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Density-Matrix Renormalization-Group Analysis of Kondo and XY models
Aušrius Juozapavičius
Condensed Matter Theory Group, Department of Physics
Royal Institute of Technology
SE-100 44 Stockholm
SWEDEN
E-mail: ausrius@kth.se

Abstract

Magnetic ordering in Kondo lattice models in one dimension is studied in this
thesis. The Kondo model is used to describe the interaction of the conduction
electrons with a lattice of localized magnetic moments in rare earth metal alloys.
Strong interactions between many particles make the complicated physics of
the model difficult to analyze both analytically and numerically. A powerful
numerical method - the density-matrix renormalization-group - is improved and
used to obtain the phase diagram and various properties of the Kondo lattice
model. In particular, new ferromagnetic regions are found. The phase diagram
of an even more complicated model - the dilute Kondo model - is found in
agreement with the obtained analytical approximations. The same numerical
technique is applied to another class of spin-chain models: the anisotropic XY
spin-1/2 chains in a random transverse magnetic field. A particular case of this
model is the quantum Ising spin-chain in a random field, which is related to the
Kondo lattice model through a bosonization mapping, making it relevant for the
understanding of the Kondo model physics. Apart from that, the investigation
of quantum random models is of interest in itself, since little is known yet
because of the additional complications introduced by randomness. The present
calculations are used to confirm previously conjectured properties of the Ising
spin chain in a random field, and to extend the results to a more general model
of anisotropic XY spin chains, confirming the same universality class of the
models.
Key words: Quantum spin chain, density matrix renormalization group, XY
model, Ising model, Kondo lattice model, dilute Kondo model, magnetization,
correlation functions, critical exponents, energy gap.
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Preface

This thesis is a result of my research work at the Condensed Matter Theory
Group, Department of Physics, Royal Institute of Technology in Stockholm
during the years 1996-2001.

The thesis consists of two parts. The first part is a summary of the relevant
solid state physics, forming the background for my research. The numerical
density-matrix renormalization-group algorithm, extensively used in the work,
is also described in detail. The second part holds a collection of the scientific
papers, constituting the basis of the thesis.
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Chapter 1

On the Way to the Kondo
Lattice Model

This chapter gives an overview of the physics area in which the investigations of
this thesis were performed and a brief summary of the most important concepts
of solid state theory, relevant to this research (see, e.g. Ashcroft and Mermin
[1]). The next chapters describe in more detail the models extensively used in
the thesis, mainly the Kondo lattice model. After that, the most important tool
of these investigations - the numerical density-matrix renormalization-group
algorithm is described.

1.1 Introduction

The concept of magnetism goes very far back in time. Magnetic materials,
namely magnetic iron ore, have been known and already applied as a compass
during times of the ancient Greeks and probably much earlier than that. It is
possible that the name “magnet” comes from the name of the province Mag-
nesia in Greece, where iron ore was mined [2]. There were attempts to explain
the behavior of magnets even then, but the unphysical nature of the argu-
ments might be seen from a simple fact: in 13th century people still believed
that a loadstone stops attracting iron when anointed with garlic. One of the
first recorded experiments in magnetism was done by Peregrinus to disprove
just this superstition. In 16th century Gilbert made many experiments and
realized in particular that the Earth itself was a magnet, but it took another
two hundred years for the modern scientific investigation of magnets to begin.
Of the many achievements on the way to the theory of magnetism one should
mention the invention of the magnetic field concept by Faraday (in 1845) and
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4 Chapter 1. On the Way to the Kondo Lattice Model

the Maxwell’s equations (1873), summarizing most of the experimental facts
known at that time and connecting electricity to magnetism. However, for the
development of modern microscopic theories, two more giant steps were needed.
One of them was experimental: the discovery of the electron in 1897 by Thom-
son. This eventually lead to the other great breakthrough: the creation of the
theory of quantum mechanics, developed by 1930.

One could say that what the theoreticians are doing in magnetism nowadays
is trying to solve the equations written 70 years ago. What is essentially the
problem? In short - the number of interacting particles is too large to treat
them all in the calculations. E.g., to describe an isolated homogeneous material
of N ions of charge +Ze and mass M with ZN electrons of charge −e and mass
m one needs to solve the following Schrödinger equation:

ZN∑
i=1


− ~2

2m
∆i −

N∑
j=1

Ze2

4πε0|ri − Rj | +
1
2

ZN∑
k=1
k 6=i

e2

4πε0|ri − rk|


 Ψ = EΨ

where ∆i = ∂2/∂x2
i + ∂2/∂y2

i + ∂2/∂z2
i , ri = (xi, yi, zi) denotes the space

coordinates of the ith electron, Rj denotes the (fixed) ion coordinates, and ε0

is the vacuum permittivity. The mass of an ion is assumed to be much larger
than m, and the spin-orbit and spin-spin interactions are ignored. The first
term represents the kinetic energy of the electrons, the second represents the
Coulombic attraction between the electrons and the ions, and the third one -
the repulsion between the electrons. The wave function Ψ, which depends on
the spin and space coordinates of all the electrons, describes the distribution of
the electrons in space, and E is the energy of the system. One needs to find all
such Ψ functions and E scalars that solve the equation. This is clearly a many-
body problem, which is easily solved for two bodies, but no analytical solution
is known for more than 3 bodies. In the materials of everyday life the number
of particles is of the order of N = 1023, so it is impossible to deal with this
problem without approximations. Various assumptions and known physical
features of the system are used to create simpler models. It appears that most
of those simple models, which retain the most important properties of the
system, are still too difficult to solve analytically, and usually even numerical
calculations encounter large problems, as it will be illustrated in the following
chapters. The question is then - why do physicists spend so much time on those
simple models? The primary cause is their simplicity, while they simultaneously
capture the essential physics of the problem under consideration. Some of
them can be solved exactly and this gives a clear understanding of the physics
involved, which can be later applied to more realistic systems. Also, there are
cases when a real system is in fact behaving as a simple system, since many
competing interactions cancel each other for some particular reasons.
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The subject of this thesis is a few of these simplified models, namely the one-
dimensional Kondo lattice model and the anisotropic XY model in a random
transverse magnetic field, which are strongly related, as it will be shown later.
The next section describes the way these models are obtained and how they
are related to magnetism in rare-earth element metallic alloys. The models
are still complicated and even existing powerful numerical tools have to be
much improved to obtain sufficient accuracy of the calculations to extract the
important information of the systems. The successful improvement of one such
numerical algorithm - the density-matrix renormalization-group, described in
Chapter 3 - was a key to the investigations presented here.

1.2 From free to interacting electrons

The aim is to obtain a model, describing ferromagnetism of some metallic alloys.
One can start from the simplest models using drastic approximations and

then try to relax different simplifying assumptions until one starts getting close,
in other words - until some model is derived which has a chance of describing
the desired phenomena but which is still simple enough to treat.

Over two thirds of the known elements are metals, and many simple the-
ories were proposed to explain their properties (such as heat and electrical
conductivity, magnetism, elasticity etc.) during the last century. The simplest
of them all is the free electron gas theory of Drude, proposed in 1900. It treats
metals as a mixture of fixed positive ions and a gas of noninteracting electrons,
which feel the ions only during the collisions. The model is surprisingly suc-
cessful to explain the Wiedemann-Franz law (the thermal conductivity of many
metals, divided by their electrical conductivity is proportional to temperature
with an almost constant coefficient of proportionality) but fails by two orders
of magnitude to predict the electronic specific heat or the average electronic
velocities. There is a number of drastic oversimplifications made in this model:
the motion of the ions in crystal is ignored, interactions between the electrons
and the ions, and inter-electronic interactions are ignored, and the distribution
of the electronic velocities is the classical Maxwell-Boltzmann distribution, ig-
noring an important property of electrons, namely the fact that electrons are
identical particles. The latter property means that the energy of the system
does not change if we exchange the states of the particles, so to say the given
energy level is degenerate. This leads eventually to the Pauli exclusion prin-
ciple for the electrons, stating that no two electrons can have the same state.
As a consequence, even at zero temperature electrons occupy many different
energy levels, the highest of them being called the Fermi level and its energy -
the Fermi energy, which for macroscopic size crystals turns out to correspond
to as high as 10 000 degrees Kelvin if expressed in temperature units. This
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means that room temperature is a very small temperature for the free electron
gas and many electronic properties of metals, found at zero temperature, will
not be much different for higher temperatures. The Pauli exclusion principle
implies a distribution of electron velocities, totally different from the classical
one, which is called the Fermi-Dirac distribution. Sommerfeld applied it to the
Drude model, changing the classical statistics of electrons to the quantum one,
while leaving all the other assumptions intact. Sommerfeld theory consider-
ably improves predictions of such properties as the electronic specific heat or
thermopower, but still fails to correctly account for many other properties and
phenomena (just to mention the magneto-resistance, the Wiedemann-Franz law
at intermediate temperatures, the specific heat for the transition metals, or the
existence of nonmetallic elements).

It is clear that free electrons, occasionally bumping into crystal ions can not
describe the observed ferromagnetism of solids, so at least the electron - ion
interactions should be taken into account. The problem of electrons moving in
a potential of a randomly distributed ions would already be too complicated
without even mentioning the electron-electron interactions. Fortunately, most
of the solids of interest have a distinct periodic crystalline structure (to a first
approximation). Even if the exact form of the potential created by an ionic
lattice is not known, still one can obtain many properties of the electrons, just
to mention the important notion of a band structure of their energies. Namely,
the solution of a one-electron Schrödinger equation in a periodic potential has
a number of energy bands, where the energy in a given band continuously
varies as a function of a parameter (wave vector) k, where ~k is the so-called
crystal momentum (which could be thought of as analogous to the free electron
momentum). Periodic boundary conditions plus the periodicity of a given
crystal lattice give the possible values of the wave vector k that electrons can
obtain. Usually one limits the k-space to a small region around k = 0, the first
Brillouin zone (its geometry depends on the structure of the crystal lattice in
the real space, the Bravais lattice), since all the other k vectors outside this
zone give equivalent results due to the periodicity.

The band picture together with the concept of a Fermi level explain many
important properties of solids, e.g. the difference between conductors and in-
sulators. As it has been mentioned, all the electron levels are filled below the
Fermi level at zero temperature, so if a particular band is below the Fermi level,
it will be fully filled with electrons. If the Fermi level is inside a given band, it
will be filled only partially. The semiclassical theory of electrons in a solid (the
Liouville theorem, essentially) shows that the fully filled energy bands have no
influence in calculating the electronic properties of solids - the filled bands are
inert. We immediately obtain that an insulator has its Fermi level outside all
the energy bands, while a metal has the Fermi level inside some band (called
the conduction band).
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One can extract a number of electronic transport properties of a material
with high accuracy just by knowing its band structure, or in other words -
the dependence of the one-electron energy levels on the crystal wave vector
k. There are essentially two different approaches used as a starting point for
the energy band calculations. The first one is called the nearly free electron
approximation. It assumes the ionic potential to be extremely small, which ap-
pears to be justified for metals with s and p electrons outside their closed shells
(alkali metals, e.g. Na, K, or noble metals Cu, Ag, Au). The other approach
is the tight-binding approximation, which treats the crystal as a collection of
weakly interacting separate atoms. In this case we obtain energy bands due
to the overlap of the single atom wave functions, and the stronger the overlap,
the broader the energy band. This method gives a rather good qualitative de-
scription of the transition element metals (with partially filled d shells, e.g. Fe
or Ni), where the Fermi level is inside the d band, and the overlap of the wave
functions of partially filled shells is quite large. One would expect a similar
situation for the rare earth elements, which have a partially filled f shell. It
appears not to be the case - the overlap between the f -shell wave functions is
small and the f electrons appear to be localized. The partially filled f band is
responsible for the local magnetic moments. However, it is no longer possible to
neglect the electron-electron interaction to describe the creation and ordering
of these moments.

Ignoring the magnetism for a while, one might ask - how does it happen
that the band theory, based on the independent electron approximation, gives
such a good description of many transport properties in metals? In other words
- why do we obtain such accurate energy bands while ignoring the electronic
interactions. Could it be the interactions are very weak? The answer is no, of
course - these are the electrostatic interactions. An answer is given by the phe-
nomenological Landau’s theory of Fermi liquids. Start from the single-particle
energy levels of noninteracting electrons. Slowly turn on their interaction. The
energy levels will change but they will remain in one-to-one correspondence
with the original ones. Every single-particle energy level will be different from
the corresponding free-electron energy level, and so the particles that have
these new energy vs. k relations are called quasiparticles to emphasize their
difference from the free electrons. These particles still obey the Pauli exclusion
principle, which leads to the fact that the quasiparticles remain independent
even though strong interactions between the original electrons might be turned
on. Those systems, for which this is true, are called normal Fermi systems.
If one obtains in some way the energy bands for these quasiparticles, one can
continue with the usual independent-electron-like description of the material
properties. Landau has proven that all the Fermi systems are normal to all
orders of the perturbation theory. However, there are systems where the per-
turbation theory fails, just to mention superconductors. Even though Landau’s
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theory explains the success of the independent-electron approximation, there
are still many properties (e.g. ferromagnetism) of materials which need an
explicit consideration of the electron - electron interactions to describe them.

Since ferromagnetism has only been observed in metals whose free ions con-
tain partially filled d or f shells, one might ask what happens in the isolating
material, composed of just such ions. There exists a rather simple but very suc-
cessful theory of the magnetism in insulators based on perturbation theory. It
tells that the insulators, composed of ions with all their electronic shells filled,
are diamagnetic - their net magnetic moment is very small and opposed to the
direction of the external magnetic field. If the ions have partially filled shells
with zero total angular momentum, they add a weak paramagnetic contribu-
tion - a tendency for the magnetic moment to align with the external field. If
the ion angular momentum is not zero, strong paramagnetism is observed and
the magnetic susceptibility obeys Curie’s law: it is proportional to the density
of ions and inversely proportional to the temperature with the proportional-
ity constant depending on the absolute value of the total angular momentum
of the ion. The angular momentum is easily calculated using Hund’s rules.
This theory works very well for the rare earth elements, and it is in good
agreement with experiment for the insulators containing transition elements,
if one appropriately modifies the third Hund’s rule. It is clear though that to
achieve ferromagnetism with a spontaneous magnetization - the ordering of the
magnetic moments of the ions without the external magnetic field, one has to
introduce the interaction between these ions, which can only be mediated by
the electrons. Moreover, as it has been already said, the models ignoring the
electron - electron interactions fail to correctly account for these effects as well.

The simplest way to treat the electronic interactions is the self-consistent
field approximation, also called the Hartree approximation, where each electron
feels the average field, created by all other electrons. The electrons are still
effectively independent and one only needs to solve a single-electron Schrödinger
equation. The Hartree-Fock approximation, which includes the important Pauli
exclusion principle, leads to an additional term in the single-electron equation.
Despite additional modifications, such as ion screening by electrons and the
like, the solutions of the Hartree-Fock equations are rough approximations,
while the equations are quite complicated to solve. Although on one hand,
the Hartree-Fock method describes the oscillating behavior of the screened
electrostatic potential in metals at large distances - the Friedel oscillations, on
the other hand it is quite controversial in explaining the absence of itinerant
ferromagnetism of electrons in a metal.

One can treat the ferromagnetic ordering as the consequence of some kind of
interactions between the magnetic moments of the ions in the metal, mediated
by the conduction electrons. What might seem surprising is that it is not
magnetic dipole interactions, but purely electrostatics, which is responsible for
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the coupling of the magnetic moments. It can be shown that a Schrödinger
equation with a spin-independent Hamiltonian and, consequently, with a wave
function of a purely orbital (spin-independent) state can lead to magnetism.
The full wave function of the system will be the product of the solution of
the Schrödinger equation and the spin-dependent wave function. Due to the
Pauli exclusion principle, this full wave function should be antisymmetric with
respect to the exchange of electrons, and so the symmetry properties of the
orbital wave function alone determine the symmetry of the spin wave function.
In case of the system with two protons and two interacting electrons the spin
part is symmetric, the so-called triplet state with the spins of the electrons
aligned and giving the total spin 1 of the full system, whenever the orbital
solution of the Schrödinger equation is antisymmetric. Similarly, the system is
in the singlet state with the electrons having opposite spins and the total spin
equal to 0, whenever the orbital part is symmetric. Depending on whether the
singlet state energy is lower or higher than the triplet state energy, the system
might be either nonmagnetic or magnetic, so the calculation of the energy
difference between these two states is an important problem. Tight binding
methods based on the independent electron approximation fail whenever the
overlap between the wave functions of ions is very small. This is mostly due
to the fact that the approximation ignores a very strong Coulombic repulsion
between two electrons when they are on the same ion. The method gives an
excessive probability of such an unlikely configuration, especially when ions are
far apart, which has a drastic influence on the singlet state energy. There is
however a method, the Heitler-London approximation, which takes care of this
problem, by modifying the singlet state wave function in such a way that the
electronic repulsion is taken into account. It is rather successful in describing
the singlet-triplet energy difference for well separated ions. The difference is
proportional to the probability of two electrons exchanging their states, so it is
referred to as an exchange splitting. Whenever the temperature of the system is
not larger than the order of the exchange splitting, the magnetic properties will
be determined purely by these lowest energy states. One can then substitute the
Hamiltonian of the system with the effective spin Hamiltonian, which simply
describes the coupling between the spins of two ions, with the coupling equal to
the exchange splitting. The model so obtained, generalized to the lattice of N
ions, is called the Heisenberg model [3]. It describes the magnetic interaction
between the localized spins, without any reference to the conduction properties
of the system. Hubbard has proposed another model [4, 5], which combines
the band-like behavior of the electrons together with their localized behavior.
The model is highly oversimplified, it replaces the set of all electron levels
of an ion by just one localized orbital level. A more complicated model, the
periodic Anderson model, includes the interactions between the electrons of
the localized and itinerant levels aiming both to describe the ordering of the
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moments of the magnetic ions in a metal and the way these localized moments
of free ions change when dissolved in nonmagnetic metals. One limit of the
periodic Anderson model is called the Kondo lattice model, which is supposed
to describe the interactions between the magnetic rare earth ions mediated
by the conduction electrons of the metallic alloy. None of these models have
been solved exactly in three dimensions, and only the Heisenberg model has
an analytical solution in one dimension. However, they are thought to be the
simplest models which capture the essential physics of ferromagnetic metal
alloys, and the Kondo lattice model is the main target of investigation in this
thesis.

Before going into a more detailed description of the important models, it
is worth mentioning an interesting consequence of the interaction between the
localized magnetic moments of the ions with the conduction electrons of the
metallic alloy. It appears that these magnetic moments become the most im-
portant scatterers of the conduction electrons when the temperature drops to
around 10-40 K. The coupling with impurity spin makes both the localized and
the conduction electrons change the sign of their spins, and in the process the
electron is scattered and the current is degraded. Kondo has shown that the
influence of the magnetic impurities increases with decreasing temperature and
one consequently obtains an electrical resistivity minimum at small tempera-
tures for different alloys of magnetic elements. The Kondo effect was observed
in Cu, Ag, Au, Mg alloys of Cr, Mn, Fe impurities [6]. The Kondo model is
supposed to describe this scattering.



Chapter 2

Model Hamiltonians

Several important lattice Hamiltonians are briefly presented in this chapter.
Although there were essentially just two models that were treated in this thesis
- the dilute Kondo lattice model and the anisotropic XY model in a random
field, others being a simplification of these - they are in some way natural
extensions or modifications of Heisenberg, Hubbard and Anderson models. As
it was mentioned in the previous chapter, all of these models are very drastic
simplifications of real physical systems. However, they are thought to and they
do indeed provide valid representations of experimental systems. Despite their
apparent simplicity, most of the models are not yet solved exactly, and the
challenge remains both for physicists and mathematicians.

2.1 Heisenberg model

A rather realistic model of many magnets with localized moments, the Heisen-
berg model, was introduced in 1926 [3]. It provides a microscopic Hamiltonian
describing the exchange interaction, which leads to parallel or antiparallel spin
ordering. The model well describes the ferromagnetism of magnetic insulators,
e.g. EuS or EuO [7].

The model can be justified by first analyzing a simple system of two hy-
drogen atoms. When they are far away, the ground state of the full system is
degenerate due to the spins of the electrons. There are 4 states with the same
energy: | ↑↑〉, | ↑↓〉, | ↓↑〉 and | ↓↓〉, where e.g. | ↓↑〉 denotes a state in which
the electron of the first proton has a spin z-component −1/2 and the electron
of the second one has a z-component +1/2. Any combination of these states
will have the same energy. However, if we want to have definite values of the
total spin S and its component along the z-axis, Sz, we should choose these

11
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four combinations:

State S Sz

[| ↑↓〉 − | ↓↑〉] /√2 0 0
| ↑↑〉 1 1

[| ↑↓〉 + | ↓↑〉] /√2 1 0
| ↓↓〉 1 -1

The antisymmetric spin S = 0 state is called the singlet state, while the
three symmetric S = 1 states are the triplet states.

Bringing the atoms closer to each other will lift the degeneracy. If the gap
between the singlet energy Es and the triplet energy Et is small compared
to the other energy levels of the system, the low temperature physics will be
determined by these lowest four states only. Consequently, the Hamiltonian of
the system may be rewritten in such a way, that it involves only spin degrees
of freedom - the obtained effective Hamiltonian is naturally called the spin
Hamiltonian. It can be constructed by noting that the full spin operator Ŝ is
related to the scalar product of the spin operators of the separate electrons:

Ŝ2 = (Ŝ1 + Ŝ2)2 = Ŝ2
1 + 2Ŝ1 · Ŝ2 + Ŝ2

2 =
1
2

(
1
2

+ 1
)

+ 2Ŝ1 · Ŝ2 +
1
2

(
1
2

+ 1
)

.

(2.1)

Since Ŝ2 = S(S + 1) = 1(1 + 1) = 2 in states of spin 1, and Ŝ2 = 0 in states of
spin 0, we obtain that

Ŝ1 · Ŝ2 =
{ −3/4 (singlet),

+1/4 (triplet). (2.2)

Using this equality we can write the spin Hamiltonian for two electrons

H12 = (Es + 3Et)/4 − (Es − Et) Ŝ1 · Ŝ2, (2.3)

which has eigenvalue Es in the singlet state and Et in the triplet states. If we
denote the singlet-triplet splitting by J = Es −Et, and shift the zero of energy
to (Es + 3Et)/4, the spin Hamiltonian becomes

H12 = −JŜ1 · Ŝ2, (2.4)

where J is called the exchange coupling constant. A positive J Hamiltonian is
called ferromagnetic, since it favors parallel spins, while a negative J Hamilto-
nian is called antiferromagnetic, since the ground state has antiparallel spins
then.



2.2. XY model 13

The extension of this model to N particles is called the Heisenberg Hamil-
tonian:

H = −J

N∑
〈i,j〉

Ŝi · Ŝj , (2.5)

where the angle brackets 〈..〉 denote summation over nearest neighbors only.
For the extension to be reasonable a number of conditions should be fulfilled.
E.g., if the atoms are too close, the overlap between the wave functions of next
nearest neighbors might be too large to ignore, and some other terms should
be added to the Hamiltonian. Also, two degrees per spin might be insufficient
and larger-spin operators are introduced then (see, e.g., Herring in Ref. [8]).

The model has been solved exactly for any J by Bethe Ansatz [9] but in one
dimension only. The ground state energy of the antiferromagnetic Heisenberg
model is found to be EAF = −NJ(−1/4 + ln 2) (see Ref. [2] for the solution).

The ferromagnetic Heisenberg model of spin S, with J > 0, has a ground
state with all the spins parallel in any number of dimensions and the energy
is equal to EF = −NS2zJ/2, where z is the number of nearest neighbors of
a spin. In one and two dimensions for non-zero temperature the spins are
disordered if there is no external magnetic field, while in three dimensions, the
ferromagnetic-paramagnetic phase transition occurs at finite temperature.

The weak side of the model is the complete isotropy in spin space and the
inability to treat non-localized spins, i.e. to describe metals.

2.2 XY model

By truncating the Heisenberg Hamiltonian and eliminating the z components
of the spin interactions, one arrives at the XY model, which might represent
a magnetic system without a full rotational symmetry:

H = −J

N∑
〈i,j〉

(
Ŝx

i Ŝx
j + Ŝy

i Ŝy
j

)
. (2.6)

It is completely solvable in one dimension for spin 1/2 and nearest-neighbor
interactions [10]. The solution is much simpler than the Bethe Ansatz solution
of the corresponding Heisenberg model and it is valuable for physical under-
standing of these models. Moreover, it turns out that the XY model appears
when dealing with superfluidity or superconductivity, e.g. the ordering of the
two dimensional XY model corresponds to the transition of liquid helium to
the superfluid state (see, e.g. [11] and references therein). Also, it is a plausi-
ble model for a class of magnetic insulators near the Curie point (see Betts in
Ref. [12]).
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The ferromagnetic XY model, like the Heisenberg model, has a conven-
tional (classical) phase transition at finite temperature only in three or more
dimensions.

2.3 Ising model

The Ising model [13] is the simplest model of the kind. It can be obtained by
simplifying the XY model:

H = −J
N∑

〈i,j〉
Ŝz

i Ŝz
j . (2.7)

The only operators Ŝz commute, and the model is purely classical. It is easily
solved in one dimension for J > 0 (e.g. [14]), yielding a phase transition at zero
temperature.

Although the two-dimensional Ising model has been solved (see, e.g., [15])
by Onsager [16] in 1944, with the critical temperature given by the equation

2 tanh2(2J/kTc) = 1, (2.8)

no exact solution is known in three dimensions yet. However, the model has
been most extensively studied both analytically (see, e.g., Domb in Ref. [12])
and numerically. The closest analytical estimate of the critical temperature is
given by Rosengren’s conjecture [17]. Even though Fisher has argued against
it [18], numerical calculations have yet to reach its accuracy.

The application of such a simple model is surprisingly wide. E.g. it well
describes magnets which are highly anisotropic in one direction (e.g. MnF2),
but it can also be used to describe non-magnetic phenomena, e.g. order-disorder
transitions in binary alloys or gas adsorption on an metal surface [19]. The
simplicity of the model makes it extremely important in developing and testing
various methods, which can possibly be applied to more complicated models
[12].

2.4 Anisotropic XY model with randomness

The above mentioned models have one common property if J > 0. They are or-
dered ferromagnetically at some temperature, but the ordering is broken when
the temperature rises high enough. This is the so-called conventional, or clas-
sical, phase transition, driven by thermal fluctuations. As the temperature is
lowered, quantum fluctuations become more pronounced. At zero temperature,
they become the driving force of the transition, the so-called quantum phase
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transition [20, 21]. These are order-disorder phase transitions, where the driv-
ing force might be some random external field instead of the temperature. One
of the simplest systems, which models such a transition is the ferromagnetic
Ising model with a random magnetic field.

The Ising model in a random transverse field is a limiting case of the slightly
more complicated anisotropic XY model in a random transverse field, which
has the following Hamiltonian:

H = −J
N−1∑
i=1

(
Ŝx

i Ŝx
i+1 + γŜy

i Ŝy
i+1

)
−

N∑
i=1

hiŜ
z
i , (2.9)

if limited to the simplest - one dimensional - case with nearest-neighbor inter-
actions only. The parameter of anisotropy γ reduces the model to the Ising-in-
a-random-transverse-field case when γ = 0 and gives the completely isotropic
XX model when γ = 1. The last term in the Hamiltonian represents the
interaction of the spins with the magnetic field, which has random values hi

at each site. It is difficult to imagine a straightforward application of such a
model to real systems, although it might be relevant for some multi-layered
magnetic materials, and also measurements on LiHoF4 material, which is an
experimental realization of the Ising model in a uniform transverse magnetic
field, have been reported [22]. The model in a transverse random field is very
important nonetheless. First of all, it was obtained as an effective model for
the one dimensional Kondo lattice model [23], the main target of this thesis.
Some properties of these related models close to criticality are presented in the
section on the Kondo lattice model (2.7). Secondly, the effects of disorder on
quantum systems are interesting in themselves, being very different in nature
as compared to the classical ones. As it is seen from the Hamiltonian, the
randomness affects the z components of the spins, while the magnetization is
measured along the x axis. If it were a classical system, the spins would orient
along the field, while the noncommutativity of quantum operators makes the
problem highly nontrivial.

2.5 Hubbard model

The above mentioned models have one common drawback considering the de-
scription of magnetism in metals: they are all describing localized spins only.

A simple model which includes both the localized and band-like behavior
was introduced by Hubbard [4,5] to describe the interaction of 3d electrons in
transition metals. It might be derived by first taking the Hamiltonian of N
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pairwise interacting particles

H =
N∑

i=1

T (xi) +
1
2

N∑
i,j=1

i6=j

V (xi, xj), (2.10)

where T denotes both the kinetic energy of the particles and their interaction
with the crystal, and V is the potential energy of interaction between the
particles, xi being the spatial and spin coordinates of the particle number i. In
the language of second quantization the Hamiltonian (2.10) of a lattice system
becomes [24]

H =
∑
i,j,σ

t(i, j) c†iσcjσ +
1
2

∑
i,j,k,l,σ,σ′

V (i, j, k, l) c†iσc†jσ′clσ′ckσ, (2.11)

assuming there is no interaction between the electrons of different bands, and
the potential energy of interaction is spin-independent. Coefficients t(i, j) and
V (i, j, k, l) are the matrix elements of the operators T and V , correspondingly,
between the different single-electron states. Indices i, j, k, l go over all the
possible lattice sites. The operator ciσ is called the annihilation operator: if it
is acting on a state with an electron of spin σ on a site i, it gives a state with
no electron of that spin on that site. The conjugate operator c†iσ is called the
creation operator since it gives a state with an electron of spin σ if the original
state had no such electron on the site i. The convenience of the Hamiltonian
expressed in this form is mostly due to the fact that the c operators have the
symmetry of the electrons built in them. The anticommutation rules obeyed
by the operators

{ciσ, c†jσ′} ≡ ciσc†jσ′ + c†jσ′ciσ = δijδσ,σ′ , {ciσcjσ′} = 0 = {c†iσc†jσ′} (2.12)

ensure the Pauli exclusion principle is satisfied: there cannot be two electrons
with the same spin on the same site, since the combination c†iσc†iσ gives zero
immediately. Here δij is the Kronecker delta (it is equal to 1 if i = j and zero
otherwise). The first term of the Hamiltonian is called the hopping term since
it describes the annihilation of an electron on site j and creation of the electron
on site i, as if the electron hopped from one site to the other.

The Hamiltonian is greatly simplified by assuming the single electron states
to be well localized. In that case the hopping integral t(i, j) will be appreciable
only on the sites which are closest. The coefficient t(i, j) between the nearest
neighbor sites i and j is denoted −t. Similarly the electron interaction integral
V (i, j, k, l) is non-negligible if all the indices coincide only: i = j = k = l,
and the nonvanishing coefficient is denoted U ≡ V (i, i, i, i). It is a rough, but
rather plausible approximation, since these on-site matrix elements are around
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10 times larger than the nearest-neighbor matrix elements in 3d transition
metals. These simplifications lead to the Hubbard Hamiltonian

H = −t
∑
i,σ

(
c†iσci+1σ + c†i+1σciσ

)
+ U

∑
i

c†i↑ci↑c
†
i↓ci↓. (2.13)

The first term describes the motion of the conduction electrons. If the num-
ber of electrons is equal to the number of lattice sites, one obtains an ordinary
half-filled metallic band in the limit t À U . The second term represents the in-
trasite Coulomb repulsion between the electrons, since it contributes only when
there are two electrons (of different spins) on the same site. The U À t limit
of the half-filled model leads to the antiferromagnetic Heisenberg model with
an exchange constant J = 2t2/U [25]. Consequently, the model incorporates
both the conventional band spectrum of the Bloch-electrons and the magnetic
moments of localized electrons. Anderson suggested that the model contains
the important physics essential to high-temperature superconductors [26], al-
though no conclusive evidence of long-range pairing correlations has been found
in it yet.

2.6 Periodic Anderson model

Even though the Hubbard model has not been solved for intermediate, phys-
ically interesting, values of t and U , it is considered too simple when trying
to describe the behavior of magnetic elements in dilute metallic alloys. It is
clear that some inter-band interactions between the electrons of the localized
magnetic ions and the conduction electrons of the host metal should be in-
cluded, since the overlap of the host crystal and impurity ion energy levels
alters the energetics of the ion and thus influences the net magnetic moment
of the impurity.

A model, which describes two bands (the conduction electrons and the
localized f -electrons of the ions) together with the interaction between the
two, allowing excitations into and out of the f orbitals, is called the periodic
Anderson model. Its Hamiltonian is given by

H = −t
∑

〈i,j〉,σ

(
c†iσcjσ + c†jσciσ

)
+ εf

∑
iσ

f†
iσfiσ

+ V
∑
iσ

(
c†iσfiσ + f†

iσciσ

)
+ U

∑
i

f†
i↑fi↑f

†
i↓fi↓, (2.14)

where σ =↑ or ↓ denotes the spin, ciσ (fiσ) is the annihilation operator of
the conduction (localized) electrons, and 〈i, j〉 denotes summation over nearest
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neighbors only. The first sum represents the hopping processes of the conduc-
tion electrons, the second one gives the energy of the f electrons, where εf

is the atomic energy of the f level, the third sum describes the hybridization
of the two bands, namely, V is the matrix element of the mixing between the
two orbitals. The last term represents the Coulomb repulsion between the f
electrons on the same orbital.

The model well describes a situation, called the fluctuating valence, which
was observed in various compounds, containing a rare-earth or an actinide
element, e.g., CePd3, CeSn3, EuCu2Si2, TmSe, YbAl2, UNi5−xCux [27]. Here
is what is happening. Take, for example, samarium sulfide SmS. It is an ionic
semiconductor at atmospheric pressure, with the crystal structure of NaCl, with
ions Sm2+ and S2−. The outer electronic structure of atomic Sm is 4f65d06s2.
The outer shell of sulfur is 3s2p4. The f6 level of samarium is very close to
the bottom of the d band. In the crystal, the f levels are mostly unaffected
and remain atom-like, while the d band is very broad, and hybridized with
the 6s band. When pressure is applied, the 5d band broadens even more,
moves down and finally crosses the 4f6 level. The compound becomes metallic,
the resistivity decreases, and the color is changed from black to golden [28].
This is a metal-insulator transition. Due to this overlap of f and d bands the
number of f electrons on a given site may start to differ from time to time, even
though large fluctuations of the number may be excluded due to large Coulomb
repulsion. That is the reason the situation is called fluctuating valence.

To solve the periodic Anderson model is a very complicated problem, there
are few established results, even numerical ones. However, in the limit of large
Coulomb repulsion U the model can be slightly simplified, leading to the Kondo
lattice model.

2.7 Kondo lattice model

An effective model of the periodic Anderson model can be obtained in the limit,
where the number of the localized electrons on a lattice site is fixed, and equal
to one. This can happen when the f level is lowered below the d band, or,
correspondingly, when the mixing between the two bands V is small compared
to the Coulomb repulsion U between f electrons on the same site (cf. previous
section). The second-order perturbation with respect to V transforms the
periodic Anderson Hamiltonian (2.14) into the Kondo lattice Hamiltonian [29]:

H = −t
∑

〈i,j〉,σ

(
c†iσcjσ + c†jσciσ

)
+ J

∑
i

Ŝci · Ŝi, (2.15)

where Ŝci = 1
2

∑
σ,σ′ c†iστσσ′ciσ′ with τ the Pauli spin matrices. The Ŝi are

spin-1/2 operators for the localized spins. The first sum describes again the
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motion of the conduction electrons while each term of the last sum represents
the interaction between the localized f spins and the moving c electrons on a
given site. The exchange interaction J > 0 is antiferromagnetic: it favors an
opposite alignment of the conduction electron spin with the spin of the localized
f -electron. It is related to the parameters of the Anderson model U and V . In
the case when U is twice larger than the gap between the Fermi level and the f
energy level, εF − εf , the relation is especially simple: J = 8V 2/U (otherwise,
the Fermi energy is involved in the formula too, but one can ignore this case
since it is only the qualitative picture which matters here). It follows that the
physically important strong Coulomb repulsion limit of the periodic Anderson
model corresponds to the small-J limit of the Kondo lattice model.

There are essentially just two parameters in the model: the exchange inter-
action J (in units of t) and the filling of the c-electrons n = Nc/Nf , where Nc is
the total number of c-electrons and Nf is the total number of f -electrons (equal
to the length of the lattice L). The case n = 1 is referred to as half-filling, and
0 < n < 1 as partial filling. Due to the particle-hole symmetry of the Kondo
lattice model with respect to half-filling [30], filling n = 1 + δ is identical to
n = 1 − δ and so the analysis is always limited to n ≤ 1.

2.7.1 Applications

The Kondo lattice model is considered to be a very good model for a number
of diverse compounds involving rare-earth or actinide elements. Most of these
intermetallic compounds exhibit complex and unusual properties, due to strong
many-body effects of the electrons.

One may notice that there is no term in the Kondo Hamiltonian, responsi-
ble for the Coulomb repulsion of the conduction electrons. At first sight this
may suggest a nearly-free c-electron behavior raising a question about the ori-
gin of the strong many-body correlations. However, this strong correlation is
subtly introduced via dynamic scattering by the localized spins. As a conduc-
tion electron moves through the lattice, it interacts with the f -spins on each
site. If spins of the two electrons are antiparallel, they both flip (it is evi-
dent from the matrix representation of the c-f interaction term, Eq. (3.20)).
Consequently, the conduction electron leaves a trace of its interactions on the
lattice. A current spin direction of a given f -electron depends on all those c-
electrons that visited it in the past. Since a given c-electron might spin-flip on a
given lattice site depending on the spin direction of the f -electron on that site,
the c-electrons lose their independence. This increase of the correlation is a
purely dynamic scattering effect. In contrast, an ordinary potential scattering
of electrons would leave them independent.

There are many consequences of the many-body correlations in the rare-
earth or actinide compounds. One class of compounds to which the Kondo
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lattice model is relevant is called the heavy fermion materials. Using some
temperature T ?, their specific heat at low temperatures can be described as
C = γT , where γ = π2k2

B/3T ? [31]. Similarly, the spin susceptibility χ can
also be described with the same parameter T ?, which is typically of the order
of a few tens of Kelvin. Since these formulas are obeyed by normal metallic
materials with the Fermi temperature TF written instead of T ?, and TF is
of the order of 104 K, one obtains a huge enhancement of the specific heat
and spin susceptibility for the rare-earth compounds. This is related to the
enhancement of the density of states near the Fermi level, or to almost localized
quasiparticles if one uses the language of Fermi liquid theory. Within this
theory such an enhancement can be accounted for by a very large quasiparticle
mass, some TF /T ? ∼ 100 or 1000 times larger than the mass of a bare electron.
Consequently, these materials are called the heavy fermion materials.

The half-filled case of the Kondo lattice model is relevant to another class
of materials with rare-earth or actinide elements - the Kondo insulators. These
materials have purely metallic properties at higher temperatures, but start
behaving as semiconductors when temperature is lowered. This is because of
a very small band gap ∆, which is about 100 times smaller than for typical
semiconductors. Examples of the Kondo insulators include Ce3Bi4Pt3 (∆ = 3.6
meV), SmB6 (∆ = 2.3 meV), CeNiSn (∆ = 0.3 meV), YbB12 (∆ = 5.3 meV)
[32].

Yet another class of materials, which may be at least partially described by
the Kondo lattice model is the low-carrier-density Kondo systems. The best
known examples are cerium monopnictides CeX where X can be phosphorus,
arsenic, antimony or bismuth [33]. These materials consist of a number of
stacked ferromagnetic planes, and sometimes the magnitudes of the magnetic
moments are different in each plane. If described in terms of the Kondo lattice
model, these systems have a very small filling n. It is proven exactly that the
ground state of the Kondo lattice model with just one conduction electron,
n = 1/Nf , is ferromagnetic in any dimension and the total magnetization is
equal to (Nf − 1)/2 [34]. Many arguments and numerical simulations suggest
that this is also true in the thermodynamic limit, in other words for finite but
small n [31]. Thus the Kondo lattice model explains the magnetization in each
plane of the cerium monopnictides. There are however complications, since
these materials have two types of carriers with small densities. There is a small
number of electrons at the bottom of the conduction band, originating from
the 5d band of cerium. The p states of the other component of the compound
form the valence band with a very small number of holes at its top. This leads
to additional interactions which turn out to compete with the ferromagnetic
Kondo coupling, complicating the system but giving a possible explanation for
the complex structure of the CeX materials [35].

All the mentioned materials have one common property, which makes the
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Kondo lattice model relevant to them: they contain either a rare-earth or an
actinide element. What makes these elements special is the partially filled f
shells (4f in cerium to thulium in rare-earths, 5f for protactinium and higher
in actinides). Hund’s rules give nonzero magnetic moments for the isolated
ions of all these materials (except for samarium and americium [36]). The
important thing is that even in most compounds the f orbitals remain strongly
localized and the magnetic moments persist. The interaction of these moments
with the conduction electrons is just the physical situation for which the Kondo
lattice model was derived. The c-electron filling n and the c − f interaction
strength varies from compound to compound, of course, e.g. n goes from
tiny in CeP to half-filling n = 1 in the Kondo insulator CeNiSn. It is also
worth mentioning that in order to more realistically describe physical variations
from one compound to another it is sometimes necessary to allow the localized
spins of the model (2.15) to have more degrees of freedom than just spin 1/2.
However, this should not change the qualitative picture, so the spin 1/2 model
should be sufficient to capture the essential physics.

There is another huge group of materials which is described by the Kondo
lattice model. They are called manganese oxide perovskites with a composition
R1−xAxMnO3, where R is lanthanum, praseodymium or neodymium, and A
could be calcium, strontium, barium or lead [37]. Depending on the doping
x these materials can exhibit different ground states: a spin-canted or a fer-
romagnetic insulator, or a ferromagnetic metal. Their magnetoresistance has
been dubbed colossal due to its magnitude [38]. These properties are attracting
great interest to these materials due to their application in magnetic recording
heads. These materials are very different from the previously discussed ones
in the sense that they are described by the ferromagnetic Kondo lattice model
(as opposed to the antiferromagnetic one). It has a negative exchange con-
stant J < 0, which favors an alignment of the c-electron spin with the spin of
the localized electron. Also, the localized electrons are in 3d orbitals of Mn, as
opposed to the f orbitals of the rare-earth compounds mentioned earlier. How-
ever, the phase diagram of the ferromagnetic Kondo model is not investigated
in this thesis, so the names “f -electron” and “localized electron” are used as
synonyms.

2.7.2 Dominant interactions

There is a number of different effective interactions which can be obtained in
some limiting cases of the parameters of the antiferromagnetic (J > 0) Kondo
lattice model. Competition between them determines the phase diagram of the
model, which is discussed in the next subsection.

The Kondo lattice model was named this way for a reason. In some alloys
there is observed an effect known as the resistance minimum, which was a mys-
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tery for a long time. In usual metals and alloys the electrical resistivity goes
down monotonically with dropping temperature T , usually as T 5. In dilute
solid solutions of a magnetic ion, such as Cr, Mn or Fe, in a nonmagnetic metal
crystal, such as Ag, Au or Mg, the resistance starts increasing after the tem-
perature is decreased past some small value. In 1964 Kondo [6] investigated
this problem using a single impurity Hamiltonian, similar to Eq. (2.15), but
with just one f -spin present (only one term in the second sum is left then).
Using perturbation theory he obtained an additional contribution to the resis-
tivity of the metal proportional to − ln T , which increases as T → 0. The term
came from the scattering of the spin of conduction electrons by the magnetic
impurity (the f -spin). The result explained the resistance minimum, although
the problem remained close to T = 0 due to the divergence of the logarithm.
Ten years later this Kondo problem was solved by Wilson [39], who had de-
veloped a numerical renormalization group method suitable for investigation
of this problem. The idea of this algorithm is to obtain a series of effective
Hamiltonians, each one describing the physics for a consecutively smaller en-
ergy scale. The renormalization group transformation relates one Hamiltonian
to the next. At each step the highest energy levels are traced out, so the pro-
cedure is approximate. Luckily enough the Kondo single-impurity model is
“nice” in the sense that the low-energy spectrum is not spoiled by the neglect
of the high-energy states. Wilson’s solution indicates that when the energy
scale reaches a certain temperature TK , the coupling J > 0 in the correspond-
ing effective Hamiltonian becomes very large. The Kondo effect takes place: a
spin-singlet is formed of the magnetic impurity together with the conduction
electrons. A cloud of conduction electrons develops around the impurity, and
the total magnetic moment becomes zero. This was proven later by an exact
solution using the Bethe Ansatz [40]. All the important low-energy physics is
scaled by the Kondo temperature, which is equal to

TK = εF e−1/Jρ(εF ), (2.16)

where εF is the Fermi energy, and ρ(εF ) is the density of conduction electron
states at the Fermi level. The extension of the c-electron screening cloud is
thousands of lattice spacings [41].

The Kondo lattice model is a straightforward extension of the single-impurity
Kondo model: every lattice site has one impurity now. It is not clear, however,
what happens with the Kondo effect on the lattice. For one thing, the exten-
sion of the screening cloud of the c-electrons cannot be larger than one lattice
spacing now, for another - the number of impurities is larger than the num-
ber of conduction electrons, so the qualitative nature of the screening should
change too. The screening itself persists though, as it can be seen by inves-
tigating the strong-coupling limit J → ∞ of the Kondo lattice Hamiltonian.
In this limit the first sum of the Hamiltonian (2.15), representing the electron
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hopping, can be neglected, and the terms of the second sum become indepen-
dent. The Hamiltonian on a single site (presented in Eq. (3.20)) can be easily
diagonalized, yielding one singlet, two doublets and a triplet, Table 2.1. The

State Energy/J Stot Sz
tot nc

[ | ↑ 01〉 − | ↓ 10〉 ] /
√

2 -3/4 0 0 1
| ↑ 00〉 0 1/2 1/2 0
| ↓ 00〉 0 1/2 -1/2 0
| ↑ 11〉 0 1/2 1/2 2
| ↓ 11〉 0 1/2 -1/2 2
| ↑ 10〉 1/4 1 1 1

[ | ↑ 01〉 + | ↓ 10〉 ] /
√

2 1/4 1 0 1
| ↓ 01〉 1/4 1 -1 1

Table 2.1: Eigenstates of the single-site KLM Hamiltonian

states are denoted as |Sz, nc↑, nc↓〉, where Sz =↑ or ↓ is the z component of the
f -spin, and ncσ = 0 or 1 is the number of c-electrons of spin σ =↑ or ↓. Sz

tot is
the eigenvalue of the operator Ŝz + Ŝz

c , Stot(Stot + 1) is the eigenvalue of the
total spin operator Ŝ+Ŝc, and nc = nc↑+nc↓ is the total number of conduction
electrons on the site. In the ground state, the spin-singlet is formed of one con-
duction electron and the localized spin. Either removing or adding an electron
to the site would increase the energy by 3J/4, while the energy cost of a triplet
formation is equal to J . Consequently, the lattice is formed of on-site singlets
and unpaired localized spins. The local magnetic moments are quenched at the
sites with the c-electrons. The screening remains, although it is now achieved
by one electron per one f -spin only, as opposed to the single-impurity case.

As the coupling J is lowered, the hopping term of the Kondo lattice Hamilto-
nian can no longer be ignored. The system energy is lowered since the electrons
gain energy both due to the increase of their kinetic energy and by screen-
ing the unpaired localized spin. If the transfer of the electron from one site
to another leaves its spin unchanged, and if the exchange between the elec-
tron and a localized spin is so large that their spin anti-alignment is highly
preferred to the alignment, then the system will favor the alignment of the
f -spins. This kind of mechanism, called double exchange, was suggested by
Zener [42]. It was shown later that the electrons do indeed preserve their spin
during the transfer [43], which is called the coherent hopping. The double
exchange mechanism was proposed to explain the ordering of manganese per-
ovskites (LaxA1−x)(MnIII

x MnIV
1−x)O3, A=Ca, Sr or Ba. These materials are

described by the ferromagnetic Kondo lattice model with a negative coupling
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constant J . However, it was shown that the mechanism remains valid in the
J > 0 case too, and it is the most important interaction, responsible for the
ordering of the localized spins in the Kondo lattice model [23]. The double
exchange requires that the number of conduction elements is smaller than the
number of localized spins, so it is working in the case of partial filling n < 1
only.

As the coupling J decreases even more, the conditions for the double ex-
change are no longer favorable. Another effective interaction starts dominating
- the so called RKKY interaction, named after Ruderman, Kittel [44], Ka-
suya [45] and Yosida [46]. It is an effective interaction between the localized
moments mediated by the conduction electrons when the coupling is very weak.
Considering a system of free conduction electrons and treating their interaction
with the localized spins as perturbation, the effective interaction between two
localized spins at distance x is given by second order perturbation theory [47]:

Jrkky(x) =
J2m

2π

[
Si(2kF x) − π

2

]
, (2.17)

where Si(t) =
∫ ∞

t
dy sin(y)/y is the sine integral, m is the electron mass and

kF is the Fermi wave vector. In this case the effective Kondo Hamiltonian for
the localized spins can be written as Hrkky =

∑
ij Jrkky(i− j)Ŝi · Ŝj . The sine

integral is an oscillating and decreasing function. It follows that the RKKY
interaction favors an oscillatory alignment of spins with periodicity π/kF in
the real space. It is worth to note that the RKKY interaction is very strong in
one dimension. Indeed, the Fourier transform of Jrkky(x) [47] leads to

Jrkky(q) = −J2m

2π

1
q

ln
∣∣∣∣2kF + q

2kF − q

∣∣∣∣ , (2.18)

which diverges at 2kF . This means that perturbation theory is not sufficient to
describe correctly the 2kF ordering of spins, which is very strong in this case.
In any case, this ordering of spins was observed in the Kondo lattice model
numerically for small J , as it is shown in the following subsection, where the
phase diagram, resulting from the interplay of the three effective interactions,
is presented.

2.7.3 Previously known phase diagram

The antiferromagnetic Kondo lattice model ground state phase diagram, known
prior to this research is plotted in Fig. 2.1. The result of many numerical
calculations at partial filling n was that for high coupling J localized f -spins
order ferromagnetically, while for small J a paramagnetic ground state with
2kF = nπ localized spin ordering is obtained. This behavior of f -spins in the
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paramagnetic phase has a typical RKKY character. At half-filling n = 1 the
system is insulating for any coupling value, and the ground state is a total
singlet.

The following points in Fig. 2.1 denote the approximate position where the
ferromagnetic-paramagnetic crossover takes place. The cross (×) is the first
numerical result, obtained by a quantum Monte Carlo simulation on a 24-site
long chain [48]. The squares (2) are results of an exact Hamiltonian diagonal-
ization, performed on 8-site long chains, and the circles (©) are obtained from
9-site long chains [49]. The plus (+) is a result of an infinite-system DMRG
calculation for a 75-site long chain [50]. It differs from the other results mostly
due to a peculiarity of the algorithm, which does not allow to fix the filling
n in the process of the calculation, and many uncontrolled errors are intro-
duced this way. The triangles (4) are also obtained by the infinite-size DMRG
calculation, although chain sizes reach 202 sites [51]. This calculation also
suffers from the varying filling factor. Most of these calculations determined
the phase transition by calculating the f -spin structure factor S(k), i.e. the
Fourier transform of the spin-spin correlation function 〈Ŝi · Ŝj〉. A structure
factor peak at k = 0 means a ferromagnetic spin ordering in real space, and
the paramagnetic phase has a structure factor with a peak at k = 2kF . The
ferromagnetic-paramagnetic transition point is assumed to be at coupling J for
which the strength of the k = 0 peak is equal to the strength of the k = 2kF

peak in the structure factor. The results of the exact diagonalization deter-
mine the transition points directly by calculating the total spin. It is found
that for high coupling the ground state of the system has the total spin equal
to (L − Nc)/2, where L is the system length and Nc is the number of the c-
electrons. The squares and circles in Fig. 2.1 denote positions where the ground
state obtains the minimal spin (zero in the case when the number of particles
L + Nc is even, or 1/2, when the number is odd). This exact diagonalization
calculation observed a continuous phase transition for small fillings n: there
is a small region in J where the ground state has intermediate magnetization.
This calculation was the first one to note that there is another point, deep in
the paramagnetic region, where the ground state is ferromagnetic too (the filled
diamond (¨) in the Fig. 2.1). The strange point was argued to be an artifact
of the finite lattice size though. Similarly, another ferromagnetic range of J
(filled triangles (H)) was obtained by a later DMRG calculation for 20-site long
clusters, but the authors did not comment on this result [52].

The solid line in Fig. 2.1 is the prediction of the ferromagnetic-paramagnetic
transition line from a calculation using bosonization [23]. The conduction elec-
tron fields of the Kondo lattice model may be represented in terms of collective
density operators which satisfy bosonic commutation relations. This Bose rep-
resentation leads to a nonperturbative description of the model which is much
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easier to deal with than in terms of fermionic operators. The f -spins are not
bosonized since they are strictly localized. The bosonic density fluctuation
operators cannot be used to describe physics for length scales smaller than
the inter-electronic distance, since the density fluctuations should have a pro-
nounced fermionic character then. This introduces an unknown parameter α,
which denotes the minimum length for which the bosonic operators are truly
bosonic, and an unknown cutoff function Λ(k) is used to limit the action of
the density fluctuation operators. As a consequence the large-coupling physics,
e.g. the Kondo effect (when the conduction electron is trapped on a single site,
forming a Kondo singlet with a localized spin), cannot be correctly described
by the bosonization. However, at intermediate couplings, the bosonization is
known to work. A certain unitary transformation can be applied to trans-
form the Hamiltonian into a form, which describes the interactions between
the localized spins, where the c-electrons act as the mediators. Close to the
ferromagnetic-paramagnetic transition a few (supposedly rather good) approx-
imations can be made to reduce the Kondo lattice Hamiltonian into an effective
(critical) one:

Hcrit = −J
∑

j

Ŝz
j Ŝz

j+1 +
AJa

α

∑
j

{1 + cos(2kF ja)}Ŝx
j , (2.19)

where

J =
J2a2

2π2vF

∫ ∞

0

dk cos(ka) Λ2
α(k) (2.20)

is the constant of the nonperturbative effective interaction between the localized
spins. This interaction has all the properties of the double exchange, and
it is identified as one. The other parameters in the critical Hamiltonian are
the Fermi velocity vF and the lattice spacing a. The constant A comes from
the normalization of some bosonic representations and depends on the cutoff
function Λα(k), so it is an unknown in principle.

The Hamiltonian (2.19) describes a quantum Ising spin-1/2 chain in a trans-
verse field (cf. Eq. (2.9) with γ = 0). As it is known, this system undergoes a
quantum phase transition from an ordered ferromagnetic phase to a disordered
paramagnetic phase. The corresponding processes in the Kondo lattice model
are the following. As the coupling J is lowered, the influence of the double
exchange term starts decreasing. The conduction electrons are less strongly
bound to the localized spins and their hopping extends beyond the effective
range for the double exchange ordering. Regions of ordered localized spins be-
gin to interfere as the conduction electron range increases. The interference
leads to spin-flip processes, which is effectively described by the transverse
field in the Ising Hamiltonian (2.19). There are two spin-flip processes in the
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transverse field. Both of them disorder the localized spins. The first process
is called backscattering, it is marked by a momentum transfer of 2kF from
the conduction electrons to the localized spins. The localized spins tend to
order so as to reflect this transfer and so the transverse field has a sinusoidal
contribution cos(2kF ja). The second spin-flip process is called forward scat-
tering - when zero momentum is transferred, which corresponds to a constant
transverse magnetic field. When the filling of the conduction band is incom-
mensurate, the backscattering processes introduce a competing periodicity in
the chain of localized spins, which can be represented by a transverse field
which is a random variable. This way the Kondo lattice model is directly re-
lated to the quantum Ising spin-1/2 chain in a random transverse magnetic
field. The identification suggests many interesting properties of the Kondo lat-
tice close to the transition, e.g. regions with the Griffiths singularities [53],
where some thermodynamic properties (e.g. susceptibility) become singular in
a broad parameter range around the criticality (contrary to what happens in
“normal”, classical phase transitions). These regions are dominated by clusters
of the “wrong” phase, e.g. the conduction electrons as a body fail to completely
disorder the system just below the transition, so there still remain islands of
ferromagnetically ordered spins. They strongly affect properties of the system,
such as the average value of the correlation functions [54].

Using the mapping between the Kondo lattice model and the Ising spin
chain in random transverse field, the critical coupling for the Kondo model can
be found to be equal to [23]:

Jc =
2π2AvF

aα
∫ ∞
0

dk cos(ka)Λ2
α(k)

. (2.21)

The choice of the cutoff function does influence the value of Jc, but the
simplest cutoff function, giving the best fit to the numerical data (presented in
Fig. 2.1), is an exponential Λα(k) = exp[−α|k|/2]. The range function α can
be shown to be proportional to

√
t/J for small filling. Assuming it to have

the following form on the transition line: α/a = (Bt/J)p with an arbitrary B
and p, and approximating the Fermi velocity by its value of the non-interacting
Fermi gas of conduction electrons, vF = 2ta sin(kF a), where kF = nπ/2, one
can use the numerical data of Fig. 2.1 to fit the parameters A, B and p. Not
surprisingly, it turns out that the best choice of p is p = 1/2, while the phase
transition line (the solid curve in Fig. 2.1) is given by

Jc/t =
1.3 sin(πn/2)

1 − 0.6 sin(πn/2)
. (2.22)

Despite a number of approximations made, and the above-mentioned possible
problems of the bosonization for large couplings, the fit to the numerical data
is rather good.
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The presented numerical and approximate analytical results agree well with
two known rigorous results at partial filling. One of them was already men-
tioned, it says that the ground state of the Kondo lattice with one conduction
electron forms an incompletely saturated ferromagnet with total spin, equal
to (L − 1)/2, where L is the lattice size (or the number of f -spins) [34]. The
other result is for strong coupling, it says that the system has Nc spins form-
ing singlets with the conduction electrons, while the remaining L − Nc spins
order ferromagnetically, so the Kondo lattice model is an incompletely satu-
rated ferromagnet with total spin (L − Nc)/2 for any filling n = Nc/L when
J → ∞ [55].

Besides the two discussed phases of the Kondo lattice model - the ferromag-
netic phase for large J and the paramagnetic one for small couplings at partial
filling n, there is a third phase: the Kondo spin-liquid, insulating phase. It is
found for many J values, and it is believed to be present for any coupling J > 0
at half-filling n = 1, when the number of electrons is equal to the number of
localized spins [31]. This phase is characterized by a finite energy gap in both
charge and spin excitations. There is a rigorous theorem, valid for the half-
filled Kondo lattice in any number of dimensions: the ground state is unique
and has total spin equal to zero [56, 57]. Besides this result there is a vast
number of approximate analytical calculations (summarized in Ref. [31]) and
numerical simulations, which observe a spin gap in the ground state: quantum
Monte Carlo simulation at J = 1.6 [58], exact diagonalization for up to 10-site
long lattices [59], DMRG for up to 24-site long chains [60]. Consequently, the
system forms a spin-liquid. The calculations are difficult for small couplings,
but the infinite-J limit is trivial. The table in the subsection 2.7.2 shows that
the ground state is indeed a total spin singlet then. The lowest excitation is
the state with a triplet on one site and singlets on the rest of the lattice sites.
The difference in energies between these two states gives the spin gap, equal to
J . The lowest energy state, which has the same total spin zero and one elec-
tron moved to a neighboring site has the excitation energy 3J/4 (one site with
zero electrons) plus 3J/4 (another site with two electrons), so the charge gap
is 3J/2. The above mentioned calculations show that the charge gap remains
larger than the spin gap for arbitrary coupling.

There is another question about the low energy properties of the Kondo lat-
tice model which still remains unanswered. It is the so-called size of the Fermi
surface (FS). Do the localized spins participate in the low energy excitations
together with the conduction electrons, or are only the conduction electrons
contributing to the dynamics of the system? The first case would imply the
large Fermi surface, with the Fermi wave vector determined by the density of
both particles: kF = π(n + 1)/2. The second case is called the small Fermi
surface with kF = πn/2. On one hand, the J = 0 case gives completely free
conduction electrons with the kF = πn/2, and if the interaction with the local-
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ized spins does not change the volume inside the Fermi surface (which is the
case for Fermi liquids), then we would obtain the small FS. On the other hand,
the Kondo lattice model is a limiting case of the periodic Anderson model,
which allows the f -electrons to move, and the natural answer is the large FS.
A number of calculations has been performed trying to determine which case
is correct for various parameter values in the paramagnetic phase: exact di-
agonalization calculations [49, 61], infinite-size DMRG calculations [52, 62], a
quantum Monte Carlo simulation [48]. Some points, where the large Fermi sur-
face is claimed to be observed by Shibata et al [52] are presented by stars (∗)
in Fig. 2.1. These calculations gave no conclusive results for the whole param-
eter range of the paramagnetic phase. However, the Lieb-Schultz-Mattis [10]
theorem for spin chains have been generalized to a wide range of models with
interacting electrons and localized spins [63]. In particular, it proves the Kondo
lattice model to have the large Fermi surface. However, it might be not appli-
cable to the whole range of the paramagnetic part of the phase diagram if the
paramagnetic region is separated into several areas by a ferromagnetic phase,
which is a possibility (cf. the filled symbols in the Fig. 2.1).
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Figure 2.1: The phase diagram of the antiferromagnetic Kondo lattice model.
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Chapter 3

Density Matrix
Renormalization Group
Algorithm

Most of the research, presented in the scientific papers, included in the second
part of this thesis, is based on numerical computations. This chapter gives
a description of the main method that was extensively used in the studies -
the density matrix renormalization group (DMRG) technique. First a general
introduction is given, then the outline of the algorithm is described and illus-
trated by applying it to two lattice models: the Ising spin chain in a transverse
field and the Kondo lattice model (KLM). In the end, important improvements
of the algorithm are discussed - the so-called non-Abelian DMRG, developed
during this research. The development of the non-Abelian DMRG was essential
to achieve sufficient accuracy in the KLM calculations, and to solve many of
the questions, raised in the previous chapter.

3.1 Introduction to DMRG

Almost all theoretical approaches, used to explore lattice systems, are approx-
imate (with a few exceptions, e.g. Ising in 1D [13] and 2D [16], XY in 1D [10],
or the single-impurity Kondo model in 1D [40]). In most cases, the approxima-
tions are either too drastic or applicable only in a narrow range of parameters,
which makes them not very useful. This could be well illustrated by consider-
ing the KLM, which was under intense investigation of theoreticians for a few
decades. For example, perturbation theory [55] is restricted to very large cou-

31
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pling, which is not very interesting, since the physical region is J close to zero
(cf. the beginning of the section 2.7). The mean field theory [64, 65] neglects
quantum fluctuations, so even the ground state properties are very approxi-
mate and might be even qualitatively different. Purely variational techniques
are unable to investigate all the possible variational states [65], exact diagonal-
ization is limited to very small lattices [49], the conventional quantum Monte
Carlo cannot reach zero temperature, it always has statistical errors, and usu-
ally suffers from the negative sign problem [48], while bosonization fails to deal
with the Kondo effect and has a number of approximations, which are difficult
to control [23]. The DMRG has none of these problems. So far, it is the best
known numerical tool for studying ground state properties of one-dimensional
quantum models.

Although initially DMRG was intended for studies of low energy properties
of 1D systems only, it was under a constant development. During the decade
of its existence, the method was applied to a great number of different mod-
els, and a few representative cases are given here (for a more detailed review
see Refs. [66, 67]). Besides the initial calculation of the S = 1/2 Heisenberg
chain [68], one of the first proofs of the DMRG accuracy and power was the
calculation of the spin gap in a S = 1 Heisenberg chain [69]. Soon calcula-
tions of more complicated chains appeared, e.g. S = 2 Heisenberg chain [70],
dimerized and frustrated chains [71,72], or alternating-spin chains [73]. Various
coupled spin chains, or ladders, were investigated [74–76]. Of all the applica-
tions to fermionic systems, one could mention Hubbard and t-J chains and
ladders [77, 78], single-impurity Anderson model [79], Kondo necklace [80] or
the periodic Anderson model [81, 82]. Eventually, even 2D systems have been
studied, e.g. a t-J model on a 9×9 lattice [83], and a truly-2D DMRG algorithm
was suggested recently [84]. Usually, DMRG is a method developed to work
in real space. However, a version for momentum space was developed too [85].
One can also mention that DMRG was applied in high energy physics [86] and
in a calculation of partition functions of 2D classical systems with a continuous
order parameter [87]. The fact that a 1D quantum system may be represented
as a 2D classical system was readily used to adapt the DMRG to 2D classi-
cal systems (see T. Nishino in Ref. [66]). The method was further improved
and called the corner transfer matrix renormalization-group [88]. It was ap-
plied to such systems as a 2D fluid under gravity, or an Ising magnet [89],
the Potts model [90], a model for the Quantum Hall effect [91], and a 2D
vertex model [92]. The adaptation of the DMRG to classical systems paved
the way for the study of 1D quantum systems at non-zero temperatures [93],
and thermodynamic properties of various models were calculated: the S = 1/2
or S = 3/2 Heisenberg chains [94], the Kondo insulator system [95], and t-J
ladders [96]. Low temperature thermodynamic properties of the KLM were
calculated too, although using a different modification of DMRG (see S. Mouk-
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ouri and L. Caron in Ref. [66]). DMRG is not very suitable to handle systems,
which have many states per site. Despite this, a method was developed to treat
bosonic systems and applied to the Holstein model [97]. Random systems have
always been a difficult task for theoreticians, and a slightly modified DMRG
was very useful to investigate random Heisenberg chains [98], or disordered
Fermi systems [99]. Also, DMRG was used to treat long-range (Coulombic)
interactions [100], some branched molecules [101], and even ab initio calcula-
tion of electronic states in molecules turned out to be possible (see S. White
in Ref. [66]). All these applications were used to obtain static properties of
systems. Several methods have been developed to extract dynamical response
functions, which is very important for comparisons to experiments. One is
called the Lanczos vector technique [102], improved later and called the correc-
tion vector method and applied to Heisenberg chains [103]. Another method is
called the moment expansion, based on certain sum rules which allow to obtain
the dynamical correlations using only the static ones [104]. Eventually, even
calculation of finite temperature dynamical properties was made possible using
the transfer matrix renormalization group and was successfully applied to the
1D Kondo insulator [105].

The density-matrix renormalization-group (DMRG) method was introduced
by White in 1992 [106]. In principle, its development is closely related to
Wilson’s [39] Numerical Renormalization Group (NRG) technique. The central
feature of the DMRG is the reduced density matrix, hence the name of the
method. However, the algorithm has many crucial differences from the NRG,
so the name might be in some way misleading.

Originally, the DMRG method was invented as an approximate numerical
method mainly for solving 1D lattice problems. It is very easy to demonstrate
why approximations are crucial in this kind of problems. Consider a chain of
N sites where each site has L states. The total number of states in the system
is then LN . To solve such a system exactly would require a diagonalization of
the Hamiltonian matrix of the system. This matrix would consist of nH = L2N

elements. A simple spin-1/2 chain of only 100 sites gives nH = 2200 ≈ 0.16·1050,
which is almost equal to the number of atoms in the whole Earth. Even though
most of the elements in the Hamiltonian are equal to zero, still it is evident
that the brute force method would not work here.

There have been approximative methods before DMRG, and one of them is
the numerical renormalization group. However, it has a very bad accuracy for
interacting chains. The DMRG was created while trying to overcome problems
of NRG when solving interacting 1D systems [107]. The NRG problems can
be illustrated as following. Divide your 1D system into blocks and consider a
block consisting of several sites. Both the Hamiltonian of that block and all
operators, needed to connect that block with other blocks, are defined. The
usual procedure of NRG is to put together two (or more) blocks (or sites)
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into a superblock. Then the superblock is diagonalized and the highest energy
states are discarded. The block Hamiltonian is replaced by the truncated one,
and the iteration is continued. This worked very well for the single-impurity
Kondo problem [39], since it was mapped onto a 1D lattice with exponentially
decreasing hopping of electrons. This exponential decrease allowed to neglect
higher energy excitations without affecting the low energy properties much.
In other words - the lattice sites were effectively weakly connected. However,
for most other models NRG fails, since the eigenstates, which well describe
one block, usually are not well suited for constructing the ground state of
two connected blocks. The reason why this is so is related to the boundary
conditions. E.g., if the states of one block have nodes at the boundary, then
the only states one can construct of them in a two-block system would have a
node in the middle, which might not be an appropriate state at all. A solution
of this problem led to DMRG.

White [106] introduced the density matrix approach which allows to select
the optimal set of block eigenstates. Assume a system [BB’] consisting of two
interacting blocks [B] and [B’]. The state of the entire system is known to be
|ψ〉. The aim is to generate a set of single-block states which are the most
appropriate for the block [B] when the system is in the |ψ〉 state, which for
future reasons is called the target state. The block [B] states are denoted |i〉,
i = 1, . . . , I, where I is the total number of them. Similarly, the block [B’]
states are denoted |j〉, j = 1, . . . , J , and J is their total number. In this
notation, the system state can be written as |ψ〉 =

∑
i,j ψij |i〉|j〉.

Let |uγ〉, γ = 1, . . . ,m, with m < I, be the set of block [B] states we
seek. Expansion of |ψ〉 using the |uγ〉 basis is |ψ〉 ≈ ∑

γ,j aγj |uγ〉|j〉. If we

minimize the error in the representation of |ψ〉,
∣∣∣|ψ〉 − ∑

γ,j aγj |uγ〉|j〉
∣∣∣, with

respect to both aγ,j and |uγ〉, we find that the |uγ〉 are the eigenstates of the
reduced density matrix ρ with the largest magnitude eigenvalues wγ , where the
reduced density matrix (DM) is defined as [106]

ρii′ ≡
J∑

j=1

ψ∗
ijψi′j . (3.1)

Each wγ represents the probability of block [B] being in the state |uγ〉. The sum
of all DM eigenvalues is equal to 1, PI ≡ ∑I

γ=1 wγ = 1. The deviation of Pm

(with m < I) from unity may be used to measure the error of the truncation
to m states. Consequently, the reduced density matrix gives a criterion to
determine the block states, which are the best in constructing a chosen state of
the total system. The optimal block [B] states |uγ〉 are the ones corresponding
to the largest eigenvalues wγ .

Using the mentioned criterion, an iterative algorithm may be created to find
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an approximate target state of a large system. White’s DMRG algorithm might
be briefly summarized as the following. Take a system [BssB] consisting of two
blocks [B] and two sites [s] at every iteration. The following steps are performed
during each iteration: (1) Diagonalize the Hamiltonian of the system [BssB],
extract the target state, e.g. the ground state. (2) Find ρ of half the system
[Bs]. (3) Diagonalize ρ to find the largest m eigenvalues wγ and associated
eigenvectors |uγ〉. (4) Change block [Bs] basis and truncate the matrices of
all the block [Bs] operators HBs, obtaining HB̃ = OHBsO

†, with rows of the
matrix O formed by the vectors |uγ〉. (5) Replace the first block [B] by the new
block [B̃] and the last block [B] by the reflection of [B̃]. Rename the blocks [B̃]
→ [B], and construct a new system [BssB] by adding two sites in between the
blocks. Go to the next iteration. Repeat until the target state converges.

The next section presents a more detailed description of the basic DMRG
algorithm.

3.2 The algorithm

Usually there are two slightly different stages of the DMRG algorithm while
performing the calculation. The first stage is called the infinite system algo-
rithm, and the second one - the finite system algorithm. They are called like
this because the former algorithm keeps on growing a chain every step, while
the latter one is used to improve the accuracy of a system with a given chain
length. They will be described separately.

3.2.1 Infinite system algorithm

This algorithm is used to iteratively grow a chain of arbitrary length, keeping
a given number of the most important states. The iteration is usually stopped
when the chain properties, e.g. the ground state energy, converge, or when a
satisfactory system size is reached.

(1) First DMRG step (step I1 in Fig. 3.1). Construct a chain [ssss] of four
blocks, each of them composed of just one site (in principle it could be more
than one site per block if needed). The whole system is usually referred to as a
superblock. Each site i has L states |αi〉. The superblock states |α1α2α3α4〉 are
just direct products of the single-site states. The total number of superblock
states is then L4. Find the Hamiltonian H

(1)
12 of the leftmost two sites and the

Hamiltonian H
(1)
1234 of the superblock. The number in parentheses denotes the

iteration number, and the subscript shows the numbers of blocks, on which the
operators act.

(2) The superblock Hamiltonian is a very large although sparse matrix.
Use any sparse-matrix diagonalization procedure, e.g. the Davidson algorithm
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[108], diagonalize the H
(1)
1234 and find the eigenfunction of a desired state, the so-

called target state. In most applications the ground state is targeted, although
sometimes the lowest excited states might be of interest. There is also a way to
incorporate temperature into the DMRG by taking several lowest energy states
and weighting them with Boltzmann factors [67,109]. The target state can be
written as

|ψ(1)〉 =
L∑

α1,α2,α3,α4=1

C(1)
α1α2α3α4

|α1α2α3α4〉. (3.2)

I1

I2

I3

F1

F2

F3

F4

Figure 3.1: Schematic representation of the DMRG iteration. Steps, denoted
by letter I, correspond to the infinite-system stage, while F denotes the finite-
system stage of the DMRG.

(3) Using the target state, find the reduced DM of the two leftmost blocks,
which is defined as

ρ
(1)
12 (α1, α2;α′

1, α
′
2) =

L∑
α3,α4=1

C(1)∗
α1α2α3α4

C
(1)
α′

1α′
2α3α4

, (3.3)

where the star denotes complex conjugation.
(4) The density matrix is dense but quite small, of the size L2 × L2. Diag-

onalize ρ(1), find its eigenvalues wγ and eigenvectors |uγ〉. Keep the m ≤ L2

states with largest eigenvalues. At this point the accuracy of the algorithm may
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be estimated by calculating the truncation error Tm - the sum of the eigenval-
ues of the discarded states Tm =

∑L2

γ=m+1 wγ . The smaller the truncation
error Tm, the better. If it happens that the sum is larger than 10−3 or so,
then the number of retained states m is much too small. The relation between
m and Tm strongly depends on the type and parameters of the system under
investigation. E.g. the simplest Ising model in a transverse field has a typical
Tm ≈ 10−10 for just m = 16, while the KLM has Tm > 10−4 for m = 100.
Instead of the truncation error one might use the so-called truncation energy.
It is the difference between the superblock energy, calculated in the truncated
basis, and the energy before the truncation. It costs some computational time
to obtain this parameter, since the superblock Hamiltonian has to be created
using the truncated basis, but the truncation energy is a better error estimate
than Tm, because it is directly related to a measurable quantity - energy.

(5) Obtain a new Hamiltonian of the left side of the system by rotating it
and truncating to mL states:

H̃
(1)
12 = O

(1)
12 H

(1)
12 O

(1)†
12 . (3.4)

The eigenvectors |uγ〉 with the largest eigenvalues wγ of the DM ρ
(1)
12 form the

rows of the transformation matrix O
(1)
12 , which has the size m × L2. The sites

1 and 2 are effectively connected into one block, denoted by a dashed line at
the step I1 in Fig. 3.1. Matrices of all other important operators, such as the
end-operators, used to connect the sites 2 and 3, are also truncated at this
point. They are needed because the site 2 is no longer a separate site, but a
part of the new block. This point will be better illustrated by the example in
section 3.3.

(6) Second DMRG step (step I2 in Fig. 3.1). Construct a new superblock
[BssB] of four blocks. The first block is composed of two sites, which are no
longer independent (denoted by a solid rectangle at step I2), they were joined
together in the previous step. The second block is just a new single site, as
is the third block. The fourth block is either obtained by joining the sites 3
and 4 in the previous step in analogy with the first block (if the superblock is
not symmetric) or simply by reflecting the first block (in the simple case of a
symmetric superblock, which is assumed here). The first and the fourth blocks
have Lm states each, while the middle blocks have L states each. Using H̃

(1)
12

(and other truncated matrices of the new block 1), create the new Hamiltonian
of the first two blocks H

(2)
12 and the Hamiltonian of the new superblock H

(2)
1234.

(7) Diagonalize H
(2)
1234, find the target state. Use it to obtain the DM of

the left side (block 1 and 2) of the superblock. Use the m eigenvectors with
the largest eigenvalues of the DM to construct the transformation matrix O

(2)
12 .

Truncate the left side matrices, effectively joining blocks 1 and 2 (dashed line
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at the step I2). Go to (6) and repeat the iteration with the first (and the
fourth) block effectively describing more and more sites, while having a constant
number of states mL. Stop when a sufficiently long chain is reached.

Fig. 3.1 shows a case where the infinite system algorithm is stopped after
three iterations (effective system length L = 8, and the finite system DMRG
algorithm is started to obtain a better accuracy for the given system size.

3.2.2 Finite system algorithm

The finite system algorithm uses the same methods as the infinite system ver-
sion. The only difference is that the system size is always the same, and the
algorithm sweeps from one side of the lattice to the other several times until
convergence is reached. This is achieved by letting the rightmost block size
decrease when the leftmost block increases and vice versa. E.g. the step F1 in
Fig. 3.1 demonstrates a system [BssB’] of size L = 8, where the block B of size
4 (left solid rectangle) is obtained directly from the last iteration of the infinite
system algorithm, while the block B’ is taken from the earlier iteration I1. Now
the usual procedure of diagonalization and truncation is performed as in the
infinite system algorithm, and a new left block B of size 5 is created. By adding
three single sites to the right, one obtains a system of size L = 8 again (step
F2). Now the right side of the chain is reached and the sweep is reversed with
the left block size decreasing (steps F3 and F4, where the left block is taken
from the previous sweep) and the right block is constantly increasing and di-
rectly obtained from the previous step (F3 and F4). Every repeated sweep
improves the quality of the wave function of the block. After several sweeps
the system energy and the truncation energy converge to some values. If the
number of states is increased at that point, several more sweeps (depending
on the model the number of required sweeps can be even 10 or more) can be
performed to reach a new (lower) energy level. By plotting the energy depen-
dence on the truncation energy and extrapolating to zero truncation, extremely
accurate results can be obtained.

Usually, the finite system algorithm can achieve accuracy a few orders of
magnitude better than the infinite system version for the same number of states
per block m.

A note on the boundary conditions. The described algorithms use the
open boundary conditions. It is possible to perform a DMRG with periodic
boundary conditions. The most accurate way in that case is to construct the
superblock in the following way: [BsB’s], where the first block is connected
to the rightmost site. The accuracy of the DMRG with periodic boundary
conditions is much worse compared to the case with open boundary conditions.
Only open boundary conditions were used in the calculations of this thesis.
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3.3 A DMRG example: The Ising model

To illustrate the algorithm, the infinite system DMRG approach is implemented
to calculate the ground state energy of the antiferromagnetic Ising spin-1/2
chain in a transverse uniform magnetic field. The Hamiltonian of a chain of
length L is given by

Ĥ = J
L−1∑
i=1

Ŝz
i Ŝz

i+1 − h
L∑

i=1

Ŝx
i , (3.5)

where the coupling constant between the z-components of spins is positive, J >
0, and the uniform magnetic field in x-direction is given by h. For simplicity
J = 1 is chosen. Each site has a spin S = 1/2, so the number of states per site
is 2S + 1 = 2. A single-site basis is chosen so that the Ŝz

i operator is diagonal.
The basis state, corresponding to Sz = +1/2, is denoted by | ↑〉, and the one,
corresponding to Sz = −1/2, is | ↓〉. In this basis, the single-site spin matrices
have the following form:

Sz =

( ↑ ↓
↑ 1

2 0
↓ 0 − 1

2

)
, Sx =

( ↑ ↓
↑ 0 1

2

↓ 1
2 0

)
. (3.6)

First step. A superblock [ssss] of four sites is constructed in the beginning.
Half of the system with just two spins has 4 states which are direct products
of the single-site states: | ↑〉 ⊗ | ↑〉 ≡ | ↑↑〉, | ↑〉 ⊗ | ↓〉 ≡ | ↑↓〉, | ↓〉 ⊗ | ↑〉 ≡ | ↓↑〉
and | ↓〉⊗ | ↓〉 ≡ | ↓↓〉. The system of 4 sites has (2S +1)4 = 16 possible states.

The explicit form of the Hamiltonian of two spins is

H12 = Sz
1 ⊗ Sz

2 − hSx
1 ⊗ δ2 − hδ1 ⊗ Sx

2 , (3.7)

where

δ1 = δ2 =
(

1 0
0 1

)
. (3.8)

Here δ1 is a unit matrix acting in the space of the first spin and δ2 acts in the
space of the second spin. Calculation of the direct products gives

Sz
1 ⊗ Sz

2 =




↑↑ ↑↓ ↓↑ ↓↓
↑↑ 1

4

↑↓ −1
4

↓↑ − 1
4

↓↓ 1
4


, (3.9)
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Sx
1 ⊗ δ2 =

1
2




1
1

1
1


 , δ1 ⊗ Sx

2 =
1
2




1
1

1
1


 (3.10)

and so the matrix of the Hamiltonian is

H12 = −1
4




−1 2h 2h
2h 1 2h
2h 1 2h

2h 2h −1


 . (3.11)

The Hamiltonian H34 for the right side of the system is calculated in a similar
way. Evidently H34 = H12. The Hamiltonian of the whole 4-site superblock
consists of three parts - the left-side Hamiltonian H12, the right-side Hamilto-
nian H34 and the interaction term between the two sides, H23:

H = H12 ⊗ δ34 + δ12 ⊗ H34 + δ1 ⊗ H23 ⊗ δ4, (3.12)

where δ12 and δ34 are 4 × 4 unit matrices, and H23 = Sz
2 ⊗ Sz

3 is given by
Eq. (3.9). The superblock matrix H has 16 × 16 = 256 elements. Now H is
diagonalized and the lowest eigenvalue, the ground state energy of the four-site
long chain, is obtained. For definiteness, the strength of the magnetic field is
chosen to be h = 0.2. The system ground state energy is then E0 ≈ −0.816037.
A 4×4 density matrix ρ for the left side of the system is formed from the ground
state eigenvector using Eq. (3.1):

ρ =




0.4713 0.1086 0.0685 0.1242
0.1086 0.0287 0.0240 0.0685
0.0685 0.0240 0.0287 0.1086
0.1242 0.0685 0.1086 0.4713


 . (3.13)

This matrix is also diagonalized. The eigenvalues wγ are a 0.64814, 0.35181, 3 ·
10−5 and 2 ·10−5. The corresponding eigenvectors are denoted |uγ〉. According
to the algorithm, only the m states with the largest eigenvalues are kept. In a
real calculation all of these states would be kept, since their current number is
so small. However, for illustrative purposes m = 3 is chosen, so that the state
u(4), corresponding to w4, is discarded. A 3 × 4 transformation matrix O is
constructed of the three remaining eigenvectors. This matrix is used to change
the basis and truncate the H12 Hamiltonian

H̃12 = OH12O
T =


 0.2434 −0.0570

−0.0570 −0.2434
−0.3187


 . (3.14)

aIt is interesting to note, that the h = 0 case would give density matrix eigenvalues 0, 0,
0, and 1. Namely, it is enough to keep just one state, and the algorithm is exact.
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The matrix H̃12 represents the Hamiltonian of a 2-spin block, which is truncated
to the m (with m = 3 in this case) most important states only. This block will
be used in the next step. Similarly, other important matrices of the half-system
are truncated. In this case, the matrix of the rightmost spin of the left block
is created and truncated: S̃z

12R = O(δ1 ⊗ Sz
2 )OT . It will be needed to connect

the new block to a new single-site in the next iteration. Since the Hamiltonian
(3.5) is symmetric with respect to the middle point of the chain, it is possible
to number states of the system in such way, that the right-side matrices are
always equal to the left-side ones: H̃34 = H̃12 and S̃z

34L = S̃z
12R, where the

S̃z
34L matrix represents the z-component of the leftmost spin in the right block.

This kind of state numbering can be called “reflected numbering”. Namely, it
is evident from Eq. 3.9, that the state number 1 of the left side of the system
is constructed of the state number 1 of the first spin and the state number 1 of
the second spin. The second left-side state is constructed of the state number
1 of the first spin and the state number 2 of the second spin. One can choose
the numbering of the right-side states in a symmetric way, so that e.g. the
second right-side state is made of the state number 1 of the fourth spin and the
state number 2 of the third spin. This way the right-side matrices need not be
calculated, they will always be equal to the corresponding left-side matrices.

Finally, the matrices are renamed H̃12 → H1, H̃34 → H4, S̃z
12R → Sz

12R etc.,
and the first DMRG step is finished.

Second step. A superblock [BssB] of two blocks [B] and two single-sites
in the middle is constructed. The first block [B] has m states. It is described
by the truncated m×m Hamiltonian from the previous step, H1, and similarly
the last block [B] - by H4. The block number two, which is just a site [s], is
described by the on-site 2× 2 Hamiltonian H2 = −hSx, and the other site - by
H3 = H2.

First, the Hamiltonian of the left-side of the system should be obtained. It
consists of three terms: the Hamiltonian of the block [B], H1, the Hamiltonian
of the new site, H2, and the interaction term between the block and the site.
Since only nearest neighbor interactions are present in the model (3.5), the
block-site interaction is equivalent to the interaction between the rightmost
spin of the block with the spin of the site. The z-component of the rightmost
spin of the block is given by Sz

12R, so the interaction between [B] and [s] is
HBs = Sz

12R ⊗Sz
2 . Consequently, the Hamiltonian of the left-side of the system

can be written as

H12 = H1 ⊗ δ2 + HBs + δ1 ⊗ H2, (3.15)

which is a 2m × 2m matrix. Due to the “reflected” numbering of states, the
Hamiltonian of the right-side is simply H34 = H12. The total superblock
Hamiltonian is easily constructed using the left-side- and the right-side matri-
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ces, adding a term, which connects the two middle sites:

H = H12 ⊗ δ34 + δ12 ⊗ H34 + δ1 ⊗ H23 ⊗ δ4, (3.16)

where δ1 and δ4 are m×m, while δ12 and δ34 are 2m× 2m unit matrices, and
the inter-site interaction term H23 = Sz

2 ⊗ Sz
3 is given by Eq. (3.9) as before.

Now, the Hamiltonian is diagonalized, the ground state eigenpair is ob-
tained. The reduced DM of the left side is created from the eigenvector using
the formula (3.1). The DM is diagonalized, and m states, corresponding to
the largest eigenvalues are retained. The m eigenstates of the DM form the
transformation matrix O, which is used to rotate and truncate the matrices of
the left-side operators: the Hamiltonian H̃12 = OH12O

T and the spin matrix of
the rightmost spin of the block S̃z

12R = O(δ1 ⊗ Sz
2 )OT . The right-side matrices

are equal to the corresponding left-side ones due to the “reflected” numbering
of states. The matrices are renamed H̃12 → H1, S̃z

12R → Sz
12R, and the second

DMRG step is finished.
Consecutive steps are exactly the same as the second step. They are

repeated until the ground state energy of the system converges or until a de-
sirable length of the chain is reached and then the finite-system DMRG may
be started to increase accuracy.

3.4 Fermionic DMRG: The Kondo lattice model

Application of the DMRG to the Kondo lattice model (KLM), Eq. (2.15),
has some additional complications due to the fermionic nature of particles.
The operators of fermions anticommute - a minus sign is introduced whenever
places of two operators are interchanged, and this sign should be carefully
tracked during the iteration. There is however a simple way to incorporate
the anticommutativity of the operators into some redefined matrices so that
the DMRG application is not different from the application to localized spin
chains, e.g. the Ising spin chain in the previous section.

The single-site basis of the KLM has 8 states, since the localized electron
of spin-1/2 can be in two states, and there are 4 different states of conduction
electrons: a state with no c-electrons, a state with an “up” spin electron,
“down” spin electron, and a state with one “up” and one “down” electron.
The Pauli exclusion principle prevents more than two conduction electrons
from occupying the same site. The local basis |ηk〉, k = 1, . . . , 8, can be chosen
so that the z-component of the spin operator is diagonal {ηk} = {|0 ⇑〉, | ↑⇑〉,
| ↓⇑〉, | ↑↓⇑〉, |0 ⇓〉, | ↑⇓〉, | ↓⇓〉, | ↑↓⇓〉}, where the thick arrows denote the Sz

value of the localized spin (with the “up” arrow corresponding to Sz = 1/2),
and the thin arrows denote the conduction electrons (a 0 indicates a state with
no c-electrons). The local basis is evidently a direct product of states of 3
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different particles: |ηk〉 = |n↑〉 ⊗ |n↓〉 ⊗ |f〉, where n↑ = 0, 1 is the number
of “up” electrons, n↓ = 0, 1 is the number of “down” electrons, and f =⇑,⇓
is the f spin. The anticommutation relations, Eq. (2.12), immediately give
matrices of the creation and destruction operators of an electron of one species
(e.g., “up” electrons) in the single particle basis (e.g., {|n↑〉}), and the only
nonzero elements are c†|0〉 = |1〉 and c|1〉 = |0〉 [24]. The matrices are more
complicated in a direct product state of several particles of different species
|n1, n2, . . . 〉 ≡ |n1〉 ⊗ |n2〉 ⊗ . . . , since it becomes necessary to keep track of
signs. Using the definition |n1, n2, . . . 〉 = (c1)†(c2)† . . . |0〉, where |0〉 is the
vacuum state with no electrons, one obtains

cr| . . . nr . . . 〉 =
{

(−1)σr | . . . nr − 1 . . . 〉 if nr = 1,
0 otherwise

c†r| . . . nr . . . 〉 =
{

(−1)σr | . . . nr + 1 . . . 〉 if nr = 0,
0 otherwise , (3.17)

where the phase factor σr is defined by σr =
∑r−1

j=1 nr, so to say, a minus sign
is introduced whenever the number of electrons “to the left” of the electron r
is odd. Consequently, the matrices of the creation operators in the basis |ηk〉
of a single Kondo lattice site are given by [51]

C†
↑ =




τ− 0 0 0
0 τ− 0 0
0 0 τ− 0
0 0 0 τ−


 , C†

↓ =




0 0 0 0
τz 0 0 0
0 0 0 0
0 0 τz 0


 , (3.18)

where τ− = (τx − iτy)/2, a 0 is a 2 × 2 zero matrix, and τ = (τx, τy, τz) are
Pauli matrices,

τx =
(

1
1

)
, τy =

( −i
i

)
, τz =

(
1

−1

)
, τ− =

(
1

)
. (3.19)

The destruction operators C↑ and C↓ are obtained by a simple transposition of
the corresponding creation matrices. Using these matrices and the interaction
term of the Kondo lattice model (2.15), one obtains the single-site Hamiltonian
matrix HJ , which has only six nonzero elements:

〈↑⇑ |HJ | ↑⇑〉 =
J

4
, 〈↓⇑ |HJ | ↓⇑〉 = −J

4
, 〈↑⇓ |HJ | ↓⇑〉 =

J

2
,

〈↓⇓ |HJ | ↓⇓〉 =
J

4
, 〈↑⇓ |HJ | ↑⇓〉 = −J

4
, 〈↓⇑ |HJ | ↑⇓〉 =

J

2
. (3.20)

Apart from the complication with signs (3.17), there are no other essential
differences from a simple spin-chain case. The anticommutativity of the c
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operators is incorporated into their single-site matrices (3.18). What remains
is to define these operators on the whole system of four DMRG blocks. To
satisfy Eq. (3.17), the matrix of the operator, acting on a given block, should
include information about the number of electrons on the blocks “to the left”.
This can be achieved by introducing a diagonal single-site matrix P , which
counts the number of electrons in each state, and gives +1 if the number is
even, and −1 if the number is odd. The diagonal of the P matrix in the basis
{|ηk〉} is then (1,−1,−1, 1, 1,−1,−1, 1). Now the operator acting on a given
block i, i = 1, 2, 3 or 4, can be defined on the whole system of four blocks so
that it satisfies anticommutation relations with other operators. At the first
DMRG step the following operator matrices are introduced [110]:

C̃†
1σ = C†

σ ⊗ δ2 ⊗ δ3 ⊗ δ4, C̃†
2σ = P1 ⊗ C†

σ ⊗⊗δ3 ⊗ δ4,

C̃†
3σ = P1 ⊗ P2 ⊗ C†

σ ⊗ δ4, C̃†
4σ = P1 ⊗ P2 ⊗ P3 ⊗ C†

σ, (3.21)

where σ =↑, ↓, P1 = P2 = P3 = P are just single-site P matrices, and δi are unit
matrices, acting on corresponding blocks. The destruction operator matrices
are simple transpositions of the corresponding C̃†

iσ. The KLM Hamiltonian can
be rewritten as

H̃ = −t
∑

σ=↑,↓

3∑
i=1

(
C̃†

iσC̃i+1σ − C̃iσC̃†
i+1σ

)
+

4∑
i=1

(HJ )i, (3.22)

where (HJ )i are single-block matrices (in the first iteration they are all given by
Eq. (3.20)). Now the following DMRG algorithm is not different from a simple
application to any non-fermionic spin-chain. The Hamiltonian of the whole
system is diagonalized, the reduced density matrix of the left side is constructed,
diagonalized and truncated leaving the states with largest eigenvalues. These
chosen states make up the transformation matrix O, which is used to rotate
and truncate all left-side matrices into the new basis. The truncated matrices
are acting on a block number 1 in the next iteration. They are used to create a
new Hamiltonian Eq. (3.22), where matrices on blocks 2 and 3 are just single-
site matrices and those acting on blocks 1 and 4 are the truncated matrices
of the previous iteration. E.g., the new (HJ )1 matrix is a truncation of the
left-side Hamiltonian of the previous step:

(HJ)1 ← O

(
(HJ )1 ⊗ δ2 − t

∑
σ

(
C̃†

1σC̃2σ − C̃1σC̃†
2σ

)
+ δ1 ⊗ (HJ )2

)
OT .

(3.23)

Similarly the new C̃†
1σ matrix is needed as a connection between the first block

and the second one, so it corresponds to the c† matrix of the electron, residing
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on the rightmost spin of the block. Consequently

C̃†
1σ ← O

(
P1 ⊗ C†

σ

)
OT , (3.24)

where C†
σ is a single-site matrix, given by Eq. (3.18). Evidently, the only extra

element of this implementation of the fermionic DMRG algorithm as compared
to the simple-spin chain, is the necessity to keep the P matrix of the first block.
It is clearly obtained as

P1 ← O (P1 ⊗ P2) OT . (3.25)

Commutativity of the number operator with the KLM Hamiltonian leads to
the block diagonal density matrix (with respect to the particle number), which
eventually means that the P matrix is always diagonal with either +1 or −1
on the diagonal.

There exists one problem, common to the infinite system DMRG, applied
to fermionic chains: it is usually impossible to keep constant filling of the c-
electrons while growing the system. Even though the particle number operator
Nc =

∑
σ,i C̃†

iσC̃iσ commutes both with the Hamiltonian of the KLM and the
DM of half-system, and it is easy to work in the subspace of a given number
of particles, their number should be integer at every step. As the chain grows
during the iteration, the ratio between Nc and the number of system sites L
can not be kept constant. The fluctuations can be a serious hindrance, e.g., to
obtain accurate ground state properties close to the phase transition [50, 51].
There is no such problem in the finite system DMRG, since the system size is
fixed then.

3.5 Non-Abelian DMRG

It is evident that one of the most serious DMRG problems is diagonalization of
the superblock Hamiltonian, which can be a very large matrix. The matrix size
can be reduced by using symmetries of the problem. E.g. the simplest Ising (or
Heisenberg) spin-1/2 chain without a magnetic field is symmetric with respect
to spin reflection in the x−y plane. This means that the Hamiltonian commutes
with the z-component of the total spin operator Ŝz

tot. Moreover, this symmetry
group is Abelian, so the Sz

tot matrix also commutes with the reduced DM of
half the system. Consequently, it is possible to keep track of the Sz quantum
number, and the Hamiltonian of the superblock can be always cast into a
block-diagonal form with respect to the spin z-component operator. One can
diagonalize small blocks of the Hamiltonian then, and the gain of speed and
memory is substantial, since the diagonalization times goes as the third power
of matrix dimension.
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There are however many systems, which have non-Abelian symmetries, e.g.
even though the total spin operator commutes with the Hamiltonian of the
KLM, it does not commute with the reduced DM, which is defined on half
the system only. Consequently, the total spin quantum number cannot be kept
during the iteration, and one has to diagonalize a large Hamiltonian matrix. By
redefining the reduced density matrix one can formulate a DMRG algorithm,
which allows one to use non-Abelian symmetries. The method was developed
by McCulloch [111]. First, its simplest version, developed by the author to-
gether with Caprara, will be explained using the Kondo lattice model with spin
reflection symmetry preserved. Then, in the last subsection the DMRG with a
full rotational spin symmetry is briefly described.

3.5.1 Kondo lattice model with spin reflection symmetry

The aim of the DMRG with spin reflection symmetry is to be able to construct
a superblock Hamiltonian, commuting with the spin reflection operator SR at
every step. One possibility is to number states in such a way that half of them
are spin-reflected states of the other half. In that case, the single-site basis
states are separated into two groups. The first group is {|i〉} = {|0 ⇑〉, | ↑⇑〉,
| ↓⇑〉, | ↑↓⇑〉}, i = 1, 2, 3, 4, and the second group is obtained by spin-reflecting
the {|i〉} states: {|̄i〉} = {|0 ⇓〉, | ↓⇓〉, | ↑⇓〉, −| ↑↓⇓〉} (note the minus sign).
The bar over the i denotes spin reflection: |i〉 = SR |̄i〉 and |̄i〉 = SR|i〉. All
matrices, needed for the calculation, can be obtained by taking all the single-
site matrices, defined in the previous section (3.4), and transforming them into
this new basis.

In the first iteration, the total-system basis states are simply direct products
of the single-site states. Again, the states can be separated into two groups:
{|Aα〉} and {|Bα〉}, α = 1, . . . , Nt/2, where Nt is the total number of the
superblock states. The states of one group are spin-reflections of the other
group. E.g., if |Aα〉 = |i〉 ⊗ |j〉 ⊗ |k〉 ⊗ |l〉, then |Bα〉 = |̄i〉 ⊗ |j̄〉 ⊗ |k̄〉 ⊗ |l̄〉.
The DMRG procedure is essentially the same as described in section (3.4) and
only modifications will be described here.

Having the superblock basis states separated into two groups, which are SR

reflections of one another, it is possible to construct SR-symmetric and antisym-
metric states |+α〉 = (|Aα〉 + |Bα〉) /

√
2 and |−α〉 = (|Aα〉 − |Bα〉) /

√
2 corre-

spondingly. Since the Hamiltonian commutes with the spin reflection operator
in the first step, the Hamiltonian is block diagonal with respect to the SR quan-
tum number. Two smaller Hamiltonians can be constructed: H+ = 〈+α|H|+β〉
in the spin-reflection-symmetric subspace and H− = 〈−α|H|−β〉 in the anti-
symmetric subspace. The reduction in size allows faster diagonalization. Each
block is diagonalized separately and the eigenfunction with the lowest eigen-
value is chosen. Depending on which block gives the ground state, the spin-
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reflection eigenvalue of the eigenfunction is either ξ = +1 or ξ = −1, and the
ground state can be written as

|ψ〉 =
Nt/2∑
α=1

Cα|Rα〉 =
half∑
ijkl

1
2
Cijkl

{|ijkl〉 + ξ |̄ij̄k̄l̄〉} =
∑
ijkl

C̃ijkl|ijkl〉, (3.26)

where |Rα〉 denotes either |+α〉 for ξ = −1 or |−α〉 for ξ = +1, “half” means
that the summation goes only over half of the superblock states, namely - over
the {|Aα〉} only. The coefficients C̃ijkl are defined as C̃ijkl = Cijkl/

√
2 for

those i, j, k, l that correspond to the first Nt/2 states (the {|Aα〉} group) and
C̃ijkl = ξCijkl/

√
2 when i, k, j, l correspond to the B-group states. Using this

definition, the reduced density matrix of half the system is given by

ρij,i′j′ =
∑
kl

C̃ijklC̃i′j′kl. (3.27)

It is easy to notice that ρij,i′j′ = ρīj̄,ī′ j̄′ . It means that the spin-reflected block
of the DM is exactly equal to the original block. Together with the fact that
the reduced density matrix commutes with the Ŝz operator, this means that
for each Sz > 0 eigenvector of the DM there exists a corresponding Sz < 0,
spin-reflected, eigenvector with an identical eigenvalue. This allows to separate
the superblock states of the next iteration into groups A and B, which are
spin-reflections of one another, and the iteration can be successfully repeated
- the DMRG works. The only complication comes from the Sz = 0 block of
the DM. By numbering the states in a certain way, this block can also be cast
into a form, which gives two identical sub-blocks on the diagonal - where one
sub-block is in the space of states, which are spin-reflections of the other sub-
block states. The formula ρij,i′j′ = ρīj̄,ī′ j̄′ means that these two sub-blocks
are identical. If there were no other DM elements, except for those in the two
sub-blocks in the Sz = 0 spin sector, there would be no additional problems.
However, those off-block elements do exist, since the reduced DM does not
commute with the SR operator. Even though it is possible to track the SR

quantum number of these Sz = 0 states, and to construct the SR-symmetric
Hamiltonian at the next step, the iteration fails after that (the proof is rather
tedious, although straightforward). Consequently, to preserve the symmetry
of the problem, it is necessary to redefine the reduced density matrix, which
effectively means discarding the off-block elements in the Sz = 0 sector of the
reduced DM. This is even better illustrated in the next section, which describes
a more general case.
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3.5.2 Kondo lattice model with SU(2) symmetry

A similar problem, as the one described in the previous subsection, occurs
when trying to preserve total spin quantum number: although the superblock
Hamiltonian commutes with the total spin operator Ŝ2, the reduced density
matrix does not, and it is impossible to keep track of the total spin quantum
number. However, it is possible to show that a properly defined density matrix
of the whole system allows to preserve this symmetry.

First, the single-block basis is partitioned into states of total spin, |jimi(αi)〉,
where i denotes the block number, ji is the total spin quantum number,
Ŝ2|jimi(αi)〉 = ji(ji+1)|jimi(αi)〉, mi is the z-component of the total spin, and
αi indices in the parentheses are used to index the states with the same quantum
numbers. A state of two joined blocks is constructed using the Clebsch-Gordan
coefficients Cj1j2j

m1m2m:

|jm(j1j2α1α2)〉 =
∑

m1,m2

Cj1j2j
m1m2m |j1m1(α1)〉 |j2m2|(α2)〉. (3.28)

The system which preserves total spin and its z-component is SU(2) in-
variant, namely, it should have the same physical state for an arbitrary SU(2)
rotation. This means that all observable quantities of the full system should be
independent of the m quantum number, including the superblock wavefunction
|ψ〉 =

∑
α ψj(α)|jm(α)〉 and the full density matrix of the system:

ρfull
jm(α, α′) = ψj(α)ψ

∗
j(α′), (3.29)

where m is arbitrary. The reduced density matrix for the left side of the system
is obtained by tracing over the right side basis of the full density matrix. Using
the expansion (3.28), the reduced density matrix becomes equal to

ρj1(α1, α
′
1) =

∑
m1,j2,m2,α2

ψj1m1(α1);j2m2(α2)ψ
∗
j1m1(α′

1);j2m2(α2)
, (3.30)

which acts identically on each m1 component of the left basis. There are no
matrix elements that mix states with different spin values, which corresponds
to discarding the interblock elements of the conventional DM.

The same equation can be derived directly by searching for the best left-side
state |x〉, which has the largest overlap W with the superblock wavefunction
|ψ〉,
W (|x〉) =

∑
j1m1α1

j′
1m′

1α′
1

j2m2α2

ψj1m1(α1);j2m2(α2)ψ
∗
j′
1m′

1(α
′
1);j2m2(α2)

〈x|j1m1(α1)〉〈j′1m′
1(α

′
1)|x〉

(3.31)
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subject to constraints that |x〉 is an eigenstate of the total spin operator Ŝ2,
and it is normalized 〈x|x〉 = 1. The optimal state |x〉 is then the eigenvalue of
the density matrix (3.30) with the largest eigenvalue.

Further details and improvements can be found in Refs. [111–113].
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Chapter 4

Comments on Papers

Paper 1

This is the first of two papers, dealing with randomness in spin chains. The
spin-1/2 quantum Ising chain is studied using the infinite system DMRG al-
gorithm. In a small magnetic field in the z direction the system is ordered
along the field. A random transverse magnetic field is introduced here. As the
strength of the random field increases, the magnetization of the system con-
stantly decreases. It never reaches a zero value due to the infinitesimal uniform
magnetic field in the z direction, so an extrapolation to zero uniform field is
needed. The uniform field cannot be put to zero directly, since the system is
numerically unstable due to its symmetry in that case: the spins can order
both in the positive and in the negative direction of the z-axis. The breaking
of this symmetry is necessary to obtain reliable DMRG results.

This model has been analytically studied before, and the main goal of the
paper is to verify some predictions of those studies, as well as to develop proper
methods for DMRG to deal with randomness. It is shown in the paper that
the results of the DMRG calculations agree with the analytical renormalization
group predictions and conjectures, and that a proper extrapolation scheme
makes DMRG a reliable tool for random quantum systems.

Paper 2

This paper applies the methods, developed in the previous article, to investigate
a more general random system - the spin-1/2 quantum anisotropic XY spin
chain in a random transverse magnetic field.

The main result is strong numerical evidence that anisotropic XY systems

51



52 Chapter 4. Comments on Papers

in a random field belong to the same universality class as the random Ising sys-
tem, studied in the first article. Also, the phase transition points are obtained
using three different schemes, and all the results are consistent.

Paper 3

This is the first one in a series of papers dealing with the Kondo lattice model
(KLM). This is a short report of the first calculations of the phase transition
line using the newly developed infinite-system non-Abelian DMRG algorithm.
The results disprove the claim of Tsunetsugu et al. [31] that the paramagnetic-
ferromagnetic phase transition line goes to infinity in the coupling versus elec-
tron density phase diagram as the electron density approaches half-filling.

Paper 4

The Kondo lattice model phase diagram is investigated in this paper too. How-
ever, the DMRG algorithm is modified again and its finite-system version allows
to achieve much higher accuracy in the calculations. The phase transition line,
preliminary reported in Paper 3, is unambiguously determined to stay finite
for any filling. However, the most important and surprising result of the paper
is the second ferromagnetic phase found in the middle of the paramagnetic
region.

Besides the interesting fact of its existence, this new phase has far-reaching
implications. For a long time there has been an ongoing argument whether
the Kondo lattice model has a small Fermi surface (this means that only the
conduction electrons are participating in the dynamics of the model) or a large
one (with the localized spins participating too). A recent paper by Yamanaka,
Oshikawa and Affleck [63] presents a proof based on the Luttinger theorem, that
the KLM has a large Fermi surface everywhere in the paramagnetic phase, while
some numerical calculations (e.g., Moukouri and Caron [50], or this paper in
particular) clearly show either a large or a small Fermi surface signal (depending
on the coupling strength) in the spin structure factor. Since the Luttinger
theorem is not supposed to be valid across a phase transition, the existance of
a new ferromagnetic phase resolves the controversy. The Fermi surface is large
above and small below the second ferromagnetic region.

Paper 5

Further investigation and a most extensive analysis of the Kondo lattice model
phase diagram reveals additional ferromagnetic phases, which are in detail re-
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ported in this paper.
Most importantly, very accurate numerical evidence of the continuous or-

der of the phase transition is presented. The extemely narrow range of the
transition, clearly evident in the presented figures (e.g., the number of singlets
dependence on the coupling strength), is one of the reasons why this result
eluded scientists for such a long time. The improved DMRG algorithm, which
is described in some detail in this paper, has sufficient accuracy to find a re-
gion close to the phase transition line, where the lowest energy state is partially
polarized.

Additionally, the large and the small Fermi surface areas are outlined in the
phase diagram. Also, the dependence of the energy gap between the maximum-
spin and the zero-spin energy states on the coupling strength for different fillings
shows how the second ferromagnetic region smoothly appears as the system is
doped with electrons.

Paper 6

This paper describes an investigation of the dilute Kondo lattice model (DKLM).
The model is a case intermediate between the conventional Kondo lattice model
(no dilution) and the single impurity Kondo model (maximum dilution). Due
to its complexity not many calculations for the DKLM are reported yet, and
this article presents some of the first results. Both an analytical bosonization
and a numerical DMRG calculation are performed, which reveal a phase dia-
gram, similar to the one of the KLM, possibly with several extra ferromagnetic
regions (cf. Paper 5), except for that the phase transition line is shifted to
large antiferromagnetic couplings.

Paper 7

Most of the results of papers 5 and 6 with the additional latest numerical data
are presented in this paper. Results of a very accurate energy calculation for
different total spin values are plotted, clearly showing the emergence of the
second ferromagnetic region. One can also observe an indication of the next
ferromagnetic region, which develops from the local energy minimum shown
in the last figure of this article. A possible physical explanation of the second
ferromagnetic phase found in the DMRG calculation at intermediate coupling
values is suggested by investigating the next order of approximation in the
earlier-performed analytical calculation of Ref. [23].
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