounted for. This approach will be presented in
Section 2.2.4. Let us now show how the wave packet arises in the X-ray absorption and
RIXS cross sections.

2.2.2

X-ray absorption spectrum

The X-ray absorption spectrum (XAS) is obtained by the core excitation of an electron to
unoccupied orbitals. According to Fermi’s golden rule [65], the XAS cross section reads
σabs (ω) = η ∑ ∣⟨ν∣0⟩∣2
ν

η ∝ ∣(e ⋅ di0 )∣2 ,

Γ
,
π{[ω − ωi0 − (ν − 0 )]2 + Γ2 }

(2.7)

where ω is the incoming photon energy, ∣⟨ν∣0⟩∣2 is the Franck-Condon factor between the
vibrational states 0 and ν of the ground and core-excited states, respectively, Γ is the lifetime
broadening (half-width at half-maximum - HWHM) of the core-excited state ψi , ωi0 is the
frequency of the transition between the ground to core-excited PES minima, ν and 0 are
the vibrational energies of the core-excited and ground states, respectively, e is the incoming
photon polarization and di0 is the transition dipole moment of core-excitation. Eq. (2.7)
shows the time-independent equation for the XAS cross section. Using the identity
∞

Γ
1
= − Re ∫ eı(x+ıΓ)t dt
2
2
π(x + Γ )
π
0

(2.8)

2.2 Wave packet formalism
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we get the time-dependent representation of the absorption cross section
∞

η
σabs (ω) = − Re ∫ eı(ω−ωi0 +0 )t−Γt σi (t)dt,
π

(2.9)

0

σi (t) = ⟨0∣ψi (t)⟩,
as the half-Fourier transform of the autocorrelation function σi (t). Here we introduce the
nuclear wave packet
∣ψi (t)⟩ = e−ıhi t ∣0⟩,
(2.10)
with hi as the nuclear Hamiltonian of electronic state i. The wave packet (2.10) is the
solution of time-dependent Schrödinger equation with ground state initial condition ∣0⟩
ı

2.2.3

∂ψi (t)
= hi ψi (t),
∂t

ψi (t = 0) = ∣0⟩.

(2.11)

RIXS cross section

In RIXS, we consider the three level system: the ground 0, core-excited i and final f states
(Fig. 2.1). The RIXS cross section is given by the Kramers-Heisenberg relation [6, 66]
σ(ω ′ , ω) = ∑ ∣Fνf ∣2 ∆(ω − ω ′ − ωf 0 − f + 0 , Γf ),

(2.12)

νf

where Fνf is the scattering amplitude of a given final vibrational state νf , ∆ is a Lorentzian
function and Γf the lifetime broadening (HWHM) of the final state. Considering only the
resonant contribution of the RIXS amplitude in the stationary formalism, we can write
Fνf = ∑
νi

⟨νf ∣Df i ∣νi ⟩⟨νi ∣Di0 ∣0⟩
,
ω − ωi0 + 0 − i + ıΓ

Df i = (e′ ⋅ df i ),

Di0 = (e ⋅ di0 ),

(2.13)

where Dmn is the scalar product of polarization vector of incoming (outgoing) photon e (e′ )
and transition dipole moment dmn between the electronic states m and n. It is important
to notice that the core-excitation leads to the coherent superposition of core-excited states
∣νi ⟩
Df i ∣νi ⟩⟨νi ∣Di0 ∣0⟩
∣Ψf i (0)⟩ = ı ∑
.
(2.14)
νi ω − ωi0 + 0 − i + ıΓ
The RIXS amplitude is nothing else than the projection of this wave packet on the final
vibrational state ∣νf ⟩
Fνf = −ı⟨νf ∣Ψf i (0)⟩,
(2.15)
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Taking into account the identity
∞

1
= −ı ∫ eı(x+ıΓ)t dt,
x + ıΓ

(2.16)

0

we obtain the time-dependent form of the coherent superposition (2.14) and hence of the
scattering amplitude (2.15)
∞

∣Ψf i (0)⟩ = Df i ∫ eı(ω−ωi0 +0 +ıΓ)t ∣ψi (t)⟩dt,

∣ψi (t)⟩ = e−ıhi t Di0 ∣0⟩.

(2.17)

0

The core-excited state wave packet ∣ψi (t)⟩ is the solution of the time dependent Schrödinger
equation (2.11).
Considering ∆(x, Γ) = −Im(1/π(x+ıΓ)) and eq. (2.16), the Lorentzian function of eq. (2.12)
may be written as
∞

′
1
∆(ω − ω − ωf 0 − f + 0 , Γf ) = Re ∫ eı(ω−ω −ωf 0 −νf +0 +ıΓf )t dt.
π

′

(2.18)

0

Combining eqs. (2.15) and (2.18) with eq. (2.12), we obtain the RIXS cross section in the
time-dependent representation
∞

1
′
σ(ω , ω) = Re ∫ eı(ω−ω −ωf 0 +0 +ıΓf )t σ(t)dt,
π
′

σ(t) = ⟨Ψf i (0)∣Ψf i (t)⟩,

(2.19)

0

where σ(t) is the auto-correlation function and the wave packet ∣Ψf i (t)⟩ = e−ıhf t ∣Ψf i (0)⟩.
Half-Fourier transform vs Fourier transform
To find the RIXS cross section, we need to compute the half-Fourier transform to find the
autocorrelation function σ(t) (2.19) and the wave packet Ψf i (0) (2.17). However, in order to
use the standard fast Fourier transform (FFT) library [67], we have to apply a conventional
full range Fourier transform, with −∞ < t < ∞. Using the properties
σ ∗ (t) = σ(−t),

ψi∗ (t) = ψi (−t),

(2.20)

one can rewrite the half-Fourier transform of the RIXS cross section as the full range Fourier
transform
∞

1
′
σ(ω , ω) =
eı(ω−ω −ωf 0 +0 )t e−Γf ∣t∣ σ̃(t)dt,
∫
2π
′

−∞

σ̃(t) = {

σ(t), t ≥ 0,
σ ∗ (∣t∣), t ≤ 0.

(2.21)
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The same transformation is used in calculations of the absorption cross section (2.9). Usually
Γf is small. Due to this, in order to optimize the numerical simulations, we use the Gaussian
window function
2 2
e−Γf ∣t∣ → e−Γf ∣t∣ e−t /κ ,
(2.22)
where κ is a parameter to control the width of the function. To do the same transformation
with the wave packet Ψf i (0) (2.17) using (2.20), we write the wave packet as the sum of
real and imaginary parts
∣Ψf i (0)⟩ = ΨR + ΨI ,
∞

ΨR = Df i ∫ e−Γt Reϕi (t) =
0

∞

ΨI = ıDf i ∫ e−Γt Imϕi (t) =
0

ϕi (t) = eı(ω−ωi0 +0 )t ∣ψi (t)⟩,

(2.23)

∞

Df i
e−Γ∣t∣ ϕi (t),
2 ∫
−∞
∞
Df i
−Γ∣t∣

e
2 ∫
−∞

ϕ̃i (t) = {

ϕ̃i (t),

ϕi (t), t ≥ 0,
−ϕ∗i (∣t∣), t ≤ 0,

Spectral convolution
In order to mimic the experiment, the RIXS spectrum has to be convoluted with the instrumental function Φ(ω1 − ω) which results from inaccuracy of the experimental conditions.
The theoretical spectra presented in this Thesis were convoluted with the Gaussian function
σf (ω ′ , ω) = ∫ σ(ω1′ , ω)Φ(ω1′ − ω ′ )dω1′ ,
√
(ω ′ − ω ′ )2 4 ln 2
ln 2
2
exp (− 1
),
Φ(ω1′ − ω ′ ) =
∆
π
∆2

(2.24)

where ∆ is the total experimental broadening taken at full-width at half-maximum (FWHM).

2.2.4

Nuclear dynamics in coupled electronic states

In this Section we consider diatomic molecules. As briefly described in Sec. 2.2.1, in the
vicinity of the crossing of the PESs of different electronic states, the BO approximation (2.3)
can be broken. Due to this, the total time-dependent electron-nucleus wave function should
be written as a linear combination of the different electronic states ψ elec (r, R) [63, 64]
Ψn (r, R, t) = ∑ ψn (R, t)ψnelec (r, R),
n

(2.25)
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where r is the electronic coordinate, R is the internuclear distance and ψn (R, t) is the
nuclear wave function of the nth electronic state. This wave function obeys the Schrödinger
equation ıΨ̇n = HΨn with the Hamiltonian H = T + Helec , which consists of the kinetic
energy operator of nuclei T and electronic Hamiltonian Helec . This results in the following
equation for the nuclear wave function
ı

∂
elec
ψn = ∑⟨ψnelec ∣T + Helec ∣ψm
⟩ψm
∂t
n

(2.26)

elec
Following refs. [63, 64], we use the diabatic electronic wave function representations ψm
because of their weak dependence on the nuclear coordinate R. Thus the main advantage
of the diabatic representation in comparison with the adiabatic one [68, 69] is the faster
numerical convergence. This allows to write
elec
elec
⟩ = T δnm .
⟩ ≈ T ⟨ψnelec ∣ψm
⟨ψnelec ∣T ∣ψm

(2.27)

Neglecting ∂ψnelec /∂R, one can get the following equations for the nuclear motion in coupled
electronic states [70]
∂
ψn = ∑ hnm ψm ,
∂t
m
1 d2
+ En (R)) + (1 − δnm )Vnm ,
hnm = δnm (−
2µ dR2
ı

(2.28)

where µ is the reduced mass of the molecule, En = ⟨ψnelec ∣Helec ∣ψnelec ⟩ is the diabatic PES of
elec ⟩ describes the Coulomb coupling betstate n. The matrix element Vnm = ⟨ψnelec ∣Helec ∣ψm
elec (coupling constant). Now we can rewrite the autocorrelation
ween the states ψnelec and ψm
function σ(t) of eq. (2.19) as
⃗
σ(t) = ⟨Ψf i (0)∣df e−ıhnm t d⃗f ∣Ψf i (0)⟩,

(2.29)

where the vector d⃗f is composed by the transition dipole moments df between core-excited
and final diabatic electronic states (f ). The value of df is equal 0 for dipole forbidden
transitions, however, the forbidden state can be populated due to the coupling with an
allowed state.

2.2.5

Dynamical aspect of RIXS

The wave packet ∣Ψf i (0)⟩ (2.14), being the coherent superposition of core-excited vibrational
states ∣νi ⟩, is strongly affected by their interference. This is the so-called lifetime vibrational
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interference (LVI) effect [6, 71, 72]. As one can see from time dependent representation of
∣Ψf i (0)⟩ (2.17), the LVI brings the dynamics in the RIXS process, which is characterized by
the complex scattering duration [6, 12]
τd =

1
,
Γ − ıΩ

XAS
Ω = ω − ωmax
,

(2.30)

t
∣Ψf i (0)⟩ = Df i ∫ e τd eıδt ∣ψi (t)⟩dt.
∞

−

0
XAS , which is the
Here Ω is the detuning of ω from maximum of the X-ray absorption ωmax
XAS − ω +  . The scattering duration is
frequency of the vertical transition, and δ = ωmax
i0
0
defined by two characteristic times. The first one is the lifetime of the core-excited state
1/Γ, which describes the irreversible depopulation of the core-excited state, while the second
time 1/∣Ω∣ says that the scattering process is quenched for t > 1/∣Ω∣ due to the sign changing
oscillations exp(ıΩt) (reversible dephasing). It is practical to use the real scattering duration

1
τ = ∣τd ∣ = √
2
Ω + Γ2

(2.31)

instead of the complex one τd . Numerous experimental studies have shown that the change
of the scattering duration by variation of the detuning is a powerful tool to control the
dynamics of the nuclear motion in core-excited states [6].
Collapse of vibrational structure
To illustrate the control of nuclear dynamics as outlined above, let us consider the collapse
of vibrational structure [6, 73, 74], which holds in the RIXS to the ground electronic state
(see also Sec. 4.2.3) when the scattering is fast. This happens when the detuning is larger
than the vibrational broadening of core-excited state. In this case, the main contribution in
∣Ψf i (0)⟩ (2.30) gives the region in the vicinity of t = 0
t
Df i Di0
∣Ψf i (0)⟩ ≈ Df i Di0 ∣0⟩ ∫ e τd = ı
∣0⟩,
Ω + ıΓ
∞

−

0

Fνf = −ı⟨νf ∣Ψf i (0)⟩ ≈

Df i Di0
⟨νf ∣0⟩.
Ω + ıΓ

(2.32)

Thus the vibrational RIXS profile collapses to single resonance νf = 0 when ∣Ω∣ is large and
the final electronic state is the ground state, because ⟨νf ∣0⟩ = δνf ,0 .
To conclude this Section, one should mention that the variation of the RIXS duration by
Ω allows also control the symmetry breaking in core-excited states [6, 75, 76]. The control
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of the dynamics of nuclear wave packet in dissociative core-excited state allows change the
intensity of the “atomic” peak [6, 77].

2.3

Electronic structure modeling

In Sec. 2.2, the modeling of nuclear dynamics in calculations of the RIXS spectra was
described. In this Section it will be described how electronic wave functions and potential
energy surfaces are obtained.

2.3.1

Hartree-Fock method

The simplest method to solve the Schrödinger equation for electrons is the Hartree-Fock
(HF) method, which gives a description of atomic and molecular orbitals in a many-electron
system, and can be described as follows. First of all, let us consider the time-independent
formalism and the BO approximation (Sec. 2.2.1). In a many electron system, the total
electronic wave function should be constructed as a linear combination of all one-electron
orbitals. To fulfill Pauli’s exclusion principle, we should write the wave function as a Slater
determinant
RRR χ (x ) χ (x ) ⋯ χ (x ) RRR
2
1
N
1 R
RRR 1 1
RRR
R
1
χ
(x
)
χ
(x
)
⋯
χ
(x
R
1
2
2
2
N
2 ) RR
elec
R
RRR = ∣χ1 χ2 . . . χN ⟩,
ψ (x1 , x2 , . . . , xN ) = √ RRR
(2.33)
RRR
⋮
⋱
⋮
N ! RRR ⋮
RRR
RR
RRχ1 (xN ) χ2 (xN ) ⋯ χN (xN )RRR
where χi are the one-electron spin-orbitals and coordinates xi = (r, γ), with the position
vector r and the electron spin γ. We can write
χi (x) = φi (r)ϕi (γ),

(2.34)

where φi and ϕi are the spatial and spin wave functions, respectively. In order to get a good
description of the electron spin-orbitals, we can write the orbital part as a linear combination
of a complete set of known functions (gj (r))
φi (⃗
r) = ∑ cij gj (r).

(2.35)

j

cij are the expansion coefficients, which are optimized in the solution of the Fock equation
fˆi φi = εi φi ,

1
Zk
fˆi = − ∇2i − ∑
+ ViHF .
2
r
ik
k

(2.36)
(2.37)
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Now the electrons are moving in a self-consistent field (SCF), which is defined by the Fock
operator fˆi . ViHF = Ji − Ki is the HF potential. The Coulomb Ji and exchange Ki operators
describe the interaction of the ith electron with the other electrons. To solve the HF
equation (2.36), Roothaan and Hall suggested to look for the molecular orbitals as the
linear combination of atomic orbitals (2.35). Now the expansion coefficients cij satisfy to
the Roothaan-Hall SCF equation
FC = SCε,

(2.38)

where F is the Fock matrix, C is the matrix of the coefficients cij , S is the overlap matrix of
the atomic orbitals and ε is the matrix of orbital energies. This equation is solved iteratively
until convergence.
The HF procedure produces good results for the molecular orbitals, specially for ground
state molecules and some one-electron excited states, but it has some serious limitations.
For example, it fails in the description of bond breaking and transition metals with open
d and f shells. For these systems, it is needed to use correlated methods as Möller-Plesset
perturbation theory, configuration interaction (CI) and multi-configurational self-consistent
field (MCSCF). But all these methods use the HF molecular orbitals as a starting point.

2.3.2

Correlated methods

As described in Sec. 2.3.1, the HF wave function is constructed considering an average
electronic interaction (one-electron wave functions (2.33)). Due to this, the HF method do
not allows to get the exact energy of a given system. In the best case scenario, it cannot
reach more than 99% of the exact energy value. In order to get the fully accurate energy (or
closer to it), one should use the so-called correlated methods. In these methods, the many
electron wave function is constructed as
Ψ = a0 ΦHF + ∑ ai Φi ,

(2.39)

i=1

where a0 is the coefficient determined by normalization conditions, ΦHF is the HF determinant wave function, and the right-hand side term of (2.39) represents the set of determinants
obtained by the correlated method. This wave function can be constructed in a four step
process [78]: from the atomic orbitals (basis functions) the molecular orbitals are constructed, which are used in the Slater determinants, so the many-electron wave functions
(eq. (2.39)) can be built. Now let us go into details about two correlated methods known
as the complete- and the restricted-active-space self-consistent field methods.
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Complete-active-space self-consistent field
The complete-active-space self-consistent field (CASSCF) is a well known correlated method [79],
which is a variant of the general MCSCF approach. In the multi-configurational methods,
the determinants coefficients (eq. (2.39)) and the molecular orbitals are optimized simultaneously. But what makes the CASSCF method outstanding is that one can select the
configurations that will be included in the total wave function, which is a rather efficient
concept. The molecular orbitals are divided into two spaces, active and inactive. The inactive space contains the occupied orbitals that will be kept doubly occupied. In the active
space, both occupied and unoccupied orbitals can be include. Within this space, a full-CI
is performed, i.e., all types of excitations will be allowed. Hereby, not only the ground state
in computed, but also the excited states. This method is good for calculation of the valence excited states, but for more complicated excited systems, e.g., core-excited states and
double core-hole, a different approach should be used, known as the restricted-active-space
self-consistent field (RASSCF) [80].

Restricted-active-space self-consistent field
The difference between CASSCF and RASSCF is in the division of the configuration space.
In Fig. 2.2 the RASSCF spaces are depicted. Instead of two spaces, used in CASSCF, the
molecular orbitals are divided in four spaces now. The first one is the same as the inactive
space in CASSCF. The second is RAS1, where the occupation of the orbitals is limited by
the number of holes nh (occupation = total electrons − nh ). The third space, RAS2, is the
same at the active space of CASSCF, where a full-CI is performed. At last, RAS3 space
includes the orbitals with occupation limited by ne , setting the number of electrons in RAS3.
This scheme allows to control which excited states will be computed, as one can force
the excitation from specific orbitals. For example, this approach is extremely useful in
computation of double core-hole systems [81], where the first ionized orbital is held in
RAS1, the second in RAS3, and the valence occupied and unoccupied orbitals are placed in
RAS2. Another example is the computation of core-excited states. The RASSCF method
was used, in a first step, to compute the PESs presented in this Thesis (Secs. 3 and 4). In
this case, the core orbital is placed in RAS3 with maximum occupation of one electron, and
the other occupied and unoccupied orbitals are held in RAS2 (the RAS1 remains empty).
The results of CAS-RASSCF can be improved when they are applied together with the
second-order perturbation theory.
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Figure 2.2: RASSCF configuration spaces.
Second-order perturbation theory
Perturbation theory is based on the premise that one can improve results by doing small
changes in previously obtained solutions. So the Hamiltonian can be written as
H = H0 + λH1 ,

(2.40)

where H0 is the zero-order Hamiltonian (the reference), H1 is the perturbed Hamiltonian and
λ is the strength of the perturbation. Considering the Hamiltonian (2.40) in the Schrödinger
equation (2.1), we can define the kth-order correction of the wave function and energy,
respectively, as
(0)

(1)

(2)

(k)

ψn = ψn + λψn + λ2 ψn + ⋯ + λk ψn ,
En =

(0)
En

(1)
+ λEn

+λ

2

(2)
En

+⋯+λ

k

(2.41)

(k)
En .

Now let us consider only up to the second-order terms, and neglect terms with k > 2.
This formalism can be applied together with the CASSCF approach, giving rise to the
CASPT2 [82] method, which uses the CASSCF wave functions as the zero-order reference.
When RASSCF wave functions are considered, it is named RASPT2 [83]. This approach
is extremely powerful, and shown to be computationally more efficient than the MRCI
method [83], though giving less accurate results. The RASPT2 method, implemented in
the MOLCAS software [84], was employed in the computation of all PESs presented in this
Thesis.
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Chapter 3
RIXS of the CO molecule beyond the
Born-Oppenheimer approximation
This Chapter is devoted to the theoretical study of the RIXS spectra of gas-phase CO
molecule near the 1σ → 2π XAS resonance. Our simulations were aimed to explain the
recent experiments performed at the SEXTANTS beamline of the SOLEIL light source
(Papers I and II). Theoretical analysis of high-resolution experimental spectra evidence a
complete breakdown of the BO approximation in RIXS of CO, caused by the avoided crossing
of the potential energy curve (PEC) of a “bright” valence state and two “dark” Rydberg
states (see Paper I). We pay special attention to the dependence of the RIXS spectra on
the excitation energy and on the polarization (see Paper II). The combined theoreticalexperimental study allowed us to improve the PEC of valence excited state which was not
precisely determined before.

3.1

Main RIXS spectral bands

The CO molecule at the ground state (X 1 Σ+ ) has the electronic configuration:
1σ 2 2σ 2 3σ 2 4σ 2 1π 4 5σ 2 2π 0 ,
where 1σ is atomic 1s orbital of oxygen. The scattering process considered here is via two
degenerated core-excited states (see also Sec. 3.4):
ω + ∣X 1 Σ+ ⟩

↗ ∣1 Π(1σ −1 2πx1 )⟩ ↘ ′
ω + ∣f ⟩,
↘ ∣1 Π(1σ −1 2πy1 )⟩ ↗

(3.1)
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where different final states ∣f ⟩ contribute in specific regions of the RIXS spectrum. A scheme
of RIXS transitions is presented in Fig. 3.1. The core-excitation 1σ → 2π (blue arrow) is

Figure 3.1: The RIXS transitions of CO near the 1σ → 2π core-excitation resonance.
followed by the decay of an electron from one of the three occupied orbitals 4σ, 1π or 5σ,
or of the initially excited 2π electron (green arrows), filling the core-hole.
The experimental spectrum presented in Fig. 3.2 can be divided in three regions, addressed
as quasi-elastic, inelastic ≈8 eV and ≈13 eV bands. The quasi-elastic band, between 0 and 4

Figure 3.2: Experimental RIXS of CO near the 1σ → 2π XAS resonance. The spectrum can
be divided in three regions: quasi-elastic (4 eV≳ ω − ω ′ ≥ 0), and inelastic ≈8 eV and ≈13 eV
bands.
eV of energy loss (given by ω − ω ′ ), represents the scattering back to the ground electronic
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state. The band at the region around 8 eV was identified by previous studies [28, 29] as a
contribution of three final states: A1 Π(5σ −1 2π 1 ), D1 ∆(1π −1 2π 1 ) and I 1 Σ− (1π −1 2π 1 ). The
region around 13 eV is composed by the E ′1 Π(4σ −1 2π 1 ) valence state coupled with the two
Rydberg E 1 Π(5σ −1 3p1π ) and G1 Π(5σ −1 3d1π ) states. This region was attributed before solely
to the E ′ state [28], but we will show here that the inclusion of the “dark” Rydberg states
are essential to explain the RIXS spectrum.

3.1.1

Potential energy curves

The CO PECs of the ground, core-excited and final states presented in Fig. 3.3 were used
in the simulation of the RIXS spectra employing the wave packet propagation technique
(Sec. 2.2). The PECs of the X 1 Σ+ , A1 Π, D1 ∆ and I 1 Σ− states were taken from Herzberg [85],
534.4
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Figure 3.3: Potential energy curves of CO molecule. The energy scale is defined relatively
to the minimum of the ground state X 1 Σ+ PEC, shown by the black curve in (b). The
experimental vibrational frequency of the ground state is 2169.813 cm−1 = 0.269 eV.
the core-excited 1 Π(1σ −1 2π 1 ) state from Coreno et al. [23], and the two Rydberg E 1 Π and
G1 Π states from Lefebvre-Brion and Eidelsberg [16]. The E ′ Π state was computed using the
RASPT2 method (Sec. 2.3.2). Over the last decade, the E ′ Π state has been studied both
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in experiment and theory [16, 19, 86–89], and its energy minimum and equilibrium bond
distance has been modified several times. Our computed PEC is in good agreement with
the latest theoretical work of Lefebvre-Brion and Majumder [89]. Moreover, a comparison
with the experimental RIXS profile at 13 eV, leads to an additional correction of the PEC
(Sec. 3.5).

3.1.2

Polarization dependence

The experimental RIXS spectra were obtained using linearly and circularly polarized light,
which results in a slightly different RIXS profile, as it will be shown in Sec. 3.3. As the
experiment detects all polarizations of the final photon emitted in a particular direction,
the RIXS cross section for linear polarization depends on the angle between the polarization vector e of incoming photon and momentum k′ of the scattered one, and on the angle
between the momentum of incoming k and outgoing k′ photons for circular polarization. In
order to include the polarization effect in our RIXS cross section simulations, it is convenient to write the partial cross section as a product of “electronic” σ(f ) and “vibrational”
σfvib (ω ′ , ω) contributions,
(0)

σf = ζ σ(f ) σfvib (ω ′ , ω),
r2 ωω ′3 2 1 + 1
ζ= ○
d (X Σ , Πx,y ),
30

(3.2)

where r○ = α2 = 2.28 × 10−13 cm is the Thomson radius and d(X 1 Σ+ ,1 Πx,y ) is the transition
dipole moment between the ground and core-excited states. The vibrational contribution
σfvib (ω ′ , ω) is computed using the wave packet formalism (2.19). The “electronic” cross
section shows polarization dependence
σ(f ) = ∣(e′ ⋅ df x )(e ⋅ dx0 ) + (e′ ⋅ df y )(e ⋅ dy0 )∣ ,
2

(3.3)

where the interference of the scattering channels (3.1) is taken into account. The interfering
core-excited states
1
Ψ (1σ + 2πx− ) − Ψ (1σ − 2πx+ )
∣1 Π(1σ −1 2π 1 )⟩ = √ {
2 Ψ (1σ + 2πy− ) − Ψ (1σ − 2πy+ )

(3.4)

have different spatial orientation of the 2πx and 2πy unoccupied orbitals (see also Sec. 3.4).
Here Ψ (1σ + 2πx− ) is the Slater determinant, df i and di0 are the emission and absorption
transition dipole moments, respectively. The index i = x, y in eq.(3.3) labels the coreexcited states ∣1 Π(1σ −1 2πx1 )⟩ and ∣1 Π(1σ −1 2πy1 )⟩. We neglect in our study a weak dependence
of the transition dipole moments on internuclear distance, which allows to simplify the
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calculations significantly, by taking out the transition matrix elements Df i and Di0 from
the integrals in eq. (2.15). As the experiment detects all polarizations of the final photon,
the “electronic” cross section (3.3) should be averaged over the polarizations, using e′i e′j =
1
′ ′
2 (δij − k̂i k̂j ). Finally, we should perform the averaging of the RIXS cross section over
molecular orientations using results from ref. [90]
(e∗ ⋅ di0 )(e ⋅ di′ 0 )(k′ ⋅ df i )(k′ ⋅ df i′ ) =

1
[(di0 ⋅ di′ 0 )(df i ⋅ df i′ )(2 − ∣e ⋅ k′ ∣2 )
15

+{(di0 ⋅ df i )(di′ 0 ⋅ df i′ ) + (di0 ⋅ df i′ )(di′ 0 ⋅ df i )}

(3∣e ⋅ k′ ∣2 − 1)
].
2

(3.5)
(3.6)

Applying this equation to the case of linearly polarized incoming X-ray photons, one can
get the following expressions for the “electronic” cross sections for each final state (see for
more details Paper II)
σ(A1 Π) = 2d2 (1 Πx , A1 Π)[3 + ∣e ⋅ k̂′ ∣2 ],
σ(E ′1 Π) = 2d2 (1 Πx , E ′1 Π)[3 + ∣e ⋅ k̂′ ∣2 ],
σ(D1 ∆) = 2d2 (1 Πx , D1 ∆)[7 − ∣e ⋅ k̂′ ∣2 ],

(3.7)

+
,
σ(X 1 Σ+ ) = 4d2 (1 Πx , X 1 Σ+ )[2 − ∣e ⋅ k̂′ ∣2 ] + σint
−
,
σ(I 1 Σ− ) = 2d2 (1 Πx , I 1 Σ− )[3 + ∣e ⋅ k̂′ ∣2 ] − σint
±
= −d2 (1 Πx ,1 Σ± )(3∣e ⋅ k̂′ ∣2 − 1).
σint

In the experiment, the angle between the polarization vector of incoming photon and momentum of scattered photon was ∠(e, k′ ) = 5°.
To obtain the cross sections for the circularly polarized incoming photons, we should use
the following replacement ∣e ⋅ k̂′ ∣2 → [1 − (k̂ ⋅ k̂′ )2 ]/2. So the “electronic” cross sections are
σ(A1 Π) = d2 (1 Πx , A1 Π)[7 − (k̂ ⋅ k̂′ )2 ],
σ(E ′1 Π) = d2 (1 Πx , E ′1 Π)[7 − (k̂ ⋅ k̂′ )2 ],
σ(D1 ∆) = d2 (1 Πx , D1 ∆)[13 + (k̂ ⋅ k̂′ )2 ],
+
,
σ(X 1 Σ+ ) = 2d2 (1 Πx , X 1 Σ+ )[3 + (k̂ ⋅ k̂′ ∣2 ] + σint
−
σ(I 1 Σ− ) = d2 (1 Πx , I 1 Σ− )[7 − (k̂ ⋅ k̂′ )2 ] − σint
,

1
±
σint
= − d2 (1 Πx ,1 Σ± )[1 − 3(k̂ ⋅ k̂′ )2 ].
2

(3.8)
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The experimental angle between the momenta of incoming and scattered photons is ∠(k, k′ ) =
85°. The transition dipole moments (d) between the core-excited and final states in eqs.
(3.7) and (3.8) were computed using the restricted-active-space state interaction (RASSI)
method [91] implemented in the MOLCAS software [84], and are presented in Tab. 3.1. We
use in the simulations Γ = 0.079 eV (HWHM) [23] and the total experimental broadening
(FWHM) of the RIXS profile ∆ = 0.192 eV (see Sec. 2.2.3 and Paper II).
Table 3.1: Absolute values of transition dipole moments (d) between the core-exited and
final states, computed with RASSI approach. These values are taken at equilibrium distance
of the ground X 1 Σ+ state and only weakly depend on the internuclear distance R.
Final State
X 1 Σ+
A1 Π
D1 ∆
I 1 Σ−
E ′1 Π
E 1Π
G1 Π
a

3.2

Dipole moment (a.u.)
0.0431a
0.0329
0.0363
0.0354
0.0341
0.0
0.0

Quasi-elastic channel

X-ray absorption spectrum

Using the approach described in Sec. 2.2.2, the XAS of CO around 1σ → 2π resonance
was computed (Fig. 3.4) and it is in a good agreement with previous measurements [23].
The top of the absorption resonance was identified at 534.16 eV, which corresponds to the
vibrational level ν = 5. This picture is important to understand the RIXS behavior when
changing the excitation energy ω.

3.3

Quasi-elastic band

The experimental and theoretical RIXS spectra are presented in Fig. 3.5 for linearly polarized X-rays and in Fig. 3.6 for circular polarization. The different polarization, as already
mentioned in Sec. 3.1.2, changes slightly the RIXS profile, as can be observed when comparing Figs. 3.5 and 3.6. But let us focus first on the quasi-elastic band, which covers the region
between 0 and 4 eV of energy loss (Fig. 3.5). The most interesting feature of this band is
the change in the vibrational progression when increasing the excitation energy ω. At lower
ω, a small progression is observed, which is due the effect of vibrational collapse [6, 73] (see
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532.5

533.0

533.5

534.0
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535.0
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Figure 3.4: Theoretical X-ray absorption spectrum of CO around 1σ → 2π resonance. The
energies shown in the plot are the transition energies from the lowest vibrational level of
the ground electronic state to the vibrational level ν = 0, ⋯, 14 of the core-excited state.
Sec. 2.2.5). Indeed, when ω is far from the top of the resonance, the scattering duration
(2.30) is short [6, 12], which causes a direct transition to the final electronic state. As in
the quasi-elastic scattering the initial state is the same as the final state, mostly the 0-0-0
resonance is observed in the RIXS spectrum. But when we go to higher ω, a long vibrational
progression is observed. The reason for this is the longer scattering duration, so the nuclear
wave packet has time to spread more in the core-excited PEC, exciting more vibrational
energy levels of the ground electronic state. For simplicity, the present simulations neglects
the Thomson scattering and self-absorption effect.

3.4

RIXS to A1Π, D1∆ and I 1Σ− final states

In order to have a better understanding of the RIXS spectrum around 8 eV energy loss, let
us focus on the results obtained with circularly polarized light (Fig. 3.6), where the RIXS
spectra were measured for more excitation energies. We should emphasize, however, that
for both circular and linear polarization the same features are observed.
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Theory
Experiment

533.96 eV

RIXS Intensity (arb. units)

533.76 eV

533.66 eV

533.56 eV

533.46 eV

533.36 eV

14

12

10

8

6

4

2

0

Energy loss (eV)
Figure 3.5: Linearly polarized X-rays. Experimental and theoretical RIXS spectra of CO
versus the energy loss ω − ω ′ , for different excitation energies. The partial cross sections
of a particular final electronic states are shown by different colors (see legends). The total
theoretical spectrum (black line) is the sum of all partial contributions convoluted with
the experimental broadening of 0.192 eV. The experimental spectra (magenta) are shifted
vertically above the theoretical ones for clarity.
The region around 8 eV energy loss encompasses the A1 Π, D1 ∆ and I 1 Σ− final states. The
partial contribution of each final state is shown below the convoluted spectra in Fig. 3.6.
The PECs of the final D1 ∆ and I 1 Σ− states are very similar (Fig 3.3), which makes their
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Figure 3.6: Circularly polarized X-rays. Experimental and theoretical 1σ − 2π RIXS spectra
of CO for different excitation energies. Notations are the same as in Fig. 3.5.
RIXS profiles almost the same. The small differences are due the slight vertical shift between
the PECs, and the fact that the D1 ∆ state is double degenerated. The latter fact leads
to a larger intensity of the D1 ∆ state in comparison with I 1 Σ− state. Another interesting
feature is related to the A1 Π final state. At lower excitation energies, one can see a narrow
vibrational profile, which is caused by the collapse of the vibrational structure, since the
PECs of ground and final A1 Π states are nearly parallel [6] and the scattering duration
is short (see Sec. 2.2.5). The vibrational progression becomes wider with the increase of
excitation energy, similar to the quasi-elastic band (see Fig. 3.5).
Another remarkable feature is the splitting of the RIXS profile above the resonance frequency
(ω ≥ 534.16 eV). This is caused by the decay of the core-excited wave packet from the two
classical turning points of the core-excited PEC, as show schematically in Fig. 3.7. The wave
packet spends more time at the “walls” of the PEC (where the velocity is close to zero).
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This gives a larger intensity near these classical turning points, following the reflection
principle [6].

Figure 3.7: The wave packet spends more time near the classical turning points of the PEC.
This together with the reflection principle [6] explains the double peak structure of the RIXS
profile. Ψ(0) is the core-excited wave packet (2.17).

Interference of intermediate core-excited states
The studied system is affected by two interference effects. The first one, lifetime vibrational interference, is included in used wave packet technique (see Sec. 2.2.5). The second
one is the interference of degenerated intermediate core-excited states ∣1 Π(1σ −1 2πx1 )⟩ and
∣1 Π(1σ −1 2πy1 )⟩ (see eqs. (3.1) and (3.4)). The symmetry of the final states I 1 Σ− and X 1 Σ+ ,
allows RIXS via two indistinguishable pathways through the two core-excited 2πx and 2πy
orbitals, which affects the RIXS spectrum as it is illustrated in Fig. 3.8.
The final I 1 Σ− state
∣I 1 Σ− ⟩ =

1
{Ψ (1πx+ 2πy− ) − Ψ (1πx− 2πy+ ) − [Ψ (1πy+ 2πx− ) − Ψ (1πy− 2πx+ )]} ,
2

(3.9)

indeed, allows the scattering via both 2πx and 2πy core-excited orbitals, giving rise to the
−
interference terms σint
seen in Eqs. 3.7 and 3.8 (Fig. 3.8(a), left-hand side). It follows directly
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Figure 3.8: (a) Schematic representation of the interference channels in RIXS to the final
state I 1 Σ− (1π 1 2π −1 ) (left-hand side), and for the quasi-elastic channel to the ground state
X 1 Σ+ (right-hand side). (b) Interference effect in the RIXS profile for ω = 533.36 and 533.96
eV (see text). Linearly polarized X-rays are used.
from expressions for core-excited states (3.4). The interference (3.1) for final X 1 Σ+ state
(quasi-elastic band) is obvious. Indeed, the 2πx and 2πy electrons are the “participators”
in the quasi-elastic scattering (these orbitals are empty in the final state, see Fig. 3.8(a),
right-hand side panel). The discussed interference affects the RIXS profile, as shown in
Fig. 3.8(b). The interference contribution is weak for circular polarization and it is larger
±
for linearly polarized light where σint
has larger magnitude (Eqs. 3.7 and 3.8). The effect of
the channel interference is opposite for the inelastic and quasi-elastic bands, due the different
±
signs of σint
for the I 1 Σ− and X 1 Σ+ states(Eqs. (3.7) and (3.8)). Contrary to the quasi-
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elastic band, this effect is not strong in the inelastic band because the major contribution
in this band origins from the A1 Π and D1 ∆ states, which are not affected by the channels’
interference.

3.5

Anomalous enhancement of two-electron
one-photon X-ray decay transitions

In the spectral region around 13 eV, a triple-peak structure (at ω = 533.46 eV) was resolved
for the first time, thanks to the high spectral resolution. As the peaks separation is bigger
than the vibrational frequency of the CO molecule, one can presume that this should be
a manifestation of the strong interaction between different final states. Such a possibility
was not considered in the previous studies [28, 29] where this region was attributed to
only one final state, the E ′1 Π state. Fig. 3.3 shows that the diabatic PEC of the allowed
(“bright”) valence E ′1 Π state crosses the two forbidden (“dark”) Rydberg E 1 Π and G1 Π
states. The Rydberg states are called “dark” because they can only be reached by twoelectron one-photon (TEOP) transitions, which are strongly suppressed, in comparison to
the one-electron transitions 1 Π(1σ −1 2π 1 ) → E ′1 Π(4σ −1 2π 1 ) (see Fig. 3.9). The admixture
of E ′1 Π state to the E 1 Π and G1 Π states near the crossing of the PECs opens the TEOP
forbidden channels, which are observed in the RIXS spectrum. Due to this, we need to
consider the Coulomb coupling (CC) between the E ′1 Π, E 1 Π and G1 Π final states in the
RIXS calculations.

Figure 3.9: The one-electron one-photon (OEOP) (left-hand side) and two-electron onephoton (TEOP) (mid, right-hand side) decay transitions in RIXS of CO, leading to the E ′ ,
E and G final states, respectively.
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Breakdown of the Born-Oppenheimer approximation

The BO approximation is broken in the vicinity of the crossing of the E 1 Π and G1 Π final
states with the E ′1 Π state, where the CC of these final states becomes important. Due to
this, the nuclear dynamics in these coupled final states should be taken into account. The
wave packet formalism presented in Sec. 2.2.3 is valid only for a single final state. Therefore,
it should be extended. We use in simulations the technique outlined in Sec. 2.2.4, which
describes explicitly the wave packet propagation in the coupled PECs. Fig. 3.10 shows
the importance of the coupling of the E ′1 Π, E 1 Π and G1 Π. Indeed, the theoretical RIXS
Experimental
Convoluted spectra

RIXS Intensity (arb. units)

(a)

(b)

(c)

14.5

14

13.5

13

12.5

12

11.5

Energy Loss (eV)
Figure 3.10: Role of the CC. (a) Experimental RIXS profile of CO for circularly polarized
X-rays at ω = 533.46 eV. (b) RIXS cross section is computed explicitly taking into account
the CC nuclear dynamics in the coupled E ′ , E and G final states. (c) Theoretical spectrum
for single diabatic E ′1 Π state (no CC). The theoretical curves (thin colored lines) were
convoluted with experimental broadening (thick black lines).
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spectrum cannot reproduce the triplet structure of the experiment (Fig. 3.10(a)) if only
the single final state E ′1 Π is taken into account (Fig. 3.10(c)). But inclusion of the CC
between the E ′1 Π, E 1 Π and G1 Π final states allows to get rather good agreement with the
experiment (Fig. 3.10(b)). The agreement persists for all excitation energies and for the
different polarization schemes (see Figs. 3.5 and 3.6). One should notice that the E ′1 Π state
crosses two other Rydberg states L1 Π and W 1 Π [16]. However, according to our calculations
(not shown here), these states do not significantly affect the RIXS profile. Therefore, they
are discarded in the present analysis.

3.5.2

Improvement of the E ′1 Π PEC and CC constants

As it was discussed in Sec. 3.1.1, the final E ′1 Π state was studied for several years by
different groups. Using the combination of our simulations and experiment, we managed
to improve the accuracy of the position of the E ′1 Π PEC’s minimum, as well as the values
of the coupling constants between the E 1 Π and G1 Π states. Lefebvre-Brion and Eidelsberg
determined experimentally the coupling constants between the E ′1 Π, E 1 Π and G1 Π final
states [16], which are VEE ′ = 600 cm−1 and VGE ′ = 400 cm−1 . However, using these values
in our simulations led to results that did not match well with the experiment (Fig. 3.11).
To improve it, we performed trial simulations with different coupling constants. The best

RIXS Intensity (arb. units)

Exp.

14.0

13.0

13.5

12.5

13.0

12.0

Energy loss (eV)
Figure 3.11: RIXS of CO computed taking into account the CC of E ′1 Π, E 1 Π and G1 Π
states with different values of the coupling constant VEE ′ and VGE ′ . (1) VEE ′ = 600 cm−1
and VGE ′ = 400 cm−1 ; (2) VEE ′ = 900 cm−1 and VGE ′ = 600 cm−1 ; (3) VEE ′ = 1200 cm−1 and
VGE ′ = 800 cm−1 . Circular polarization is used.
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results were obtained for VEE ′ = 1200 cm−1 and VGE ′ = 800 cm− 1 (see Fig. 3.11). Let us
note that similar magnitudes of the constants were obtained directly from our ab initio
simulations. Due to this circumstance, all simulations presented here use VEE ′ = 1200 cm−1
and VGE ′ = 800 cm−1 .
534.16 eV

Theory
Experiment

RIXS Intensity (arb. units)

533.96 eV

533.76 eV

533.56 eV

533.46 eV

15
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11

14
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Figure 3.12: Fitting of the minimum of the E ′1 Π final state PEC. The left-hand side panels
show computed RIXS profiles based on the PEC of the E ′1 Π state from Ref. [89] with the
′
PEC minimum Emin
=12.42 eV. Right panels show the simulations based on our ab initio
′
PEC with shifted Emin =12.52 eV in order to get better agreement with the experimental
results. Circularly polarized X-rays are used.
In order to match the experiment, the minimum of the E ′1 Π final state was shifted (Fig. 3.12).
The PECs presented by Lefebvre-Brion and Eidelsberg [16] and Guberman [88] had its
minimum at 12.42 eV relative to the minimum of the ground state PEC, similar to our
simulations. Nevertheless, Fig. 3.12 (left-hand side panels) shows that we do not obtain
good agreement between theory and experiment in this case. To get a better agreement, the
minimum of the E ′1 Π final state PEC was shifted by +0.10 eV (right-hand side panels of
Fig. 3.12), and a good agreement with experiment was observed. The same potential shift
was also found in a recent study of Lefebvre-Brion and Kalemos [92].
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Chapter 4
Role of mode coupling in RIXS of
water molecule
Water is the most important substance for human life. Therefore, properties of both vapor
and liquid water as well as ice, are subject of interest in many areas of science. The water
molecule represents a quite simple system, with three atoms and ten electrons filling five
molecular orbitals. However, water is known to have very interesting physical properties,
which possibly can be unveiled by means of X-ray spectroscopy. In this Chapter, theory of
gas-phase water RIXS will be presented, using state-of-the-art ab initio calculations of PES
and wave packet propagation techniques (see Paper III and Paper IV). The theoretical
calculations were used to explain in detail all experimental features obtained from recent
high-resolution measurements performed at the Swiss Light Source synchrotron.
We will see that the quasi-elastic RIXS gives important information about the ground state
water. The reason for this is twofold. First, a broad distribution of the nuclear wave packets
in the core-excited states allows to obtain a direct information about the ground state PES
in the long bond-length region. The second reason refers to the use of different core-excited
states as gates to probe different vibrational mode’s dynamics of the ground state water.
Qualitatively different spatial localization of the nuclear wave packet in the different coreexcited states gives a unique “tool” to study spatial properties of vibrational wave functions
of the ground state.
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Gas-phase water modeling

In order to model the water molecule, let us start with reminding basic of the molecular
orbital structure and the vibrational modes of water. The molecular orbitals of water are
schematically presented in Fig. 4.1. The lowest orbital 1a1 consists of the atomic 1s orbital
of oxygen. The three highest orbitals shown in Fig. 4.1 are the valence unoccupied orbitals,
4a1 , 2b2 and 2b1 . We will pay attention at these four orbitals (1a1 , 4a1 , 2b2 and 2b1 ), which
are involved in the quasi-elastic RIXS (core-excitation followed by the scattering back to
the ground state - see Sec. 2.1) presented in this Chapter. We will consider the scattering
1
−1 1
to the ground electronic state through the three core-excited resonances ∣1a−1
1 4a1 ⟩, ∣1a1 2b2 ⟩
1
and ∣1a−1
1 2b1 ⟩. For brevity, we will also use the short notations 4a1 , 2b2 and 2b1 of these
core-excited states. The water molecule, as shown in Fig. 4.1, has three vibrational normal

Vibrational modes
(normal coordinates)

Valence coordinates

Figure 4.1: Molecular orbitals in energy order, and vibrational normal modes (bending
(b), symmetric (s) and antisymmetric (a) stretching) scheme of water molecule. The IR
experimental vibrational frequencies are ωb = 1594.59 cm−1 = 0.1977 eV, ωs = 3656.65 cm−1 =
0.4534 eV, ωa = 3755.79 cm−1 = 0.4657 eV. On the right-hand side, the valence coordinate
representation is shown.
modes: bending (b), symmetric (s) and antisymmetric (a) stretching modes. Since the corehole lifetime is sufficiently smaller than the rotational period, rotational degrees of freedom
do not play any important role in RIXS and are neglected in our studied.
To describe the nuclear motion, we will use two coordinate systems, the normal and internal
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valence coordinates. The normal coordinates are schematically presented in Fig. 4.1 (mid),
which reflects the vibrational normal modes defined by the normal coordinates Q, obtained
from the Wilson matrix. The valence coordinates (Fig. 4.1, right-hand side) are defined by
bond lengths R1 and R2 and the angle θ. The normal coordinates are used to describe the
bending mode, while both stretching modes are described using the valence coordinates.
We use the valence coordinates for the stretching modes due to the strong anharmonicity
of the ground and core-excited PESs (Fig. 4.2). They are also much more convenient for
the description of dissociation dynamics - an essential part of our study. Let us now take
a closer look on the vibrational mode coupling and the PESs which are responsible for the
formation of the vibrational structure in X-ray spectra.
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Figure 4.2: Potentials of the ground (GS) and core-excited states (4a1 , 2b2 and 2b1 ) of
gas-phase water. (a) PES of stretching motion. The lines at GS PES shows the direction
of symmetric (Qs ∼ R2 − R1 ) and antisymmetric (Qa ∼ R1 + R2 ) vibrational normal modes,
and the color boxes above the PES shows the energy range in eV, relative to the ground
state minimum. (b) Potential energy curves of the bending mode in normal coordinate
representation.
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Vibrational mode coupling

It was pointed out a long time ago [85, 93] that the resonance coupling between the symmetric (s) and antisymmetric (a) stretching modes, named Darling-Dennison coupling,
is present in the water system. This is because their vibrational frequencies are close,
ωs = 3656.65 cm−1 and ωa = 3755.79 cm−1 , and due to the strong anharmonicity (Fig. 4.2).
There is also Fermi resonance [85], which arises from the coupling between the bending
and symmetric stretching modes. We ignore this coupling, because it is not as significant
as the Darling-Dennison mode coupling in the case of X-ray scattering. Due to the strong
stretching mode coupling and weak coupling to the bending mode, we developed a “2D+1D”
model, where we treat the bending mode (1D) separately from the two coupled stretching
modes (2D) (Fig. 4.2).
Potential energy surfaces
The PESs for the stretching and for the bending vibrational modes of gas-phase water were
computed using the RASPT2 method (Sec. 2.3.2) and are presented in Fig. 4.2. The shape of
these potentials are of extreme importance in the formation of the RIXS spectra, because the
nuclear wave packet dynamics is defined by the potentials (see Sec. 4.2.2). Some important
information can be extracted analyzing Fig. 4.2. For the ground state 2D stretching PES
(Fig. 4.2(a)), we observe the strong anharmonicity of the potential (the harmonic potential
has an elliptic shape). This is also observed for the core-excited state at the 2b1 resonance.
The similarity between the ground state and 2b1 core-excited PESs is reflected in quenching
of the stretching dynamics in correspondent RIXS spectrum, as will be shown in Sec. 4.2.2.
The PES of the core-exited state at the 4a1 resonance shows that this state is dissociative
along the OH (1) and OH (2) bonds, R1 and R2 . The PES of the 2b2 core-excited state shows
a valley along the symmetric stretching normal mode coordinate Qs (R1 = R2 ). This striking
difference between the 4a1 and 2b2 PESs results in completely different nuclear wave packet
dynamics, which provides a unique “tool” to distinguish the vibrational modes excitation
in the ground electronic state (Sec. 4.2.2). Considering the PECs of the bending mode
(Fig. 4.2(b)), we should pay attention to the 4a1 state, the minimum position of which
almost coincides with the minimum of the ground state, resulting in no bending mode
excitation in the RIXS spectrum (see Sec. 4.2.2).

Vibrational spectrum of the ground state: breakdown of the independent mode
representation
In the harmonic approximation, one can model the stretching vibrational modes as two
uncoupled harmonic oscillators
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1
1
ns ,na ≈ ωs (ns + ) + ωa (na + )
2
2

(4.1)

with the normal coordinates Qs ∼ R2 − R1 and Qa ∼ R1 + R2 and respective quantum
numbers ns and na and vibrational frequencies ωs and ωa . But this model fails to explain
the vibrational spectrum of the real H2 O molecule (Fig. 4.3 and Tabs. 4.1 and 4.2), the
ground state PES of which is highly anharmonic (Fig. 4.2) resulting in strong DarlingDennison coupling of stretching modes [94].
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Figure 4.3: Theoretical vibrational eigenvalues computed using the 2D stretching PES of
the ground state H2 O (Fig. 4.2). The numbers represent the group number, n = 0, 1, 2, . . .
The assignment of each eigenstate is collected in Tab. 4.1.
In spite of this fact, the assignment of the vibrational states ψns ,na by the vibrational
quantum numbers ns and na still can be used for low vibrational levels [95]. The vibrational
spectrum of the ground state H2 O molecule (Fig. 4.3) shows grouping of the vibrational
energy levels according to group number (total number of stretching quanta)
n = ns + na .

(4.2)
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Each nth group consists of n + 1 vibrational levels characterized by two quantum numbers
(ns , na ) = (n − na , na ). For example, for n = 3 we have four vibrational energy levels assigned
as (3, 0), (2, 1), (1, 2) and (0, 3).
Table 4.1: Computed vibrational energies of the 2D stretching potential of the ground state
of H2 O (Fig. 4.2) in comparison with theoretical (Theo.) and experimental (Exp.) values
taken from ref. [96]. The vibrational energies (in eV) are given relative to the zero-point
energy, (0,0). N is the number of the eigenstate in order of increasing the energy.
n
1
2

3

4

5

6

N
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27

(ns ,na )
(1,0)
(0,1)
(2,0)
(1,1)
(0,2)
(3,0)
(2,1)
(1,2)
(0,3)
(4,0)
(3,1)
(2,2)
(1,3)
(0,4)
(5,0)
(4,1)
(3,2)
(2,3)
(1,4)
(0,5)
(6,0)
(5,1)
(4,2)
(3,3)
(2,4)
(1,5)
(0,6)

This work
0.4588
0.4680
0.9003
0.9037
0.9295
1.3222
1.3229
1.3581
1.3763
1.7241
1.7242
1.7769
1.7869
1.8141
2.1070
2.1070
2.1807
2.1841
2.2153
2.2408
2.4702
2.4702
2.5647
2.5654
2.6102
2.6271
2.6579

Theo. [96]
0.4532
0.4654
0.8924
0.8983
0.9224
1.3134
1.3151
1.3467
1.3669
1.7133
1.7136
1.7621
1.7741
1.8011
2.0936
2.0936
2.1631
2.1676
2.1990
2.2237
2.4507
2.4507
2.5440
2.5418
2.5903
2.6069
2.6357

Exp. [96]
0.4531
0.4654
0.8923
0.8983
0.9224
1.3133
1.3150
1.3467
1.3669
1.7133
1.7137
1.7620
1.7741
1.8012
2.0937
2.0938
2.1631
2.1677
2.1990
2.4509
2.4509
2.5442
2.5453
-

Strong anharmonicity and Darling-Dennison mode coupling makes the vibrational spectrum
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Table 4.2: Computed vibrational energies of the 1D bending potential of the ground state
of H2 O (Fig. 4.2), compared with theoretical (Theo.) and experimental (Exp.) values taken
from the ref. [96].The vibrational energies (in eV) are given relative to the zero-point energy,
(0,0).
(nb )
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

This work
0.1922
0.3806
0.5647
0.7436
0.9158
1.0790
1.2272
1.3200
1.3581
1.4194
1.4981
1.5842
1.6826
1.7881
1.9020

Theo. [96]
0.1979
0.3911
0.5791
0.7612
0.9360
1.1010
1.2522
1.3969
1.5555
1.7196
1.8976
2.0871
2.2856
2.4845
2.6829

Exp. [96]
0.1976
0.3907
0.5786
0.7605
0.9351
1.0997
1.2505
1.3953
1.5539
-

(Fig. 4.3) very different in comparison with the harmonic approximation (4.1). In the
independent normal-mode model (4.1), one can observe a monotonically varying energy
spacing. But in the real H2 O system, this representation, being valid only for small n = 0, 1, 2,
fails for higher groups starting from n = 3 (Fig. 4.3). Inside the nth group (n ≥ 3), a
degeneracy of the low lying energy levels ψn,0 and ψn−1,1 (Fig. 4.3) is observed, which means
that the delocalized (ψn,0 , ψn−1,1 ) and localized (Fig. 4.4)
ψR1 =

ψn,0 − ψn−1,1
√
,
2

ψR2 =

ψn,0 + ψn−1,1
√
2

(4.3)

representations of the vibrational wave functions can be equally used. Apparently, the real
localization of the vibrations along the bonds R1 and R2 happens in the case of perturbations
comparable with the small spacing between the delocalized states. For example, this happens
in liquid water and in the HDO molecule (see eq.(4.17) in Sec. 4.3). It is interesting to notice
that this quasi-degeneracy is accompanied by a bifurcation of the ground state vibrational
wave functions (see case n = 3 and n = 4 in Fig. 4.4(a)). The bifurcation is related to the
normal-to-local mode transition [95, 97]. This effect is absent for the lower states n = 1 and
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n = 2 where the vibrational wave functions ψ1,0 and ψ2,0 are distributed along the symmetric
stretching mode (R1 = R2 ), as it is expected in the harmonic approximation. To be specific,
let us consider the lowest energy levels of the n = 4 group. The bifurcation of the wave
function ψ4,0 and ψ3,1 (Fig. 4.4(b)) already shows the trend of localization of these wave
functions along the R1 and R2 bonds. This localization is better visualized by the linear
combination ψ4,0 ± ψ3,1 (see eq. (4.3 and Fig. 4.4(b)).

(a)
R1 (a.u.)

3.5

2.5

1.5

(b)
R1 (a.u.)

3.5

2.5

1.5
1.5

2.5

3.5

1.5

2.5

3.5

1.5

2.5

3.5

1.5

2.5

3.5

R2 (a.u.)

Figure 4.4: Ground state vibrational wave functions of H2 O for n = 1, 2, 3, 4. (a) Wave
function bifurcation is shown by thin lines. (b) Vibrational mode localization.

Selection rules
The PES of the ground and core-excited states (Fig. 4.2) are symmetric with respect to the
symmetric stretching coordinate Qs . Hereby, the reflection symmetry of the eigenfunction
ψn−na ,na ≈ ψn−na (Qs )ψna (Qa )

(4.4)

is defined by the wave function of the antisymmetric mode ψna (Qa )
ψna (Qa ) = (−1)na ψna (−Qa ).

(4.5)

Since RIXS is started from the lowest vibrational state ψ0,0 , the reflection symmetry should
be preserved in the course of the core-excitation. Therefore, only transitions to the final
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states of even parity na = 0, 2, 4... are allowed. The final states
na = odd

(4.6)

are forbidden in the studied RIXS.

4.1.2

RIXS formalism: 2D+1D model

The strict solution for the water system having three vibrational degrees of freedom, can be
obtained on a grid of three coordinates: R1 , R2 and θ (angle ∠ HOH). However, the full 3D
solution is very expensive numerically, both for the electronic structure (3D ab initio PESs)
and wave packet calculations. Due to this circumstance, we use an approximation with full
2D consideration of the stretching modes, whereas the bending mode is treated within the
1D Franck-Condon formalism. The “2D+1D” approximation follows naturally from specific
mode coupling of water, described in Sec. 4.1.1. The 2D stretching dynamics is obtained by
the numerical solution of the time-dependent equation
ı

∂
ψj (t) = hj ψj (t)
∂t

(4.7)

with j = i, f (i represents the core-excited and f the final state). We write the nuclear
Hamiltonian in valence coordinates R1 , R2 and θ0 (Fig. 4.2) [98]
hj = −

1 ∂2
cos θ0 ∂ 2
1 ∂2
+ Vj (R1 , R2 , θ0 )
−
−
2µ1 ∂R12 2µ2 ∂R22
mO ∂R1 ∂R2

(4.8)

where θ0 is the equilibrium bond angle (θ0 = 104.3○ ) and Vj (R1 , R2 , θ0 ) is the 2D PES. We
introduce here the reduced masses
m1 mO
mO m2
µ1 =
, µ2 =
.
(4.9)
m1 + mO
mO + m2
In the case of H2 O m1 = m2 = mH , for D2 O m1 = m2 = mD , and HDO m1 = mH and m2 = mD .
The bending mode contribution is treated by the solution of the time-independent 1D
Schrödinger equation and the calculation of the Franck-Condon (FC) amplitudes ⟨να ∣νβ ⟩
between the bending vibrational levels ν of the α and β electronic states.
Using the time-dependent representation (Sec. 2.2), we compute the RIXS cross section
within this model as
1
σ(ω ′ , ω) =
∑ ⟨0∣νi′ ⟩⟨νi′ ∣νf ⟩⟨νf ∣νi ⟩⟨νi ∣0⟩
π νf ,ν ′ ,νi
i

∞

×Re ∫ eı(ω−ω −ωf 0 −νf +ε0 +ıΓf )t σνi′ νi (t)dt
′

0

(4.10)
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Here ω and ω ′ are the frequencies of incoming and scattered photons, respectively, ωf 0 is the
transition energy between minima of the ground and final state potentials, ε0 is the total
zero-point energy of the ground state, νf is the vibrational energy of final bending mode
state, Γf is the lifetime broadening of the final state. To find the autocorrelation function
σνi′ νi (t) = ⟨Ψνi′ (0)∣Ψνi (t)⟩,

(4.11)

∣Ψνi (t)⟩ = e−ıhf t ∣Ψνi (0)⟩

we need to perform a half-Fourier transform of the wave packet in the core-excited state
∞

∣Ψνi (0)⟩ = ∫ eı(ω−ωi0 +ε0 −νi +ıΓ)t ∣ψi (t)⟩dt,

(4.12)

0

with ωi0 as the frequency of the transition between minima of the ground and core-excited
state potentials and Γ is the core-hole lifetime broadening. The wave packet in the coreexcited state is given by
∣ψi (t)⟩ = e−ıhi t ∣0⟩,
(4.13)
the solution of time-dependent Schrödinger equation, as discussed in Sec. 2.2. Since we focus
here only on the spectral shape of the quasi-elastic RIXS, the transition dipole moments df i
and di0 are equal and they are omitted in eqs. 4.12 and 4.13. All final spectra are presented
as function of the energy loss ω − ω ′ . In the simulations, we use Γ = 0.079 eV (HWHM) [99]
and the total experimental broadening of the RIXS profile ∆ = 0.098 eV (see Sec. 2.2.3),
taken as FWHM of the 0-0 elastic peak (ω − ω ′ = 0) . All wave packet propagations were
computed employing the eSPec program [100, 101].
X-ray absorption spectrum
The XAS equation presented in Sec. 2.2.2 has to be modified in the “2D+1D” model as
∞

d2
σabs (ω) = io ∑ ∣⟨νi ∣0⟩∣2 Re ∫ eı(ω−ωi0 +ε0 −νi )t−Γt σνi (t)dt,
π νi

(4.14)

0

σνi (t) = ⟨0∣ψi (t)⟩,
with ∣ψi (t)⟩ given by eq. (4.13) and dio is the transition dipole moment of absorption.
Self-absorption
In the RIXS measurement, the absorption of the incoming and scattered photons becomes
important, because ω and ω ′ are lying close to the X-ray absorption resonances. In our
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simulations, we take into account the self-absorption of scattered photons using equation [4,
102, 103]
σ(ω ′ , ω)
σ̃(ω ′ , ω) =
,
(4.15)
σabs (ω ′ )
1+
σabs (ω)
where the RIXS cross section σ(ω ′ , ω) is computed using eq. (4.10). All spectra presented
in the following Section were computed considering the self-absorption.

4.2

Quasi-elastic RIXS channel to the ground
electronic state of H2O

As it was mention earlier in this Chapter, we focused our study on the quasi-elastic scattering, as schematically represented in Fig. 4.5. We consider the three lowest core-excited
states, corresponding to the excitation of an 1s oxygen electron to one of the unoccupied
valence orbitals (4a1 , 2b2 or 2b1 ) [42]. The scattering channel back to the ground state pro-

...

...

...
resonance

resonance

resonance

Figure 4.5: Scheme of the gas-phase H2 O quasi-elastic RIXS transitions via the three lowest
core-excited electronic states.
vides valuable information about the ground state PES by means of vibrational energy levels
and wave function symmetry. We extract the energy level positions from the vibrational
progression in the RIXS profile, while the wave function information is obtained following
specific selections rules for each intermediate state. To understand the formation of the
RIXS profile, let us start with discussion of the XAS.
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4.2.1

X-ray absorption spectrum

Using the approach described in Sec. 4.1.2, we computed the XAS of gas-phase H2 O at
the 4a1 , 2b2 and 2b1 resonances (Fig. 4.6), which is in an agreement with previous experiments [42, 43]. The XAS was computed using the following ratio of the squared transition
dipole moments [47] d24a1 0 ∶ d22b2 0 ∶ d22b1 0 = 1 ∶ 1.37 ∶ 0.57. The energy of the maximum of the
120
536.98 eV
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Intensity (arb. units)

535.92 eV

80

535.74 eV

536.09 eV

60

536.25 eV

534.10 eV

40

536.39 eV

20
0

533

534

535

536

537

538

Photon energy (eV)
Figure 4.6: Theoretical near edge X-ray absorption spectrum of gas-phase H2 O: 4a1 , 2b2
and 2b1 resonances are shown, together with the peak energy.
XAS ) at each resonance corresponds to the vertical transition, which is
absorption profile (ωmax
used to define the detuning
XAS
Ω = ω − ωmax
(4.16)

of the excitation energy from the top of the absorption resonance, employed in the RIXS
measurements and simulations. Let us discuss the features of each core-excited state.
The first band in Fig. 4.6 corresponds to the absorption at the 4a1 resonance, with the
maximum at 534.10 eV. Due to the dissociative character of this state, no vibrational structure is observed. The second band corresponds to the core-excitation at the 2b2 resonance,
with the maximum of absorption at 535.92 eV. This state in bound (Fig. 4.2), showing a
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vibrational structure of the stretching modes in the core-excited state. At the high-energy,
we see the absorption at the 2b1 resonance with the maximum at 536.98 eV, which has single
sharp feature. Taking a closer look at the ground and 2b1 core-excited PESs of stretching
modes (Fig. 4.2), we notice that they are nearly parallel, which causes the quenching of the
stretching mode vibrational excitation [6, 73].

4.2.2

RIXS as selective gating to vibrational modes

The experimental and simulated RIXS spectra via 2b1 , 2b2 and 4a1 resonances are presented
in Fig. 4.7, for detuning values near the top of resonance Ω2b1 = +0.150 eV, Ω2b2 = −0.025
eV and Ω4a1 = +0.05 eV. The RIXS at the 2b2 and 4a1 resonances were measured for several
detuning energies, which will be presented and discussed in Sec. 4.2.3.

RIXS Intensity (arb. units)

Experiment

5

4

3

2

Energy loss (eV)

1

0

Figure 4.7: Theoretical and experimental RIXS at the 2b1 , 2b2 and 4a1 resonances, for the
detuning Ω2b1 = +0.15 eV, Ω2b2 = −0.025 eV and Ω4a1 = +0.05 eV.
Let us start with the RIXS at the 2b1 resonance. The RIXS profile shows a short progression related to the bending mode. This means that no stretching mode vibration is
excited. Because of the similarity of the ground and core-excited PESs of the stretching
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motion, we see a quenching of the vibrational structure in the XAS (Fig. 4.6). Due to
this, only the (0, 0) → (0, 0) → (0, 0) transition is allowed in RIXS (at 0 energy loss) of the
stretching modes, and no excitation of the stretching motion in the final state is seen. This
is also illustrated by the wave packet dynamics in the core-excited PES, shown in Fig. 4.8
(right-hand side panel), where the stretching wave packet barely moves during the core-hole
lifetime. This indicates that the RIXS at 2b1 resonance can be used to study the bending
mode excitation without the admixture of the stretching vibrational modes.
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1
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Figure 4.8: The wave packet dynamics (∣ψi (t)∣2 ) in the core-excited states ∣1a−1
1 4a1 ⟩, ∣1a1 2b2 ⟩
1
and ∣1a−1
1 2b1 ⟩.

The RIXS spectrum at the 2b2 resonance (Fig. 4.7) shows clearly two vibrational patterns
of different intensities. The small peaks arise from the bending mode excitation, which is
allocated between the stretching mode peaks. Contrary to the RIXS at the 2b2 resonance,
we see only the stretching peaks in the RIXS spectrum at the 4a1 resonance. Taking a closer
look to the bending potentials of the ground and 4a1 states (Fig. 4.2(b)) we see that they
are nearly parallel. This results in a quenching of the vibrational structure of the bending
mode, explaining the absence of bending peaks in the RIXS spectrum (Fig. 4.7). However,
the most interesting feature is seen from the comparison of the RIXS spectrum at the 2b2
and 4a1 resonances (see Fig. 4.9). Both experiment (Fig. 4.9(a)) and theory (Fig. 4.9(b))
shows a shift between the vibrational peaks (especially above 1 eV of energy loss) of the 2b2
and 4a1 spectra. This shift is a rather complex phenomenon, arising from the core-excited
wave packet dynamics and anharmonicity of the ground state.
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Figure 4.9: Comparison between (a) experimental and (b) theoretical RIXS at the 4a1 and
2b2 resonances. The experimental data are interpolated using the spline technique.
Propensity rule and selective gating of vibrational modes by core-excitation
Let us take a closer look at the theoretical spectrum at the 4a1 and 2b2 resonances presented
in Fig. 4.10 for the group numbers n = 3 and 4. The Figure shows the RIXS spectrum,
the ground state wave functions and the Franck-Condon factors (bars below the spectra)
between the core-excited wave packet and the ground state wave functions (∣⟨Ψ0 (0)∣ψns ,na ⟩∣2 ).
Following the selection rules outlined in Sec. 4.1.1, we observe no contribution of the states
with odd quanta of the antisymmetric mode na (ψ3,1 , ψ1,3 , ψ2,1 and ψ0,3 ). Both experiment
and theory show a propensity rule. At the 4a1 resonance, the RIXS spectrum is formed
mainly by the scattering to the ψn,0 final vibrational states. In contrast, these peaks (ψ3,0 ,
ψ4,0 , . . .) are absent at the 2b2 resonance, where the spectrum is formed by the transitions
to the vibrational states with na > 0 (ψ1,2 , ψ2,2 , ψ0,4 , . . .). This results in a blue shift of the
vibrational peaks of the RIXS at the 2b2 resonance with respect to the 4a1 RIXS, starting
from n ≥ 3 (see Figs. 4.9 and 4.10). Contrary to the selection rule, the propensity rule is
not strict. We will see in Sec. 4.2.3 that the propensity rule for the 4a1 core-excitation is
violated for higher detuning where the population of the state ψns ,2 becomes significant. To
understand this propensity rule, let us analyze the overlap between the core-excited wave
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packet and the ground state vibrational wave functions ⟨Ψ0 (0)∣ψns ,na ⟩ (2.15).

2.0

1.8

1.6

1.4

1.2

Energy loss (eV)
Figure 4.10: Propensity rule: the final states ψn,0 (n ≥ 3) and ψns ,na (na ≥ 1) are strongly
suppressed in the 2b2 and 4a1 RIXS channels, respectively. The core-excited states act as the
selective gate of vibrational modes. The colored bars below the spectrum are the FranckCondon factors between the ground state wave functions and the core-excited wave packets
∣⟨Ψ0 (0)∣ψns ,na ⟩∣2 . The gray dashed lines show the states ψ1,3 , ψ3,1 , ψ0,3 and ψ2,1 , which are
forbidden in RIXS according to the selection rules (4.6). Here are shown the theoretical
RIXS profiles from Fig. 4.9, and the ground state vibrational wave functions on the top.
We observe two qualitatively different wave packet trajectories for the 4a1 and 2b2 resonances (Fig. 4.8). Since the 4a1 PES (Fig. 4.2) is dissociative, the core-excited wave packet
propagates in the valleys of the potential, which are along the water bonds R1 and R2 . The
picture is very different for the 2b2 core-excited state. Due to the bound character of the
2b2 PES (Fig. 4.2), the wave packet is confined in the potential well along the Qs coordinate
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(Fig. 4.2). The square module of the core-excited wave packet Ψ0 (0) (4.12), depicted in
Fig. 4.11, shows completely different localization of ∣Ψ0 (0)∣2 : along the R1 and R2 bonds for
the 4a1 state and along the symmetric stretching mode Qs for the 2b2 state. Apparently,
this different localization of Ψ0 (0) affects strongly the intensity ∣⟨Ψ0 (0)∣ψns ,na ⟩∣2 of the RIXS
transition to the final vibrational states (2.15). To see this, let us look on the projection of
Ψ0 (0) on the ground state wave functions ψns ,na shown in Fig. 4.11.
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Figure 4.11: The overlap between the core-excited wave packet ∣Ψ0 (0)∣2 and ground state
wave functions (ψns ,na ) of H2 O near 4a1 (Ω = +0.05 eV) and 2b2 (Ω = −0.025 eV) resonances.
The contour in the wave functions represents the classical turning curve of the ground state
PES.
We should pay attention to the density lobes located close to the contour of the classical
turning curve of the ground state wave function (Fig. 4.11). The classical turning curve,
being the crossing of the iso-energetic surface of the vibrational state ψns ,na with the ground
state PES, shows a region where the classical oscillator spend most of its time [6]. Therefore,
the intensity of the RIXS transition is characterized by the overlap of these density lobes
with Ψ0 (0). The wave function ψ4,0 is bifurcated, with the density lobes allocated along R1
and R2 , which perfectly overlaps with the core-excited wave packet at the 4a1 resonance,
but poorly overlaps with the 2b2 wave packet, which lies along the Qs direction. The
opposite behavior is seen for the ψ2,2 wave function which density lobes are aligned along
the symmetric stretching line. These lobes overlap better with the 2b2 core-excited wave
packet than with Ψ0 (0) of the 4a1 state (see Fig. 4.11). This phenomenon gives us some
kind of selection rule, or propensity rule, which is related to the shape of the ground state
wave function and the spatial distribution of Ψ0 (0). It is important to emphasize that the
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shape of Ψ0 (0) is defined by the shape of the PES of the core-excited state.
To conclude, due to the qualitatively different localization of the core-excited wave packets
Ψ0 (0) of the 4a1 and 2b2 states, one can probe separately different regions of the ground
state PES related to different vibrational motions. We will show later (Sec. 4.3) that when
the molecular symmetry is broken, as in the case of HDO molecule, this selection rule is
also broken, and a much more complex spectrum is observed where all states are populated,
including those forbidden by the selection rules (4.6) in H2 O.

4.2.3


Dependence of RIXS at the 2b2 and 4a1 resonances on
detuning

2b2 resonance.

The experimental and theoretical RIXS spectra at the 2b2 resonance, presented in Fig. 4.12,
were obtained for five different detuning values: Ω = −0.275, −0.025, +0.175, +0.425 and
+0.725 eV. The detuning dependence of the RIXS profile is evident. The vibrational progression of the RIXS profile increases up to ω − ω ′ ≈ 6 eV on the way to the higher excitation
energies.
Fig. 4.12 shows the dynamical quenching of the vibrational progression when ω is tuned
below √
the resonance. The reason for this is the shortening of the scattering duration,
τ = 1/ Ω2 + Γ2 [6, 12] (see Sec. 2.2.5) for large absolute values of the detuning. Indeed,
the wave packet has no time to spread in the core-excited PES when τ is shorter than the
period of vibration. This results in “fast” scattering directly to the final state. Because
in the studied case the final electronic state is the ground state, we observe a collapse of
vibrational structure [6, 73, 74] (see Sec. 2.2.5). One should notice that in spite of the
symmetry of the scattering duration τ with respect of Ω → −Ω, the collapse effect for large
positive detuning energies happens for higher Ω than for negative ones. The reason for
this is the asymmetry of the XAS vibrational profile with respect to the vertical transition
point. This phenomenon is also observed in the RIXS spectrum at the 4a1 resonance. The
increase of vibrational progression above the absorption resonance can be understood from
the analysis of the shape of the core-excited PES.
The reason for the RIXS profile enlargement (Fig. 4.12) when the detuning increases, is the
increase of the size of the wave packet of the core-excited state Ψ0 (0) (Fig. 4.13). To see
this, it is instructive to compare the sizes of the wave packet Ψ0 (0) and the ground state
vibrational wave functions ψ1,0 , ψ2,4 and ψ4,4 , from n = 1, 6 and 8 manifold, respectively. For
example, Ψ0 (0) has similar size as the ψ4,4 vibrational wave function when Ω = +0.725 eV.
This explains the long vibrational progression seen in the RIXS spectrum for this detuning

4.2 Quasi-elastic RIXS channel to the ground electronic state of H2 O

53

Figure 4.12: Theoretical and experimental RIXS at 2b2 resonance for various detuning
values Ω. The dashed lines shows the energies of the ψ1,0 , ψ2,4 and ψ4,4 states at 1,0 = 0.45,
2,4 = 2.61 and 4,4 = 3.35 eV, respectively.
(Fig. 4.12). When the photon energy is tuned below the first XAS resonance (Ω ≤ −0.025
eV) the wave packet drastically decreases the size (Fig. 4.13) and the RIXS spectrum starts
to collapse (Fig. 4.12).
One should notice that each peak in the spectra shown in Fig. 4.12 has fine structure
hidden by the instrumental broadening ∆ = 0.098 eV. To see this fine structure we compare
the theoretical RIXS spectra convoluted with the instrumental function with the spectra
without this convolution (see Fig. 4.14). The last spectra have the broadening caused

54

Chapter 4 Role of mode coupling in RIXS of water molecule
Ground state wave function

3.5

R1 (a.u.)

2.5

1.5

Core-excited wave packet

3.5

2.5

1.5
1.5

2.5

3.5

1.5

2.5

3.5

1.5

2.5

3.5

R2 (a.u.)
Figure 4.13: Upper panel: ψ1,0 , ψ2,4 and ψ4,4 ground state wave functions. The contour
around the wave functions represents the edges of the PES (classical turning curves). Lower
panel: the wave packet Re∣Ψ0 (0)⟩ of the 2b2 core-excited state (see eq. (4.12)) for Ω = −0.025,
+0.175 and +0.725 eV.
by the Gaussian window function (2.22) which corresponds to ≈ 0.036 eV (FWHM). The
unconvoluted spectrum shows that each peak has the fine structure caused by close-lying
vibrational levels of the nth group (see Tab. 4.1). One can see that each bending peak
(ν = 0 → νf = 1) copies the fine structure of the parent stretching peak (see eq.(4.10))
because the coupling between the bending and stretching motions is neglected.
There are differences between the theoretical and experimental RIXS spectra which deserve
a special comment. The first difference is the shift between the two spectra above 1 eV of
energy loss. The potentials used in the simulations are purely ab initio. The accuracy of
the electronic wave functions drops down at distorted geometry. Due to this, the potential
energy is slightly overestimated at large R1 and R2 , resulting in a larger vibrational frequency
as compared to the one observed in the experiment (Tab. 4.1). In previous studies [104], the
most accurate potentials were obtained by combined ab initio and semi-empirical studies,
where the computed potential was fitted with the vibrational energies measured in IR experiments. There can be another reason for the observed shift: the violation of the “2D+1D”
approximation can results in a shift of the center of gravity of the stretching peak due to
possible redistribution of the FC distribution within the nth group (see Fig. 4.14 for fine
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Figure 4.14: The convolution of the theoretical RIXS spectrum at 2b2 resonance with the
instrumental function (Fig. 4.12) hides the fine structure seen in the unconvoluted spectrum.
The label b marks the 0 → 1 bending peaks.

resolution). Another important remark can be made on the overestimation of the bending
peaks intensity in the regions above 3 eV of energy loss, for Ω = +0.425 and +0.725 eV. Our
“2D+1D” model (Sec. 4.1.2) neglects the coupling of the bending and stretching motions.
Apparently this approximation is too crude for higher vibrational states (ω − ω ′ ≳ 2 eV),
where R1 and R2 are large and the bond angle can deviate significantly from the equilibrium
one.


4a1 resonance.

Let us now consider the RIXS spectrum at the 4a1 resonance. The experimental and theoretical spectra are presented in Fig. 4.15, for the detuning Ω = −1.20, −0.95, −0.70, −0.40,
−0.15, +0.05, +0.30, +0.60, +0.78, +1.03 and +1.28 eV. Contrary to the RIXS spectrum at
the 2b2 resonance, a long progression of the RIXS profile is already observed for detuning
above −0.70 eV. The main reason for this is seen from the comparison of the 2b2 and 4a1
XAS absorption spectra (Fig. 4.6). To approach the region of the collapse effect for the
RIXS at the 2b2 resonance, we should tune the photon frequency at least below the first
XAS resonance (Ω ≲ 0.2 eV). This trend also follows from the evolution of the wave packet
Ψ0 (0) shown in Fig. 4.13. The picture is qualitatively different for the 4a1 core excitation,
where we have many continuum states below the top of resonance of the XAS (Fig. 4.6).
Now, to approach the collapse region, the detuning should be at least Ω ≲ −0.5 eV.
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Figure 4.15: Theoretical and experimental RIXS at the 4a1 resonance for different detuning
Ω. The vertical dashed line shows theoretical energy of the vibrational state ψ4,2 (4,2 = 2.56
eV).

Violation of the propensity rule.
Now we would like to pay attention to another interesting feature observed for higher positive
detuning, Ω > +0.6 eV. Namely, the appearance of peaks which were not seen for lower
detuning. Fig. 4.16 shows part of the RIXS spectrum for two detunings, Ω = +0.30 and
+1.03 eV, along with the core-excited wave packets for each detuning. As it was pointed out
in Sec. 4.2.2, the ground state wave functions (like ψ4,2 ) which has density lobes along Qs , do
not overlap very well with the 4a1 core-excited wave packet for Ω = +0.05 eV (Fig. 4.11). But
the increase of the detuning Ω changes the shape of the core-excited wave packet (Fig. 4.16,
right-hand side panel), which becomes broader along the Qs coordinate. The comparison
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of the wave function ψ4,2 with the core-excited wave packet at Ω = +1.03 eV shows stronger
overlap between them, than for Ω = +0.30 eV. This results in the strong increase of the ψ4,2
RIXS resonance for Ω > +0.6 eV (Fig. 4.16).
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Figure 4.16: RIXS at 4a1 resonance for different detuning Ω. Contrary to the lower panel
(Ω = 0.3 eV) the upper panel shows strong population of the ψ4,2 state which should be
forbidden according to the propensity rule. The vertical lines shows the energy position of
the vibrational states.
In conclusion of this Section, one can state that the scattering through different core-excited
states and the variation of the excitation energy ω allows to control the population of
different vibrational levels in the ground electronic state. Indeed, near the 2b1 resonance, one
can study the bending modes without admixture of the stretching modes. Mainly symmetric
stretching states ψn,0 are populated by the 4a1 RIXS for small detuning, while the final states
ψn−2,2 are excited for larger detuning. The RIXS spectrum at the 2b2 resonance provides
information on both stretching and bending modes. This scattering channel together with
the detuning control allows to populate states which are not reached by the 4a1 and 2b1
resonances. This shows that the RIXS spectra for the three different intermediate coreexcited states are complementary, as they can be used as gates to selectively extract detailed
information about the ground state vibrational energy levels and wave functions.
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Isotopic substitution and “atomic” peak

In Sec. 4.2 the RIXS spectra of the H2 O molecule were described and special selection and
propensity rules for the electron-vibrational transitions were revealed. In order to have a
complete picture of RIXS of the water system, we present in this Section the theoretical
simulations of RIXS from the isotopic substitutions D2 O and HDO molecules. The spectra
were computed for the 4a1 and 2b2 resonances. Here we focus only on the stretching modes,
which provide the main spectral features in RIXS. The PESs used here are the same as for
H2 O (see Sec. 4.1.1), since the atomic masses affects the electronic potential only via weak
vibronic coupling effects. However, the nuclear dynamics (Sec. 4.1.2) is expected to be very
sensitive to the isotope substitution. The self-absorption was not considered in the RIXS
simulations presented in this Section.

4.3.1

Ground state vibrational analysis

The D2 O and HDO ground state vibrational energies were computed through the stationary solution of the time-independent Schrödinger equation, and the results are collected
in Tab. 4.3 (along with H2 O results for comparison). The ground state vibrational wave
functions are presented in Fig. 4.17. Let us pay attention to the change of notation. For

2.5

1.5
1.5

2.5

Figure 4.17: Wave functions of the ground state of H2 O, D2 O (ψns ,na ) and HDO (ψnD ,nH ).
In the HDO, R1 represents the O − H bond and R2 the D − O bond. All wave functions are
in the same scale.
D2 O we use the same assignment of the vibrational states ψns ,na as for the H2 O molecule
(Sec. 4.1.1). Due the symmetry breaking, the natural assignment for the HDO molecule
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is the localized mode assignment ψnD ,nH , where nD and nH are the vibrational quantum
numbers of the stretching modes localized on the D − O and O − H bonds
ψns ,na (H2 O) → ψnD ,nH (HDO).

(4.17)

This localization (see eq.(4.3) and related discussion) is seen directly in Fig 4.17, which
shows the computed vibrational wave functions fully localized along the bonds R1 (O − H
bond) and R2 (D − O bond).
Table 4.3: Computed vibrational energies of the 2D stretching potential of the ground state
of the H2 O, D2 O and HDO molecules. The states which do not follow the n grouping order
are highlighted in red. N is the number of the eigenstate (in the energy increasing order).
The vibrational energies (in eV) are given relative to the zero-point energy, (0,0).
n
1
2

3

4

5

N
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

(ns ,na )
(1,0)
(0,1)
(2,0)
(1,1)
(0,2)
(3,0)
(2,1)
(1,2)
(0,3)
(4,0)
(3,1)
(2,2)
(1,3)
(0,4)
(5,0)
(4,1)
(3,2)
(2,3)
(1,4)
(0,5)

H2 O
0.4588
0.4680
0.9003
0.9037
0.9295
1.3222
1.3229
1.3581
1.3763
1.7241
1.7242
1.7769
1.7869
1.8141
2.1070
2.1070
2.1807
2.1841
2.2153
2.2408

D2 O
0.3361
0.3450
0.6637
0.6683
0.6853
0.9810
0.9826
1.0025
1.0186
1.2875
1.2878
1.3150
1.3260
1.3461
1.5833
1.5834
1.6214
1.6272
1.6468
1.6675

(nD ,nH ) HDO
(1,0)
0.3403
(0,1)
0.4637
(2,0)
0.6678
(1,1)
0.8034
(0,2)
0.9043
(3,0)
0.9837
(2,1)
1.1303
(1,2)
1.2433
(4,0)
1.2892
(0,3)
1.3252
(3,1)
1.4455
(2,2)
1.5695
(5,0)
1.5846
(1,3)
1.6634
(0,4)
1.7274
(4,1)
1.7504
(6,0)
1.8703
(3,2)
1.8841
(2,3)
1.9888
(5,1)
2.0451

The comparison of the results from H2 O, D2 O and HDO (Tab. 4.3) shows the differences
in the vibrational properties of these systems. As the deuterium is twice heavier than
hydrogen, the vibrational frequency of D − O (ωD−O ≈ 2600 cm−1 ≈ 0.32 eV) is smaller than
O − H (ωO−H ≈ 3600 cm−1 ≈ 0.45 eV), so the D2 O vibrational levels have lower energy.
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But the features related to the n group ordering and degeneracy of the states ψn,0 and
ψn−1,1 are preserved, together with similar wave function shapes (Fig. 4.17). However, the
vibrational properties of the HDO molecule diverges from H2 O in major aspects. First,
there is no degeneracy of vibrational levels. Second, there are states which do not follow
the n grouping order. For example, in the group n = 3, the last state should be ψ0,3 (as in
H2 O and D2 O), but the ψ4,0 state is seen instead. The reason for that is the rather large
difference in nH and nD vibrational frequencies. For example, the (4,0) quantum becomes
smaller than the (0,3) quantum, etc.

4.3.2

X-ray absorption spectrum

The theoretical XAS of HDO and D2 O are presented in Fig. 4.18. Similarly to the ground
state (Tab. 4.3), the vibrational energy levels of the core-excited states also change. This
is reflected in the energy position of the peaks in the XAS. For the HDO molecule, the
maximum of absorption at the 4a1 resonance is 534.11 eV and 535.90 eV at the 2b2 resonance.
For D2 O, it is 534.15 eV at the 4a1 resonance and 536.03 eV at the 2b2 resonance.

535.90 eV

535.91 eV

Absorption (arb. units)

536.05 eV
534.11 eV

536.03 eV

534.15 eV

536.14 eV

536.18 eV

535.76 eV

535.78 eV

536.27 eV

536.31 eV

533

534

535

536

537

534

535

536

537

Photon energy (eV)
Figure 4.18: Theoretical X-ray absorption spectrum of HDO and D2 O. The energies indicated in the spectra represents the transition energies from the lowest vibrational level of
the ground state to the core-excited state vibrational levels.

4.3.3

RIXS spectrum

The RIXS spectra at the 4a1 and 2b2 core-excited states of D2 O and HDO are presented
in Fig. 4.19, together with the H2 O RIXS spectra for comparison. The RIXS at the 4a1
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RIXS Intensity (arb. units)

resonance was computed with detuning Ω = +0.05 eV. For the 2b2 resonance, Ω = +0.175 eV
was chosen, as the RIXS spectrum of H2 O with this detuning presented a long vibrational
progression (see Fig. 4.12). One can see strong differences in the RIXS spectra of the three
molecular systems.

2.0

1.5

1.0

0.5

0.0

Energy loss (eV)
Figure 4.19: Theoretical RIXS at the 4a1 and 2b2 resonances for H2 O, D2 O and HDO
(Ω2b2 = +0.175 eV and Ω4a1 = +0.05 eV).
The RIXS of D2 O and H2 O molecules are similar, but the vibrational progression is shrunk
in D2 O for both 2b2 and 4a1 core-excite states, due to the smaller vibrational frequency, as
discussed previously (Sec. 4.3.1). All the features from H2 O RIXS are also observed in D2 O,
due to the similarity of the ground state wave functions. However, the nuclear dynamics in
core-excited state is slower for D2 O than for H2 O. The heavier mass of the deuterium atom

62

Chapter 4 Role of mode coupling in RIXS of water molecule

affects the core-excited wave packet Ψ0 (0) and, hence, the envelope of the RIXS profile
(Fig. 4.19). The change of the HDO RIXS is much more significant.

RIXS Intensity (arb. units)

GS eigenvalues
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1.5

1

Energy loss (eV)

0.5

0

Figure 4.20: Theoretical HDO RIXS at the 4a1 and 2b2 resonances. The ground state
eigenvalues are presented by the dashed lines and their assignments follow the energy order
of Tab. 4.3.

As one can see (Fig. 4.19), the HDO RIXS profile contains the peaks from both D2 O and
H2 O. This is because HDO has vibrations of both D − O and O − H stretching modes. In
the HDO molecule, the symmetry is broken. Therefore, the selection rules (4.6) discussed in
Sec. 4.1.1 are absent and the transitions to all final states are allowed, as seen in Fig. 4.20.
But similar to D2 O and H2 O RIXS (Fig. 4.19), the propensity rules, which are sensitive
to the core-excited state, are also seen for HDO when ω − ω ′ > 1.5 eV. This is due to the
fact that the HDO core-excited wave packet has very similar spatial distribution as the
H2 O (Fig. 4.11). The major difference is related to the core-excited wave packet at the 4a1
resonance, shown in Fig 4.21. Here a larger wave packet amplitude is seen along the O − H
bond (R1 ), because the light hydrogen atom dissociates faster than the deuterium atom.
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Figure 4.21: Real part of the core-excited wave packet Ψ0 (0) at the 4a1 resonance, for H2 O
and HDO (R1 and R2 represent the O − H and the D − O bonds, respectively).

4.3.4

“Atomic” peak at the 4a1 resonance

Core-excitation to a dissociative state may give rise to an “atomic” peak in the RIXS
spectrum [61, 105–107]. This has been clearly observed in RIXS from diatomic molecules
(HBr [105], HCl [61], O2 [108]). In triatomic molecules, such an “atomic” like spectral
feature has vibrational structure due to the transitions in the diatomic fragment. In water
this happens due to the ultrafast dissociation in the 4a1 core-excited state H2 O → H ⋅ + ⋅ OH
followed by the formation of ⋅O − H radical. The ultrafast dissociation happens within
the scattering duration τ (2.30). A scheme for the “atomic” peak formation is presented in
Fig. 4.22 using a 1D cut of the water PES of the ground and 4a1 core-excited states (Fig. 4.2).
After the core-excitation, the molecule can reach the dissociation region and then it decays
back to the ground state. The kinetic energy ∆E released in this photo-induced reaction
is the difference between the energy of the core-excited potential at equilibrium position
(Ei (R0 )) and the energy at the dissociation limit (Ei (∞)). High kinetic energy release
results in the high velocity of the light elements (H or D).
In RIXS of water, the “atomic” peak overlaps with the inelastic scattering transitions,
1
namely with the ∣1b−1
1 4a1 ⟩ final state [60], which has the same dissociative limit as the
ground state. But in theory, one can isolate the “atomic” peak and extract some valuable
information from it. In Fig. 4.23 the RIXS spectra at the 4a1 resonance of H2 O, D2 O and
HDO are presented. The “atomic” peak is seen at around 7.5 eV of energy loss. Instead
of a sharp peak, as observed in diatomic molecules [61], vibrational structure is seen in the
“atomic” peak of H2 O, D2 O and HDO (Fig. 4.23). It origins from the vibrations of the
⋅O − H (or D − O⋅) fragment of the dissociation. Another interesting feature is seen when
comparing the “atomic” peak of H2 O, D2 O and HDO. In D2 O, the “atomic” peak has the
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Figure 4.22: Scheme of the formation of “atomic” peak in the course of dissociation in the
core-excited state, using a 1D cut (R2 = 1.88 a.u.) of the 2D PES (Fig. 4.2) of H2 O. The
green arrows show the absorption and emission processes, and the blue arrow the wave
packet propagation direction. ∆E = Ei (R0 ) − Ei (∞) = 2.86 eV is the kinetic energy released
under dissociation, where R0 is the ground state equilibrium distance.
smallest intensity, due a dynamical effect. As the deuterium is twice heavier then hydrogen,
its dissociation happens much slower and just a small amount of D − O⋅ fragments reach
the dissociation region during the short core-hole lifetime. The “atomic” peak of HDO has
different vibrational structure than H2 O, since it is related to the decay of both D − O⋅ and
H − O⋅ fragments.
The “atomic” peak in gas-phase water RIXS at the 4a1 resonance overlaps with inelastic
band and since that is crucial for the interpretation of the gas-phase water RIXS. In previous
1
experimental studies [60], a split of the final state ∣1b−1
1 4a1 ⟩ profile was observed in the
RIXS via the 4a1 core-excited resonance. This split is due to the “atomic” peak, which
only appears at the dissociative 4a1 resonance and lies exactly on the energy position where
the split is observed. The split is strongly suppressed in D2 O. The study of the inelastic
channels goes beyond the present the Thesis and will be made as a next step. The simulation
1
−1
1
−1
1
of RIXS to the three valence excited final states: ∣1b−1
1 4a1 ⟩, ∣3a1 4a1 ⟩ and ∣1b2 4a1 ⟩ must be
performed for that.
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Figure 4.23: RIXS spectra at 4a1 resonance for H2 O, D2 O and HDO, with the “atomic” peak
near 7.5 eV. The detuning is the same as in Fig. 4.19. The “atomic” peak has vibrational
structure because it is formed by the emission transition in core-excited fragment of the
dissociation ⋅O − H.

4.4

RIXS vs IR spectroscopy

Considering the RIXS with different core-excited states, we can effectively map the ground
state PES, and extract valuable information about the ground state vibrational energy
levels. In order to understand the full potential of RIXS for a study of the ground state
PES of water, let us have an overview of other techniques that are used for this purpose.
Over the years, different experimental techniques were developed to study the vibrational
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levels of the ground electronic state of water, which are nicely summarized in the references
[109–111]. Theoretical studies can be found in references [112] and [104]. The most used
experimental technique employs an IR laser radiation, which is extremely powerful for study
of the rovibrational spectrum. However, the conventional one-photon IR absorption cannot
reach high energy vibrational levels of the ground state water. Indeed, due to the potential
anharmonicity, the IR frequency resonant to the lower vibrational transition becomes offresonant for higher vibrational levels. In reference [109], conventional IR can reach energy
levels only up to the group n = 8, while can not address all vibrational levels for n > 6 (in
n = 6, only 4 states out of 7 are assigned). To reach higher energy levels a more advanced
technique is needed, which employs double- [34] or triple-resonance [35] excitation scheme.
Using these techniques, along with theoretical simulations, one has been able to assign the
vibrational energy levels of water up to the dissociation limit. Let us take a closer look at
the obtained results [35].
In the study by Grechko et al. [35], not all the states inside a given n were assigned at higher
energies. For example, at n = 13 they were able to assign only the vibrational states ψ13,0
and ψ12,1 , as well as for higher n. One reason for this is the rotational selection rules, which
limit access to a preselected vibrational level. This effect is reduced by using a delay time
between pulses for rotational relaxation [113], but still some suppression of the excitation is
observed. One may use theoretical calculations to the correct assignment of the vibrational
levels. There are few strategies that are used to compare theory and experiment, which are
listed by Császár et al. [96], but the most useful one is the analysis of the wave function plot.
For the states having pure symmetric stretching (ns , 0) and (ns − 1, 1) this is easy to do,
but for mixed states, e.g. ψns −4,4 , visual information can hardly be obtained and interpreted
due to the quantum chaos [114].
Now let us come back to RIXS. When comparing it with the techniques described above, one
can see some advantages and disadvantages. The IR is constrained by the dipole selection
rules, which gives great advantage in the analysis of low energy vibrational levels. RIXS is
governed by Franck-Condon selection rules, where only transitions to states of even parity
na = 0, 2, 4... are allowed in symmetric molecules, which limits the number of populated
vibrational levels. In water RIXS we also see propensity rules when exciting to different
core-excited states, as presented in Sec. 4.2.2. RIXS also allows to reach high excited states,
up to the dissociation limit, using different excitation energies, i.e, with detuning above the
absorption resonance. Through the selection and propensity rules and core-excited state
selectivity we have the filtering of the vibrational states which are excited in RIXS. This
allows one to easily assign the complex states (e.g. ψns −4,4 ), since information about the
wave function symmetry is also collected in RIXS. Thus combining the experiment with
high-level theory, RIXS can become an important auxiliary technique to probe the ground
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state PES in order to map and define unknown energy levels, which cannot be reached by
other techniques.
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Chapter 5
Summary of results
The main results of this Thesis can be summarized as follows:
 We developed a high-level theory for CO RIXS adapted for linearly and circularly
polarized X-rays.
 Through our simulations, we were able to reproduce the RIXS experiment in CO with
excellent accuracy, allowing for a complete description of all the experimental features.
 We described for the first time, interference between two RIXS channels corresponding
to scattering via orthogonal molecular orbitals in the core-excited state of CO.
 The high spectral resolution combined with extensive ab initio simulations allowed to
attribute the region around 13 eV (energy loss) of CO RIXS to a mixiture of three
final states, which was not shown in previous studies.
 We demonstrate the complete breakdown of the Born-Oppenheimer approximation,
which opens the forbidden channels, due to the mixing of the Rydberg and valence
final states in the region of 13 eV energy loss in the CO RIXS spectrum.
 Through combination of the experiment and theory, we were able to improve the
minimum energy position of the valence E ′1 Π excited state of CO, along with the
values of the coupling constant between the two Rydberg states.
 We developed a new theoretical approach to describe triatomic molecules through
the wave packet formalism, namely a “2D+1D” approach, which was used in the
investigation of the RIXS of gas-phase H2 O, D2 O and HDO.
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 Using state-of-the-art ab initio electronic structure and time-dependent wave packet
calculations, we were able to reproduce and explain all features of the high-resolution
RIXS spectra of gas phase water.
 We demonstrate that different core-excited states in RIXS can be used as gates to
probe different vibrational mode dynamics. RIXS at the 2b1 resonance excites exclusively the bending vibrational mode. At the 4a1 resonance, mainly the symmetric
stretching modes is excited, and at the 2b2 resonance the bending and a mixture of
the two stretching vibrational modes are excited.
 We show that controlling the detuning in water RIXS we can reach higher vibrational
excitation, and thus extract information about the high energy region of the ground
state potential.
 Isotopic substitution (D2 O and HDO) was investigated by means of theoretical RIXS
and compared with the H2 O results. It was shown that breaking of molecular symmetry results in stretching modes localized along the molecular bonds.
 We showed that dynamical aspects of ultra-fast dissociation in the 4a1 core-excited
state are reflected in the intensity and structure of the “atomic” peak, showing qualitatively different structure for different isotopic substitutions.
 We demonstrated the advantages of RIXS in studies of ground state potential energy
surfaces. It can be considered as an auxiliary technique to IR spectroscopy, especially
when high vibrational excited levels are reached.
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[21] V. Carravetta, F. K. Gel’mukhanov, H. Ågren, S. Sundin, S. J. Osborne, A. Naves de
Brito, O. Björneholm, A. Ausmees, and S. Svensson, Phys. Rev. A 56, 4665 (1997).
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Rev. A 55, 134 (1997).

BIBLIOGRAPHY

73

[29] P. Skytt, P. Glans, K. Gunnelin, J. Guo, and J. Nordgren, Phys. Rev. A 55, 146
(1997).
[30] D. A. Shaw, G. C. King, D. Cvejanovic, and F. H. Read, J. Phys. B: At. Mol. Phys.
17, 2091 (1999).
[31] G. Fronzoni, M. Stener, A. Lisini, and P. Decleva, Chem. Phys. 210, 447 (1996).
[32] O. L. Polyansky, N. F. Zobov, S. Viti, J. Tennyson, P. F. Bernath, and L. Wallace,
Science 277, 346 (1997).
[33] M. Carleer, A. Jenouvrier, A.-C. Vandaele, P. F. Bernath, M. F. Merienne, R. Colin,
N. F. Zobov, O. L. Polyansky, J. Tennyson, and V. A. Savin, J. Chem. Phys. 111,
2444 (1999).
[34] P. Maksyutenko, J. S. Muenter, N. F. Zobov, S. V. Shirin, O. L. Polyansky, T. R.
Rizzo, and O. V. Boyarkin, J. Chem. Phys. 126, 241101 (2007).
[35] M. Grechko, O. V. Boyarkin, T. R. Rizzo, P. Maksyutenko, N. F. Zobov, S. V. Shirin,
L. Lodi, J. Tennyson, A. G. Császár, and O. L. Polyansky, J. Chem. Phys. 131, 221105
(2009).
[36] H. Partridge and D. Schwenke, J. Chem. Phys. 106, 4618 (1997).
[37] A. G. Császár, J. S. Kain, O. L. Polyansky, N. F. Zobov, and J. Tennyson, Chem.
Phys. Lett. 293, 317 (1998).
[38] P. Barletta, S. V. Shirin, N. F. Zobov, O. L. Polyansky, J. Tennyson, E. F. Valeev,
and A. G. Császár, J. Chem. Phys. 125, 204307 (2006).
[39] O. L. Polyansky, R. I. Ovsyannikov, A. A. Kyuberis, L. Lodi, J. Tennyson, and N. F.
Zobov, J. Phys. Chem. A 117, 9633 (2013).
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[101] F. F. Guimarães, Ph.D. thesis, KTH, Stockholm, Sweden (2006).
[102] Y.-P. Sun, Ph.D. thesis, KTH, Stockholm, Sweden (2011), p. 25.
[103] Y.-P. Sun, F. Hennies, A. Pietzsch, B. Kennedy, T. Schmitt, V. N. Strocov, J. Andersson, M. Berglund, J.-E. Rubensson, K. Aidas, F. Gel’mukhanov, M. Odelius, and
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