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Abstract 
Pressboard is a cellulose-based material, which is used in transformers as insulation as well as for 
providing structural support. The micro-structure of pressboard consists of networks of cellulose 
fibers, which has good mechanical properties as well as exceptional electrical insulation properties. 
Paper materials, such as pressboard, have anisotropic material properties due to events in the 
manufacturing process. Pressboard has been investigated earlier, but here laminated pressboard is 
studied. The objective of this study was to characterize the mechanical properties by means of 
experimental characterization and finite element simulations.  

The mechanical responses of laminated pressboard were studied under three- and four-point 
bending (flexure) tests. In addition to the flexure tests, shear tests were performed on samples with 
asymmetric double notches under uniaxial tension. The objective of these tests was to calibrate 
model parameters related to through-thickness shear deformation.  

The finite element simulations of the shear tests captured the initial behavior of the experiments. At 
increasing strain levels there was a discrepancy between the experimental results and the results 
from the simulations. This can be explained by the evolution of damage in the material under the 
experiments and damage was not included in the present model. The simulations of the bending 
tests had a weaker response compared to the experiments for both three- and four-point bending. 
This could be explained by the penetration of glue into the pressboard, which makes the overall 
response of the laminated material stiffer. 
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Sammanfattning 
Pressboard är ett cellulosa-baserat material som används i transformatorer som isolering och för 
strukturellt stöd. Mikrostrukturen i pressboard består av nätverk med cellulosafibrer som har goda 
mekaniska egenskaper och exceptionella elektriska isoleringsegenskaper. Pappersmaterial, så som 
pressboard, har anisotropa materialegenskaper på grund av tillverkningsprocessen. Pressboard har 
tidigare studerats, men i denna studie är det laminerad pressboard som behandlats.  

Målet med denna studie var att karaktärisera de mekaniska egenskaperna hos laminerad pressboard 
genom experimentell karaktärisering och FEM-simuleringar. I FEM-simuleringarna användes två 
materialmodeller; en för pressboard och en för limmet (med vilket pressboarden lamineras). Den 
laminerade pressboardens mekaniska egenskaper studerades i tre- och fyrpunktsböjning samt 
genom skjuvprover med asymmetriskt skårade prover utsatta för enaxlig dragning. Skjuvproverna 
utfördes för att kalibrera modellparametrar relaterade till skjuvdeformationen i tjockleksriktningen. 

FEM-simuleringarna av skjuvproverna fångade initialt beteendet i experimenten. För högre 
belastningar avvek dock resultaten från simuleringarna jämfört med de experimentella resultaten. 
Detta fenomen kan förklaras av att skador utvecklats i materialet under experimentet, vilket inte var 
inkluderat i modellen för FEM-simuleringarna.  Simuleringarna av böjproverna visade på en vekare 
respons jämfört med responsen i experimenten. En möjlig förklaring var att limmet tränger in i 
pressboarden när den lamineras, vilket gör laminatets respons styvare än för det idealiserade laminat 
som användes. 
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1. Introduction 

1.1 Background 
Pressboard is a cellulose-based material used in transformers as electrical insulation as well as for 
providing structural support. The micro-structure of pressboard consists of networks of cellulose 
fibers, which has good mechanical properties as well as exceptional electrical properties. Pressboard 
is sensitive to moisture and temperature which contributes to the ageing of the material [1]. 

The in-plane mechanical properties of pressboard are significantly different from the mechanical 
properties in the out-of-plane (thickness) direction [1]. This is because paper materials (such as 
pressboard) show anisotropic mechanical properties because of the manufacturing process; when 
fiber networks are formed during papermaking process, most fibers are oriented in the paper 
machine direction. This makes the material stiffer in the machine direction than the cross machine 
direction and the difference is even larger between the machine direction and the thickness direction 
that is significantly weaker [2]. Hereinafter, the machine direction will be referred to as MD, the cross 
machine direction to CD and the thickness direction to ZD.  

Previous studies on the mechanical properties of pressboard have primarily focused on pure 
pressboard. In [4], the effect of different combinations of moisture/temperature and different 
mechanical loads was investigated both through experiments and finite element simulations for high 
density pressboard. Also, the relation between stiffness and density for pressboard with respect to 
different moisture content and temperature has been investigated for the thickness direction in [5]. 
A continuum model of high-density pressboard was developed in [6], where in-plane as well as out-
of-plane experiments were performed in order to calibrate the material parameters for the 
pressboard model. 

The objective of this study was to characterize the mechanical properties of laminated pressboard. 
Laminated pressboard is a material which consists of several layers of pressboard that are merged 
with glue under pressure [3]. The mechanical properties of the laminated pressboard were 
investigated by means of experimental characterization and finite element simulations. In the 
present analysis, the mechanical response of laminated pressboard was studied using three- and 
four-point bending (flexure) tests. In addition to the bending tests, shear tests were performed by 
loading samples with asymmetric double notches in uniaxial tension. These tests were used to 
calibrate model parameters related to out-of-plane shear deformation. 

1.2 Manufacturing of the laminate 
The laminated pressboard material is produced at ABB Figeholm. The raw material for the 
manufacturing is unbleached sulfate pulp which is dissolved in dissolvers and then grinded.  The fiber 
solution is diluted with water and possible impurities are cleaned out. The paper machine consists of 
two round wires, forming roll and press. The wet sheet produced by the round wires is rolled onto 
the forming roll and is then transferred to the press where several sheets are pressed and dried 
simultaneously. The dried sheets are then glued with one of the two glue types used by the 
manufacturer. The choice of glue type depends on the product and what properties the product 
should have. The finished laminate is then milled and cut into the preferred size for the customer [3]. 
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The glue type used in the studied laminated pressboard is a polyester glue hereafter referred to as 
Glue A.  

2. Methodology 

2.1 Experiments 
The experiments were performed in the laboratory of the Department of Solid Mechanics at KTH.  All 
tests were done at 23 ±2⁰C under normal room conditions. Prior to the testing, the specimens were 
preconditioned for at least 72 hours in a climate room with controlled humidity and temperature. All 
the tests were performed in hydraulic test machines. In the present investigation, characterization 
was done for samples cut in MD and CD.  

2.1.1 Shear test 

Background to shear tests 
Different test methods for determining the interlaminar shear properties for composites have been 
developed. One example is the tensile IDNS composite shear test in which the specimen has 
asymmetrical notches and is loaded with an inclined tensile force [8]. In [7], the influence of the 
geometric parameters in an IDNS test has been investigated using different evaluation criteria in 
order to determine the optimal specimen and test geometry. In [16], a further development of the 
double notched shear specimen was proposed which could be applied for measurements of the 
shear strength profile for paperboard in the thickness direction. 

From previous studies of shear strength in double notched specimens, it is known that the 
experimental values depend on the relative notch distance. There are limitations of the accessible 
shear strength from experiments because of material strength, but also because of other failure 
mechanisms. Premature failure could arise from high stress concentrations at the notches from a 
non-uniform stress field [8]. 

Experimental setup for asymmetric double notched shear test 
A shear test was performed in order to determine the through-thickness mechanical properties of 
the pressboard layers in the laminate. The tests were performed to calibrate model parameters 
related to the through-thickness response, particularly the shear deformation. The overall 
experimental setup and samples were designed to obtain the most accurate results. The shear test 
was a tensile test with asymmetric double notched samples. The asymmetric notches were cut 
midway through the sample from each side. The specimen was then subjected to a controlled 
displacement until failure. The aim of the test was to get a pure shear zone in between the notches. 

The specimen was fixed between two knurled metal plates on each side. Two additional supports 
with metal rollers were placed on both sides of the sample. Each support was attached to one of the 
grip plates as can be seen in Figure 1. The side-supports were located between the two notches (see 
Figure 1) in order to maintain the alignment of the test pieces (particularly the shear segment) during 
loading. The bottom support was attached to the left pair of grip plates and was kept fixed during the 
experiment. The upper support was attached to the pair of grip plates on which the displacement 
was applied, i.e. it moved along with the piston that was controlling the displacement. 
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Figure 1 Sketch of the shear test setup with the mounted supports with metal rollers at each end 

Figure 2a shows the specimen mounted in the test machine between the two pairs of grip plates. The 
effective length of the test piece was 𝐿𝑔𝑔= 50 mm. Two extensometers were applied to measure the 
displacement, 𝑑𝑠ℎ  of the specimen as seen in Figure 2b. The side supports were then mounted on the 
grip plates such that the end (with the rollers) was right below the notches as illustrated in Figure 2b.  

 

 

Figure 2 Test setup for the double notched assymetric shear test (a) with the sample placed between the 
grip plates and (b) with the extensometers and supports mounted 

The shear tests were performed on two different types of samples, as shown in Figure 3. Type a was 
cut with the glue layer in the middle of the shear zone and Type b with the pressboard layer in the 
middle of the shear zone.  
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Figure 3 The two types of specimens for the shear tests with the glue layer in the middle (Type a) (a) and 
the pressboard layer in the middle (Type b) (b) 

All the geometrical data for the shear test samples Type a and b can be found in Table 1. 

Table 1 Geometrical data for the shear test samples 

 

 

As described earlier, the notch distance has an effect on the results when performing a double 
notched shear test. In order to analyze this effect, experiments were performed for samples with 
different notch distance.  Both types of specimens were cut with notch distances 𝑙𝑛= 9 and 13 mm 
respectively. Additional specimens were also cut out for Type b with a notch distance of 19 mm.  The 
tensile loading was applied as a controlled displacement with a loading rate of 0.01 mm/s to achieve 
a quasi-static loading situation. The force 𝐹𝑠ℎ and the displacement 𝑑𝑠ℎ were recorded during 
loading. 

Shear stress and strain 
In order to characterize the “effective” shear properties of the pressboard material a calculation of 
the shear stress and strain was performed. This was only done for the samples with the pressboard 
layer in the middle (Type b), which is shown in Figure 3b. The effective shear stress, 𝜏𝑥𝑥, was 
approximated from the overall shear force acting on the area between the notches and was 
estimated, from [9], as  

𝜏𝑥𝑥 =
𝐹𝑠ℎ
𝐴𝑠ℎ

, (1) 

 

where 𝐹𝑠ℎ is the overall shear force acting on area between the notches and 𝐴𝑠ℎ  the effective shear 
zone, i.e. the area between the notches as illustrated in Figure 4. The area 𝐴𝑠ℎ is defined as 𝐴𝑠ℎ =
𝑙𝑛𝑤𝑠ℎ.  

 

Figure 4 Sketch of the area in the specimen where the shear stress is calculated 

𝐿𝑠ℎ [mm] 𝑙𝑛 [mm] ℎ𝑠ℎ [mm] 𝑤𝑠ℎ [mm] 
80 9,13,(19) 6 10 



 
 

5 
 

The shear strain 𝛾𝑥𝑥 can, using an approximation of small angles, be determined as 

𝛾𝑥𝑥 =
𝑑𝑠ℎ
𝑡𝑃𝑃

, (2) 

 

where 𝑑𝑠ℎ is the total displacement measured by the extensometer and 𝑡𝑃𝑃 is the thickness of the 
pressboard material as illustrated in Figure 5. 

 

Figure 5 Definition of the shear strain in the Type b samples 

The glue layers were assumed to be much stiffer than the pressboard layer, and therefore, the shear 
was assumed to take place in the pressboard layer only. 

2.1.2 Bending tests 
Two types of bending tests were performed; three-point bending and four-point bending. A short 
description on the mechanical aspects of the three- and four-point bending tests is highlighted 
following classical beam theory [9]. 

Beam theory for the bending tests 
A beam is defined as a body where the dimension in one direction is significantly larger than the 
dimensions in the other directions. A beam can be subjected to axial or longitudinal loading and 
transverse loading that causes the beam to bend. Bending generates internal stresses in the beam, 
which consists of normal stresses acting in the axial direction of the beam and transverse shear 
stresses. When a beam is subjected to loading there will be internal forces and/or moments, which 
can be decomposed into normal force N, shear force T and bending moment M as defined in Figure 
6. These forces and moments could then be used to calculate the normal stress 𝜎 and bending shear 
stress 𝜏 inside the beam. The moment, M, is causing the bending and shear force, T, the shear [9]. 

 

Figure 6 The definition of the moment and forces  
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Shear force and bending moment distribution along the beam can be derived for both three- and the 
four-point bending. The methods for determining them are based on methods described in [9]. 

Three-Point Bending 
Figure 7 show the setup for the three-point bending test and the free body cut.  

 

Figure 7  The setup for the three-point bending test (a) and the free body cut (b) 

To determine the shear force and bending moment distributions along the beam, equilibrium 
equations are formulated. These equations can be found in in Appendix A1 and the resulting force 
and moment distributions can be found in Figure 8. 

 

Figure 8  The force and moment diagram of the three-point bending test 

From Figure 8 it is visible that under a three-point bending test there are both bending and shearing 
occurring in the beam. This means that there is a combined bending and shearing deformation along 
the whole beam. 
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Four-Point Bending 
The same procedure can be applied to the four-point bending test. Figure 9 shows the four-point 
bending setup and the free body cut. 

 

Figure 9 The setup for the four-point bending test (a) and the free body cut (b) 

The derivation of the shear force and bending moment distributions for four-point bending can be 
found in Appendix A2 and the result are shown in Figure 10. 

 

Figure 10 The force and moment diagram of the four-point bending test 

From Figure 10 it is shown that in the segment between the applied forces only bending occurs in the 
beam. Outside this segment there is a mixed loading situation with both bending and shearing.  

Experimental setup for three- and four-point bending tests 
Two types of bending tests were performed; three- and four-point bending. The test setup for the 
three-point bending test is illustrated in Figure 11. The laminated pressboard specimens consisted of 
six layers of pressboard and five layers of glue. The test was performed under a displacement 
controlled setting. The load was applied through a metal cylinder with a loading rate of 0.1 mm/s. 
The applied load and the displacement of the metal cylinder were recorded during testing, and the 
specimens were loaded until failure.  
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Figure 11 Three-point bending 

The experimental setup for the four-point bending test is illustrated in Figure 12. In contrast to the 
three-point bending the applied load was evenly distributed over two cylinders located with a 
distance 𝑙1.  

 

Figure 12 Four-point bending 

All geometrical data for the experimental setup are given in Table 2, with ℎ �  and 𝑤 � , respectively, the 
average height and width of the samples used in the bending tests . 

Table 2 Geometrical data for the three- and four-point bending tests 

 

In the present analysis, the effects of the compliance of the equipment on the recorded data were 
measured before the test. The overall compliance of the equipment was found to be orders of 
magnitude lower than the compliance of the test samples and, therefore, was neglected. 

  

𝐿 [mm] 𝑙1 [mm] 𝑙2 [mm] 𝑑1 [mm] 𝑑2 [mm] ℎ �[mm] 𝑤 �[mm] 
400 10 300 25 34 20.67 20.61 
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2.2 Constitutive models for pressboard and glue layers 
In order to get a more complete analysis of the mechanical behavior a series of finite element 
simulations were performed in combination with the above described experiments. In the finite 
element simulations the pressboard layers and glue layers were represented by different constitutive 
models. The constitutive models for the two materials did not include damage and the failure 
behavior.  

2.2.1 Pressboard model 
The pressboard model used is a viscoelastic-viscoplastic model for high-density cellulose-based 
materials described in [10]. 

The pressboard model formulation focusses on capturing the mechanical responses of the most 
critical aspects of cellulose materials, e.g. through-thickness densification, creep and relaxation. 
Adopting an infinitesimal strain framework, the total strain 𝜺 is decomposed into viscoelastic 
strain 𝜺𝑒 and viscoplastic strain 𝜺𝑔 as  

𝜺 = 𝜺𝑒 + 𝜺𝑔. (3) 
 

Elastic behavior 
The stress tensor 𝝈 is related to the elastic strain 𝜺𝑒 with a linear elastic constitutive model (Hooke’s 
law), 

𝝈 = ℂ𝜺𝑒 , 
 

(4) 

where ℂ  is the steady-state elasticity tensor for an orthotropic material. Note that this investigation 
only focusses on the quasi-static material responses. The present model formulation therefore does 
not include the transient stress terms included in the original model formulation.  

Plastic strain and hardening 
The pressboard material is modelled as an anisotropic material with elastic-plastic behavior and 
therefore a plastic yield surface is adopted. In this case, the yield surface is defined as an assembly of 
2𝑀 sub-surfaces 𝛼 with corresponding normal, 𝑵𝛼, in the symmetric stress space. The yield function 
𝑓 is defined as a non-quadratic yield function 

𝑓 = ��
〈𝜏𝛼 + 𝜏𝑏𝛼〉
𝑠0𝛼 + 𝑠𝑎𝛼

�
2𝑘2𝑀

𝛼=1

− 1 = 0, 
(5) 

 

where 𝜏𝛼 = 𝝈 ∙ 𝑵𝛼 is the stress projected on the sub-surfaces. 𝜏𝑏𝛼 is the back stress, 𝑠0𝛼 the initial 
plastic resistance, 𝑠𝑎𝛼 the hardening (increase of resistance) and 𝑘 an integer power of the 
interpolation function of the sub-surfaces.  

An associated plastic flow rule is used to describe the plastic deformation behavior which gives that 
the evolution of plastic strain follows 

 𝜺�̇� = �̇�𝑲, (6) 
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where 𝛾 is the magnitude of plastic deformation and 𝑲 is the direction of the plastic strain rate 
tensor. Here, the derivative of the yield function 𝑓 defines the direction of the plastic strain rate, i.e.  
𝒁 =  𝜕𝑓 𝜕𝝈⁄ . Thus, the direction of the plastic strain-rate tensor can be expressed as 

𝑲 = 𝒁 ‖𝒁‖⁄ , (7) 
 

The plastic flow direction tensor 𝒁 can now be derived from (5) as  

𝒁 =  
𝜕𝑓
𝜕𝝈

= �
2𝑘
�̅�𝛼 �

〈�̅�𝛼〉
�̅�𝛼 �

2𝑘−1

𝑵𝛼 ,
2𝑀

𝛼=1

 
(8) 

 

where �̅�𝛼 = 𝑠0𝛼 + 𝑠𝑎𝛼 is the effective resistance and �̅�𝛼 = 𝜏𝛼 + 𝜏𝑏𝛼   the effective driving force. 

The time-dependent plastic deformation is accounted for by using a power-law kinetic relation 
instead of the original yield criterion,  𝑓 = 0. By adopting the power-law kinetic relation, which 
describes the viscoplastic behavior, the evolution of the viscoplastic strain can be expressed as    

�̇� = �̇�0 �� �
〈�̅�𝛼〉
�̅�𝛼 �

2𝑘2𝑀

𝛼=1

�

1/𝑔

, 
(9) 

 

where 𝑝 is a rate-sensitivity exponent and �̇�0 is a reference plastic strain rate.  

To describe the plastic post-yield behavior, an anisotropic strain hardening law is used. For cellulose 
based materials, a behavior associated with kinematic hardening has been observed. When strain 
hardening occurs in one loading orientation other loading directions often experience softening. The 
evolution of the resistances, 𝑠𝑎𝛼, is defined using the corresponding governing parameters 𝛾𝛼. The 
anisotropic strain hardening law used gives that the evolution of the plastic resistances 𝑠𝑎𝛼 is  

𝑠𝑎𝛼 = 𝐴𝛼 tanh(𝐵𝛼𝛾𝛼) + 𝐶𝛼𝛾𝛼 , (10) 
 

where 𝐴𝛼 and 𝐵𝛼  describe the hyperbolic tangent behavior and 𝐶𝛼 gives the slope of the linear 
hardening. The evolution of 𝛾𝛼, for each 𝑠𝑎𝛼, is described as 

�̇�𝛼 = 𝜺�̇�𝑵𝛼 = �̇�(𝑲 ∙ 𝑵𝛼), (11) 
 

where �̇�𝛼  can be interpreted as the amount of accumulated plastic strain rate, 𝜺�̇�, projected onto the 
normal 𝑵𝛼. 

The strain hardening behavior also has a contribution from the back-stress 𝜏𝑏𝛼. The evolution of the 
back-stress is assumed to follow the model presented in (10), and the magnitude is defined as the 
resistance of the opposite sub-surface 

𝜏𝑏𝛼 = 𝑠𝑎𝛼
′, (12) 
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where 𝑠𝑎𝛼
′ is the hardening resistance of the opposite sub-surface. Negative plastic resistance is 

avoided through imposing the restriction 𝛾𝛼 ≥ 0. 

Through-thickness densification effects 
In paperboard materials, the in-plane stiffnesses are much higher than the through-thickness 
stiffnesses.  When subjected to compressive loading, a densification/compaction of the material 
occurs resulting in an increase of the elastic stiffness and plastic hardening. 

With the introduction of the parameter 𝜉 = 𝑙𝑔𝑝𝑝/𝑙𝑓𝑓𝑏 , which is the fraction of effective thicknesses 
of voids/pores and solid fibers, the effective thickness can be described as 

𝑙 = (1 + 𝜉)𝑙𝑓𝑓𝑏 . (13) 
 

With the assumption that the thickness of the fibers remains constant under densification, the 
evolution of 𝜉 under compression can be expressed as 

𝜉 = �(1 + 𝜉0) exp  (𝜀ZD ) − 1  if 𝜀ZD ≥ − ln(1 + 𝜉0) ,
0                         otherwise,  (14) 

 

where 𝜉0 is the initial void-to-fiber ratio and 𝜀ZD is the out-of-plane normal strain .  

The through-thickness densification process is assumed to influence the out-of-plane elastic and 
plastic behavior. Therefore, the out-of-plane effective Young’s modulus can be expressed as  

𝐸�3 = 𝐸3 + 𝐸𝜉 , (15) 
 

where  𝐸3 is the initial out-of-plane Young’s modulus and 𝐸𝜉  the increase because of the 
densification. The increase is described by an exponential law, 

𝐸𝜉 = 𝐾 exp �−
𝜉
𝜆𝑒
� − 𝐾0, (16) 

 

where 𝐾0 = 𝐾exp (𝜉0 𝜆𝑒⁄ ) where 𝐾 and 𝜆𝑒 governs the behavior of the densification hardening. 

The densification mechanism is taken into account for the out-of-plane normal compressive stress, 
which corresponds to the plastic resistance �̅�𝛼 for sub-surface 𝛼, such that 

�̅�𝛼 = 𝑠0𝛼 + 𝑠𝑎𝛼 + 𝐷𝜉 , (17) 
 

where 𝐷𝜉 gives the contribution to the through-thickness densification. The densification is 
described by an exponential law, 

𝐷𝜉 = Ω exp�−
 𝜉
𝜆𝑔
� − Ω0, 

(18) 
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where Ω and 𝜆𝑔 controls the densification hardening and Ω0 = Ω exp �𝜉0 𝜆𝑔⁄ �.  

The material densification also affects the out-of-plane shear properties. This behavior is 
approximated with a friction type of law such that 

 𝐺�13 = 𝐺13 + 𝜇𝐸𝜉  and  𝐺�23 = 𝐺23 + 𝜇𝐸𝜉 , (19) 
 

where 𝐺13 and 𝐺23 are the elastic shear moduli and 𝜇 the internal friction coefficient. The plastic 
resistances corresponding to the out-of-plane shear components are described by, 

�̅�𝛼 = 𝑠0𝛼 + 𝑠𝑎𝛼 + 𝜇𝐷𝜉 . (20) 
 

The in-plane properties are also affected by the densification process since they are related to the 
density of the material. With the assumption that the density is inversely related to the material 
thickness, the elastic moduli (𝐸1,𝐸2,𝐺12) and the strain hardening moduli (𝐴(𝛼),𝐶(𝛼)) for the in-plane 
sub-surfaces can be related to the densification parameter 𝜉 through 

𝐸�1 = 𝜒𝐸1,  �̃�(𝛼) = 𝜒𝐴(𝛼) ,  �̃�(𝛼) = 𝜒𝐶(𝛼), (21) 
 

where  𝜒 = 𝑙0 𝑙⁄ = (1 + 𝜉0) (1 + 𝜉)⁄  is the ratio between the initial thickness and the current 
thickness.  

Under the lamination process, the pressboard is subjected to compressive loading. Therefore, it was 
assumed that there would be a change in the material parameters due to the densification that 
occurs under compressive loading. The present model took these effects into account with an 
increase of the material density by decreasing the initial void-to-fiber ratio, 𝜉0, compared to the 
original model [10]. 

More details about the model formulation including aspects on the numerical implementation can be 
found in [10].   

2.2.2 Glue model 
The glue was described by an isotropic elastic-plastic model based on the Drucker-Prager yield 
criterion [11]. The elastic-plastic model is formulated in an infinitesimal strain framework similar to 
the formulation of the pressboard material, described in section 2.2.1. The total strain,  𝜺𝐺 , is split 
into two parts; elastic strain 𝜺𝑒𝐺 and plastic strain 𝜺𝑔𝐺  such that 

 𝜺𝐺 = 𝜺𝑒𝐺 + 𝜺𝑔𝐺 . (22) 
 

Elastic strains 
The elastic strain 𝜺𝑒𝐺  is described by Hooke’s law. The stress tensor 𝝈 is given by 

𝝈𝐺 = ℂ𝐺𝜺𝑒𝐺 , (23) 
 

where ℂ𝐺 is the fourth-order isotropic elasticity tensor  
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ℂ𝑓𝑖𝑘𝑖𝐺 =
𝐸𝐺𝜈𝐺

(1 − 2𝜈𝐺)(1 + 𝜈𝐺)
𝛿𝑓𝑖𝛿𝑘𝑖 +

𝐸𝐺

2(1 + 𝜈𝐺) �𝛿𝑓𝑘𝛿𝑖𝑖 + 𝛿𝑓𝑖𝛿𝑖𝑘�. 
(24) 

 

Here 𝐸𝐺 is Young’s modulus of the glue, 𝜈𝐺 is Poissons ratio and the Kronecker-delta 𝛿𝑓𝑖  is defined by 
𝛿𝑓𝑖 = 1 if 𝑖 = 𝑗 and 𝛿𝑓𝑖 = 0 otherwise. 

Plastic strain 
The evolution of plastic strain 𝜺𝑔𝐺  is described by an associated plastic flow rule. This means that the 
direction of the plastic flow is perpendicular to the yield surface 𝑓 = 𝑓(𝝈). The evolution of the 
plastic strain can be expressed as 

𝜺𝑔�̇� = �̇�𝑲𝐺 , (25) 
 

where  𝛾 is the magnitude of plastic deformation and 𝑲𝐺 = 𝒁/‖𝒁‖ the direction of the plastic strain-
rate tensor where  𝒁 =  𝜕𝑓 𝜕𝝈⁄ . The pressure dependent isotropic yield surface for the Drucker-
Prager yield criterion can be expressed as 

𝑓 =
𝑚 − 1

2
𝐼1 +

𝑚 + 2
2 �3𝐽2 − 𝑠 ≤ 0, (26) 

 

where 𝐼1 is the first invariant of the stress tensor,  𝐽2 is the second invariant of the deviatoric stress, 𝑠 
is the effective plastic resistance (under compression) and 𝑚 is the ratio between the yield strength 
in compression and tension (strength differential factor) [11].  

The evolution of the plastic strain parameter 𝛾 follows classical loading/unloading (Kuhn-Tucker 
condition) [12], such that �̇�𝑓(𝝈) = 0 with 

𝑓(𝝈) < 0 ⟹  �̇� = 0;  𝑓(𝝈) = 0 ⟹  �̇� > 0; (27) 
 

A linear hardening model was applied for the increase of the effective plastic resistance s such that 

𝑠 =  𝑠0 +  𝑠h =  𝑠0 +  𝐴𝛾, (28) 
 

where 𝑠0 is the initial plastic resistance and 𝐴 is the isotropic hardening modulus. 

In order to the determine the plastic flow tensor 𝒁, the stress invariants and derivatives are studied. 
The stress invariant 𝐼1from (26) can be expressed as 

𝐼1 =  𝜎11 + 𝜎22 + 𝜎33. (29) 
  
The derivative of 𝐼1  , with respect to the stress tensor  𝝈, can be derived from (29) as 

𝑨 =
𝜕𝐼1
𝜕𝝈

 , (30) 

 

and  𝐽2 is expressed as 
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𝐽2 =
1
2
𝝉 ∙ 𝝉 (31) 

 

where 𝝉 = 𝛔 − 1
3
𝐼1𝑰.  The derivative of the second invariant 𝐽2 with respect to  𝝈 can be obtained 

from the chain rule as 𝐁 = 𝜕𝐽2 𝜕𝝉⁄ 𝜕𝝉 𝜕𝝈⁄  which can be written as 

𝑩 =
𝜕𝐽2
𝜕𝝈

. (32) 

 

Inserting (30) and (32) into (26) and applying the chain rule gives the plastic flow tensor 

𝒁 =
𝜕𝑓
𝜕𝝈

=
𝑚 − 1

2
𝑰 +

𝑚 + 1
2

�
3

4𝐽2
�𝝈 −

1
3
𝐼1𝑰�. 

 
(33) 

 

The model parameters for the glue material were calibrated to the experimental stress-strain curve 
of thin glue strips subjected to uniaxial tensile loading. The glue strips were extracted from layers of 
glue in the laminated pressboard.  

2.3. Finite element simulations 
Three-dimensional simulations of laminated pressboard were performed using the finite element 
software ABAQUS [13] where the above described constitutive models were implemented as a user 
material subroutine. The model parameters used in the analyses are listed in Appendix B. 
Throughout the present finite element analyses, all samples geometry was discretized using linear 
tetrahedral elements. The supports and loading cylinders were modelled as analytical three 
dimensional rigid shells. Mesh convergence analyses were performed for both the bending test and 
the shear test to ensure that the mesh was of sufficient resolution. The results from the mesh 
convergence analyses can be found in Appendix C. All the analyses were performed taking into 
account large deformations (Nlgeom=ON). All the data for the material model parameters are listed 
in Appendix B. 

2.3.1 Shear test 
In the finite element simulations of the shear tests, the length of the specimens was the same as in 
the experiments, 𝐿𝑔𝑔= 50 mm which is defined in Figure 1. The meshed model used is illustrated in 
Figure 13. 

 

Figure 13 The meshed model of the shear sample with analytical rigid shell supports  
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The meshing was finer around and between the notches and coarser towards the ends. Here, 
irregular meshes were chosen in order to minimize the artifact related to discrete nodal contacts on 
the overall force-displacement evolution. The modelled samples had at one edge locked 
displacement, i.e. 𝑢𝑥 ,𝑢𝑥,𝑢𝑥 = 0. At the other end the loading was applied in the form of a prescribed 
displacement 𝑢𝑥 = 𝑑𝑠ℎ and 𝑢𝑥,𝑢𝑥= 0. The maximum displacement was 0.5 mm and the loading rate 
was 0.01 mm/s (the same as in the experiment). The bottom cylindrical support was locked in all 
degrees of freedom and the top cylindrical support was locked in all degrees of freedom except 
for 𝑢𝑥 = 𝑑𝑠ℎ. 

2.3.2 Three- and four-point bending. 
The model for the three- and four-point bending tests consisted of six layers of pressboard, each had 
a thickness of 2.6 mm, and five layers of glue with a thickness of 1 mm, giving a total laminate 
thickness of 20.6 mm. The layout can be seen in Figure 14 for the four-point bending test. The width 
of the sample was 21 mm. Because of the symmetric nature of the test setup and samples (see 
Figure 11 and Figure 12), a symmetric boundary condition was applied and only half of the sample 
was modelled (length= 200 mm) as illustrated in Figure 14. The three-point bending setup was similar 
to the one presented in Figure 14 except that the loading cylinder was located at the right end 
(where the symmetric boundary condition was applied).The thickness of the glue layers were larger 
in the finite element model than the visible glue thickness of the samples in order to account for 
some penetration of the glue into the pressboard.  

 

 

Figure 14 Symmetric model of the four-point bending test 

The load was applied as a prescribed displacement with a loading rate of 0.1 mm/s on a cylinder 
which was modelled as an analytic three dimensional rigid shell that was locked in all degrees of 
freedom except for the z-direction in which the load was applied. The cylindrical (bottom) support 
was also modeled as an analytic rigid shell and was locked in all degrees of freedom. The sample was 
also restrained in order to avoid rigid body motions. 
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3. Results 

3.1 Experimental results 
During measurements, the force and displacement data were recorded with one data point every 
0.01 second. All of the experimental results were post-processed using MATLAB [14]. The data for 
the shear test was also treated with the smooth command [15], which smooths the otherwise noisy 
data using an average filter. The span for the moving average was set to 9.  

3.1.1 Shear test (model calibration) 
The results from the shear tests are presented in Figure 15-21. The results are presented in terms of 
the evolution of the reaction force (recorded by the load cell) as a function of the applied 
displacement of the moving cylinder. Each figure contains a series of tests for one specimen type and 
notch distance in both MD and CD. The figures also include an average based on linear interpolation 
of the results. 

Force-displacement results for notch distance 9 mm 
The results for the 9 mm notch distance for sample Type a with the glue situated in the middle of the 
shear zone are presented in Figure 15 . 

 

Figure 15 Results from shear tests for sample Type a with the glue situated in the middle of the shear 
zone for samples cut along MD (a)  and samples cut along CD (b), with notch distance 𝑙𝑛= 9 mm
   

The results for the 9 mm notch distance of sample Type b with the pressboard layer in the middle of 
the shear zone are shown in Figure 16. 
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Figure 16 Results from shear tests for shear sample Type b with the pressboard situated in the middle of 
the shear zone for samples cut along MD (a) and samples cut along CD (b), with notch distance 𝑙𝑛= 9 mm
     

Force-displacement results for notch distance 13 mm 
The results from the experiments performed with a 13 mm notch distance for sample Type a with 
the glue situated in the middle of the shear zone are presented in Figure 17. 

 

Figure 17 Results from shear tests for sample Type a with the glue situated in the middle of the shear 
zone for samples cut along MD (a) and samples cut along CD (b), with notch distance 𝑙𝑛= 13 mm
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The results from the experiments performed with a 13 mm notch distance for sample Type b with 
the pressboard situated in the middle of the shear zone are presented in Figure 18. 

 

Figure 18 Results from shear tests for shear sample Type b with the pressboard situated in the middle of 
the shear zone for samples cut along MD (a) and samples cut along CD (b), with notch distance 𝑙𝑛= 13 mm
     

Force-displacement results from experiments for notch distance 19 mm 
The results from the experiments performed with a 19 mm notch distance for sample Type b with 
the pressboard situated in the middle of the shear zone are presented in Figure 19. 

 

Figure 19 Results from the shear test for shear sample Type b with the pressboard situated in the middle 
of the shear zone for samples cut along MD (a) and samples cut along CD (b), with notch distance 𝑙𝑛= 19 
mm     

  



 
 

19 
 

Force-displacement averages 
All the averages from Figure 15 to Figure 19 are presented in Figure 20.  

 

 

Figure 20  The averages from the shear experiments for all notch distances tested in both MD and CD for 
sample Type a with the glue situated in the middle of the shear zone (a) and Type b with the pressboard 
situated in the middle of the shear zone (b).  

It can be seen in Figure 20 that samples of both Type a and b that were cut in MD had a stiffer 
behavior compared to the CD samples. 

For samples with the glue situated in the middle of the shear zone, two different notch distances 
were studied. The initial elastic slope shows a slightly higher response for the 13 mm notch distance 
compared to the 9 mm notch distance samples. This is expected since the larger distance 
corresponds to a larger shear zone. 

The samples with the pressboard situated in the middle of the shear zone presented in Figure 20b 
show a similar behavior. The samples cut with a larger notch distance showed a higher initial slope 
and maximum load. 

Shear stress and strain 
To further extend the analysis the force-displacement response were presented as stress-strain 
curves for the samples of Type b. The shear stress and strain curves for the different notch distances 
and material directions were computed with (1) and (2) for the pressboard and can be found in 
Figure 21. The shear stress and strain for samples Type a with the glue layer situated in the middle of 
the shear zone were not computed. The reason for this was that the shear zone occurring in these 
samples included both glue and pressboard. Therefore, the shear stress and strain were difficult to 
define. Later on in the finite element simulations it was observed that the highest shear strains 
occurred in the pressboard layer close to the glue layer (see Figure 28a and Figure 29a). This suggests 
that the shear tests of samples of Type a were not testing the glue layer but rather the interface 
region between the glue and pressboard layers. 
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Figure 21 Shear stresses and strains for different notch distances for samples of Type b with the 
pressboard situated in the middle of the shear zone 

The effective shear modulus of the pressboard was represented by the initial slope of the shear 
stress-strain curve when the curve is approximately linear. A linear curve fitting to the first data 
points of the different curves gave an approximation of the effective shear moduli which are 
presented in Table 3. The effective shear moduli were not calculated for the 19 mm notch distance 
because of the discrepancy of the stress-strain curve compared to the other notch distances. 

Table 3 The effective shear moduli for two notch distances and material directions 

 

 

 

As can be seen in Table 3, the effective shear modulus seems to decrease with increased notch 
distance (i.e. increased shear area). In theory the shear modulus should be constant. This indicates 
that the load was not evenly distributed in the shear zone area during shearing. Later on in the finite 
element simulations it is shown that there are concentrations of high shear strain close to the 
notches. The distribution of shear strain is more homogeneous in the samples with shorter notch 
distances compared to the samples with larger distances; see Figure 28b and Figure 29b. For the 
samples with larger notch distances, the area that effectively carries the shear load is smaller than 
the total area between the notches. This is why the effective shear modulus appears to be lower for 
the larger notch distance than the effective shear modulus of the samples with shorter distance 
between the notches. 

Parameter calibration for the constitutive model 
A calibration of some of the model parameters from [10] was performed based on the results of the 
shear tests. The out-of-plane (ZD) parameters for the pressboard material were modified using the 
results from the shear tests of samples of Type b.  

Notch distance 9 mm 13 mm 
MD 164 MPa 128 MPa 
CD 139 MPa 99 MPa 
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In [16], the shear strength of paperboard was determined using notched samples. However, in this 
study the shear strength was extracted as well as the initial (elastic shear) modulus for the 9 mm 
notch distance samples. These values were then used to calibrate the parameters of the pressboard. 

3.1.2 Three- and four-point bending tests 
The results from the three- and four-point bending tests are presented in Figure 22 and Figure 23. 
The results from the experiments are presented in plots for each type of test and material direction. 
The figures also include the average based on linear interpolation of the results from the performed 
experiments. The results are presented in terms of forces with respect to the applied displacements. 

The results from the three-point bending tests are presented in Figure 22 .  

 

Figure 22 Results from the three-point bending test for Glue A in MD (a) and CD (b). 

The results from the four-point bending experiments are presented in Figure 23. 

 

Figure 23 Results from the four-point bending test for Glue A in MD (a) and CD (b). 

The averages in MD and CD from the bending tests are presented in Figure 24. The averaging was 
performed up until the displacement where failure was initiated in the samples. 
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Figure 24 Averages for three-point bending (a) and for four-point bending (b) 

When all of the samples were investigated, post experiments, there were two types of failure. Either 
a shear failure in one of the pressboard layers or compressive failure on the top of the sample at the 
position where the load was applied. Figure 25 shows two representative samples from the bending 
tests that show these types of failure.  

 

Figure 25 Samples showing typical failure in the three-point bending test (a) and four-point bending test 
(b). 

Figure 25a shows that the typical failure in three-point bending is driven by transverse shear, which is 
indicated by the red arrow. The crack appeared in the pressboard layer which has lower transverse 
shear strength (the weakest link) compared to the glue. Figure 25b shows the compressive (buckling) 
failure, which was typical for the four-point bending samples. In contrast to the three-point bending 
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failure mode, the four-point bending failure mode (as indicated by the red arrow in Figure 25b was 
dominated by compressive failure of the pressboard layer which caused delamination. As can be 
seen in Figure 10 there is in a four-point bending test a state of pure bending between the points of 
loading. From previous investigations reported in [10] it is also known that pressboard is weaker 
under in-plane compression than under in-plane tension, which supports the development of this 
type of failure. Some of the samples showed local instability, in particular in the region below the 
loading cylinder, related with compressive failure. Figure 25a shows this behavior, where the local 
instability appears on the top of the sample. 

3.2 Simulation results 

3.2.1 Shear test simulation results 
The results from the finite element simulations for the shear test are presented in Figure 26-29. The 
results are compared to the experimental data. The results for notch distance 𝑙𝑛= 9 mm for sample of 
Type a with the glue situated in the middle of the shear zone and sample Type b with the pressboard 
situated in the middle of the shear zone is shown in Figure 26. 

 

Figure 26 Results from the shear test simulations compared to the average results from the experiments 
with notch distance 𝑙𝑛= 9 mm for sample Type a (a) and sample Type b (b) 
    

The results from the experiments and simulations for 𝑙𝑛 =13 mm can be found in Figure 27 for Glue 
A and Pressboard, respectively. 
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Figure 27 Results from the shear test simulations compared to the average results from the experiments 
with notch distance 𝑙𝑛= 13 mm for sample Type a (a) and sample Type b (b).  
     

The comparison of the results from the finite element simulations of the shear test and the 
experiments in Figure 26 and Figure 27 shows that the finite element model captured the behavior 
well for the initial part of the force-displacement response.  When the loading increased, the finite 
element model showed stiffer behavior than the experimental results. This difference can be 
explained by the evolution of damage in the material prior to failure, which is not included in the 
present model formulation.  
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Snapshots of the finite element simulations of the shear test can be found in Figure 28, which 
displays the strain for samples Type a and b  with a 9 mm notch distance. The snapshots are taken at 
𝑢𝑥= 0.056 mm (applied displacement). Figure 28a and b shows when the glue is situated in the 
middle of the shear zone and with the pressboard material situated in the middle of the shear zone, 
respectively. 

 

Figure 28 Shear strain in the xz-plane in the shear test-simulations for 𝑙𝑛= 9 mm for samples of Type a (a) 
and Type b (b). 

Snapshots from the simulations of a notch distance 𝑙𝑛= 13 mm at the point where 𝑢𝑥= 0.056 mm. 
can be found in Figure 29. 

 

Figure 29 Shear strain in the xz-plane in the shear test-simulations for 𝑙𝑛= 13 mm for samples of Type a (a) 
and samples of Type b (b). 

Figure 28b and Figure 29b display that for the finite element simulations of sample of Type b the 
shear strain distribution is most homogeneous for the 9 mm notch distance sample. For the larger 
notch distance, the shear zone is less homogeneous. As reported in [8], the resulting shear strength 
from experiments of double notched specimens is dependent on the notch distance. Therefore, the 
notch distance is one possible explanation for more homogeneous stress field for the shorter notch 
distance. 

The shear-test simulations of Type a samples, with the glue situated in the middle of the shear zone, 
in Figure 28a and Figure 29a display higher shear strains in the pressboard material. There is a visible 
sharp change in the shear strain distribution when the layer changes from glue to pressboard, as 
marked by a red arrow in Figure 28a. 
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3.2.2 Bending tests simulation results 
Figure 30 shows the results from the finite element simulations and the experiments for the four-
point bending test for the laminated pressboard.  

 

Figure 30 The finite element simulation results and experimental results for four-point bending. 

The results from the finite element simulations and experiments for the three-point bending tests 
can be found in Figure 31. 

 

Figure 31 The finite element simulation results and experimental results for three-point bending. 

The finite element simulations show a more compliant behavior than the experimental averages for 
both material directions. One possible explanation for the discrepancy between the simulations and 
experiments can be explained by the presence of intermediate layers due to penetration of glue into 
the pressboard. The intermediate layers should have stiffer material properties compared to the 
pressboard material. However, these layers were not included in the model used in the finite 
element simulations. Another alternative to account for the intermediate layers is to increase the 
effective glue layer thickness. As shown in Figure 39, which contains a parametric study of the glue 
layer thickness, the overall stiffness response of the laminate increases with increased thickness of 
the glue layer.  
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Snapshots of the strain distribution in the simulations of the laminate bending tests were extracted. 
Figure 32 shows the distribution of the axial normal strain in the four-point bending test simulation. 
The snapshot is taken at 𝑢𝑥= 11 mm (displacement of the top cylinder), which is the end point for the 
average of the experimental data from the four-point bending test. It can be seen that the highest 
compressive strain occurs in the middle section of the sample. This level of high (compressive) strain 
leads to material failure.  

 

Figure 32 The normal strain in x-direction for the four-point bending at 𝑢𝑥= 11 mm, MD 

Figure 33 shows the distribution of the transverse shear strain at 𝑢𝑥 = 11 mm for the four-point 
bending test simulation. It is seen that the strains are higher in the pressboard layer compared to the 
glue layer, since the pressboard layers have lower stiffness in transverse shearing than the glue 
layers. In the middle section, the amount of shear is close to zero which is to be expected since the 
transverse shear force is zero. 

 

Figure 33 The shear strain in xz-plane for the four-point bending test at 𝑢𝑥= 11 mm, MD 

Figure 34 shows the distribution of the axial normal strain for the three-point bending test at 𝑢𝑥 = 9.5 
mm. The strains on the top of the sample are compressive and increase towards the point of load 
application.  
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Figure 34 Normal strain in x-direction for the three-point bending test at 𝑢𝑥= 9.5 mm, MD 

Figure 35 shows the distribution of the transverse shear strain for the three-point bending 
simulation. It is visible that the shear strains are higher in the pressboard layer compared to the glue 
layer. 

 

 

Figure 35 Shear strain in xz-plane for the three-point bending test at 𝑢𝑥= 9.5 mm, MD 
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3.3.1 Additional investigation  
An additional investigation was performed in three-point bending for another type of glue used by 
the manufacturer, a casein glue here called Glue B.  The three-point bending test was performed for 
this glue in the same way as the experiments explained in section 2.1.2. The force-displacement 
curves for the pressboard laminated with Glue B are presented in Figure 36. 

 

Figure 36 Force-displacement curves for three-point bending test of Glue B for MD (a) and CD (b) 

The averages from the three-point bending test for Glue B compared to the results for Glue A are 
displayed in Figure 37.  

 

Figure 37 The average results from the three-point bending tests for pressboard laminated with Glue A 
and Glue B 

It was known that Glue B should have weaker mechanical properties than Glue A, which is confirmed 
by the results shown in Figure 37 where the overall response of the laminate with Glue B is weaker 
than for the laminate with Glue A. It was suggested that Glue B hade mechanical properties 
comparable to the pressboard. Therefore, a finite element simulation of the three-point bending 
tests was performed for a sample of pure pressboard and the results from the pure pressboard 
simulations and the three-point bending experiment of the laminate with Glue B can be found in 
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Figure 38. The curves, indeed, show that Glue B has mechanical properties comparable to the 
pressboard. 

 

Figure 38 Force-displacement curves for experimental results of Glue B in three point bending test and 
the pure pressboard model simulation of the three-point bending test 
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4. Discussion and conclusions 
This study has focused on investigating the mechanical responses of laminated pressboard under 
three- and four-point bending tests. In addition to the bending tests, shear tests were performed on 
samples with asymmetric double notches under uniaxial tension. The shear tests were used to 
calibrate parameters to the material model used for the pressboard material.  

The shear test was performed for different notch distances and different laminate configurations 
with two types of samples. The samples cut out to test the glue parameters, Type a in Figure 3, did 
not give any information about Glue A but rather of the shear strength in the interface layer between 
glue and pressboard. The results from the tests of samples of Type b, with pressboard situated in the 
middle of the shear zone, were used for calibration of the material model parameters for the 
pressboard in the out-of-plane direction.  

In section 2.1.1 the limitations of the asymmetric shear test is discussed. Other stress components 
than the intended shear stress occur in the samples (because of a non-homogeneous stress field). 
The notch distance is also a factor that affects the result. This was visible when determining the shear 
stress and strain, presented in Figure 21. The change in the effective shear moduli for different notch 
distances could be explained by the non-homogenous shear distribution inside the notched area, for 
samples with larger notch distance, which also is evident from Figure 28b and Figure 29b, which 
shows the results from the finite element simulations of the shear tests. The area effectively carrying 
the shear load, for samples with larger notch distances is smaller than the actual area between the 
notches.  

The finite element model of the shear test captures well the initial (elastic) behavior of the samples 
from the shear tests. Further into the loading there is however a discrepancy which can be explained 
by development of damage in the material, which was not included in the present model 
formulation. The agreement between the model prediction and experimental data becomes poorer 
for samples with larger notch distances.  

In the three-point bending test there is a mix of both shearing and bending, as explained from the 
shear force and bending moment distribution. The samples from the experiments showed that 
failure occurred in the pressboard layer due to transverse shear deformation. On some of the 
samples local instability associated with compressive failure was observed, in particular in the region 
below the cylinder where the load was applied. In the four-point bending tests did most of the 
samples fail due to in-plane compression in the pressboard layers. The material instability related to 
the compressive failure caused delamination in the pressboard material which leads to failure of the 
tested sample. 

In four-point bending of laminated pressboard the in-plane compression behavior is more critical 
than the transverse shear. In the four-point bending, where there is a pure bending zone, failure 
occurred mostly in the pure-bending zone. In three-point bending the failure mode is dominated by 
transverse shear deformation, but whether it is shear or compression that initiated failure was 
unclear. Hence, from a failure analysis point of view, four-point bending tests gave more details than 
the three-point bending tests. 
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When comparing the experiments and the finite element simulations for the three-point and four-
point bending tests it is evident that the simulation results show a weaker behavior. This could be 
because in the finite element simulations there are pure layers of pressboard and glue. In reality 
there are due to the lamination process intermediate layers where penetration of glue into the 
pressboard occurs. Characterization of the intermediate layers is a subject for future investigations.  

The present material model of the pressboard material includes the densification process that occurs 
when the material is exposed to compressive loading. However, when the pressboard material is 
laminated, it is expected that there would be a change in the material parameters because of the 
compression that occurs in the lamination process. These effects were taken into account in the 
present model simulations by increasing the material density by decreasing the initial void-to-fiber 
ratio, 𝜉0, from 0.25 in the original model [10] to 0.225 in the present model. 

In the work presented [2] it is suggested that there are gradients of density occurring in paper 
materials and that the gradients of density also causes gradients in the shear strength properties. 
This means that the material properties are changing through the thickness direction (ZD). In this 
study the properties has been assumed to be constant throughout the entire material layer. 

The thickness of the layers is one of the factors that affect the results in the finite element 
simulations. A parametric study of the layer thickness was performed for the simulations of the 
three-point bending test in MD. The result is shown in Figure 39. 

 

Figure 39 Parametric study of the layer thicknesses for the three-point bending test 

In this parametric study, the cases of only pressboard and only glue were also included. It is clearly 
seen that the thickness of the layers is a factor that influences the results. Since Glue A has stiffer 
mechanical properties compared to the pressboard material, the response of the pure glue sample 
has a stiffer behavior. 
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The model used in this study did not take into account the failure mechanisms of the materials. 
Furthermore, the simulations did not study the influence of change in temperature and moisture 
content since the experiments were performed under approximately constant conditions of moisture 
and temperature.  The viscoelastic part of the pressboard model was neglected in this study because 
of the quasi-static nature of the present experiments. 

The additional investigation of a laminate with Glue B showed that it has an overall weaker response 
than a laminate with Glue A. A comparison between the response of a finite element simulation of 
pure pressboard and the response of the three-point bending test of a laminate with Glue B showed 
that the mechanical properties are comparable.  
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5. Recommendations 
Based on the results and conclusions presented in this report the following can be recommended. 

• For investigation of the failure in laminated pressboard the four-point bending test is 
providing more information than the three-point bending test.  

• For future modelling of laminated pressboard, the effect of the glue penetration into the 
pressboard should be further investigated since the thickness of the glue layer has an effect 
on the overall behavior of the laminated pressboard. 

• Since all investigations where performed under quasi-static loading, the time-dependent 
features of the pressboard model have been neglected. The temperature/moisture 
dependence has also not been investigated in this analysis. Therefore, a simulation with the 
in-situ conditions regarding temperature/moisture and time should be of interest. 
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Appendix 

A. Bending test  

A1. Three-point bending 

 

Figure 40 Setup for the three-point bending test (a) and the free body cut (b) 

To determine the reaction forces, force and moment equilibrium from the free body cut in Figure 40 
are evaluated  

↑:𝑅𝐴 + 𝑅𝐶 − 𝑃 = 0 (34) 
 

↶ 𝐴:  𝑅𝑐2𝐿3 − 𝑃𝐿3 = 0. (35) 
 

From the equilibrium equations (34)-(35) the two reaction forces, of interest,  𝑅𝐴 and 𝑅𝐶  are 
obtained 

𝑅𝐴 = 𝑅𝐶 = 𝑃/2 (36) 
 

 

Figure 41 Beam with two cuts with the resulting bending moment and shear force 

When the reaction forces are known the equilibrium equations for the forces and moments in an 
arbitrary cut described in Figure 41  are:  

Part I, 0 < 𝑥 < 𝐿3: 

↑ : 𝑅𝐴 + 𝑇Ι = 0 (37) 
 

↷ 𝑥:  𝑀Ι + 𝑅𝐴𝑥 = 0. (38) 
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Equation (37) shows that the shear force is independent of 𝑥 in the defined area and with (36) can be 
written as  

𝑇Ι = −𝑃/2 (39) 
and the moment follows from (36) and (38) 

 𝑀Ι = −𝑃𝑥/2.  

 

(40) 

  
The equilibrium equations for the forces and moments in another arbitrary cut between the applied 
force and the support at point C are:  

Part II, 𝐿3 < 𝑥 < 2𝐿3: 

↑ : 𝑅𝐴 − 𝑃 + 𝑇IΙ = 0 (41) 
 

↷ 𝑥:  𝑀ΙI(𝑥) + 𝑅𝐴𝑥 − 𝑃(𝑥 − 𝐿3) = 0. (42) 
 

The resulting bending moment and shear force distributions are given in Figure 8. 

A2. Four-point bending 
Figure 42 shows the four-point bending setup and the free body cut. 

 

Figure 42 The setup for the four-point bending test and the free body cut 

The free body cut is used to determine the reaction forces 𝑅𝐴 and 𝑅𝐶  from Figure 42 b. 

↑:𝑅𝐴 + 𝑅𝐶 − 𝑃 − 𝑃 = 0 (43) 
 

𝑥 ↷:𝑃𝐿4 + 2𝑃𝐿4 − 𝑅𝐶3𝐿4 = 0 (44) 
 

which gives that 

𝑅𝐴 = 𝑅𝐶 = 𝑃 (45) 
 

To determine how the bending moment and shear force is distributed in the beam a cut in each part 
must be performed as shown in Figure 43. 
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Figure 43 Beam subjected to four-point bending with arbitrary cuts at three different locations with the 
resulting shear forces and bending moments 

Part I, 0 < 𝑥 < 𝐿4: 

↑ : 𝑇Ι + 𝑅𝐴 = 0 (46) 
 

↷ 𝑥:  𝑀Ι + 𝑅𝐴𝑥 = 0 (47) 
 

which gives that in the studied section  

𝑇Ι(𝑥) = −𝑃 (48) 
 

𝑀Ι(𝑥) = −𝑃𝑥. (49) 
 

Part II, 𝐿4 < 𝑥 < 2𝐿4: 

↑ :   𝑇ΙI + 𝑅𝐴 − 𝑃 = 0 (50) 
 

↷ 𝑥:  𝑀ΙI + 𝑅𝐴𝑥 − 𝑃(𝑥 − 𝐿4) = 0 (51) 
 

which gives that in the studied section  

𝑇ΙI = 0 (52) 
 

𝑀ΙI = −𝑃𝐿4. (53) 
 

Part III, 2𝐿4 < 𝑥 < 3𝐿4: 

↑ :   𝑇ΙII + 𝑅𝐴 − 𝑃 − 𝑃 = 0 (54) 
 

↷ 𝑥:  𝑀ΙII + 𝑅𝐴𝑥 − 𝑃(𝑥 − 𝐿4)− 𝑃(𝑥 − 2𝐿4) = 0 (55) 
 

which gives that in the studied section  

𝑇ΙII = 𝑃 (56) 
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𝑀ΙII(𝑥) = −𝑃(𝑥 − 3𝐿4). (57) 
 

The resulting bending moment and shear force distributions are given in Figure 10.  
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B. Table of material parameters for Glue A and Pressboard 
The material data used for the finite element simulations are presented below. The material data for 
the pressboard was taken from [10] and used in the material constitutive model presented in Section 
2.2. Note that there are some values for the parameters used in this model which does not agree 
with the original model parameters. The out-of-plane material properties have been modified using 
the shear tests performed in this study. Also, there have been changes in the parameters to take into 
account the additional densification of the pressboard due to the lamination process. There have 
also been changes in some of the elastic parameters because of the quasi-static loading situation. 

The material parameters for Glue A were taken from experiments described in Section 2.2.2. 

 

Glue A, Material parameters 
 
Young’s modulus 𝐸𝐺 13.5 GPa 
Poissons ratio 𝜈𝐺 0.2 
Initial plastic yield in compression  𝑠0 105 MPa 
Compression/tension strength ratio 𝑚 1.1 
Linear hardening modulus 𝐴 0.14 GPa 

 

Pressboard, Material parameters 
 
Elasticity 
Young’s modulus MD 𝐸𝑀 12.699 GPa 
Young’s modulus CD 𝐸𝐶 9.503 GPa 
Young’s modulus ZD 𝐸𝑍 0.6273 MPa 
Poissons ratio MD-CD 𝜈𝑀𝐶 0.24 
Poissons ratio MD-ZD 𝜈𝑀𝑍 0 
Poissons ratio CD-ZD 𝜈𝐶𝑍 0 
Shear modulus MD-CD 𝐺𝑀𝐶 4.794 GPa 
Shear modulus MD-ZD 𝐺𝑀𝑍 0.3349 GPa 
Shear modulus CD-ZD 𝐺𝐶𝑍 0.2465 GPa 
   
Plastic kinetic law and yield surface 
Reference plastic strain rate �̇�0 1∙10-3 
Rate-sensitivity exponent 𝑝 2.4∙10-1 
Yield function interpolation 𝑘 3 
 
Densification process 
Initial void-to-fiber ratio 𝜉0 2.25∙10-1 
Densification hardening modulus Ω 310 MPa 
Densification elastic modulus 𝐾 3.4 GPa 
Plastic densification rate 𝜆𝑒 6∙10-1 
Elastic densification rate 𝜆𝑔 2.4∙10-1 
Internal friction coefficient 1 𝜇1 0.4 
Internal friction coefficient 2 𝜇2 0.4 
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Initial plastic resistance 
Sub-surface 1 (MD tension) 𝑠01 40 MPa 
Sub-surface 2 (CD tension) 𝑠02 32 MPa 
Sub-surface 3 (45+ tension) 𝑠03 36 MPa 
Sub-surface 4 (45- tension) 𝑠04 36 MPa 
Sub-surface 5 (ZD tension) 𝑠05 10.8 MPa 
Sub-surface 6 (MD-ZD shear) 𝑠06 = 𝑠013 6.4 MPa 
Sub-surface 7 (CD-ZD shear) 𝑠07 = 𝑠014 4.7 MPa 
Sub-surface 8 (MD compression) 𝑠08 25 MPa 
Sub-surface 9  (CD compression) 𝑠09 20 MPa 
Sub-surface 10 (45+ compression) 𝑠010 22.5 MPa 
Sub-surface 11(45- compression) 𝑠011 22.5 MPa 
Sub-surface 12 (ZD compression) 𝑠012 10.8 MPa 
   
Exponential strain hardening 
Initial hardening modulus 
Sub-surface 1 (MD tension) 𝐴1 28 MPa 
Sub-surface 2 (CD tension) 𝐴2 28 MPa 
Sub-surface 3 (45+ tension) 𝐴3 28 MPa 
Sub-surface 4 (45- tension) 𝐴4 28 MPa 
Sub-surface 5 (ZD tension) 𝐴5 2 MPa 
Sub-surface 6 (MD-ZD shear) 𝐴6 = 𝐴13 0.6 MPa 
Sub-surface 7 (CD-ZD shear) 𝐴7 = 𝐴14 0.4 MPa 
Sub-surface 8 (MD compression) 𝐴8 18 MPa 
Sub-surface 9  (CD compression) 𝐴9 18 MPa 
Sub-surface 10 (45+ compression) 𝐴10 18 MPa 
Sub-surface 11(45- compression) 𝐴11 18 MPa 
Sub-surface 12 (ZD compression) 𝐴12 4 MPa 

 
Initial hardening rate   
Sub-surface 1 (MD tension) 𝐵1 600 MPa 
Sub-surface 2 (CD tension) 𝐵2 600 MPa 
Sub-surface 3 (45+ tension) 𝐵3 600 MPa 
Sub-surface 4 (45- tension) 𝐵4 600 MPa 
Sub-surface 5 (ZD tension) 𝐵5 40 MPa 
Sub-surface 6 (MD-ZD shear) 𝐵6 = 𝐵13 600 MPa 
Sub-surface 7 (CD-ZD shear) 𝐵7 = 𝐵14 600 MPa 
Sub-surface 8 (MD compression) 𝐵8 600 MPa 
Sub-surface 9  (CD compression) 𝐵9 600 MPa 
Sub-surface 10 (45+ compression) 𝐵10 600 MPa 
Sub-surface 11(45- compression) 𝐵11 600 MPa 
Sub-surface 12 (ZD compression) 𝐵12 40 MPa 
   
Linear strain hardening   
Linear hardening modulus   
Sub-surface 1 (MD tension) 𝐶1 2.5 GPa 
Sub-surface 2 (CD tension) 𝐶2 1.7 GPa 
Sub-surface 3 (45+ tension) 𝐶3 1.9 GPa 
Sub-surface 4 (45- tension) 𝐶4 1.9 GPa 
Sub-surface 5 (ZD tension) 𝐶5 0.1 GPa 
Sub-surface 6 (MD-ZD shear) 𝐶6 = 𝐶13 0.06 GPa 
Sub-surface 7 (CD-ZD shear) 𝐶7 = 𝐶14 0.04 GPa 
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Sub-surface 8 (MD compression) 𝐶8 1.7 GPa 
Sub-surface 9  (CD compression) 𝐶9 1.15 GPa 
Sub-surface 10 (45+ compression) 𝐶10 1.3 GPa 
Sub-surface 11(45- compression) 𝐶11 1.3 GPa 
Sub-surface 12 (ZD compression) 𝐶12 0.4 GPa 
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C. Mesh convergence analysis 

C1. Bending test 
 A mesh convergence analysis was performed for the finite element simulation of the four-point 
bending test. This was to verify that the number of element was sufficient so that the result from the 
analysis was independent of the mesh density. Since the specimens had the same dimensions for 
both the three and four-point bending only one mesh convergence analysis was performed. The 
results from the analysis can be found in Figure 44. 

 

Figure 44 Mesh convergence analysis for the four-point bending test  

Figure 45 shows a zoomed image of the mesh convergence where it is seen that the mesh density 
with 2 123 000 tetrahedral elements in practice gave the same results as the higher mesh density 
with 2 991 000 tetrahedral elements. 

 

Figure 45 Zoomed image of the mesh convergence analysis 
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C2. Shear test 
The mesh convergence test for the shear test with a notch distance of 9 mm is shown in Figure 46. 
Since the same meshing methods was used for all sample types and notch distances, a mesh 
convergence was only performed for the 9 mm notch distance which had the least number of 
elements. Figure 46 shows that the simulation of a mesh with 200 000 tetrahedral elements has 
converged since the curve practically coincides with the results from a simulation with mesh 
resolution of 250 000 tetrahedral elements. 

 

 

Figure 46 Mesh convergence analysis for the shear test simulations 
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D. Bending test simulations  
Snapshots of the strain from the simulations of the laminate were extracted for the CD material 
orientation samples. The snapshots were taken from the simulations of the laminate with Glue A 
which is described in Figure 14. The snapshots were taken at the end point of the average, when the 
top cylinder has a displacement 𝑢𝑥 , from the experimental results.  

Figure 47 shows the normal strain in the x-direction for the simulation of the four-point bending test 
for CD at 𝑢𝑥= 14 mm (displacement of the top cylinder).  

 

 

Figure 47 The normal strain in x-direction for the four-point bending test at 𝑢𝑥= 14 mm, CD 

Figure 48 shows the shear strain in xz-plane for the simulation of the four-point bending test for CD 
at 𝑢𝑥= 14 mm. 

 

Figure 48 The strain in xz-plane for the four-point bending test at 𝑢𝑥= 14 mm, CD 

Figure 49 shows the normal strain in the x-direction for the simulation of the three-point bending 
test for CD at 𝑢𝑥= 14 mm. 
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Figure 49 The normal strain in x-direction for the three-point bending test at 𝑢𝑥 = 14 mm, CD 

Figure 50 shows the shear strain in the xz-plane for the simulation of the three-point bending test for 
CD. 

 

Figure 50 The shear strain in xz-plane for the three-point bending test at  𝑢𝑥 = 14 mm, CD 
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