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Abstract
Brevity is the soul of wit.

William Shakespeare

A cyclically permutable code is a set of codewords having the property that
no codeword is a cyclic shift of another codeword. We study the problem of
constructing cyclically permutable codes of large size and low correlation.

Cyclically permutable codes are used in code-division multiple-access sys-
tems realized by e.g. direct-sequence modulation or frequency-hopping.
Advantages of code-division multiple-access to conventional access meth-
ods, such as time-division and frequency-division, include greater flexibil-
ity, better robustness and that no synchronization among the transmitters
is needed.

Among our main results are an efficient method of selecting cyclically dis-
tinct codewords from linear cyclic codes, a new family of sequences for
direct-sequence modulation, several constructions of hopping-sequences
for multiple-access coupled with a decoding algorithm for asynchronous
communication.

We have also constructed new binary constant-weight codes of high mini-
mum distance.
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Chapter 1

Introduction

’Where shall I begin, please your Majesty?’ he asked.
’Begin at the beginning’ the King said, gravely,
’and go on till you come to the end; then stop.’

Lewis Carrol, Alice’s Adventures in Wonderland.

Today the use of error-correcting codes in communication systems is wide
spread, e.g. in cellular telephony, compact discs and satellite communica-
tion systems. These codes provide protection against random disturbances
induced on the transmitted information by the channel and they allow the
receiver to either correct or detect errors.

In this thesis we investigate some non-conventional applications of error-
correcting codes in communication systems. We do this by constructing
several families of, so called, cyclically permutable codes (CP codes) us-
ing a well-known class of error-correcting codes: the linear cyclic codes.
We show how CP codes can be used, not only to provide us with robust-
ness against additive errors, but also to aid in synchronization or to allow
several user to share a single channel (multiple-access). Specifically, we
are interested in giving a unified description of sets of sequences suitable
for error-correction, synchronization and multiple-access, by using conven-
tional algebraic coding theory.

By using linear cyclic codes as a foundation for these sets of sequences, we
inherit some of the algebraic structure possessed by the original code. This

1
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Figure 1.1: Two necklaces of length n � � and with alphabet A � f�� �� �g. Note
that they are mirror images of each other, but they are still considered different.

structure can then be used to reduce the complexity of the transmitter and
receiver.

In Chapter 2 we give the formal definition of cyclically permutable codes.
But for now, it is sufficient to note that the problem of constructing CP
codes is somewhat similar to the problem of designing necklaces with a
fixed number, n, of beads (the length of code), where the color of each bead
is selected from a given set of colors A (the alphabet) of size q. Given the
length of the code and the size of the alphabet, the goal is to obtain a large
set of necklaces with the property that each necklace differs1as much as
possible from the others. See Figure 1.1.

1.1 Applications to communication systems

The basic purpose of any digital communication system is to transmit dis-
crete quanta of information over a channel. Depending on the application,
the number of transmitters and receivers using the channel may vary:

� In a point-to-point communication system the information is sent from
one single transmitter to one single receiver; a typical example of this
is a microwave radio link.

� If several transmitters are using the same channel to send information
to one or more receivers we call this a multiple-access communication

1When we say “differs” we actually only consider rotations of the necklaces and not
mirror images, i.e. we are not allowed to flip them over only to rotate them.
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Figure 1.2: The components of a general digital communication system.

system. Well known examples include cellular telephony and local
area networks (LAN:s).

� Finally, in a broadcast communication system we have one transmitter
sending information to many receivers.

Regardless of the number of transmitters and senders using the channel,
the components of the communication systems are basically the same, see
Figure 1.2.

The information to be transmitted (e.g. text, speech or pictures) first needs
to be encoded into a string of, usually binary, symbols. Next, in order to
protect the information from being corrupted while transmitted over the
channel, we insert some redundancy into the stream of symbols. This al-
lows the receiver to correct distorted information under the assumption
that the distortion is not too severe. The information is protected using
error-correcting codes: either block codes or convolutional codes.

Before the symbols can be sent on the channel they need to be modulated
onto some carrier. In a point-to-point communication system the modula-
tion signal may also be used for synchronization purposes or, in a system
that needs to achieve a low probability of interception, for spreading the
transmission spectrum over a large bandwidth. In both these cases we need
a modulation signal that is easy to distinguish from a time-shifted version
of itself.
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In multiple-access communication systems, each transmitter is assigned a
unique signal (or spreading sequence) onto which the information is mod-
ulated. These sequences can be in the form of e.g. frequency-hopping pat-
terns, direct-sequences or protocol sequences. They are used by the re-
ceiver(s) to separate the different transmitters from each other. In order
to minimize cross-talk interference, each signature should be easy to dis-
tinguish from all other signatures used in the system. Further, if the trans-
mitters are sending their information asynchronously each spreading se-
quence must also be easy to distinguish from time-shifted versions of all
other spreading sequences used.

To summarize, the sets CCP of sequences in which we are interested should
have one or both of the following properties:

1. Each sequence should be easy to distinguish from a time-shifted ver-
sion of itself. (Low autocorrelation.)

2. Each sequence should be easy to distinguish from (a possibly) time-
shifted version of all other sequences. (Low crosscorrelation.)

1.2 Outline of the thesis

Figure 1.3 contains a graphical representation of how the central chapters
in this thesis are linked.

In the next chapter, Chapter 2, we give the formal definition of a cyclically
permutable code and we introduce the different correlation measures used
throughout the thesis.

In Chapter 3 we present a numerically efficient algorithm for finding the
set of representatives from the cyclic equivalence classes of a linear cyclic
code C of length n. In particular, we are interested in those representatives
which have minimum period n. This set of representatives, which we de-
note repn�C�, will in the subsequent chapters be used to construct various
families of sequences with good correlation properties.
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Figure 1.3: How the main chapters are linked.

Sequences suitable for coherent communication have been thoroughly in-
vestigated over the years. These sequences are often referred to as psuedo-
random or psuedonoise sequences, and have favorable correlation proper-
ties. In Chapter 4 we investigate the relationship between the representa-
tives of binary linear cyclic codes and some families of well-known psuedo-
random sequences. Through computer search we have found a new family
of sequences. (Appendix A contains a comprehensive overview over fami-
lies which can be derived directly from some linear cyclic code C of length
n, e.g. m-sequences, Gold sequences and Kasami sequences.)

In Chapter 5 we construct sequences for slow frequency-hopping from lin-
ear cyclic Reed-Solomon codes. Three different synchronization situations
are considered: synchronous, quasi-synchronous and asynchronous com-
munication. We present decoding algorithms for hopping-sequences in
these three cases together with computer simulations estimating the prob-
ability of erroneous decoding.

Constant-weight cyclically permutable codes for the OR channel are cov-
ered in Chapter 6. These codes are constructed by concatenating codes.
The outer code is a set of representatives, repn�C�, for some linear cyclic
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code C with a prime field alphabet (larger than two) and the inner code is
an orthogonal weight one binary code. An asymptotic analysis of this code
construction is carried out and we review other constructions of codes and
compare our construction to these. Three types of spreading sequences are
mentioned: signature sequences, protocol sequences and optical orthogo-
nal codes. Tables of best known sets of signature sequences are listed in
Appendix B.

Finally in Chapter 7 we draw some conclusions as to what we have done.

1.3 Publications

Parts of this thesis have been presented at the following conferences:

� Sixth Joint Swedish-Russian International Workshop on Information
Theory in Mölle, Sweden; August 1993 [22],

� IEEE Vehicular Technology Conference in Stockholm, Sweden; June
1994 [26],

� IEEE International Symposium on Information Theory in Trondheim,
Norway; June 1994 [24],

� NRS-seminarium in Linköping, Sweden; October 1994 [23].

or have been published in or submitted to the following journals

� Journal on Communications, 1994 [25],

� Anders Lundqvist, “On the Cyclic Equivalence Classes of Linear Cyc-
lic Codes”, submitted to IEEE Transactions on Information Theory,

� Anders Lundqvist, “Asynchronous Multiple-Access Frequency-Hop-
ping”, submitted to IEEE Transactions on Information Theory.



Chapter 2

Preliminaries

The distance doesn’t matter;
it is only the first step that is difficult.

Marquise du Deffand

2.1 Introduction

The concept of cyclically permutable (CP) codes was introduced as early
as 1963 by Gilbert [13]. The application was asynchronous multiple-access
on radio channels. CP codes are sometimes referred to as optical orthogonal
codes in the literature on optical communications. The optical orthogonal
codes, which in all practical aspects are identical to CP codes as defined by
Gilbert, were introduced by Chung, Salehi and Wei [6] in 1989 as a possible
coding scheme for code-division multiple-access on fiber optic channels.

Throughout the thesis we use the name “cyclically permutable” rather than
“optical orthogonal”. The reason is that the codes find applications also
outside the field of optical communication and, as soon will be apparent,
the sequences are not necessarily orthogonal.

7



8 Chapter 2. Preliminaries

2.2 Cyclically permutable codes defined

We first need the concept of cyclic shifts:

Definition 2.1 Let a � a�� a�� � � � � an�� be a vector of length n over an arbitrary
alphabet. The (cyclic) shift operator S is defined by

S�a� � an��� a�� � � � � an��

S
i�a� � S

i��
�
S�a�

�
where i is an integer greater than one.

Definition 2.2 A cyclically permutable code (CP code) CCP of length n is a set of
codewords (or sequences) of length n over any finite alphabet, having the following
two properties:

1. All codewords c in CCP have full cyclic order, i.e. c �� S
i�c� for all i such

that � � i � n.

2. No codeword in CCP is a cyclic shift of another codeword in C, i.e. if a and b
are two distinct codewords in CCP then a �� S

i�b� for all i, � � i � n. We
say that the codewords are cyclically distinct.

The definition that we give of CP codes is slightly different from the one
originally given by Gilbert since he allowed codewords to have a period
that was less than the length of the code, i.e. he used only condition � in
Definition 2.2 above. Also, he only considered binary codes and we allow
codes over arbitrary alphabets.

Example 2.1 The set

CCP � f����� ����� ����� ����� ����g

of length n � � with alphabet A � f�� �� �� �� �g is a CP code. �
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2.3 Correlation and distance measures

When evaluating a cyclically permutable code CCP we consider the maxi-
mum correlation between the codewords. The reason why correlation is an
interesting measure of performance is that, as we mentioned in the intro-
duction, the autocorrelation function determines the synchronization capa-
bilities of the code and that the crosscorrelation function is related to the
amount of crosstalk interference in multiple-access systems. We use three
different correlation measures in this thesis, depending on the application.

In order to unify and simplify the presentation, all sequences are considered
to have an alphabet equal to some finite field with q elements, denoted by
GF�q�. In the following, let a � a�� a�� � � � � an�� and b � b�� b�� � � � � bn�� be
two sequences of length n.

The first two correlation functions we use are only defined for binary se-
quences:

�a�b���
�
�

n��X
i��

����ai�bi��

and

�a�b���
�
�

n��X
i��

aibi�� �

Note that all indices are calculated modulo the length of the sequences, n.

The third correlation function is the Hamming-correlation function defined
by

Ha�b���
�
�

n��X
i��

I�ai� bi�� �

where the indices are again calculated modulo n and where I is an indicator
function defined by

I�a� b�
�
�

�
�� a � b�
�� a �� b�

The Hamming-correlation function simply gives the number of coinciding
symbols in the sequences and it is defined on sequences with arbitrary al-
phabets.
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Example 2.2 Consider the two binary sequences of length n � 	:

a � ��������

b � ��������

Evaluating the autocorrelation functions yields:

�a�a��� �

�
	� � 	 � �mod 	�
�� otherwise,

�b�b��� �

�
	� � 	 � �mod 	�

��� otherwise,

�a�a��� �

�
�� � 	 � �mod 	�
�� otherwise,

�b�b��� �

�
�� � 	 � �mod 	�
�� otherwise.

Ha�a��� �

�
	� � 	 � �mod 	�

� otherwise,

Hb�b��� �

�
	� � 	 � �mod 	�
�� otherwise.

�

We denote the maximum correlation between any two codewords in a code
C of length n by

j�jmax
�
� max

a�b�C
����n

�
j�a�b���j � a �� b or � �� �

�
� (2.1)

�max
�
� max

a�b�C
����n

�
�a�b��� � a �� b or � �� �

�
(2.2)

or by

Hmax
�
� max

a�b�C
����n

�
Ha�b��� � a �� b or � �� �

�
� (2.3)

The minimum distance, dmin, of a code C is defined by

dmin
�
� min

a�b�C

�
dH�a� b� � a �� bg
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where dH is the Hamming distance between the codewords.

The minimum cyclic distance, dc, of a code C of length n is

dc
�
� min

a�b�C
��i�j�n

�
dH
�
S
i�a��Sj�b�

�
� a �� b or i �� j

�
� (2.4)

Note that if not all codewords in C have full cyclic order, or if the codewords
are not cyclically distinct, then the minimum cyclic distance is zero.





Chapter 3

The cyclic equivalence classes
of linear cyclic codes

A child of five would understand this.
Send someone to fetch a child of five.

Groucho Marx

3.1 Introduction

Any cyclic code C of length n can be partitioned into its cyclic equivalence
classes, generated by the operation of cyclic shifts. In this chapter we de-
rive a systematic and numerically efficient algorithm to find a set of repre-
sentatives containing one codeword from each of these equivalence classes
(denoted by rep�C�). We pay special attention to the problem of finding a
set of representatives (denoted by repn�C�) containing one codeword from
each one of those equivalence classes having size n, i.e. having maximum
size.

A large number of papers deal with the problem of characterizing the cyclic
equivalence classes in linear cyclic codes and problems related to this. In
connection with the construction of sequences for frequency-hopping, Reed
[42] presented a method of finding a subset of repn�C� in the case when C is

13



14 Chapter 3. The cyclic equivalence classes of linear cyclic codes

a primitive narrow-sense Reed-Solomon code. His method was later mod-
ified by Reed and Wolverton in [43] so that the entire set rep�C� could be
determined for the same class of codes. This method was “reasonably sys-
tematic” according to Song, Reed and Golomb [52]. In [52] some additional
results can be found, such as a closed expression for the size of repn�C�.

In the papers [54, 2], Allard, Shiva and Tavares study the cyclic equivalence
classes of binary linear cyclic codes. In [54] they show how to find the entire
set rep�C� under the condition that all the zeroes of the parity-check poly-
nomial of the code C have multiplicative order n, or that the multiplicative
orders of these zeroes are all relatively prime. These restrictions were later
removed in the paper [2] by the same authors.

The basic idea of subdividing a linear cyclic code into its cyclic equiva-
lence classes has been used in connection with the problem of determin-
ing the weight distribution of the code. A number of authors, beginning
with MacWilliams [27], have studied such methods that are based on the
algebraic structure of linear cyclic codes.

In this chapter we present a new and efficient method of determining both
rep�C� and repn�C� for any linear cyclic code C of length n.

3.2 Preliminaries

Let C denote a linear cyclic �n� k code over GF�q�, where GF�q� is the finite
field with q elements. We demand that n and q are relatively prime. Let m
be the multiplicative order of q modulo n, i.e. let m be the smallest positive
integer i such that n divides qi � �. We may factor g�x� and h�x�, the gen-
erator polynomial and the parity-check polynomial of C, into irreducible
polynomials over GF�q� as

g�x� �

rY
i��

m�i�x��

h�x� �
sY

j��

m�j �x��

where m��x� is the minimal polynomial of � in GF�qm� over GF�q�.
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Since n and q are relatively prime we know that xn� � has n distinct zeroes
(see e.g. MacWilliams and Sloane [28, Ch. 7, x 5]) and therefore the factors of
g�x� and h�x�, i.e. the polynomials m�i�x�, � � i � r, and m�j �x�, � � j � s,
are also relatively prime. Hence, we can uniquely characterize the code C
using one of the sets

A�C�
�
� f	�� 	�� � � � � 	rg

or

B�C�
�
� f
�� 
�� � � � � 
sg

consisting of one element from each conjugacy class in the set of all zeroes
of g�x� and h�x�, respectively. We will say that 
 is in B�C� if there exists an
element 
� in B�C� such that 
 and 
� belong to the same conjugacy class.
The elements in the set A�C� are called the zeroes of C and B�C� is called the
(defining set of) non-zeroes. Note that in the general case, the set B�C� is not
the complement of A�C�.

The (multiplicative) order of an element 
 in GF�qm�, denoted by j
j, is de-
fined to be the smallest positive integer i such that 
i � �. In Lemma 3.1
below we relate the multiplicative order of an element 
 to the degree of its
minimal polynomial m��x�.

Lemma 3.1 Let 
 be an element in GF�qm� and let m��x� be its minimal polyno-
mial over GF�q�. If the multiplicative order of 
 is n and if d is the smallest integer
i such that n divides qi � � then degm��x� � d.

Proof: Since d is the smallest integer i such that n divides qi � �, 
 cannot
be contained in any proper subfield of GF�qd�. We know that the degree
of m��x� must be a divisor of d. Assuming degm��x� � m� � d implies
that 
 is contained in the subfield GF�qm

�
�, which is a contradiction. Hence

degm��x� � d. �

3.3 The cyclic equivalence classes

The cyclic order of a codeword c, denoted by jcj, is defined to be the small-
est positive integer i such that Si�c� � c, where S is the previously defined
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cyclic shift operator. A codeword is said to have full cyclic order if the cyclic
order of the codeword equals the length of the codeword. Also, two code-
words c and c� are said to belong to the same cyclic equivalence class if c is
a cyclic shift of c�. (Codewords belonging to different cyclic equivalence
classes are said to be cyclically distinct.) We use c to denote the cyclic equiv-
alence class containing c:

c
�
�
�
S
i�c� � � � i � jcj

�
�

For a set C, we refer to C as the cyclic extension of C defined by

C �
�
c�C

c� (3.1)

By selecting one representative (one codeword) from each cyclic equivalence
class in the code C we get a set of representatives, denoted by rep�C�. (Note
that in the general case, rep�C� is not uniquely determined by C.) Any cyclic
code C can then be written as:

C �
�

c�rep�C�

c�

Let the set of all representatives of cyclic order d be denoted by

repd�C�
�
�
�
c 
 rep�C� � jcj � d

�
�

Notice that repd�C� is empty when d is not a divisor of n. We pay special
attention to those cyclic equivalence classes in C containing codewords of
full cyclic order and use repn�C� to denote these representatives.

For the sake of completeness, we state the following two theorems giving
us the number of cyclic equivalence classes in linear cyclic codes:

Theorem 3.1 If C is a linear cyclic code of length n over GF�q� with parity-check
polynomial h�x�, then

��repn�C��� � �

n

X
djn

��n�d�qm�d�

where m�d� is the degree of the greatest common divisor of h�x� and xd� �, and �
is the Möbius function.
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Proof: See Theorem 4 in Tavares, Allard and Shiva [54]. �

Theorem 3.2 If C is a linear cyclic code of length n over GF�q� with parity-check
polynomial h�x�, then

��rep�C��� � �

n

X
djn

�n�d�qm�d�

where m�d� is the degree of the greatest common divisor of h�x� and xd� �, and 
is the Euler totient-function.

Proof: By using the following relationship (see e.g. Niven, Zuckerman and
Montgomery [40, p. 195])

�d� �
X
kjd

��d�k�k

we see that

�

n

X
djn

�n�d�qm�d� �
�

n

X
djn

�d�qm�n�d� �
�

n

X
djn

X
kjd

��d�k�kqm�n�d��

Changing the order of summation gives us

�

n

X
kjn

X
djn
k

��d�kqm� n
kd

� �
X
kjn

k

n

X
djn
k

�
� n

kd

	
qm�d�

�
X
kjn

�

k

X
djk

��k�d�qm�d�

�
X
kjn

��repk�C��� � ��rep�C���
where the last equality follows from Theorem 3.1. �

3.4 Selecting the representatives

A trivial way of selecting the representatives from the cyclic equivalence
classes is by doing an exhaustive search through all the codewords in C.
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We first need to check if the selected codeword is a cyclic shift of a previ-
ously accepted codeword. If it is, the codeword is rejected, otherwise the
codeword belongs to rep�C� and we repeat the process with the next code-
word in C. To find repn�C� we also need to check the cyclic order of each
codeword.

Example 3.1 Consider the two linear cyclic codes C� and C� in Figure 3.1.
Each row constitutes one cyclic equivalence class.

���� C�

���� ���� ���� ����

���� ���� ���� ����

���� ���� ���� ����

���� ���� ���� ����

���� ���� ���� ����

����

����

����

����

���� C�

���� ���� ���� ����

���� ���� ���� ����

���� ���� ���� ����

���� ���� ���� ����

���� ���� ���� ����

���� ���� ���� ����

Figure 3.1: Two cyclic codes C� and C� of length 4 over GF���. The non-zeroes
of C� are B�C�� � f��� �g and the minimum distance is dmin�C�� � 	. The code C�
has non-zeroes B�C�� � f���� �g and minimum distance dmin�C�� � �.

By writing out all codewords in this manner we can easily determine the
cyclic equivalence classes and see which of the codewords have full cyclic
order.

For code C�, one possible choice of representatives is

repn�C�� � f����� ����� ����� ����� ����g

and the size of this set is jrepn�C��j � 
.

For the second code, we can use

repn�C�� � f����� ����� ����� ����� ����� ����g
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and the size of this set is jrepn�C��j � �. �

It is obvious that any algorithm based on exhaustive search is highly in-
efficient for codes of large size and in order to formulate a more efficient
algorithm we are forced to use another approach. The basic idea is to parti-
tion the code C as

C � C� � C� � � � �

in such a way that each subset Ci is a union of cyclic equivalence classes

Ci �
�
c�Ai

c

for some partitioning A�� A�� � � � of rep�C�. We can then determine rep�Ci�
for each subset individually, and write

rep�C� � rep�C�� � rep�C�� � � � � �

It turns out that it is easy to find large sets Ci in which it is very easy to de-
termine rep�Ci�. Therefore by using this method of “divide-and-conquer”,
we can significantly reduce the complexity of finding rep�C�.

Lemma 3.3 below shows one way to partition a code such that this can be
accomplished, but we first need to introduce some notation. Given a linear
cyclic code C over GF�q� we define C� , where 
 is an element of B�C�, to
be the linear cyclic subcode of C with parity-check polynomial m��x�. It
follows directly that the size of C� is��C��� � qdegm��x�� (3.2)

Let C be any code, and let C�� C�� � � � � Cm be subcodes of C. If any codeword
c in C can be uniquely expressed as

c � c� � c� � � � �� cm� ci 
 Ci� i � �� �� � � � �m

then we say that C can be decomposed into a direct sum of C�� � � � � Cm, de-
noted by

C �
mM
i��

Ci
�
� C�  C�  � � �  Cm

�
�

�
c� � c� � � � � � cm � ci 
 Ci� i � �� �� � � � �m

�
�
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Lemma 3.2 Any linear cyclic code C with B�C� � f
�� 
�� � � � � 
sg can be de-
composed into the direct sum

C � C��  C��  � � �  C�s �

Proof: See Theorem 2 in Zierler [59]. �

If C is a linear cyclic code, then for any subset S � f
�� 
�� � � � � 
mg of B�C�
we let CS denote the linear cyclic subcode of C having non-zeroes S, i.e.
B�CS� � S.

Let C���S denote the set that contains all codewords that can be written as the
sum of one non-zero codeword from each of the codes C�� � C�� � � � � � C�m :

C
���
S

�
�
M
��S

C�� � C���  C
�
��  � � �  C

�
�m � CS �

In general we use the star-notation (�) to indicate that the all-zero codeword
is excluded from a code. Note that if the size of S is strictly greater than one,
then C���S is a proper subset of C�S because

C
���
S � C�S

�
�
�
C��  C��  � � �  C�m

�
n f�ng�

We define C�
�

to be the set containing the all-zero codeword only. This
might, at a first glance, seem like a very counter-intuitive extension of the
definition. Later it will be become evident that this indeed is the natural
extension.

Lemma 3.3 If C is linear cyclic code of length n with B�C� � f
�� � � � � 
sg then
C may be partitioned into �s cyclic subcodes in the following manner:

C �
�

S�B�C�

C
���
S �

Proof: The fact that the subcodes are closed under the operation of cyclic
shifts follows from the additivity of the shift operator. From Lemma 3.2 we
have

C �

sM
i��

C�i � C��  C��  � � �  C�s
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and we can uniquely write any codeword c 
 C as c � c� � c� � � � � � cs
where ci 
 C�i , � � i � s. Let ci� � ci� � � � � � cim be the non-zero codewords
in this sum. Then the set of indices fi�� i�� � � � � img uniquely identifies the
partition that c belongs to. �

The following result is an immediate consequence of Lemma 3.3:

Corollary 3.1 If C is a linear cyclic code and S is a subset of B�C� then

C � CS  CB�C�nS �



� �

S��S

C
���
S�

�
A CB�C�nS �

In order to determine the cyclic order of the codewords in C�� or C���S we
apply the following lemma:

Lemma 3.4 Let C be a linear cyclic code and let S � f
�� 
�� � � � � 
mg be a subset
of B�C�. Then the codewords in C�� have cyclic order j
j and the codewords in C���S

have cyclic order

lcm�S�
�
� lcm

�
j
�j� j
�j� � � � � j
mj

�
�

Proof: See the corollary of Lemma 6 in Zierler [59]. �

Example 3.2 If we partition the code C� from Example 3.1, according to
Lemma 3.3, we get

C� � f�ng � C��� � C
�
� �

�
C���  C

�
�

�
� f����g � f����� ����� ����� ����g � f����� ����� ����� ����g �

f����� ����� ����� ����� ����� ����� ����� �����

����� ����� ����� ����� ����� ����� ����� ����g

and similarly for C�,

C� � f�ng � C���� � C
�
� �

�
C����  C

�
�

�
� f����g � f����� ����� ����� ����g � f����� ����� ����� ����g �

f����� ����� ����� ����� ����� ����� ����� ����

����� ����� ����� ����� ����� ����� ����� ����g�

Note that the codewords in each partition have the same cyclic order. �
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After partitioning the code in the manner specified by Lemma 3.3 we know
that all codewords in a subset C���  C

�
��
 � � �  C��m have the same cyclic

order and that all codewords in a certain cyclic equivalence class belong to
the same subset. This implies that we can consider one subset at a time and
select representatives from the cyclic equivalence classes contained therein.
The size of a subset C���S , where S � f
�� 
�� � � � � 
mg, is

���C���S

��� �

����M
��S

C��

���� � ��C���  C���  � � �  C��m��
�

��C����� � ��C����� � � � ��C��m�� � Y
��S

��C���� � Y
��S

�qdegm��x� � ��

and since all cyclic equivalence classes in C���S have the same size, lcm�S�,
the number of equivalence classes in C���S is

���rep�C���S �
��� � �

lcm�S�

Y
��S

�qdegm��x� � ��� (3.3)

Lemma 3.6 and Lemma 3.7 below provide us with methods of finding the
set of representatives in C�� for some 
 in B�C�. These methods can then be

used together with Lemma 3.8 to determine repn
�
C
���
S

�
. In order to simplify

the presentation, we use the trace representation of cyclic codes.

The q-ary trace of an element � 
 GF�qm� over GF�q� is defined to be the
sum

Tr���
�
�

m��X
i��

�q
i

where the summation is performed over GF�qm�. The following lemma is
a generalization of Theorem 6.5.1 in van Lint [21]:

Lemma 3.5 The linear cyclic �n� k code C� over GF�q� can be written as

C� �
�
Tr����Tr��
���� � � � �Tr��
��n���� � � 
 GF�qk�

�
where k � degm��x�.
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Proof: Essentially the same proof as for Theorem 6.5.1 in van Lint [21], but
we allow the cyclic order of 
 to be a divisor of n and not necessarily equal
to n. �

Lemma 3.6 Consider the code C� of length n over GF�q� and let m be the multi-
plicative order of q modulo n, then a possible choice for rep�C��� is

rep
�
C��
�
�
n
Tr�	i��Tr�	i
���� � � � �Tr�	i
��n���� � � � i � j	j�j
j

o
where 	 is a primitive element of GF�qm�.

Proof: Consider the two distinct codewords

c� � Tr�	���Tr�	�

���� � � � �Tr�	�


��n����

c� � Tr�	���Tr�	�

���� � � � �Tr�	�


��n�����

If c� is a cyclic shift of c�, then for some integer s we must have 	� � 	�

s.

Let 	� � 	e� , 	� � 	e� and 
 � 	f , where e� �� e� and � � e�� e� � j	j�j
j.
The integer f must be a multiple of j	j�j
j. Now, 	� � 	�


s can be written
as

e� 	 e� � sf �mod j	j��

If this congruence holds modulo j	j it must also hold modulo j	j�j
j and
since f is a multiple of j	j�j
j we have

e� 	 e� �mod j	j�j
j��

The only solution is e� � e� which is a contradiction and we have proved
the lemma. �

When we have a code of primitive length and 
 has order n, Lemma 3.6
may be stated in the following much simpler way:

Lemma 3.7 Consider the code C� of primitive length, i.e. n � qm��, over GF�q�
where m is the multiplicative order of q modulo n. If 
 has multiplicative order n
then rep�C��� can be chosen to be any codeword in C�� .
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Proof: Since j
j � n, all codewords in C�� have full cyclic order, qm � �.
From Lemma 3.1 follows that the degree of m��x� is m, hence the size of
C�� is qdegm��x� � � � qm � � and we see that all non-zero codewords must
belong to the same cyclic equivalence class. Hence, C� is a union of only two
cyclic equivalence classes, C� � f�ng � c, where c 
 C�� and any codeword
from C�� is a representative of cyclic order n. �

Lemma 3.8 Let C be a linear cyclic code over GF�q� and let S � f
�� � � � � 
mg

be a subset of B�C�. For the subcode C���S we have

rep
�
C
���
S

�
�
M
��S

C�� � C���  C
�
��  � � �  C

�
�m

where

C��i
�
�

�
S
j�c� � c 
 rep

�
C��i
�
� � � j � gcd

�
j
ij� lcm�j
�j� � � � � j
i��j�

�
�

Proof: Using the fact that��C��i�� �
��C��i�� � gcd�j
ij� lcm�j
�j� � � � � j
i��j��

�

��C��i�� � j
ij � lcm�j
�j� � � � � j
i��j�

lcm�j
�j� � � � � j
ij�

we note that ����M
��S

C��

���� �
Y
��S

jC�� j �
jC��� j � jC

�
��
j � � � jC��m j

lcm�j
�j� � � � � j
mj�

�
�

lcm�S�

Y
��S

�qdegm��x� � ��

which is the size of rep
�
C
���
S

�
according to Equation 3.3. This shows that

we have selected the correct number of codewords. We now show that
all selected codewords are cyclically distinct by using a proof of induction
over the number of non-zeroes, m. In the case m � �, this lemma coincides
with Lemma 3.6. Now, assume that we can determine rep

�
C
���
S

�
for any

S � B�C� for some fixed size of S and that we want to evaluate rep
�
C
���
S�f�g

�
where 
 
 B�C� n S. We claim that

rep
�
C
���
S�f�g

�
� rep

�
C
���
S

�
�

S
j�c� � c 
 rep

�
C��
�
� � � j � gcd�j
j� lcm�S��

�
�
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Let c� and c� be two distinct codewords from rep
�
C
���
S�f�g

�
. These codewords

can be uniquely decomposed into c� � c�� � c��� and c� � c�� � c��� where

c��� c
�
� 
 rep

�
C
���
S

�
and

c��� � c
��
� 


�
S
j�c� � c 
 rep

�
C��
�
� � � j � gcd�j
j� lcm�S��


�

If c� is a cyclic shift of c� then for some integer i we must have

S
i�c��� � c�� � i 	 � �mod lcm�S��

� i 	 � �mod gcd�j
j� lcm�S���

and

S
i�c���� � c��� � i 	 j �mod j
j�

� i 	 j �mod gcd�j
j� lcm�S���

where � � j � gcd�j
j� lcm�S��.

This system of equations only has a solution when j � �, which is

i 	 � �mod lcm�j
j� lcm�S����

according to the Chinese Remainder Theorem (see e.g. Niven, Zuckerman
and Montgomery [40, Th. 2.18]). Hence, all codewords are cyclically dis-
tinct and the lemma is proved. �

We are soon ready to state the first version the algorithm, but first we need
the following algorithm which returns the power set �B of a set B, i.e. the
set of all subsets of B.

Algorithm 3.1 For arbitrary finite sets B and S, let the function f be recursively
defined as follows:

f�B�S� �

��
�

f
�
B n f
g� S

�
� f
�
B n f
g� S � f
g

�
� if B �� �

fSg� otherwise

where 
 is an arbitrary element in B.
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Theorem 3.3 For any set B, we have

f�B��� � �B �

Proof: We prove this by induction over the size of B. It is easy to see that
f�B��� � f�g if B � �. Now assume that f�B��� returns the power set of
B for all sets B up to some fixed size of B. Consider the set B � f
g where

 �
 B. It is obvious that the power set of B � f
g is

�B � fa � f
g � a 
 �Bg�

We see that f�B � f
g��� � f�B��� � f�B� f
g� and by the induction
hypothesis we have f�B��� � �B . What remains to be proved is that
f�B� f
g� equals fa � f
g � a 
 �Bg. This follows directly from the defi-
nition of f since f�B� f
g� returns the same set as f�B��� except that each
subset in f�B� f
g� also contains 
. �

Example 3.3

f�f�� �g��� � f�f�g��� � f�f�g� f�g�

� f����� � f��� f�g� � f��� f�g� � f��� f�� �g�

� f�� f�g� f�g� f�� �gg � �f���g�

�

A direct consequence of Lemma 3.3 is the relation

rep�C� �
�

S�B�C�

rep�C
���
S �

where S ranges over the power set B�C�. By applying Equation 3.3 we get

��rep�C��� � X
S�B�C�

�

lcm�S�

Y
��S

�
qdegm� �x� � �

	
� (3.4)

It follows, that if we let B in Algorithm 3.1 be the set of non-zeroes B�C�
for some code C, then the representatives can be found using the following
algorithm:
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Algorithm 3.2 Let the function f be recursively defined by

f�BC� S� �

��
�

f
�
BC n f
g� S

�
� f
�
BC n f
g� S � f
g

�
� if BC �� �

rep
�
C
���
S

�
� otherwise

where 
 is any non-zero in BC .

Theorem 3.4 For any linear cyclic code C, we have

f�B�C���� � rep�C��

Note that to find the representatives for the cyclic equivalence classes of size
n, we replace rep

�
C
���
S

�
by repn

�
C
���
S

�
in the function f of Algorithm 3.2. We

have

repn�C� �
�

S�B�C�
lcm�S��n

rep�C
���
S � (3.5)

and this simplifies Equation 3.4 to

��repn�C��� � �

n

X
S�B�C�
lcm�S��n

Y
��S

�
qdegm� �x� � �

	
�

Example 3.4 We now show how to use the partitioning in Lemma 3.3 to-
gether with Lemma 3.8 in determining repn�C� for the codes in Example 3.1.
Remember that each subset S of the non-zeroes B�C� with lcm�S� � n cor-
responds to a set of codewords of full cyclic order.

The code C� has B�C�� � f	�� 	g where the multiplicative order of 	� is �
and the order of 	 is �, hence the subsets of B�C�� corresponding to subsets
containing codewords of full cyclic order are f	g and f	�� 	g. According to
Equation 3.5 we have

repn�C�� � rep
�
C��
�
� rep

�
C
���
f����g

�
�

From Lemma 3.6 we have

repn
�
C���
�
� f�	i� 	i� 	i� 	i� � � � i � �g � f����� ����� ����� ����g
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and

repn
�
C��
�
� f�	i� 	i	��� 	i	��� 	i	��� � � � i � �g � f����g�

Applying Lemma 3.8 gives us

rep
�
C
���
f����g

�
�

�
S
i�c� � c 
 f����� ����� ����� ����g� � � i � �

�
�

S
i�c� � c 
 f����g� � � i � �

�
� f����� ����� ����� ����g  f����g

� f����� ����� ����� ����g�

The resulting set of representatives from C� is

repn�C�� � rep
�
C��
�
� rep

�
C
���
f����g

�
� f����� ����� ����� ����� ����g�

In the case of the code C� both non-zeroes 	 and 	�� have cyclic order n
and we have

repn�C�� � rep
�
C��
�
� rep

�
C����

�
� rep

�
C
���
f�����g

�
�

From Lemma 3.6 we have

repn
�
C����

�
� f�	i� 	i	� 	i	�� 	i	�� � � � i � �g � f����g�

Applying Lemma 3.8 gives us

rep
�
C
���
f�����g

�
�

�
S
i�c� � c 
 f����g� � � i � �

�
�

S
i�c� � c 
 f����g� � � i � �

�
� f����g  f����� ����� ����� ����g

� f����� ����� ����� ����g�

The resulting set of representatives

repn�C�� � f����� ����� ����� ����� ����� ����g�

�
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The obvious drawback with Algorithm 3.2 is its complexity. Since the num-
ber of subsets that need to be considered grows exponentially with the
number of non-zeroes, i.e. as �jB�C�j, the algorithm quickly becomes in-
tractable for codes of large dimension. In order to reduce the complexity
in some special cases we apply the following two lemmas:

Lemma 3.9 Let C be a linear cyclic code of length n over GF�q� and let S and B
be two disjoint subsets of B�C�. If lcm�S� � n then

rep
�
C
���
S  CB

�
� rep

�
C
���
S

�
 CB �

Proof: We first note that

���rep�C���S  CB
���� �

�

n



�Y

��S

�qdegm��x� � �� �
Y
��BC

qdegm��x�

�
A

�



� �

n

Y
��S

�qdegm��x� � ��

�
A �

Y
��BC

qdegm��x�

�
���rep�C���S �

��� � jCB j � ���rep�C���S � CB

��� �
Let c� and c� be any two distinct codewords in rep

�
C
���
S

�
 CB . The code-

words can be uniquely decomposed into c� � c�� � c��� and c� � c�� � c���
where c��� c

�
� 
 rep

�
C
���
S

�
and c��� � c

��
� 
 CB . If c� and c� are not cyclically dis-

tinct then there exists an integer j such that Sj�c�� � c�, or equivalently
S
j�c��� � S

j�c���� � c�� � c��� . But since the decomposition is unique we have
S
j�c��� � c��. Since the cyclic order of c�� and c�� is n and since all codewords

in rep
�
C���

�
are cyclically distinct we see that j must be a multiple of n.

This implies that c� and c� are equal, which is a contradiction. Hence, the
assertion holds. �

Lemma 3.10 Consider the linear cyclic code C of length n. If at least one of the
non-zeroes 
 
 B�C� has multiplicative order n, then repn�C� can be partitioned
into two disjoint sets as

repn�C� �
�
repn�C�� CB�C�nf�g

�
� repn

�
CB�C�nf�g

�
�
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Proof: If we let S � f
g and apply Corollary 3.1, we get

C �
�
f�ng � C��

�
 CB�C�nf�g �

�
C��  CB�C�nf�g

�
� CB�C�nf�g

and, since the two sets C��  CB�C�nf�g and CB�C�nf�g are closed under cyclic
shifts, we also have

repn�C� � repn
��
C��  CB�C�nf�g

�
� CB�C�nf�g

�
� repn

�
C��  CB�C�nf�g

�
� repn

�
CB�C�nf�g

�
and by applying Lemma 3.9 on the right-hand side of the last equation we
get

repn�C� �
�
repn

�
C��
�
 CB�C�nf�g

�
� repn

�
CB�C�nf�g

�
�

�

If the order of at least one non-zero 
 of the code C is n then, according to
Lemma 3.1, the degree of the corresponding minimal polynomial is m. This
implies that the size of C� is qm. Hence, if we apply Lemma 3.10

rep�C� �
�
rep�C�� CB�C�nf�g

�
� rep

�
CB�C�nf�g

�
and use Lemma 3.6 to determine rep�C��, we see that we can extract

jrep�C��j �
��CB�C�nf�g�� � �qm � ��

n
� qk�m �

qk � qk�m

n

representatives of order n from rep�C�.

If yet another element (different from 
) in B�C� has order n then, by us-
ing exactly the same arguments as above, we can in the next step extract
another �qk�m � qk��m��n codewords of order n from rep�C� resulting in
a total of �qk � qk��m��n representatives. From this follows that if v non-
zeroes have multiplicative order n then

jrepn�C�j �
qk � qk�vm

n
(3.6)

and if all non-zeroes have multiplicative order n then

jrepn�C�j �
qk � �

n
� (3.7)
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The last equation constitutes of course also a trivial upper bound on the
size of repn�C�. We have now arrived at the following algorithm:

Let C be a linear cyclic code of length n over GF�q� and let m be the multi-
plicative order of q modulo n. If B�C� contains v elements of multiplicative
order n then the following algorithm gives us a subset Crepn of repn�C� con-
taining �qk � qk�vm��n representatives.

Algorithm 3.3 Let C be any linear cyclic code of length n.

1. Let Crepn � � and let BC � B�C�.

2. If there exists no element 
 of order n in BC then end algorithm.

3. Select an element 
 of order n from BC .

4. Let

Crepn � Crepn �
�
repn�C

�
�� CBC

�
and let BC � BC n f
g.

5. Go to line 2.

Theorem 3.5 We have

Crepn � repn�C��

This method, using the non-zeroes of order n, for finding a large set of rep-
resentatives of order n has previously been used in the literature for codes
of primitive length, i.e. when n � qm��. One example is Reed [42], where it
is used to construct frequency-hopping sequences for asynchronous trans-
mission.

To illustrate how Algorithm 3.3 can be used to find repn�C�, consider the
following example:



32 Chapter 3. The cyclic equivalence classes of linear cyclic codes

�

�

f��g

�

f��g

f��g

f��� ��g

f�ng

C���

C���

C��� � C���

C���

C��� � C���

C��� � C���

C��� � C��� � C���

B
C
�
f
�
�
��
�
��
�
g

B
C
�
f
�
�
��
�
g

B
C
�
f
�
�
g

B
C
�
�

Figure 3.2: An illustration on how Algorithm 3.2 works by recursively considering
all subsets of B�C�. The size of BC determines the depth and the label on each
internal node is the set S. The algorithm starts at the root and in each step of the
recursion we go one step down in the tree.

Example 3.5 We return to the codes in Example 3.1. First we consider C�.
Note that one of the non-zeroes 	 has multiplicative order n � � and the
other 	� has order �.

repn�C�� �
�
repn�C�� C��

�
� repn�C���

�
�
f����g  f����� ����� ����� ����� ����g

�
��

� f����� ����� ����� ����� ����g�

Similarly for C�, but in this case both non-zeroes, 	�� and 	, have multi-
plicative order n:

repn�C�� �
�
repn�C���� C�

�
� repn�C��

�
�
f����g  f����� ����� ����� ����� ����g

�
� f����g

� f����� ����� ����� ����� ����� ����g�

�

Algorithm 3.3 is very good if we are only interested in finding a large sub-
set of repn�C�. But in order to find a more efficient algorithm in the general
case we look at Figure 3.2, which is an illustration of how Algorithm 3.2
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recursively searches through all subsets of the set of non-zeroes. In this
case, we have a code C with three non-zeroes B�C� � f
�� 
�� 
�g. For each
recursion we go one step further down the tree. We make the important
observation that if at some node in the tree, for instance at S � f
�� 
�g, we
have lcm�S� � n then all leaves of the subtree having S as a root contain
only codewords of full cyclic order. This follows from the fact that when-
ever lcm�S� is equal to n then all codewords in C���S � C���  C

�
��

have full
cyclic order and all leaves under the node S contain codes of the form

C
���
S  C

���
S� (3.8)

where S� is some subset of BC . From Lemma 6 in Zierler [59], it follows that
the codewords defined by Equation 3.8 all have cyclic order n. Hence, we
need not search any further down this subtree. We note that the union of
the codewords at the leaves in this subtree can be written as�

C���  C
�
��

�
�
�
C���  C

�
��  C

�
��

�
�
�
C���  C

�
��

�
 C��

or, in a more general form, C���S  CBC . From Lemma 3.9 follows that

repn
�
C
���
S  CBC

�
� repn

�
C
���
S

�
 CBC �

We can now formulate one final version of the algorithm as follows:

Algorithm 3.4 Let the function f be recursively defined by

f�BC � S� �

������
�����

rep
�
C
���
S

�
� if BC � �

rep
�
C
���
S

�
 CBC � if lcm�S� � n

f
�
BC n f
g� S � f
g

�
� f
�
BC n f
g� S

�
� otherwise

where 
 is an element in BC that maximizes lcm�S � f
g�.

Theorem 3.6 For any linear cyclic code C we have

f
�
B�C���

�
� rep�C��
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Note that we have a different criterion for selecting the non-zero 
 in this
algorithm compared to Algorithm 3.2. Previously we chose any non-zero

, but now we use the heuristic rule to always choose a non-zero that max-
imizes lcm�S � f
g�. This has the effect that all non-zeroes of order n are
chosen first and that the branches, in most cases, will be cut as high up in
the tree as possible, hence reducing unnecessary branching.

If we are only interested in repn�C� we can further modify Algorithm 3.4
since we need not search through subtrees that do not contain any code-
words of full cyclic order:

Algorithm 3.5 Let the function f be recursively defined by

f�BC� S� �

������
�����

�� if lcm�BC � S� � n

rep
�
C
���
S

�
 CBC � if lcm�S� � n

f
�
BC n f
g� S � f
g

�
�

f
�
BC n f
g� S

�
� otherwise

where 
 is an element in BC that maximizes lcm�S � f
g�.

Theorem 3.7 For any linear cyclic code C we have

f�B�C���� � repn�C��

The complexity of Algorithm 3.4 and 3.5 can be estimated by reviewing the
arguments leading to Algorithm 3.3, which shows that for each non-zero of
order n, the complexity is approximately reduced by a factor of two. Each
additional subset containing non-zeroes with a least common multiple of
their orders equal to n reduces the complexity further.

Example 3.6 Consider the vector space GF���	�, i.e. the set of all binary
vectors of length n � ��. We can view this space as a ���� �� code over
GF��� with parity-check polynomial h�x� � x	� � �. From Table 3.1 we see
that this corresponds to a code C with

B�C� � f	�� 	� 	�� 	
� 	�� 	�� 	��� 	��� 	�
� 	��� 	��� 	��� 	��g�
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 m��x� degm��x� j
j

	� x� � � �

	 x	 � x � x� � x� � � ��

	� x	 � x
 � x � x� � � � ��

	
 x	 � x� � � ��

	� x	 � x� � � � �

	� x� � x� � � 	

	�� x	 � x
 � x� � x� � � ��

	�� x	 � x
 � x � x� � � ��

	�
 x	 � x � x� � x� � � ��

	�� x� � x� � � �

	�� x	 � x
 � � � ��

	�� x� � x� � � � 	

	�� x	 � x
 � x� � x� � � � ��

Table 3.1: The irreducible factors of x�� � � over GF���.

Now, assume that we are only interested in the representatives of full cyclic
order. To determine the size of repn�C� we use Theorem 3.1:

jrepn�C�j �
�

n

X
djn

��n�d�qm�d� �
�	� � ��� � �� � ��

��

� ��� ��� 	�� 	�� ��� ��� � ��
 � �����

If we use Algorithm 3.2 we see that we need to check �jB�C�j � ��� � ����
subsets of B�C�. Instead of using this algorithm, we can use Algorithm 3.3
to find a large subset of repn�C�. The non-zeroes of order �� are

f	� 	
� 	��� 	��� 	��� 	��g

and we get the following set of representatives

Crepn � rep�C��� CB�C�nf�g �

rep�C��	� CB�C�nf���	g �

rep�C����� CB�C�nf���	����g �

rep�C����� CB�C�nf���	��������g �

rep�C����� CB�C�nf���	������������g �

rep�C����� CB�C�nf���	����������������g�
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Since C has � non-zeroes of order n, we have according to Equation 3.6

jCrepn j � �
� � �
� � �
 � ��� � ��� � ���

�
�	� � �	��	�	

��
� ��� ��� 	�� 	�� 
�� ���

and we are only missing jrepn�C�j � jCrepn j � � ��	 ��� representatives.
The remaining representatives are contained in the code C� defined by the
non-zeroes B�C�� � f	�� 	�� 	�� 	�� 	�
� 	��� 	��g. Using Algorithm 3.2 on
this code requires searching through �jB�C

��j � �� � ��� subsets, which
is substantially fewer than the original ���� subsets. But we can do even
better if we instead use Algorithm 3.4:

Crepn � Crepn �

rep
�
C
���
f����
g

�
 Cf��������	�������
g �

rep
�
C
���
f��	��
g

�
 Cf������������
g �

rep
�
C
���
f�
���g

�
 Cf���������
g �

rep
�
C
���
f�
���
g

�
 Cf������g�

Of course, applying Algorithm 3.4 from the beginning would have been as
easy and would have resulted in the same set of representatives.

Now, as a small check, we can calculate the size of Crepn and compare it with
the size of repn�C�

jCrepn j �
�	� � �	��	�	

��
� �� � ��
 � �� � �� � 	 � �	 � 	 � ��

� ��� ��� 	�� 	�� 
�� ��� � � ��� ��� � �� �
� � ��� � 
�

� ��� ��� 	�� 	�� ��� ��� � jrepn�C�j�

�

As we have seen in the last example, it is quite easy to get a relatively com-
pact, explicit expression for repn�C� even when the code is large.

3.5 Summary

We have presented a number of different methods of partitioning a linear
cyclic code in ways that aid us in the search of representatives for all cyclic
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equivalence classes. The basic method that we use to partition the code,
has the drawback that the number of subcodes that needs to be considered
grows exponentially with the number of irreducible factors in the parity-
check polynomial. Careful observations show that in many cases it is pos-
sible to reduce the complexity substantially

Algorithm 3.3 and a method somewhat similar to Algorithm 3.2 is used in
Allard, Shiva and Tavares [2] to determine rep�C� for binary linear cyclic
codes C. By further refining and generalizing these algorithms, we have ar-
rived at a more systematic and efficient method of determining both rep�C�
and repn�C� for any linear cyclic code C.





Chapter 4

Sequences for direct-sequence
modulation

The problem of code division is to write a duet for two tenors,
who will be occupying the same region in time, space and frequency,
in such a way that a listener can choose to follow one or the other
without getting confused.

Solomon W. Golomb

4.1 Introduction

In this chapter we point out the relationship that exists between the rep-
resentatives of the cyclic equivalence classes of certain binary linear cyclic
codes and some families of well-known psuedonoise sequences. Families
of sequences derived in this way are often referred to as “linear families”.

Using extensive computer search, we have also found a new family of se-
quences which compares favorably to previously known families of se-
quences.

39
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�

R �
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�

Data
source

� 	 �

�
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�
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�
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Carrier

�
Demodulation
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Figure 4.1: A binary direct-sequence spread-spectrum communication system
with spreading factor g � 
.

4.2 Applications

Psuedonoise (PN) or, as they are sometimes referred to, psuedorandom se-
quences can be used in direct-sequence spread-spectrum systems. The ra-
tionale of spreading the spectrum of the transmitted information may in
some military systems be that we might want to transmit information in
such way that we achieve a low probability of intercept (LPI). If we use a
spread-spectrum system the surveillance receiver needs to monitor a large
frequency band and the power density of the signal to be detected is low-
ered. Another military application is anti-jamming (AJ). By spreading the
transmission spectrum, we force the jammer to spread his available trans-
mission power over a large frequency band. Another advantage is that the
vulnerability against tone-jamming is also decreased.

A more recent, and maybe more peaceful, application is code-division mul-
tiple-access (CDMA). One spreading sequence is assigned to each transmit-
ter and by keeping the mutual correlation between the PN sequences as low
as possible (quasi-orthogonal) we can distinguish the different users at the
receiver.

In the general direct-sequence spread-spectrum system the data sequence is
multiplied by a high rate psuedonoise sequence. The ratio between the rate
of the psuedonoise sequence and the rate of the data sequence is called the
spreading factor, usually denote by g If we compare to the usual modulation
of the data, the multiplication with the PN sequence causes the modulated
signal spectrum to spread by a factor g. See Figure 4.1 for an example of a
binary spread-spectrum system.
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The performance measure that we will use when evaluating the sets of se-
quences is the maximum absolute correlation, denoted by j�jmax from Defini-
tion 2.1. As Simon et. al. [50, p. 325] point out, this performance measure
may not correspond directly to any network performance measure, but it
can be argued that any set of sequences which optimizes the performance
of the network probably has a small value of j�jmax; hence one should be
able to find good sets of sequences among those with a small maximum
absolute correlation. Therefore it is interesting to investigate and search for
sequences with low correlation. Furthermore, from an analytic viewpoint,
no other design criteria have proven tractable in choosing long-period se-
quences.

Another measure of performance is the linear span, which can be defined
as the length of the shortest linear feedback shift register generating the se-
quences. This measure tells us, in some sense, how difficult it is to predict
the sequence; which might be interesting in hostile communication envi-
ronments. Since the focus in this chapter, as in the thesis as a whole, will be
on cooperative communication we will favor sequences with a low linear
span since these are easy to generate.

4.3 Sequences and linear cyclic codes

The basic idea that we will exploit in this chapter is the following: Be-
ginning with a binary linear cyclic code of length n, we select the rep-
resentatives of full cyclic order, i.e. repn�C�. For each codeword symbols
cj 
 GF���, � � j � n in the codeword c � c�� c�� � � � � cn�� in repn�C�, we
use the mapping:

� �� ��

� �� ���

We are interested in finding a way of relating the correlation properties of
repn�C� to the distance properties of the original code C.

In Helleseth [16] we find some results regarding the crosscorrelation func-
tion between two maximal linear sequences. This corresponds to sequences
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derived from linear cyclic codes of primitive length n � pm � � over GF�p�
with B�C� � f	� 	dg, i.e. codes with exactly two non-zeroes. Here, d is
usually referred to as a decimation.

When studying codes with consecutive non-zeroes, e.g. dual BCH codes,
the following theorem is useful:

Theorem 4.1 Let C be a binary linear cyclic code of length n and let m be the
multiplicative order of � modulo n. If B�C� � f	� 	�� � � � � 	sg for some element
	 of order n in GF��m� then

j�jmax �

�
s�

n

�m � �

�
�m�� �

n

�m � �

for the codewords in repn�C�.

Proof: Theorem 3 in Sidel’nikov [49] restricted to the binary case. �

For codes of primitive length, the bound in Theorem 4.1 reduces to

j�jmax � �s� ���m�� � ��

It is also possible to determine j�jmax by calculating the minimum distance
of a cyclic code closely related to C as we will show below. We first need to
introduce the following concept (MacWilliams and Sloane [28, Ch. 2, x 1]):

Definition 4.1 The distance distribution of a code C is a set
�
Bd

�n
d��

where Bd

is the number of ordered pairs of codewords in C at Hamming distance d, divided
by the size of C.

If C is a linear code, then the distance distribution coincides with the weight
distribution. We note that B� � � and B� �B� � � � ��Bn � jCj.

Let ��C� denote the set of possible correlation values between sequences
in C. Here we write them as a union of the autocorrelation values and the
crosscorrelation values:

��C�
�
� f�a�a��� � a 
 C� � � � � ng �

f�a�b��� � a� b 
 C� a �� b� � � � � ng�

Below we present a theorem that relates the distance distribution of a linear
cyclic code C to the set of correlation values ��C�.
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Lemma 4.1 If C is a binary linear cyclic code of length nwith distance distribution�
Bd

�n
d��

, then

�
�
repn�C�

�
�
�
n� �d � Bd �� �� � � d � n

�
�

Proof: The lemma follows directly from the fact that the correlation � be-
tween two binary codewords at distance d is � � n � �d and the fact that
the cyclic extension (see Equation 3.1) of repn�C� lies in C. �

The next lemma shows the connection between the distance distribution of
a linear code C and the distance distribution of C�, which is a code obtained
from C by removing the all-zero codeword.

Lemma 4.2 Let C be any linear �n� k code with k � � and let
�
Bd

�n
d��

be its
distance distribution. Then the distance distribution

�
B�
d

�n
d��

of C� is

B�
d �

�
�� d � �

Bd

�
�� �

jCj��

	
� � � d � n�

Proof: Define the following indicator function

Id�a� b� �

�
�� dH�a� b� � d
�� otherwise.

It is obvious that B�
� � �, so we assume d � �. We have

jCjBd �
X
a�C

X
b�C

Id�a� b�

�
X
a�C

�
Id�a� �

n� �
X
b�C�

Id�a� b�

�

� Id��
n� �n� �

X
b�C�

Id��
n� b� �

X
a�C�

Id�a� �
n� �

X
a�C�

X
b�C�

Id�a� b�

� � �Bd �Bd �
�
jCj � �

�
B�
d � �Bd �

�
jCj � �

�
B�
d

and, hence,

B�
d � Bd

�
jCj � �

jCj � �

�
� Bd

�
��

�

jCj � �

�
�

�
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Corollary 4.1 Let C be any linear �n� k code with k � �. Let
�
Bd

�n
d��

be the
distance distribution of C and let

�
B�
d

�n
d��

be the distance distribution of C�. For
all d, such that � � d � n, we have

Bd �� � � B�
d �� ��

We can now strengthen Lemma 4.1 for cyclic codes where all codewords,
except the all-zero codeword, have full cyclic order. This property of a bi-
nary linear cyclic �n� k code C is equivalent to

jrepn�C�j �
�k � �

n
� (4.1)

Theorem 4.2 Let C be a binary linear cyclic �n� k code with k � � and distance
distribution

�
Bd

�n
d��

. If Equation 4.1 holds then

�
�
repn�C�

�
�
�
n� �d � Bd �� �� � � d � n

�

Proof: If all codewords in C have full cyclic order except the all-zero code-
word then the cyclic extension of repn�C� is equal to C�. Hence,

�
�
repn�C�

�
�
�
n� �d � B�

d �� �� � � d � n
�

where
�
B�
d

�n
d��

is the distance distribution of C�. But Corollary 4.1 shows
that B�

d is non-zero whenever Bd is non-zero and the theorem follows. �

Note that Theorem 4.2 in principle does not simplify the calculation of ��C�
since determining the distance distribution of C by brute force requires the
same amount of calculations as determining ��C�. But, when the distance
distribution is known, we can use Theorem 4.2.

If we are only interested in finding j�jmax then the following approach may
be used. We make the following definition:

Definition 4.2 For any code C we define

C�
�
� C �

�
C � �n

�
�
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If C is a linear cyclic code then B�C�� � B�C� � f�g which corresponds to
adjoining an all-ones row to the generator matrix. Further, if C is a linear
�n� k code such that � is not a non-zero of C then C� is an �n� k � � code
with minimum distance

dmin�C
�� � min

�
dmin�C�� n� dmax�C�

�
(4.2)

where dmax�C� is the maximum distance between any two codewords in C,
or equivalently since the code is linear, the maximum weight of any code-
word in C.

Theorem 4.3 Let C be a binary linear cyclic �n� k code with k � � such that � is
not a non-zero of C. Then the maximum absolute correlation j�jmax between any
two (not necessarily distinct) vectors in repn�C� is

j�jmax � n� �dmin�C
���

We have equality if k � � and jrepn�C�j � ��k � ���n.

If � is a non-zero of C and repn�C� is not the empty set then

j�jmax � n�

Proof: Since the correlation � between two codewords at Hamming dis-
tance d is � � n� �d, we see that

j�jmax � max
�
n� �dmin�C�� �dmax�C�� n

�
�

From Equation 4.2 we have

dmin�C
�� � min

�
dmin�C�� n� dmax�C�

�
�

If we assume that dmin�C� � n� dmax�C�, then dmin�C
�� � dmin�C�. We see

that

�dmax�C�� n � �n� �dmin�C�� n � n� �dmin�C�

and

j�jmax � max
�
n� �dmin�C�� �dmax�C� � n

�
(4.3)

� n� �dmin�C� � n� �dmin�C
���
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If we instead make the assumption that dmin�C� � n� dmax�C� we arrive at
the same result.

Finally, we prove the last part of the theorem. Let c be any codeword in
repn�C�. Since � 
 B�C� we know that �n 
 C. By the linearity of C, c �
�n is also a codeword and it must also have full cyclic order. Since C is
a binary cyclic code and n is odd, c and c � �n must be cyclically distinct
since the weight of c differs from the weight of c � �n. Hence, without loss
of generality, we may assume that c and c � �n are in repn�C�. Since these
two codewords differ by �n, their maximum absolute correlation is n. �

What codes result in good sets of sequences?

In using our approach of constructing sets of sequences with low correla-
tion from linear cyclic codes it is natural to ask the question “What codes
correspond to good sets of sequences?”. The problem of constructing large
sets of sequences with low absolute maximum correlation is not entirely
equivalent to constructing a large code with high minimum distance.

From Theorem 4.3 we see that the correlation is determined by the mini-
mum distance of C� and not by the minimum distance of the code C itself.
As a direct consequence of this, the code C should not only have a high
minimum weight but also a low maximum weight which corresponds to a
narrow weight spectra centered around w � n��.

Example 4.1 Consider the following two linear cyclic codes: C� a binary
linear cyclic ���� ��� �� code with B�C�� � f	� 	�g and C� a binary linear
cyclic ���� ��� �� code with B�C�� � f	� 	�
g. If we view these codes as
block codes, their parameters are identical. The corresponding weight enu-
merators are

A��z� � � � ���z� � �
��z�� � ��	�z�� � ��	�z�	 � ���z��

A��z� � � � 
��z� � 
��z�� � ���	z�� � ��	�z�	�

We see that the maximum weight of C� is �� and that the maximum weight
of C� is ��. Hence, the sequences derived from C� has maximum correlation
(using Equation 4.3)

j�jmax � maxfn� �dmin� �dmax � ng � maxf�
� �	g � �	
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and those sequences derived from C� has maximum correlation

j�jmax � maxfn� �dmin� �dmax � ng � maxf�
� �g � �
�

�

Of course, an alternative approach is to restrict the search to linear cyclic
codes C having � as a non-zero, � 
 B�C�, and then select codewords from
the code defined by B�C� n f�g.

Another problem is that the size of the resulting set of sequences is not di-
rectly linked to the dimension of the linear cyclic code, but rather to the
degree of the irreducible factors of h�x� and to the multiplicative orders of
the non-zeroes of the code. Two cyclic codes of the same length, dimen-
sion and minimum distance do not necessarily contain the same number of
cyclic equivalence classes of size n as illustrated by the following example:

Example 4.2 Consider the following two linear cyclic codes: C� a binary lin-
ear cyclic ���� ��� � code withB�C�� � f	� 	�� 	�� 	��g and C� a binary linear
cyclic ���� ��� � code with B�C�� � f	� 	
� 	�� 	��g. The difference between
these two codes is that C� has one non-zero, 	�, having multiplicative order
�� instead of the non-zero 	
 of multiplicative order �� in B�C��.

The code C� contains ���� representatives of full cyclic order while C� con-
tains ���� representatives. Both codes yield sequences with maximum cor-
relation j�jmax � �
. �

4.4 Results of a computer search

We have performed an extensive search by computer through a subset of
all cyclic codes of length n � �m � �, where m � �� � � � � ��. We have re-
stricted the search to codes C with two or three non-zeroes where at least
one of the non-zeroes has multiplicative order n, i.e. B�C� � f	� 	eg or
B�C� � f	� 	e� � 	e�g where 	 is a primitive element in GF��m�. For each
code, the number of representatives of full cyclic order was calculated and
using MAGMA V1.20-1 (see Handbook of MAGMA functions [4]) together
with Theorem 4.3 the maximum correlation was determined.

Table 4.2 lists the best sets of sequences found, together with some other
interesting (or well-known) families of sequences. (Appendix A contains
a comprehensive overview of families of sequences derived directly from
linear cyclic codes.)
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Family Length, n �� 	� �	 ��
 ��� ��� ���	

New j�jmax �� �� �� �� �� � ���
family Size �
� ���
 ���� ����	 ��
�� �����
 �������

Dual 	 j�jmax N/A �
 		 		 �� �� ���
BCH Size N/A ���
 ���� ����	 ��
�� �����
 �������

Recip. j�jmax 
 �� �� �� 	� �� �	
m-seq. Size �
 		 �� ��� ��
 ��� ����

Dual � j�jmax � � �
 �
 		 		 ��
BCH Size �� 		 �� ��� ��� ��	 ����

Table 4.1: The maximum correlation of the new family of sequences compared to
the dual three-error correcting BCH sequences and the maximum correlation of re-
ciprocal m-sequences compared to the dual two-error correcting BCH sequences.

A new family of binary sequences

As a result of the computer search we have found a new family of sequences
closely related to the sequences derived from dual three-error correcting
BCH codes. This set of sequences are the representatives from the binary
linear cyclic code C of length n � �m � � where m � �, with non-zeroes
B�C� � f	��� 	� 	�g. The size of the family is

jrepn�C�j �

�
��m � �m� m even,
��m � �m � �� m odd.

The maximum correlation for this new family of sequences of lengths up to
n � ���� is given in Table 4.1. For sequences of length n � �m � �, m even,
this family of sequences has a lower maximum correlation than any other
set of linear sequences of the same, or larger, size.

Unfortunately we have not been able to derive a sufficiently good upper
bound on the maximum correlation for this new set of sequences, but it
appears that the code corresponding to the sequences of length n � �

, i.e.
the ��

� �
� ��� linear cyclic code, improves on the previously best know
lower bound on minimum distance. From the database of the best known
bounds of the minimum distance of binary linear codes (maintained by the
Discrete Mathematics Group of the Eindhoven University of Technology)
we have

�� � D�

��
� � ���
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where Dn�k� denotes the largest minimum distance of any binary linear
code of length n and dimension k. The codes associated with the sequences
of length n � �
 and n � ��, i.e. a ��
� ��� � code and a ���� ��� �� code, both
have minimum distance coinciding with the currently best known lower
bound. It seems likely that also the ������ ��� �
� code used to derive the
sequences of length n � ���� is a good code, but no explicit lower bounds
on the minimum distance for codes of this length have been found.

An interesting observation is that for even m, our new family of sequences
with B�C� � f	��� 	� 	�g is better than dual three-error correcting BCH
code sequences B�C� � f	� 	�� 	
g, but are worse for m odd. The same
phenomenon also occurs with the set of reciprocal m-sequences having
B�C� � f	��� 	g, and the dual two-error correcting BCH code sequences,
B�C� � f	� 	�g. (See Table 4.1.) Note that in both these cases, the non-zero
with the highest exponent is replaced by 	��.
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n Family of sequences jrepn�C�j j�jmax B�C�

�� m-sequences � � f	g
Dual BCH two-error �� � f	� 	�g
Gold sequences �� � f	� 	
g
Reciprocal m-sequences �� �� f	� 	��g
Dual BCH three-error ��
	 �	 f	� 	�� 	
g

�� m-sequences � � f	g
Small set of Kasami � � f	� 	�g
Niho �� �
 f	� 	�
g
Dual BCH two-error �� �	 f	� 	�g
Reciprocal m-sequences �
 �
 f	� 	��g
Gold sequences �
 �	 f	� 	
g
Large set of Kasami 
�� �	 f	� 	
� 	�g
New family ���� �
 f	� 	��� 	�g
Dual BCH three-error ���� �� f	� 	�� 	
g
Very large Kasami ����� �� f	� 	�� 	
� 	�g

��	 m-sequences � � f	g
Dual BCH two-error ��� �	 f	� 	�g
Gold sequences ��� �	 f	� 	�g
Reciprocal m-sequences ��� �� f	� 	��g
Dual BCH three-error ��
�� �� f	� 	�� 	
g

�

 m-sequences � � f	g
Small set of Kasami �� �	 f	� 	��g
Dual BCH two-error �
� �� f	� 	�g
Gold-like sequences �
� �� f	� 	�g
Reciprocal m-sequences �
	 �� f	� 	��g
Niho �
	 �� f	� 	��g
Large set of Kasami ���� �� f	� 	�� 	��g
Dual BCH three-error �
	�� �
 f	� 	�� 	
g
New family �
	�� 

 f	� 	��� 	�g
Very large Kasami ��
���� �
 f	� 	
� 	�� 	��g

Table 4.2: Various interesting families of binary sequences generated by linear
cyclic codes of lengths 	�, �	, ��
, and ���.
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n Family of sequences jrepn�C�j j�jmax B�C�


�� m-sequences � � f	g
Dual BCH two-error 
�� �� f	� 	�g
Gold sequences 
�� �� f	� 	��g
Reciprocal m-sequences 
�� �
 f	� 	��g
Dual BCH three-error ����
	 �
 f	� 	�� 	
g

���� m-sequences � � f	g
Small set of Kasami �� �� f	� 	��g
Niho ���� �� f	� 		�g
Dual BCH two-error ���� �
 f	� 	�g
Reciprocal m-sequences ���
 �� f	� 	��g
Gold-like sequences ���
 �
 f	� 	��g
Large set of Kasami ����� �
 f	� 	��� 	��g
New family ������� ��� f	� 	��� 	�g
Dual BCH three-error ������� ��� f	� 	�� 	
g
Very large Kasami ��
�	��� ��� f	� 	�� 	��� 	��g

Table 4.2: (cont.) Various interesting families of binary sequences generated by
linear cyclic codes of lengths ��� and ���	.





Chapter 5

Sequences for
frequency-hopping

The time is out of joint; O cursed spite,
That ever I was born to set it right!

William Shakespeare, Hamlet.

5.1 Introduction

In this chapter we show how linear cyclic Reed-Solomon (RS) codes and
their corresponding cyclically permutable codes can be used in a multiple-
access frequency-hopping system.

Consider a communication system consisting of T senders communicating
messages over a common channel to a receiver. We assume that the number
of actively transmitting users,m, at any given time is much smaller than the
total number of users in the system, m� T .

Three different synchronization situations are considered:

� The synchronous case where the receiver is synchronized to all trans-
mitters who are mutually synchronized, i.e. they all begin transmit-
ting at the same time if they have anything to send. This implies that
the messages sent over the channel are all aligned in time.

53
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� The quasi-synchronous case where the receiver is synchronized to
all senders but the senders are not necessarily transmitting their mes-
sages synchronously. Here, the messages may appear on the channel
shifted with respect to each other.

� The asynchronous case where neither the receiver is synchronized to
the senders nor are the senders mutually synchronized. In this case,
the messages may be shifted with respect to each other and the re-
ceiver needs to synchronize to each transmitter before receiving.

For these three synchronization cases, we suggest methods of constructing
hopping-sequences and show how to implement efficient decoders.

5.2 System model

The users transmit their messages using slow frequency-hopping. Each
message consists of n tones taken from an alphabet of size q. The band-
width of the channel is assumed to be divided into q subchannels and the
message time is divided into n time-slots (constituting one frame). This al-
lows us to view the channel as a time-frequency matrix, see Figure 5.1. The
elements of the matrix, which we will call the chips, can either contain a
signal or be empty. Further, we assume the time-bandwidth product of the
chips to be large enough so that we may consider signals located in differ-
ent chips to be orthogonal. (The transmitters and receiver are assumed to
be chip-synchronized.) We also assume the channel to be noise-free, so that
the only disturbances on the channel is the interference from other active
users.

We use a communication model originally proposed by both Costas [8] and
Viterbi [57], but extensively studied by Einarsson et. al. [10, 11, 12, 56] This
system combines M -ary modulation with frequency-hopping in that each
user is assigned a set of M hopping-sequences. This means that log�M
bits are transmitted by each hopping-sequences and user. The advantage
is that the hopping rate can be reduced compared to a binary system but
the number of sequences used is increased which makes the receiver more
complex.

Each user i, � � i � T , is assigned a unique address ai, belonging to a setA.
The address is a vector of length n consisting of elements from GF�q�. The
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�

�

�

�

q � �

� � n

Frequency

Time

Figure 5.1: The time-frequency matrix containing a frequency-hopping sequence.

messages transmitted are also of this form and are taken from a message
set M. Now, assume that user i is to transmit message mj 
 M. Then the
message is modulated onto the address in the following manner:

yi�j� � ai �mj �

where the addition is over GF�q� and is performed component-wise. The
vector yi�j� is then used as a hopping-sequence.

The set of all possible hopping-sequences is a direct sum of the sets A and
M, This set will be written as

C
�
�AM � fa�m � a 
 A� m 
Mg�

Since C is a direct sum of A and M there is a one-to-one mapping between
all address-messages pairs �a�m� and the hopping-sequences in C.

The problem we will consider is to find sets A and M that minimize the
mutual interference between the users. For that purpose we minimize the
maximum Hamming-correlation, Hmax, (see Definition 2.3) between any
two hopping-sequences that may appear on the channel.

5.3 Code constructions

The synchronous case

In a synchronous communication system, we can use as address set A a
linear cyclic �n� kA code CA over GF�q� and as message setM a linear cyclic
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Addresses
���� ���� ���� ���� ����
���� ���� ���� ���� ����

Messages ���� ���� ���� ���� ����
���� ���� ���� ���� ����
���� ���� ���� ���� ����

Table 5.1: Hopping-sequences of length n � � for synchronous communication.

�n� kM  code CM such that C � CACM is a RS code and CA and CM have no
non-zeroes in common. The resulting code is then a linear cyclic �n� kA�kM 
code with minimum distance dmin � n � kA � kM � � which implies that
the maximum correlation between any two hopping-sequences is

Hmax � kA � kM � ��

Note that it is not necessary to choose any of the codes CA or CM to be RS
codes as long the union of their non-zeroes, B�CA� � B�CM�, consists of
consecutive powers of some primitive element in GF�q�.

Example 5.1 We use two RS codes of length n � � overGF�
�. The message
setM is chosen to be

M � C�� � f����� ����� ����� ����� ����g

and the address set A to be

A � C� � f����� ����� ����� ����� ����g�

The hopping-sequences in A  M, which are found in Table 5.1, consti-
tutes a ��� �� � linear cyclic RS code. We see that no two hopping-sequences
overlap in more than one position, hence Hmax � �. �

The quasi-synchronous case

It is quite easy to convince oneself that this construction — which was de-
signed for synchronous communication — will not work in a quasi-synch-
ronous system. Consider the hopping-sequences in Example 5.1: We as-
sume that user � transmits message � twice in a row, resulting in the se-
quence

�� �� �� �� �� �z �� �� �� �
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appearing on the channel. If user � is delayed one time-slot relatively to
user �, the receiver will think that user � has transmitted message � even
though user � might be silent.

The reason why this problem occurs is that the addresses are cyclic shifts
of each other. Hence, in order to handle the quasi-synchronous case we
have to modify the previous construction. Instead of using a cyclic code as
address set, we will use the representatives of the cyclic equivalence classes
of a cyclic �n� kA code CA as address set, i.e. A � rep�CA�. (Note that the
representatives need not have full cyclic order.) The code CA should be
chosen in such a way that the number of cyclic equivalence classes in CA is
maximized, hence also maximizing the number of available addresses. The
size of A � rep�CA� is given by Theorem 3.2:

jAj �
�

n

X
djn

�n�d�qm�d�

where m�d� is the degree of the greatest common divisor of xd � � and
h�x�, the parity-check polynomial of CA. The function  is the Euler totient-
function. A heuristic rule is to select as non-zeroes of CA elements of low
multiplicative order, since this ensures that the size of the cyclic equivalence
classes is small.

The message set M is chosen, as before, to be a linear cyclic �n� kM  code
CM such that the direct sum C � CA  CM is a Reed-Solomon code. In this
case the maximum correlation is

Hmax � kA � kM � ��

Example 5.2 Let CA be a linear cyclic ��� � code over GF�	� with non-zeroes
B�CA� � f	�� 	�g. Using the algorithms in Chapter 3 we can write

A � rep�CA� � f������� ������� � � � � ������g  f������� ������� �
��
�g�

By letting the message set M be the linear cyclic ��� � code

C� � f������� �
����� 
������ �����
� ����
�� ���
��� ��
���g�

we find that C � CA  CM is a �	� �� 
 RS code.

Each of the T � jAj � �� user can transmit one out of seven messages and
the maximum correlation between any two, possibly time-shifted, hopping
sequences is Hmax � �. �
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Addresses
���� ���� ���� ���� ����
���� ���� ���� ���� ����

Messages ���� ���� ���� ���� ����
���� ���� ���� ���� ����
���� ���� ���� ���� ����

Table 5.2: Hopping-sequences of length n � � for quasi-synchronous communi-
cation.

In the previous example, we could use only �� of the �� codewords in CA
as addresses. By letting the address code CA be the repetition code, i.e.
CA � C�� , we can use all codewords in CA as addresses since the number
of cyclic equivalence classes in CA is exactly n. Of course, if we need more
than n addresses this particular construction is no longer sufficient.

Example 5.3 We can use the hopping-sequences in Example 5.1 for quasi-
synchronous communication if we interchange the message set and address
set. The resulting hopping-sequences are found in Table 5.2 and the maxi-
mum correlation is still Hmax � �. �

The asynchronous case

Using the construction suggested for the quasi-synchronous case in a sys-
tem operating asynchronously is not possible. Consider the code in Ex-
ample 5.3: If user � continuously transmits message � to the receiver, the
following hopping-sequence appears on the channel

� � � � �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� � � � �

Finding the beginning of a hopping-sequence in this situation is impossible
since it might be e.g. the hopping-sequence ���� being repeated. Hence, in
this situation we need all hopping-sequences appearing on the channel to
be cyclically distinct.

An obvious solution (given the topic of this thesis) is to use the representa-
tives of the cyclic equivalence classes of a cyclic code and distribute them
among the senders as hopping sequences. The drawback of this approach
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is that it is hard to retain the algebraic structure of the code. We will instead
use a certain subset of a linear cyclic code C to gain some algebraic structure
that will later aid us in implementing the decoder.

As in the synchronous case, we let the message set M be a linear cyclic
�n� kM  code CM over GF�q� and as address set A we use a linear cyclic
�n� kA code CA. As before, we demand that these two codes have no non-
zeroes in common but their direct sum need not be a RS code.

Before transmitting the hopping-sequence over the channel, we will add to
it a constant vector b of length n. This vector is chosen as one particular
codeword

b � ��� 
��� 
��� � � � � 
�n���

from the linear cyclic �n� � code C� . The code C� is chosen such that

� 
 has multiplicative order n,

� 
 is not in B�CA� �B�CM� and

� C � C�  CA  CM is an �n� kA � kM � � RS code.

Since 
 has multiplicative order n, the vector b has full cyclic order and
all hopping-sequences in b � A M are cyclically distinct. Further, these
sequences lie in the linear cyclic code C defined above. Hence the maximum
correlation in this case is

Hmax � kA � kM �

Example 5.4 Again, let us consider a code of length n � � over GF�
�. As
in Example 5.1 we use

A � C� � f����� ����� ����� ����� ����g�

M � C�� � f����� ����� ����� ����� ����g�

The vector b is chosen as b � ���� 
 C� where 
 � 	��.

The resulting hopping-sequences in Table 5.3 are a subset of the ��� �� � lin-
ear cyclic RS code C � Cf��������g. The maximum correlation between any
two, possibly time-shifted, hopping-sequences is Hmax � �.

�
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Addresses
���� ���� ���� ���� ����
���� ���� ���� ���� ����

Messages ���� ���� ���� ���� ����
���� ���� ���� ���� ����
���� ���� ���� ���� ����

Table 5.3: Hopping-sequences of length n � � for asynchronous communication.

Previous constructions

The use of codewords from a RS code as hopping-sequences in multiple-
access systems is well-known from the literature. Sarwate [46] lists the fol-
lowing constructions of frequency-hopping sequences directly based on RS
codes:

� Reed [42] constructs sequences for an asynchronous system by select-
ing a subset of the representatives of the cyclic equivalence classes
of a �q � �� k RS code C with non-zeroes B�C� � f	�� 	� � � � � 	k��g.
The representatives are chosen according to an algorithm which es-
sentially is Algorithm 3.3 of Chapter 3 restricted to codes of primitive
length.

� In [51], Solomon constructs a set of hopping-sequences that is a coset
of the �q � �� k RS code C over GF�q� with B�C� � f	�� 	� � � � � 	k��g.
The coset representative is chosen as a codeword from C�

�k
if 	k has

multiplicative order n, else from C���� .

� Einarsson [10] (and later also Einarsson, Vajda and Molnár [12]) con-
siders two synchronization situations in a multiple-access frequency-
hopping system. He proposes the use of A � C�� as message set
and M � C� as address sets in a synchronous system, and A � C��
and M � C� for a quasi-synchronous (or in his terminology, non-
synchronous) communication system. In [11] Einarsson generalizes
the quasi-synchronous code and increases the message set by letting
M � Cf����g.

� Vajda and Einarsson [56] also consider the asynchronous case. The
codes used here are M � C�� and A � c� � C�� , where c� 
 C��.
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5.4 Decoding

The synchronous case

We begin by investigating how to decode the received time-frequency ma-
trix in the case of synchronous transmission over an error-free channel. We
present three decoding algorithms that all appear in a slightly different
form in the thesis of de Laval [20] where they are suggested as decoding
algorithms for signature sequences on the multiple-access OR channel. In
this thesis we have modified the last algorithm (Algorithm 5.3) to take ad-
vantage of the fact that C is cyclic RS code.

We denote the set of transmitted hopping-sequences by A and the received
time-frequency matrix by z, which we write in matrix form as

z �



BBB�

z��� z��� � � � z��n��
z��� z��� � � � z��n��

...
...

. . .
...

zq���� zq���� � � � zq���n��

�
CCCA �

Let zf�t be equal to one if and only if at least one user is transmitting on
frequency f at time t, otherwise it is zero. (Note that the index t denotes
the time relative the first time-slot in the current frame.) The decoded set of
hopping-sequences will be denoted by �A.

Example 5.5 Returning again to Example 5.1 we assume that the following
hopping-sequences have been sent:

y���� � �����

y���� � �����

y���� � �����

y��� � �����

This results in the time-frequency matrix

z �



BBBB�

� � � �
� � � �
� � � �
� � � �
� � � �

�
CCCCA �

�
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In decoding the time-frequency matrix z, we will declare that a hopping-
sequence c � c�� c�� � � � � cn�� has been sent if it is covered by z, i.e. if zct�t � �
for all t, � � t � n. Note that the only kind of error this decoding rule can
give rise to, is to declare a hopping-sequence having been sent although
it was not. Hence, it is always true that A � �A as long as the channel is
error-free. We will say that a decoding error has occurred whenever �A �� A.

A straightforward decoding algorithm is:

Algorithm 5.1 (Exhaustive search) Let the decoded set �A consist of all hopping-
sequences c 
 C � CA  CM that are covered by z.

Applying Algorithm 5.1 directly, requires us to do an exhaustive search
through all sequences in C. For large codes, it is impractical to store all
hopping-sequences in memory or to generate all of them for each decoding.
Because of this, we need to improve on Algorithm 5.1.

Since C is a cyclic RS code, it is also a maximum distance separable (MDS)
code. This fact implies that any set of k positions in a codeword c 
 C may
be used as information symbols.

Let St, � � t � n, be the set of active frequencies at time t, i.e.

St
�
� ff � zf�t � �� � � f � qg�

Now, we select a set of indicesP � fp�� p�� � � � � pk��g consisting of k distinct
integers between � and k � � inclusive, that minimizes the productY

j�P

jSj j�

To the set P , we associate a generator matrix GC�P containing an identity
matrix in the positions specified by P . Column pj � � of GC�P has a one in
row j � � and is zero in all other positions. (For simplicity we assume that
p� � p� � � � � � pk��.)

The improved decoding algorithm may now be written as

Algorithm 5.2 (Reduced search) Let P � fp�� p�� � � � � pk��g be a set of indices
that minimizes

Q
j�P jSjj. Let the decoded set �A consist of all hopping-sequences

c � �i�� i�� � � � � ik��� �GC�P 
 C�

where ij 
 Spj , that are covered by z.
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If m hopping-sequences are transmitted over the channel in the current
frame, then there are at most m ones in each row (the size of each set St is
at most m) and at most qm hopping-sequences need to be checked against
the time-frequency matrix z, compared to the qkA�kM comparisons needed
in the previous algorithm.

Example 5.6 From the time-frequency matrix z in Example 5.5 we get

S� � f�� �� �g

S� � f�� �� �g

S� � f�� �g

S� � f�� �� �g�

One optimal set of indices is P � f�� �g (resulting in six comparisons since
jS�j � jS�j � �), which corresponds to the generator matrix

GC�P �

�
� � � �
� � � �

�

where columns � and � constitute the identity matrix. Now, picking the
information symbols from the sets S� and S� and using GC�P as generator
matrix we arrive at the six hopping-sequences

f����� �������������������� ����g�

Those sequences marked in bold face are covered by z (and therefore in-
cluded in �A). Since the covered sequences also are the ones transmitted, the
decoding was successful. �

The drawback of Algorithm 5.2 is that we either need to construct a new
generator matrix GC�P for each decoding instant or to store in memory all
matrices corresponding to all possible sets P . A suboptimal variation of
this algorithm uses only one generator matrix: Instead of searching for the
optimal set of indices P , we restrict our search to the k consecutive sets Sj
that minimize the product

p�k��Y
j�p

jSjmodnj�
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In this case, the generator matrices that we need to generate the hopping-
sequences are all cyclic shifts of each other, since the code is a cyclic MDS
code. Hence, we need only to store one matrix, GC�sys, which is the system-
atic generator matrix of C having an identity matrix in the first k columns.

We have now arrived at the third decoding algorithm (let S be the cyclic
shift operator defined in Chapter 2):

Algorithm 5.3 (Sliding window reduced search) Find an integer p that min-
imizes

Qp�k��
j�p jSjmodnj. Let the decoded set �A consist of all hopping-sequences

c � �i�� i�� � � � � ik��� � S
p�GC�sys� 
 C�

where ij 
 S�p�j�modn, that are covered by z.

This algorithm can be used when the number of active users is relatively
low, otherwise the penalty of using a sub-optimal information set may be
too large.

Example 5.7 Decoding the time-frequency matrix in Example 5.5 using Al-
gorithm 5.3 is similar to using Algorithm 5.2. Instead of choosing the set
P � f�� �g as we did in the previous example, we choose the offset p � �
which minimizes

p�k��Y
i�p

jSimodnj�

In this case, the systematic generator matrix that we should use is a one step
cyclic shift of

GC�sys �

�
� � � �
� � � �

�
making the identity matrix begin at the second column. Using the informa-
tion sets S� � f�� �� �g and S� � f�� �g we generate the six codewords

f��������������� ��������������g�

Those codewords marked in bold face are covered by z (and therefore in-
cluded in �A). Hence, the decoding was again successful and we did not
(in this example) need to search through any more codewords than in the
previous example. In the general case, this is not necessarily true. �



5.4. Decoding 65

After receiving the set �A consisting of codewords c � yi�j� from the code
C, we might want to decode this further so that we know what user sent
what message. If GA and GM are the generator matrices of CA and CM,
respectively, then the transmitted sequences are all of the form

yi�j� � ai �mj

� �a�� a�� � � � � akA��� �GA � �m��m�� � � � �mkM��� �GM

� �a�� � � � � akA���m�� � � � �mkM��� �

�
GA

GM

�
� �a�� � � � � akA���m�� � � � �mkM��� �GC�

Let T be the square matrix of size kA � kM such that T �GC � GC�sys and let
the received codeword be c � �c�� c�� � � � � cn��� then

�c�� c�� � � � � ckA�kM��� � T
�� � �a�� � � � � akA���m�� � � � �mkM����

The quasi-synchronous case

In the quasi-synchronous case, we can apply a slightly modified version of
Algorithm 5.2. If we assume that the relative time-shift among the users
in the communication system is uniformly distributed, then the expected
number of active users in any frame is relatively low. Because of this we
can decode each user separately.

Assuming that the user that we want to decode has address a, then all
hopping-sequences from this user will be of the form a�m, where m 
M.
Since M consists of the entire code CM we can subtract the address a from
the received frequencies in the time-frequency matrix and decode to CM
instead of to CA  CM as we did in the synchronous case.

As before, we begin by creating the sets St consisting of the active frequen-
cies at time t, where � � t � n. A set P of kM indices are selected to
minimize Y

j�P

jSj j�

For each j 
 P , we create a new set S�j :

S�j
�
� ff � aj � f 
 Sjg�
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This corresponds to subtracting the address a. We generate a set of po-
tentially sent messages using the kM information sets S�j and the generator
matrix GM�P , which is a generator matrix of CM which is systematic in the
positions specified by P . To these messages we add the address a and the
resulting hopping-sequence is checked against the time-frequency matrix
to see if it is covered. If it is, the hopping-sequence is included in �A, other-
wise it is ignored.

Example 5.8 In this example we use the hopping-sequences in Example 5.3
where GA � ������ and GM � ������. In the figure below, three users are
transmitting over a channel

y���� � � � ������ � � � ������ � ����

y���� � � � ������ � � � ������ � ����

y���� � � � ������ � � � ������ � ����

y��� � � � ������ � � � ������ � ����

and we are synchronized to the user having address a � ����.

�Time

�User

� �z �
Current frame

� � � �
� �  �  � � �

�  � �

We have S� � f�� �� �g, S� � f�� �� �g, S� � f�� �� �g and S� � f�� �g. Since
kM � �, we need only to select the smallest set Sj which is S�. Let

S�� � ff � � � f 
 S�g � f�� �g

and GM�P � ������. We generate the following hopping-sequences

� � ������ � ���� � ����

� � ������ � ���� � ����

where only ���� is covered by the time-frequency matrix. Note that the
hopping-sequence ���� was not decoded even though we are synchronized
to the user transmitting it. �
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�Frequency

�Time

S��S
�
� S�s S�n��� �z �

Frame 1

Frame 2z �� �
S��S

�
�

S�n�s�� S�n��

Figure 5.2: Decoding two consecutive frames in the time-frequency matrix of a
quasi-synchronous system.

We may improve this algorithm by noting that all sets Si need not be recal-
culated for each new frame: Consider Figure 5.2, where the receiver after
decoding Frame � will decode Frame �. We have a certain overlap between
the sets S�

� � S
�
� � � � � � S

�
n�� and S�

� � S
�
� � � � � � S

�
n��. After decoding Frame �, we

simply let S�
i � S�

s�i, for all i such that � � i � n � s � �, where s is the
relative shift between the two frames.

The asynchronous case

Decoding in the asynchronous case is quite different from the methods pre-
sented so far. Instead of decoding at each time-slot, which might be a nat-
ural way of extending the decoding method presented above for the quasi-
synchronous case, we need only to apply the decoding algorithm at certain
time intervals.

The objective of the receiver in an asynchronous communication system is
not only to identify what codewords have been sent but also to synchronize
to the transmitters. The decoding will be performed in three steps:

1. All hopping-sequences that are covered by a decoding window consist-
ing of k consecutive time-slots are generated.

2. The correct synchronization position for these hopping-sequences is
calculated.
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3. Each synchronized hopping-sequence is checked against the whole
time-frequency matrix (not only the decoding window) to see if it is
covered.

We extend the previously used time-frequency matrix by including n � k
more time-slots

z �



BBB�

z����n�k� � � � z��� z��� � � � z��k�� � � � z��n��
z����n�k� � � � z��� z��� � � � z��k�� � � � z��n��

...
. . .

...
...

. . .
...

. . .
...

zq�����n�k� � � � zq���� zq���� � � � zq���k�� � � � zq���n��

�
CCCA �

As before, zf�t is equal to one if, and only if, at least one user is transmitting
on frequency f at time t, otherwise it is zero.

Note that a frame from now on will not be n time-slots long as before, but
rather �n � k time-slots. We define the decoding window to be the k con-
secutive time-slots beginning at time-slot � in the current frame (or time-
frequency matrix). As before, we let St, where � � t � k, denote the set of
active frequencies at time-slot t. It is important to note here, that the decod-
ing window is fixed given the time-frequency matrix. We do not try to find
an optimal decoding window.

Now, consider Figure 5.3: All codewords fully contained in Frame � (i.e.
in the time-frequency matrix z) are also in Window �. Let GC�sys be the
systematic generator matrix for the code

C � C�  CM  CA�

where C is a linear cyclic �n� k � kM�kA�� RS code. The set of transmitted
hopping-sequences is

b�MA � C�

Using the sets Sj as information sets and GC�sys as generator matrix we can
generate a set of codewords

�A � f�i�� i�� � � � � ik��� �GC�sys � ij 
 Sjg�

Let c be a transmitted hopping-sequence c � c�� c�� � � � � cn�� and assume
that it is fully contained in the current frame. If the symbols

cs� cs��� � � � � cs�k��
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�

�User

Time

Frame �z �� �

� �z �
Window �

� �z �
Window �

Decoded in
Window 1

������
�����

Decoded in
Window 2

������
�����

Figure 5.3: Decoding in an asynchronous system.

lie in the decoding window, then this hopping-sequence will correspond to
the shifted sequence

cs� cs��� � � � � cs�k��� � � � � cn��� c�� � � � � cs��

in the set �A. (See Figure 5.4.)

The problem now is how to restore this codeword to its right position. Re-
call that c is of the form c � b �m � a where m 
 M, a 
 A and where
b � ��� 
��� � � � � 
�n���. Shifting the vector b right-ward s steps corre-
sponds to multiplying it with 
s, i.e. Ss�b� � 
sb.

��
k bits

Decoding windowz �� �

S�s�c� � �A
��

s bits

c � A

Figure 5.4: Transmitted hopping-sequence c and the corresponding hopping-
sequence S�s�c� in �A.
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Since 
 was chosen such that 
 �
 B�CA� �B�CM� the vector

b��
�
� ��� 
� 
�� � � � � 
n���

lies in the dual space of AM and is orthogonal to all shifts of a�m. By
projecting

�c � S
�s�c� � 
�sb� S

�s�a�m�

on the vector b�� we get

�c � bT�� �
�

�sb� S

�s�m� a�
�
� bT��

� 
�s b � bT��� �z �
�n

�
�
S
�s�m� a�

�
� bT��� �z �

��

� 
�sn�

Since 
 has multiplicative order n, the shift s can be found by

s � � log��n
���c � bT��� mod n� (5.1)

If s is a valid shift, i.e. if s � n � k, then Equation 5.1 suggests that the
transmitted hopping-sequence c is an s-step right-ward cyclic shift of �c and
that it was transmitted beginning at time-slot �s in the current frame. If
s is not a valid shift then �c is discarded. As a final step, we need also to
verify that the decoded hopping-sequence indeed is covered by the time-
frequency matrix z.

After decoding a frame, the decoding window is advanced n� k � � time-
slots.

We end this section by reviewing a fairly long example illustrating how to
apply this decoding algorithm:

Example 5.9 We consider hopping-sequences of length n � � over GF�	�.
LetA � C�� and M � C�:

A � f������� �����
� ����
�� ���
��� ��
���� �
����� 
�����g�

M � f������� ������� ������� ������� ������� 





� ������g�

The vector b is a codeword in C�� where 
 � 	��

b � ��� 
��� 
��� � � � � 
�n��� � �
����
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and the corresponding vector b�� is

b�� � ��� 
� 
�� � � � � 
n��� � �����
�

A systematic generator matrix for the ��� �� � code C � C�  CA  CM is

GC�sys �



� � � � � � �

� � � 
 � 

� � � � � �

�
A �

Consider the three hopping-sequences:

y���� � b� a� �m� � �
���� � ���
�� � ������ � �������

y���� � b� a� �m� � �
���� � �����
 � ������ � �������

y	��� � b� a	 �m	 � �
���� � ��
��� � ������ � �������

In the figure below, these three hopping-sequence are depicted at different
time-shifts in the decoding window; y���� is shifted one time-slot, y���� is
shifted three time-slots and y	��� is not shifted:

�Time

�User

� �z �
Decoding window

	 � � 	  
� � � 	 � �

�  �  � 	

The three information sets are S� � f�� �g, S� � f�� �g and S� � f�� �� �g,
which corresponds to �� codewords in C. In Table 5.4 we have listed all
codewords corresponding to the information sets S�, S� and S�. For each
codeword the shift s is calculated. If the shift is invalid (i.e. if s is strictly
greater than n�k � �) it is put in parentheses. The shifted codeword is then
checked to see if it is covered by the time-frequency matrix. In our case the
only covered hopping-sequences with valid shifts are the ones transmitted.

�
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i�� i�� i� �c �c � bT�� s S
s��c� Covered?

��� ������ � � ������ No
��� ������ � � ������ No
��� ������ 
 ��� N/A Not checked
��� ������ � � ������ Yes
��� ����
� � ��� N/A Not checked
��� ������ � � ������ Yes
��� ������ � �
� N/A Not checked
��� �����
 
 ��� N/A Not checked
��� ���
�
 
 ��� N/A Not checked
��� ������ � � ������ No
��� ������ � � ������ Yes
��� ���
�� � � �����
 No

Table 5.4: The set of codewords that is generated by the information sets.

5.5 Simulations

In order to evaluate the performance of a certain code in the three synchro-
nization situations described above, we have performed computer simula-
tions.

In Figure 5.5 we illustrate how the simulations were performed in the dif-
ferent synchronization situations. We made the assumption that whenever
a user becomes active he will stay active for an extended period of time
and continuously transmit messages over the channel. In each iteration a
fixed number of users, m, is selected and random messages for the users
are generated. (All random distributions used are uniform.) In the non-
synchronous cases the users are also randomly shifted with respect to each
other. Finally a time-frequency matrix is created and decoded.

We define the probability of error, Pe, to be the probability that a given user
is erroneously decoded by the receiver at some given time-slot. The error
events that can occur are the following:

� A user is declared active even though he is silent.

� Multiple messages from the same user are detected.



5.5. Simulations 73

Consider the synchronous and asynchronous case: If EN is the number of
error-events afterN iterations of the simulation, then we define the estimate

�Pe
�
� ��

�
��

EN

N

���T

�

The reason we use this estimate is that the decoding algorithms decode for
all users at the same time and we are interested in the probability of error
for a single user. In the quasi-synchronous case we use

�Pe
�
�EN�N�

since only one user at a time is decoded.

Simulation results

We say that an address-message set pairA,M has order mmax, if in a system
where up to mmax users are simultaneously active, all messages are always
correctly decoded. If the maximum correlation between any two hopping-
sequences isHmax and we have a synchronous communication system, then

mmax �

�
n� �

Hmax

�
� (5.2)

This is easily shown by considering a set A of m transmitted hopping-
sequences. Let c be any hopping-sequence not in A. Recall that the only
type of error that can occur is that the receiver detects more sequences
than was actually transmitted. The receiver will decide that a sequence
has been transmitted whenever it is covered by the time-frequency matrix.
Each of the sequences in A cover at most Hmax symbols in c, and as long
as n � mHmax the sequence c cannot be covered and the output from the
decoder will always be correct.

In a non-synchronous system, each transmitted hopping-sequences can in-
terfere with two hopping-sequences from each of the other users, and we
have

mmax �

�
n� �

�Hmax

�
� (5.3)
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Mode n p Hmax B�CA� B�CM� 
 T M mmax

synch. �� �� � f	�� 	�g f	g — ��� �� 


quasi. �� �� � f	�� 	�g f	g — �� �� �

asynch. �� �� � f	�� 	�g f	g 	�� ��� �� �

synch. �� �	 � f	�� 	�g f	g — ��� �	 	

quasi. �� �	 � f	�� 	�g f	g — 
� �	 �

asynch. �� �	 � f	�� 	�g f	g 	�� ��� �	 �

synch. �� �� � f	�� 	�g f	g — ��� �� �

quasi. �� �� � f	�� 	�g f	g — 
	 �� �

asynch. �� �� � f	�� 	�g f	g 	�� ��� �� �

Table 5.5: The parameters of the three codes used in the simulations for each of
the three synchronization situations.

If we compare Equations 5.2 and 5.3 we see that we can accommodate
approximately twice the number of simultaneously active users in a syn-
chronous system than in the non-synchronous systems.

In Figures 5.6, 5.7 and 5.8 the estimated probability of error �Pe is plotted
against the number of users m. From the figures we see that the error prob-
ability decreases dramatically when the length is increased. If we compare
the codes of length n � �� and n � ��, we see that we can allow between
two and three more users in the latter system at the same probability of er-
ror. It also appears that the bound on the maximum number of active users
(Equation 5.3) is rather conservative; e.g. the asynchronous code of length
n � �� have mmax � � but even for m � 	 the probability of error is not
more than approximately ����.

5.6 Summary

Given a linear cyclic code C, depending on the synchronization situation,
this code can be used in different ways to construct hopping-sequences:

� In the synchronous case a linear subcode of C is used as message set
and the cosets of the message set are distributed to the users. This
implies that all codewords of C may be used as hopping-sequences.
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� In the quasi-synchronous case again a linear subcode of C is used.
We demand that the coset representatives (i.e. the addresses) are all
cyclically distinct. Unless the address set is the repetition code, we
cannot use all codewords of C but only some fraction of them.

� In the asynchronous case the representatives of the cyclic equivalence
classes of size n, i.e. repn�C�, are distributed to the users. Here we use
approximately one n-th of the codewords.

From simulations we have seen that codes for quasi-synchronous commu-
nication yield only slightly worse error-probability than do codes for syn-
chronous communication, but this is mainly a consequence of the fact that
the total number of users, T , in the quasi-synchronous system is much less
than in the synchronous and asynchronous systems.

The simulations show also that the lower bound on the maximum number
of active users in the system (Equation 5.3) is conservative in the sense that
the probability of erroneous decoding is very small even if the number of
active users is considerably larger than the number indicated by the bound.
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Synchronous communication

Quasi-synchronous communication

Asynchronous communication

a� �m�

a� �m�

a� �m�

��
n

a� �m�

a� �m�� a� �m��

��s�

a� �m�� a� �m��

��s�

��
n

a� �m�� a� �m��

�� s�

a� �m�� a� �m�� a� �m��

��s�

a� �m�� a� �m�� a� �m��

��s�

��
k

��
n� k

��
n� k

Figure 5.5: The different synchronization cases with three active users. The ad-
dresses ai � A are all distinct.
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Figure 5.6: The estimated probability of error �Pe plotted against the number of
active users m for the code of length n � �� in Table 5.5. Stars, �, denote
asynchronous communication, circles, �, denote quasi-synchronous communica-
tion and �-marks denote synchronous communication.
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Figure 5.7: The estimated probability of error �Pe plotted against the number of
active users m for the code of length n � �� in Table 5.5. Stars, �, denote
asynchronous communication, circles, �, denote quasi-synchronous communica-
tion and �-marks denote synchronous communication.
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Figure 5.8: The estimated probability of error �Pe plotted against the number of
active users m for the code of length n � � in Table 5.5. Stars, �, denote
asynchronous communication, circles, �, denote quasi-synchronous communica-
tion and �-marks denote synchronous communication.





Chapter 6

Sequences for the OR channel

I have yet to see any problem, however complicated,
which, when you looked at it in the right way,
did not become still more complicated.

Poul Anderson

6.1 Introduction

In this chapter we will study constructions of binary constant-weight se-
quences with low maximum correlation �max. (See Definition 2.2.)

We use p-ary CP codes (where p is an odd prime), similar to those con-
structed in the previous chapter for asynchronous frequency-hopping sys-
tems, to build new codes using concatenation.

Definition 6.1 An �N�w� �max�-code of size M is a set of M binary vectors each
of length N and Hamming weight w. Further, the maximum correlation between
any two (not necessarily distinct) vectors is �max.

Note that in this chapter we use N to denote the length of the code. This is
to avoid any confusion with the length of the outer code whose length will
be denoted by n.

81
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We are interested in the construction of binary constant-weight CP codes
with low maximum correlation �max given a certain size M , length N and
weight w. In Section 6.3 we present some applications where codes with
these properties are useful.

6.2 A new construction

Let CCP be a p-ary CP code of length n, where p is an odd prime. Map each
codeword c � c�c� � � � cn�� in CCP into a binary matrix A of size p�n where
the first column in A corresponds to the first symbol in c, and so forth. The
mapping from the symbols ci to the columns of the matrix A is given by

� ��



BBBBB�

1
0
0
...
0

�
CCCCCA � � ��



BBBBB�

0
1
0
...
0

�
CCCCCA � � � � � p� � ��



BBBBB�

0
0
0
...
1

�
CCCCCA �

These binary vectors constitutes an orthogonal binary cyclic code of length
p and with a minimum distance of two.

The resulting p� n matrix is

A �



BBB�

a��� a��� � � � a��n��
a��� a��� � � � a��n��

...
. . .

...
ap���� ap���� � � � ap���n��

�
CCCA �

If n and p are relatively prime then the Chinese remainder theorem (see e.g.
Niven, Zuckerman and Montgomery [40, Th. 2.18]) specifies a one-to-one
correspondence between such matrices A and np-tuples b � b�b� � � � bnp��
in the manner that

bi � aimodp�imodn (6.1)

for all i, � � i � np. The binary code BCP is then defined to be the set
of binary vectors corresponding to the p-ary codewords in CCP. (Through-
out this chapter, the non-binary CP codes will be denoted by CCP and the
corresponding binary codes by BCP.)
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The code BCP has the same size as CCP, length N � np and weight w � n.
We will return shortly to the correlation properties of BCP.

Blahut [3, Th. 10.2.5] proves that the mapping in Equation 6.1 results in a
cyclic code when both the inner and outer codes are cyclic. Later A, Györfi
and Massey [1] shows that the resulting codewords are cyclically distinct,
whenever the outer code consists of cyclically distinct codewords from a
cyclic code. Kautz and Singleton [18] and Zinoviev [60] constructs good
constant-weight codes using a construction similar to the one presented
above. Instead of using the mapping in Equation 6.1 they use straight con-
catenation.

Since in this thesis we base all of our construction on linear cyclic codes
and we demanded in Section 3.2 that n and p should be relatively prime,
the construction above works on all previous constructed CP codes over
prime fields.

Example 6.1 Recall the CP codes from Example 3.1. We had

CCP � rep�C�� � f����� ����� ����� ����� ����g�

Consider the codeword c � ���� 
 CCP over GF�
�. This codeword maps
into the matrix

A �



BBBB�

� � � �
� � � �
� � � �
� � � �
� � � �

�
CCCCA

and the following binary vector

b � ���������������������

Continuing in the same manner for all the codewords in CCP gives us the
following binary constant-weight code

BCP �

������
�����

��������������������
��������������������
��������������������
��������������������
��������������������

������
�����
�
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The representatives from the second code C�,

CCP � f����� ����� ����� ����� ����� ����g�

yields the following binary codewords

BCP �

��������
�������

��������������������
��������������������
��������������������
��������������������
��������������������
��������������������

��������
�������
�

�

In order to relate the maximum correlation, �max, of the resulting binary CP
code BCP to the minimum distance, dmin, of the original linear cyclic code
C, we use the following theorem:

Theorem 6.1 Let C be a linear cyclic code of length n over GF�p� with non-zeroes
B�C� and let BCP be the binary image of the codewords in repn�C�. If � is not a
non-zero of C then

�max�BCP� � n� dmin�C
��

where C� �
� C � fC � �ng (see Definition 4.2). If � is a non-zero of C then

�max�BCP� � n�

Proof: Let CCP � repn�C� and let CCP be the cyclic extension of CCP (see
Equation 3.1).

We introduce some useful relations that are proved in A, Györfi and Massey
[1, p. 941]. Let c be a codeword from CCP, A the corresponding binary matrix
and b the resulting binary codeword. Further, let R denote the operator
that shifts the columns of a matrix cyclically one step right-wards and let D
denote the operator that shifts the rows cyclically one step down, then:

S
i�c� �� R

i�A�

c� in �� D
i�A�

S�b� �� DR�A��
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From this we can conclude that any shift of b must correspond to some
codeword c in CCP with some constant vector in added to it. Further, since
the inner code is an equidistant binary code with minimum distance two,
each agreement between two symbols at some position in the outer code
will add two to the distance between the binary codewords, hence:

dc�BCP� � � min
c�c��CCP
i�j�GF�p�

dH�c� in� c� � jn�

� � min
c�c��C

i�j�GF�p�

dH�c� in� c� � jn�

� � min
c�C�

i�GF�p�

wH�c� in�

where the dc is the minimum cyclic distance as defined in Equation 2.4. The
inequality follows from the fact that we minimize over C instead of over
CCP which is a strict subset of C.

First assume that � is not a non-zero of C. Adding the vectors �n� �n� � � � � �p�
��n to all codewords in C corresponds to adding a row consisting only of
ones to the generator matrix of C and this is equivalent to adding � to the
non-zeros of C. In our case we do not add the constant vectors to all code-
words, only to the non-zero ones; but since all non-zero constant vectors
have weight n and since we are minimizing over the weight these can be
ignored. Hence,

min
c�C�

i�GF�p�

wH�c� in� � min
c�C�nfing
i�GF�p�

wH�c�

� min
c�C�nf�ng

wH�c� � dmin�C
��

and

dc�BCP� � �dmin�C
���

Since �max � w � dc��, the first part of the theorem follows.

Now assume that � is a non-zero of C. This implies that �n 
 C. If c 
 C is a
codeword of full cyclic order, then the same holds for c� �n. Since n and p
are relatively prime c and c��n must be cyclically distinct. Assume, without
loss of generality, that c and c � �n both belong to CCP. Let A be the binary
matrix corresponding to c and let b be the binary codeword corresponding
to A, then c � �n corresponds to the matrix D�A�. Since the vector Si�b�
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corresponds to the matrix Rimodn�Dimodp�A�� we see that if the following
two congruences

� 	 i �mod n�

� 	 i �mod p�

have a simultaneous solution i then there are codewords in CCP that are not
cyclically distinct, hence dc�BCP� � �. Since n and p are relatively prime
the Chinese remainder theorem guarantees that we indeed have a unique
solution. �

Example 6.2 We will now calculate the maximum correlation of the two
binary CP codes in Example 6.1. Since � 
 B�C�� � f�� �g we see from
Theorem 6.1 that

�max�BCP� � ��

This can in fact be seen directly; all codewords in BCP are cyclically equiva-
lent. Because � �
 B�C�� � f�� �g, the second code has

�max�BCP� � ��

which follows from the fact that C�� is a ��� �� � RS code. �

Using the following lemma we may evaluate the bound in the case when
C� is a dual BCH code with few non-zeroes:

Lemma 6.1 Let C be a linear cyclic code of length n over GF�p� such that � is not
a non-zero of C. Further, let 	 be an n-th primitive root of unity in GF�pm�. If
B�C�� � f	j� � 	j���� � � � � 	j��sg for some integer j� then

dmin�C
�� � n� spm���

Proof: The BCH bound (see e.g. MacWilliams and Sloane [28, Ch. 7, Th. 8])
states that if A�C�� contains d�� successive powers of 	, then dmin�C

�� � d.
Now, since

A�C�� � f	�j��s�p
m����� � � � � 	n���j�p

m��
g

contains n� spm�� � � successive powers of 	, dmin�C
�� � n� spm��. �

We are now ready to give two specific constructions. First we give the pa-
rameters of the resulting binary cyclically permutable code when the code
C� is a dual BCH code, and then we also consider the special case when C�

is a Reed-Solomon code.
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Construction 1 (Dual BCH codes)

Let C be a linear cyclic �n� k code over GF�p� with

B�C�� � f	j� � 	j���� � � � � 	j��sg�

Then the corresponding binary constant-weight CP code has parameters

N � np�

w � n�

�max � spm���

M �
�

n

X
djn

��n�d�qm�d��

where m is the multiplicative order of q modulo n and m�d� is the degree of
the greatest common divisor of the parity-check polynomial of C, h�x� and
xd��. � is the Möbius function. If j� � �� and s � � then from Equation 3.6
follows that

M �
pk � pk��m

n

since both 	 and 	�� have multiplicative order n.

Construction 2 (RS codes)

Let C be a linear cyclic �n� k code over GF�p� with

B�C�� � f	j� � 	j���� � � � � 	j��kg�

The corresponding binary constant-weight CP code has parameters

N � np�

w � n�

�max � k�

M �
�

n

X
djn

��n�d�qm�d� �
pk � pk�v

n
�

where v is the number of elements in B�C� of multiplicative order n and
m�d� is the degree of the greatest common divisor of the parity-check poly-
nomial of C, h�x� and xd � �, and � is the Möbius function. As before, if
j� � �� and k � � then

M �
pk � pk��

n
�
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6.3 Applications

Signature sequences

We will first consider a reservation system using signature sequences. In a
reservation system we have T users that are connected to a receiver through
a common channel. This channel, which we will call the reservation chan-
nel, is used by the transmitters to send identification messages to the re-
ceiver. These messages, the signature sequences, are binary sequences of
length N .

We assume that the time-axis is divided into slots, whose duration corre-
sponds to the time it takes to transmit one binary symbol. The users are
bit-synchronized in the sense that they know the slot boundaries and will
only transmit bits exactly within a slot. Otherwise, the users are unsynchro-
nized. We also assume that there is no immediate feedback available from
the channel to inform the senders of previous channel outputs. This makes
it impossible to use carrier-sensing techniques, such as CSMA, or collision
resultion algorithms (CRA’s).

The task of the receiver is only to determine the set of active users in each
frame of N slots. We call this the identification problem.

In [20, Ch. 5] de Laval presents a satellite communication system that may
be modeled in this way. We assume that messages are sent up to a satellite
and that the satellite retransmits the messages down to the proper node on
earth, see Figure 6.1. The up-link is divided into two separate channels.
One channel, the reservation channel, is used for reserving time-slots in
the other channel, the data channel, where the actual information is trans-
mitted. By using on-off keying as modulation method on the reservation
channel we can model it as a multiple-access OR channel. We think of the
multiple-access OR channel in the following way: If no users are active in
a particular slot, then the output from the channel will be zero during that
slot. Otherwise, if one or more users are active in a slot the output will be
a one. (If activity is represented by a � and inactivity by a �, the channel
performs the logical OR operation; hence the name.)

To user i, where � � i � T , we assign a signature sequence which is a
binary sequence si � si�� si�� � � � � siN of length N and weight w, We say
that a set S � fs�� s�� � � � � sT g consisting of T binary vectors of length N is a
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Figure 6.1: Two possible reservation systems: a mobile radio system (a) and a
satellite network (b).

�T�m�N� signature sequence set if the receiver can correctly identify the set
of active users in each frame of N bits, provided that the number of active
users is at most m in any slot.

The following theorem shows how a signature sequence set can be found
from a CP code:

Theorem 6.2 An �N�w� �max� cyclically permutable code CCP of size M can be
used as a �T �M�m�N� signature sequence set where

m � min

�
M�

�
w � �

�max

�
�

Proof: Let a � a�� a�� � � � � aN�� and b � b�� b�� � � � � bN�� be two binary vec-
tors of length N . The vector a is said to cover b if for all i, � � i � N such
that bi � � we have ai � �.

Consider first the following strategy that allows the receiver to solve the
identification problem: Let � � ��� ��� � � � � �N��� be any received frame of
N bits. The receiver will decide that user i is active in this frame if, and only
if, � covers the signature sequence si. If indeed user i is active in this frame,
we will detect this, but if user i is not frame-active this decision rule might
fail if the number of simultaneously active users is too large.

There are w ones in every codeword in CCP. Take an arbitrary codeword
c 
 CCP. Let A be a subset of m codeword from CCP such that c �
 A. Since



90 Chapter 6. Sequences for the OR channel

the maximum correlation between any two codewords in CCP is �max, each
codeword in A can cover at most �max ones in c. In order to guarantee
that any cyclic superposition of the codewords in A does not cover c, we
require that w � m�max. Also, the number of simultaneously active users
cannot exceed M since this is the number of codewords and we assign one
codeword to each user. �

Example 6.3 Let C be a linear cyclic ���� � code over GF���� with non-
zeroes B�C� � f	� 	�g, where 	 is an element of order �� in GF����. The
corresponding �N � ���� w � ��� �max � �� CP code of size M � �� is then
also a �T � ���m � �� N � ���� signature sequence set. This means that we
can have up to T � �� users in the system and out of these, at least m � �
users can simultaneously make asynchronous reservations in any frame of
N � ��� time-slots. �

Protocol sequences

Closely related to the signature sequences are the protocol sequences used
on the m-active-out-of-T users collision channel without feedback. This channel
model was introduced by Tsybakov and Likhanov [55] and further devel-
oped by Massey and Mathys in [32], and A, Györfi and Massey in [1]. We
follow the description given by Györfi and Vajda in [15].

We have T users each of which occasionally sends a burst of packets over a
common channel. The packets are of fixed length and are assumed to take
values from a finite field GF�Q�, whereQ usually is large. This set of values
will represent the set of possible messages in each package.

As before, we assume that the time axis is divided into time-slots. The du-
ration of these slots corresponds to the time it takes to transmit one packet.
The users are slot-synchronized in the sense that they know the slot bound-
aries and will only transmit packets exactly within a slot. Otherwise, the
users are not synchronized.

If all users are inactive in one particular slot, no information is sent over
the channel and the channel output will be the silence symbol, �. If exactly
one user is active, the output from the channel will be the packet value
q, where q 
 GF�Q�. If two or more packets are sent simultaneously in
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�
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� Time
�
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Output from channel

q�� q�� q�� q��

q�� q�� q�� q��

qT� qT�

� q�� q�� � � q�� q�� q�� � q��

Figure 6.2: The m-active-out-of-T users collision channel without feedback. In
this situation we have m � 	; all packages qij belong to GF�Q�.

one slot we will have a collision and the packets are considered lost. The
channel output will in this case be the collision symbol, �. (See Figure 6.2.)
As before, we also assume that there is no immediate feedback available
from the channel.

To user i, where � � i � T , we assign a protocol sequence which is a binary
sequence si � si�� si�� � � � � siN of length N and weight w, which determines
the way the user transmits his message. The message must first be divided
into packets as described above. Assume that user i becomes active during
slot � after a period of silence. He transmits a packet in slot � � j, where
� � j � N , if sij � � and must be silent in this slot if sij � �. He uses
the protocol sequence periodically until he has no more packets to send.
Since the weight of each vector si is w, the user will transmit w packets
during each frame of N slots. Under conditions we will specify later and
by using redundancy in the transmitted packets, the receiver will be able to
recover those packets lost in collisions. The receiver will need to perform
the following three tasks during each received frame:

1. Determine the set of active users (identification).

2. Find the beginning of the active users’ frames (synchronization).
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3. For each active user, determine the w packets sent by the user in this
frame (decoding).

The first two tasks can be performed as outlined in the proof of Theorem 6.2.
The third task, the problem of coding the packets in such a way that each
user can send � information packets in each frame and the receiver can
correctly decode these packets can be solved in the following way: Each
user uses an �n� � w� k� � �� d� � n� � k� � � � w � � � �� shortened RS
code over GF�Q� to encode the � information packets into w transmitted
packets. Such a code exists provided only that n� � w � Q � �. If a user
has successfully transmitted � packets during a frame, this is equivalent of
having at most n� � � � w � � erasures in the received codeword. Since
the minimum distance of the RS code is d� � w � � � �, the receiver can
always correct these erasures by a standard erasure-correcting algorithm
for RS codes, hence can correctly recover the � informations packets from
the user.

We say that the set S � fs�� s�� � � � � sT g is a �T�m�N� �� protocol sequence
set if each active user can be identified by the receiver, the receiver can syn-
chronize, and each active user achieves at least � successful packet trans-
missions in each frame of N time-slots, provided that at most m out of the
T users are active in any frame. The following theorem (Theorem 4 in A,
Györfi and Massey [1]) shows how protocol sequence sets can be generated
from binary constant-weight CP codes:

Theorem 6.3 For any integer � such that � � � � w, an �N�w� �max� code of
size M is a �T �M�m�N� �� protocol sequence set for

m � min

�
M�

�
w � �

�max

�
�

�
w � �

�max

�
� �


�

Proof: See A, Györfi and Massey [1, p. 948]. �

Example 6.4 Let C be a linear cyclic ��� � code over GF�	� with non-zeroes
B�C� � f	��� 	g, where 	 is a primitive element in GF�	�. The correspond-
ing binary �N � ��� w � �� �max � �� CP code of size M � � is then also
a �T � ��m � �� N � ��� � � �� protocol sequence set. This means that
we can have up to T � � users in the system, each of which can success-
fully transmit at least � � � packets during each frame of N � �� time-slots
provided that no more than m � � users are active in any frame. �
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Optical orthogonal codes

We can briefly mention that the binary constant-weight CP codes with low
correlation �max can also be used as optical orthogonal codes. A typical ap-
plication is coding for non-coherent optical CDMA, see e.g. Salehi [44] or
Salehi and Brackett [45]. The concept of optical orthogonal codes was intro-
duced by Chung, Salehi and Wei [6].

6.4 Evaluation

In this section we will try to evaluate the performance of our construction
in different ways. We begin by comparing it to other closely related con-
structions also using a concatenation between subsets of cyclic codes and
binary orthogonal codes. For the same parameters our construction is bet-
ter than, or equally good as, those constructions. Secondly, we investigate
the asymptotic behavior of the codes (we let the length N tend to infinity).
We show that Construction 2 is, in a certain sense, asymptotically optimal.

Finally, in the last part of this section we compare some constructions of bi-
nary constant-weight cyclically permutable codes by viewing them as sig-
nature sequence sets. Extensive tables of the best known sets of signature
sequences can be found in Appendix B.

Other similar constructions

A, Györfi and Massey [1] use in their Construction V an �n� k RS code over
GF�p� to construct a binary constant-weight CP code. The size of the re-
sulting code is M � pk��. Given the same length, weight and maximum
correlation, Construction 2 yields M � �pk � pk����n codewords which is
strictly greater than pk�� when k � �. If we use a code of non-primitive
length (where n �� p � �) then our construction gives a factor of approxi-
mately �p� ���n more codewords.

A generalization of Construction V was presented by Györfi and Vajda in
[15]. This construction, which instead of using RS codes is based on an
�n� k � rs dual BCH code over GF�p�, gives us M � pk�r codewords. If
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we compare this to our Construction 1, we find that Construction 1 yields
M � �pk � pk��r��n codewords which is strictly greater than pk�r. Again,
if a code of non-primitive length (where n �� pr � �) is used then our con-
struction gives a factor of approximately �pr � ���n more codewords.

Moreno and Zinoviev [37] generalizes Construction V in another way: In-
stead of using a single RS code as an outer code, a direct product of l RS
codes is used. Under certain conditions (j� � � and l � �) this construction
coincides with Construction 2. But by varying j� in Construction 2, which
does not change the parameters of the resulting code, it is in some cases
possible to increase the number of codewords. (See Appendix B for a more
detailed comparison.)

Bounds

It is always interesting to compare explicit code constructions to theoretical
limits. For given weight w, length N and maximum correlation �max we
want the size of the code to be as large as possible.

Definition 6.2 Let ��N�w� �max� denote the maximum size of any �N�w� �max�
CP code.

The function � is unknown for most values of N , w and �max, but some
upper bounds can be found in e.g. Chung, Salehi and Wei [6], Brickell and
Wei [5], Chung and Kumar [7], A, Györfi and Massey [1], and Yang [58].
Note that any construction of an �N�w� �max� CP code provides us with a
lower bound on ��N�w� �max�.

We derive a simple upper bound on the maximum size of a binary constant-
weight CP code by utilizing their relationship to ordinary binary constant-
weight codes. Consider an �N�w� �max� CP code of size M . If we replace all
codewords in this code with their N cyclic shifts, we get a binary constant-
weight code of length N , weight w, minimum distance ��w � �max� and
size MN . Therefore, we can easily modify any upper bound on the size of
a binary constant-weight code to get an upper bound on the size of a binary
constant-weight cyclically permutable code by simply dividing the bound
by the length N . As a consequence of this, we have the following relation

��N�w� �max� �
A�N� ��w � �max�� w�

N
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where A�N� d�w� is the maximum size of any binary constant-weight code
of length N , minimum distance d and weight w. (See MacWilliams and
Sloane [28, Ch. 17, x 1].)

If we combine this with the first Johnson bound (see MacWilliams and
Sloane [28, p. 527])

A�N� ��w � �max�� w� �

�
N

w

�
N � �

w � �
� � �

�
N � �max

w � �max

�
� � �

��

�

�maxY
i��

N � i

w � i
�

N

w

�maxY
i��

N � i

w � i
�

we get

��N�w� �max� �
�

w

�maxY
i��

N � i

w � i
�

In Figures 6.3 and 6.4 we show some examples of how Construction 2 com-
pares to this upper bound. We have plotted the size of codes with maxi-
mum correlation �max � � and �max � �, and length up to N � �
��.

It is also interesting to see how good the constructions are in an asymp-
totic sense when we let the length N tend to infinity. Let us consider the
following function

�
�
� lim

N
�

jBCP�N�w� �max�j

��N�w� �max�
�

where BCP�N�w� �max� are codes from some construction. This function
tells us how “efficient” the construction is for large values of N . Of course,
� can never exceed �. Whenever � � � for some construction we will say
that the construction is asymptotically optimal.

Let us consider the asymptotic behavior of Construction 2. If k is kept fixed,
then we have

jBCPj

��N�w� �max�
�

�
pk � pk��

n

���
�

n

kY
i��

np� i

n� i

�

� �pk � pk���

kY
i��

n� i

np� i
�
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Figure 6.3: The length of the CP code in Construction 2 (stars) plotted against the
upper bound (solid line), �max � �.

Now, let us assume that n is a function of p, in such a way that

lim
p
�

n�p����

then

�pk � pk���
kY
i��

n� i

np� i
� ��� ��p��

kY
i��

�� i�n�p�

�� i��n�p�p�
� �

when p � �. Since jBCPj���N�w� �max� is trivially upper-bounded by �,
and p � � when N � � we get � � � for Construction 2, hence this
construction is asymptotically optimal.

Construction 2 is asymptotically optimal in a wider sense than Construction
V in A, Györfi and Massey [1]. Instead of demanding that n � p��, we need
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Figure 6.4: The length of the CP code in Construction 2 (stars) plotted against the
upper bound (solid line), �max � 	.

only to ensure that n increases without limit as p goes to infinity. Hence,
letting n be a fixed fraction of p� � still give rise to asymptotically optimal
codes.

Viewing the codes as signature sequences

It is always difficult to compare different code constructions when the num-
ber of parameters is large. One possible solution is to reduce the number of
parameters by bringing two or more of them together into a new parameter.

We will evaluate the known constructions of binary constant-weight cycli-
cally permutable codes by investigating their performance as signature se-
quence sets. From Theorem 6.2 we know that a binary constant-weight CP
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code of length N , weight w, maximum correlation �max and size M can be
used as a �T �M�m�N� signature sequence set where

m � min

�
M�

�
w � �

�max

�
�

Let S� and S� be two signature sequence sets with parameters �T��m�� N��
and �T��m�� N�� respectively. We say that S� dominates S� if, and only if,
they have the same order, m� � m�, the length of S� is less than or equal to
the length of S�, N� � N�, and the size of S� is greater then the size of S�,
T� � T�.

Using the constructions of binary constant-weight CP codes that we have
found in the literature (these are summarized in Section B.2), we first gen-
erated the parameters of all corresponding codes. Secondly, we calculated
the parameters of the corresponding signature sequence sets and removed
those who were dominated by another set. The remaining signature se-
quence sets were then sorted according to order and length. The range of
the tables, which can be found in Appendix B, is � � m � �� and, to keep
the tables at a manageable size, the length is limited to N � �����m � ��.

Summary

If we briefly summarize the contents of the tables in Appendix B, we can
directly make the following observations:

� Constructions based on combinatorial structures such as designs and
projective geometries (Construction 1 and 3 in Chung and Kumar [7],
and Theorem 4 in Chung, Salehi and Wei [6]) are only good for small
values of N .

� Constructions based on concatenated codes (Construction 2, Theo-
rem 2 in Moreno and Zinoviev [37], Families B and C in Moreno,
Zhang, Kumar and Zinoviev [36], and Construction VI in A, Györfi
and Massey [1]) are predominant for larger values of N .

� Construction 2 using j� � � yields codes with parameters equivalent
to those from the construction given in Theorem 2 in Moreno and
Zinoviev [37].



Chapter 7

Conclusions

The outcome of any serious research can only be
to make two questions grow where only one grew before.

Thorstein Bunde Veblen

The main focus of this thesis is constructions of spreading sequences for
code-division multiple-access.

The first result that we presented was an efficient algorithm for identify-
ing the cyclically distinct codewords of any linear cyclic code. The algo-
rithm uses a certain partitioning of the code into cyclic subcodes such that
it is easy to find the representatives of the cyclic equivalence classes for
each subcode. The basic idea behind the algorithm is not new, but we have
substantially reduced the complexity of existing algorithms by making the
subcodes as large as possible hence decreasing the number of subcodes we
need to consider.

The representatives found by this algorithm are then used in the subse-
quent chapters to construct different families of spreading sequences with
low correlation, where the correlation measure depends on the application.
Since we use conventional linear cyclic block codes with some predeter-
mined minimum distance as a basis for the constructions we are able to
control the correlation properties of the resulting spreading sequences. This
makes it possible for us to e.g. increase the number of spreading sequences
substantially by slightly increasing the correlation.
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Further, since we select only cyclically distinct codewords from the cyclic
codes, we can also make the spreading sequences synchronizable. This im-
plies that it is possible to relax the synchronization demands between the
users in a multiple-access communication system and may simplify the im-
plementation since we do not need to use a synchronization protocol.

Using the entire set of representatives of the cyclic equivalence classes from
a binary linear cyclic code it is possible to construct sequences suitable for
direct-sequence modulation by a simple mapping of the codeword sym-
bols. From an extensive computer search through codes of primitive length
up to n � ���� we have compiled a list of the best (and also some of the
most well-known) linear families of sequences for direct-sequence modula-
tion. We have also been able to identify some new sets of sequences which
for certain lengths have lower maximum absolute correlation than the dual
three-error correcting BCH sequences. These new sequences may be re-
garded as an extension of the reciprocal m-sequences.

By using codes of larger alphabet we generalized previously known con-
structions of frequency-hopping sequences. By slightly increasing the in-
terference, we can either increase the data rate or the number of users or
both. We proposed a new decoding algorithm for asynchronous multiple-
access frequency-hopping. Instead of using one matched filter for each user,
we take advantage of the algebraic structure of the code. The decoding
algorithm decodes all currently active users simultaneously regardless of
synchronization instead of decoding one user at a time.

Again, by using the entire set of representatives of the cyclic equivalence
classes of a linear cyclic code (but this time using codes with large alpha-
bets) we constructed binary constant-weight cyclically permutable codes.
These codes are constructed using a known, special type of concatenation of
the representatives and binary orthogonal codes. The resulting new codes
are asymptotically optimal in the sense that the ratio between the size of
these codes and an upper bound on the size approaches one as the length
tends to infinity. We also investigated the performance of these codes for fi-
nite lengths: From a large compilation of known constructions of signature
sequence sets it can be seen that some of these newly constructed codes are
the currently best known.



Appendix A

Families of sequences for
direct-sequence modulation

None but a mule denies his family.

Unknown

A.1 Introduction

In this appendix we list some well-known classes of binary PN sequences.
These sequences can all be described as sets of representatives of the cyclic
equivalence classes of binary linear cyclic codes of primitive length, i.e. of
length n � �m � �. The underlying codes are all of low rate, typically in the
range m�n to �m�n.

This overview contains some families of sequences not found in either the
comprehensive survey by Sarwate and Pursley [47] nor in Table 5.20 in Si-
mon et. al. [50]. (We may note that the bound on maximum correlation of
one of the families, Family B from Moreno and Kumar [35], listed in Simon
et. al. was later found to be in error by Lahtonen [19].)

Let 	 be a primitive element in GF��m� and define the two functions

s�m�
�
� � � �m��

and

t�m�
�
� � � �b�m�����c �
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A.2 The families

Maximal-length shift register sequences

Maximal-length shift register sequences (or m-sequences) are a very impor-
tant class of sequences. An m-sequence has a flat autocorrelation function
and can be generated using a linear feedback shift register with a primitive
feedback polynomial. The parameters are

Non-zeroes, B�C� � f	g.
Representatives, repn�C� � fcg, where c 
 C��.
Size, jrepn�C�j � �.
Correlation, � � f��g,

j�jmax � �.

Reciprocal m-sequences

Dowling and McEliece [9] showed that an m-sequence and its reciprocal
can be used to generate a set of sequences having the following properties:

Non-zeroes, B�C� �
�
	� 	��

�
.

Representatives, repn�C� �
�
c� C���

�
� fc�g,

where c 
 C�� and c� 
 C���� .
Size, jrepn�C�j � �m � �.
Correlation, j�jmax � ��m�����.

Gold sequences

Gold [14] showed that certain pairs of m-sequences have favorable cross-
correlation properties. This lead to the discovery of the following set of
sequences:

Non-zeroes, B�C� �
�
	� 	t�m�

�
.

Representatives, repn�C� �
�
c� C�t�m�

�
� fc�g,

where c 
 C�� and c� 
 C�
�t�m� .

Size, jrepn�C�j � �m � �.
Correlation, � � f����t�m�� t�m� � �g,

j�jmax � �b�m�����c � �.
Restriction, m �	 � �mod ��.
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Sarwate [46] points out that the classical decimation t�m� originally given
by Gold is not the only decimation that gives us codes with the correlation
distribution above. Experimentally, other decimations with the same prop-
erties have been found. Any decimation with this correlation property is
called a preferred decimation.

Gold-like sequences

In the construction of Gold sequences above, we demanded that m should
not be a multiple of �. If m indeed is a multiple of �, the sequence generated
by	t�m� is not an m-sequence and we arrive instead at a family of sequences
with the following properties:

Non-zeroes, B�C� �
�
	� 	t�m�

�
.

Representatives, repn�C� � c� C�t�m� , where c 
 C��.
Size, jrepn�C�j � �m.
Correlation, � � f����t�m�� t�m� � ���s�m�� s�m� � �g,

j�jmax � �m���� � �.
Restriction, m 	 � �mod ��.

Sarwate and Pursley [47] attribute this set of sequences to Massey and
Uhran in the unpublished report [33].

Dual BCH sequences

Using the dual of the double-error correcting BCH code (see MacWilliams
and Sloane [28, Ch. 7, Th. 3]) we can derive the following set of sequences:

Non-zeroes, B�C� �
�
	� 	�

�
.

Representatives, repn�C� � c� C�� , where c 
 C��.
Size, jrepn�C�j � �m.
Correlation, � � f����t�m�� t�m� � ���s�m�� s�m� � �g,

j�jmax � �m���� � �.
Restriction, m even.

When m is odd, the parameters of these sequences coincide with those of
the Gold sequences.
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We can also use the dual of the three-error correcting BCH code C to con-
struct a larger set of sequences having fairly good correlation. Let C be of
length n � �m��, wherem � �. The non-zeroes of C areB�C� � f	� 	�� 	
g.
Since the order of 	� is n when m is odd and n�� when m is even, and the
order of 	
 is n�
 whenever m is an integer multiple of � and n otherwise,
we have the following three cases:

Size, jrepn�C�j � �m��m � �� � �.
Correlation, j�jmax � ��m����� � �.
Restriction, m odd.

Size, jrepn�C�j � �m��m � ��� �.
Correlation, j�jmax � �m���� � �.
Restriction, m 	 � �mod ��.

Size, jrepn�C�j � �m��m � ��.
Correlation, j�jmax � �m���� � �.
Restriction, m 	 � �mod ��.

The representatives can be found by the methods described in Chapter 3.

Small set of Kasami sequences

Kasami [17] discovered the following set of sequences while investigating
the weight distribution of certain binary cyclic codes:

Non-zeroes, B�C� �
�
	� 	s�m�

�
.

Representatives, repn�C� � c� C�s�m� , where c 
 C��.
Size, jrepn�C�j � �m��.
Correlation, � � f����s�m�� s�m� � �g,

j�jmax � �m�� � �.
Restriction, m even.

Large set of Kasami sequences

If we combine the non-zeroes of the Gold sequences and those of the small
set of Kasami sequences we arrive at the following set of sequences:
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Non-zeroes, B�C� �
�
	� 	s�m�� 	t�m�

�
.

Representatives, repn�C� �
�
c� Cf�s�m���t�m�g

�
�
�
c� � C�s�m�

�
,

where c 
 C�� and c� 
 C�
�t�m� .

Size, jrepn�C�j � �m����m � ��.
Correlation, � � f����t�m�� t�m� � ���s�m�� s�m� � �g,

j�jmax � �m���� � �.
Restriction, m 	 � �mod ��.

If we instead use the non-zeroes of the Gold-like sequences together with
the non-zeroes of the small set of Kasami sequences we get:

Non-zeroes, B�C� � f	� 	s�m�� 	t�m�g.
Representatives, repn�C� �

�
c� Cf�s�m���t�m�g

�
�

rep
�
C�
�t�m�

�

�
S
j�c�� � � � j � ��m�� � ����

�
where c 
 C�� and c� 
 C�

�s�m� .
Size, jrepn�C�j � �m����m � ��� �.
Correlation, � � f����t�m�� t�m� � ���s�m�� s�m� � �g,

j�jmax � �m���� � �.
Restriction, m 	 � �mod ��.

Sarwate and Pursley [47] attribute these two sets of sequences to Massey
and Uhran in the unpublished report [33].

Very large set of Kasami

It is possible to extend the Kasami sequences even one step further. This is
done by Tarnanen and Tietäväinen in [53] resulting in the following set of
sequences where d � �m���� � �:

Non-zeroes, B�C� �
�
	� 	s�m�� 	t�m�� 	d

�
.

Size, jrepn�C�j � �
m��.
Correlation, j�jmax � �m���� � �.
Restriction, m even.

A closer analysis of the multiplicative orders of the roots shows that

jrepn�C�j �

��
�

�
m�� � ��m��� m 	 � �mod ���

�
m�� � ��m�� � �m�� � �� m 	 � �mod ���

�
m�� � ��m�� � �m�� � �� m 	 � �mod ���

The representatives can be found by the methods described in Chapter 3.
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Niho

In his PhD thesis [39] Niho presented this family of sequences defined for
even m and where d � �m���� � �.

Non-zeroes, B�C� �
�
	� 	d

�
.

Representatives, repn�C� �
�
c� C�d

�
� fc�g where c 
 C�� and c� 
 C�

�d
.

Size, jrepn�C�j � �m � �.
Correlation, � � f����� � �m������� � �m������ �m��g,

j�jmax � �� � �m����.
Restriction, m 	 � �mod ��.

Non-zeroes, B�C� �
�
	� 	d

�
.

Representatives, repn�C� � c� C�d where c 
 C��.
Size, jrepn�C�j � �m.
Correlation, � � f����� � �m������� � �m������ �m��g,

j�jmax � �� � �m����.
Restriction, m 	 � �mod ��.

Irreducible Gold-like sequences

So far in this appendix, we have only considered sequences associated with
binary linear cyclic codes of primitive length. But since there exist binary
linear cyclic codes for all odd lengths it might also be interesting to briefly
mention one construction using linear codes of non-primitive length:

In [34] McEliece shows the existence of a family of sequences similar to
the Gold sequences. Instead of having �m � � sequences of length �m � �,
we have �m � � sequences of length �m � �. Let 	 be an element of order
n � �m � � in GF���m�.

Length, n � �m � �
Non-zeroes, B�C� �

�
	
�

.
Size, jrepn�C�j � �m � �.
Correlation, j�jmax � �b�m�� � ���c � �.

The irreducible Gold-like sequences always have two codewords less than
the Gold sequences but lower j�jmax for even m. For odd m the correlation
is worse.



Appendix B

Best known sets of signature
sequences

The sad truth is that excellence makes people nervous.

Shana Alexander

B.1 Key to the tables

There is one separate table for each value of m. In the first three columns
of the tables we give the parameters of the signature sequence set: order
m, length N and size T . The next two columns are secondary parameters
which show the weight w and maximum correlation �max of the underly-
ing CP code. In the column Construction a short reference is given to the
construction:

Construction 2: This is Construction 2 in Chapter 6 with the parameter j�
specified.

Construction VI in [1]: This construction by A, Györfi and Massey is based
on the concatenation of a p-ary generalized Berlekamp-Justesen code and a
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binary orthogonal code. The parameters of this code are

N � np�

w � n�

�max � k � ��

M � pk���

where p � 
 is an odd prime, n � 
 is a divisor of p� � and k (
 � k � n) is
odd.

Theorem 4 in [6]: This construction by Chung, Salehi and Wei uses the lines
in the projective geometryPG�d� q�). The code has the following parameters

N �
qd�� � �

q � �
�

w � q � ��

�max � ��

M �

�
N � �

w�w � ��

�
�

where q is a prime power and d an integer greater than one. This construc-
tion is optimal in the sense that the size is maximal.

Construction 1 in [7]: Chung and Kumar base this construction on finite
field theory and is optimal in the sense that the size is maximal. The pa-
rameters are

N � p�m � ��

w � pm � ��

�max � ��

M � pm � ��

where p is a prime and m is an integer greater than or equal to one.
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Construction 3 in [7]: This construction by Chung and Kumar is based on
balanced incomplete block designs. The parameters are

N � w�w � ��r � ��

w � �m�

�max � ��

M � r�

where m and r are integers making N prime. The exact conditions for the
existence of codes with these parameters are given by Chung and Kumar in
[7, p. 870]. This construction is optimal in the sense that the size is maximal.

Theorem 2 in [37]: This construction by Moreno and Zinoviev is based
on the concatenation of two codes. The outer code is the direct product of l
cyclic codes and the inner code is a binary orthogonal code. The parameters
of this code are

N � mq�

w � m�

�max � t�

M �
�

N

X
djm

��d�qd�t����de�

where � is the Möbius function, q � p�p� � � � pl is a product of l distinct
primes, m is an integer that is relatively prime to pi � � for all i, � � i � l,
and t is an integer such that � � t � m.

Family A, B and C in [36]: Moreno, Zhang, Kumar and Zinoviev [36] use
the following method in their construction of CP codes: Let n� and n� be
two relatively prime integers and consider functions, f , mapping the ring
of integers modulo n� into the ring of integers modulo n�:

f � Zn� �� Zn��

These mappings can be expressed as binary n� � n� matrices A � faijg
where aij � � if, and only if, f�i� � j. The matrices A are then mapped into
binary vectors of length n�n�. The binary vectors are the codewords in the
CP code.
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By a careful selection of functions, good classes of CP codes can be con-
structed. Three different families of functions (two polynomial and one
rational) are used which corresponds to three different families of constant-
weight CP codes, families A, B and C.

Family B: This construction is based on polynomial functions and the pa-
rameters are

N � �q � ��p�

w � p� t�

�max � t�

M �
q�qt � ��

p�q � ��
�

where p is a prime, q � pa where a is a positive integer and t is an integer
such that � � t � p� �.

Family C: This construction is based on rational functions and the parame-
ters are

N � m�q � ���

w � m�

�max � �t�

M �

�����
����

q�t�� � q

m�q � ��
� � � t � 


�
q�t�� � q�t�
��

m�q � ��
� t � �

�

where p is a prime, q � pa where a is a positive integer, m is a divisor of
q�� such that m and q�� are relatively prime, and t is an integer such that
� � t � m��.

B.2 List of constructions

Beside the constructions found in Chapter 6 in this thesis, constructions
from the following articles have been considered in the making of the ta-
bles. These also include the constructions above.
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� Constructions V and VI in A, Györfi and Massey [1].

� Families A, B and C in Moreno, Zhang, Kumar and Zinoviev [36].

� The construction of CP codes based on BCH codes over GF�p� in
Györfi and Vajda [15].

� Theorem 2 in Moreno and Zinoviev [37].

� Theorems 4 and 5 in Chung, Salehi and Wei [6].

� Constructions 1, 2 and 3 in [7].

� Prime sequences in Shaar and Davies [48].

� Quadratic congruence codes in Marić, Kostić and Titlebaum [31].

� Extended quadratic congruence codes in Marić [30].

B.3 Other constructions

There are of course more constructions of binary constant-weight CP codes,
than those listed above. We have focused on explicit constructions. Com-
puter based search algorithms can be found in e.g. Neumann [38], Maracle
and Wolverton [29] and, Reed and Wolverton [41]. In Chung, Salehi and
Wei [6, Sec. C] two different types of greedy search algorithms are evalu-
ated.

There is a close connection between binary constant-weight CP codes and
binary constant-weight cyclic codes, which can be illustrated in the follow-
ing way. Let BCP be an �N�w� �� CP code. Replace each codeword in BCP
with all its cyclic shifts. The resulting code is a constant-weight cyclic code
of the same length and weight, and with minimum distance dmin � ��w���.
A natural method of constructing CP codes is to reverse this operation and
simply pick one representative from each cyclic equivalence class in a bi-
nary constant-weight cyclic code.

Another approach is to use an arbitrary binary cyclic code. In order to obtain
an �N�w� �� CP code we need to consider the codewords of weight w in a
code C of minimum distance dmin�C� � ��w����� and length N . We select
one representative from each cyclic equivalence class and we get a code of
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size M � A�w��N , where A is the weight distribution of C. We have an
inequality because we do not know the cyclic order of the codewords, but if
we demand that N and w are relatively prime then all codewords of weight
w must have full cyclic order and we have equality.

The main drawback with these two approaches is that no effective selection
procedure is known. We may note that in the first reference on CP codes,
[13], Gilbert considered a construction based on cyclic single error correct-
ing Hamming codes.
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B.4 The tables

m N T w �max Construction
3 40 3 4 1 Theorem 4 in [6]
3 48 5 8 2 Construction 1 in [7]
3 63 8 7 2 Family C in [36]
3 109 9 4 1 Construction 3 in [7]
3 110 132 10 3 Construction 2 using j� � �
3 110 132 10 3 Theorem 2 in [37]
3 156 183 10 3 Family B in [36]
3 253 1106 11 3 Construction 2 using j� � �
3 253 1106 11 3 Theorem 2 in [37]
3 255 4112 15 4 Family C in [36]
3 272 88723 16 5 Construction 2 using j� � �
3 272 88723 16 5 Theorem 2 in [37]
3 342 137540 18 5 Construction 2 using j� � �
3 342 137540 18 5 Theorem 2 in [37]
3 506 ��
�	� � ��� 22 7 Construction 2 using j� � �
3 506 ��
�	� � ��� 22 7 Theorem 2 in [37]
3 812 
����� � ���� 28 9 Construction 2 using j� � ��
3 930 ������ � ���� 30 9 Construction 2 using j� � ��
3 1023 ��
��� � ���� 31 10 Family C in [36]
3 1332 ������ � ���
 36 11 Construction 2 using j� � �
3 1332 ������ � ���
 36 11 Theorem 2 in [37]
3 1640 ������ � ���� 40 13 Construction 2 using j� � ��
3 1640 ������ � ���� 40 13 Theorem 2 in [37]
3 1806 ������ � ���� 42 13 Construction 2 using j� � ��

Table B.1: Signature sequence sets of order m � 	 and length N � ����. See
Section 6.4.
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m N T w �max Construction
4 63 6 9 2 Construction 1 in [7]
4 80 7 10 2 Construction 1 in [7]
4 110 12 10 2 Construction 2 using j� � ��
4 110 12 9 2 Family B in [36]
4 171 40 9 2 Construction 2 using j� � �
4 171 40 9 2 Theorem 2 in [37]
4 272 307 14 3 Family B in [36]
4 342 7238 18 4 Construction 2 using j� � ��
4 506 292537 22 5 Construction 2 using j� � �
4 506 292537 22 5 Theorem 2 in [37]
4 812 ������ � ��� 28 6 Construction 2 using j� � ��
4 930 ���	�� � ��� 30 7 Construction 2 using j� � ��
4 1332 ��	
�� � ���� 36 8 Construction 2 using j� � ��
4 1640 �����
 � ���� 40 9 Construction 2 using j� � �
4 1640 �����
 � ���� 40 9 Theorem 2 in [37]
4 1806 
���
� � ��� 42 10 Construction 2 using j� � �

4 2162 
��	�� � ���	 46 11 Construction 2 using j� � �
4 2162 
��	�� � ���	 46 11 Theorem 2 in [37]
4 2756 ����	� � ���� 52 12 Construction 2 using j� � ��

Table B.2: Signature sequence sets of order m � � and length N � 	���. See
Section 6.4.
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m N T w �max Construction
5 120 9 12 2 Construction 1 in [7]
5 156 14 11 2 Family B in [36]
5 156 14 12 2 Construction 2 using j� � ��
5 253 48 11 2 Construction 2 using j� � �
5 253 48 11 2 Theorem 2 in [37]
5 272 306 16 3 Construction 2 using j� � �
5 272 306 16 3 Theorem 2 in [37]
5 342 381 16 3 Family B in [36]
5 506 12719 22 4 Construction 2 using j� � ��
5 812 732511 28 5 Construction 2 using j� � �
5 812 732511 28 5 Theorem 2 in [37]
5 930 954305 26 5 Family B in [36]
5 1023 ���
�	 � ��� 31 6 Family C in [36]
5 1332 ����	� � ��� 36 7 Construction 2 using j� � ��
5 1640 ������ � ��� 40 7 Construction 2 using j� � ��
5 1806 ��	��� � ���� 42 8 Construction 2 using j� � ��
5 2162 ������ � ���� 46 9 Construction 2 using j� � �
5 2162 ������ � ���� 46 9 Theorem 2 in [37]
5 2756 ������ � ���
 52 10 Construction 2 using j� � ��
5 3422 
����� � ���� 58 11 Construction 2 using j� � �
5 3422 
����� � ���� 58 11 Theorem 2 in [37]
5 3660 	��
�� � ���� 60 11 Construction 2 using j� � ��
5 3660 	��
�� � ���� 60 11 Theorem 2 in [37]

Table B.3: Signature sequence sets of order m � � and length N � ����. See
Section 6.4.
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m N T w �max Construction
6 168 11 14 2 Construction 1 in [7]
6 364 54 13 2 Family C in [36]
6 406 60 14 2 Construction 2 using j� � ��
6 506 553 20 3 Family B in [36]
6 812 25260 25 4 Family B in [36]
6 930 30784 27 4 Family B in [36]
6 1332 ������ � ��	 32 5 Family B in [36]
6 1640 ����	
 � ��� 40 6 Construction 2 using j� � ��
6 1806 ��
�
� � ��� 37 6 Family B in [36]
6 2162 ������ � ���� 46 7 Construction 2 using j� � �
6 2162 ������ � ���� 46 7 Theorem 2 in [37]
6 2756 ����	� � ���� 52 8 Construction 2 using j� � ��
6 3422 ������ � ��� 58 9 Construction 2 using j� � �
6 3422 ������ � ��� 58 9 Theorem 2 in [37]
6 3660 ������ � ��� 60 9 Construction 2 using j� � ��
6 4095 ������ � ���	 63 10 Family C in [36]
6 4422 ��	��� � ���	 66 10 Construction 2 using j� � �

6 4970 �����	 � ���� 70 11 Construction 2 using j� � ��
6 4970 �����	 � ���� 70 11 Theorem 2 in [37]

Table B.4: Signature sequence sets of order m � � and length N � ����. See
Section 6.4.
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m N T w �max Construction
7 255 16 15 2 Family C in [36]
7 272 18 15 2 Family B in [36]
7 272 18 16 2 Construction 2 using j� � ��
7 465 64 15 2 Construction 2 using j� � �
7 465 64 15 2 Theorem 2 in [37]
7 506 552 22 3 Construction 2 using j� � �
7 506 552 22 3 Theorem 2 in [37]
7 870 841 30 4 Construction VI in [1]
7 930 30782 30 4 Construction 2 using j� � ��
7 1023 32800 31 4 Family C in [36]
7 1332 ������ � ��	 36 5 Construction 2 using j� � �
7 1332 ������ � ��	 36 5 Theorem 2 in [37]
7 1640 ������ � ��	 36 5 Family B in [36]
7 1806 ��
��� � ��	 38 5 Family B in [36]
7 2162 ������ � ��� 46 6 Construction 2 using j� � ��
7 2756 ���
�� � ���� 52 7 Construction 2 using j� � �
7 2756 ���
�� � ���� 52 7 Theorem 2 in [37]
7 3422 ��
��� � ���� 58 8 Construction 2 using j� � ��
7 3660 ����
� � ���� 60 8 Construction 2 using j� � ��
7 4095 ������ � ���� 63 8 Family C in [36]
7 4422 ������ � ��� 66 9 Construction 2 using j� � ��
7 4970 ��
��� � ��� 70 9 Construction 2 using j� � ��
7 5256 
����� � ���	 72 10 Construction 2 using j� � �


Table B.5: Signature sequence sets of order m � 
 and length N � ����. See
Section 6.4.
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m N T w �max Construction
8 255 14 17 2 Construction 1 in [7]
8 288 15 18 2 Construction 1 in [7]
8 342 20 17 2 Family B in [36]
8 342 20 18 2 Construction 2 using j� � ��
8 666 76 18 2 Construction 2 using j� � ��
8 812 871 26 3 Family B in [36]
8 1332 52060 33 4 Family B in [36]
8 1806 ��
��� � ��	 42 5 Construction 2 using j� � �
8 1806 ��
��� � ��	 42 5 Theorem 2 in [37]
8 2162 ����
� � ��	 42 5 Family B in [36]
8 2756 ������ � ��� 52 6 Construction 2 using j� � ��
8 3422 ������ � ���� 58 7 Construction 2 using j� � �
8 3422 ������ � ���� 58 7 Theorem 2 in [37]
8 3660 
���	� � ���� 60 7 Construction 2 using j� � ��
8 4422 ���
�
 � ���� 66 8 Construction 2 using j� � ��
8 4970 ����
� � ���� 70 8 Construction 2 using j� � ��
8 5256 ������ � ���� 65 8 Family B in [36]
8 6162 ��
��� � ���
 78 9 Construction 2 using j� � ��
8 6806 ������ � ���� 82 10 Construction 2 using j� � ��

Table B.6: Signature sequence sets of order m �  and length N � 
���. See
Section 6.4.
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m N T w �max Construction
9 360 17 20 2 Construction 1 in [7]
9 812 870 28 3 Construction 2 using j� � �
9 812 870 28 3 Theorem 2 in [37]
9 930 993 28 3 Family B in [36]
9 1406 1369 38 4 Construction VI in [1]
9 1640 70644 37 4 Family B in [36]
9 1806 81400 39 4 Family B in [36]
9 2162 ����
	 � ��	 46 5 Construction 2 using j� � �
9 2162 ����
	 � ��	 46 5 Theorem 2 in [37]
9 2756 ������ � ��	 48 5 Family B in [36]
9 3422 	��	�
 � ��� 58 6 Construction 2 using j� � ��
9 3660 ��
��	 � ��� 55 6 Family B in [36]
9 4422 ������ � ���� 66 7 Construction 2 using j� � ��
9 4970 ������ � ���� 64 7 Family B in [36]
9 5256 ��
��� � ���� 66 7 Family B in [36]
9 6162 ����
� � ���� 78 8 Construction 2 using j� � ��
9 6806 ���	�� � ���
 82 9 Construction 2 using j� � �
9 6806 ���	�� � ���
 82 9 Theorem 2 in [37]
9 7832 ������ � ���
 88 9 Construction 2 using j� � �
9 7832 ������ � ���
 88 9 Theorem 2 in [37]

Table B.7: Signature sequence sets of order m � � and length N � ���. See
Section 6.4.
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m N T w �max Construction
10 506 24 21 2 Family B in [36]
10 506 24 22 2 Construction 2 using j� � ��
10 903 88 21 2 Construction 2 using j� � �
10 903 88 21 2 Theorem 2 in [37]
10 1365 192 21 2 Family C in [36]
10 1474 204 22 2 Construction 2 using j� � ��
10 1722 1681 42 4 Construction VI in [1]
10 1806 81398 42 4 Construction 2 using j� � ��
10 2162 106080 43 4 Family B in [36]
10 2756 ������ � ��	 52 5 Construction 2 using j� � �
10 2756 ������ � ��	 52 5 Theorem 2 in [37]
10 3422 ������ � ��� 54 5 Family B in [36]
10 3782 ������ � ��� 62 6 Construction VI in [1]
10 4095 ���	�� � ��� 63 6 Family C in [36]
10 4422 ���	�� � ��� 61 6 Family B in [36]
10 4970 ������ � ��� 65 6 Family B in [36]
10 5256 ��
��� � ���� 72 7 Construction 2 using j� � ��
10 6162 ������ � ���� 72 7 Family B in [36]
10 6806 ��	��	 � ���� 82 8 Construction 2 using j� � ��
10 7832 ���	�� � ���� 81 8 Family B in [36]

Table B.8: Signature sequence sets of order m � �� and length N � ����. See
Section 6.4.
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m N T w �max Construction
11 528 21 24 2 Construction 1 in [7]
11 1081 96 23 2 Construction 2 using j� � �
11 1081 96 23 2 Theorem 2 in [37]
11 1332 1407 34 3 Family B in [36]
11 2162 106079 46 4 Construction 2 using j� � ��
11 3422 ������ � ��� 58 5 Construction 2 using j� � �
11 3422 ������ � ��� 58 5 Theorem 2 in [37]
11 3660 ����		 � ��� 56 5 Family B in [36]
11 4556 ����
� � ��� 68 6 Construction VI in [1]
11 4970 ������ � ��� 70 6 Construction 2 using j� � ��
11 5256 ������ � ��� 67 6 Family B in [36]
11 6162 ������ � ���� 78 7 Construction 2 using j� � ��
11 6806 ������ � ���� 82 7 Construction 2 using j� � �
11 6806 ������ � ���� 82 7 Theorem 2 in [37]
11 7832 
����� � ���� 82 7 Family B in [36]
11 9312 ������ � ���� 89 8 Family B in [36]

Table B.9: Signature sequence sets of order m � �� and length N � �����. See
Section 6.4.

m N T w �max Construction
12 624 23 26 2 Construction 1 in [7]
12 1378 108 26 2 Construction 2 using j� � ��
12 1640 1723 38 3 Family B in [36]
12 2756 151740 49 4 Family B in [36]
12 4422 ����
� � ��� 62 5 Family B in [36]
12 5402 ������ � ��� 74 6 Construction VI in [1]
12 6162 �����
 � ��� 73 6 Family B in [36]
12 6806 ����	� � ��� 77 6 Family B in [36]
12 7832 
����� � ���� 88 7 Construction 2 using j� � �
12 7832 
����� � ���� 88 7 Theorem 2 in [37]
12 9312 �����
 � ���� 90 7 Family B in [36]
12 10100 ������ � ��� 100 8 Construction 2 using j� � ��
12 10506 ������ � ��� 102 8 Construction 2 using j� � ��

Table B.10: Signature sequence sets of order m � �� and length N � �����. See
Section 6.4.
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m N T w �max Construction
13 728 25 28 2 Construction 1 in [7]
13 812 30 27 2 Family B in [36]
13 812 30 28 2 Construction 2 using j� � ��
13 1640 1722 40 3 Construction 2 using j� � �
13 1640 1722 40 3 Theorem 2 in [37]
13 1806 1893 40 3 Family B in [36]
13 2862 2809 54 4 Construction VI in [1]
13 3403 13946 41 3 Construction 2 using j� � �
13 3403 13946 41 3 Theorem 2 in [37]
13 3422 208920 55 4 Family B in [36]
13 4422 ����
� � ��� 66 5 Construction 2 using j� � �
13 4422 ����
� � ��� 66 5 Theorem 2 in [37]
13 4970 ��
		
 � ��� 66 5 Family B in [36]
13 5256 ���	�� � ��� 68 5 Family B in [36]
13 6320 ����
� � ��� 80 6 Construction VI in [1]
13 6806 ����	� � ��� 82 6 Construction 2 using j� � ��
13 7832 
���	
 � ��� 83 6 Family B in [36]
13 9312 �����
 � ���� 96 7 Construction 2 using j� � ��
13 10100 ���	�� � ���� 94 7 Family B in [36]
13 10506 ����
� � ���� 96 7 Family B in [36]
13 11342 ������ � ��� 106 8 Construction 2 using j� � ��
13 11772 ����
� � ��� 108 8 Construction 2 using j� � ��

Table B.11: Signature sequence sets of order m � �	 and length N � �����. See
Section 6.4.
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m N T w �max Construction
14 840 27 30 2 Construction 1 in [7]
14 930 32 29 2 Family B in [36]
14 930 32 30 2 Construction 2 using j� � ��
14 1711 120 29 2 Construction 2 using j� � �
14 1711 120 29 2 Theorem 2 in [37]
14 1830 124 30 2 Construction 2 using j� � ��
14 2162 2257 44 3 Family B in [36]
14 3422 208919 58 4 Construction 2 using j� � ��
14 3660 230764 57 4 Family B in [36]
14 5256 ���	�� � ��� 72 5 Construction 2 using j� � �
14 5256 ���	�� � ��� 72 5 Theorem 2 in [37]
14 6162 ������ � ��� 74 5 Family B in [36]
14 7832 
���	
 � ��� 88 6 Construction 2 using j� � ��
14 10100 ���	�� � ���� 100 7 Construction 2 using j� � ��
14 10506 ����
� � ���� 102 7 Construction 2 using j� � ��
14 11342 ��
��� � ���� 100 7 Family B in [36]
14 11772 ������ � ���� 102 7 Family B in [36]
14 12882 ������ � ���� 114 8 Construction VI in [1]

Table B.12: Signature sequence sets of order m � �� and length N � �	���. See
Section 6.4.
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m N T w �max Construction
15 960 29 32 2 Construction 1 in [7]
15 1023 32 31 2 Family C in [36]
15 2162 2256 46 3 Construction 2 using j� � �
15 2162 2256 46 3 Theorem 2 in [37]
15 3782 3721 62 4 Construction VI in [1]
15 4095 262208 63 4 Family C in [36]
15 4422 305320 63 4 Family B in [36]
15 6162 ������ � ��� 78 5 Construction 2 using j� � �
15 6162 ������ � ��� 78 5 Theorem 2 in [37]
15 6806 �����	 � ��� 78 5 Family B in [36]
15 9312 ���	�� � ��� 91 6 Family B in [36]
15 10100 �����
 � ���� 95 6 Family B in [36]
15 11342 ��
��� � ���� 106 7 Construction 2 using j� � �
15 11342 ��
��� � ���� 106 7 Theorem 2 in [37]
15 11772 ������ � ���� 108 7 Construction 2 using j� � ��
15 12656 �����
 � ���� 106 7 Family B in [36]

Table B.13: Signature sequence sets of order m � �� and length N � �����. See
Section 6.4.

m N T w �max Construction
16 1023 30 33 2 Construction 1 in [7]
16 2211 136 33 2 Construction 2 using j� � �
16 2211 136 33 2 Theorem 2 in [37]
16 2756 2863 50 3 Family B in [36]
16 4422 305318 66 4 Construction 2 using j� � ��
16 4970 363024 67 4 Family B in [36]
16 6806 �����	 � ��� 82 5 Construction 2 using j� � �
16 6806 �����	 � ��� 82 5 Theorem 2 in [37]
16 7832 ����

 � ��� 84 5 Family B in [36]
16 9506 ���
�� � ��� 98 6 Construction VI in [1]
16 10100 �����
 � ���� 100 6 Construction 2 using j� � ��
16 10506 ���	�� � ���� 97 6 Family B in [36]
16 11342 ����
� � ���� 101 6 Family B in [36]

Table B.14: Signature sequence sets of order m � �� and length N � �����. See
Section 6.4.
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m N T w �max Construction
17 1332 38 35 2 Family B in [36]
17 1332 38 36 2 Construction 2 using j� � ��
17 2485 144 35 2 Construction 2 using j� � �
17 2485 144 35 2 Theorem 2 in [37]
17 2628 148 36 2 Construction 2 using j� � ��
17 2756 2862 52 3 Construction 2 using j� � �
17 2756 2862 52 3 Theorem 2 in [37]
17 4970 363023 70 4 Construction 2 using j� � ��
17 5256 394420 69 4 Family B in [36]
17 7832 ����

 � ��� 88 5 Construction 2 using j� � �
17 7832 ����

 � ��� 88 5 Theorem 2 in [37]
17 10712 ����

 � ��� 104 6 Construction VI in [1]
17 11342 ����
� � ���� 106 6 Construction 2 using j� � ��
17 11772 ��

�� � ���� 103 6 Family B in [36]
17 12656 ���
�� � ���� 107 6 Family B in [36]

Table B.15: Signature sequence sets of order m � �
 and length N � �����. See
Section 6.4.

m N T w �max Construction
18 1368 35 38 2 Construction 1 in [7]
18 3422 3541 56 3 Family B in [36]
18 5402 5329 74 4 Construction VI in [1]
18 6162 499360 75 4 Family B in [36]
18 9312 ����
� � ��� 92 5 Family B in [36]
18 11990 ������ � ��� 110 6 Construction VI in [1]
18 12656 ���
�� � ���� 112 6 Construction 2 using j� � ��

Table B.16: Signature sequence sets of order m � � and length N � �
���. See
Section 6.4.
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m N T w �max Construction
19 1640 42 39 2 Family B in [36]
19 1640 42 40 2 Construction 2 using j� � ��
19 3081 160 39 2 Construction 2 using j� � �
19 3081 160 39 2 Theorem 2 in [37]
19 3422 3540 58 3 Construction 2 using j� � �
19 3422 3540 58 3 Theorem 2 in [37]
19 3660 3783 58 3 Family B in [36]
19 6162 499358 78 4 Construction 2 using j� � ��
19 6806 578760 79 4 Family B in [36]
19 9312 ����
� � ��� 96 5 Construction 2 using j� � �
19 9312 ����
� � ��� 96 5 Theorem 2 in [37]
19 10100 ���
�� � ��� 96 5 Family B in [36]
19 10506 �����
 � ��� 98 5 Family B in [36]

Table B.17: Signature sequence sets of order m � �� and length N � ����. See
Section 6.4.

m N T w �max Construction
20 1680 39 42 2 Construction 1 in [7]
20 1806 44 41 2 Family B in [36]
20 1806 44 42 2 Construction 2 using j� � ��
20 3403 168 41 2 Construction 2 using j� � �
20 3403 168 41 2 Theorem 2 in [37]
20 5334 384 42 2 Construction 2 using j� � ��
20 6806 578759 82 4 Construction 2 using j� � ��
20 10506 �����
 � ��� 102 5 Construction 2 using j� � �
20 10506 �����
 � ��� 102 5 Theorem 2 in [37]
20 11342 ������ � ��� 102 5 Family B in [36]
20 11772 �����	 � ��� 104 5 Family B in [36]
20 16002 ������ � ���� 121 6 Family B in [36]
20 17030 ����	� � ���� 125 6 Family B in [36]

Table B.18: Signature sequence sets of order m � �� and length N � �����. See
Section 6.4.
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[31] S. V. Marić, Z. I. Kostić, and E. L. Titlebaum. A new family of op-
tical code sequences for use in spread-spectrum fiber-optic local area
networks. IEEE Transactions on Communication, COM-41(8):1217–1221,
August 1993.

[32] J. L. Massey and P. Mathys. The collision channel without feedback.
IEEE Transactions on Information Theory, IT-31(2):192–204, March 1985.

[33] J. L. Massey and J. J. Uhran, Jr. Final report for multipath study. Techni-
cal report, Univ. Notre Dame, Notre Dame, IN, 1969. Contract NAS5-
10786, Unpublished.

[34] R. J. McEliece. Correlation properties of sets of sequences derived from
irreducible cyclic codes. Information and Control, 45:18–25, 1980.



130 BIBLIOGRAPHY

[35] O. Moreno and P. V. Kumar. Minimum distance bounds for cyclic
codes and Deligne’s theorem. IEEE Transactions on Information Theory,
IT-39(5):1524–1534, September 1993.

[36] O. Moreno, Z. Zhang, P. V. Kumar, and V. A. Zinoviev. New construc-
tions of optimal cyclically permutable constant weight codes. IEEE
Transactions on Information Theory, 41(2):448–455, March 1995.

[37] O. Moreno and V. A. Zinoviev. On cyclic constant weight codes. In
Sixth Joint Swedish-Russian International Workshop on Information Theory,
pages 413–417, Mölle, Sweden, August 1993.

[38] P. G. Neumann. On a class of cyclically permutable error-correcting
codes. IEEE Transactions on Information Theory, IT-10:75–78, January
1964.

[39] Y. Niho. Multi-valued cross-correlation function between two maximal liear
recursive sequences. PhD thesis, University of Southern California, Los
Angeles, CA, 1972.

[40] I. Niven, H. S. Zuckerman, and H. L. Montgomery. An Introduction to
the Theory of Numbers. John Wiley & Sons, Inc., fifth edition, 1991.

[41] G. R. Redinbo and J. R. Wolcott. Systematic construction of cyclically
permutable code words. IEEE Transactions on Communication, COM-
23(7):786–789, July 1975.

[42] I. S. Reed. kth-Order near-orthogonal codes. IEEE Transactions on In-
formation Theory, IT-17(1):116–117, January 1971.

[43] I. S. Reed and C. T. Wolverton. The systematic selection of cyclically
equivalent codes. IEEE Transactions on Information Theory, IT-18(2):304–
307, March 1972.

[44] J. A. Salehi. Code division multiple-access techniques in optical fiber
networks—Part I: Fundamental principles. IEEE Transactions on Com-
munication, COM-37(8):824–833, August 1989.

[45] J. A. Salehi and C. A. Brackett. Code division multiple-access tech-
niques in optical fiber networks—Part II: Systems performance analy-
sis. IEEE Transactions on Communication, COM-37(8):834–842, August
1989.



BIBLIOGRAPHY 131

[46] D. V. Sarwate. Sequences for spread-spectrum multiple-access com-
munications. In S. B. Wicker and V. K. Bhargava, editors, Reed-Solomon
Codes and Their Applications, chapter 9, pages 175–204. IEEE Press, 1994.

[47] D. V. Sarwate and M. B. Pursley. Crosscorrelation properties of pseu-
dorandom and related sequences. Proceedings of the IEEE, 68(5):593–
619, May 1980.

[48] A. A. Shaar and P. A. Davies. Prime sequences: Quasi-optimal se-
quences for OR-channel code division multiplexing. Electronic Letters,
19(21):888–889, October 1983.

[49] V. M. Sidel’nikov. On mutual correlation of sequences. Soviet Math.
Dokl., 12(1):197–201, 1971.

[50] M. K. Simon, J. K. Omura, R. A. Scholtz, and B. K. Levitt. Spread
spectrum communications handbook. McGraw-Hill, Inc., revised edition,
1994.

[51] G. Solomon. Optimal frequency hopping sequences for multiple ac-
cess. In Proceedings of a Symposium on Spread Spectrum Communication,
volume 1, AD-915852, pages 33–35, July 1973.

[52] H. Y. Song, I. S. Reed, and S. W. Golomb. On the nonperiodic cyclic
equivalence classes of Reed-Solomon codes. IEEE Transactions on In-
formation Theory, IT-39(4):1431–1434, July 1993.
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