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Abstract

Walking robots have a potential to traverse certain types of terrain in a more efficient and
stable manner than more conventional robots, using wheels or tracks. The property of
walking robots that the contact with the ground is discontinuous gives them the ability to
select footholds such that obstacles or holes are avoided. Other advantageous properties of
walking robots are that they cause less damage to the terrain, active suspension is arj intrin-
sic part of their structure, and they are omnidirectional, which gives them an advantgge in
maneuvering through cluttered and tight environments.

The control of walking robots requires that the issue of stability against tipping over is
treated in a more specific fashion than for wheeled robots, as there are discrete changes in
the support of the robot when the legs are lifted or placed. The stability of the robot is de-
pendent on how the legs are positioned relative to the body and on the sequence and|timing
in which the legs are lifted and placed. In order to reduce the risk of the robot losing stabil-
ity while walking, a measure for the stability of the robot is typically used in the gait and
motion planning, in order to avoid, or detect, that the robot could become unstable.

The main contribution of the thesis is in the analysis of the stability of statically balanced
quadrupedal gaits and how statically balanced walking can be achieved. The center of pres-
sure, i.e. the point where the resultant of the ground reaction forces at the feet acts, is used
to develop a stability measure, which is then used in the planning of the body motion| The
stability measure is used to set appropriate bounds on the motion of the robot, to agcount
for potentially destabilizing forces or moments. The motion of the robot is planned by de-
termining the supporting force for each leg, which in turn will determine how the rgbot
should shift its weight in order to remain statically balanced. The approach proposed in this
thesis, therefore, solves simultaneously the problem of determining a statically balanced
motion trajectory for the body, as well as, the distribution of forces to the feet, to compen-
sate for the weight of the robot. A description of the implementation and experimental re-
sults are provided, using the quadruped robot WARP1. The experimental results
demonstrate the walking capability of the robot, and its ability to handle inclined surfgces.
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NOTATION

Abbreviations Frames

CoG Center of Gravity fA the attitude frame of the body

CoP Center of Pressure fB the frame fixed to the robot body

CoRy Desired center of Pressure fC the ground frame with third axis

DSM Dynamic Stability Margin normal to the ground plane

ESM Energy Stability Margin fD frame fixed to the virtual vehicle

FRI  Foot Rotation Indicator fLj; frame fixed to link of legi

PCoG vertical Projection of the CenterfN  the world frame or inertial frame

of Gravity onto a plane fR;; frame fixed to the rotor at joinjt

SSI Support Stability Indicator of legi

SSM Support Stability Margin

ZMP Zero Moment Point Variables and constants

Index points a  shortest distance between the CoP
and an edge of the support surface

B  index point for the robot body ag acceleration of gravity,

B vertical projection of the index a;=9.8m/ &

point B onto a plane a"° acceleration of poirB

NL

C the center of pressure g ; acceleration of point; ;
D index point for the virtual vehicle B; velocity feedback gain matrix of
E point where an external force acts legi
G center of gravity of the robot Bg Vvelocity feedback gain matrix for
G vertical projection of the center of body controller
gravity onto a plane bj  vector representing axi®f frame
H; position of hip of leg fB, fori=1...3
Li; index point of linkj of legi C  matrix of centrifugal and coriolis
N  world origin force
O general point in the ground planec  vector of centrifugal and coriolis
P; index point of foot forces
Q point on an edge of the supportc; vector representing axi®f frame
surface fC, fori =1...3

D the inertia matrix

d; shortest distance of foofrom an
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opposite edge of a triangle

unit vector pointing along an edge

of the support surface

PP . .
e ' ' unit vector of a vector from point

Eg the resultant of the inertial and

Pi to Pj

external forces acting at poi@t

Fe external force acting at poift
IEG, il maMaximum of Eg normal to

the ground plane

|Eg, { mayMaximum of Eg tangential to

—_ b
o

L

T IT @

>

the ground plane

vector of generalized forces
force reference for foot
vector of gravitational forces

Kij

stiffness coefficient for join§ of
legi

Kemf,i pack electro-motive constant of

Kei

L

I|,J

Mg

vector of support ratio parametersM;

the angular momentum of the |M

robot around the CoG

the vertical height of pointG
above the ground plane

the height of pointG above the
ground plane along the normal
the inertia matrix of robot body
the inertia matrix of link of legi
the inertia matrix of the rotor

the vector of currents of lag

the inertia of a rotor around its
axis of rotation

diagonal matrix of the reflected
inertias of the rotors of leg

B3P jacobian matrix of the kinematic

relationship of poinB andP;
diagonal matrix of the stiffness
coefficients of leg

P
Pc
Pk

Pi

diagonal matrix of the gear ratio Pg

and torque constants of leg

G| max

the motor in join{ of legi

the torque constant of the motor in
joint j of legi

the Lagrangian,. =T -P
inductance of the motor in joint
of legi.

line parallel with the edge formed
by feeti and]

the resultant moment of the iner-
tial and external forces acting
around poinG

external moment acting on robot
moment acting around edge
maximum of Mg acting
around an edge of the support
surface

the total mass of the robot

the mass of robot body

the mass of link of legi.

gear ratio

gear ratio of joinf of legi

vector representing axi®f frame
fN, fori = 1...3

the total potential energy of the
robot

the gravitational potential energy
of the robot

the elastic potential energy of the
robot

position feedback gain matrix of
legi

position feedback gain matrix of
the body controller
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associated with the body
R
acting at foot
"R® rotation matrix fronB to fN.
BRiL, j rotation matrix fronfL, ; to fB
_tRiL, jrotation matrix fromfL;; to
BC ﬂ_i’j-.l. .

r position vector from poinBB to
point C, expressed in franmfé
ArBC( ) elemeny of a vectorA[BC

rNP position of point?;
rBP position reference trajectory of
point P;

I position of point;,

— rNB
B - I

i, ]

A

B relative toB

ij: DIEIF)P

i . boundary condition

resistance of the motor in joipof
legi

defined by equation (6.34)

the cycle time

duration of transfer phase
duration of support phase

the total kinetic energy of robot
kinetic energy of the body

kinetic energy of rotor

the kinetic energy of leg

t time

time elapsed from beginning of
stride to event

time difference between evertl
andj, i.e.AtJ- =t
t unit vector in the ground plane,

r
r
r. = rNL
r
r

,C

-

i)

e e B

vector of generalized coordinates
gg Vvector of generalized coordinates,

vector of ground reaction forces

pointing into the support surface,
orthogonal to an edge

ti_j unit vectort orthogonal to the
edge formed by the feeaind;

U; inputvoltage to the motor in joint
j of legi
u  vector of input voltage to motors
A BC . . .
v~ velocity of point C relative to

point B, expressed in franfé

vNP velocity of point P; relative to
pointN

vBP reference velocity of poirf; rela-
tive to pointB

vNB reference velocity of poir

vPl the velocity of index pointL;;

relative to index poinB
VNB

Ve

\_/HI = \—/i'j\lL
\_/dD desired velocity of poinD rela-

tive to pointN
ND
Vg = Yy

Vv, defined by equation (6.35)

W total weight of robot

Xg vector of generalized coordinates
associated with the translation of
the body

B  the duty factor

No® matrix relatingN@B withq

@, Vector of generalized coordinates
associated with the rotation of the
body

vector of rotations definingfC
relative tofN

@,. Vvector of rotation definingfC
relative tofB

the gravity vector

P

Y



n, the support ratio of leg I; the vector of applied torques at

Ni x Support ratio parameter for leg the joints of leg
wherek = {d, sd, I, Tt the vector of dissipative or fric-

¢; the relative phase of leg tional torques at the joints of lag

A the distance of poin® to an edge I.; the vector of external torques
of the support surface, also the acting at the joints of leg
support stability indicator Ii the vector of spring torques at the

Ny, support stability margin joints of legi

Am(-)support stability margin for the NQ® dual matrix of the angular veloci-
edge, formed by the feetind] ty vectorN@B

Am,i support stability margin for edge NQiL,J- dual matrix of the angular veloc-

Ai the stroke of leg ity vector'\'@kj

8, vector of generalized coordinates N@B vector of angular velocity
associated with the joints of leg between framefBN andfB

81 - Dthe first to the j:th element of N@,L’jvector of angular velocity
vectorf, between framefN andfL, ;

B ; vector of generalized coordinatesi,j_t@tj vector of angular velocity
associated with the rotors of the between frameft; ; 1 andfL;;
joints of legi Wg = N@B

B\, ; vector of generalized coordinatesw; = Noob
associated with the output of the w,, = =wx
transmission of leg wr the angular velocity ofR relative

8{) = afj) —6( toflj g

T; the time phase difference of the w,; desired turning rate of the robot
foot trajectory of leg relative to {; the relative phase of the event
leg 1 when leg is lifted
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1. INTRODUCTION

Autonomous mobile robots are finding applications in areas, such as cleaning,
running errands, and assisting handicapped or elderly. Mobile robots are also being
developed to be used in areas that are inaccessible and/or dangerous for humans,
for instance in demining, maintenance in hazardous environments, military, and
exploration of volcanoes and space (Wettergreen, et al. 1993; Shirley, and
Matijevic 1995). For such robots to function autonomously, advanced sensing and
algorithms are needed, for instance, to do localization, path planning, and decision
making. Still, one important aspect of the development of autonomous mobile
robots is the design and construction of the platform that provides the robot with
the mobility necessary to fulfill its purpose. The subject of this thesis will be in this
area, where walking robots are being developed to provide autonomous mobile
robots the ability to traverse certain types of terrain in a more efficient and stable
manner than more conventional robots, using wheels or tracks. The types of terrain
that walking robots may potentially have an advantage in, are those that can be
classified as uneven or extreme terrain, that would for instance comprise obstacles,
holes, steps or ditches. Examples of such terrain would be found, for instance, in
forests, mountains, or other rocky terrain, but also in indoor environments, where
steps, stairways or high thresholds can cause conventional robots some difficulty.

One advantage with walking robots is that their contact with the ground is not a
rolling contact. Instead, the contact with the ground is discontinuous and footholds
can be selected such that obstacles or holes are avoided, whereas a wheel would
have to follow the contour of the ground. In soft terrain, wheels may have to plow
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their way through the terrain, causing a large resistance in the direction of motion,
as well as damage to the terrain. Walking robots, on the other hand, leave only
Isolated foot marks on the ground, and as their locomotion does not rely on slip-
ping, for instance when turning, they cause less damage to the terrain. Walking
robots are, therefore, more suitable to perform tasks in environments that are sensi-
tive to intrusion. A walking robot can also benefit from that active suspension is an
Intrinsic part of its structure and allows the robot to adapt to uneven terrain. This
would allow for smoother ride for any passengers or cargo, and furthermore, if the
robot were, for instance, equipped with a manipulator, the legs could provide an
active but stable base while tasks are being performed. Furthermore, a walking
robot is an omnidirectional robot, as it can walk forward, sideways, or turn on the
spot, and additionally has the ability to raise or lower its body or tilt it, by varying
the length of its legs, i.e. by bending its knees. This ability gives walking robots an
advantage in maneuvering through cluttered and tight environments.

All the above mentioned advantages of walking robots are dependent on the design
of their mechanical structure and the control system. There are many challenges
with designing and building legged robots. The large number of actuated degrees
of freedom makes them heavier, more complex and expensive than wheeled
systems. Most walking robots of today are quite slow and have bad payload-
weight-to-own-weight ratio compared to more conventional wheeled or tracked
robots. The control of a walking robot has to cope with a highly nonlinear system
with many degrees of freedom, changes in the system dynamics as the legs are
being lifted and placed, and unknown dynamics such as the interaction of the foot
with the ground. The control of walking robots also requires that the issue of stabil-
ity against tipping over be treated in a more specific fashion than for wheeled
robots, as there are discrete changes in the support of the robot when legs are lifted
or placed.

One approach to designing legged robots is to study the solutions that nature has
provided to the locomotion of animals through millions of years of evolution. The
argument is that the way animals are built or move may in some sense represent an
optimum, which may be beneficial in the design and control of legged robots. For
instance the study of gaits has led to mathematical models that can explain why
some gaits are preferred by animals (Hildebrand, 1965; McGhee, and Frank, 1968;
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Alexander, 1989). The structure of different animals has also inspired the design
of robots (Arikawa, and Hirose, 1996; Cordes, et al., 1997; Nelson, et al., 1997,
Pratt, etal., 1997), and study of the mechanics has shown energy conserving meth-
ods (McGeer 1990; Pratt, and Pratt, 1999). The role of compliance in animal loco-
motion, in conserving energy and absorbing shocks (Alexander, 1988, 1990;
McMahon, 1985), has inspired robot mechanical and control design (Hogan, 1984;
Yamaguchi, and Takanishi, 1995; Yamaguchi, and Takanishi 1997; Pratt, et al.,
1997; Ahmadi, and Buehler, 1997). Studies of the muscle-neural system has led to
the development of controllers for walking robots (Beer, et al., 1990; Quinn, and
Espenscheid, 1993; Pfeiffer, et al., 1995; Espenschied, et al., 1996; Wadden,
1998). Todays technology is however far from being able to replicate complexity
of the muscle-skeleton system and the neural system controlling it. On the other
hand, machines can be built in ways that animals can not replicate, for instance,
rotating actuators are not found in animals. Various innovative designs of legged
robots have been tried (Raibert, 1986; Song, and Waldron 1989; Hirose, et al.,
1991; Bares, and Whittaker, 1993; Halme, et al., 2001). Furthermore, the develop-
ment of very simplified mechanisms, in terms of number of degrees of freedom and
actuators, has also proven that legged locomotion can be accomplished without
trying to mimic the complexity of animals (Buehler, et al., 1998; Moore, and
Buehler, 2001).

1.1. The walking robot project

The work, presented in this thesis, has been carried out within the Walking Robot
Project (WARP) at the Centre for Autonomous Systems (CAS), Royal Institute of
Technology. The aim has been to do research on concepts and methods that would
enable the design of an autonomous mobile robots for difficult terrain, where the
main direction, that has been taken, is to build a self-contained four-legged walking
robot, capable of dynamic walking. WARP1 is a four legged robot, with a cursorial
mammalian configuration (figure 1.1). It weighs approximately 60 kg, which is
distributed such that the body weighs approximately 20 kg, and the legs weigh 10
kg each. The length and width of the body are 80 cm and 50 cm, respectively. The
height of the robot, when standing with straight legs, is approximately 80 cm. The
legs have club feet made of a rubber half sphere of diameter 5 cm. Each leg is
composed of three links and has three degrees of freedom, with respect to the body.
The first link is, however, designed such that it does not contribute to the length of
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Figure 1.1. The quadruped robot WARP1.

the leg. The length of the thigh and the shank (i.e. the second and third link) is 30
cm, respectively. The first joint of each leg is an abduction/adduction in the hip,
i.e. a rotation around the longitudinal axis of the robot. The second joint is a flex-
ion/extension joint also in the hip, i.e. a rotation around the lateral axis of the body.
The axes of rotation for the first two joints in the hip are set such that the axes of
rotation intersect orthogonally. Finally, the third joint is a flexion/extension joint

in the knee. The total number of degrees of freedom is therefore eighteen, where
there are three actuated degrees of freedom for each of the four legs and six for the
motion of the body. The leg joints are actuated by Maxon DC-motors, where a 150
W motor is used for the flexion/extension joints and a 90 W motor for the abduc-
tion/adduction joint. The transmission consists of a harmonic drive, with gear ratio
100:1, and a wire-pulley system, giving a total gear ratio of 285:1 for the flexion/
extension joints and 250:1 for the abduction/adduction joints. Each motor is
equipped with an incremental encoder to measure the joint angle, and three hall
effect switches to calibrate the encoder. The robot is equipped with a sensor pack-
age, consisting of three rate gyros, two inclinometers and one three axes acceler-
ometer, which allows estimation of the robots attitude (Rehbinder, 2001). For a
more thorough description of WARP1, see Ridderstrom, et al. (2000).
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The project has resulted in general studies of control architectures (Petterson,
1999), control methods (Eriksson, 1998; Ridderstrom, 1999), and the mechanical
design (Hardarson, 1999) for walking robots. A computer tool-chain has been
developed that allows for fast generation of models and controllers for simulation
and implementation purposes (Ridderstrom, and Ingvast, 2001a). A method for the
generation of stepping for a single leg, based on a state machine, has been studied
(Hardarson, et al., 1999), as well as the development of a torque controlled elastic
joint (Hardarson, and Wikander, 2000). A method for controlling the attitude and
the height of the robot body has been proposed (Ridderstrom, and Ingvast, 2000b),
as well as a method to increase the performance of a trot gait (Ingvast, et al., 2001).
Rehbinder (2001), has developed methods to estimate the attitude of the robot, by
fusing signals from inclinometers, gyros and accelerometers.

1.2. Problem formulation

The first task oriented goal with the walking robot project is to accomplish blind
walking, i.e. that the robot can traverse a terrain without the use of any range find-
ing sensors. The robot will have to feel its way forward, by lifting one foot and
search for the next foothold, while remaining stable and avoid tipping over. For
that, the use of statically stable gaits are suitable, as they can be executed arbitrarily
slow, while allowing the robot to be balanced at all times.

McGhee, and Frank (1968) defis&atic stabilityas “An ideal legged locomotion
machine is statically stable at timé all the legs in contact with the support plane

at the given time remain in contact with that plane when all the legs of the machine
are fixed at their location at timeand the translational and rotational velocities of
the resulting rigid body are simultaneously reduced to zero”. An ideal legged loco-
motion machine they defined as a rigid body with mass less legs which are able to
supply an unlimited force into the contact surface. Given these assumptions they
show that the machine is statically stable if the vertical projection of the center of
mass of the body onto a horizontal plane is within the support area.

The above definition of static stability by McGhee, and Frank (1968), is highly
idealized as it assumes that the feet can provide unlimited forces, and does not treat
external forces. The use of the term static stability in this thesis will be limited to
setting a necessary condition for the state of the robot. This condition will be
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referred to as necessary condition for static balance, rather than for static stability,
although the two will often be used interchangeably throughout the thesis. First the
support surfaceavill be defined as the convex surface, which boundary is formed
by the lines connecting the feet ground contact points, i.e. the surface is formed by
the edges around which the robot can tip over. A necessary condition for a walking
robot with point feet to batatically balanceds that at least three feet have to be

in ground contact at all times, placed such that they form a support surface with an
area that is not equal to zero, and the vertical projection of the center of gravity has
to be within the boundary of the support surface. This is not a sufficient condition
for stability, as motion dependent forces can still make the robot tip over, for exam-
ple if the robot is moving and suddenly stops and tumbles over. Furthermore, an
external force can always be found that can tip the robot over. Finally, the terrain,
on which the robot is walking, may not be sufficiently rigid to support the robot
(Ridderstrom, 2002). Instead, a measure of the stability of the robot should be
found, which can indicate how large the motion dependent and external forces can
be, without the robot becoming instable. The problem to be addressed in this thesis
Is then what is an appropriate measure for the static balance of the robot, and how
can statically balanced walking be achieved.

1.3. Related work

The synthesis of controllers for a walking robot requires combining several
components, ranging from the control of body motion to the control of each indi-
vidual joint. A motion for the body has to be planned such that the robot is stable
and will not tip over. Furthermore, the stability of the robot is dependent on how
the legs are positioned relative to the body and on the sequence and timing in which
the legs are lifted and placed. As the motion of the robot is determined by the legs
in ground contact, the legs have to be coordinated in such manner that they provide
propulsion and suspension to the body.

The planning of stable body motion for quadruped robots has been addressed in
several papers. Yoneda, and Hirose (1995) included a preplanned sideways sway
in their intermittent trot gait, based on the zero moment point, which they define as
the point on the ground where the force and the moment, acting on the center of
gravity, can be resisted by applying a simple force and no moment. The sideways
sway reduced the rate of change in the acceleration of the body, and made the
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motion of the robot more smooth and energy efficient. The authors further devel-
oped the algorithm in Kurazume, et al. (2001), and included longitudinal and verti-
cal motion to a more general sway trajectory, which they show to be more energy
efficient than their original sideways sway trajectory. Kang, et al. (1997) devel-
oped a method of adapting a statically stable gait to compensate for the influence
of external forces. Force sensors in the feet were used to calculasff¢ictive

mass centemwhich they define and which is similar to the calculation of the center

of pressure, i.e. the point where the resultant of the ground reaction forces acts. The
deviation between the effective mass center and the real mass center is used for two
compensation strategies. One is to vary the height above ground of the robot’s
center of gravity, to affect the moment arm for the external forces, and the second
Is to change the direction of the motion of the body. Hugel, and Blazevich (1999)
included sway in a static crawl gait with duty factor 0.75 by letting the center of
gravity follow a sinusoidal sideway motion. By this they were able to reduce the
risk of the robot tipping over.

Given the desired motion of the body, the feet have to be coordinated to provide
the motion. One approach is to specify a force and a moment acting on the body to
provide the motion, and then distribute this force and moment to the feet in ground
contact. However, if there are more than three feet in ground contact, the force
distribution problem is indeterminate as each foot has three unknown force compo-
nents, and there are only six force and moment balance equations. In order to deter-
mine the forces that each foot should provide, pseudo-inverse solutions have been
used (Klein, et al., 1983; Lehtinen, 1996). Waldron (1986), and Kumar, and
Waldron (1988), decomposed the foot force field into an interaction force field and
an equilibrating force field, and obtained foot forces based on the zero interaction
force constraint, which states that foot forces should not work against each other.
They show, however, in Kumar, and Waldron (1988), that this method is equiva-
lent to the pseudo-inverse solution. Several optimization methods have been tried
to solve the indeterminate problem, which can be formulated as a linear or quadrat-
Ic programming problem, using the six force and moment equilibrium equations as
constraints, along with other inequality constraints, for example, non negative
normal force and limit on tangential forces based on the coefficient of friction
(Cheng, and Orin, 1990; Gorinevsky, and Schneider, 1990; Gardner, 1991; Klein,
and Kittivatcharapong, 1990; Liu, and Wen, 1997; Marhefka, and Orin, 1998;
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Chen, et al., 1998; Zhou, and Low, 1999). Gao and Song (1992) proposed the stiff-
ness matrix method, where the compliance of the legs, the actuating system and the
supporting terrain, are included to get a determinate solution.

The purpose of the leg controller is to provide the body with suspension and
propulsion during the leg support phase. During the swing phase the leg controller
has to move the leg forward and position the foot for the next step. The control
problem involves, therefore, both dealing with varying dynamics and changes in
the control objectives. The control of the legs has many similarities with the control
of manipulators performing contact tasks (De Schutter, et al., 1997), and many of
the control methods for control of legs have been adopted from there. For instance,
compliance control have been used (Klein, et al., 1983; Pratt, et al., 1997; Hardar-
son, et al., 1999), and impedance control, proposed by Hogan (1985), has been
adopted to leg control by Tzafestas, et al., (1997), and Guihard, and Gorce (1996).
To make the leg controller better able to compensate for the unknown ground
dynamics, methods to estimate some of the ground properties have been proposed
(Tzafestas, et al., 1997; Zhou, and Low, 2001).

1.4. Contributions of the thesis

The aim of the work, presented in this thesis, is to develop and implement a stati-
cally balanced crawl gait on the quadruped robot WARP1. As with all mobile
robots, the task is to get from point A to point B following a specific path, either
preplanned or planned on-line. It is assumed that an operator, either human or a
higher level controller, provides velocity commands to the robot. Ideally the robot
should then move with the desired velocity in a smooth manner, similar to a
wheeled robot. However, the operator should not necessarily have to take into
account the stability of the robot, for instance that the center of gravity should
remain within the support surface or that the feet have to be lifted and repositioned.
The robot should then itself determine how to shift its body weight such that the
center of gravity is always within the support surface, and maintain a certain stabil-
ity margin. The robot will then deviate from the desired velocity, set by the opera-
tor, but on the average, the velocity of the robot should equal the desired velocity.

The main contribution of the thesis is in the analysis of the stability of statically
balanced quadrupedal gaits and how statically balanced walking can be achieved.
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The center of pressure of the ground reaction forces of the feet is used to develop
a stability measure, which is then used in the planning of the body motion. The
body motion is determined by planning a motion of the desired center of pressure,
under the assumption that only gravitational forces are acting on the robot, in
which case the center of pressure equals the vertical projection of the center of
gravity. The stability measure is used to set appropriate bounds on the motion of
the desired center of pressure, to account for the neglected inertial and external
forces. The motion of the desired center of pressure is planned by determining the
supporting force for each leg, which in turn will determine how the robot should
shift its weight in order to remain statically balanced. The approach proposed here,
therefore, solves simultaneously the problem of determining a statically balanced
motion trajectory for the body, as well as, the distribution of forces to the feet to
compensate for the weight of the robot.

1.5. Summary of earlier work

The scope of this thesis has been limited to the stability analysis and the synthesis
of a controller for statically balanced walking. Relevant issues, such as the control
of the legs and the joints are, however, not discussed in detail or simply omitted,
but are based on previous work by the author and the colleagues in the WARP
project.

Much of the earlier work of the author is collected in the Licentiate thesis Hardar-
son (1999). The licentiate thesis consists of two technical reports and two confer-
ence papers. The first report is a general review of different locomotion paradigms
used for mobile robots in difficult terrain and gives an overview of the different
existing systems. It also briefly addresses choice of locomotion system and terrain
properties, and concludes by making a comparison of the advantages and disadvan-
tages of each type of locomotion system. The second reportis a study of the general
principles of legged locomotion, and gives the necessary background. It focuses on
the relevant issues for the design of robot legs, including, the energetics of legged
locomotion, leg geometry and motion strategies.

The first paper included in the Licentiate thesis, Hardarson, et al. (1998), presents
the design of a prototype leg for a four-legged walking robot. The most important
design issues were to make the leg as energy efficient as possible and to provide
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the power necessary for dynamic walking. The leg has a configuration similar to a
mammal leg with three rotational degrees of freedom. To reduce the moment of
inertia of the leg, the motors and respective gears for the hip and knee joints are
placed close to the body and balanced around the hip joint, aligned with the thigh.
Rubber torsion springs are placed in series with the extension/flexion actuators in
the hip and the knee joints. The springs add a shock tolerance to the system as they
smooth out impact forces and thereby reduce the peak forces that has to be taken
by the gearing. The use of springs also has a potential for storing energy during the
support phase. An experimental setup was built, where the leg was placed on a non-
motorized treadmill with the hip attached to a small wagon that is free to move in
the vertical direction. A mechanical stop prevents the leg from falling completely
to the ground during the air phase. Experiments included in the paper demonstrate
the properties of the springs. The leg was dropped from a height of 60 cm measured
from ground to abduction joint. The leg was slightly bent and the foot was approx-
imately 10 cm above the ground. A controller, based on the impedance control
paradigm, was used to implement spring-like behavior between body and foot in
cartesian coordinates. The result showed a gradual build up of torque in the springs
that had none of the characteristics of an impact.

The second paper included in the Licentiate thesis, Hardarson, et al. (1999),
describes the control of the leg stepping on a treadmill. The impedance control
paradigm was chosen as it has advantages such as providing a generalized
approach to force and position control, being continuous in the transition from free
to constrained motion. Also, the position of the end-effector can be controlled in
cartesian coordinates without inverting the kinematic equations. The impedance
controller was combined with a finite state machine for generating the stepping.
The step cycle is divided into four different states where for each state, the refer-
ence trajectories and the control parameters are changed depending on the control
objective. Special focus is given to the selection of the impedance parameters and
strategies discussed for the selection. The control problem is divided into three
different control objectives which allows for simpler selection of impedance
parameters and reference trajectories. The leg was able to step at different veloci-
ties on a treadmill and handle various perturbations, such as variations in ground
level.
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In Hardarson, and Wikander (2000), an effort was made to improve on the control
of torque output at the joints by utilizing the rubber springs in the joints as a torque
sensors. A robust control technique, quantitative feedback theory (QFT), was used
to make the controller robust against parameter uncertainties, such as changes in
the load inertia, ranging from a known minimum value (e.g. a link’s inertia) and
infinity (constrained link), while rejecting external torque disturbances. The result-
ing controller is tested experimentally on a copy of the hip joint of WARPL1.

1.6. Structure of the thesis

The structure of the thesis is that chapters 2 to 4 provide the necessary background
for the work presented in the subsequent chapters, where chapter 2 gives a general
introduction to legged locomotion, chapter 3 describes the kinematic modelling,
and chapter 4 describes the dynamic modelling necessary for the analysis and
simulation of the robot. The main contribution of the thesis are presented in chap-
ters 5 and 6, where chapter 5 develops a stability measure for statically balanced
walking, and chapter 6. develops a statically balanced walk for quadruped robots.
Chapter 7 describes the implementation and provides experimental results. Finally,
chapter 8 provides a discussion on the results and future expansion, and draws
conclusions.

11
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2. INTRODUCTION TO LEGGED LOCOMOTION

Research on legged locomotion has a long history. Biologists and other scientists
have long studied the structure and motion of animals. In connection to the interest
of the engineering community in building walking vehicles, there has been a search
for more mathematical models for the study of gaits. Such models could be used in
the design and control of walking vehicles. This section discusses some of the gait
related issues relevant to the subsequent sections. The focus is mainly on quadru-
peds, but much of the terminology is more general and applies to walkers with
other number of legs. For further reading see Alexander (1984), Todd (1985),
Song, and Waldron (1989), and Wadden (1998).

2.1. Terminology
The definitions are in alphabetical order, and based on Alexander (1984), Kumar,
and Waldron (1989), Song, and Waldron (1989), and Wadden (1998).

Duty factor (): The fraction of the duration of th&ridefor which a foot is on the
ground (in thesupport phase

Cycle time (T): Time duration of onatride, i.e. the time to complete one cycle of
leg movements.

Events of the gait: The placing or lifting of any of the feet during locomotion. For
ann-legged machine, there are @vents in one stride.

Relative phase ¢;): The time elapsed from the setting down of a chosen reference
foot until the foot of leg is set down, given as the fraction of tyele time

Stability margin: The shortest distance from the vertical projection of the center

13
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of gravity of the robot onto a horizontal plane, to the boundary of the support
area.

Stride: The complete cycle of leg movements, for example, from the setting down
of a particular foot to the next setting down of the same foot, where all the legs
have been lifted and placed exactly once.

Stride length: The distance travelled by the center of gravity of the walker in one
stride

Stroke (A): The distance that footranslates relative to the hip during thepport
phase

Support area/polygon: The minimum convex polygon in a horizontal plane, with
its vertices formed by the vertical projection of the feet being in support.

Support phase: The phase when a foot is in contact with the ground and able to
support and propel the body. Also calktdnceor retraction phase.

Swing phase:The phase when a foot is in the air and repositioned for the next
support phaseAlso calledair or protraction phase.

2.2. Description and classification of gaits

Fundamental to the locomotion of animals is that they move by lifting their legs
and placing them at new positions. While walking, the legs should be coordinated
with respect to stability, propulsion and energy efficiency. The coordinated manner
of lifting and placing the legs is called a gait. A gait is characterized by the
sequence in which the legs are lifted and placed. The lifting or placing of a leg is
called an event of the gait, and the sequence in which the legs are lifted and placed
Is called a gait event sequence. Theoretically the total number of possible gait event
seqguences for a quadruped is 5040, but only a very small portion of them are suit-
able as gaits and used by animals (McGhee, and Frank, 1968). Most people are
familiar with the names of some of these gaits, for instance, a horse will switch
between different gaits when increasing speed, first walk, then trot, then canter,
and finally gallop. Animals switch gaits depending on speed in order to be more
energy efficient, and the speed at which animals switch gait is dependent on the
size of the animal. It has been noted that animals of different species use similar
gaits for certain types of motion. A possible conclusion is that under some condi-
tions of motion, a certain gait is optimum, for reasons that are related to stability,
speed, energy efficiency, terrain properties, mobility or structure of the animal
(Song, and Waldron, 1989).

14



Description and classification of gaits

A gait is usually cyclic in the sense that the same sequence of lifting and placing
the legs is repeated. A complete cycle of leg movements, where all the legs have
been lifted and placed exactly once, is called a stride, and the time duration of one
stride is called the cycle time. A quadruped gait has exactly eight events in one
stride, as each of the four legs is lifted and placed once. McGhee, and Frank (1968)
proposed a system, which is widely used today, where gaits are described in terms
of duty factor and relative phase. The duty faddpfor legi is the fraction of the

cycle time for which the foot is in ground contact, so the duty factor is a number
between 0 and 1. The relative phase of leg the time elapsed from the setting
down of an arbitrarily chosen reference foot until the foot ofilssgset down, given

as the fraction of the cycle time. Thus the reference foot will be assigned the
number 1, and has the relative phgse= 0 . The relative phases of the other legs
arethenp, = At,/T 0<¢;<1 ,wherdt; isthetime elapsed since the reference
foot was set down, andlis the cycle time. The convention used here is that the left
front leg is number 1, right front leg is number 2, left hind leg is number 3, and
right hind leg is number 4. The gait event sequence can now be specified using the
duty factors and the relative phases, where the first event, and the start of the stride,
Is chosen as the event when the reference leg is set down. The time, at which the
following events of the gait will occur, are given as fractions of the cycle time at
which the feet are set down or lifted. The timing of the events when the feet are set
down are consequently equal to the relative phigséhe timing of the events
when the feet are lifted will be denotdg, and happens a fractids of the cycle

time after that the foot is set down. Alternatively, a foot has been lifted a fraction
1—-[3; of the cycle time before it is set down again. However, as the events should
be expressed within the duration of the stride, the events should be a number
between 0 and 1. The event of lifting the ieg given by

Db+ B i tBi<1 91
i_Eq)i+[3i—1, else (21)
For example, if the relative phase and the duty factor¢are 0.5 andf; = 0.8,
respectively, then the event when lag lifted is; = 0.3. A gait is called singular

if there is a simultaneous lifting or placing of two or more legs during the stride. A
singular gait would correspond to thigt= ¢;, ¢; = y;, or g; = ;, for any legs and

] wherei # ] . Any singular gait can be obtained as a limit of a non singular gait.
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Gaits are divided into walking and running, where the main difference between a
walking and running gait is seen in the duration of the support phase, i.e. in the size
of the duty factor. The distinction, in general, is that running gaits have a duty
factor less than 0.5, and walking gaits have duty factor greater than 0.5. Conse-
guently, running gaits have stages when both feet of a front or back leg pair are off
the ground, whereas walking gaits have stages where both feet are on the ground
simultaneously (Alexander, 1984). McGhee, and Frank (1968) further define
creeping gaits for quadrupeds as a subgroup of walking gaits, in which there are
always at least three legs in ground contact at all times, requiring a duty factor
greater than 0.75. In addition, gaits are classified as alternating and non alternating
gaits (or symmetric and asymmetric gaits). In alternating gaits, the left and right
feet of a front and back leg pair have equal duty factors and relative phase differing
by 0.5, i.e. by half a cycle. In non alternating gaits, the phase difference is 0, i.e.
the front and back leg pairs move in unison. For instance, human walking is an
alternating gait while a kangaroo jumping is a non alternating gait. Generally,
guadrupeds use alternating gaits for walking and slower running, and non alternat-
ing gaits for faster running. Furthermore, a gait is called regular if all the legs have
the same duty factor.

2.3. Gaits and stability

While walking or running, a legged locomotor has to remain balanced in order to
avoid unwanted body motion or falling. Gaits are classified, depending on the strat-
egy used in order to maintain balance, into statically and dynamically stable gaits.
The strategy chosen is related to speed, as slower walking gaits, i.e. creeping gaits,
are generally statically stable whereas faster gaits are dynamically stable. The main
difference is that dynamically stable gaits remain balanced by moving whereas
statically stable gaits remain balanced by relying on the support area formed by the
legs in ground contact. An analogy is found with the difference of riding a tricycle
and a bicycle. When riding a tricycle it can be driven arbitrarily slowly without fall-

ing while a bicycle can be hard to balance at low speeds whereas itis easier at high-
er speeds.
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Gaits and stability

Figure 2.1. Vertical projections of feet contact points and center of gravity
(CoG) on a horizontal plane.

In a statically stable gait, the vertical projection of the center of gravity (CoG) onto

a horizontal plane, is kept within the support area at all times, as shown in figure
2.1 (McGhee, and Frank, 1968; Song, and Waldron, 1989). In the absence of any
inertial or external forces and if the ground is sufficiently rigid, the robot can
remain stable as long as the CoG is within the support area. For robots with point
feet, a necessary condition for static stability is that the robot has at least three legs
on the ground at all times. This is necessary in order to form an area of support that
can contain the projection of CoG within its borders. In figure 2.2. an example is
given for a four-legged robot. In the left part of the figure, three legs provide
support and the projection of center of gravity is located inside the support area
such that the robot is statically stable. The foot placements in the right part projects

r— " r — =
I
| I
| & ® |
" ° 0
L — — 1 L — — 1
Statically stable Statically unstable

Figure 2.2. Support polygon, statically stable and unstable cases. The cénter o
gravity is the slightly larger circle, marked with *X’. The smaller circles are the
feet and are filled if they support the robot.
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Figure 2.3. Distances from the center of gravity to the different edges of the sup-
port area for a quadruped with three legs in support. The stability margin is de-
fined as the shortest of these distances

the center of gravity outside the support area, which leads to instability due to a
tipping moment caused by gravity. In order for a quadruped to be statically stable
while walking, a creeping gait has to be used which gives a lower bound on duty
factor of 0.75. Statically stable gaits for quadrupeds are generally quite slow, but
the advantage is that they can be executed arbitrarily slow or even stop while being
stable at all times. The stability margin provides some indication of the ability to
resist disturbances while walking statically stable. The stability margin is defined
as the shortest distance from the vertical projection of the CoG of the vehicle onto
a horizontal plane, to the boundary of the support area. and is defined as positive if
the center of gravity is within the support polygon and negative otherwise (figure
2.3).

Dynamic stability is often referred to as active stability, and implies that balance is
only achieved through motion, thereby in general, demanding more active strate-
gies. If a walker is not statically stable it will start to fall. Balance is then resumed
by placing a foot (or feet) such that the fall is braked and the motion of the body is
changed. As shown by McGeer (1990), dynamic walking can be achieved by
passive biped-like mechanisms, walking down a small incline, without any actua-
tion except the influence of gravity. Dynamic stability is therefore sometimes
described as controlled falling as it allows the body to fall freely for shorter periods
of time, including periods of flight, until a new foot is set down. The advantage
with dynamically stable gaits is that they are generally faster than statically stable
gaits.
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Gaits of quadrupeds

0.0 0.5 0.0 0.5 0.0 0.5 0.0 0.3
0.75 crawl 0.25 0.5 trot 0.0 0.0 pace 0.5 0.7 canter 0.0
0.0 0.1 0.0 0.1 0.0 0.0 0.0 0.0
0.5 06 0.6 0.5 0.5 0.5 0.0 0.0
transverse gallop rotary gallop bound pronk

Figure 2.4. Relative phase for different quadrupedal gaits (from Alexander,
1984).

2.4. Gaits of quadrupeds

As discussed previously, the gaits of quadrupeds can be divided into creeping gaits,
faster walking gaits, and running gaits. This is based on the classification that
creeping gaits have duty factor greater than 0.75, faster walking gaits have duty
factor between 0.5 and 0.75, and running gaits have duty factor less than 0.5. The
gaits that are used by quadrupedal animals have often been given names, where
some commonly known examples are crawl, trot and gallop. The typical relative
phase for some of the most common quadrupedal gaits, are shown in figure 2.4.
However, often different gait event sequences are reserved the same gait name,
although they should be different gaits, according to the mathematical model. In
the following discussion, some of the gaits that are used by mammals are
described, starting with the slowest gaits. Gait diagrams are used to show the
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development of the gait as a function of time. Each frame in the gait diagram is
taken at an event of the gait, solid circles will denote foot in ground contact, open
circles will denote a leg that has just been lifted, and dashed circles denote the posi-
tion where a foot will be set down next.

For a very slow walk, for instance a predator stalking its prey, a mammal will use
a creeping gait. The advantage with creeping gaits is that they are generally stati-
cally stable and hence can be executed arbitrarily slow. Of all 5040 different possi-
ble gaits for quadrupeds, there are only 6 that allow the animal to have three legs
in ground contact at all times. McGhee, and Frank (1968) showed, under somewhat
restrictive conditions, that three of these six gaits were statically instable and one,
the crawl gait, maximizes the stability margin. The crawl gait is a regular alternat-
ing gait and the most common walking gait used by quadrupedal animals. In a
crawl gait the placing of a hind leg is followed by lifting of the front leg on the same
side. The front leg is then set down again before the hind leg on the other side is
lifted, and the sequence continuous, as shown in the gait diagram (A) of figure 2.5.
A necessary condition for the crawl gait, in order to always have three legs on the
ground, is that a leg in the air must be set down before the next one is lifted. The
gait event sequence for crawl gait is then

{01 Wa b4 W2 2, Y3, P, W1} (2.2)

The crawl gait is an alternating gait, meaning that there is a 0.5 phase difference
between a left and right pair legs, i.e. there is half a cycle time difference between
setting down a left and right leg pair. If it is further assumed that the gait is regular,
l.e. that all the legs have the same duty factor, then the timing of the events can be
defined using only two parameters, the duty fag@nd the relative phase of one

of the hind legs. For instance, if the relative phase of leg 3 is equslttee relative
phases for all the legs are

¢; =0 ¢, = 0.5 ¢3 = ¢ ¢4 =¢-05 (2.3)
In order for the gait to be statically stable, the duty factor has to f@fib< 3 <1

and the relative phase ofleg3 hastofulliib—B<¢ <3 ,inorderto have always
three legs in ground contact at all times.
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(A) Non singular crawl gait .
2

)

I ; ;
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(B) Singular crawl gait

N

o

b1 Wy ba=gr o W3 b3=y,

Figure 2.5. Gait diagram for (A) non singular, and (B) singular, quadmaipe
crawl gait.

The results of McGhee, and Frank (1968) showed that a singular crawl gait, in
which a front leg is lifted at the same instant as the hind leg on the same side is set
down, maximizes the stability margin. The resulting relative phase is

¢, =0 ¢, =05  ¢3=0 ¢, = B-05 (2.4)
which is equivalent with setting = 3 in equation (2.3). A gait diagram for such

a gait is shown in figure 2.5.(B), where for example, it is shown for the event
¢, = Y, that leg 4 is set down at the same instant as leg 2 is lifted.
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Figure 2.6. Relationship between the gait event sequence and duty factor ac-
cording to Inagaki, and Kobayashi (1993).

As the speed increases, the duty factor will decrease and fall outside the creeping
gait region. The transition from walking to running gaits can be continuous, for
example, a cat will have a continuous transition from crawl gait to trot gait
(Wadden, 1998). Inagaki, and Kobayashi (1993) proposed a rule for the relative
phase of a quadruped to have a smooth transition from crawl gait to trotting. This
rule is identical to the one McGhee, and Frank (1968) proposed in equation (2.4).
When the duty factor is decreased from 0.75 to 0.5, the gait will smoothly transfer
from crawl to trot, as shown in figure 2.6. The gait event sequence for a duty factor
between 0.5 to 0.75 is then

{01, Wo &4 Ws, O, Yo, P, Wl (2.5)

The gait event sequence will be different but the order in which the legs are placed
will be the same. The main difference is that the hind legs are lifted before a front
leg in the air is set down, as shown in the gait diagram in figure 2.7. The trot gait
will then appear as the limit of the gait event sequence for a duty factor equal to
0.5, at which the events are given ap, = ¢, = Y, = Y3 =0 and
¢, = 653 = Y, = Y, = 0.5. Atrot gait is usually defined as an alternating gait
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(A) Trot (B) Pace
N
2 2 .
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Figure 2.8. Gaitdiagram for (A) quadruped trot gait, (B) pace gait, for duty fac-
tor 3 =0.5. In a trot, the diagonal legs move synchronously, while in pace, legs
on the same side of the body are moved synchronously

with duty factor ranging from 0.3- 0.5 and has relative phase

¢, =0 ¢, = 05 ¢; = 05 ¢, =0 (2.6)
The trot gait will therefore switch between two diagonal supporting legs as shown
in the gait diagram (A) in figure 2.8. Another gait in the same speed range as trot

Is pace, in which ipsilateral legs step at the same time on one side of the body and
then the other as shown in (B) in figure 2.8.

For quadrupedal animals there are a variety of running gaits. Trotting, pace and
canter are examples of slower running gaits with duty factor ranging between 0.3-

b1 Wy ba=Wo &> W3 3=y

Figure 2.7. Gait diagram for the gait rule proposed by Inagaki and Kobayashi
(1993), with duty factof.5<(3<0.75 .
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2. Introduction to legged locomotion

(A) Rotary gallop
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b1 =9, W1=yo b3=d4 W3=1y
Figure 2.9. Gait diagram for (A) rotary gallop, (B) bound, fo= 0.4.

0.5. With increasing speed animals will switch to gallop which is usually executed
for duty factors that are less than 0.4, as is shown in figure 2.9. The main difference
between the running gaits is that trotting and pace are alternating gaits whereas
galloping is a non alternating gait. Non alternating gaits usually make significant
use of bending of the back whereas alternating gaits do not (McMahon, 1985).
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3. KINEMATICS OF LEGGED ROBOTS

Kinematics is the study of the geometry of a mechanical system, where the motion
of the system can be described in terms of the velocity and acceleration of all its
components. The components can be connected through different types of joints,
which limit how the components can move relative to each other. The interconnec-
tion of the components implies that the motion of the components relative to each
other is constrained. Newtonian mechanics state that the forces acting on a system
change the motion of the system. The forces can be divided into constraint forces,
that limit (or constrain) the motion, and generalized forces, that cause the motion.
Kinematics describe the interconnection of the components and the constraints
without regard to the constraining forces and defines the motion of the intercon-
nected bodies through space without regard to the generalized forces that cause a
motion. The relationship between force and motion, i.e. the dynamics of the
system, will be the subject of section 4.

It is assumed here that each component of the mechanical system can be treated as
a rigid body. A rigid body can be defined as a component for which the distance
between any two points in the component is fixed, i.e. the points can not move rela-
tive each other. The generalized coordinates (or configuration coordinates) deter-
mine the geometric configuration of the mechanical system. This means that any
point in the mechanism can be specified by giving the values of the generalized
coordinates. The generalized coordinates can be chosen in different ways where
the choice is dependent on, for example, which coordinates are of interest, for
instance due to placement of sensors, or simplification of the equations. The mini-

25



3. Kinematics of legged robots

mum number of generalized coordinates that specify the configuration of the
mechanism is called the geometric degree of freedom. A kinematic motion of the
mechanism is determined by specifying all the generalized coordinates as function
of one single variable, for example time, and thereby generating a curve for the
motion of all points in the mechanism. The coordinates have to be given relative to
a frame, usually a cartesian coordinate system, that is fixed relative to the earth.
This frame will be called, interchangeably, the world frame or the inertial frame,
depending on the context. Additional frames are defined for each of the compo-
nents such that the orientation of a specific frame relative to a specific component
Is fixed, i.e. the frame will rotate with the component relative the world frame.

The focus will be on the forward kinematics, i.e. given the values of the generalized
coordinates the configuration of the mechanism is specified. This is generally a
straight forward problem as the generalized coordinates are chosen, in most cases,
such that the positions of the points, in the mechanism, are functions of the gener-
alized coordinates. An often more difficult problem is the inverse kinematics,
where, given the position of a point in the mechanism, the generalized coordinates
for that point are found. In many cases this can give multiple solutions, as a differ-
ent set of values for the generalized coordinates can give the same position of a
point. The subject of inverse kinematics will not be addressed as it will not be used
in the work presented here, and therefore is beyond the scope of this thesis.

This chapter will derive the kinematic relationships needed for the work presented
later on. As such it will not be very rigorous. Systematic approaches for formulat-
ing the kinematics exist, such as Denavit, and Hartenberg (1955). A survey of kine-
matics can be found in Lind (1993), and Lennartsson (1999). Further reading can
be found in standard text books, such as Lesser (1995), Isidori (1995), and Murray,
et al. (1994)
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Kinematics of the body

5

fN

Figure 3.1. Configuration of WARP1. The cylinders represent rotational joints
where the rotational axis is along the longitudinal axis of the cylinders.

3.1. Kinematics of the body

The structure of the quadruped robot WARPL1 is described in section 1.1. First the
motion of the body through space and the generalized coordinates associated with
it will be defined. The discussion is, however, general for the motion of any free
component. The motion of a single component through three dimensional space
has a geometric degree of freedom of six and can be described with a set of six
generalized coordinates. Three coordinates are needed to define the position of an
index point of the component, and three coordinates to define its orientation.
Several frames are needed to define the motion of all the different parts of the
robot. The frames are all given by a chain of simple rotations, as shown in figure
3.2. This means that a right handed rotation around one axis of a frame will define
a new frame, and the next frame will be defined by a single rotation around any of
the axis of this new frame.

A fixed world frame fN, is defined having its third axis parallel but opposite to the
gravity vector, i.e. pointing straight up. The index point for the world is denoted by
N, and placed at an arbitrary but fixed position in the worldo@dy frame fBs
defined, with fixed orientation relative to the body of the robot, with axis 1 pointing
along the longitudinal axis of the body in the forward direction, axis 2 in the lateral
direction, to the left of the body, and axis 3 upwards, as shown in figure 3.1. The
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3. Kinematics of legged robots

fN to fA fAto fA fA' to fB

i:;

0 e®

Figure 3.2. Chain of simple rotations, from frame fN to frame fB.

orientation offB relative tofN is defined by a chain of three simple rotations which
define a rotation matrixNRB((_pB) , Wherg, 0 03 is the vector of generalized
coordinates associated with the rotations, as shown in figure 3.2. The first rotation,
(pB(l), is the yaw of the robot, i.e. the rotation around the third axif\pfwhich
defines a new frami&\, which will be called thattitude framefor reasons that are
explained later on (see also Rehbinder 2001). The second rotqng@t)], is the

pitch of the robot, i.e. the rotation around the second axiBApfvhich defines
framefA'. Finally, the third rotation(pB(3) is the roll of the robot, i.e. the rotation
around the first axis of frami\’. The rotation matrix fronfB to fN is then given by

cott) —sptb 0| | co® 0 seP|(1 O 0
N~B
R(®) = |sp cog off 0 1 0 ||0cof) —sef® (3.1)
0 0 —s@i?) 0 co?)| |0 sef) cof)

wherecql) = cos(@f)) ands@{) = sin(@§)) , which results in
COEICOR) ol sel el -selcel?) coltselcol?) + spsef?)

R” = |spco@ soi)so@ s + cocol st se)co ol sold
—s@) coPseR) coPce®

N

(3.2)
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Kinematics of the body

The index point for the robot’s body is chosen as its center of mass, and denoted as
point B. The generalized coordinates, associated with the translation of the body,
are chosen as the components of the position vector from the index point of the
world, pointN, to the index point of the body, poiBt expressed in the world frame

fN, that is

Xg = T (3.3)

wherexg 00 O3 is the vector of generalized coordinates associated with the trans-
lation. The generalized coordinates for the position of the body are, therefore, the
cartesian position of the index point of the body in the world frame. The position
and orientation of the body is then defined by six generalized coordinates, defined
as a vector

R [Xg (_pgT 006 (3.4)

Given these relations for the position and orientation of the body, and the general-
ized coordinates associated with it, the motion of the body through space can be
derived, and the position of any point in the body specified. Given a pbinthe

body (which might for instance be the position of a hip joint), the position vector
from pointB to H is constant when expressedi) i.e. the vector [BH IS constant.

The position of poinH relative to the world origin is

[NH _ [NB+rBH (3.5)

Given this relation it is of interest to derive the motion of pdht Straight forward
derivation of equation (3.5), expressedNn gives

N N N
_d NH = _d NB _d BH
ST TE T (3.6)

where the frame information in front of the derivative operator indicates that the
derivation is done on the vector expressed in the world friNnAs the vectorBH,
expressed ifB, is a constant vector, its derivative is zero. Equation (3.6) can there-
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3. Kinematics of legged robots

fore be rewritten as

N N N
d d d N.NB N_-BB BH
_dinm = _rNB+_(NRBB BH) = NpNB  NRBB,

at gttt (3.7)

In order to have all the vectors expressed in the world frame, equation (3.7) is
rewritten as

N
d N.NB  N_=BB_NN_BH
_rNH = r r

i’ r + R R (3.8)

The first term in equation (3.8) is the velocity of the index pd&néxpressed ifiN

Nd
NNB _ O g = NpNB

v i’ r (3.9)

while the second term is the velocity of pokitrelative to poinB due to the angu-
lar velocity of the body. The angular velocity of the body, i.e. the angular velocity
betweerfN andfB, expressed iflN, is found by the relation

"o%(g, 9;) = R R" (3.10)

where"Q® is the anti-symmetric dual matrix of the angular velocity ve'\clzt_oBr ,

0 —w; w,
NQ® = Ww; 0 —w (3.11)
-0, w; 0

and wherew; are the components of the angular velocity vector, expreéised in

"o = [ool W, oo:,]T (3.12)

The velocity of poinH is then given by

NH NB N B BH NB N~ B_BH
) =V + W Xr =v + Q7

(3.13)

Generally a linear relationship exists between the velocity and angular velocity of
a body and the derivatives of its generalized coordinates. The velocity of the body
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Kinematics of the legs

center of mass is given by
= Xg (3.14)

which clearly is a linear relationship. Insertion of equation (3.2) into equation
(3.10) results in a linear relationship between the angular velocity vector and the
derivatives of the generalized coordinates for the rotation.

"W’ = 0@y 0, (3.15)

where the matrix ®° is given by

0 —s¢fh coiPeel?
"o°(@y) = [0 co O (3.16)
1 0 —s@?)

when expressed in franfé\. If the angular velocity is expressed in frarfig it
results in

—s@l?) 0 1
(@) = |codsgl) cl O 3.17)
coPcel® —sei 0

3.2. Kinematics of the legs

The frames for the linkages of the legs are defined by a chain of simple rotations
from fB. Each linkagg, of legi has aframéLi,j attached to it, and the index point

Li; is placed at the center of mass of the link. The generalized coordinates are
chosen as the rotation of the joints of le@s shown in figure 3.3, and defined as

a vectord, , where in the case of WARRR,0 03 | as the legs have three degrees
of freedom with respect to the body. The first joint of leg defined by rotation

81 around the first axis ofB, i.e. a rotation around the longitudinal axis of the
robot, which defines the framig; ;. The second joint is defined by rotatid$?
around the second axis of tfig 1, which defines framé.; ,. Finally, the third joint

is defined by rotatior8(®) around the second axidlgh, which defines frame

fL; 3. Adding this new sets of generalized coordinates to those defined for the body,
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3. Kinematics of legged robots
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Figure 3.3. The generalized coordinates chosen to define the position of the link-
ages of leg i, relative to the body.

results in a vector of generalized coordinates chosen for the whole robot as
T
q = [x3 g o7 o] o] ]| 0O (3.18)

The rotation matrix from framé.; ; to fB is denoted asEfRiL'j , and rotation matrix

betweenfL,; to fL;;; is denoted a§j_iRtj . The angular velocity of each link,

relative the world frame, is defined by the rotation matrix and its derivative,
expressed ifN, as

BQ.L

. . i N - L

whereNQiL,j Is an anti-symmetric matrix of the components of the angular velocity

vector'\'(A)lL’j : aanQiL’j Is an anti-symmetric matrix of the components of the angu-
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Kinematics of the legs

Figure 3.4. Relationship between the position vectors of link j of leg i.

lar velocity vectorB@IL, j given by
BAL . N £ S NB oL B N
Q| (95 05 80~ 0,6~ V) = "R Ry ORE, PR (3.20)
The angular velocity vector betwe#ln; andfL, ;. ; is denoted ; _i@,L,j and is only
a function of the derivative of the generalized coordinate defining the rotation
between the frames, i.e. it is only functionddf
The position vector P} is the vector from index polito the index point;, i.e.
the index point of link of legi, as shown in figure 3.4. The position of the center
of mass of link of legi relative toN can be written as

[NH(Xg, Qg B2~ 1) = [NB+ B (3.21)

The position vector of; ; relative toB, when expressed i, is only a function of

33



3. Kinematics of legged robots

the joint coordinate§(* - 1) | i.e.
N _BL ; NSB BL ;
rr 5 (g 8~ D) = "R°(gg) ry’ (8~ 1) (3.22)
The velocity of the index point of each linkage is then
VL (%, O By B 1, 1 D) = yNB 4 yBL 1+ NP rBL (3.23)
wherevP} is the velocity df;; relative toB, i.e.
®d
vBL = —=¢BL (3.24)

ST g

3.3. Motion of the feet relative to the body

The motion of the body is determined by the motion of the feet in ground contact,
and the stability of the robot is dependent on where the feet are placed relative to
the center of mass of the robot. This section will therefore look at the relation
between the position and motion of the body, relative to a foot that is in ground
contact.

If the pointP; is the position of the foot of leg as shown in figure 3.5, then let'?
be the position of the foot of laegelative to poiniN, where

(NP = [NB 4 BP (3.25)
and the velocity is
\—/iNP — \_/NB+\_/iBP+ N@BX [iBP (326)

The velocity of the foot relative to the body is given by

B B BP
B B8P _ dgp_0F Ddei_BP .

whereBJ,P is the Jacobian which, in thiscase, i8a 3 matrix. Let pHirtenote
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Motion of the feet relative to the body

Figure 3.5. Relationship between the position vectors for foot i.

the position of the hip of leg i.e. the position of the first joint of legthen
[iBP — [iBH + r_'iHP (328)

As 1B is a constant when expressedBnthen

aBr BP aBI’ HP
B. BP ; Li ; Li ; B HP ;
i 1 | ael | ael | i i I
The Jacobian for leis then
5 p aB[iBP aB[iHP
J7(8) = = (3.30)

00, 06,

If the foot is in support and therefore stationary on the ground, assuming that the
foot doesn’t slip and that the ground is completely rigid, then the velocity of the
foot relative the world coordinate system is zero, i.e_zi'ﬂp = 0 . The velocity of
the foot relative to the body is then found by setting equation (3.26) equal to zero
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3. Kinematics of legged robots

and isolating the relative velocity, i.e.

yiBP — _\_/NB_N@BX [iBP (3.31)
AsV\° andN@B are the velocity and angular velocity of the body, equation (3.31)
gives the velocity of a foot, in support, relative to the body. If the robot body main-
tains a constant orientation, it can be seen that the motion of the foot relative to the
body, is simply opposite to the motion of the body. Otherwise, the motion of the
foot will be dependent also on where it is placed relative to the body.

If the foot is stationary on the ground, equation (3.25) gives a coupling between the
generalized coordinates which makes several of them redundant, meaning that the
geometric degree of freedom of the system is less than 18. For example, if the posi-
tion of the foot is expressedfN, the coupling can be written as

Xg = 0 =" (96) (3:32)
where the vecto'F'[i " is a constant. However, since the assumptions that the foot
Is stationary on ground and that the ground is totally rigid are not completely true,
this coupling will be ignored in the derivation of the equations of motion. Further-
more, the foot contact is not a point for WARP1, which has an oval club foot, so
the contact point of the foot will move during the contact phase.
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4. THE EQUATIONS OF MOTION FOR LEGGED ROBOTS

Dynamics is the study of how mechanical systems move under the influence of
force. The force may be a function of position, velocity and time, and acts on the

mechanical system to change its state of motion. The resulting motion will depend

upon the kinematics of the system and the mass distribution. The equations of
motion describe the dynamics of the system and give the relationship between the
forces and the generalized coordinates. The forward dynamics describe how the
system moves under the influence of force, while the inverse dynamics describe
what force will make a mechanical system move in a predetermined manner.

Several methods have been developed for deriving the equations of motion, where
the most commonly used in engineering are Newton-Euler, Lagrange equations,
and Kane’s equations. An overview can be found in Lind (1993), and Lennartsson
(1999). The methods are all equivalent but there is a large difference in how the
methods proceed. The Newton-Euler method sets up the mechanical system as free
bodies and includes constraint forces to describe the connections between compo-
nents. Lagrange equations and Kane’s equations are more based on kinematics,
where the constraint forces are eliminated by use of D’Alembert’s principle, in
which the forces are projected onto certain directions. Otherwise the two last meth-
ods are quite different. Lagrange equations is an analytic approach, in which an
operator, called the Euler-Lagrange operator, is applied on the difference between
kinetic and potential energy. Kane’s method uses kinematic differential equations
for velocity transformations and partial velocities to identify the directions that the
forces are projected onto. Further reading can be found in standard textbooks on
mechanics, such as Lesser (1995).
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4. The equations of motion for legged robots

In this section the equations of motion will be derived using Lagrange equations.
For a short introduction see Appendix A. Section 4.1. will describe the equations
of motions of a robot with rigid joints, and is loosely based on Koo, and Yoon
(1999). Section 4.2. will include joint dynamics in the equations of motion, includ-
ing speed reduction gear, elasticity in the transmission and dynamics of DC-
motors.

4.1. Equations of motion for the quadruped robot WARP1
The first step when using the Lagrange equations is to form the Lagrangian, denot-
ed asl, which is the difference of the kinetic and potential energy, dendtaad
P respectively, of the system, i.e. the Lagrangiain#sT - P. Mechanical systems,
such as robots, have two important properties: The potential energy is only a func-
tion of the generalized coordinates, i.e. the potential energy can be expressed as
P(qg), and the kinetic energy is a quadratic function of the derivatives of the gener-
alized coordinates (Ortega, and Spong, 1988). The kinetic and potential energy are
now formed by summing together the contributions of each component of the
robot. The motion of the components of the robot was defined in section 3. For

. N B
shortness Sf erotatlon let, = tNB ry; =it vp = vNB v, = vt g = W
andw; = "Wy .
The kinetic energy for each component is composed of two parts, one due to trans-
lation and one due to rotation. The kinetic energy for the robot’s body is then

Y 1
Tg = >MeYgVYp * §@B| BWg (4.1)
wheremg andl g are the mass and the inertia matrix of the robot’s body, respec-
tively. In the same manner the kinetic energy for the links of ieg
1 3
T
T = 5 z {mij\-/i-}—\-/ij + W Iij (A)ij} (4.2)
j=1
Wheremij andl j are the mass and the inertia matrix, respectively, for jliokleg
I. The total kinetic energy of the whole robot is then
4
T(9 8 = Te(de G5) + > Ti(a. O (4.3)

i=1
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Equations of motion for the quadruped robot WARP1

As discussed in section 3., there exists a relationship between the velocities and
angular velocities, and the derivatives of the generalized coordinates. The total
kinetic energy can then be formulated on matrix form as a quadratic function of the

derivatives of the generalized coordinates, as discussed above, that is

T(a 8 = 36"D(@)9 (4.4)

where the matriD is the inertia matrix, which is a symmetric and positive definite
matrix, andg is the vector of generalized coordinates defined in equation (3.18).
See Appendix B for details on how the inertia matrix is formed.

The potential energ® is in this case the gravitational potential eneRgy which
Is only a function of the generalized coordinates
4 3

P(@) = Pol0) = YTl + 3 3 My (45)

i=1lj=1
wherey is the vector of gravitational acceleration, which is, when expressiéd in
T . . .
N\_/ = [o 0 —391 ,Whereag is the constant acceleration of gravity.

The Lagrangian is now formed lhy=T - P, whereT andP are given by equations
(4.4) and (4.5), respectively. Applying the Euler-Lagrange operator on the
Lagrangian gives

g e = Ghiag ag 1@ 9-P(@) = 1 (4.6)

wheref is the vector of generalized forces, which are the projection of the forces
acting on the system along the directions of the generalized coordinates. Applying
the operator in a straightforward manner results in

D(a)d + D@~ 55D+ P(D = (4.7)

The left hand side is usually divided into different parts depending on the nature of
the forces, into inertial forces, centrifugal and coriolis forces and gravitational
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4. The equations of motion for legged robots

forces. The equation of motion is then expressed as

—

(4.8)

D(g)g+c(q @) +9g(q) =

The firstterm in equation (4.8P(q)g s the inertial force which is an acceleration
dependent force. The second tecfu, ) is the vector of centrifugal and coriolis
forces, which has quadratic terms of the derivatives of the generalized coordinates.
Terms of the form(¢(V)2 are called centrifugal terms whereas terms of the form
q® g, i #j, are called coriolis terms. The third term is the vector of gravity
forces,g, defined as

9(a) = 2Pg(a) (4.9

It is shown in Appendix B that the inertia matrix has a special structure. Equation
(4.8) can be expressed as

D, D, D)o DJiz Dfes Dled| | %8| [ %] |
Dy D¢ Dger Doz Dges Dieal |P8| | Co Yo fy
Dyo1 Dgor Der O 0 0 |[8y], |Cor| , |9oa| _ | o (4.10)
Dyo2 Dge2 O Dgp O 0 ||9,| [C2] [ fo2
Dygs Dgos O 0 Doz O ||@,| |Ce3| |Yes fos
'Dyoa Dgos O 0 0O Dy, 0, |Se4 o4 _f_94_
where all the submatrices of the inertia matrix are of §2e3 , and the subvectors

of the vector of centrifugal and coriolis forces, gravity and generalized forces are
of size3x 1.

The vectoff is the vector of generalized forces acting along each generalized coor-
dinate. It will be assumed that only external forces and moments act along the
generalized coordinates associated with the body, along the directiogs of  and
Q. i.e. f, andf_(p are the external force and moment acting on the body. The forc-
es acting in the direction of the joints are torques and can be defined as the sum of
three parts: applied torques, i.e. output of the actuators at the joints, dissipative

or frictional torquesty, and external torques,, such as, due to the reaction forces
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Equations of motion including joint dynamics

from the ground. The vector of generalized forces for each leg can be expressed as,
fori =1...4,

(4.11)

where1, ; and1;;, fori = 1...4, are the vectors of applied and frictional torques,
respectively, acting on the joints of leglt is further assumed that the frictional
torque at a jointis only a function of the derivative of the generalized coordinate at
that joint, i.e. the frictional torque at joipof legi is Iﬁ)i('Qi(j)) :

The external forces will be assumed to be mainly due to the interaction with the
ground through the feet, i.e. due to the ground reaction forces. In order to map the
reaction forceR, acting on foot, to external torqueg, ; at the joints, the preserva-
tion of the instantaneous power flow, from foot to the body, can be used. If the
force and velocity vector of the foot are expressedBnthen the instantaneous
power flow for legi is

B = R Oy = RO B (4.12)
WhereBJiP is the Jacobian of the velocity of the foot relative to the body, defined

in equation (3.30) in section 3.3. Equation (4.12) gives the relation between the
torque and the reaction force from the ground as

1, = (9 R (4.13)

4.2. Equations of motion including joint dynamics

In this section the equations of motions will be derived for the robot, given that the
joints are actuated by rotary DC-motor, gear reduction and an elastic transmission.
Elasticity arises naturally in transmissions in the gears and the shafts, but this effect
Is often negligible if the joint is sufficiently rigid. However, if the joint is relatively
weak, the elasticity can have a seriously deteriorating effect on the performance of
the robot if the elasticity is not taken into account in the control design.

The complete model for an elastic joint can be extremely complicated. To simplify
matters, it is assumed that the rotor and gear inertia are symmetric about the axis
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4. The equations of motion for legged robots

of rotation. This results in that the translational position and velocity of the rotor

are independent of its angular position and velocity. The potential gravitational
energy and translational kinetic energy of the rotor can then be included in the total
energy of the link that the motor is attached to (Spong, 1987; Tomei, 1991).

The joints of WARP1 are actuated by DC-motors, and have transmissions that
consist of a harmonic drive and a wire-pulley system. Both the flexspline of the
harmonic drive and the wires give rise to a noticeable elasticity in the transmission.
Infigure 4.1 itis shown how the joints are modelled. The DC-motor stator is rigidly
attached to one link, and the rotor is attached to the next link through the transmis-
sion. The inertia of the rotor and transmission are lumped together into a single
inertia of the rotor. The transmission has reduction ratio, @hd an elasticity with
stiffness ofk, where all the elasticity is assumed to be on the joint side of the gear.
The variabled is the angle of link relative to linkj-1, i.e. it is the generalized coor-
dinate for the joint as before, but where the indices have been dropped for clarity.
Two new angles are definelz is the angular position of the rotor relative to link
j-1, andB), is the is the angular position of the output shaft of the gear, relative to
link j-1. The two new variables are related throigh= n6y,, i.e. the rotor will
rotaten times faster than the output shaft of the gear. A fréiRis defined as rotat-
ing with the rotor, which has an angular veloc?fggR relative to the inertial frame
fN,

N = W gt Wg (4.14)
wherew, ;_; was definedinsection3.2.amgd is the angular velocifig #la-
tive tofL;; 1. The rotational kinetic energy of the rotdp, is then

1N RT

N R_1
Tr=500) Tg @ = S{a]j_ 11w 1+ 207 ;1 rWz + Wkl gWR} (4.15)

wherel r is the inertia matrix of the rotor. If the angular veloctty,  is expressed

in fR then the angular velocity of the output shads,, related through
W = NlWy.
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Equations of motion including joint dynamics

Figure 4.1. Model of an elastic joint.

The rotational kinetic energy of equation (4.15) is then
1
Tr = Q{ W5 1 1RW; j_1+20WT; 41 Wy + N2, |y} (4.16)
where all angular velocity vectors are of the same order of magnitude.

Spong (1987) proposed to use an approximation if the rotor inertia is relatively
small and the reduction ratio is large. The assumption is that the kinetic energy of
the rotor is due mainly to its own rotation, or equivalently, that the motion of the
rotor is a pure rotation with respect to an inertial frame. If the inertia of the rotor is
very small and the gear reduction ratio is lanfe>n , I.e. if the first two terms in
equation (4.16) are negligible relative to the square of the gear ratio, then the kinet-
ic energy of a rotor due to its rotation is approximated by

Tr= 32087 (4.17)
wherel is the inertia of the rotor around its axis of rotation. The terdis often

called the reflected inertia of the rotor. The total approximate rotational kinetic
energy due to the rotors is then

4
Tm = éz{niz.j‘]i,j(el(v{l))z} = ZleI\T/IiJiQMi (4.18)
) i =
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4. The equations of motion for legged robots

where the indices,andj, refer to joing of legi, 6,,; is a vector of generalized coor-
dinates associated with the angular position of the rotors af kgpJ; is the diag-
onal matrix of the reflected inertias of the rotors

n?;Ji; O 0
Ji=| 0 nJ, O (4.19)
0 0 nZyJ;,

The total kinetic energy of the system is then
4
T(g @ = 24'D(@)4+3 T 6m Jibu (4.20)
o 2 o 2i =1
where the inertia matrix has been modified to include the translational kinetic ener-
gy of the rotors, as discussed in the beginning of this section.

The potential energy consists of two terms in this case, the gravitational potential
energy, and the elastic potential energy stored in the springs, i.e. the total potential
energy isP = Pg + Py, wherePg from equation (4.5) has been modified to include
the mass of the rotors. The elastic potential energy stored in the springs is

Py = ZjT(kf)i(éi‘j))déi(j) (4.21)
1]

WheI’ETk’i(j) Is the spring torque in jointof legi, which is a function of the twist
of each spring8{ = 8{j)—8() . If a linear elasticity is assumed, the energy
stored in the spring is

4
Py = %;ki,mew—ew - %i;(am—@owi(em—eo (4.22)

wherek; ; is the stiffness coefficient for jointof legi, andK; is diagonal matrix of
the stiffness coefficients of lag

ki, O 0
Ki=|10 k, 0 (4.23)
0 0 ks
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Equations of motion including joint dynamics

Applying the Euler-Lagrange operator results in the equations of motion for the
robot with joint dynamics. The external forces act only on the joint coordinates, as
before, but the applied and friction torques are now acting on the motor coordi-
nates. The resulting equations of motion are

D, DJy Do Dloz Dfos Dled| %8| || %] | 0] | K
Dyy Dy Djos Dl Doa Dfus||%| (6| [%] | O] |1,
Dyo1 Dgor Der 0 0 0 18, Gl | 1Foaf _ | Tka| = |1, 4| (4.24)
Dyo2 Dgoz 0 Dgo O 0|16, Co2 Yo2| |Tk.2 Teo
Dyos Dges O 0 Doz O |8, |Ces| |Gps| |Tks T s
_DX94 D(P94 O O O D94_ _64_ _964; _994; _Ik,4; _Ie 4;
J; 000 B T 1 Lol |Tha
0J; 0 0118m2|, [Tz = |Taz| _|Tr.2 (4.25)
0 O J3 0 QMS Ik3 Ia,3 If 3
1000, _EMAL oy a4 [T14
where the vectors of spring torques are defined by
T = Ki(By;—6) (4.26)

The applied torques on the rotors are proportional to the current in the motor,

T, = Kyl (4.27)

ai i

whereKy; is a diagonal matrix of termg jk; ; ; wherek; ; is the torque constant of

the motor, andj; is the vector with currents for the motors of led\ simple model

for the dynamics of a DC-motor is
(1)

Uij = 1ili +ri,j|i(J)+ni,jkemf,'Lj

o] (4.28)

wherel;; is the inductancer;; the resistance ankk ;;the back electro-motive

constant, respectively, for each motor in jgiof legi.
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5. STABILITY OF STATICALLY BALANCED GAITS

A common assumption in statically stable walking is to neglect the effect of inertial
forces acting on the robot. This is motivated by the relatively slow speed of stati-
cally stable gaits, in which case, gravitational forces are more dominating than
motion dependent forces. The strategy is then to maintain the vertical projection of
the center of gravity within the support area at all times, i.e. the area formed by the
feetin ground contact, otherwise there would be an uncompensated moment acting
around an edge of the support area that could cause the robot to tip over. However,
if the vertical projection of the center of gravity is sufficiently close to an edge of
the support area, a small momentum of the robot, an external force, or uncertainties
in the exact position of the center of gravity, may be sufficient to tip the robot over.
The loss of stability may cause a walking robot to fail to move as desired by the
operator. A minor failure would be when the loss of stability results in a disruption
of the gait in order to regain balance, for instance, by changing the timing or
sequence in which the feet are lifted or set down, or by shifting the body in an
unplanned manner. A more severe failure is when the robot tips over on its side,
risking damage to itself and its surroundings. In order to reduce the risk of the robot
losing stability while walking, a measure for the stability of the robot can be used
in the gait and motion planning, in order to avoid or detect that the robot could
become instable.

The aim of this chapter is to develop a stability measure, that can be used in plan-

ning a statically balanced motion for the robot. This measure will be based on
determining the distance that the vertical projection of the center of gravity of the
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5. Stability of statically balanced gaits

robot, has to maintain relative to an edge of the support area. This distance is based
on that the neglected inertial and external forces, acting on the robot, will not be
able to tip the robot over. Section 5.1 will review some of the stability measures
that have been proposed for walking robots. Section 5.2 will provide the basic
theory necessary for the derivation of the stability measure. Section 5.3 will
provide a basic relationship for the position of the vertical projection of the center
of gravity of the robot, relative to an edge of the support area, in order for a robot
to be statically balanced. The distance of the vertical projection of the center of
gravity to an edge is proposed as a measure of the stability of the robot. Finally,
sections 5.4 and 5.5 will show how the stability measure can be used in the motion
planning and provide a simple example, respectively.

5.1. Stability measures

A natural (i.e. untripped or unforced) tipover of the vehicle will always occur about
an edge of the support area, whereas tripped tipover of the vehicle occurs when one
of the ground contact points encounters an obstacle or a sudden change in ground
conditions (Papadopoulos, and Rey, 1996). McGhee, and Frank (1968) proposed
to use the shortest distance from the vertical projection of the center of gravity onto
a horizontal plane, to an edge of the convex polygon formed by the vertical projec-
tion of the feet contact points onto the same horizontal plane, that they call the
stability margin The stability margin is a measure of how large the neglected forc-
es may be without the robot tipping over. However, the measure does not take into
account top heaviness, i.e. the higher the position of the center of gravity of the
robot, the greater the risk of tipping over. Furthermore, the shortest horizontal
distance is only approximative when walking in uneven terrain, as then the edges
of the support area, around which the robot would tip over, are not in a horizontal
plane.

Messuri, and Klein (1985) proposed terergy stability margifESM), which is
based on the minimum amount of work required to tip the robot over an edge of the
support area. The ESM is defined as the difference between the current potential
energy of the robot’s center of gravity (CoG) and its maximum potential energy
when the robot rotates rigidly around an edge on a circular path, i.e.
ESM = mg(h,.«—h), wherem is the total mass of the robad, the vertical
height of the center of gravity above the edge, hpg,is the maximum height of
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Stability measures

Figure 5.1. The shortest horizontal distance (stability margin) (a) to an edge,
and the ESM = mgh,a¢h) stability measure.

the center of gravity above the edge. The ESM is a function of the height, the
distance to the edge, and the weight of the robot, where the last mentioned, results
in that the ESM predicts that the robot is more stable the heavier itis. Hirose, et al.
(2001) proposed to use the normalized ESM where the ESM is divided by the
robot’s weight, and is motivated by that the inertial and other forces, acting on the
robot, will probably also increase with the weight of the robot. Nagy, et al. (1994)
proposed, as an extension to the ESM, tdmnpliant static stability margin
(CSSM) in which the compliance of the robot and the ground is taken into account.
The motivation is that when the robot starts to rotate around an edge, the whole
weight of the robot is transferred to the two legs forming the edge. The compliance
of the ground, or the legs, would then lower the maximum height of the CoG which
means that the actual work needed to tip over the robot is less than predicted by the
ESM. Ghasempoor, and Sepheri (1995) proposed another extension to the ESM by
including the effect of inertial and external forces. Papadopoulos, and Rey (1996)
proposed a different approach, called tfogce-angle stability margin This
measure is based on the magnitude of the resultant force acting on the CoG, and
the angle it makes with the shortest line connecting the edge and the CoG. If the
angle is zero the resultant force is pointing at the edge, meaning that only the two
feet forming the edge are supporting the forces acting on the robot.

Lin, and Song (1993), proposed the dynamic stability margin (DSM), which is
based on the moments acting around an edge of support area, and normalized by
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5. Stability of statically balanced gaits

the weight of the robot. The dynamic stability margin is defined as

inct (5.1)
min— :
w
whereWis the total weight of the robot arid; is the resultant moment about edge
I due to external, gravitational, and inertial forces and moments, where a negative
M; will turn the robot over the edge, in which case the robot is instable. The DSM

has the unit of length and must be positive in order for the robot to be stable.

For biped robots, and other robots, that rely more on dynamic stability, it is neces-
sary to take into account the inertial forces acting on the robot. In order to plan a
stable motion, the zero moment point (ZMP) has been used extensively (Vukobra-
tovic, and Stepanenko, 1972; Shih, et al., 1990; Yamaguchi, et al., 1993; Yoneda,
and Hirose, 1995; Ito, and Kawasaki, 2000; Kurazume, et al., 2001; Takeuchi,
2001). There exists, however, several different definitions of the ZMP, as
discussed by Goswami (1999), and he argues that ZMP is in fact equivalent to the
center of pressure (CoP), discussed in the next section, which has also been used
In a similar fashion as the ZMP (Kang, et al., 1997; Hirali, et al.,1998; Nelson, and
Quinn, 1998; Silva, and Machado, 2001). Nevertheless, the ZMP and CoP are not
stability measures, but are used in order to plan the robot’'s motion trajectories,
which must fulfill the condition that the ZMP (or the CoP), calculated from the
motion dependent forces and gravity, is within the boundary of the support area.
Otherwise, the ground reaction forces would not be able to support the robot and it
would fall. Goswami (1999) proposed to use thet rotation indicator(FRI) to
provide a stability measure for the planning of motion trajectories for biped robots.
The FRI is the point on the foot/ground contact surface where the net ground reac-
tion force would have to act to keep the foot stationary. If the FRI moves outside
the support area, itis an indication that the robot will start to fall. The distance from
the FRI to the boundary of the support area is then a measure of the stability of the
robot.
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The center of pressure

Figure 5.2. The center of pressure (point C) for ground reaction forces acting a
three points, B, P, and B, in a plane.

5.2. The center of pressure

The basic assumptions for the following work is that the feet of the robot are point
contacts, such that only a force and no moment is transmitted between the ground
and a foot. Furthermore, the stability analysis will only deal with the rotational
equilibriums, i.e. that the robot will tip over an edge of the support area, and not
translational equilibrium, i.e. whether the robot is sliding, where the assumption is
that the friction between the feet and ground is sufficient to prevent any sliding.

Let Fg andMg be the resultant force and moment, respectively, acting at the CoG,
due to the inertial and external forces and moments. The total resultant force,
acting at the CoG, is theR; + my whemeis the total mass of the robot, agd

is the gravity vector. The moment balance equation for pbistthen

S xRAL X (Eg+my) + Mg = 0 (5.2)
|

where pointG is the position of the CoG. The resultant fof€g acting at the CoG
is given by

F, = _mBQNB_Zm,'.Q.NI.‘+ S Ee (5.3)

whereEEv i Is an external force acting on the roh_i)'\{,B aﬁb are the accelera-
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5. Stability of statically balanced gaits

tion of the body and the linkages of the robot, respectively, given by

N 2 N 2 NL
VB = d_[NB al’\':- = d_['J (5.4)
i dt’ B dt’
The resulting momerg acting at the CoG is
N
dH G
Mo == g o+ Y (Mei+r *Ee) (55)
|

whereMg ; is the external moment acting on the robot, the pé&ints where the
external forceéEg ; acts, anddg is the angular momentum around the CoG,

Ho = 15 @ + 3 1 e + 3 oy xm v (5.6)

I ]

As mentioned in section 5.1, tleenter of pressuréCoP) and theero moment
point have been used extensively to plan stable motion for walking robots. They
are defined as points in a plane, which is usually called the ground, and assumed
to be planar. To define a plane, let fraf@ be defined such that the first and
second axis¢; andc, respectively, lie in the plane where the CoP (or the ZMP)
should be found, and the third axts, is normal to the plane, as shown in figure
5.2. The plane does not necessarily have to be horizontal, but let its nojinal
defined as pointing upwards, opposite the direction of the gravity vector, such that
c; [y < 0. Furthermore, leD be defined as a stationary point in the plane.

Goswami (1999) defines tleenter of pressur@CoP) as the point in a plane where

the resultant of the ground reaction forces acts. In other words, the CoP is the point
where the resultant of the ground reaction for%sﬁi should act to provide the
same moment, around some point, as the sum of the moments of the ground reac-
tion forces. To provide the same moment as the ground reaction forces, the result-
ant of the ground reaction forces can act anywhere along a line of action. The CoP
Is then the point where the line of action intersects the ground. The problem of find-
ing the CoP can be formulated as

[OCXZBi = IZ[iOPXBi

OC_O

(5.7)

Cy b

52



The center of pressure

where the poinC denotes the CoP. The solution to equation (5.7) for the position
of the CoP relative to poinO, using the property of the cross product that

xx(yx2 = (xy-(xyz,is

1°¢ = Xy T xRE (5.8)

% Dz—'[] !

The resultant moment due to the ground reaction forces around the CoP, i.e. around

pointC, is
By ey o

Mc = Z[i xR = Cs (5.9)

| % Dz—'[]

The resulting moment has therefore only a component normal to the plane, i.e. the
resulting moment at the CoP is only acting around the normal of the plane, as
shown in figure 5.2.

Arakawa, and Fukuda (1997) define the ZMP as the point on the ground where the
moment generated by the ground reaction forces and torques, only has a compo-
nent that is orthogonal the ground, i.e. the moment at the ZMP only acts around the
normal to the plane. However, as equation (5.9) shows, the CoP has exactly this
property, in which case, according to the above definition of the ZMP, the ZMP
and the CoP are equivalent, as stated in Goswami (1999).

In the case that all the feet are in the same plane as @oirg. if c; [f;” = 0, the
CoP in equation (5.8) is equal to

°¢ = DZ (cs R)rF (5.10)

% DZ R
which is the equation for the position of the CoP as put forth by Goswami (1999).

In this case, the center of pressure will always be within or on the edge of the
convex polygon formed by the feet in ground contact, and can not move outside it.
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5. Stability of statically balanced gaits

Figure 5.3. The forces and moments acting at the center of gravity.

This is a direct result of that the foot/ground contact is unilateral as a foot can only
press on the ground but not pull, in other words, the ground reaction force normal
to the ground can never be negatigg[R, =0 . The CoP can in this case be seen
as the weighed average of the foot positions, where the magnitude of the normal
force, acting at each foot, is used as a weighing factor.

If there are no inertial or external forces acting on the robot, it can be shown that
the CoP is equal to the vertical projection of the center of gravity onto the ground
plane, i.e. the projection in the direction of the gravity vector. For shortness let
PCoG denote the vertical projection of the center of gravity onto the ground plane.
The moment balance equation for pdhtan be expressed as

S xR = 7% % (Eg + my) - Mg (5.11)
|

and the force balance equation, in the direction of the nopytd the plane, can
be expressed as

Cs Dz R = —¢;{Eg +my) (5.12)

Inserting the left hand side of equations (5.11) and (5.12) into equation (5.8), and
using the relationshi[l_)OG = [OG + [GG , where poi@tis the position of PCoG,
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The center of pressure and stability

the position of the CoP is

(OC = [oe+93x(MG+[GGXEG) (5.13)
(c; Eg+ my))
where the relatior[GG xy = 0 has been used. Equation (5.13) shows that if the
resultant force and moment, due to inertial and external forces, are equal to zero,
i.e.if Mg = 0 andEg = 0, then the CoP will equal the PCoG. For comparison,
the CoP calculated using the ground reaction forces in equation (5.8), can be

expressed as

(5.14)

sl

It should be noted that the denominatQiL{E ; + my) of the second term in equa-
tion (5.13) is always less than zero, igg..{E 5 + my) <0 Is always true if the feet
are in ground contact. This can be seen from the force balance equation for the
forces normal to the plane in equation (5.12)cdf {(E; + my) >0, the sum of the
ground reaction forces normal to the plane would have to be less than zero, i.e.
Cy Dz R, <0. That would, however, contradict the fact that the component of the
ground reaction forces normal to the plane is always greater than or equal to zero.
If c; [{Eg + my) = 0, the normal component of the ground reaction forces would
also equal zero, in which case the CoP is not defined.

5.3. The center of pressure and stability

Generally, when there are four feet or more in support, it is not possible to define
a plane such that all the feet, that are in ground contact, are in the same plane. The
edges that the robot may tip over are therefore not in the same plane but will form
the boundary of a more general surface. $hpport surfacevill be defined as the
convex surface, which boundary is formed by the lines connecting the feet ground
contact points, i.e. the surface is formed by the edges around which the robot can
tip over. The form of the interior of the surface is unimportant, however, in order
for the robot to be statically stable, the vertical projection of the center of gravity
must cut the surface within its boundary.
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5. Stability of statically balanced gaits

Figure 5.4. The distance of the center of pressure from the edge formed by points
P, and R,

If the CoP is on an edge of the support surface, the forces acting on the robot are
only being supported by the two feet that form the edge. In other words, the other
feet are not really in ground contact and are not providing support to the robot. The
robot would therefore be balancing on only two supporting legs, which violates the
necessary condition for statically stable gaits to maintain at least three feet in
ground contact at all times, and increases the risk of the robot tipping over. The
criteria that will be proposed here for the stability of the robot, is that the CoP must
be inside the boundary of the support surface and not on its boundary. The shortest
distance from an edge of the support surface to the PCoG will be used as a measure
of the stability of the robot, as it indicates how large the moment around the edge
can be, due to inertial and external forces, without the CoP being on the boundary
of the support surface

In order to examine the stability of the robot around a certain edge of the support
surface, a plane in which the CoP should be found, is defined such that the two
contact points forming the edge lie in the plane. In order to completely define the

plane, a third point is needed and it is chosen as the contact point of a foot that is
supposed to be in ground contact when walking statically stable. This plane will be

referred to as thground planeLet the contact points be denoted®s Py, andP.

in an anti-clockwise manner, as depicted in figure 5.4, where pByasdP,, form

the edge to be investigated. Lebe a unit vector, parallel with the edge, with a
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direction such that a positive moment around the veetaill try to tip the robot
over the edge, i.e. in the case shown in figure& 4, _rpapb/ ||[Pap"||

The unit vectocg, normal to the ground plane can be found from

r Pan X r PaPc

Cy = W (5.15)

where it should noted that points upwards, i.e. opposite to, but not necessarily
parallel with the gravity vector, such that [y <0 . Furthermoretleé a unit
vector, orthogonal to the edge and to vectppointing into the support surface,

t=cyxe (5.16)

Finally, let pointQ be defined as the point on the edge closest to the PCoG, such
thatr®® = At , where\ is the distance from the edge to the PCoG And posi-

tive if PCoG is inside the support surface, zero if PCoG is on the edge, and negative
otherwise. From equation (5.13), the position of the CoP relative to the(pmint

GG
oc _ a6 S3x(Mg+r " xEg)
r =r- +

C; {Eg + my)

(5.17)

If the CoP is to be within the support surface and not on the edge, the dot product
of the vectorg @  antimust be positive, i.e.

GG
'[BQC:/\+§E(MG+[ XEg)

>0 5.18
r G L+ my) (5.18)

where the relationshipg [{yx 2 = (xxy)[z and= txc, were applied.
Equation (5.18) provides a constraint on the position of the PCoG relative to an
edge, which in turn, provides a constraint on the motion of the CoG, that can be

used in the motion planning for the robot.

An alternative approach to derive equation (5.18) is to use the moment balance
equation around poir®, which is

MG"’[QGX(EG"'mY)"'Z[iQPXBi =0 (5.19)
|
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Using that[QG = [Qé+ [GG = At+ [GG anotény = 0 , equation (5.19) can
be rewritten as
MG"'[GGXEG"'/\IX(EG"'m\_/)+ZEiQP>< R = C (5.20)
|

As pointQ is on the edge of the support surface, the moment balance equation
around the edge can be found by projecting the moments around@oimio the
vector e, i.e. the vector along the edge. Using the relationships
xQyx 2 = (xxy) Zandc; = ex t, the dot product @with equation (5.20)

is

e (Mg +1°CxEg) + AG; [{Eg+my) + ¥ (ex 1) (R = 0 (5.21)
I

The position of the feet relative to poi@tcan, if all the feet lie in the ground plane,
be expressed as

2" = (e e+ (107t (5.22)
and the last term on the left hand side of equation (5.21) can be expressed as
Sexr’)R = Y (ta)(cR) (5.23)
| |

For the two feet ground contact points, that form the edge, the foot positions fulfill
that (t EtiQP) = 0, as the feet lie on the edge, along the direction of vextBor

the feet that do not form the edge, the foot position vector fuI('leEtiQP) >0 , as
the support surface is convex and the vetfooints into the support surface. The
sum in equation (5.23) depends therefore only on the position and the normal
component of the ground reaction forces of the feet that do not form the edge. In
order for the robot to be statically stable, i.e. that the foot or the feet that do not
form the edge are in ground contact, equation (5.23) has to fulfill that

S (tT7)(e; R) >0 (5.24)
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which in turn leads to, using equation (5.21), that
e[ Mg +1°®x Eg) + Ac; {Eg +my) <0 (5.25)

Using thatc; [{E + my) <O , it can be shown that equation (5.25) is equivalent
with equation (5.18). Equation (5.25), and consequently equation (5.18), states that
the projection of the sum of the moments around pQnbnto the vectog, due to
gravitational, inertial and external forces, has to be less than zero in order for the
CoP not to be on the edge of the support surface. In other words, as expected, the
moment around the edge has to be directed such that it will push the robot down on
the feet that do not form the edge.

The approach is now to select the distance of the PCoG from the edge such that
equation (5.18) is fulfilled, by choosing

e Mg +1°CxEg)

N>
—C; {Eg + my)

(5.26)

The terme { Mg + [GG x Es) isthe moment which could potentially tip the robot
over the edge, i.e. the term is the potentially destabilizing moment. The term
¢c; L{Eg + my) <0 is the magnitude of the force acting normal to the ground plane,
that is pushing the robot down onto the ground plane. The distarscthe moment

arm for the normal force around the edge, and by increaAirthe effect of the
potentially destabilizing moment is reduced. The variabie therefore a measure

of how large the potentially destabilizing moments around the edge may be without
destabilizing the robot, and henBewill be referred to as theupport stability indi-

cator (SSI)and will be used in the subsequent chapters as a stability measure to
plan a statically balanced motion for the robot, as will be explained in the next
chapter.

Note thatA does not necessarily have to be larger than zero, i.e. the PCoG can be
outside the support surface, while the CoP remains within, under certain force
conditions. In that case the robot would be leaning into the forces acting on it, but
still not risking to tip over. However, static stability demands that the PCoG should
be within the support surface at all times, so the robot will not be statically stable
if A <0. Nevertheless, in some special circumstances, for instance when there are
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large external forces acting on the robot, it might be necessary for the robot to
move the PCoG out of the support surface in order to avoid tipping over.

5.4. The support stability margin
To use the support stability indicator in the motion planning,dingport stability
margin (SSM) is defined as a lower bound on the distance from the PCoG to an
edge of the support surface, such that

e Mg +1°Cx Fy)

A=A, > L) (5.27)

whereA,, denotes the SSM. The SSM is determined based on the magnitude of the
forces and moments that the robot should be able to withstand, the height of the
CoG above the ground plane and the attitude of the ground plane. To show how the
SSM is dependent on the height of the CoG and the attitude of the ground plane,
let framefC be defined through a chain of simple rotations from world frdhie

such that the third axis é€ is normal to the ground plane. Lef [ 0°  beavector
with the rotations between franfél and fC, such that, the first rotatiomf;l) 5
around the third (vertical) axis diN, the second rotatioqnff) is around the second
axis, and the third rotatioqp(c?’) Is around the first axis. The corresponding rotation
matrix betweeriC andfN will be denotedCRN((_pC) , and has the same structure as
the transpose of the rotation mathR®  in equation (3.2) in section 3.1. The grav-
ity vectory and the vectO[GG can be expressedhhnas N\_/ = [o 0 _aG]T and

N[GG = [O 0 rﬂT , respectively, wherag andh are the acceleration of gravity and

the height of the CoG above its vertical projection on the ground plane, respective-
ly. The vectors can be expressed as

Y = —agh; (5.28)
r— = hng (5.29)

wherens is the vector defining the third axis &¥l, and is equal to the third column
of the rotation matrix,CRN((_pC) , when expressed@n

c : T
0 = |-sg? cqPse® cg?cef?) (5-:30)
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Whereccpg) = coscpf;j) andscpf;j) = sincpf;j) . The vectdms is only a function of

(pgz) and cpf;o’) , Which are the rotations that define the attitude of the ground plane

relative to the gravity vector. Equation (5.26) can now be expressed as

e DMG + h(EG X @) DJS

5.31
Mae(C; (hy)—(C; (Fo) 5-31)

The dot product of vectorg andc; has the property that
0<(cshy) = g’ = coiPcel” <1 (5.32)

where(c; [h;) = 1 if the ground plane is horizontal.

The term including the resultant force acting at the Cbg,in the numerator can
be expanded to

(Fgx€) thy = (Fg [T)(t () — (Fg )(c5 [hy) (5.33)

The term(E [£;) is the force component acting normal to the ground plane and
term (Eg 1) is the force component acting along the direction of vectangen-
tial to the ground plane and orthogonal to the edge and \ector

The support stability margin will be based on a worst-case situation, which is when
the resultant force and moment are directed such that they will try tipping the robot
over. The worst case for the denominator of the right hand side of equation (5.31)
is that the force acting normal to the ground plane is positive, i{g& #f[t;) >0

The worst case for the tangential part of the force is when it is directed opposite the
vectort, i.e. if |(E5 1) > 0. The worst case for the resultant moment is that
(Mg L&) >0. The SSM will therefore be defined as

= |MG|max+ h((DS Et)|EG n|max+ Cn(33)|EG, t|max)

m C (3
Mmag n(3)_|EG, n|max

where the vectorg;  artdare known. The terfM | ..., IS the maximum moment
acting around the edge, and the terjfag | ... #d || 1ax are the maximum
forces normal and tangential to the ground plane, respectively, and are set based on
how large inertial and external forces the robot should be able to withstand. Instead

N

(5.34)
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5. Stability of statically balanced gaits

of using vertical heighh of the CoG above the ground plane, it is possible to use
equation (5.29) to find the height of the Ch¢ normal to the plane, using that

h, = %% = P (5.35)

The support stability margin is then defined by

= |MG|max+ hn((ns Et)|EG n|ma>/cng>3) + |EG t|max)

m
Mac N5 ~[Eo, dmax

The effect of the destabilizing forces and moments in the numerator of equations
(5.35) and (5.36), is therefore dependent on the height of the CoG above the ground
plane and the attitude of the ground plane. The restoring force, in the denominator
of equations (5.35) and (5.36), is affected by the attitude of the ground plane, and
has a maximum when the ground plane is horizontal.

A (5.36)

The support stability margin will be used as a stability measure to plan a statically
stable body motion for the robot, as will be described in chapter 6. Compared to
the stability measures presented in section 5.1, the support stability indicator is
more general than the shortest horizontal distance, proposed by McGhee, and
Frank (1968), as the plane does not have to be horizontal and the height of the robot
Is taken into account. Compared to the energy stability margin of Messuri, and
Klein (1985), the SSI is more conservative as it indicates when the feet, that are not
forming the edge considered, will lose ground contact, whereas the ESM indicates
when the robot will tip over on its side. For that reason the support stability indi-
cator is more suitable than the ESM, as statically stable motion can only be planned
If at least three legs are in ground contact. Compared to the foot rotation indicator
(FRI) of Goswami (1999), the support stability indicator specifies where the CoG
must be located to provide a restoring moment around an edge, making it suitable
for planning body motion, whereas the FRI only indicates where the resultant of
the ground reaction forces will have to act.

The SSM is somewhat related to the dynamic stability margin (DSM) of Lin, and
Song (1993), shown in equation (5.1). The momdpdround an edge can be can
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be expressed as
— QG
M; = € LUMg+r~" x(Eg+my)) (5.37)

where the minus sign is due to the difference in the definition of the direction of
the tipping moment around an edge, used in this chapter and that of Lin, and Song
(1993). Using the results of section 5.3, equation (5.37) can be expressed as

M; = —g OMg + 1 x Eg)-Ac, (F g + my) (5.38)

The condition that DSM should be larger than zero, in order for the robot to be
stable, is then
—6 (Mg +1°Cx F)-Ac, [(F g + my)

— >
W Mag

0 (5.39)
which is equivalent with the condition of in equation (5.26). However, as the

SSM is coupled to the position of the CoG of the robot, it has an advantage over
the DSM in the synthesis of a statically balanced walking.
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|EG, n| mang
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Figure 5.5. Example of a robot standing on an incline, along with the worst case
force and moment vectors

5.5. Example of the support stability margin

To illustrate the properties of the SSM, two simple examples are shown in figure
5.5 and figure 5.6, which depicts a sideways view of the robot. The robot is stand-
ing with all four feet in ground contact, on an incline defined by a negative rotation
around axis 2 of fram#, i.e. the relationship between frarf@@andfN is given by

cpgz) <0 and gl) = (i) = 0. The third axis ofN can be expressed Triti: as

n, = L_S(pgz) 0 col?| » whichinthis case equalg, = s¢?] 0|cqf?|| e
first and third elements o?r_ws are positive. The robot is standing such that front
feet, the point$; andP,, and hind feet, pointB5 andP,, are at the same height,
respectively. The support stability margin is derived for the edge connecting points
P, andP, (figure 5.5), and the edge connecting poiRtsandP, (figure 5.6), i.e.

the upper and lower edges of the support surface. The vegtoy is orthogonal
to the edge connecting poirfes andP,, and pointing into the support surface, and
given by t, | = [_1 0 dT , and the vectot, , is orthogonal to the edge
connecting point®; andP,, and given by't, , = [1 0 dT . The support stabil-
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|EG n|max93

5

Mgl

max—3 - 4

Figure 5.6. Example of a robot standing on an incline, along with the worst case
force and moment vectors

ity margin for the edge connecting poifsandP,, is then

2) (2

N\ |MG|maX+ hn( |FG nmaxIS(p |/|C(pc
mi2 - 1) — )

MacCP |EG n|max

and the support stability margin for the edge connecting peyasdP,, is
(2) 2)
— |MG|max+ hn(|EG, n maxIS(pC |/|C(p | + |FG t|max

/\ (3 ) -
n3 - 4 2 F
'“aGC(pE:) |—G, n|max

As expected, the necessary support stability margin for the lower edge (the edge
connecting point®3 and P,) is larger than the support stability margin for the
higher edge (the edge connecting poitandP,).

)
| + |FG t|max (5.40)

(5.41)
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6. MOTION PLANNING BASED ON THE CENTER OF
PRESSURE

In this chapter, a motion trajectory for the robot is planned by specifying a desired
motion for the CoP based on the ground reaction forces and the position of the feet.
The basic assumption is that the inertial and external forces are negligible, and only
gravitational forces are acting on the robot, in which case the CoP will equal the
PCoG. Thus, given the desired motion of the CoP, the motion of the CoG of the
robot can be determined. The results of section 5.4 are used to determine stability
margins for each edge of the support surface for the desired motion of the CoP, to
account for the effect of the neglected forces and modelling errors. This chapter
requires two main investigations, how the feet should be placed to form a support
surface, and based on the position of the feet, how the supporting forces should be
determined in order to have a smooth and balanced motion of the robot.

6.1. The supporting forces

For a given placement of the feet, the position of the CoP is determined by the
distribution of the forces, acting on the robot, to the supporting feet. The motion of
the CoP, while the same support area is maintained, depends then on how the distri-
bution of the forces varies over time. This chapter will introduce a dimensionless
variable for the component of the supporting force of each leg, normal to the
ground plane, and relate the variable to the position and velocity of the CoP.
Furthermore, boundaries on the variable will be found based on the support stabil-
ity margin (SSM).
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6. Motion planning based on the center of pressure

6.1.1. The support ratio
The support ratiois defined as a dimensionless variable for the ratio of normal

force that each leg is supporting to the total normal force

)
;Y R
|

wherern; denotes the support ratio for ieé\s seen by equation (6.1), the support
ratio has the property that the sum of the support ratios is equal to one, i.e.

ni = (6.1)

yni=1 (6.2)

The support ratio will be used as a design variable for the planning of the desired
motion of the center of pressure, where instead of determining the normal force
that each leg should support, the ratio of the total normal force, that each leg should
support, is determined. Under the assumption that all the supporting feet are in the
same plane, the position of the center of pressure in equation (5.10) can be
expressed relative to poiNtas

= St (6.3)
|

Using the support ratios, a simple expression for the velocity of the CoP can be
derived. The velocity of the center of pressure is

_ I _ - NP
v = a Zni[i (6.4)

where it has beenusedthgt = 0  for alegin the air, and it is assumed that a foot
. . . . . NP .

in ground contact is stationary, i.e. using th_ait =0 for aleg in ground contact.
The velocity of the CoP is independent of the point, relative to which the feet posi-
tions are given. For example if the potis the position of a supporting foot, the
velocity of the CoP can be expressed as

., NP, PP . PP
V= S A+ = S (6.5)
| |

using thatZr']i = 0 . The velocity of the center of pressure is therefore only
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The supporting forces

dependent on how the feet are placed relative to each other, and on the derivatives
of the support ratios. Thus, given a support area, the derivatives of the support
ratios can be used to determine the motion of the CoP.

6.1.2. The support ratio and the support stability margin
When the robot is supported by three feet, the support ratios have a simple geomet-

ric relationship with the distance of the CoP from the edges of the support area. In
section 6.3, this relationship will be used to derive a set of parameters for the
support ratios, and to provide constraints on the parameters, based on the support
stability margin.

Figure 6.1 shows the triangular support area just prior to that leg 2 is set down, i.e.
just prior to eventh,. For compactness let the value of the support ratio of kg

the time instant of the evedl, be denoted ag; 4, = n;(¢,T) . The position of
the CoP at this time instant is then given by

NC NP
[¢2 = Znil‘bz[iv‘bz (66)
1

where[g'zC anoti'f'qF:2 denote the position of the CoP and fpadspectively, at the
time instant¢,T . The support ratio for leg 21, , = 0, and furthermore, the
support ratio for leg 1 can be expressedag, = 1—N3z4,— N4, , using equa-
tion (6.21). The position of the CoP can then be expressed as

NC _ _NP PP PP,
Lo, = F10, T N30y, T4y, (6.7)

The position of the CoP, at this time instant, can therefore be determined by the
support ratios of leg 3 and 4, i.e. only two values for the support ratios are needed.

Let edge denote the edge of the triangular support area that is opposite the vertex
pointP;, as shown in figure 6.1. Let denote the shortest distance of the CoP from
edgei. Furthermore, let; denote a vector in the plane that is orthogonal to edge
such thatt, = [4?;3/”%;3” , Wher&), is the point on edge closest to poinf;.
Finan\W’Ql'%‘tHdi be defined as the shortest distance from péinto edgei, i.e.

di = |Irg, |-
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6. Motion planning based on the center of pressure

Forbidden area

Figure 6.1. The support area just prior to foot 2 being set down. The figure shows
the distance of the CoP (point C) from edgeA3,(edge 4 B), and edge 1Q).
The CoP should be outside the shaded parts of the support areas, in order to
maintain a certain SSM. I, the figures inA-C) are combined.

The distance of the CoP from edigean be found by projecting the position vector,
from any point on edgeto pointC, onto vectot;. For instance, using one of the
foot positions that form edge the shortest distance of the CoP from edgde

a =t Etgic, wherej #i . The distance of the CoP from the edges of the support
area are then

P,C P,P
8 = talhy, = Ny (tally, )
P,C PP,
3y = tylhy, = Nao,(tathy, ) (6.8)

P;P; P,C PsP;
ap = ey, +1ry, ) = (1-Ng 4, Nae, )t Ly, )
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Where[gzc IS given by, using equation (6.7)

P,C _ NC NP P,P3 PP,
Lo, = Lo, ~Fig, = Nagly, *Nao.ly, (6.9)
Furthermore, using that
PiP3
d; = (t30, )
dy = (t, 1, ) (6.10)
PsP;
dy = (t, ")
equation (6.8) can be expressed as
C3 = N3 ¢,d3
Cq = Ny ¢,da (6.11)

C; = (1-N3z4,—Nap,)01

The support ratia); 4, Will determine that the CoP is somewhere on the dashed
line that is parallel with edge 3 in figure 6.1(A), whereas the support rafip,

will determine that the CoP is somewhere on the dashed line parallel with edge 4
in figure 6.1(B). The position of the CoP is then at the intersection of these two
lines, as shown in figure 6.1(D).

As mentioned before, it is assumed that the position of the CoP is equal to the
PCoG. The support stability margin, introduced in section 5.4, is then be used to
set constraints on the support ratios. Given the support stability maggirfor
edgel, the distance of the CoP from eddeas to fulfill thata, = A, ; . The support
ratios are then subject to three inequality constraints

N3 9,2 Am 3/ d3
N4, 9,2 Nm 4/ dy (6.12)
—N3¢,~Nag,2Nm1/d1—1
The effect of the support stability margin is to create a forbidden area for the CoP

around the boundary of the support area, as shown by the shaded areas in figure
6.1, where the thickness of the forbidden area at edgequal to\, ;. The support
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6. Motion planning based on the center of pressure

Forbidden area

Figure 6.2. The support area just prior to foot 3 being set down. The figure shows
the distance of the CoP (point C) from edgeAl,(edge 2 B), and edge 4Q).
The CoP should be outside the shaded parts of the support areas, in order to
maintain a certain SSM. ID] the figures in A-C) are combined.

stability margin for each edge need not necessarily be equal. For instance, the
support stability margin for a diagonal edge might be chosen smaller than the other
edges motivated by the fact that, if the robot tips over a diagonal edge, the fall can
be stopped by the leg that is in the air, by setting the foot down earlier than planned.

Figure 6.2 gives another example, where the support area is shown just prior to that
foot 3 is set down, i.e. just prior to the everi In a similar fashion as in the previ-
ous example, the support ratio for leg 4 is expressetl,gs = 1-ny 4 —Ny ¢, :
and the resulting inequality constraints on the support ratios for thedeyare

N1, 6,2 \m1/0s

N2, 6,2\ 2/ d; (6.13)

—N1,4,~ N2, 2 Ama/ds—1
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The inequality constraints on the support ratios, with respect to the support stability
margins and the support area, can in the same manner be determined for each event
of the gait.

6.2. The foot placement

Ideally a mobile robot should move with the desired velocity set by the operator,
where the operator is either a human or a higher level controller. However, in order
to remain stable, it might be necessary for a walking robot to deviate from the
desired velocity, for instance, by including lateral, longitudinal or vertical sway to
its body motion. Nevertheless, the average velocity of the robot should be equal to
the desired velocity set by the operator. To keep track of the desired motion of the
robot, thevirtual vehicle which moves perfectly with the desired velocity relative

to the ground plane, is introduced. The purpose of the virtual vehicle is to allow the
operator to disregard the lifting and placing of the legs and how the balance should
be maintained. Furthermore, from the motion of the virtual vehicle it can be deter-
mined where the feet should be placed in order for the robot to maintain the desired
average velocity, and to provide the shape of the support area, that will be used in
determining the support ratios, that will provide a desired motion of the CoP.

6.2.1. The virtual vehicle

A walking robot can be treated as an omnidirectional vehicle as it can move in any
direction and turn. In this case, the desired velocities, that the operator can set, will
be limited to translation in a plane and a rotation around the normal to that plane,
I.e. to forward and sideway velocity and turning rate, which will then determine the
motion of the virtual vehicle. Logically the desired velocity and angular velocity
should be given in a frame situated such that the axis are in the longitudinal and
lateral direction of the robot. However, as the body of the robot may vary its orien-
tation during walking, i.e. the body may yaw, pitch or roll, this frame should not
necessarily equal the body frarfi2 Instead, the desired velocities are given in a
framefD attached to the virtual vehicle, with the third axis of the frame pointing
upwards and the first axis pointing in the forward direction. Correspondingly, the
index point for the virtual vehicle is denoted as pdintThe desired velocity of the
virtual vehicle, when expressed in the fraiDeis

]
Vo= v v o (6.14)
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6. Motion planning based on the center of pressure

The desired angular velocit'§@D is in this case only the yaw rate for the virtual
vehicle, i.e. rotation around the third axifdf and is when expressedfib,

"ws =00 wd]T (6.15)

The framefD will represent a desired orientation of the of the body frame relative
to the world framdN. For instance, if it was desired to keep the body horizontal,
the third axisds, of framefD, would be parallel with the gravity vector, whereas
if it was desired to keep the body parallel with the ground, the third axi®of
would be normal to the ground.

6.2.2. Foot placement relative to virtual vehicle
Given the desired velocity and angular velocity, the velocity of the feet in ground

contact, relative to the virtual vehicle, can be found, using equation (3.31) in
section 3.3, as

DP ND N D DP

Vi = Vg — Wy X (6.16)

Where[iDP and_/PP are the position and the velocity of fo@tative to the virtual
vehicle, respectively. To simplify notation, the position of a foot relative to the
virtual vehicle, when expressedfl, is defined as

)
o = [rw @ o) (6.17)

As the velocity of the foot, relative to the virtual vehicle, is the derivative of the
relative position in framéD, the relative velocity in frami® is

b, bp _ Dd T
R N [CFICRTE) (6.18)

If all the vectors are expressed in frafie equation (6.16) can be written as a first
order differential equation

F(1) 0 wyOf|r@ |viP
f@ = |-y 0 0f|r@|—|v@ (6.19)
f(3) 0O O r(3) 0
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DP/s_
Center of £ (t=0)
rotation
rPPt=ty) = r,
rPP(t=pT)

Figure 6.3. The motion of the feet relative to the virtual vehicle when walking
forward and turning

which can be easily solved if it is assumed that all the desired velocities are
constants. Let= 0 be the time when the foot is set down on the groundf@hcs
the duration of the support phase. The boundary condition for equation (6.19) is
chosen as the position of the foot at tigavhereO<t.< BT , such that

r(te) = re (6.20)

The foot trajectory relative to the virtual vehicle during the support phase is then,
for 0<t<pBT

()| _ | cog(t—to) swy(t—te)|Hr® +i{0 1} vgl)%
r@()  |—sog(t—t)) coy(t—t)|Or@| %a|-1 0] |v@|O

1o 1l v (6.21)
g L cj v

re() = r@®

wherecwy(t —t;) = coswy(t—t,) andwy(t—t.) = sinwy(t—t.) . Anexample
of the motion of the feet, relative to the virtual vehicle, is shown in figure 6.3.
Equation (6.21) is the equation of a circle with cente(-#{?/ wy, v{V/ wy) and
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6. Motion planning based on the center of pressure

radius ,/(V{D/ wy—r )2+ (VD/ wy +rM)2 . The stroke of the foot, i.e. the
length of the trajectory that the foot travels, relative to the virtual vehicle, during
the support phase, is

Al = BT, /(VED —wyr )2 + (V@ + woyr ()2 (6.22)

The velocity of the foot relative to the virtual vehicle during the support phase is
then

v(t)| _ | cwy(t—ty) swy(t—t) E@ 0 1/|r| vgl)%
v(2)(t) —swy(t —t;) cuy(t—t)|0 ‘10 r@d v@|o (6.23)
v®(t) = 0
which results in that the absolute velocity of the foot is constant, i.e.
V(D] = J(VED — wgr )2 + (v + oagr (D)? (6.24)

If the angular velocity is zero, the trajectory of the foot relative to the virtual vehi-
cle is a straight line,

ra) _ [r=(t=tviH
rA))  [r@-(t-t)v@ (6.25)
re(t) = r®
for 0<t< BT, which can be seen by lettingy — 0  in equation (6.21).
During one stride of a gait, all the legs are lifted and placed exactly once with a
certain phase shift, as discussed in chapter 2.tL=et0 at the beginning of the

stride andt = T at the end of the stride. The trajectories of the feet, during the
support phase, can be found by shifting equation (6.21) by the time differgnce
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between when foatis set down and the start of the stride, i.e.

e () = r(t-1) (6.26)

wherer is given by equation (6.21). As the stride starts when foot 1 is set down,

the time shift ist; = 0 and the foot trajectory for foot 1'%’:_;5"(0 = r(t) for

0<t<PBT. The time shiftt; for the remaining legs are given by
oy, —B)T for O<st<sy;T

I = 6.27
' Eﬁ)iT for ¢,T<t<T (6.27)

fori = 2...4. The foot trajectories, using equation (6.21), are

DriDP(l)(t) _ [cood(t—tc) swd(t—tc)] [cwdri —swdri

Dr~DP(2)(t) —S(Dd(t—tc) C(Dd(t—tc) S(L)dTi deTi
|

(6.28)
ry +i 01 Vf(il)g_i 0 1 |v{®
ri3 Wq|-1 0f [v@|O @a|-1 O] v

D_DP(3),,\ _
ri (1) = rd

for i = 1...4, where0<t<pBT fori =1,0<t<y,T andp,T<t<T for
i = 2...4.

The solution to equation (6.19) may seem limited as it assumes constant desired
velocities. However, the solution will be used to determine where the feet should
be placed in the beginning of each step and not as a reference trajectory for the feet
during the support phase. Furthermore, the solution will be used to determine the
desired motion of the center of pressure in a feedforward manner, as will be
explained in section 6.3.
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6. Motion planning based on the center of pressure

6.2.3. Velocity of the CoP based on virtual vehicle
The velocity of the CoP calculated from the positions of the feet relative to the

virtual vehicle, is
NC - DP
ViU = (6.29)
|

which results in, using equation (6.28), that the velocity of the CoP, expré3sed
is

[DVNC(l)(t)] _ [cood(t—tc) Sood(t—tc)}

DVNC(Z)(t) —Swy(t—t.) cwy(t—t.)

Dzh' CwyT; —SwyT;| 4 Y +i 0 1/|v{M
- swyT; cagT; |Or@]  @da|-1 0 |vP

D NC(3 .
VR = S ar®
|

(6.30)

.

It can be shown that the average velocity of the CoP in one stride, using equation
(6.30), is equal to the average velocity of the virtual vehicle. To show that, the
velocity of the CoP relative to the virtual vehic[?eg/DC is used. Ifitis assumed that
the stride starts attime= 0 , and the end of the stride is at timeT , then the
average velocity of the CoP relative to the virtual vehicle is

T
%J.D\_/Dcdt _ %[D[DC(T) _D[DC(O)] (6.31)
0

If the desired velocities and gait parameters are constant during the stride, the
motion of the feet relative to the virtual vehicle and the support ratios are cyclic,
le. D[:DP(O) = D[iDP(T) andn;(0) = n;(T) . The position of the CoP relative to
the virtual vehicle is therefore cyclic, i.é)[DC(O) = D[DC(T) , Which results in
that equation (6.31) is equal to zero. The average velocity of the CoP, when the foot
trajectories relative to the virtual vehicle are used, is therefore equal to the average

velocity of the virtual vehicle, independent of the support ratios.

78



Support ratios for statically stable walking

6.3. Support ratios for statically stable walking

The most crucial instants in the gait are when a leg is set down or lifted, i.e. at the
events of the gait, as then there is an abrupt change in the support area. Following
the discussion in section 6.1.2, it is possible to define a set of parameters for the
support ratios and determine bounds for the parameters. For each event, there are
two parameters needed and for them there are three inequality constraints. There-
fore, for a whole stride cycle, i.e. for all eight events in the case that the gait is not
singular, there are 16 parameters and 24 inequality constraints. The results of
section 6.2 is used to determine the support area, in which the desired motion of
the CoP will be found.

As the desired CoP will be used as the reference position for the PCoG of the robot,
the trajectory for the CaoPshould be continuous. The easiest approach is to let the
support ratio for each leg be zero at the beginning and end of each support phase,
and let the support ratio vary linearly between the events. This corresponds to that
the vertical force that each foot should support varies linearly, if it is assumed that
the total vertical force supported by the feet is constant and equal to the weight of
the robot. Linearly varying vertical foot forces have been used in several papers,
such as Yoneda, et al. (1994), Liu, and Wen (1997) and Zhou, and Low (1999).
Furthermore, Klein, et al. (1983) show that if the inertial forces are ignored, the
pseudo-inverse solution to the distribution of forces to each foot, will change
linearly with vehicle motion when a given set of feet are in ground contact. Simi-
larly Kumar, and Waldron (1988) also showed that the solution to the force distri-
bution, using the zero interaction force constraint, results in linearly varying
supporting forces.

The parameters chosen for the support ratios at each event are shown in figure 6.4,
and an example of the support ratio for each leg, for a whole stride, is shown in
figure 6.5. Note that for each event, there are only three feet that are supposed to
be supporting the robot, in which case a plane can be determined such that all the
foot contact points are in the same plane as the CoP. The vector of support ratio
parameters is then

— — — — — — — — T X
H = |:r]1,d - Nad Nasd - Nasd Nt -+ Na Nast oo r]4,5] 0 016x1(6.32)
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Figure 6.4. Gait diagram for non singular quadruped crawl gait, and the choice
of support ratio parameters used for each event. For ew@gntie support area
Is shown just prior to that the foot is set down, where the dashed lines show the
next support area.

The parameter names are chosen such that they reflect the function they have. The
parameters); 4 , for = 1...4 whereis the number of the foot, determine how
close to a diagonal edge the Ga$hould be at the events when a front leg is being

set down and the diagonally opposite hind leg is being lifted, i.e. the eyents,,

¢, andyz, where figure 6.1 is an example for the evént The parameterg; (4

is then the second parameter for those events and determines how far sideways the
CoRyshould be. The parametefs,  determine how far sideways thgsboRld

be when a hind leg is set down and the front leg on the same side is being lifted,
I.e. for the eventg,, W,, ¢3, andy. Figure 6.2 shows an example for the event

¢3. The parameterg; i, is then the second parameter for those events and deter-
mines how close to the diagonal edge the gsiould be. The parameters for the
support ratios for each event are listed in table 6.1.

Given the set of parameters for the support ratio and the inequality constraints
associated with the support stability margin, the problem is to find values for the
parameters. The approach chosen is to formulate the problem as a quadratic opti-
mization problem to find values for the support ratios at each event of the gait, by
minimizing the velocity of the CoP quadratically over one stride,
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Figure 6.5. Supportratios for all the legs for one stride with the support ratio pa-
rameters used.

i.e. minimize the function
T

[ (o)t (6.33
0
with respect to the vector of support ratio parameters in equation (6.32).
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6. Motion planning based on the center of pressure

Table 6.1.The support ratios and the parameters for each event.

Events of the gait
Ul Wy 04 Wy o, Ws O3 W,
— — 1n 1n — —
nl o | fug | e | =] 23 Nyea | M | O
N3,sl | Nasd
N4 | = = — — 1-ng)
N2 | & 1 Masd | M2y 0 0 Nod | N2sl | = >
N3,sd N4,sl
— INga | IN2) | = — —
N3 | N3sd | = b 2 N3sl | N3d 0 0 N3,
N2sd | Nyl
— — — N4 | IN1 | =
Na | Mag | O 0 | May | Masa | =20 =] Mag
N1,sd N2 sl

In each time period between two adjacent events, the feet are assumed stationary
on the ground relative to the world origin, so the support area is fixed. With the
assumption that the support ratios vary linearly between the events, the derivative
of the support ratios are constant between two adjacent events, i.e. the derivatives
of the support ratios are piece-wise constant. The velocity of they,GoRen
expressed in the world franfél, N\_/NC, will therefore be constant between two
adjacent events, and consequently the quadratic of the velocity of the CoP,
(\_/NC)T(\_/NC) , is also constant between two adjacent events, independent of which

frame the velocity of the CoP is expressed in.

The results of section 6.2 can be used in the optimization to determine the velocity
of the CoP and the inequality constraints. The third component of the velocity of
the CoP, when expressedfid, is set to zero, so only the first two components of
the velocity vector will be used in the optimization. To simplify the expressions,
definer, andv as

- C— . (1) Dt

f, = |Sh et grel L0 11V (6.34)
swyT; cogT; |OrQ|  ®da|-1 0 |v|O

and

(6.35)
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respectively. The terms. and are constants between two adjacent events and
change depending on the derivative of the support ratio and thetterm , where

IS given by equation (6.27). The velocity of the CoP, using the position of the feet
relative the virtual vehicle, as in equation (6.30), is

T T
D NC(1) ¢ de% BTO Swd% al D~
DVNC(Z)( ) v (6.36)
A(9) _Swd% BTO de% BTE
The optimization problem in equation () can then be formulated as
I; O OVt = f LTt (6.37)

For a non singular crawl gait, the stride cycle can be divided into eight time peri-
ods, separated by the events of the gait. \LJ'-\'e? denote the velocity of the CoP
between evengsandj+1, for j = 1...8, where the ninth eventis when leg 1 is set
down again, and define correspondin@ljy . tedenote the time when event
occurs, wherd; = 0. The function to be minimized in equation (6.37) can be
formulated as
8 t,+1

)3 szJT jdt = Z 2v Vs (6.38)

=1y =1
whereAt; = t;,,—t; isthe time difference between evgraadj+1. The deriv-

j
atives of the support ratios are constant between each event

Ni(tj 1) —ni(t;)
At

Ai(t) = Sfor tO[t;, ¢, 4] (6.39)

Equation (6.35) can then be expressed as

= Z (J+1A)t ni(Y )r,,fortD[tI,tHl] (6.40)

i<

Equation (6.40) can be expressed in matrix format as

i<t
1

W H +b, (6.41)
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6. Motion planning based on the center of pressure

6 1

whereW; O o<t and; O 02*! are functions of the desired velocity and angu-
lar velocity, the cycle time, the duty factor and the relative phase. For instance, if
the time period between the first two events is used as an example, i.e. time period
betweert, = ¢, T = 0 and, = Y,T .The supportratios for the first and second
event can be found in figure 6.4 or figure 6.5, and results in that

v, = Ma1(T1=T3) + Naa(l,=T4) + (Meep + Nsag) (1= T3) +(T3=1)) (6.42)

(Ws—0)T

from which the matrixV/; and the vectob; can be found. The vectors  are calcu-
lated from equation (6.34), where the tetmm  is given by equation (6.27), and is in
this caser, = 0 and, = (¢,—B)T fdk = 2...4

Each event will provide three inequality constraints on the support ratio parame-
ters, of the form

C.

J (6.43)

where C; [ 0°**® and d; O 0°*Y . Two examples of how the inequality
constraints can be formulated for each event, are given by equations (6.12) and
(6.13) in section 6.1.2. The support stability margin for each edge can be calculated
from equations (5.34) or (5.36) in section 5.4.

The optimization problem can now be formulated in matrix format using

W, b, At 1772 0
W= b= A = \ (6.44)
W, by 0 Atgl**?
wherew 00" pg o™t anda 0 0™ | and using
C, d
C = | b = | (6.45)
Ce dg
whereC 0 0% 1 andd O 0%t The guadratic optimization problem can then
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Support ratios for statically stable walking

be formulated in standard quadratic programming form as minimizing
min%ﬂTWTAWﬂ +bTAWH (6.46)

with respect to the vector of support ratio paramekérs  and subject to the inequal-
ity constraints

CH=>d (6.47)

whered is a function of the support stability margins and the height of the triangles
formed by the feet in ground contact, as explained in section 6.1.2, based on the
position of the feet relative the virtual vehicle. Quadratic optimization problems
with inequality constraints can be solved using standard methods for quadratic
programming, e.g. as described in Nahon, and Angeles (1992).

A singular gait occurs when there is a simultaneous lifting or placing of two or
more legs. For instance, using the gait rule of Inagaki, and Kobayashi (1993), the
relative phase of leg 3 i¢; = B , and the crawl gait becomes singular as a front
leg is lifted at the same instance as the back leg on the same side is set down. In
that case, whil§8d > 0.75 , there are only six distinct events in the gapi;as Y,

andd, = Y, . Therefore, there are only six time periods in which the velocity of
the CoR can be calculated. In order to ensure that the trajectory of the SoP
continuous, it becomes necessary to include two equality constraints, i.e. that the
CoPRy is constant just before and after the events when there is simultaneous lifting
and placing. This corresponds to that the singular events are split in two events, one
just prior to the singular event and one just after, although the time period between
them is zero. Using the same set of support ratio parameters as in equation (6.32),
the optimization problem can then be formulated in the same manner as in equation
(6.46), withW, A, andb have been modified for six time periods, and subject to the
constraints

CH=>d
ro¢(¢3) = rP<(¢3) (6.48)
rc(¢z) = rb<(¢2)
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6. Motion planning based on the center of pressure

The support ratio, and consequently the supporting forces, will not be continuous,
in this case, at the events where simultaneous lifting and placing occurs. Further-
more, if the duty factor is equal to 0.75, there will only be four distinct events in
each stride, which can be solved by adding constraints based on continuity of the
CoPRy trajectory for each of the events. An advantage with selecting a singular gait
Is that the equality constraints can be used to eliminate some of the support ratio
parameter, thereby reducing the amount of calculation in the optimization.

6.4. Kinematic simulations

A kinematic simulation of WARP1 was done to demonstrate the trajectory of the
CoPRy. Figure 6.6 shows a gait diagram when the robot walks straight forward with
desired velocityv{) = 0.1 , duty factoB = 0.85 and relative phase for leg 3,
¢5; = 0.8. As this is a kinematic simulation, support stability margin was set such
that the desired CoP should maintain a certain distance from the edges of the
support surface. The straight dashed line is the motion of the virtual vehicle and the
swaying trajectory is the motion of the CgHFigure 6.7 shows the corresponding
support ratios for the four legs, where it can be observed, not unexpectedly, that the
support ratio for the left and right front feet and the hind feet, respectively, are iden-
tical except that they are half a cycle out of phase. Furthermore, the support ratios
for a front leg and a hind leg are mirror images of each other.

Figure 6.8 shows the robot turning at a rate of 0.05 rad/s while it is walking forward
with a speed of 0.1 m/s. Figure 6.9 shows the corresponding support ratios, where
it can be observed that leg 2 and 4, which are the right hand leg pair, support more
of the weight than the left hand pair. An observation from figure 6.9 is that the
support ratios for feet on the same side are mirror images of each other.
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Figure 6.6. Gait diagram for one stride of quadruped crawl gait. The polygons
are the support patterns, the straight dashed line is the trajectory of the of the

virtual vehicle when moving with forward velocity of 0.1 m/s, and the swaying
line is the desired motion of the CoP

0.5 " Leg2 ° ' Leg4 " Legl ' ' Leg3

0.4

0.3

0.2

0
8 0.15 0.3.35 0.5 0.65 0.80.85 1
1

Wy bg W2 b W3 b3 Uy
Figure 6.7. Support ratios for each leg with desired forward velocity of 0.1 m/s
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Figure 6.8. Gait diagram for one stride of quadruped crawl gait. The polygons
are the support patterns, the dotted line is the trajectory of the of the virtual ve-
hicle when moving with forward velocity of 0.1 m/s and turning rate of 0.05 rad
s, and the swaying solid line is the desired motion of the CoP
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Figure 6.9. Support ratios for each leg when the desired forward velocity is 0.1
m/s and the turning rate is 0.05 rad/s
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7. SYNTHESIS OF A CONTROLLER FOR A STATICALLY
BALANCED CRAWL GAIT FOR WARP1

In this chapter the findings of chapters 5 and 6 are used to develop and implement
a controller for statically balanced crawl gait for the quadruped robot WARP1. The
main emphasis of the chapter is on the control of the motion of the body by coor-
dinating the legs. The body controller will provide position, velocity and force
references to the supporting legs. However, the synthesis of a controller for walk-
Ing robots requires the treatment of several other issues than just the body control,
such as the control of the gait, legs and each individual joint, and methods for
signal processing. These issues will not be presented specifically in this chapter,
but in a simplified manner when appropriate. For further references, the control of
the joints is presented in Ridderstrom, et al. (2000), the control of the legs in Hard-
arson, et al. (1999), and Ridderstrom, et al. (2000), and the estimation of the atti-
tude of the robot in Rehbinder (2001).

The assumptions made about the terrain are that the ground is rigid, not to steep
and relatively smooth, i.e. there are no steps or holes, and the support surface,
formed by the supporting feet at each time instant, can adequately be approximated
by a plane. During walking, the robot will keep its body parallel with the ground,
while maintaining a constant distance between the body and the ground, i.e. the
robot will follow the contours of the terrain. The frarfi@, i.e. the frame in which

the motion planning will be done, will therefore have its third comporent
normal to the ground.
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7. Synthesis of a controller for a statically balanced crawl gait for WARP1

The implementation of the controller will be described in section 7.1. The body of
the robot has six degrees of freedom, three for translation and three for orientation,
that have to be controlled by coordinating the legs. The algorithm, presented in
section 6.3, defines how two of the degrees of freedom should be controlled, the
desired translation in the ground plane. Furthermore, the desired turning rate,
around the normal to the ground plane, is set by the operator. The remaining three
degrees freedom are the height of the body above the ground plane and the attitude,
I.e. the pitch and roll of the body. In this implementation, the height of the robot’s
body and its attitude are fixed relative to the ground plane, simply by setting the
reference height of all the hip joints equal to the desired height of the body. Howev-
er, in the case of more uneven terrain, it might be necessary to actively control the
remaining three degrees of freedom, i.e. the height and the attitude of the body, to
avoid too much tilt to the body or to increase the stability. For that purpose, the
length of the legs can be varied to give a desired height and attitude of the robot
without significantly affecting the algorithm presented here.

Section 7.2 will provide experimental results. The experiments were designed to
illustrate some of the properties of using the support stability margin for the plan-
ning of body motion. Tests for different velocities are shown and, furthermore,

tests when the robot is walking on an incline.

Certain assumptions and simplifications are done in the implementation, some due
to limitations in what can realistically be implemented, due to lack of sensed
signals or computational power available on the robot, and others that leave room
for future refinements. The most notable approximation is that the position of the
CoG is not known exactly, and it is dependent on the position of the legs which are
relatively heavy. Instead, a fixed poiBt i.e. the index point for the robot body, is
used as an approximation for the CoG, d@hdenotes the vertical projection of
point B onto the ground plane.
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Figure 7.1. Control structure for implementing a statically balanced gait

7.1. Body control

The control structure for the robot is shown in figure 7.1. The main components of
the controller are the control of the gait parameters, motion planning for the robot,
and generation of foot references. The body control can be divided into a feedfor-
ward part and a feedback part. In the feedforward part, the gait parameters and the
support ratio parameters are calculated depending on the desired velocity set by the
operator. In the feedback part, the sensed position of the feet and the attitude of the
robot body are used to create velocity references for the body and the feet. The
walk is driven by a cycle generator with a cycle tifiewhereT is the duration of

one stride. The cycle generator functions as a clock which is reset at the beginning
of each stride, i.e. when foot 1 is set down. The lifting and placing of the feet occur

91



7. Synthesis of a controller for a statically balanced crawl gait for WARP1

at fixed instants relative to the start of the stride, based on the relative phase of the
legs and the output of the cycle generator.

7.1.1. Estimation of the ground plane
A plane is defined by the normal vector to the plane and a point in the plane. As

the CoP is constrained to be in the ground plane, the problem is to find the normal
vectorcs. The ground plane can be described by

c; %=’ =0 (7.1)

whereQ is a point in the plane. Preferably, the ground plane should be chosen such
that all the supporting feet are in the ground plane, i.e. such that
Cq [([iBP—[BC) = 0 where footi is a supporting foot. In the case when the robot

is in three legged support, the normal to the ground plane can easily be calculated
by selecting one of the foot contact points, i.e. one of the vertices of the triangle
formed by the feet. The normal vector is then the crossproduct of the two vectors
along the edges connecting the selected foot with the other two feet in ground
contact, i.e.

Cs = TFF—FF] (7.2)
P xr

wherej andk are chosen such thag [y <0 . However, in the case of four legged
support it is generally not possible to determine a plane that includes all the contact
points of the feet. Furthermore, it is desired that the transition between different
ground planes, when the feet are being lifted and repositioned, should be smooth,
at least in the case of a nonsingular crawl gait. The approach is to use the support
ratios to weigh together all the possible normal vectors that can be calculated for
each foot.

The attitude estimation node on WARP1, described in Rehbinder (2001), estimates
the pitch and roll angles of the body by estimating the third axis of frimee. it
estimates the vecto[?n3 , based on the sensed direction of the gravity vector.
However, in order to calculate the support stability margin and the vertical projec-
tion of pointB, the third axis ofN has to be expressed in frafiz
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In this implementation, the positions of the feet are known in the body fi&me
which case, the estimate of the normal vector is in fréyee. the estimate i%g3

The ground framéC will now be defined by a chain of two simple rotations rela-
tive to fB, such that the first rotatiomglc) is around the second axi8afnd the
second rotationpﬁ,zc) is around the first axis of the resulting frame. The rotation
matrix between frame® andfC is

CB Cote 0 —S@fy
R(90) = |sofbsa? cof? cafbse? (7.3)

sofcaf? -sofp cofyoar?

The rotationsg, . are found from the rela'ti(S:rIRB((_pbc)B(_:3 = [0 0 ]]T . which
results in

B

1) _ B (1) (3)
ghe = atar(°c5’/ %)

(7.4)
¢he = asin(—"cs”)
The vectorcn3 , heeded for the planning of the body motion and calculation of the
CoP, is then simply given by

"0y = RA@,0) 0y (7.5)

The position of the desired CoP, relative to the body, is calculated from the sensed
position of the feet relative to the body and the support ratios as

rg = Zni[iBP (7.6)
I

The CoR) is the desired position for the vertical projection of pdBibnto the
ground plane, and the position of the go#lative to poinB is

BC _ _BC BB _ _BC
g =1fq *r =14 +hng (7.7)

using that[BB = hn, , wheré is the vertical height difference between poiBts

andB. The heighth can be calculated using th(éltgc(g) = , as poiBtandC
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are, by definition, in the same plane. Equation (7.7) can then be expred€=alin

) CrEC(l) _chC(s)cngl)/cngs)
C BC _
rg = chC(z) _chC(s)cngZ)/cn(ss) (7.8)
0
C _BC(3) . : _
Theterm™r is the height of poirig above the ground plane, along the normal

to the plane, and will be defined, as in equation (5.35) in section 5.4, by

h, = =89 = Y (7.9)

The heighth, of point B above the plane is therefore the weighted average of the
position of the feet, using the support ratios as a weighing factor. This is similar to
the estimate of body height used in Yoneda, et al. (1994).

7.1.2. Calculation of support ratio
The calculation of the support ratio parameters is done by solving the quadratic

optimization problem in equations (6.46) and (6.47) in section 6.3. However, it was
soon noticed in simulations, that the paramefgrg iferl...4 , equaled or
were very close to the inequality constraint, i.e. the solution resulted in

Ni.¢ O\, /d; . Furthermore, the remaining parameters fulfilled their inequality
constraints with large margin. To reduce the amount of calculation when imple-
menting the algorithm on the robot, a simpler solution was used, where the number
of parameters is reduced to 12, by setting

Ni,g = Am /i (7.10)

and neglecting the remaining inequality constraints. The solution to the quadratic
optimization problem is then the pseudo-inverse

H = —(WTAW)-2WTAb (7.11)

whereH' is the new vector of support ratio parameters

I _ _ _ _ _ T y
H = [nllsd v Nasd N1yt +o- Nayt Nayst oo rh,s] ootext (7.12)
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andW andb have been modified to includg 4 . It should be noted that the simpli-
fication used in the calculation of the support ratio parameters is not general for all
robots and is possible mainly because WARPL is relatively wide, i.e. the distance
between the left and right legs is relatively large.

Further reduction of the number of support ratio parameters were also tested by
utilizing the symmetry in support ratios between the different legs, observed in
kinematic simulations in section 6.4. For instance, if the anti symmetry in the
support ratios between the front and hind legs on the same side is used, the number
of support ratio parameters to be calculated can be reduced to six. This is done by
setting, for examplen,, = N, , = N3, and,, = Ny, = N4, , wheltandr

denote the left and right legs, respectively, resulting in a vector of support ratio
parameters

T _ L _ _ T "
H = |:nl,sd r]r,sd r]I,I r]r,l r]I,sl r]r,s£| o=t (7'13)

The uncertainty in the position of the CoG has to be taken into account in the selec-
tion of the support stability margin in equation (5.27), along with the estimate of
the neglected inertial and external forces. Furthermore, as the robot will maintain
a certain desired height normal to the ground plane, equation (5.36) in section 5.4
Is used rather than equation (5.34). If the position of the CoG is known relative to
point B, the stability margin using point B instead of point G results in

C_BC(3) C (3
Mgl imax T (03 @D)|EG dmad M3+ |Ec {maw BG
Ay = max " = (1) (7.14)
Mag N3 _|EG,n|max
where
BG
e C, LT
26 = rBG—(—'—%——:——)n (7.15)

L L 03
cn(33)

However, if the position the CoG is only estimated, the second term on the right
hand side of equation (7.14) can be replaced by the estimated maximum error
between PCoG arl

95



7. Synthesis of a controller for a statically balanced crawl gait for WARP1

Figure 7.2. The velocity of point B of the body and of the vertical projectfon o
point B

7.1.3. Body and feet reference trajectories
As the CoR is a reference position for poif, the vectorr in equation (7.8),

represents a position error for poit As the framed$D andfC are in this case
equal, the point8 andB should move in parallel planes, i.e. poBitmoves in the
ground plane and poirg in a parallel plane at a constant distance, and hence their
velocity in the plane will be equal. The body controller will use the difference
between poinB and the CoRto create a control signal for the coordination of the
legs, in the form of a reference velocity for the motion of pBihy

NB

\_/r = PB[

5y B, o (7.16)

where Pg and Bg are diagonal position and velocity feedback gain matrices,
respectively.

The reference velocity_/rNB , in equation (7.16), along with the desired angular
velocity set by the operator are used to create velocity references for each leg,
during the support phase, using equation (3.31) in section 3.3. The reference veloc-
ity for legi is then

voP = NN r BP (7.17)

Yi,r Yr
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Where[iBP Is the sensed position of faaklative to pointB. The reference posi-
tion trajectory during the support phase is found by integrating equation (7.17)
with the landing position as initial condition

rBP() = rPP(L) + [y o (7.18)

wheret; is the time instant when the foot lands, i.e. if the time O at the begin-
ning of a stride, the instant at which foois set down ar¢; = (n+¢;)T , where
nis a positive integer.

The landing position for each leg, i.e. the position where the foot should be placed
at the end of the transfer phase, is calculated relative to the position of the virtual
vehicle, using equation (6.21), where the boundary condition is chosen such that
t. = BT/2, i.e. the vectonP” is the position of the foot at the middle of the
support phase, giving

BT

BT
TP _ [Cag Sy gri'?é’(”] +i{0 ﬂV&”]E
0P T) BT BT |Orpr@| ®a|-1 0 |v|O

Sy Gy

_1]o0 1f|v{?
Wa|-1 0] |v{P

C. DP(3) _
r (6;T) = ri'?f@)

(7.19)

Wherecri,CDP(‘g) is a constant and the same for all the legs, equal to the desired

heighth,, of the robot. However, as the desired angular velocity appears in the
denominator of equation (7.19), a Taylor approximation for small angular veloci-
ties, was used in the implementation to avoid zero division.

Equation (7.19) gives the landing position for the feet relative to the virtual vehicle.
In order to determine where the feet should be placed relative to the body, the posi-
tion of the body relative to the virtual vehicle has to be known at the time instants
t;, i.e. the vector[iBP(ti) has to be known in advance. This in order to be able to
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7. Synthesis of a controller for a statically balanced crawl gait for WARP1

plan areference trajectory for the feet relative to the body during the transfer phase,
from the lift off to the landing position. The position of the foot relative to the body
can be expanded as

() = ) — () () (7.20)
where[DC(ti) Is the position of the CoP relative to the virtual vehicle

o) = Y () (7.21)

and can be calculated using equation (6.28) for the event attfinTdne term
[BC(ti) Is the position of the CoP relative to the body and is unknown at the time
of the lift off, as it depends on future values. Instead the current vga'ﬁﬁa) can
be used, motivated by that

BC

BC
" = —hng+r

(7.22)

where the first term on the right hand side is approximately constant while the foot
is in the air, and the second term is the position error betweenBaind the Cop,
which should be small.

7.1.4. Control of gait parameters
There are many exact and approximate relationships between the gait parameters,

that can be used in the control of the gait. Kumar, and Waldron (1989) made an
extensive investigation of these relationships. The main gait parameters are the
cycle timeT, the duty factof3 and the relative phasfg of the legs. Derived gait
parameters are the duration of the support phage,T, and the duration of the
transfer phasel, = (1-B)T.

There are several limitations on how the gait parameters can be selected, for
instance, due to limitation in the kinematic workspace of the legs and the available
maximum velocity of the feet. For creeping gaits, i.e. when the duty factor is larger
than or equal to 0.75, the duration of the transfer pfigss less than the duration
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of the support phasg, as

1- 1
T, = N BTss éTS (7.1)
If the distance that the foot has to travel, is approximately equal for the support and
the transfer phase, the foot should have a velocity that is at least three times larger
during the transfer phase than the support phase. Any limitation in the maximum
velocity of the foot will therefore set a lower limit on the duration of the transfer
phase.

The length of the stroke is dependent on the velocity of the robot and the duration
of the support phase. The length of the stroke, i.e. the length of trajectory that the
foot travels during support relative to the virtual vehicle, was given by equation
(6.22) in section 6.2, and is

N = T 0 — 0 @)+ (VP + T D)2 (7.2

The duration of the support pha$gcan then be used to maintain the foot trajec-
tory within the workspace of the leg, by reducing the stroke.

Therefore, it can generally be said, in the cas@ af0.75 , that limitation in kine-
matic workspace provides an upper limit on the support fignand the maximum
foot velocity provides a lower limit on the transfer timg

The approach, chosen here, for the control of the gait parameters is very simplified,
as itis based on the foot trajectories relative to the virtual vehicle, and does not take
into account the motion of the body relative to the virtual vehicle. If the desired
angular velocity is assumed to be small, the length and width of the foot trajecto-
ries, projected onto the ground plane, can be approximated by

1 DP(1 DP(1 1
1D = [rPPD (1 —rPPP(0)| = TP

(2) _ |.DP(2) DP(2) (7.3)
i~ = |ri (Tg) —r; (0)|

Toui”
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where

1
o = [vg-wgr 3 -
, .
Ui( ) = |v((12) +wdrg}?|

The two dimensional ground plane workspace of the feet is simplified to be a rect-
angle, with side length “;X ankﬂfgx , centered around pjpt i.e. the point
where the foot is at the middle of the support phase, as shown in figure 7.3. The
condition on the duration of the support phase is then that

|(J')

Ts = BT <min= (7.5)

Uj
In this simplified gait controller, the duration of the transfer phase will be limited
to a minimum timeT, i, Consequently this results in a minimum cycle time of
Thin = Ta mi’ (1=B) for a given=0.75. Given a timelg for the support
phase, a limit on the choice of duty factor can then be found as

B< Ts (7.6)
B Ts + Ta, min .
The algorithm for the control of the gait parameters duty factor and cycle time can
be summarized as follows: Nominal values are set for the duty factor and the cycle
time asB andT, respectively. The time for the support phase is chosen such that
()
= O
T, = min(BT, —'—“%X (7.7)
0o uv'’0

The duty factor is chosen such that

(L T ]
B = minp, =————1I[ (7.8)
L] Ts+Ta,min[|

and the cycle time is finally calculated by
TS
B

T = (7.9)
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Figure 7.3. Approximative kinematic workspace of a leg in the ground plane.
Point B, o is the landing position of the foot relative to the virtual vehiclg, P
the position in the middle of the support phase, gig the position at lift off.

For WARP1, the algorithm results in, for increasing desired speed, that when the
feet reach the boundary of the allowed workspace, using the nominal gait parame-
ters, the gait parameter controller will start to reduce the duration of the support
phase, by reducing the cycle time. As the speed is further increased, the limitation
on the minimum duration of the transfer phase will start to reduce the duty factor,

in which case the duration of the transfer phase will remain constant.

The relative phase for each leg was for a nonsingular crawl gait set as in equation
(2.3) in section 2.4. The relative phase for leg 3 is chosen such that the crawl gait
is close to singular by choosingg = B—0¢  whe¥é is a small positive number.
In the resulting gait the front leg will be lifted closely after a hind leg on the same
side is set down, such that the time difference between the two events is equal to
09 T. It should be noted that in order to maintain three feet on the ground at all
times, the duty factor is limited Hy> 0.75+ d¢
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7.1.5. Leg control
Each leg is controlled by a simple cartesian stiffness/damping controller (Hardar-
son, et al., 1999). The control law is given by

B BP B _BP B BP B BP B¢P
[ = ‘]iT[Pi( Lir = L )+Bi( Vir = VY )+ f_ll'] (7.10)

wherert; is the vector of output torques at the joigsandB; are the position and
velocity feedback gain matrices for legespectively, and; is the Jacobian of the
position of the foot relative the body

Ji(8) = —z (7.11)

whereg; is the vector of joint angles for leig as discussed in chapter 3. The last
term in equation (7.10) is a force referendéj, , Which is output in an open loop
manner. In this case the output is chosen to compensate for the weight of the robot,
l.e. it is opposite the desired ground reaction force for,leg

fri = nimy = —n;magn; (7.12)

which is equal to the portion of the total weight each leg should support according
to the planned motion of the CpP

7.2. Experimental results

The experiments where done with WARP1, using the experimental setup,
described in Ridderstrom, et al. (2000), and Ridderstrém and Ingvast (2001a). The
tool-chain used in the development and implementation is shown in figure 7.4.
Models and analytical expressions, such as kinematic relationships, are derived in
the computer algebra systelhaple using theSophialanguage (Lesser, 1995),
which are then exported to C-code using the macro packagexLennartsson,
1999). These models and expressions can then be used to build and simulate
controllers inMatlab/Simulinkwhich is a system that combines numerical compu-
tations with high level graphical programming. Finally, the Matlab tooltiReal-

Time Workshopis used to transform the Matlab/Simulink diagram into C-code,
that can be compiled, with a real-time kernel from xf®Ctoolbox, and download-

ed to thetarget computerThe target computer is a standard PC-computer that
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Figure 7.4. Tool chain used in the development and implementation of the con-
troller (from Ridderstréom, and Ingvast, 2000a).

executes the controller code for the robot. Currently, the target computer is not on-
board the robot, but communicates with four smaller computer néddel)(on the

robot, through a CAN-bus. The ACN:s perform 1/O functions, such as reading
sensors and send the readings to the target computer, and output desired voltages
to the motors.

An external measurement system, V-Scope VS-100 from Litek Advanced Systems
Ltd., is used to measure the robot position in the lab. It consists of two transmitters,
that are placed on the robot, and three stationary receivers. Each transmitter sends
out one infrared signal and one ultrasound signal at the same time. These signals
are detected by the three receivers, where the time difference between the arrival
of the two signals is used to calculate the distance of the transmitter from each
receiver. Given the known distances between the three receivers, the position of the
transmitter can be found in space by triangulation. The two transmitters are placed
on the robot such that the yaw of the robot can be calculated. The current setup of
the measurement system, used for the experiments, has an accuracy in the horizon-
tal plane oft5 mm, and the accuracy for the yaw estimatiatQ€93 rad (Karls-
son, 2002). The clocks of the measurement system and the logging of experimental
data from the robot are not synchronized, so the synchronization has to be done
manually.
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Only results using the six parameter controller in equation (7.13) are presented in
this section. The motivation is that the 12 parameter model showed no significant
Improvement compared to the 6 parameter model. Further, the 12 parameter model
required a higher sampling time when run on the target computer, which in turn
deteriorate the performance of the joint controllers.

7.2.1. Walking straight forward
In the first experiment, the robot is commanded to walk straight forward on a hori-

zontal plane. The robot starts from standstill and the desired velocity is first ramped
up to 0.05 m/s, and then, after 45 s, to 0.08 m/s.

To evaluate how well the robot tracks the desired velocity, the external measure-
ment system V-Scope is used. Figure 7.5 shows the velocity, where the desired
velocity VS'D(l) , set by the operator is shown as a dash-dot line in all the figures.
Figure 7.@ shows the desired velocity of the CSENC , calculated from the deriv-
atives of the support ratios and the sensed positions of the feet. Figorehogws

the reference velocit)cfy:\'B for the body, from equation (7.16). Figure Shbws

the derived velocity from the V-Scope measurements of the position of the robot.
The estimate of the yaw of the robot is used to rotate the measured velocities such
that they correspond to a frame which has the first axis in the direction of motion
of the robot, i.e. the frame is approximately equal to frdBd-igure 7.8 shows

the moving average of the measured velocities, where a sliding window of width
eqgual to the cycle tim& is used to calculate the average velocity of the robot for a
whole stride. The average velocity is approximately 10% less than the desired
velocity, where the average velocity is 0.045 m/s when the desired is 0.05 m/s, and

the average velocity 0.07 when the desired is 0.08 m/s.
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Figure 7.5. The velocity of the robot when walking forward. In all a)fH?(l)
(dash-dot) and/"°*®  (dotted). a) The desired velocity of GaP " (solid)
andV\°® (dashed). b) The reference body veloo'rﬁ‘/Ef(l) (solid) ‘ar'?%z)
(dashed). c) The filtered estimate of the velocity from the measurement system,
yEd (solid) andv"®? (dashed). d) The moving average for one stride of the
velocity from the measurement systeH?,(l) (solid)\ﬁ'r?éf) (dashed).
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Figure 7.6 shows the shortest distance between [Boamid an edge of the support
surface (solid line), i.e. the distano@n /\; wherej is the number of an edge. The
dashed line is the support stability mardig, which is equal for all the edges in

this case, and is chosen as 0.07 m. The dash-dot line is the shortest distance of the
desired CoP to an edge of the support surface. Figure 7.7 shows the elements of
vectorC[BC , i.e. the error in the tracking of CgBy the pointB, where the dashed

line shows the magnituo“g[BC” of the error, i.e. the distance of ffirem point

C. It should be noted that the body controller is not active the first 11 s, hence the

error for that time period.

Figure 7.6 shows that poif is too close to an edge of the support surface for
certain time instants. These time instants correspond to the evgnps, ¢,, and

Y3, i.e. the events when a frontleg is placed and a hind leg is lifted. At these events,
the desired CoP is constrained to be a distance equg,foom the edge, accord-

ing to equation (7.10). Unfortunately, the error between pBiahd CoR can be

as large as 4 cm, depending on the desired velocity, as can be seen in figure 7.7,
that causes poirB to violate the support stability margin. It should, however, be
noted that in these cases the edge Biatto close to is a diagonal edge, in which
case, in the event that the robot tips over, the fall can be braked by the leg that is in
the air.

Figure 7.6 also shows that for certain time periods, the oo close to an edge

of the support surface. These time instants again correspond to the @yets

$,, andys. Although the support ratios are calculated such that theyGbsuld

fulfill equation (7.10), these calculations are based on the desired positions of the
feet. If the desired velocity is varying, the actual positions of the feet do not corre-
spond to the desired positions of the feet. For instance, in the case of a step change
in the desired velocity, it would take the robot one stride cycle, i.e. when all the
legs have been lifted and replaced once, until the actual position of the feet corre-
spond with the desired position of the feet. Error in the positioning of the feet or
slipping will also have the effect that the GpRill not be correct. However, the
CoRy will always remain within the boundary of the support surface, as there are
always at least three support ratios that are larger than zero.
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Figure 7.8 shows the gait diagram for the first three strides. The gait diagram for
each event is generated by selecting the foot with the highest support ratio to be the
reference point. The position of the other feet and the fiate then plotted rela-

tive to the chosen reference foot for the duration of time between two events. The
solid line inside the support surface, is the motion of the vertical projection of point
B, i.e. pointB , where ‘0’ and ‘x’ denote the starting and end position, respectively.

Figure 7.9 shows the measured position of the robot in space as a solid line, using
the V-Scope, where the robot starts at point (0,0). The dashed line is the average
position of the robot for one stride, and the dash-dot line is the desired position of
the robot, calculated by integrating the desired velocities, i.e. if (x,y) denote the
position of the robot then

de ) COSp— de b@)

X sing
. ND(1) _. ND(2) (7.13)
y = vy sing + vy Cosp

where @ = Wy , X(0) = y(0) = 0 andp(0) is equal to the average of the
measured yaw of the robot before it starts walking.

The support ratios for the whole experiment are shown in figure 7.10. The differ-
ence in the support ratios for different velocities is mainly due to the difference in
cycle time, where the cycle time reduces with increasing velocity. The shape of the
supportratios, i.e. the values of the support ratio parameters, does not change much
after a forward velocity of approximately 0.03 m/s has been reached. This is due to
that the legs of the robot reach their kinematic limits at about that speed, in which
case the desired position of the legs will not change for increasing forward veloc-

ity.

This experiment has shown that the robot is capable of walking statically balanced
using the approach presented in chapter 6, at a constant desired velocity. Although
the support stability margin (SSM) is violated at some time instances, the vertical
projection of pointB remains within the support surface. In order to guarantee that
the motion satisfies the SSM, some uncertainty due to the tracking error could be
added to the SSM. The experiment also shows some of the downsides of the imple-
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Figure 7.8. Gait diagram for the robot for the first three strides, each row is one
stride. The motion of poirB  between the events is shown as a solid line, where
the mark ‘o’ denotes the position of poiBt  at the beginning and ‘x’ at the end.

mentation. The desired velocity of the CoP has large step-wise variations that
cause jerky motion of the robot, as seen in figure 7.5. This may be the cause of the
poor tracking of the desired CoP as can be seen in figure 7.7, which in turn led to
violation of the SSM and that the tracking of the desired velocity is not satisfactory.
Furthermore, the Cqfcan only be guaranteed to remain within the boundary of
the support stability margin for constant desired velocity, due to that the support
ratios are calculated based on desired positions of the feet.
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Figure 7.9. Measured position of the robot in the lab (solid), the averaged posi-
tion of the robot for one stride (dashed), and the desired position (dash-dot). The
circles ‘0’ denote the end positions.
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Figure 7.10. The support ratiog;{.
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7.2.2. Walking and turning
The second experiment demonstrates the robot turning. The robot walks forward

with a velocity ofvS'D(l) = 0.05 m/s and turning rat®; = /80 rad/s (i.e. the
robot is turning to the left). The resulting velocity of the robot is shown in figure
7.11 and the resulting angular velocity is shown in figure 7.12. The velocity error
between the averaged velocity and the desired is approximately 10%, for both the
forward and the angular velocity.

Figure 7.13 shows the support ratio for one stride. The support ratios for the right
legs, leg 2 and 4, support more of the weight, i.e. the robot shifts its weight more
to the right side when turning left. Figure 7.14 shows the distance of Boamtd
CoPRyfrom an edge of the support surface. In this case, the,@affightly less than

the SSM, at the time instants that correspond to the exggnt,, ¢,, andys, even
though the robot is walking with a constant velocity. The error in the positidh of
relative to CoR is shown in figure 7.15. Probable reasons for why the £sP
slightly less than the SSM could be that the feet slip slightly while turning or that
there is a small error in the positioning of the feet at landing. In either case the
support surface will not exactly match the desired support surface, on which the
calculations of the support ratios are based. Figure 7.16 shows the gait diagram for
the first three strides. Looking closely at the diagrams, that correspond to the
eventsp, andg,, i.e. number 1 and 5 in each row, it can be seen that there are slight
changes in the shape during the time period between the events, seen by thicker
lines of the boundary. This suggests that the front feet slip as they land. The reason
for this can be seen in figure 7.AAndc, where the reference veIocityNB(l) IS
suddenly negative at the same instant as the front feet are placed, i.e. the robots
jerks backwards at the same time as the feet land.

Figure 7.17 shows the motion of the robot, where the solid line is the measured
position of the robot, the dashed line is the averaged position over one stride, and
the dash-dot line is the desired position of the robot. The backwards jerk in the
motion of the robot, mentioned above, can be seen in figure 7.17.

The main purpose of this experiment has been to demonstrate that the robot can

turn while maintaining static balance. It also shows the effect of the step-wise vary-
ing velocity of the CoR, which in this case causes the front feet to slip.
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Figure 7.11. The velocity of the robot when desired velocity is 0.05 m/s and de-
sired turning rate is80 rad/s. In all a)-d)vND(l) (dash-dot) and '°® (dot-
ted). a) The desired velocity of CgR" " (solid) andv""“® (dashed). b) The

reference body velocitw,PB(l) (solid) amﬁ'B(Z) (dashed). c) The filtered esti-
mate of the velocity from measurement systerNTE(l) (solid) ane

(dashed). d) The moving average for one stride of the velocity from measure-
ment system;NB(l) (solid) and'®® (dashed).
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Figure 7.12. The averaged measured angular velocity of the robot (solid), and the
desired angular velocity (dashed).
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Figure 7.13. The support ratiog;} for one stride.
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Figure 7.16. The gait diagram of the robot for the first three strides, when the de-
sired velocity is 0.05 m/s and angular velocityri80 rad/s, each row is one
stride. The motion of poirB  between the events (solid), where the mark ‘o’ de-
notes the position at the beginning and ‘x’ at the end.
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Figure 7.17. Measured position of the robot in the lab (solid), the averaged posi-
tion of the robot for one stride (dashed), and the desired position (dash-dot). The
circles ‘o’ denote the end positions.
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Figure 7.18. Gait diagram for one stride. The motion of poit  between the
events (solid), where the mark ‘0’ denotes the position at the beginning and ‘x’
at the end, normal projection of B (dash-dot).

7.2.3. Stepping and walking on an incline
The final experiments demonstrate the robot stepping and walking on an incline.

When the robot is stepping, it is lifting its legs in a normal crawl gait step cycle but
IS not moving in any direction. Figure 7.18 shows one stride when the robot is
standing on an incline of approximately 6 degrees, such that the front end is higher
than the hind end. The solid line inside the support surfaces, is the motion of the
vertical projection of poinB, i.e. pointB , where ‘0’ and ‘x’ denote the starting and
end position, respectively. The dash-dot line is the motion of the projection of point
B along the estimated normg to the plane.

Figure 7.19 shows the results of the estimatecg; , i.e. the third axfbl,of

expressed ifC. Figure 7.1@ shows the attitude angles definif@ relative tofN,
l.e. the anglespéz) anqigs) calculated using equation (5.30). Figurd 8H®&vs
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Figure 7.19. Estimation of attitude of the ground plane. a) The rotations defining
the attitude of frame fC relative to frame flﬂff) (soli¢)(03) (dashed). b) The
angle o, between the vectors; and,  (solid), and, betweenb; ad
n, (dashed)

the anglen. between the normal vectag to the plane and the vertical vectoy,
where the angle is calculated oy [h; = Cnés) = cos(a.) (solid line), and the
anglea, between the vectda; to the plane and the vertical vectey(dashed line).

The robot has a problem once, during the time period when leg 2 is lifted and
placed, i.e. during 43.44 - 45.12 s. The robot tips slightly before the leg 2 is set
down again, resulting in that leg 3 loses ground contact briefly.

Figure 7.20 shows a gait diagram when the robot is on a sideways incline, such that
the right side is higher than the left side. The inclination is slightly less in this case,
or approximately 4 degrees. As seen in figure B, 2 theay, the body is pitching

an rolling. The estimate of the attitude of the ground plane in figureat@mains,
however, fairly constant.
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Figure 7.20. Gait diagram for one stride. The motion of poit  between the
events (solid), where the mark ‘0’ denotes the position of pBint  at the begin-
ning and ‘x’ at the end, normal projection of B (dash-dot).
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Figure 7.21. Estimation of attitude of the ground plane. a) The rotations defining
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In the last experiment the robot walks forward with a velocity of 0.05 m/s, first on
a horizontal plane and then up an incline of approximately 6 degrees. When going
up on the incline, theresia 6 cmstep, which the robot does not know of. Figure
7.22 shows gait diagrams for the robot as it is going from the horizontal plane to
the incline. Figure 7.23 shows the estimation of the attitude of the ground plane
during that time period. The reason for the jump in the estimation, after about 37
S, is that one of the feet slipped off the step.

The experiment shows some problems with the implementation. The control of the
landing of the feet and the lack of adaption to the terrain, results in that in some
cases the feet are not in ground contact when they are supposed to. Instead the
ground contact is established when the robot starts shifting its weight over onto a
newly placed foot, resulting in a tipping motion over to a new support surface. This
can be seenin figure 7.23 as the estimate of the attitude of the ground plane is fluc-
tuating. Figure 7.24 shows the shortest distance of artd CoR to an edge of

the support surface, and as can be seen, that Bastoo close to an edge of the
support surface, where the largest errors occur during the time periods when the
front feet are in the air.
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7. Synthesis of a controller for a statically balanced crawl gait for WARP1
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8. DISCUSSION

The focus of this thesis has been to develop and implement a method to achieve a
statically balanced gait for a quadruped robot. As a goal, this has been accom-
plished. The center of pressure, i.e. the point where the resultant of the ground reac-
tion forces at the feet acts, is used to develop a stability measure, the support
stability margin (SSM), which is then used in the planning of a statically balanced
body motion. The SSM is used to set appropriate bounds on the motion of the
robot, to account for potentially destabilizing forces or moments. The motion of the
robot is planned by determining the supporting force for each leg, which in turn
will determine how the robot should shift its weight in order to remain statically
balanced. The approach proposed in this thesis, therefore, solves simultaneously
the problem of determining a statically balanced motion trajectory for the body, as
well as, the distribution of forces to the feet, to compensate for the weight of the
robot. The experimental results demonstrate that the quadruped robot WARPL1 is
able to walk statically balanced on both horizontal and inclined ground.

In this thesis work, the support stability margin was only used to plan the motion
of the robot in a feedforward manner. However, the support stability margin can
also be used to detect the risk of instability while walking, to allow the robot to take
appropriate action to avoid tipping over or to recover from failure.

Several components of the controller for the robot can be refined or further devel-

oped, and more components can be added, in order to increase the performance of
the robot and to provide the capability of handling more general types of terrain, as

123



8. Discussion

will be discussed in section 8.2. Further investigation are also needed on the effect
of different ground properties, for instance material properties, such as the friction
and the stiffness of the ground, or geometric properties, such as handling steps and
other obstacles. Another interesting challenge would be to investigate whether the
approach, presented in this thesis can be extended such that a natural transition to
dynamically balanced gaits, such as trotting, can be achieved.

8.1. The results of the experiments

In chapters 5 and 6, no assumptions are made that are specific to the robot WARP1,
and the approach is general for most quadruped robots. The requirements of the
approach are that the position of the feet and the attitude of the robot can be
measured. Furthermore, the legs must have the necessary degrees of freedom to
allow the robot to position the feet in a three dimensional space. On the other hand,
chapter 7 presented an implementation that is more specific to WARP1, although
guadruped robots with similar structure should be able to use it.

The main drawback of WARPL1 is the size of the space in which the leg can provide
the forces necessary to support the robot, i.e. this space is smaller than the kinemat-
ic workspace of the legs. For instance, the calculation of the support ratios resulted
in that the front legs should support almost half the weight of the robot towards the
end of the support phase, i.e. if the robot is walking straight forward, when the foot
Is farthest behind the hip joint. This limits the length of the stroke of the foot, i.e.
the robot has to take rather short steps, which in turn limits the maximum velocity
of the robot.

Another problem with WARP1 is its relatively heavy legs. When the robot is walk-
ing at higher velocities, the inertial forces acting on the robot, due to the motion of
the legs in transfer phase, were quite noticeable, and furthermore, the impact when
the legs land is quite large. The heavy legs also result in that the CoG is moving a
lot, so the uncertainty in position of CoG, added to the SSM, is quite large.

Given a constant desired velocity, set by the operator, the robot has an error in the
average velocity that is almost 10% less than the desired. One probable reason is
that the desired velocity of the CoP has large step-wise variations that are very hard
for the robot to track. They also cause jerky motion of the robot, which in turn can

124



Future work

cause the feet to slip, thereby the position of the feet will not correspond to the
calculated support ratios. As will be discussed in the next section, certain improve-
ments can be made that are likely to improve the velocity tracking.

8.2. Future work

The goal of the WARP project is to have a walking robot that can handle difficult
terrain. As a step towards that goal, several improvements can be made on the
controller presented in this thesis, here two smaller steps are identified. The first
involves improving on the ability to handle uneven terrain, and the second involves
improving on the velocity tracking and the smoothness of the body trajectory.

8.2.1. Adaption to the terrain
To improve the ability to handle uneven terrain, the controller should be able to

adapt to the terrain it is walking on. In the implementation, presented in this thesis,
the height of the legs were fixed, where it was assumed that the terrain the robot is
walking on is approximately planar. However, if the ground is not planar, for
instance when going up a step as in the experiments in section 7.2.3, this could
cause a foot to lose ground contact as the robot is moving. Another problem could
be that a foot, that should be placed, would not find any ground contact, or hit the
ground earlier than expected causing a large impact. There are two improvements
that can be done, better control of the landing of the feet and active control of the
height and attitude of the robot.

The control of the leg during landing can be improved by making it able to handle
minor variations in the terrain. For instance, if no ground contact is established, the
foot could be moved further downwards, until ground contact is found, or if no
ground contact is found, a warning should be sent to a higher control level which
would take other actions. On the other hand, if the foot hits the ground earlier than
expected, the leg should switch to support phase directly, using the actual landing
position as the initial condition for the reference position trajectory during the
support phase. Methods to accomplish this were studied in Hardarson, et al. (1999).

The second improvement is active control of the height and attitude of the body of

the robot. The goal of the attitude controller, given the estimate of the attitude and
distance to the ground plane, would be to maintain the body parallel with the
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8. Discussion

ground plane at a desired height above the plane. This can be accomplished without
interfering with the current controller by only varying the height of the legs, normal

to the ground plane. One method, that could potentially be adopted for this
purpose, is described in Ridderstrom and Ingvast (2001b).

8.2.2. The support ratio
There were two problems noted with the current calculations of the support ratios.

The first is that the support ratios are calculated based on the desired positions of
the feet. If the desired velocity is varying, the calculated support ratios do not
correspond to the real positions of the feet. There are two problems with this, the
desired velocity of the CoP will not be correct and there is a risk that the support
stability margin might be violated.

One approach might be to calculate the support ratio parameters by using the actual
position of the feet, and predicting one stride ahead in time, using the desired posi-
tion of the feet. In that case the support ratios would correspond with the desired
velocity and the current support pattern.

The second problem is that due to the piece-wise linearly varying support ratios,
the desired velocity of the CoP is piece-wise constant. As shown by the experi-
ments in section 7.2, the desired velocity of the CoP showed large variations. To
reduce these variations, a term can be added to equation (6.33), that would punish
large variations in the velocity of the CoP, for instance

)
SN W)t + § (W) ~vRe() QUM ~ (L)) (7.14)
0 |

whereQ is a weight matrix, ant|™ andt;” are the time instants just prior and after
the event of the gait, respectively. Alternatively, it could be investigated whether

a more smooth function for the support ratios can be found, such that the desired
velocity of the CoP would be a continuous function.

Improvements on the support ratio calculations would result in better velocity
tracking, smoother motion and improvement of the stability.
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Conclusion

8.3. Conclusion

In order to justify the development of walking robots for practical purposes, their
potential for handling certain types of difficult terrain should be utilized. This
thesis work has dealt with statically balanced gaits for quadruped robots. The main
emphasis has been on the stability of such gaits and how they can be accomplished.
The motivation for studying statically balanced gaits is that they can be executed
arbitrarily slow. This is beneficial in the event that the terrain is uncertain and the
robot has to search for footholds, as the robot can remain balanced at all times.
There is, however, further work that has to be done before the walking robot
WARP1 will be able to handle more general types of terrain.
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APPENDIX A: THE LAGRANGE EQUATIONS

One of the standard methods for deriving the equations of motion for mechanical
systems are the Euler-Lagrange equations. This method will be used here as it
highlights some of the properties of the system. The Euler-Lagrange equations are

i f_ (Al)

whereg is the vector of generalized coordinatgis, the vector of generalized forc-
es acting on the system, ahds the Lagrangian, corresponding to the difference
between the kinetic energy, and the potential energfp, i.e. the Lagrangian ik
=T-P.

Robotic systems have two important properties. The potential energy is only a
function of the generalized coordinates, i.e. potential energy can be expressed as
P(qg), and the kinetic energy is a quadratic function of the derivatives of the gener-
alized coordinates

T(g 8 = 34"D(0)d = 35 Di(a)de (A2)
]

whereD(q) is the inertia matrix. The inertia matrix is always positive definite and
symmetric. The Lagrangian can then be written as

L = 24"D(@)d-P(a) (A-3)

From the Lagrange equation get that

10

D()d+ D(a)d- 55

(gTD<g>g>+§—gP<g> = f (A4)

Each rowk of the vector expression can be expressed in sums as

> (@) + D)) - S Di@daF 2r@ = 1 A

j:l I, ]
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The termD¥(g) can be written as
D4(g) = SDK(G) = J 2-DH(g)g (A6)
= dt - —0q' -
so equation (A.5) can be written as
D(g)ii + 5 B2-Dk(g) - 5-2.Di(g) ql+—P(q) = fk (A7)
SO+ 3 gD 35> O

The second term on the left hand side of equation (A.6) can be written as, using the
symmetry of the inertia matrix

Da kJ_laDll 1:1 Da DkJ+ D'J i A.8
Define the coefficients
100 0
cli(q) = 50, -DN(q) + 5 =D(q) ——D”(q) D (A.9)
Zcﬁ | g ogk

which are known as Christoffel symbols (of the first kind) (Ortega, and Spong,
1988).

Define now vectoh which is the partial derivative of the potential energy function

hk(g) =—P A.10
(@ =35P(@ (A10)
and a matrixC which elements are
n
CH(g, @) = Y cki(a)d (A.11)

i=1
and get finally by inserting into equation (A.6) that

DHi(g)Gl + ) CK(g, )gi +h¥(g) = fk (A.12)
o 3o 00

or in vector form that

D(9)g+C(q, 9g+h(q) = f (A.13)
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The vectorC(q, g)g contains the centrifugal and coriolis forces, where the centrif-
ugal forces are terms of typ@!)2 , and the coriolis forces are the terms of type
g'g! wherei #j . Comparing to equation (A.4), the vector of centrifugal and cori-
olis forces are equal to

C(a 94 = D(@)d- 35" D@ (A.14)

independent of how the matrixis defined.

Some fundamental properties of the equations of motion are (Ortega, and Spong,
1988; Albu-Schéffer, and Hirzinger, 2000)

« The inertia matrbD(g) is symmetric, positive definite and bdandD™ are
uniformly bounded as function f (0 (1" . The norm is bounded by

)‘mins ” D(9)|| S )\max (A.15)

With Apin, Amax> 0, the minimum and maximum eigenvalue®of

« The matrixN(q, ) = D(g) —2C(q, g) is scew symmetric, wheds
defined using the Christoffel symbols. However, independent ofthisw
defined,q™( D - 2C)q = 0 isalways true. This reflects that the centrifugal and
coriolis forces are fictitious and don’t do any work.

» The gravity potential energls, with

oP
g(q) = a_G (A.16)

is dominated by some quadratic for a suitably chosen

Po(dy) ~Po(9) + (a- 6,)9(a,)| < 3a[a- g2 (A17)

or equivalently:

|9(gy) — (9] = ol — g (A.18)
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APPENDIX B: EQUATIONS OF MOTION FOR A QUADRUPED

This appendix is based on Koo, and Yoon (1999). For shortness of notation let
rg = I8, 1y = N, vy = WB vy = VM g = @ andw; = "o . The
kinetic energy for each component is composed of two parts, one due to translation
and one due to rotation. The kinetic energy for the robot’s body is then

1

_ 4 T
Tg = smgVgVg +

> Ll 50 (B.1)

2
wheremg andl g are the mass and inertia matrix of the robot’s body, respectively.
In the same manner the kinetic energy for the links of ieg

i 2 Z {mljvlj VI] + 00 l IJ} (BZ)
j=1
wheremy; andl;; are the mass and the inertia matrix, respectively, forjliokleg
i. The total kinetic energy of the whole robot is then
4
T(9 0 = Ta(de d5) + > Ti(a, G (B.3)
i=1

It should be noted the kinetic and potential energy are independent on which frame
the vectors are defined in. However, in some cases it is desirable to express the
vectors in a specific frame. In that case it should be remembered that the inertia
matrix is specified in the same frame. The inertia matrix is a constant matrix in the
frame of the its component, but if the vectors are expressed in other frames then the
inertia matrix has multiplied with the corresponding rotation matrix. For example
the inertia matrix for the body when expressed in the world frame is

“Ie = "R®P1e CPRY (B.4)

The kinetic energy for the body can be expressed, using the derivative of the gener-
alized coordinates, as

. 1 . 1. -
To(dp) = 5MeXd% + éc_pg(”ch)T 0, Do, (B.5)
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where following relation was used

"W’ = "0%(g,) 0, (B.6)

The kinetic energy for each leg can be expressed as functions of the generalized
coordinates,

3
1 N T T
T = 2 Z {m”(_\-/ij) lj\l_\-/ij + W d\llij(—oij} (B.7)
=1
where the vectors in equation (B.7) are all expresséd, in

Ny, = i+ MRECPIL B - M o, (B.8)

where
aBr“BL
B,L _ ij
. . NeBL . . N BL
is the Jacobian, andr;;~  is the dual matrix of the vectQr . The angular veloc-
ity, when expressed i, is
w; = NCDB(._%"‘ Bq)iJL--Qi (B.10)

where the relationship between the angular velocity vector and the generalized
coordinates is

NgBeo. -
oy = —1 (B.11)
00;
The inertia matrix is then

— — _X_

Dy DIcp Dje1 Dye2 Des Dies _‘_B

Dyo D¢ Dgor Dgoz Dges Dgeal| | P8
D(g)g - Dxel D(pel Del 0 0 0 ?1 (B.lZ)

Dyoo Dge2 0 Dg; O 0 |l8,

Dyos Dges 0 0 Dg3 0 ||g,

|Dyos Dgosa O 0 0 Dy 0.,
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where all the submatrices are of s&e 3 and given by
DX = %nB+Zmi'jE|3x3
0y
N, BT N.B
Dy(9s 8 . o) = ("0°) D"

4 3
+S Y {m;("-0'e%) O d'e®+ ("o O, Do
i=1j=1
4 3
Dugl@ 81 0) = =5 5 {my't; 0'0%)
’ izlj21 ! (B.13)
3
Dyoi (95, 8;) = Z {mijNRB IjBJile}
j=1
3
Dyoi (0 8) = 3 (9% T'ly Ty —m ("7 0'0%) ' DRIy
=1
3
B L\T L B L\T L
Dei(®Pg, 8)) = Z {m;("J5) DBJij + (") d\llij DBCDij}
j=1
The vector of centrifugal and coriolis forces is then equal to

(g 9 = D(@)d-32a"D(9)d) (B.14)
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	where and , which results in

	(3.2)
	The index point for the robot’s body is chosen as its center of mass, and denoted as point B. The...

	(3.3)
	where is the vector of generalized coordinates associated with the translation. The generalized c...

	(3.4)
	Given these relations for the position and orientation of the body, and the generalized coordinat...

	(3.5)
	Given this relation it is of interest to derive the motion of point H. Straight forward derivatio...

	(3.6)
	where the frame information in front of the derivative operator indicates that the derivation is ...

	(3.7)
	In order to have all the vectors expressed in the world frame, equation (3.7) is rewritten as

	(3.8)
	The first term in equation (3.8) is the velocity of the index point B, expressed in fN

	(3.9)
	while the second term is the velocity of point H relative to point B due to the angular velocity ...

	(3.10)
	where is the anti-symmetric dual matrix of the angular velocity vector ,

	(3.11)
	and where are the components of the angular velocity vector, expressed in fN

	(3.12)
	The velocity of point H is then given by

	(3.13)
	Generally a linear relationship exists between the velocity and angular velocity of a body and th...

	(3.14)
	which clearly is a linear relationship. Insertion of equation (3.2) into equation (3.10) results ...

	(3.15)
	where the matrix is given by

	(3.16)
	when expressed in frame fN. If the angular velocity is expressed in frame fB, it results in

	(3.17)

	3.2. Kinematics of the legs
	The frames for the linkages of the legs are defined by a chain of simple rotations from fB. Each ...
	Figure 3.3. The generalized coordinates chosen to define the position of the linkages of leg i, r...
	(3.18)
	The rotation matrix from frame fLi,j to fB is denoted as , and rotation matrix between fLi,j to f...

	(3.19)
	where is an anti-symmetric matrix of the components of the angular velocity vector , and is an an...

	(3.20)
	Figure 3.4. Relationship between the position vectors of link j of leg i.
	The angular velocity vector between fLi,j and fLi,j-1 is denoted and is only a function of the de...
	The position vector is the vector from index point B to the index point Li,j, i.e. the index poin...


	(3.21)
	The position vector of Li,j relative to B, when expressed in fB, is only a function of the joint ...

	(3.22)
	The velocity of the index point of each linkage is then

	(3.23)
	where is the velocity of Li,j relative to B, i.e.

	(3.24)

	3.3. Motion of the feet relative to the body
	The motion of the body is determined by the motion of the feet in ground contact, and the stabili...
	If the point Pi is the position of the foot of leg i, as shown in figure 3.5, then let be the pos...
	(3.25)
	and the velocity is

	(3.26)
	The velocity of the foot relative to the body is given by

	(3.27)
	where BJiP is the Jacobian which, in this case, is a matrix. Let point Hi denote the position of ...
	Figure 3.5. Relationship between the position vectors for foot i.

	(3.28)
	As riBH is a constant when expressed in fB, then

	(3.29)
	The Jacobian for leg i is then

	(3.30)
	If the foot is in support and therefore stationary on the ground, assuming that the foot doesn’t ...

	(3.31)
	As and are the velocity and angular velocity of the body, equation (3.31) gives the velocity of a...
	If the foot is stationary on the ground, equation (3.25) gives a coupling between the generalized...

	(3.32)
	where the vector is a constant. However, since the assumptions that the foot is stationary on gro...



	4. The equations of motion for legged robots
	Dynamics is the study of how mechanical systems move under the influence of force. The force may ...
	Several methods have been developed for deriving the equations of motion, where the most commonly...
	In this section the equations of motion will be derived using Lagrange equations. For a short int...
	4.1. Equations of motion for the quadruped robot WARP1
	The first step when using the Lagrange equations is to form the Lagrangian, denoted as L, which i...
	The kinetic energy for each component is composed of two parts, one due to translation and one du...
	(4.1)
	where mB and IB are the mass and the inertia matrix of the robot’s body, respectively. In the sam...

	(4.2)
	where mij and Iij are the mass and the inertia matrix, respectively, for link j of leg i. The tot...

	(4.3)
	As discussed in section 3., there exists a relationship between the velocities and angular veloci...

	(4.4)
	where the matrix D is the inertia matrix, which is a symmetric and positive definite matrix, and ...
	The potential energy P is in this case the gravitational potential energy PG, which is only a fun...

	(4.5)
	where g is the vector of gravitational acceleration, which is, when expressed in fN, , where ag i...
	The Lagrangian is now formed by L = T - P, where T and P are given by equations (4.4) and (4.5), ...

	(4.6)
	where f is the vector of generalized forces, which are the projection of the forces acting on the...

	(4.7)
	The left hand side is usually divided into different parts depending on the nature of the forces,...

	(4.8)
	The first term in equation (4.8), is the inertial force which is an acceleration dependent force....

	(4.9)
	It is shown in Appendix B that the inertia matrix has a special structure. Equation (4.8) can be ...

	(4.10)
	where all the submatrices of the inertia matrix are of size , and the subvectors of the vector of...
	The vector f is the vector of generalized forces acting along each generalized coordinate. It wil...

	(4.11)
	where ta,i and tf,i, for i = 1...4, are the vectors of applied and frictional torques, respective...
	The external forces will be assumed to be mainly due to the interaction with the ground through t...

	(4.12)
	where is the Jacobian of the velocity of the foot relative to the body, defined in equation (3.30...

	(4.13)

	4.2. Equations of motion including joint dynamics
	In this section the equations of motions will be derived for the robot, given that the joints are...
	The complete model for an elastic joint can be extremely complicated. To simplify matters, it is ...
	The joints of WARP1 are actuated by DC-motors, and have transmissions that consist of a harmonic ...
	(4.14)
	where was defined in section 3.2. and is the angular velocity of fR relative to fLi,j-1. The rota...

	(4.15)
	where IR is the inertia matrix of the rotor. If the angular velocity is expressed in fR then the ...
	The rotational kinetic energy of equation (4.15) is then
	Figure 4.1. Model of an elastic joint.

	(4.16)
	where all angular velocity vectors are of the same order of magnitude.
	Spong (1987) proposed to use an approximation if the rotor inertia is relatively small and the re...

	(4.17)
	where J is the inertia of the rotor around its axis of rotation. The term n2J is often called the...

	(4.18)
	where the indices, i and j, refer to joint j of leg i, is a vector of generalized coordinates ass...

	(4.19)
	The total kinetic energy of the system is then

	(4.20)
	where the inertia matrix has been modified to include the translational kinetic energy of the rot...
	The potential energy consists of two terms in this case, the gravitational potential energy, and ...

	(4.21)
	where tk,i(j) is the spring torque in joint j of leg i, which is a function of the twist of each ...

	(4.22)
	where ki,j is the stiffness coefficient for joint j of leg i, and Ki is diagonal matrix of the st...

	(4.23)
	Applying the Euler-Lagrange operator results in the equations of motion for the robot with joint ...

	(4.24)
	(4.25)
	where the vectors of spring torques are defined by

	(4.26)
	The applied torques on the rotors are proportional to the current in the motor,

	(4.27)
	where Kt,i is a diagonal matrix of terms ni,jkt,i,j where kt,i,j is the torque constant of the mo...

	(4.28)
	where li,j is the inductance, ri,j the resistance and kemf,i,j the back electro-motive constant, ...



	5. Stability of statically balanced gaits
	A common assumption in statically stable walking is to neglect the effect of inertial forces acti...
	The aim of this chapter is to develop a stability measure, that can be used in planning a statica...
	5.1. Stability measures
	A natural (i.e. untripped or unforced) tipover of the vehicle will always occur about an edge of ...
	Messuri, and Klein (1985) proposed the energy stability margin (ESM), which is based on the minim...
	Figure 5.1. The shortest horizontal distance (stability margin) (a) to an edge, and the ESM = maG...
	Lin, and Song (1993), proposed the dynamic stability margin (DSM), which is based on the moments ...

	(5.1)
	where W is the total weight of the robot and Mi is the resultant moment about edge i due to exter...
	For biped robots, and other robots, that rely more on dynamic stability, it is necessary to take ...


	5.2. The center of pressure
	Figure 5.2. The center of pressure (point C) for ground reaction forces acting at three points, P...
	The basic assumptions for the following work is that the feet of the robot are point contacts, su...
	Let FG and MG be the resultant force and moment, respectively, acting at the CoG, due to the iner...

	(5.2)
	where point G is the position of the CoG. The resultant force FG acting at the CoG is given by

	(5.3)
	where is an external force acting on the robot, and are the acceleration of the body and the link...

	(5.4)
	The resulting moment MG acting at the CoG is

	(5.5)
	where ME,i is the external moment acting on the robot, the point Ei is where the external force F...

	(5.6)
	As mentioned in section 5.1, the center of pressure (CoP) and the zero moment point have been use...
	Goswami (1999) defines the center of pressure (CoP) as the point in a plane where the resultant o...

	(5.7)
	where the point C denotes the CoP. The solution to equation (5.7) for the position of the CoP rel...

	(5.8)
	The resultant moment due to the ground reaction forces around the CoP, i.e. around point C, is

	(5.9)
	The resulting moment has therefore only a component normal to the plane, i.e. the resulting momen...
	Arakawa, and Fukuda (1997) define the ZMP as the point on the ground where the moment generated b...
	In the case that all the feet are in the same plane as point O, i.e. if , the CoP in equation (5....

	(5.10)
	which is the equation for the position of the CoP as put forth by Goswami (1999). In this case, t...
	If there are no inertial or external forces acting on the robot, it can be shown that the CoP is ...
	Figure 5.3. The forces and moments acting at the center of gravity.

	(5.11)
	and the force balance equation, in the direction of the normal c3 to the plane, can be expressed as

	(5.12)
	Inserting the left hand side of equations (5.11) and (5.12) into equation (5.8), and using the re...

	(5.13)
	where the relation has been used. Equation (5.13) shows that if the resultant force and moment, d...

	(5.14)
	It should be noted that the denominator of the second term in equation (5.13) is always less than...


	5.3. The center of pressure and stability
	Generally, when there are four feet or more in support, it is not possible to define a plane such...
	If the CoP is on an edge of the support surface, the forces acting on the robot are only being su...
	In order to examine the stability of the robot around a certain edge of the support surface, a pl...
	Figure 5.4. The distance of the center of pressure from the edge formed by points Pa and Pb.
	The unit vector c3, normal to the ground plane can be found from

	(5.15)
	where it should noted that c3 points upwards, i.e. opposite to, but not necessarily parallel with...

	(5.16)
	Finally, let point Q be defined as the point on the edge closest to the PCoG, such that , where L...

	(5.17)
	If the CoP is to be within the support surface and not on the edge, the dot product of the vector...

	(5.18)
	where the relationships and were applied. Equation (5.18) provides a constraint on the position o...
	An alternative approach to derive equation (5.18) is to use the moment balance equation around po...

	(5.19)
	Using that and , equation (5.19) can be rewritten as

	(5.20)
	As point Q is on the edge of the support surface, the moment balance equation around the edge can...

	(5.21)
	The position of the feet relative to point Q can, if all the feet lie in the ground plane, be exp...

	(5.22)
	and the last term on the left hand side of equation (5.21) can be expressed as

	(5.23)
	For the two feet ground contact points, that form the edge, the foot positions fulfill that , as ...

	(5.24)
	which in turn leads to, using equation (5.21), that

	(5.25)
	Using that , it can be shown that equation (5.25) is equivalent with equation (5.18). Equation (5...
	The approach is now to select the distance of the PCoG from the edge such that equation (5.18) is...

	(5.26)
	The term is the moment which could potentially tip the robot over the edge, i.e. the term is the ...
	Note that L does not necessarily have to be larger than zero, i.e. the PCoG can be outside the su...


	5.4. The support stability margin
	To use the support stability indicator in the motion planning, the support stability margin (SSM)...
	(5.27)
	where denotes the SSM. The SSM is determined based on the magnitude of the forces and moments tha...

	(5.28)
	(5.29)
	where n3 is the vector defining the third axis of fN, and is equal to the third column of the rot...

	(5.30)
	where and . The vector Cn3 is only a function of and , which are the rotations that define the at...

	(5.31)
	The dot product of vectors n3 and c3 has the property that

	(5.32)
	where if the ground plane is horizontal.
	The term including the resultant force acting at the CoG, FG, in the numerator can be expanded to

	(5.33)
	The term is the force component acting normal to the ground plane and term is the force component...
	The support stability margin will be based on a worst-case situation, which is when the resultant...

	(5.34)
	where the vectors and t are known. The term is the maximum moment acting around the edge, and the...

	(5.35)
	The support stability margin is then defined by

	(5.36)
	The effect of the destabilizing forces and moments in the numerator of equations (5.35) and (5.36...
	The support stability margin will be used as a stability measure to plan a statically stable body...
	The SSM is somewhat related to the dynamic stability margin (DSM) of Lin, and Song (1993), shown ...

	(5.37)
	where the minus sign is due to the difference in the definition of the direction of the tipping m...

	(5.38)
	The condition that DSM should be larger than zero, in order for the robot to be stable, is then

	(5.39)
	which is equivalent with the condition on L in equation (5.26). However, as the SSM is coupled to...


	5.5. Example of the support stability margin
	Figure 5.5. Example of a robot standing on an incline, along with the worst case force and moment...
	To illustrate the properties of the SSM, two simple examples are shown in figure 5.5 and figure 5...

	(5.40)
	and the support stability margin for the edge connecting points P3 and P4, is

	(5.41)
	As expected, the necessary support stability margin for the lower edge (the edge connecting point...
	Figure 5.6. Example of a robot standing on an incline, along with the worst case force and moment...



	6. Motion planning based on the center of pressure
	In this chapter, a motion trajectory for the robot is planned by specifying a desired motion for ...
	6.1. The supporting forces
	For a given placement of the feet, the position of the CoP is determined by the distribution of t...
	6.1.1. The support ratio
	The support ratio is defined as a dimensionless variable for the ratio of normal force that each ...
	(6.1)
	where denotes the support ratio for leg i. As seen by equation (6.1), the support ratio has the p...

	(6.2)
	The support ratio will be used as a design variable for the planning of the desired motion of the...

	(6.3)
	Using the support ratios, a simple expression for the velocity of the CoP can be derived. The vel...

	(6.4)
	where it has been used that for a leg in the air, and it is assumed that a foot in ground contact...

	(6.5)
	using that . The velocity of the center of pressure is therefore only dependent on how the feet a...


	6.1.2. The support ratio and the support stability margin
	When the robot is supported by three feet, the support ratios have a simple geometric relationshi...
	Figure 6.1 shows the triangular support area just prior to that leg 2 is set down, i.e. just prio...
	(6.6)
	where and denote the position of the CoP and foot i, respectively, at the time instant . The supp...

	(6.7)
	The position of the CoP, at this time instant, can therefore be determined by the support ratios ...
	Let edge i denote the edge of the triangular support area that is opposite the vertex point Pi, a...
	The distance of the CoP from edge i can be found by projecting the position vector, from any poin...
	Figure 6.1. The support area just prior to foot 2 being set down. The figure shows the distance o...

	(6.8)
	where is given by, using equation (6.7)

	(6.9)
	Furthermore, using that

	(6.10)
	equation (6.8) can be expressed as

	(6.11)
	The support ratio will determine that the CoP is somewhere on the dashed line that is parallel wi...
	As mentioned before, it is assumed that the position of the CoP is equal to the PCoG. The support...

	(6.12)
	The effect of the support stability margin is to create a forbidden area for the CoP around the b...
	Figure 6.2 gives another example, where the support area is shown just prior to that foot 3 is se...
	Figure 6.2. The support area just prior to foot 3 being set down. The figure shows the distance o...

	(6.13)
	The inequality constraints on the support ratios, with respect to the support stability margins a...



	6.2. The foot placement
	Ideally a mobile robot should move with the desired velocity set by the operator, where the opera...
	6.2.1. The virtual vehicle
	A walking robot can be treated as an omnidirectional vehicle as it can move in any direction and ...
	(6.14)
	The desired angular velocity is in this case only the yaw rate for the virtual vehicle, i.e. rota...

	(6.15)
	The frame fD will represent a desired orientation of the of the body frame relative to the world ...


	6.2.2. Foot placement relative to virtual vehicle
	Given the desired velocity and angular velocity, the velocity of the feet in ground contact, rela...
	(6.16)
	where and are the position and the velocity of foot i relative to the virtual vehicle, respective...

	(6.17)
	As the velocity of the foot, relative to the virtual vehicle, is the derivative of the relative p...

	(6.18)
	If all the vectors are expressed in frame fD, equation (6.16) can be written as a first order dif...

	(6.19)
	which can be easily solved if it is assumed that all the desired velocities are constants. Let t ...

	(6.20)
	The foot trajectory relative to the virtual vehicle during the support phase is then, for
	Figure 6.3. The motion of the feet relative to the virtual vehicle when walking forward and turning

	(6.21)
	where and . An example of the motion of the feet, relative to the virtual vehicle, is shown in fi...

	(6.22)
	The velocity of the foot relative to the virtual vehicle during the support phase is then

	(6.23)
	which results in that the absolute velocity of the foot is constant, i.e.

	(6.24)
	If the angular velocity is zero, the trajectory of the foot relative to the virtual vehicle is a ...

	(6.25)
	for , which can be seen by letting in equation (6.21).
	During one stride of a gait, all the legs are lifted and placed exactly once with a certain phase...

	(6.26)
	where r is given by equation (6.21). As the stride starts when foot 1 is set down, the time shift...

	(6.27)
	for . The foot trajectories, using equation (6.21), are

	(6.28)
	for , where for , and for .
	The solution to equation (6.19) may seem limited as it assumes constant desired velocities. Howev...


	6.2.3. Velocity of the CoP based on virtual vehicle
	The velocity of the CoP calculated from the positions of the feet relative to the virtual vehicle...
	(6.29)
	which results in, using equation (6.28), that the velocity of the CoP, expressed fD, is

	(6.30)
	It can be shown that the average velocity of the CoP in one stride, using equation (6.30), is equ...

	(6.31)
	If the desired velocities and gait parameters are constant during the stride, the motion of the f...



	6.3. Support ratios for statically stable walking
	The most crucial instants in the gait are when a leg is set down or lifted, i.e. at the events of...
	As the desired CoP will be used as the reference position for the PCoG of the robot, the trajecto...
	The parameters chosen for the support ratios at each event are shown in figure 6.4, and an exampl...
	(6.32)
	The parameter names are chosen such that they reflect the function they have. The parameters , fo...
	Figure 6.4. Gait diagram for non singular quadruped crawl gait, and the choice of support ratio p...
	Given the set of parameters for the support ratio and the inequality constraints associated with ...

	Figure 6.5. Support ratios for all the legs for one stride with the support ratio parameters used.

	(6.33)
	with respect to the vector of support ratio parameters in equation (6.32).
	Table 6.1: The support ratios and the parameters for each event.
	In each time period between two adjacent events, the feet are assumed stationary on the ground re...
	The results of section 6.2 can be used in the optimization to determine the velocity of the CoP a...


	(6.34)
	and

	(6.35)
	respectively. The terms and are constants between two adjacent events and change depending on the...

	(6.36)
	The optimization problem in equation () can then be formulated as

	(6.37)
	For a non singular crawl gait, the stride cycle can be divided into eight time periods, separated...

	(6.38)
	where is the time difference between events j and j+1. The derivatives of the support ratios are ...

	(6.39)
	Equation (6.35) can then be expressed as

	(6.40)
	Equation (6.40) can be expressed in matrix format as

	(6.41)
	where and are functions of the desired velocity and angular velocity, the cycle time, the duty fa...

	(6.42)
	from which the matrix W1 and the vector b1 can be found. The vectors are calculated from equation...
	Each event will provide three inequality constraints on the support ratio parameters, of the form

	(6.43)
	where and . Two examples of how the inequality constraints can be formulated for each event, are ...
	The optimization problem can now be formulated in matrix format using

	(6.44)
	where , , and , and using

	(6.45)
	where and . The quadratic optimization problem can then be formulated in standard quadratic progr...

	(6.46)
	with respect to the vector of support ratio parameters and subject to the inequality constraints

	(6.47)
	where d is a function of the support stability margins and the height of the triangles formed by ...
	A singular gait occurs when there is a simultaneous lifting or placing of two or more legs. For i...

	(6.48)
	The support ratio, and consequently the supporting forces, will not be continuous, in this case, ...


	6.4. Kinematic simulations
	A kinematic simulation of WARP1 was done to demonstrate the trajectory of the CoPd. Figure 6.6 sh...
	Figure 6.8 shows the robot turning at a rate of 0.05 rad/s while it is walking forward with a spe...
	Figure 6.6. Gait diagram for one stride of quadruped crawl gait. The polygons are the support pat...
	Figure 6.7. Support ratios for each leg with desired forward velocity of 0.1 m/s
	Figure 6.8. Gait diagram for one stride of quadruped crawl gait. The polygons are the support pat...
	Figure 6.9. Support ratios for each leg when the desired forward velocity is 0.1 m/s and the turn...


	7. Synthesis of a controller for a statically balanced crawl gait for WARP1
	In this chapter the findings of chapters 5 and 6 are used to develop and implement a controller f...
	The assumptions made about the terrain are that the ground is rigid, not to steep and relatively ...
	The implementation of the controller will be described in section 7.1. The body of the robot has ...
	Section 7.2 will provide experimental results. The experiments were designed to illustrate some o...
	Certain assumptions and simplifications are done in the implementation, some due to limitations i...
	7.1. Body control
	Figure 7.1. Control structure for implementing a statically balanced gait
	The control structure for the robot is shown in figure 7.1. The main components of the controller...

	7.1.1. Estimation of the ground plane
	A plane is defined by the normal vector to the plane and a point in the plane. As the CoP is cons...
	(7.1)
	where O is a point in the plane. Preferably, the ground plane should be chosen such that all the ...

	(7.2)
	where j and k are chosen such that . However, in the case of four legged support it is generally ...
	The attitude estimation node on WARP1, described in Rehbinder (2001), estimates the pitch and rol...
	In this implementation, the positions of the feet are known in the body frame fB, in which case, ...

	(7.3)
	The rotations are found from the relation , which results in

	(7.4)
	The vector , needed for the planning of the body motion and calculation of the CoP, is then simpl...

	(7.5)
	The position of the desired CoP, relative to the body, is calculated from the sensed position of ...

	(7.6)
	The CoPd is the desired position for the vertical projection of point B onto the ground plane, an...

	(7.7)
	using that , where h is the vertical height difference between points B and B. The height h can b...

	(7.8)
	The term is the height of point B above the ground plane, along the normal to the plane, and will...

	(7.9)
	The height hn of point B above the plane is therefore the weighted average of the position of the...


	7.1.2. Calculation of support ratio
	The calculation of the support ratio parameters is done by solving the quadratic optimization pro...
	(7.10)
	and neglecting the remaining inequality constraints. The solution to the quadratic optimization p...

	(7.11)
	where is the new vector of support ratio parameters

	(7.12)
	and W and b have been modified to include . It should be noted that the simplification used in th...
	Further reduction of the number of support ratio parameters were also tested by utilizing the sym...

	(7.13)
	The uncertainty in the position of the CoG has to be taken into account in the selection of the s...

	(7.14)
	where

	(7.15)
	However, if the position the CoG is only estimated, the second term on the right hand side of equ...


	7.1.3. Body and feet reference trajectories
	As the CoPd is a reference position for point B, the vector in equation (7.8), represents a posit...
	(7.16)
	where PB and BB are diagonal position and velocity feedback gain matrices, respectively.
	The reference velocity , in equation (7.16), along with the desired angular velocity set by the o...

	(7.17)
	Figure 7.2. The velocity of point B of the body and of the vertical projection of point B
	where is the sensed position of foot i relative to point B. The reference position trajectory dur...


	(7.18)
	where ti is the time instant when the foot lands, i.e. if the time at the beginning of a stride, ...
	The landing position for each leg, i.e. the position where the foot should be placed at the end o...

	(7.19)
	where is a constant and the same for all the legs, equal to the desired height hn of the robot. H...
	Equation (7.19) gives the landing position for the feet relative to the virtual vehicle. In order...

	(7.20)
	where is the position of the CoP relative to the virtual vehicle

	(7.21)
	and can be calculated using equation (6.28) for the event at time ti. The term is the position of...

	(7.22)
	where the first term on the right hand side is approximately constant while the foot is in the ai...


	7.1.4. Control of gait parameters
	There are many exact and approximate relationships between the gait parameters, that can be used ...
	There are several limitations on how the gait parameters can be selected, for instance, due to li...
	(7.1)
	If the distance that the foot has to travel, is approximately equal for the support and the trans...
	The length of the stroke is dependent on the velocity of the robot and the duration of the suppor...

	(7.2)
	The duration of the support phase Ts can then be used to maintain the foot trajectory within the ...
	Therefore, it can generally be said, in the case of , that limitation in kinematic workspace prov...
	The approach, chosen here, for the control of the gait parameters is very simplified, as it is ba...

	(7.3)
	where

	(7.4)
	The two dimensional ground plane workspace of the feet is simplified to be a rectangle, with side...

	(7.5)
	In this simplified gait controller, the duration of the transfer phase will be limited to a minim...

	(7.6)
	The algorithm for the control of the gait parameters duty factor and cycle time can be summarized...

	(7.7)
	The duty factor is chosen such that

	(7.8)
	and the cycle time is finally calculated by

	(7.9)
	For WARP1, the algorithm results in, for increasing desired speed, that when the feet reach the b...
	Figure 7.3. Approximative kinematic workspace of a leg in the ground plane. Point Pi,0 is the lan...
	The relative phase for each leg was for a nonsingular crawl gait set as in equation (2.3) in sect...



	7.1.5. Leg control
	Each leg is controlled by a simple cartesian stiffness/damping controller (Hardarson, et al., 199...
	(7.10)
	where is the vector of output torques at the joints, Pi and Bi are the position and velocity feed...

	(7.11)
	where qi is the vector of joint angles for leg i, as discussed in chapter 3. The last term in equ...

	(7.12)
	which is equal to the portion of the total weight each leg should support according to the planne...



	7.2. Experimental results
	The experiments where done with WARP1, using the experimental setup, described in Ridderström, et...
	An external measurement system, V-Scope VS-100 from Litek Advanced Systems Ltd., is used to measu...
	Figure 7.4. Tool chain used in the development and implementation of the controller (from Ridders...
	Only results using the six parameter controller in equation (7.13) are presented in this section....

	7.2.1. Walking straight forward
	In the first experiment, the robot is commanded to walk straight forward on a horizontal plane. T...
	To evaluate how well the robot tracks the desired velocity, the external measurement system V-Sco...
	Figure 7.5. The velocity of the robot when walking forward. In all a)-d) (dash-dot) and (dotted)....
	Figure 7.6 shows the shortest distance between point B and an edge of the support surface (solid ...
	Figure 7.6 shows that point B is too close to an edge of the support surface for certain time ins...
	Figure 7.6 also shows that for certain time periods, the CoPd is too close to an edge of the supp...

	Figure 7.6. The shortest distance of point (solid), and CoPd (dash-dot), from an edge of support ...
	Figure 7.7. The error vector between point , and the COPd, (solid), (dashed), (dash-dot).
	Figure 7.8 shows the gait diagram for the first three strides. The gait diagram for each event is...
	Figure 7.9 shows the measured position of the robot in space as a solid line, using the V-Scope, ...

	(7.13)
	where , and is equal to the average of the measured yaw of the robot before it starts walking.
	The support ratios for the whole experiment are shown in figure 7.10. The difference in the suppo...
	This experiment has shown that the robot is capable of walking statically balanced using the appr...
	Figure 7.8. Gait diagram for the robot for the first three strides, each row is one stride. The m...
	Figure 7.9. Measured position of the robot in the lab (solid), the averaged position of the robot...
	Figure 7.10. The support ratios (hi).


	7.2.2. Walking and turning
	The second experiment demonstrates the robot turning. The robot walks forward with a velocity of ...
	Figure 7.13 shows the support ratio for one stride. The support ratios for the right legs, leg 2 ...
	Figure 7.17 shows the motion of the robot, where the solid line is the measured position of the r...
	The main purpose of this experiment has been to demonstrate that the robot can turn while maintai...
	Figure 7.11. The velocity of the robot when desired velocity is 0.05 m/s and desired turning rate...
	Figure 7.12. The averaged measured angular velocity of the robot (solid), and the desired angular...
	Figure 7.13. The support ratios (hi) for one stride.
	Figure 7.14. The shortest distance of (solid), and CoPd (dash-dot) from an edge of support surfac...
	Figure 7.15. The error vector between point , and the COPd, (solid), (dashed), (dash-dot), for on...
	Figure 7.16. The gait diagram of the robot for the first three strides, when the desired velocity...
	Figure 7.17. Measured position of the robot in the lab (solid), the averaged position of the robo...

	7.2.3. Stepping and walking on an incline
	Figure 7.18. Gait diagram for one stride. The motion of point between the events (solid), where t...
	The final experiments demonstrate the robot stepping and walking on an incline. When the robot is...
	Figure 7.19 shows the results of the estimate of , i.e. the third axis of fN, expressed in fC. Fi...
	Figure 7.20 shows a gait diagram when the robot is on a sideways incline, such that the right sid...

	Figure 7.19. Estimation of attitude of the ground plane. a) The rotations defining the attitude o...
	Figure 7.20. Gait diagram for one stride. The motion of point between the events (solid), where t...
	Figure 7.21. Estimation of attitude of the ground plane. a) The rotations defining frame fC relat...
	In the last experiment the robot walks forward with a velocity of 0.05 m/s, first on a horizontal...
	The experiment shows some problems with the implementation. The control of the landing of the fee...

	Figure 7.22. Gait diagram for five strides, when walking from a horizontal to an inclined plane. ...
	Figure 7.23. Estimation of attitude of the ground plane. a) The rotations defining frame fC relat...
	Figure 7.24. he shortest distance of (solid), and CoPd (dash-dot) from an edge of support surface...



	8. Discussion
	The focus of this thesis has been to develop and implement a method to achieve a statically balan...
	In this thesis work, the support stability margin was only used to plan the motion of the robot i...
	Several components of the controller for the robot can be refined or further developed, and more ...
	8.1. The results of the experiments
	In chapters 5 and 6, no assumptions are made that are specific to the robot WARP1, and the approa...
	The main drawback of WARP1 is the size of the space in which the leg can provide the forces neces...
	Another problem with WARP1 is its relatively heavy legs. When the robot is walking at higher velo...
	Given a constant desired velocity, set by the operator, the robot has an error in the average vel...

	8.2. Future work
	The goal of the WARP project is to have a walking robot that can handle difficult terrain. As a s...
	8.2.1. Adaption to the terrain
	To improve the ability to handle uneven terrain, the controller should be able to adapt to the te...
	The control of the leg during landing can be improved by making it able to handle minor variation...
	The second improvement is active control of the height and attitude of the body of the robot. The...

	8.2.2. The support ratio
	There were two problems noted with the current calculations of the support ratios. The first is t...
	One approach might be to calculate the support ratio parameters by using the actual position of t...
	The second problem is that due to the piece-wise linearly varying support ratios, the desired vel...
	(7.14)
	where Q is a weight matrix, and ti+ and ti- are the time instants just prior and after the event ...
	Improvements on the support ratio calculations would result in better velocity tracking, smoother...



	8.3. Conclusion
	In order to justify the development of walking robots for practical purposes, their potential for...
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	Appendix A: The Lagrange equations
	One of the standard methods for deriving the equations of motion for mechanical systems are the E...
	(A.1)
	where q is the vector of generalized coordinates, f is the vector of generalized forces acting on...
	Robotic systems have two important properties. The potential energy is only a function of the gen...

	(A.2)
	where D(q) is the inertia matrix. The inertia matrix is always positive definite and symmetric. T...

	(A.3)
	From the Lagrange equation get that

	(A.4)
	Each row k of the vector expression can be expressed in sums as

	(A.5)
	The term can be written as

	(A.6)
	so equation (A.5) can be written as

	(A.7)
	The second term on the left hand side of equation (A.6) can be written as, using the symmetry of ...

	(A.8)
	Define the coefficients

	(A.9)
	which are known as Christoffel symbols (of the first kind) (Ortega, and Spong, 1988).
	Define now vector h which is the partial derivative of the potential energy function

	(A.10)
	and a matrix C which elements are

	(A.11)
	and get finally by inserting into equation (A.6) that

	(A.12)
	or in vector form that

	(A.13)
	The vector contains the centrifugal and coriolis forces, where the centrifugal forces are terms o...

	(A.14)
	independent of how the matrix C is defined.
	Some fundamental properties of the equations of motion are (Ortega, and Spong, 1988; Albu-Schäffe...
	• The inertia matrix D(q) is symmetric, positive definite and both D and D-1 are uniformly bounde...


	(A.15)
	• The matrix is scew symmetric, where C is defined using the Christoffel symbols. However, indepe...
	• The gravity potential energy, PG, with

	(A.16)
	(A.17)
	(A.18)

	Appendix B: Equations of motion for a quadruped
	This appendix is based on Koo, and Yoon (1999). For shortness of notation let , , , , and . The k...
	(B.1)
	where mB and IB are the mass and inertia matrix of the robot’s body, respectively. In the same ma...

	(B.2)
	where mij and Iij are the mass and the inertia matrix, respectively, for link j of leg i. The tot...

	(B.3)
	It should be noted the kinetic and potential energy are independent on which frame the vectors ar...

	(B.4)
	The kinetic energy for the body can be expressed, using the derivative of the generalized coordin...

	(B.5)
	where following relation was used

	(B.6)
	The kinetic energy for each leg can be expressed as functions of the generalized coordinates,

	(B.7)
	where the vectors in equation (B.7) are all expressed in fN,

	(B.8)
	where

	(B.9)
	is the Jacobian, and is the dual matrix of the vector . The angular velocity, when expressed in f...

	(B.10)
	where the relationship between the angular velocity vector and the generalized coordinates is

	(B.11)
	The inertia matrix is then

	(B.12)
	where all the submatrices are of size and given by

	(B.13)
	The vector of centrifugal and coriolis forces is then equal to

	(B.14)



