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2 INTRODUCTION 
In a structural integrity assessment, a proper determination of a limit load is crucial in many 
applications. For a structure containing a known or postulated crack-like flaw, this may be done 
following the R6 procedure [1], in which the limit load is one of the parameters needed in order to 
evaluate the failure load of the structure. Thus, a surface defect in a structure may often be simplified 
to a surface crack defined by some geometrical shape.  
 
In the R6 procedure, the limit load can be defined either as a global limit load or as a local limit load. 
The global limit load, sometimes referred to as the net-section limit load, is the load at which the 
displacements become unbounded and corresponds to the maximum load-bearing capacity of the 
cracked component. The local limit load is the load needed to cause plasticity to spread across the 
remaining ligament of the crack plane. For part-through-thickness cracks, the limit load may be taken 
conservatively as the local limit load [1]. The local limit load is always less than or equal to the global 
limit load [1]. 
 
The objective of this study is to develop new local limit load solutions for plates containing shallow 
and deep surface cracks under combined membrane and bending load. Two sets of local limit load 
solutions are derived; one set where the solutions are taking the crack-face contact into account and 
one set where the crack-face contact is not accounted for. Non-linear finite element (FE) analyses are 
used in order to generate simulation data, to which an analytical expression is fitted, thus summarizing 
the limit load solutions in one expression. Furthermore, the local limit load solutions obtained in this 
work are compared with global and local limit load solutions from previous work [2][3]. 
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3 CURRENT LIMIT LOAD SOLUTIONS 
Many limit load solutions for plates with surface cracks have been developed and are available in 
published literature. Miller [4] published a comprehensive reference on limit load solutions in different 
crack geometries, mostly based on analytical solutions which are generally shown to be overly 
conservative for components with part-through-thickness cracks [1].  
 
In a paper from 2002 Dillström and Sattari-Far [2] developed local limit load solutions for surface 
cracks, which proved to significantly reduce the conservatism observed in preceding works by 
Willoughby and Davey [5] and Sattari-Far [6]. In their work, including a study of semi-elliptical 
surface cracks in plates subjected to combined tension and bending, they performed FE analyses and 
then fitted an analytical expression to the FE results, giving the following expression for the local limit 
load solutions.  
 23 (1 −   ) .      +  (1 −   ) .  (    ) =  (1 −   )  (1) 

     
where    is the applied tensile membrane stress,    the applied stress due to bending,    the flow 
stress of the material and   is a crack geometry factor explained below. The flow stress of the material 
is defined as [1]   =  (  +    )2  (2) 

 
where    and    are the yield stress and ultimate tensile stress, respectively. The parameter   is 
defined as 

 =  ⎩⎨
⎧    ( + 2 )                 2  ≥  + 2   2                         2  <  + 2  

 

(3) 

  
where   is the crack depth,   the crack length,   the plate thickness and 2  the plate width. However, 
the solution expressed in equation (1) is derived only considering tensile stress corresponding to a 
tensile end force and a bending stress corresponding to a positive bending moment causing tension in 
the crack ligament such that the crack mouth is opened.  
 
Another study, made by Lei and Fox [3], addresses the problem of finding global limit load solutions 
for plates with semi-elliptical surface cracks under combined tensile/compressive end force and 
positive/negative bending moment, allowing any combination of the applied loads. They analytically 
derived global limit load solutions through the net-section collapse principle, approximating the semi-
elliptical surface crack by a rectangular crack circumscribing the original semi-circular crack, thus 
giving a conservative simplification. Lei compared the limit load solutions for rectangular and semi-
elliptical surface cracks in plates under combined tension and positive bending and found that the 
difference between the two solutions is negligible for a ratio between the crack length and plate width 
of up to 0.25 [3]. Furthermore, Lei and Fox verified the assumption that ignoring crack face contact 
leads to a conservative limit load solution.  
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4 LIMIT LOAD DEFINITION 
As the aim of this study is about local limit load solutions, this section is only treating the definition of 
a local limit load and is not pertaining to define a global limit load. In order to properly define a limit 
load it is appropriate to categorize and define different types of plasticity development.  
 
The development of plasticity in a body depends mainly on geometry, loading type, material properties 
and imposed boundary conditions. The following definitions pertain to plates with and without cracks 
subjected to a combination of membrane stress and bending stress. 

4.1 Definitions of plasticity developments 
Thickness yielding is defined as the point when full plasticity is reached, i.e the plasticity zone is 
spreading through the thickness over the whole width of the plate. When a crack is present at thickness 
yielding one can generally expect that the plasticity zone is spreading from the crack tip through the 
thickness.  
 
Local thickness yielding is defined as the point when full plasticity is reached somewhere along the 
plate width and, in case of a crack, somewhere along the crack front. Crack-ligament yielding is the 
special case when a crack is present and the thickness yielding is located in the same plane as the crack 
ligament. Similarly to the case of thickness yielding, one can define local crack-ligament yielding, 
which is when the plasticity zone is spreading through the thickness of the plate somewhere along the 
crack front in the same plane as the crack ligament. The definition of the local limit load is as below. 

4.2 Local limit load definition 
For plates containing no cracks the local limit load is defined as the load needed to cause local 
thickness yielding.  
 
For plates containing infinite cracks the local limit load is defined as the load needed to cause local 
thickness yielding.  
 
For plates containing finite cracks the local limit load is defined as the load needed to cause local 
crack-ligament yielding somewhere along the crack front. Compare with Figure 1 and Figure 2 below. 

4.3 Comments on the limit load definition 
In general, local thickness yielding and local crack-ligament yielding is reached before thickness 
yielding and crack-ligament yielding, which is a natural consequence of development of plasticity. 
However, it is self-evident that for plates of uniform thickness with infinite cracks with constant crack 
depth and for plates of uniform thickness without cracks, local thickness yielding and local crack-
ligament yielding will never occur (provided that the material is isotropic). Then, the points of local 
thickness yielding and local crack-ligament yielding are coinciding with the points of thickness-
yielding and crack-ligament yielding. Furthermore, for a plate containing an infinite crack one can 
expect that thickness yielding will occur, but not crack-ligament yielding [7]. However, the local state 
is yet chosen to govern the definitions in the previous section for the sake of generality. 
 
For plates containing finite cracks (e.g semi-elliptical cracks) it is observed that local thickness 
yielding is likely to occur before local crack-ligament yielding [2]. The load level corresponding to 
local thickness yielding may be substantially lower than the load level that causes a local crack-
ligament yielding, thus the load needed to cause local crack-ligament yielding is a reasonable 
definition of the limit load for plates containing finite cracks [2]. The local limit load will 
henceforward be referred to as the limit load. 
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Figure 1: Schematics on different yielding states in plates, the red areas depicting plasticized zones, the blue areas depicting crack-
faces. 

Figure 2: Three examples from the FE-analyses in this work, where the red colours are corresponding to fully 
plasticized regions. The uppermost figure is showing thickness yielding, the middle figure local crack-ligament yielding 
(i.e corresponding to the local limit load) and the lowermost figure is showing crack-ligament yielding (i.e corresponding 
to the global limit load). 

Thickness yielding in a  
plate. 

Local thickness yielding 
in a plate. 

Thickness yielding in a 
unit length of a plate 
with an infinite crack.  

Crack-ligament yielding 
in a plate with a semi-
elliptical crack. 

Local thickness yielding in 
a unit length of a plate 
with an infinite crack. 

Local crack-ligament 
yielding in a plate with 
a semi-elliptical crack. 
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5 MODELS AND METHOD 
The following sections describe the plate- and crack geometries considered in this study, the loading 
cases, how they were modeled and how the limit load solutions were derived from the results. The 
finite element method (FEM) program ABAQUS [8] was used for the modeling of plates and for 
running the analyses in this study. 

5.1 Geometries and loading 
Plates containing a variety of surface cracks subjected to different loading types are considered. The 
crack geometries cover both semi-elliptical surface cracks and infinitely long surface cracks, with a 
depth between zero times the plate thickness to 0.8 times the plate thickness. The plates studied are 
subjected to pure tensile load, pure compressive load, pure bending load as well as combinations of 
tensile, compressive and bending loads. Both bending loads that open the crack and bending loads that 
close the crack are considered. Bending loads that open the crack are defined as positive and bending 
loads that close the crack as negative.  
 
The tensile and compressive loads are modeled with a remotely applied tensile and compressive 
uniformly distributed stress field, with a maximum absolute value |  |. The bending loads are 
modeled with a linearly distributed stress field, with a maximum absolute value |  |. The loads are 
applied to the plate ends. Therefore, the plate widths and plate lengths are chosen large enough 
compared with the crack geometry in order to eliminate boundary effects resulting from the load 
application.  
 
The FE-simulations are performed for linearly increasing loads up to and to some extent past the limit 
load. Since the stress at the limit load    is directly proportional to the yield stress, the ratio     ⁄  can 
be used to obtain the limit load for other values of the yield stress. Furthermore, as a number of pure 
load cases as well as some combined load cases result in closure of the crack, all analyses were 
performed both with and without consideration to crack-face contact in order to investigate the effect 
of crack-face contact. The crack geometry data, plate geometry data and loading data is summarized 
below. Also, see Figure 3 and Figure 4 where   and   define positive and tensile loading directions,  ,   and   denote the crack depth, crack length and plate thickness, respectively. 

N 
M 
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a 
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Figure 3: Schematic on the crack geometry in plate with a finite crack and stress distributions due to M and N. 
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Crack geometries: 
 

Semi-elliptical cracks with   = 0.20, 0.40, 0.60, 0.80 and   = 2, 5, 10 
Infinite cracks with   = 0.00, 0.20, 0.40, 0.60, 0.80  
 

Plate geometries: 
 

Plate thickness  : 50    
Plate width 2 : 1.5( + 2 ) 
Finite crack plate length 2 : 6 ∙ 2  
Infinite crack plate length 2 : 6 ∙   
 

Loading types: 
 

Pure tensile stress (   ) and compressive stress (   ) fields (uniformly distributed) 
 
Pure positive bending (   ) and negative bending (   ) stress fields (linearly distributed) 
 
Combined loading type 1:    = 2     
Combined loading type 2:    = 2    
Combined loading type 3:    = 2    
Combined loading type 4:    = 2    
Combined loading type 5:    = 2    
Combined loading type 6:    = 2    
Combined loading type 7:    = 2    
Combined loading type 8:    = 2    
 

The combined loading types are visualized in Figure 5 below. 
 
 

t 

H 

a 

  

M 
N 

Figure 4: Schematic on the crack geometry in a plate with an infinite crack and stress distributions due to M and N. 
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Consequently in a perpendicular, two-dimensional coordinate system with the membrane stress on the 
horizontal axis and the bending stress on the vertical axis, the combined loading types 1-2 are in the 
first quadrant, types 3-4 in the second, types 5-6 in the third and 7-8 in the fourth. See Figure 6 below. 
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Figure 5: Schematic representation of combined loading types 1-8, indicated with numbers in the figure. The stress fields 
resulting from the combined loading cases are also included, to right of the equality signs. 

Figure 6: Bending stress versus membrane stress coordinate system, with quadrant 
numbers. The combined loading types and the corresponding loading paths are also 

included in the figure as red dashed lines.  
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5.2 Material 
Limit load solutions are usually estimated for defects in non-work hardening materials. Adjustments to 
allow for the work hardening capacity of real materials are then made by replacing the yield stress by 
the flow stress    of the material [1]. The flow stress is generally accepted to be the mean value of the 
yield stress    and ultimate stress    obtained in a conventional tensile test. The FE-results presented 
in this study is based upon the assumption that the material is elastic-perfectly plastic, obeying the von 
Mises flow criterion and its associated flow rule. However, to reduce the computing time and to 
eliminate convergence difficulties close to the limit load, the material used for all simulations in this 
work is modeled with a very weak hardening. Thus, we have the following material data. 
 
Material data (for all plate geometries): 
 

Young’s modulus  : 200     
Tangent modulus   :        
Poisson’s ratio  : 0.3 
Yield strength   : 300     

5.3 Development of local limit load solutions 
The limit load solutions are based on the data obtained from the semi-elliptical surface crack 
simulations, whereas the infinitely long surface crack simulation data serve as a complement. For 
example, given a limit load solution value for a semi-elliptical surface crack with a ratio   = 10 it is 
then possible to extrapolate and compare to the limit load for an infinitely extended surface crack.  
 
The limit loads obtained in FE-analyses for the geometries and load cases described in section 5.1 can 
be divided into two sets of data points; one set for the cases when crack-face contact is taken into 
account and one set for the cases when crack-face contact is not accounted for. Each limit load is 
defined by a point in a three-dimensional space,[  ,  ,  ], where   is the crack geometry factor 
defined in section 0. The following form is assumed to govern the limit load solutions [2] 
 
For quadrants 1-2 in Figure 6: 
 23 (1 −  )     + (1 −  )        = (1 −  )  

(4) 

 
For quadrants 3-4 in Figure 6: 
 23 (1 −  )     − (1 −  )        = −(1 −  )  (5) 

 
Where the unknown exponents   and   are determined through curve fitting in the MATLAB [9] 
software. Given the equation form that governs the limit load solutions, three different methods of 
curve fitting are used in this study. For all the three methods, the curve fits are performed for one 
quadrant at a time. Noting that the exponent   determines the intersection of a fitted curve and the 
vertical bending stress axis, the three methods are described below. 
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Method 1:  
The curve fits in quadrants 1 and 3 are first determined. Then the resulting   value from quadrant 1 is 
used in the curve fit for quadrant 2 and the resulting   value from quadrant 3 is used in the curve fit 
for quadrant 4. Thus the curve fits are continuous between quadrants 1 and 2 and between quadrants 3 
and 4.  
 
Method 2: 
The curve fits in quadrants 1 and 4 are first determined. Then the resulting   value from quadrant 1 is 
used in the curve fit for quadrant 2 and the resulting   value from quadrant 4 is used in the curve fit 
for quadrant 3. Thus the curve fits are continuous between quadrants 1 and 2 and between quadrants 3 
and 4. 
 
Method 3: 
The curve fits for each quadrant are performed independently of each other.  
 
In the R6 failure assessment diagram plasticity effects are considered trough the parameter    which is 
a measure of how close the cracked component is to plastic collapse. The parameter    is related to the 
applied loads and the plastic limit load of the component and is defined as follows. 
   =                                                                       ℎ                    (6) 

 
Based on the new local limit load solutions for semi-elliptical surface cracks in plates and with      =     , the parameter    takes the following form. 

 
For quadrants 1-2: 

  = (1 −  )   3 +  (1 −  )     9 + (1 −  )(   )   (1 −  )     

 

(7) 

 
For quadrants 3-4: 

  = −(1 −  )   3 +  (1 −  )     9 + (1 −  )(   )   (1 −  )     (8) 

 
Note that the    value to be inserted into equation (8) is negative, thus the two equations above can be 
summarized into the following. 
 

  = (1 −  ) |  |3 +  (1 −  )     9 + (1 −  )(   )   (1 −  )     

 

(9) 

 
for all quadrants, where |  | is the absolute value of the maximum bending stress. 
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5.4 Infinite surface cracks and the 2D-model 
A 2D FE-model is used to model the infinitely long surface cracks, with a geometry according to 
Figure 4 in section 5.1. As a result of the uniformity characterized by the infinitely long crack a unit 
width 2 = 0.001   of the plate is modeled in ABAQUS. Limit load data for both plane stress and 
plane strain conditions (and both with and without respect to crack-face contact) are obtained for 
different loading cases, as presented in section 5.1. The contact was modeled with a rigid plane 
surface, with a friction coefficient equal to zero between the crack face and the rigid surface. Prior to 
deciding on a final model for the infinitely long surface crack, a pre-study (as described in the 
following section 5.5) of the 2D-model is performed.     

5.5 Pre-study of the 2D-model 
This part of the study serves several purposes; partly to verify that the model is accurate and partly to 
investigate how sensitive the 2D model is to different meshes and different types of elements. Another 
purpose is to make use of the conclusions drawn in this part for the 3D-model. This section is divided 
into three separate parts. 
 
The first part, section 5.5.1 “Verification and determination of plasticity visualizing method”, covers 
an investigation of the results of the limit load obtained in ABAQUS for a plate without a crack, for 
which one easily can compute the limit load analytically. Consequently, the results from ABAQUS 
and the analytical calculations can be compared in order to evaluate the quality of the ABAQUS 
model. Furthermore, the first part also aims to investigate which method to be used in ABAQUS to 
determine when the limit load is reached. The second part, section 5.5.2 “Mesh density study (2D)”, 
aims to find a suitably dense mesh for a model containing a crack. Four different meshes referred to as 
”very coarse”, “coarse”, “normal” and “fine” were used. The third part, section 5.5.3 “Element type 
study”, compares the limit load obtained when using different element types in ABAQUS.  

5.5.1 Verification and determination of plasticity visualizing method  

The geometry is as according to Figure 4, with  = 0 (that is, no crack). The plate is subjected to pure 
tension, pure compression and pure positive and negative bending moment. According to elementary 
beam theory the normal force and bending moment corresponding to thickness yielding of a beam 
subjected to a combination of the two is given by [10] 
   =   2    Normal force at thickness yielding (10) 
   =   2     Bending moment at thickness yielding (11) 

 
where 2  and   are the beam width and thickness, respectively and    is the yield stress. The point at 
which the limit load is reached is determined by visual inspection in the ABAQUS viewer program, 
which holds a set of different methods of visualizing and representing plasticized elements. Therefore 
it is important to have an unambiguous definition of a method on how to determine when that point is 
reached.  
 
In this part three methods were used and the output was compared in order to determine a suitable 
method. Two of them are based on primary variable plots (contour plots) for a user selected field 
output variable (e.g stress field, plastic strain etc.) and the third is based on status variable plots, for 
which one specifies a result-based criteria for element failure. For the latter method, the elements that 
fulfill the criteria are being plotted, whereas the rest are omitted in the plot. In this case the criteria was 
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set to zero plastic strain, meaning that only elements with non-zero plastic strain were to be plotted in 
the status variable plots.  
 
Concerning the primary variable plots, it is a matter of choosing equivalent plastic strain limits. These 
limits determine the areas of coloring in the contour plots, which are used to determine when the limit 
load is reached according to the definition in section 4, “LIMIT LOAD DEFINITION”. The limits for 
the equivalent plastic strain are chosen very similar to the limits in previous work by Dillström & 
Sattari-Far [2]. In this work, however, four different limits (i.e. four different colors) where chosen for 
equivalent plastic strain plots instead of three, but the limits for the first three of them are the same as 
in [2]. Equivalent plastic strain values in the range from 0 to 10    are corresponding to blue color and 
are considered to be zero equivalent plastic strain. The reason for considering non-zero equivalent 
plastic strain (although very small) as equal to zero equivalent plastic strain is to avoid a possible 
influence of the numerical noise.  Equivalent plastic strain values in range from 10    to 5 ∙ 10   is 
corresponding to green color and a very low value of plastic strain, which can be interpreted as some 
“transition state”, whereas the red colored areas corresponding to equivalent plastic strain values in the 
range from 5 ∙ 10   to 2 are regarded as full plasticity. Plastic strain values above 2 are corresponding 
to grey color and a very high equivalent plastic strain. These equivalent plastic strain values can be 
compared with the total strain value   =    ⁄ = 0.0015. 
 
CPS8R elements (8-noded, plane stress elements with reduced integration) were used in this part as the 
analytical expressions were derived from the assumption of plane stress. The limit load was evaluated 
according to each of the three methods and the results are summarized in Tables 1-2 below.  
 
Table 1:  Membrane loads, Ng = green limit normal force, Nr = red limit normal force, Ns  = status limit normal force,  
Nanalytic  = analytic limit normal force, + and - denotes tensile and compressive loads, respectively. 

 
     

     
     

            
                                    

+ 15.05 15.05 15.05 15.00 1.003333 1.003333 1.003333 

− -15.05 -15.05 -15.05 -15.00 1.003333 1.003333 1.003333 

    
Table 2: Bending loads, Mg = green limit bending moment Mr = red limit bending moment, Ms  = status limit bending moment, 
Manalytic = analytic limit bending moment, + and - denotes positive and negative bending, respectively. 

 
     

     
     

            
            

            
            

+ 187.50015 187,91687 187,50015 187.50000 1.0000008 1.0022330 1.0000008 

− -187.50015 -187,91687 -187,50015 -187.50000 1.0000008 1.0022230 1.0000008 

 
Firstly, it is observed that neither of the results differs from the analytical calculations, from which it is 
concluded that the model is accurate. Secondly, it is observed that the differences in the output 
between the three methods are very small, from which we could conclude that it is not really of 
importance which one of these methods one should choose. It may appear that the limit load is best 
determined by either the “green primary variable method” or the “status variable method”, since the 
corresponding results agree better with the analytical calculations. However, as the green and status 
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variable limit loads are corresponding to a very low value of plastic strain, it is not certain if the 
corresponding elements are indeed plasticized or if the plastic strain values are resulting from some 
numerical noise. Consequently, the “red primary variable method” (corresponding to equivalent plastic 
strain values in the range from 5 ∙ 10   to 2) is chosen to be used henceforth to determine when the 
limit load is reached.  

5.5.2 Mesh density study (2D) 

The geometry is as according to Figure 4, with  = 0.2 . The plate is loaded with a special combined 
loading case (i.e, not presented among the loading cases in section 5.1), with    =    . The results 
are presented in Table 3 below, followed by Figure 7 to Figure 10 showing the different meshes.   
 
Table 3: Limit load results for different mesh densities for the 2D-model. 

 Very Coarse Coarse Normal Fine    +       1.34292 1.34446 1.34485 1.34404 

Total No. 
Iterations 

118 137 136 149 
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Figure 7: The very coarse mesh. 

Figure 8: The coarse mesh. 
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From the results presented above it is observed that the limit load is not very sensitive to the mesh 
density from which it could be concluded that a coarser mesh is an appropriate choice due to 
computation time aspects. On the other hand, from experience it is observed that a finer mesh has 

Figure 9: The normal mesh. 

Figure 10: The fine mesh. 
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better convergence properties compared to a coarser mesh. Hence, the mesh density referred to as 
normal is chosen to be used in the 2D-simulations.  

5.5.3 Element type study 

The geometry is as according to Figure 4 on page 10, now with  = 0.8 . As in the previous section, 
the plate is loaded with a special combined loading case with    =    . The element types studied 
are the following. CPE8, CPE8R are 8-noded plane strain elements with and without the reduced 
integration option, respectively. CPE8H is a type of hybrid elements intended primarily for use with 
incompressible material behavior; these elements are available only in ABAQUS/Standard.  
 
It is worthwhile to mention that this part was first intended to be analyzed with  = 0.2  (as in the 
previous part). However, it was found to be difficult to reach the limit load when taking large 
deformations into account; the limit load was far from reached as the ABAQUS solver exited due to 
convergence errors, which is likely to be a consequence of large deformations exhibited by one 
element near the crack tip. As a result, the crack was made deeper and the solver managed to converge 
for all element types except for the case “CPE8H, ON”. The results are shown in Table 4 below, where 
“ON” and “OFF” refers to an option in ABAQUS where large deformations are taken into account and 
not, respectively.  
 
 
Table 4: Limit load results for different element types. CMOD = Crack Mouth Opening Displacement. 

 CPE8,  
ON 

CPE8, 
OFF 

CPE8R, 
ON 

CPE8R, 
OFF 

CPE8H, 
ON 

CPE8H, 
OFF   +      0.05612 0.05350 0.05588 0.05337 No results. 0.05350   +       16.837 16.05 16.7646 16.0125 No results. 16.05 

Total No. 
Iterations 

249 96 359 107 No results. 100     /2  0.000249995 0.000261429 0.000247558 0.000248820 No results. 0.000261429 

 
By dividing the results into two groups and separately comparing the results obtained where large 
deformations are taken into account with each other and separately comparing the results when large 
deformations are not taken into account with each other, it is observed that the differences between the 
results for the limit load are small, between about 0.2 % to 0.4 %.  
 
However, by comparing the results between the two groups, the results of the limit load where large 
deformations are taken into account are about 5 % higher than the limit loads obtained for the same 
element type where large deformations are not taken into account.  
 
Consequently, analyses not accounting for large deformations lead to conservative limit load results. 
Moreover, the results for the CMOD indicate that large deformations are not needed to be taken into 
account, since the CMOD results reveal that the deformations can be treated as small. It is also 
observed that the computation time was significantly longer for the element types where large 
deformations were taken into account. From these results, it is concluded that CPE8R is an appropriate 
choice of element type.  
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5.6 Semi-elliptical surface cracks and the 3D-model 
A 3D FE-model is used to model the finite semi-elliptical surface cracks, according to the geometry in 
Figure 3. For this part a 3D-mesh generator, developed by Professor Jonas Faleskog at the Royal 
Institute of Technology (KTH), is used to develop the models used.  
 
The 3D-mesh generator’s primary use is to generate meshes for which  -values are computed for 
various semi-elliptical crack geometries. At this point it is worth to mention that the meshes generated 
by the 3D-mesh generator is not optimized for modeling the contact between the crack face surfaces, 
which proved to lead to some convergence difficulties.  
 
In this project, the 3D-mesh generator is used to generate a mesh for a quarter (utilizing the symmetry 
of the geometry and loading) of a plate containing a semi-elliptical surface crack. This resulted in an 
ABAQUS input-file that was later imported into the ABAQUS CEA-interface where a plane rigid 
surface, used for modeling the crack face contact case, was added alongside associated boundary 
conditions and contact formulations. A friction coefficient equal to zero is applied to the interaction 
between the crack face and the rigid surface. 

5.7 Pre-study of the 3D-model 
One of the purposes with the 2D-model is to use the conclusions drawn in that part in the 3D-part. One 
of the conclusions drawn in the 2D-part was to use the CPE8R-element. The corresponding element in 
3D is C3D20R, which is a 20-noded 3D-element with reduced integration.  
 
From the mesh study in the 2D-part, it is observed that the outcome of the limit load results for the 
different mesh densities did not differ significantly. Yet, a mesh study was performed in order to be 
able to safely conclude a reliable mesh density for the model for the finite crack.  

5.7.1 Mesh density study (3D) 

For this study a plate with   = 0.4 and   = 10 is used. The ratio    is made larger in this section 
compared with section 6.4.2 “Mesh density study (2D)”, since it is desirable to analyze a case with 
clear effects from the crack and as the finite semi-elliptical crack does not extend over the whole plate 
width a deeper crack is needed.  
 
The different mesh densities were designed such that they to as high degree as possible were 
corresponding to the mesh densities in section 5.5.2 “Mesh density study (2D)”. Exact 
correspondence, however, is not possible to achieve due to the mesh generator program’s limitations. 
More than 9999 elements are not supported by the program (parts of the mesh design is hard-coded 
and the variable parameters governing the mesh design are highly dependent on each other) thus 
limiting the freedom of the user. As a result of the amount of elements limitation, the correspondence 
in the mesh density is focused on the region in the vicinity of the crack ligament plane, which is the 
area of interest. Hence, the rest of the geometry is designed with a much coarser mesh.  
 
This limitation is assumed to not affect the results significantly since the plasticity behavior far from 
the crack ligament plane is not of interest. A consequence of this is that the computation time (which is 
very long for the 3D-model compared with the 2D-model) is reduced, compared with the case of 
having roughly the same mesh density over the whole geometry. Furthermore, examining the results in 
Table 3 in section 4.4.2 it was decided that a corresponding mesh density to the fine mesh was not 
necessary, since the result of the limit load for the fine mesh did not differ significantly from the 
normal mesh and the coarse mesh.  
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As in sections 5.5.2 and 5.5.3 the plate is loaded with a special combined loading case with    =   . The results are presented in Table 5 below, followed by Figure 11 to Figure 13 depicting the 
different meshes.   
 
Table 5: Limit load results for different mesh densities for the 3D-model. 

 

 Very Coarse Coarse Normal   +      1.33333 1.31709 1.32521 

Total No. Iterations 146 142 154 

 
 

 
Figure 11: The very coarse mesh. 
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Figure 12: The coarse mesh. 
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Figure 13: The normal mesh. 

 
From the results presented in Table 5, it is observed that the limit load is not very sensitive to the mesh 
density. Although the small differences in the results in Table 3, having the same reasoning regarding 
the convergence properties of mesh densities as in section 5.5.2 “Mesh density study (2D)”, the mesh 
density referred to as normal is chosen to be used in the 3D-simulations.  
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6 RESULTS 
The simulation data are summarized in the following sections 6.1 and 6.2, as well as the limit load 
solutions resulting from the curve fitting of the simulation data in section 6.3. The results from the 2D-
simulations are presented in Table 6 – Table 9, whereas the results from the 3D-simulations are 
presented in Table 10 and Table 11. All results in the tables are normalized with respect to the yield 
stress   . 
 
Mem[+] and Mem[-] stands for pure tensile membrane stress and pure compressive membrane stress, 
respectively, while Ben[+] and Ben[-] stands for maximum pure positive bending stress and maximum 
pure negative bending stress, respectively. CO.1, CO.2, CO.3 and CO.4 denote quadrants 1,2,3 and 4 
in Figure 6. 
 
In Table 10, a small number of the simulation data are high-lighted in red. Those simulations did not 
converge all the way up to the limit load and are fabricated by “educated guesses”. However, through 
examination of the other results in their respective columns a clear tendency is observed and as they 
obviously were very close to convergence, one can safely conclude what the result would be.  
 
In “Appendix: Curve fit figures” various plots of the limit load solutions are presented.  
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6.1 2D-simulations 
 
 
Table 6: Limit load data with respect to crack-face contact with plane strain elements. 
 

 
 
 
 
Table 7: Limit load data with respect to crack-face contact with plane stress elements. 

 
 
 

GEOMETRY LOADING CASES 

Case a/t 
Mem.[+] Ben.[+]  Mem.[-] Ben.[-] CO.1 (combined loading types 1-2) CO.2 (combined loading types 3-4) CO.3 (combined loading types 5-6) CO.4 (combined loading types 7-8) 

σm/σy σb/σy σm/ σy σb/σy σm/σy σb/σy σm/ σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/ σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy 

at00 0 1,140 0 0 1,737 -1,140 0 0 -1,737 0,623 1,246 1,000 0,500 -0,633 1,267 -1,001 0,501 -0,623 -1,246 -1,000 -0,500 0,633 -1,267 1,001 -0,501 

at02 0,2 0,893 0 0 1,362 -1,140 0 0 -1,736 0,488 0,976 0,803 0,401 -0,548 1,096 -0,962 0,481 -0,622 -1,245 -0,990 -0,495 0,630 -1,259 0,910 -0,455 

at04 0,4 0,562 0 0 0,787 -1,140 0 0 -1,744 0,262 0,523 0,454 0,227 -0,460 0,919 -0,950 0,475 -0,623 -1,247 -1,002 -0,501 0,570 -1,140 0,638 -0,319 

at06 0,6 0,207 0 0 0,350 -1,140 0 0 -1,650 0,098 0,196 0,163 0,082 -0,393 0,785 -0,927 0,463 -0,623 -1,247 -0,997 -0,498 0,437 -0,873 0,275 -0,138 

at08 0,8 0,038 0 0 0,088 -1,140 0 0 -1,042 0,020 0,041 0,032 0,016 -0,375 0,750 -0,900 0,450 -0,616 -1,232 -1,000 -0,500 0,187 -0,375 0,049 -0,024 

GEOMETRY LOADING CASES 

Case a/t 
Mem.[+] Ben.[+]  Mem.[-] Ben.[-] CO.1 (combined loading types 1-2) CO.2 (combined loading types 3-4) CO.3 (combined loading types 5-6) CO.4 (combined loading types 7-8) 

σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy 

at00 0 1,003 0 0 1,503 -1,003 0 0 -1,503 0,539 1,077 0,855 0,427 -0,543 1,086 -0,849 0,424 -0,539 -1,077 -0,855 -0,427 0,543 -1,086 0,849 -0,424 

at02 0,2 0,728 0 0 1,032 -1,001 0 0 -1,503 0,355 0,710 0,596 0,298 -0,465 0,930 -0,834 0,417 -0,539 -1,077 -0,854 -0,427 0,543 -1,085 0,797 -0,399 

at04 0,4 0,371 0 0 0,584 -1,001 0 0 -1,508 0,177 0,354 0,296 0,148 -0,393 0,786 -0,832 0,416 -0,540 -1,008 -0,864 -0,432 0,495 -0,990 0,479 -0,240 

at06 0,6 0,137 0 0 0,259 -1,001 0 0 -1,434 0,068 0,136 0,110 0,055 -0,340 0,680 -0,813 0,373 -0,539 -1,078 -0,860 -0,430 0,381 -0,762 0,179 -0,090 

at08 0,8 0,027 0 0 0,065 -1,003 0 0 -0,908 0,015 0,030 0,022 0,011 -0,333 0,667 -0,793 0,397 -0,534 -1,067 -0,860 -0,430 0,124 -0,248 0,034 -0,017 
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Table 8: Limit load data without respect to crack-face contact with plane strain elements. 
 

 
 
 
 
 
 
Table 9: Limit load data with respect to crack-face contact and plain stress elements. 
 

 
 

GEOMETRY LOADING CASES 

Case a/t 
Mem.[+] Ben.[+]  Mem.[-] Ben.[-] CO.1 (combined loading types 1-2) CO.2 (combined loading types 3-4) CO.3 (combined loading types 5-6) CO.4 (combined loading types 7-8) 

σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy 

at00 0 1,003 0 0 1,503 -1,003 0 0 -1,503 0,539 1,077 0,855 0,427 -0,543 1,086 -0,849 0,424 -0,539 -1,077 -0,855 -0,427 0,543 -1,086 0,849 -0,424 

at02 0,2 0,728 0 0 1,032 -0,728 0 0 -1,032 0,355 0,710 0,596 0,298 -0,465 0,930 -0,796 0,398 -0,355 -0,710 -0,596 -0,298 0,465 -0,930 0,796 -0,398 

at04 0,4 0,371 0 0 0,584 -0,371 0 0 -0,584 0,177 0,354 0,296 0,148 -0,393 0,786 -0,479 0,240 -0,177 -0,354 -0,296 -0,148 0,393 -0,786 0,479 -0,240 

at06 0,6 0,137 0 0 0,259 -0,137 0 0 -0,259 0,068 0,136 0,110 0,055 -0,340 0,679 -0,179 0,090 -0,068 -0,136 -0,110 -0,055 0,340 -0,679 0,178 -0,090 

at08 0,8 0,027 0 0 0,065 -0,027 0 0 -0,065 0,015 0,030 0,022 0,011 -0,124 0,248 -0,034 0,017 -0,015 -0,030 -0,022 -0,011 0,124 -0,248 0,034 0,017 

GEOMETRY LOADING CASES 

Case a/t 
Mem.[+] Ben.[+]  Mem.[-] Ben.[-] CO.1 (combined loading types 1-2) CO.2 (combined loading types 3-4) CO.3 (combined loading types 5-6) CO.4 (combined loading types 7-8) 

σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy 

at00 0 1,140 0 0 1,737 -1,140 0 0 -1,737 0,623 1,246 1,000 0,500 -0,633 1,267 -1,001 0,501 -0,623 -1,246 -1,000 -0,500 0,633 -1,267 1,001 -0,501 

at02 0,2 0,893 0 0 1,362 -0,893 0 0 -1,362 0,488 0,976 0,803 0,401 -0,548 1,096 -0,911 0,455 -0,488 -0,976 -0,803 -0,401 0,548 -1,096 0,911 -0,455 

at04 0,4 0,562 0 0 0,787 -0,562 0 0 -0,787 0,262 0,523 0,454 0,227 -0,460 0,919 -0,638 0,319 -0,262 -0,523 -0,454 0,227 0,460 -0,919 0,638 -0,319 

at06 0,6 0,207 0 0 0,350 -0,207 0 0 -0,350 0,098 0,196 0,163 0,082 -0,393 0,785 -0,276 0,131 -0,098 -0,196 -0,163 -0,082 0,393 -0,785 0,276 -0,138 

at08 0,8 0,038 0 0 0,088 -0,038 0 0 -0,088 0,021 0,041 0,031 0,016 -0,187 0,375 -0,049 0,024 -0,021 -0,041 -0,031 -0,016 0,187 -0,375 0,049 -0,024 
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6.2 3D-simulations 
 
Table 10: Limit load data with respect to crack-face contact. 

 
 
 
 
 
 
 
 
 
 

GEOMETRY LOADING CASES 

Case a/t l/a ζ 
Mem.[+] Ben.[+]  Mem.[-] Ben.[-] CO.1 (combined loading types 1-2) CO.2 (combined loading types 3-4) CO.3 (combined loading types 5-6) CO.4 (combined loading types 7-8) 

σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb 

at02la2 0.2 2 0.033 0,997 0 0 1,500 -1,000 0 0 -1,500 0,536 1,072 0,848 0,424 -0,537 1,073 -0,844 0,422 -0,536 -1,073 -0,849 -0,425 0,537 -1,073 0,838 -0,419 

at02la5 0.2 5 0.067 0,990 0 0 1,497 -1,000 0 0 -1,501 0,535 1,070 0,848 0,424 -0,535 1,070 -0,843 0,421 -0,536 -1,072 -0,849 -0,424 0,536 -1,072 0,839 -0,420 

at02la10 0.2 10 0.1 0,986 0 0 1,498 -1,000 0 0 -1,502 0,534 1,068 0,847 0,423 -0,535 1,070 -0,843 0,421 -0,536 -1,071 -0,840 -0,424 0,535 -1,071 0,837 -0,418 

at04la2 0.4 2 0.114 0,967 0 0 1,489 -1,001 0 0 -1,503 0,530 1,060 0,841 0,421 -0,530 1,061 -0,827 0,414 -0,536 -1,072 -0,850 -0,425 0,519 -1,038 0,813 -0,407 

at04la5 0.4 5 0.2 0,929 0 0 1,440 -1,000 0 0 -1,502 0,512 1,024 0,817 0,409 -0,526 1,052 -0,827 0,414 -0,536 -1,072 -0,849 -0,425 0,519 -1,038 0,807 -0,403 

at04la10 0.4 10 0.267 0,896 0 0 1,382 -1,000 0 0 -1,502 0,485 0,970 0,788 0,394 -0,533 1,065 -0,827 0,414 -0,535 -1,070 -0,849 -0,424 0,519 -1,038 0,794 -0,397 

at06la2 0.6 2 0.225 0,903 0 0 1,440 -1,001 0 0 -1,478 0,500 1,000 0,798 0,399 -0,486 0,972 -0,813 0,407 -0,536 -1,073 -0,849 -0,425 0,464 -0,928 0,757 -0,378 

at06la5 0.6 5 0.36 0,829 0 0 1,297 -1,000 0 0 -1,473 0,442 0,884 0,715 0,357 -0,478 0,957 -0,813 0,407 -0,535 -1,070 -0,849 -0,425 0,453 -0,905 0,772 -0,386 

at06la10 0.6 10 0.45 0,770 0 0 1,186 -1,000 0 0 -1,476 0,402 0,804 0,648 0,324 -0,464 0,928 -0,813 0,407 -0,535 -1,070 -0,840 -0,424 0,453 -0,905 0,770 -0,385 

at08la2 0.8 2 0.356 0,830 0 0 1,178 -1,001 0 0 -1,245 0,456 0,912 0,719 0,360 -0,440 0,880 -0,794 0,397 -0,535 -1,070 -0,849 -0,424 0,370 -0,740 0,661 -0,330 

at08la5 0.8 5 0.533 0,724 0 0 1,086 -1,000 0 0 -1,207 0,391 0,782 0,611 0,306 -0,430 0,861 -0,793 0,397 -0,535 -1,069 -0,849 -0,425 0,367 -0,733 0,680 -0,340 

at08la10 0.8 10 0.64 0,657 0 0 1,040 -1,000 0 0 -1,200 0,349 0,698 0,554 0,277 -0,412 0,823 -0,794 0,397 -0,535 -1,070 -0,840 -0,424 0,353 -0,705 0,667 -0,333 
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Table 11: Limit load data without respect to crack-face contact. 

 
 
 
 
 
 
 
 
 
 
 

GEOMETRY LOADING CASES 

Case a/t l/a ζ 
Mem.[+] Ben.[+]  Mem.[-] Ben.[-] CO.1 (combined loading types 1-2) CO.2 (combined loading types 3-4) CO.3 (combined loading types 5-6) CO.4 (combined loading types 7-8) 

σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb/σy σm/σy σb 

at02la2 0.2 2 0.033 0,997 0 0 1,500 -0,997 0 0 -1,500 0,536 1,072 0,848 0,424 -0,537 1,073 -0,838 0,419 -0,536 -1,072 -0,848 -0,424 0,537 -1,073 0,838 -0,419 

at02la5 0.2 5 0.067 0,990 0 0 1,497 -0,990 0 0 -1,497 0,535 1,070 0,848 0,424 -0,535 1,070 -0,839 0,420 -0,535 -1,070 -0,848 -0,424 0,535 -1,070 0,839 -0,420 

at02la10 0.2 10 0.1 0,986 0 0 1,497 -0,986 0 0 -1,497 0,534 1,068 0,847 0,423 -0,535 1,070 -0,841 0,421 -0,534 -1,068 -0,847 -0,423 0,535 -1,070 0,841 -0,421 

at04la2 0.4 2 0.114 0,967 0 0 1,489 -0,967 0 0 -1,489 0,530 1,060 0,841 0,421 -0,519 1,038 -0,813 0,407 -0,530 -1,060 -0,841 -0,421 0,519 -1,038 0,813 -0,407 

at04la5 0.4 5 0.2 0,929 0 0 1,440 -0,929 0 0 -1,440 0,512 1,024 0,817 0,407 -0,526 1,052 -0,807 0,403 -0,512 -1,024 -0,817 -0,409 0,526 -1,052 0,807 -0,403 

at04la10 0.4 10 0.267 0,896 0 0 1,382 -0,896 0 0 -1,382 0,485 0,970 0,788 0,394 -0,533 1,065 -0,794 0,397 -0,485 -0,970 -0,788 -0,394 0,533 -1,065 0,794 -0,397 

at06la2 0.6 2 0.225 0,903 0 0 1,440 -0,903 0 0 -1,440 0,500 1,000 0,798 0,399 -0,464 0,928 -0,757 0,378 -0,500 -1,000 -0,798 -0,399 0,464 -0,928 0,757 -0,378 

at06la5 0.6 5 0.36 0,829 0 0 1,297 -0,829 0 0 -1,297 0,442 0,884 0,715 0,357 -0,453 0,905 -0,772 0,386 -0,442 -0,884 -0,715 -0,357 0,453 -0,905 0,772 -0,386 

at06la10 0.6 10 0.45 0,770 0 0 1,197 -0,770 0 0 -1,197 0,402 0,804 0,648 0,324 -0,445 0,890 -0,770 0,385 -0,402 -0,804 -0,648 -0,324 0,445 -0,890 0,770 -0,385 

at08la2 0.8 2 0.356 0,830 0 0 1,178 -0,830 0 0 -1,178 0,456 0,912 0,719 0,360 -0,364 0,728 -0,661 0,330 -0,456 -0,912 -0,719 -0,360 0,364 -0,728 0,661 -0,330 

at08la5 0.8 5 0.533 0,724 0 0 1,086 -0,724 0 0 -1,086 0,391 0,782 0,611 0,306 -0,364 0,728 -0,680 0,340 -0,391 -0,782 -0,611 -0,306 0,364 -0,728 0,680 -0,340 

at08la10 0.8 10 0.64 0,657 0 0 1,040 -0,657 0 0 -1,040 0,349 0,698 0,554 0,277 -0,353 0,705 -0,667 0,333 -0,349 -0,698 -0,554 -0,277 0,353 -0,705 0,667 -0,333 
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6.3 LR expression 
Below the results from the curve fitting, as presented in section 5.3 are summarized in Table 12 and 
Table 13 below.  
 
Equation (4):   (1 −  )     + (1 −  )        = (1 −  )   Limit load equation for quadrants 1 and 2. 

 
Equation (5):   (1 −  )     − (1 −  )        = −(1 −  )  Limit load equation for quadrants 3 and 4. 

 
Equation (9): 

  = (1 −  ) |  |3 +  (1 −  )     9 + (1 −  )(   )   (1 −  )     
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Table 12: Contact 

 
Table 13: No contact 

 
  

Method Quadrant A B 

1 

1 1.622 1.200 

2 1.622 1.986 

3 1.880 2.031 

4 1.880 1.264 

2 

1 1.622 1.200 

2 1.622 1.986 

3 1.721 2.080 

4 1.721 1.302 

3 

1 1.622 1.200 

2 1.608 1.990 

3 1.880 2.031 

4 1.721 1.302 

Method Quadrant A B 

1 

1 1.629 1.198 

2 1.629 1.392 

3 1.629 1.198 

4 1.629 1.392 

2 

1 1.629 1.198 

2 1.629 1.392 

3 1.733 1.168 

4 1.733 1.357 

3 

1 1.629 1.198 

2 1.733 1.357 

3 1.629 1.198 

4 1.733 1.357 
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7 DISCUSSION AND CONCLUSIONS 
It is concluded that the objective of the study is reached as local limit load solutions for plates 
containing semi-elliptical cracks under a variety of load cases have been developed successfully. The 
reasoning behind the decision to present the results of three different methods of curve fitting is due to 
the fact that it was not clear which one that was the best. The three of them exhibited advantages and 
disadvantages in different regions, e.g. where one curve fit deviated little from the simulation data, 
another deviated more and vice versa.   
 
Method 3 exhibits the best curve fit based on a quadrant-wise perspective, but the major drawback is 
that the curve fit is not continuous between the quadrants. The curve fits based on methods 1 and 2 are 
continuous between quadrants 1 and 2 and between quadrants 3 and 4, but discontinuous between 
quadrants 2 and 3 and between quadrants 4 and 1. The latter discontinuities are, however, not very 
significant for shallower cracks and for deeper cracks several times larger for the case without 
consideration to crack-face contact compared to the case when crack-face contact is accounted for. The 
major drawback with methods 1 and 2 is that the curve fits in quadrant 2 as well as quadrant 4 (for 
method 1) and quadrant 3 (for method 2) are restricted to the requirement of continuity.  
 
Deciding on which method to use will depend on the application and is beyond the scope of this study. 
The figures showing the curve fits for the three different methods in the “APPENDIX” serve as a 
decision support for that matter. Regarding the case when crack-face contact is not accounted for, the 
local limit load solutions developed by Dillström and Sattari-Far [2] are also plotted (labelled “D & S-
F” in the plots)  in the figures for comparison. It is concluded that the curve fits from this work and the 
Dillström and Sattari-Far curve fits have very good agreement. 
 
Another issue regarding the curve fits is the behavior of the limit load simulation data is exhibiting 
between   ⁄ = 0.6 and   ⁄ = 0.8, in quadrant 4. The limit loads makes a “jump” towards origo in the 
coordinate system. This behavior can be explained by the fact that when   ⁄ = 0.8, a significantly 
larger amount (compared to the case with   ⁄ = 0.6) of the crack is located in the tensile stress region, 
compare with Figure 5. This behavior could potentially be accounted for in a future extension of this 
work, partly analytically and partly by the means of choosing more simulation data points.        
 
For the models of the infinite and finite cracks, it is concluded that the simulation data they generated 
is very good. There are, however, some issues that should be considered in any future extensions of 
this work. The model for the infinite crack essentially has the same mesh density over the whole 
model. This is unnecessary, as the region of interest is in the vicinity of the crack, thus making the 
computation time unnecessarily long. The model for the finite crack is, as mentioned in section 5.6, 
not optimized for contact computations which led to convergence difficulties. This is also subject to 
improvement in any future extensions of this work.  
 
A comparison between the global limit load solutions developed by Lei and Fox [3] and the local limit 
load solutions derived in this work is performed in Figure 14 to Figure 16 below. The figures are taken 
from the report by Lei and Fox, where the geometry is given according to a t⁄ = 0.7 and l 2W = 0.25⁄ . Hence, in order to use an appropriate value of ζ in the curve fitted expressions it is 
observed that the geometries in this work with a t⁄ = 0.6 and l a⁄ = 2 as well as a t⁄ = 0.8 and l a⁄ = 2 have l 2W = 0.250⁄  and l 2W = 0.296⁄ , respectively. Then the average 0.291 of the ζ values 
corresponding to the two geometries could be a reasonable representation of the geometry in the work 
by Lei and Fox.  
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In Figure 14 to Figure 16, the colored values are selected values from the curve fit expressions. The 
red colored values are corresponding to curve fit expression taking crack-face contact into account, 
while the blue colored values are corresponding to curve fit expression not taking crack-face contact 
into account. The solid line and the dashed line are the global limit load solutions from the work by 
Lei and Fox. The axes named    and    are corresponding to a normalized bending moment and 
normalized normal force, respectively, according to the following.   =           

where 

   =          =          

Where 
   = 2     
 

 
Figure 14: Comparison between global limit loads and local limit loads for curve fit method 1. Red colored values are 

corresponding to local limit load solutions taking crack-face contact into account and blue colored values are corresponding to 
local limit load solutions with taking crack-face contact into account. The solid and dashed lines are corresponding to the global 

limit load solutions. 
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Figure 15: Comparison between global limit loads and local limit loads for curve fit method 2. Red colored values are 

corresponding to local limit load solutions taking crack-face contact into account and blue colored values are corresponding to 
local limit load solutions with taking crack-face contact into account. The solid and dashed lines are corresponding to the global 

limit load solutions. 

 

 
Figure 16: Comparison between global limit loads and local limit loads for curve fit method 3. Red colored values are 

corresponding to local limit load solutions taking crack-face contact into account and blue colored values are corresponding to 
local limit load solutions with taking crack-face contact into account. The solid and dashed lines are corresponding to the global 

limit load solutions. 
 

It is observed that the limit load solutions differs considerably for many regions of loading. The 
conclusion drawn from this is that approximating a semi-elliptical surface crack by a circumscribing 
rectangle (as made by Lei and Fox [3]) for this particular crack geometry could be a very conservative 
action.  
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The following summarizes the effect of crack-face contact according to the simulation data obtained in 
this work, compare with Table 10 and Table 11. The effect of the crack-face contact is negligible for 
pure tensile membrane loading cases and pure positive bending loading cases and for combined 
loading cases in quadrant 1. In those cases, the difference between crack-face contact limit loads 
versus no crack-face contact limit loads is less than 1%. The difference is also very small for 
combined loading cases in quadrant 4, where the difference the two is less than 2%.  
 
However, for pure compressive membrane loading cases and pure negative bending loading cases and 
for combined loading cases resulting in crack closure the difference between crack-face contact limit 
loads versus no crack-face contact limit loads is very large for deeper cracks. For cracks with   = 0.8 ⁄ the difference is at most about 53% and in average about 26%. Yet, for cracks with   ⁄ = 0.2 the difference is still small, i.e. less than 1.5%.  
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APPENDIX: Curve fit figures 
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