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Chapter 1

Introduction

In this thesis, modeling and control of a piezoelectric cantilever beam has been
studied. This was done to examine its possible impact when using a piezoelec-
tric actuator to produce sound in applications with constrained micro acoustic
properties.

1.1 Background
Humans have been using simple methods to enhance sound for thousands of years.
A simple example is using your hands as a megaphone or, a later innovation, a
cone to amplify the sound from a gramophone. Nowadays, most machines that am-
plify and render sound are electronic devices, also known as loudspeakers. Usually
when speaking of a loudspeaker it means a sound system that translates electrical
signals into audible sound. The first loudspeaker was invented in the late 1800s
during the development of the telephone system [1]. In 1874, Werner von Siemens
first patented the basic principles for the moving coil electrodynamic loudspeaker,
usually referred to as the dynamic loudspeaker [1]. The modern dynamic loud-
speaker was invented by C.W. Rice and E.W. Kellogg who succeeded to produce a
working model in 1925 [1]. Even in today’s speaker applications, the elements have
changed very little in their basic configuration since the invention in 1925 [1] and
the moving coil technique is still one of the most widely used types of speakers [2].
Improvements have been made both in materials and control, but shrinking this
type of speaker in size and preserving good sound quality presents great chal-
lenges. Today this is an intense research area because of the many micro speaker
applications for products like mobile phones, tablets and laptops.

Piezoelectric ceramics were discovered after World War II [3]. This new tech-
nical development presented many new design possibilities for piezoelectric actu-
ators. The piezoelectric actuators are today used in a wide range of applications
from haptics in mobile phones to buzzers in fire alarms. The piezoelectric ceramics
have characteristics that could present new possibilities for micro speaker design
and applications. The piezoelectric speakers have been under development dur-
ing the last decade and could in the future be a rival to the conventional moving
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2 Introduction

coil technique for creating sound. The main reason to start using piezoelectric
actuators is the higher degree of energy efficiency and the design possibilities the
moving coil technique cannot match.

One of these new designs would be to place piezoelectric cantilever elements on
each side of a membrane, for further details see Figure 3.1 in Chapter 3. This could
be a desirable solution for mobile phones where a bigger membrane area could be
moved. A bigger moving membrane results in better connection to the air, which
leads to higher volume and the possibility of playing lower frequencies. A drawback
with this design is the low resonance frequency and the nonlinear behaviour of
the piezoelectric material in the structure that creates unintended motion. Some
frequencies get amplified, some frequencies get damped and disharmonics occur
which results in bad rendering of the sound.

This work has been done at the company Opalum AB, previously called Ac-
tiwave, located in Kista, Stockholm. The company was founded in 2007, initially
building active speakers for home environments. Today they have expanded their
field of work to provide speaker algorithms for both Oppo, LG and Xiaomi mobile
phones.

1.2 Purpose and goal
The aim of this thesis was to investigate if control of a linear motion model for a
piezoelectric cantilever beam could enhance its ability to render sound. This was
done to further examine the piezoelectric speaker as a contestant to conventional
techniques for micro speaker applications and to study the strengths and weak-
nesses in comparison. Another aim was to have the possibility for the controller
to be in a commercial product without the possibility of feedback, therefore an
open loop controller was used. The open loop structure sets hard constraints on
the quality of the model. At this early stage, nonlinear behavior such as hysteresis
was not taken into account. Due to time limitation, only one type of piezoelectric
element was studied and evaluated to render sound.

The questions set out to be answered by this thesis were the following: Does
an open loop control strategy with a motion model make the movement of the
controlled point on the actuator closer to the input signal in the audible spectrum?
Can the motion model for one point on the actuator effectively be used to represent
the entire structure’s sound rendering?

1.3 Thesis outline
The thesis is organized as follows: Chapter 2 gives a brief introduction to piezo-
electric materials and how a piezoelectric bender works. Chapter 3 provides a
description of the system used and the mathematical theories that are used for
modeling. Chapters 4 and 5 describe the model used, the validation, and the con-
trol of two different systems, a piezoelectric cantilever beam and a concept speaker.
Chapters 6 and 7 present a discussion of the method used and a conclusion of the
thesis.
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1.4 Related social and ethical aspects
This thesis aims at being a contributing step towards better sound for appliances
like mobile phones and coming products connected to the Internet of Things. The
use of mobile phones is large in society and becoming an increasingly important
social tool. The mobile phone market has been growing for many years and is
expected to continue growing. The Internet of Things is a scenario where devices
are provided with unique identifiers and can connect to exchange data with manu-
facturers, people or other devices connected in a network. Both these application
areas could have a huge impact on future society. New products which are con-
nected in various configurations will definitely demand high energy efficiency and
loudspeaker is an electronic part where development surely can save more energy.

What the speakers could be used for is for example communicating information
and music. Music as a tool for connecting and sharing culture, for artistic expres-
sion and as a channel to distribute emotions and thoughts is an important aspect
of society. A more effective and cheaper speaker with new design possibilities could
make the usage of loudspeaker even bigger and thus enhance the communication
possibilities for people. These social aspects and the work presented in this thesis
do not contradict the engineers’ ethical codex as presented by Sveriges ingenjörer
in [4].

1.5 Related work
The use of piezoelectric materials is expanding and they are today used in many
applications such as nanopositioning devices [5], adaptive structural shape con-
trol [6], ultrasonic motors [7] and transducers [8]. For this study the major area
to relate to is physical linear modelling of a piezoelectric cantilever beam. Phys-
ical linear modeling of a cantilever beam often refers back to the Euler-Bernoulli
equations, which can be applied to piezoelectric bending actuators. This was done
in [9] where the internal energy was calculated by assuming thermodynamic equi-
librium under different mechanical boundaries. An extension of these equations
was made in [10] to describe piezoelectric multilayer cantilever actuators. The
resulting model showed fair overall agreement to measurements up to the second
resonance frequency. The deviations were explained mainly by variations in the
manufacturing process and nonlinear piezoelectric properties. In [11] they used a
combined linear and hysteresis model to describe a piezoelectric cantilever beam.
This was done on the same type of piezoelectric element that was used throughout
this thesis. The linear model was based on the Euler-Bernoulli equations and the
hysteresis was based on the Prandtl-Ishinskii equations. In [11] they model up to
a frequency of 2.9 kHz with fair overall result. The reason stated for not modelling
higher than 2.9 kHz was the lack of applications above this frequency.

The physical model developed in [12] was reproduced in this thesis to predict
the movement of the element. The physical model uses the same approach as [9]
with an extension for multilayer actuators. In [12] they evaluate the model with
fair overall result over the two first resonance frequencies by studying its theoretical
and experimental frequency response as in [10] and [11].
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During the literature study it was concluded that many articles focus on the
lower frequencies since the piezoelectric cantilever actuator has often been used
in positioning applications with frequencies below 500 Hz. For these applications
hysteresis phenomena severely limit the performance. Much work has been done
to model the hysteresis for piezoelectric materials as seen in the survey [13] and for
control purposes in [14, 15]. Hysteresis could give rise to oscillations and inaccuracy
in open loop or even lead to instability in a closed loop system as described in [16].
In this study no methods for compensating hysteresis were evaluated. The focus
was on the behavior of the linear physical models over the entire audible spectrum
(0.02 - 20 kHz) and the open loop control of the actuator.



Chapter 2

Piezoelectric materials

Piezoelectric materials generate an electric field when the shape of the material is
changed by a physical load and this is called the piezoelectric effect. Piezoelectric
materials also change shape when an electric field is applied, which is called the
reversed piezoelectric effect. This chapter gives a short introduction to this kind
of materials, their physical behavior and material characteristics.

The type of actuator used in this thesis is also presented with its defining
parameters and a further explanation of how it generates its bending motion.

2.1 Introduction to piezoelectric materials
There are many sources for information about piezoelectric materials, see for ex-
ample [12] and [3]. Piezoelectric materials are defined by their ability to generate
an electric field if their physical form is changed, as well as the reversed, an applied
electric field changes their physical form [12]. The effects from this electromechan-
ical behavior have been observed for a long time but it was not until 1880 that
the brothers Pierre and Jacques Curie described how the mechanical deformation
was proportional to the generated surface charge [12]. Later they experimentally
confirmed the reversed behavior [3]. The surface charge is generated by an aligned
crystal structure that changes pole charge at deformation because of positive and
negative ions changing their relative position inside the structure [12].

The applicational use of piezoelectric crystals began with sonars during World
War I and shortly after they were used as current oscillators for radio makers [3].
The use of crystal oscillators expanded during World War II for the radio industry
[3]. This lead to the development of synthetic fabrication of piezoelectric crystals
and the discovery of polycrystalline ceramics [3].

The discovery of polycrystalline ceramics with piezoelectric characteristics made
way for new shaping possibilities with greater piezoelectric and dielectric properties
to a lower production cost [12]. The polycrystalline ceramic’s individual molecules
have a piezoelectric structure but the molecules are not naturally aligned [12]. To
align the polarization an external electric field is applied at high temperature [12].
When the ceramic’s molecules have been polarized in the high temperature the
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6 Piezoelectric materials

ceramic will hold this structure also in normal temperature and show the piezo-
electric properties [12].

The most commonly used polycrystalline ceramics are barium titanate
(BaTiO3) and lead zirconate titanate (Pb[ZrxTi1−x]O3) also known as PZT [12].
In this thesis one type of PZT actuator is used, and its material properties are
presented in Appendix A.

2.2 Piezoelectric benders
There are many options for creating actuation from piezoelectric polycrystalline
ceramics since they can be changed in size, form and polarization [12]. To create a
large deflection a piezoelectric bender structure can be used [17]. The large deflec-
tion comes at the cost of a low blocking force. When applying an electromagnetic
field on a long, thin ceramic with polarization perpendicular to the length as in
Figure 2.1, the main deformation will be longitudinal [12]. Figure 2.1 shows how
the deformation results in a bending force when the ceramic layer is attached to a
layer of bendable material. This type of structure is called monomorph where the
structure consists of one piezoelectric material and one elastic layer [12]. If there
is piezoelectric material on each side of the elastic material the structure is called
bimorph [12].

Figure 2.1: Schematic drawing of resulting forces for a piezoelectric bending actuator
in an applied electromagnetic field. The left figure displays the resulting force with the
neutral polarization facing the same way as the applied electromagnetic field. The right
figure displays an opposite facing polarization. The thick lines are for visualising which
surface is affected by the direction of deformation created by the applied electromagnetic
field.

By using a parallel connection of a multilayer bender the thickness dividing
the electrodes can be minimized which results in more displacement at a preserved
voltage [18]. This makes it an effective method to use several layers of piezoelectric
ceramic with electrodes in between to generate greater deflection with maintained
voltage. This is called multilayer actuators, in contrast to single layer actuators
with only one piezoelectric layer. When using a bimorph element (piezoelectric
material on each side of an elastic material) and letting the centre shim act as an
electrode the actuator becomes a parallel bimorph. If only the electrodes at the
top and the bottom are used in this bimorph structure it is called a serial bimorph
[12]. The actuator used in this thesis has one piezoelectric layer on each side of
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Figure 2.2: Schematic drawing of a piezoelectric bender, including the coordinate sys-
tem used throughout the thesis. Piezo denotes the piezoelectric material layers. Brass
denotes the material the center shim is made of. Clamp denotes the rig for holding the
end of the element still and Electrode denotes a conducting plate attached to each side
of the element.

the shim and uses the shim as a electrode, thus the actuator is called a parallel
single layer bimorph, and it is shown in Figure 2.2.

The parallel single layer bimorph is used in cantilever configuration throughout
the thesis. This configuration has the physical behavior of a beam secured at one
end. Setting a beam in movement either by piezoelectric properties or by an
applied force, the beam will move in different vibrational modes. The higher the
frequency is, the more nodes will be created throughout the beam’s length, which
is illustrated in Figure 2.3.
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Figure 2.3: An illustration of different vibrational modes and how they change for
higher frequencies over the length of a piezoelectric cantilever beam.



8 Piezoelectric materials

Different number of nodes in the structure define different eigenmodes. For each
eigenmode there is a resonance peak where the gain is higher than in adjacent
frequencies. The maximum gain of the resonance peak is decreasing for higher
frequencies which is seen in Figure 2.3.

2.3 Material properties
There are a couple of characterizing properties commonly used for describing piezo-
electric materials. In this thesis two of them, the elastic compliance sij and the
piezoelectric coefficient dij , are used to calculate the excursion for the cantilever
beam. Each of them are dependent on two related quantities. For the elastic com-
pliance the quantities are the strain and the stress. For the piezoelectric coefficient
the quantities are the polarization and the applied electric field. To describe in
which direction each quantity is working, two indices i and j are used. The direc-
tion of each quantity is noted as numbers 1, 2 and 3 for x, y and z respectively, to
describe the direction in the Cartesian coordinate system used for the piezoelectric
element, see Figure 2.2.

The elastic compliance, sij , describes the strain occurring at an applied stress
and is the inverse of the modulus of elasticity, Young’s modulus. The first index, i,
describes the direction of strain and the second index, j, the direction of stress.
The elastic compliance used to model the excursion of the piezoelectric element in
the z direction was s11.

The piezoelectric coefficient, dij , describes the polarization created by mechan-
ical stress or reversed, the mechanical strain created by an applied electric field.
When looking at the piezoelectric effect the first index, i, describes the polariza-
tion direction at zero electric field and the second index, j, the direction of applied
stress. When looking at the reversed piezoelectric effect the first index, i, describes
the applied field strength and the second index, j, the induced strain. The piezo-
electric coefficient that was used for modeling the excursion of the piezoelectric
element in the z direction was d31.

These two parameters define the piezoelectric material and together with the
mechanical properties, like size and shape, define the piezoelectric actuator. To
distinguish different piezoelectric actuators there are several properties that are
important. The maximum applied voltage is the maximum voltage that can be
applied to the piezoelectric element without breaking the structure. In many
applications the maximum length of excursion is an important variable. This
property is denoted as the maximum free stroke, which is the maximum length
of the excursion that occurs at maximum applied voltage at the first resonance
frequency. The blocking force denotes the force created when the piezoelectric
element has an applied electric field but the movement is blocked. To know at
which temperature the piezoelectric material can work, the Curie temperature
is important. The Curie temperature is the temperature where polycrystalline
ceramics are polarized. If the piezoelectric element is brought to this temperature
without applying an electromagnetic field, the polarization will be lost. Regarding
the electrical properties, the capacitance is noteworthy. The capacitance is the
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structure’s capacity of storing an electric charge. It is dependent on the relative
dielectric constant, the surface area and the thickness dividing the two electrodes.
As mentioned in Section 2.2, the displacement can be larger at a preserved voltage
by minimizing the distance between the electrodes. This is due to the increase of
the capacitance obtained by minimizing the distance between the electrodes.





Chapter 3

Experimental systems and
model structure

This chapter introduces the used systems, experimental setups, physical linear
model and method for determining the coefficient of friction.

To be able to create a model of a piezoelectric cantilever beam, different mea-
surements had to be done. With the different measurement equipment that was
used excursion or sound pressure level could be measured. Measurements were
then used to create different models and validate these for the two systems, the
piezoelectric cantilever beam and the concept speaker. The models created were
linear models of a piezoelectric cantilever beam which could predict how different
points on a beam will move for a given input signal. The models contain several
material and property constants that had to be known. One property constant
that had to be determined was the coefficient of friction which could be identified
experimentally.

3.1 Experimental setup

There are two different systems that was used, the single piezoelectric element
and the concept speaker. The single piezoelectric element does only include the
piezoelectric element, which is described in Section 2.2, and a clamp to keep the
element steady. The second system, the concept speaker, was built to see if the
piezoelectric elements could be used to move a bigger membrane in a commercial
product such as a mobile phone. This could be a desirable solution to achieve
higher output volume and the possibility to play lower frequencies. The concept
speaker was built with two side-mounted piezoelectric cantilever elements which
were glued underneath a flexible membrane. The membrane was then attached to
an acoustic box. See Figure 3.1 for a schematic drawing of the concept speaker.

11



12 Experimental systems and model structure

Figure 3.1: A schematic drawing of the
concept speaker built from two piezoelec-
tric elements underneath a flexible mem-
brane that is placed in an acoustic box.

Figure 3.2: A schematic drawing of the
experiment system. Either a laser mea-
surement or a microphone measurement
can be conducted at one time.

For each system there are two experimental setups, one to measure excursion
and one to measure sound. These setups were all connected as in Figure 3.2 where
either a laser measurement device or a microphone was used. Figure 3.2 shows
how the PC was connected to a data acquisition card (DAQ) that controlled an
amplifier and collected data from the laser measurement device or the microphone.

The laser measurement setup shown in Figure 3.3 was used for the single piezo-
electric element. For this element the excursion is measured at the very edge of
the cantilever beam. A similar configuration was used for the concept piezoelectric
speaker but the laser measurement point was set in the corner of the membrane at
the far end from the clamped side. The microphone setup shown in Figure 3.4 was
used for the concept speaker. The distance from the microphone to the speaker
was eight centimeters. A similar configuration was used when measuring over the
single piezoelectric element but the distance was reduced to two centimeters.

Figure 3.3: A schematic drawing of how
the excursion measurements were con-
ducted on a single piezoelectric element.

Figure 3.4: A schematic drawing of how
the sound measurements were conducted
with the microphone placed above the
concept speaker.
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The piezoelectric element used in the experiments and the concept speaker is
presented in Section 2.2. The amplifier used for the experiments was the Texas
Instruments (TI) LM48560. The DAQ used was the National Instrument (NI)
USB-4431. The measurement device was the Keyence LK-G37 with a distance
resolution of 0.01 µm. The microphone was the Brüel & Kjær Prepolarized free-
field 1/2” Microphone Type 4189.

3.2 Linear multilayer model for piezoelectric can-
tilever beams

A physical linear multilayer model was chosen to describe the movement of the
piezoelectric element at an applied voltage. A physical model gives the opportunity
to modify the model depending on different material properties, structures and
mounting of the piezoelectric beam. The chosen model is fully described in [12]
and is presented here with its resulting relations.

According to [12] it is possible to calculate the deflection of a point, x, on a
bending actuator from an applied voltage by examining the bending moment. The
applied voltage u(t), creates the electromagnetic field that through the reversed
piezoelectric effect creates a bending motion Mpiezo. The piezoelectric moment is

Mpiezo = u(t) 1
2

n∑
i=1

d31,iWi

sE11,ihi

2z̄hi − 2hi
i∑
j=i

hj + h2
i


︸ ︷︷ ︸

mpiezo

(3.1)

where the voltage is denoted as u, the width Wi and height hi of the bending
actuator, the piezoelectric coefficient of ith layer d31,i, the elastic compliance of
the ith layer sE11,i and the position of the neutral axis z̄.

Relation (3.1) also highlights one of the reasons for choosing this physical
model, which is its ability to calculate the beam’s main inertia axis, the neutral
axis. This enables calculations on multiple layer systems where each layer can have
different specifications. In multilayer piezo structures the piezo element layers are
often alternated with an alloy layer which can move the neutral axis if it is not
constructed symmetrically. This can also occur if an object or layer is attached to
the beam which moves the position of the neutral axis.

According to [12], the full algebraic function for expressing the excursion ξ
given the time t, point x and input frequency f is

ξ(x, t, f) = − 4
l2µ

∞∑
m=1

Xm(x) kmlαM (kml)
ω2
m

√
(1 − η2

m)2 + (2 ra,m

ωmµ
ηm)2

umpiezo cos(ft− ψ)

(3.2)
where the relation consists of several parameters where the length of the bending
actuator is denoted as l, the mass per unit length as µ, the excursion behaviour
at different length x at eigenmode number m as Xm, the frequency of the mth
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vibrational mode as ωm, the excitation frequency as ηm, the coefficient of friction
of mode m per unit length as ra,m, the voltage as u, the piezoelectric moment per
voltage as mpiezo and the phase angle as ψ. The symbol αM (kml) is an expression
and kml is the solution to the characteristic equation of a clamped-free bending
actuator. The expressions for these quantities can be found in Appendix B.

In order to obtain a linear time invariant transfer function, the relation in
(3.2) can be rewritten. According to [12], the transfer function H(s) relating the
excursion ξ to the input voltage u is

H(s) = Ξ(s)
U(s) = 1

sY

modes∑
m=1

Xm(l)X ′m(l)
1

snm
+ sm

4 + rm

4
(3.3)

where Ξ is the transformed excursion and U is the transformed input voltage,
the gyrator constant Y (Appendix B), the mass of the bending actuator m, the
derivative of the eigenmode X ′m, the parameter nm calculated according to (4.3),
the coefficient of friction rm for the mth mode and the imaginary constant j.

Discretization

Going from continuous time to discrete time the Tustin bilinear approximation
was used. The Tustin transform was used because it preserves the stability and
is well known and easy to implement. The formula relates the s-transform to the
z-transform by the approximation

z = esTs ≈
1 + sTs

2
1 − sTs

2
(3.4)

where Ts is the sampling time. The transform gives a good frequency-domain
match between the discrete time and continuous time system which is important
when simulating sound.

3.3 Determination of the coefficient of friction
To describe a piezoelectric element’s movement it is of great value to determine
the eigenmodes. Eigenmodes are described and given a graphical display in Sec-
tion 2.2. Eigenmodes describe where the normal vibrational modes for an oscil-
lating system is. Each piezoelectric element has a certain amount of eigenmodes
at specific frequency intervals. The number and the placement of the eigenmodes
are determined by the structure and the material properties. In each eigenmode
the piezoelectric beam has a resonance frequency where the excursion in between
nodes is larger than for adjacent frequencies. If no compensation is done for the
resonance peaks, sound at that frequency will be increased and give a bad sound
rendering. Thus it is necessary to investigate how many vibrational modes exist
for the piezoelectric structure in the audible sound spectrum.

The coefficient of friction r, is frequency dependent. In the model used, each
eigenmode is connected to different estimated coefficients of friction, therefore
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each eigenmode has its own coefficient of friction denoted rm. If the coefficient
of friction is low for a certain frequency, the piezoelectric beam will have a large
excursion and if the constant is high, a low excursion will occur. The coefficient
of friction is a physical parameter that can be estimated using the logarithmic
decrement for the experimental data. The experiment is conducted by actuating
the element and then turning the input signal off and analysing the behaviour.
The coefficient of friction can be calculated from

r = 2m
qτdm

ln
(

φp
φp+q

)
(3.5)

as described in [12]. It is suggested that the coefficient of friction can be cal-
culated at different frequencies by using such as input signal in the experiment.
Doing this for frequencies in different eigenmodes was later done to estimate a rm
for the different eigenmodes. The parameter φp is the maximum amplitude of the
first chosen peak. The first chosen peak should be one of the first peaks of the
oscillating cantilever beam after the signal has been turned off. The second max-
imum amplitude peak φp+q is chosen a few periods after the first peak when the
cantilever beam’s oscillation has become lower due to damping. The parameter q
defines how many periods that have been passed during the time τdm between the
two maxima. The definitions of the variables are shown in Figure 3.5.
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Figure 3.5: The definitions of the parameters regarding the calculation of the coefficient
of friction, r, in (3.5).





Chapter 4

Modeling and control of the
cantilever beam

This chapter describes how the model is used and parameters changed to model
a piezoelectric cantilever beam when actuated in the experimental system. It
also describes how this model was experimented with to control the motion and
sound of the piezoelectric element. When analyzing the system to find constants
and parameters, different kinds of signals were used. For estimation of parameters
mainly a chirp signal was used but also a pure sine signal for finding the coefficient
of friction. For the validation and test of the model, several signals were used. For
all input signals the sampling rate was set to 44.1 kHz. See Table 4.1 for a detailed
list of the different signals.

Table 4.1: A description of the different signals used for estimation and validation.

Signal name Description
Sine Sine wave with one frequency component
Multi-sine A sum of sine waves with several frequency compo-

nents
Noise Band-passed filtered white noise in the frequency in-

terval of 0.02 to 20 kHz
Chirp Sine signal where the frequency increases during the

time span of the signal. The chirp signal used has a
frequency between 0.02 and 20 kHz.

Actisonic test signal The test signal in Opalum’s software Actisonic
Music sample Music sample of a rock song, containing instrumental

music and vocals

17



18 Modeling and control of the cantilever beam

4.1 Determining the coefficient of friction

To create a model of a cantilever beam, the coefficient of friction had to be found.
The evaluation of the coefficient of friction rm was done in two experiments for the
cantilever beam. One experiment for the first resonance frequency at 205 Hz and
one experiment for the second resonance frequency at 1430 Hz. Each input signal
was four seconds long with a sampling rate of 44.1 kHz. The signal contained a
three seconds long pure sine signal of the resonance frequency and one second of
zero input so the cantilever had time to find its equilibrium at zero excursion. The
output voltage to the cantilever beam for the first experiment at 205 Hz was 9.7 V
and for the second experiment at 1430 Hz the voltage was 9.0 V.
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Figure 4.1: The damping of a sine sig-
nal at 205 Hz which is turned off at
t = 3.0s which gives a coefficient of friction
of r1 = 0.024.
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Figure 4.2: The damping of a sine sig-
nal at 1430 Hz which is turned off at
t = 3.0s which gives a coefficient of friction
of r2 = 0.412.

The result changed drastically between the two experiments. The first res-
onance frequency was less damped than the second resonance frequency for the
piezoelectric element and hence the friction coefficient was about 17 times smaller
for the first resonance frequency. Figures 4.1 and 4.2 show the time response of
the two experiments with the different sine signals. In both figures it can be seen
how the beam is damped after the signal was turned off at three seconds.

From the measurements it were possible to calculate the damping for the dif-
ferent frequency modes according to (3.5), see Section 3.3. For the first resonance
frequency the coefficient of friction was calculated to 0.024 Ns/m and for the sec-
ond resonance frequency the coefficient was calculated to 0.412 Ns/m.

In experiment two, Figure 4.2, where the actuator was given the input signal
with a 1430 Hz sine wave, the structure moved with both the first and second
resonance frequency. This is why the amplitude peaks were not even before the
signal was turned off at t = 3.0s, as well as why the first resonance wave, which
has a lower damping, still can be seen after the second resonance wave has been
damped. This adds an extra source of uncertainty to the parameter estimation.
The parameters where further adjusted as will be described in Section 4.3.
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4.2 Parameter optimization
There were two physical parameters that were hard to measure precisely, the
length of the piezoelectric element, l, and the length to the measuring point of
the laser lmeas. The length of the piezoelectric element describes the length of the
element that was not clamped down. The measuring point of the laser describes
the length from the clamped end to the measuring point of the laser, see Figure 4.3.
The total length of the actuator, ltotal, is also depicted in the figure. To improve
the model, l and lmeas were numerically optimized.

Figure 4.3: Schematic display of the different length measuring parameters. The figure
is displaying the clamp, the actuating element and the laser beam. The clamp holds the
piezoelectric element still at one end. The actuating element displays the piezoelectric
actuator. The laser beam displays the excursion measuring device point of measure on
the actuator.

The parameter optimization was made in the time domain using an error func-
tion calculated by

V (Asim, Ames) =
62000∑
i=0

(Asim(i) −Ameas(i))2 (4.1)

where Asim is the simulated excursion of the output and Ameas is the measured
excursion. The signal used was a chirp signal with a frequency between 0.02 and
20 kHz played for 30 seconds with an output amplitude of 9 volt to the cantilever
beam. The optimization was made by minimizing the error for the data up to the
first resonance frequency at 205 Hz, i.e, the first 62000 samples. The optimization
was done in Matlab with an optimization command called fmincon [19].

When the frequency increased in the chirp signal, the proportion of the phase
error increased in relation to the period time. This caused problems comparing
measurements against the model output at higher frequencies. Therefore, only
optimization over the data up to 62000 samples was done. Another reason for
not doing the optimization at higher frequencies was because the excursion values
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were small and could not be distinguished from the measurement noise which
would have created a poor result.

The measuring point was set close to the very edge of the cantilever beam.
The placement close to the edge set a constraint that the difference between the
measuring point’s length and the optimized length should be small, less than one
millimeter. Since measuring on a beam the measuring point’s length could also not
be longer then the beam. Together this gives the constrains to the optimization
function according to

0 ≤ l − lmeas ≤ 0.001 (4.2)

The parameters were measured by hand to give a suitable initial point and
boundary limitations were set. The upper bound was set to the total length of the
cantilever beam and the lower bound was set 2.8 millimeters lower. These values
can be seen in Table 4.2 together with the result of the optimization values that
will be used throughout this chapter.

Table 4.2: The initial point, the limitations and the result of the optimization for the
piezoelectric cantilever beam.

The initial point, the boundary conditions and the results
Initial point Lower Upper Result

Length l 0.0300 0.0290 0.0318 0.02929
Measuring point lmeas 0.0300 0.0290 0.0318 0.02915

4.3 Manual adjustment of the coefficients of fric-
tion and resonance frequencies

To build a model for the cantilever beam the number of resonance frequencies
had to be determined. This was done by playing a chirp signal and recording the
excursion with the laser. This made it possible to count the number of resonance
frequencies that could be seen as excursion peaks in the time plot. The mea-
surement was also examined in the frequency domain because it could be hard to
distinguish the resonance peaks from the measurement noise at higher frequencies
in the time domain. The result can be seen in Figure 4.4.

From the time domain, four eigenmodes were observable between 0 and 30 sec-
onds. However, during the last thirty seconds it was hard to determine whether
there exist more resonance frequencies or not. Instead, the frequency domain il-
lustrated the resonance frequencies more distinctly at higher frequencies. After
examining the chirp signal in both time and frequency domain, totally eight res-
onance frequencies could be seen. Four of them were located at high frequencies
which could only be seen in the frequency domain, see Figure 4.4. From this it was
concluded that eight eigenmodes were needed to describe the piezoelectric element
in the audible sound spectrum.
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Figure 4.4: The left figure shows the result in frequency domain and the right figure
shows the result in time domain of an excursion measurement of a chirp signal played on
the piezoelectric element.

In [12] one experiment determined a valid approximation for the coefficient of
friction for the first two eigenmodes. When modeling the whole audible sound
spectrum, which in this case required eight eigenmodes, one calculated coefficient
of friction was not enough to create a good model. Experiments showed that only
the coefficient of friction for the first two eigenmodes was measurable due to mea-
surement noise. To determine the following six constants, a laser measurement of
a chirp signal was done. The model was then compared to the chirp signal, mainly
in the frequency domain which was calculated with the Fast Fourier Transform
(FFT). The constants of friction were chosen so the model fitted the measure-
ment as well as possible. The chirp signal was also used to validate and adjust
the first two measurements of the coefficient of friction. The chosen values of the
determined parameters are presented in Table 4.3. An optimization algorithm for
setting these values was worked on but was not successful due to time shift error
in the model and measurement noise which made it hard to create a valid loss
function for higher frequencies.

Table 4.3: The determined value of the coefficient of friction rm for each eigenmode.

Mode 1 2 3 4 5 6 7 8
Value of rm 0.05 0.30 0.80 1.60 1.70 0.8 0.4 0.1

The resonance peaks and the placement of these was an important part of the
model. The physical model (3.3) with parameters specified from the piezoelectric
elements manufacturer, damping described as above and length parameters spec-
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ified in Section 4.2, did not place the resonance peaks at the correct frequencies
for the higher region of the spectrum. The optimization of measuring points in
Section 4.2 moved the resonances but did not correct the error significantly for
higher frequencies. Instead another parameter for the placement of the resonance
peaks was used, the parameter called nm, which was calculated as

nm = 4l3

(kml)4C
(4.3)

where l is the length, C is the flexural rigidity constant and kml is the characteristic
zero for each eigenmode. The characteristic zero is the solution to the characteristic
equation of a clamped free-bending beam, see Appendix B. The parameter nm is
one of the parameters needed in (3.3) to create the model. A low value places the
resonance peak at a high frequency and a high value places the resonance peak at
a low frequency.

To improve the model, an experiment with a chirp signal of 30 seconds was used
to find the correct placements of the resonance peaks. By studying the excursion
from the chirp signal in the frequency domain the resonance frequencies for each
resonance could be determined. These frequency peaks could be moved by hand
to improve the model. This was done by adjusting the value of nm which changed
the location of the resonance peaks. Table 4.4 shows the calculated values of the
parameter nm given by (4.3) for each eigenmode and the adjusted values which
were found by examining the chirp signal.

Table 4.4: A comparison of the parameter nm from the calculated values, according to
(4.3), and the adjusted values for each eigenmode.

Mode 1 Mode 2 Mode 3 Mode 4
Calculated value of nm 8.0 · 10−3 2.1 · 10−4 2.6 · 10−5 6.8 · 10−6

Adjusted value of nm 8.0 · 10−3 1.8 · 10−4 2.2 · 10−5 4.9 · 10−6

Mode 5 Mode 6 Mode 7 Mode 8
Calculated value of nm 2.5 · 10−6 1.1 · 10−6 5.7 · 10−7 3.2 · 10−7

Adjusted value of nm 1.3 · 10−6 3.7 · 10−7 1.1 · 10−7 4.6 · 10−8

4.4 Validation of piezoelectric cantilever model
Validation of the produced model can be done in several ways. One common way
of validation is to compute the quadratic error by squaring the difference between
the model output and the measured output. Validation with the quadratic error
or other closely related ways of validation did not give a good representation of
the models’ performance in this case since the phase error was too large relative
the period time at higher frequencies.

The way chosen to validate the model was to measure a chirp and a noise signal
over the audible spectrum and compare the result graphically in both time and
frequency domain.
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Figure 4.5: The result of a 60 seconds
chirp signal for the first element in the time
domain. The top figure shows the simula-
tion of the excursion for the signal and the
bottom figure shows the actual measured
excursion.
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Figure 4.6: The result of a 30 seconds
chirp signal for the second element in the
time domain. The top figure shows the sim-
ulation of the excursion for the signal and
the bottom figure shows the actual mea-
sured excursion.

After the model was created by determining the coefficients of friction, adjust-
ing the coefficients of friction and resonance frequencies and the optimization for
the length parameters (Sections 4.1, 4.2 and 4.3), a validation was done.

The model was validated with a 60 seconds long chirp signal, see Figure 4.5.
Later it was found that the element had deteriorated in performance. Therefore a
second similar element was set up and the same procedure, finding friction param-
eters and optimization of length, was performed. These are the values presented in
Sections 4.1-4.3. The validation was made the same way but with a shorter chirp
signal of 30 seconds, see Figure 4.6. The second element was then used throughout
the continued work in Section 4.5 and 4.6.

Later it was realized that the 30 seconds long validation for the second ele-
ment contained strange artifacts in the time domain and that a 60 seconds long
signal, as done for the first element, generates a much clearer validation for higher
frequencies. The aim was to generate a new data set and validate also the sec-
ond element with the 60 seconds long signal. This was not possible since also
the second element had deteriorated in performance when this second experiment
began. The deterioration in performance was most likely because of heavy use and
damaging from incorrect handling.

In Figures 4.5 - 4.9 the validation results of the piezoelectric cantilever beam
are presented. Figure 4.5 shows the validation for the first element for the chirp
signal of 60 seconds. Figure 4.6 shows the validation for the second element for
the chirp signal of 30 seconds. The remaining validations are done for the first
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Figure 4.7: The result of a chirp signal in the frequency domain where both the simu-
lated data and the measured data were included. From the measurement it was concluded
that eight eigenmodes are needed to describe the behavior of the piezoelectric element.

element, see Figures 4.7 - 4.9, where Figure 4.7 is the 60 seconds chirp signal in
the frequency domain and Figures 4.8 and 4.9 show a noise signal in the time and
frequency domain.

When validating the model, the input to the model was the output voltage
from the amplifier, measured directly from the amplifier’s output. This was done
to reduce the time delay in the system which arises in the amplifier, but also to
exclude the amplifier from the model. By using the output from the amplifier, the
characteristic of the amplifier does not need to be included in the model.

For the chirp signal, the simulation followed the measurement well in the time
domain for lower frequencies, see Figures 4.5 and 4.6, but at higher frequencies it
was hard to decide how well the simulation fitted because of measurement noise.
In the frequency domain, see Figure 4.7, it was possible to see that the model
corresponded well to the measurement for the two first eigenmodes. After the
first two resonances it was hard to conclude how well the model fitted the mea-
surement because of noise. At the higher frequencies the resonance peaks could
still be spotted and the model fitted these in frequency and amplitude reasonably
well. The conclusion was that the simulations of the model correspond well to the
measurements for frequencies below 3 kHz.

Above 15 kHz the piezoelectric element seems to have changed its behavior.
For the first five resonance peaks the amplitude of the peaks have been decreasing
and become wider in frequency for each peak. For the last three resonance peaks,
above 15 kHz, the peaks get higher amplitude and become smaller in frequency
for each peak, see Figure 4.7. Playing with a higher voltage would have resulted
in a clearer result, but this was not possible with the used amplifier.

For the second signal, the noise signal, Figure 4.8 shows that the model followed
the general behavior of the measurement data well in time. The model succeeded
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to follow the small excursions in the large oscillations reasonably well. In the
frequency domain, shown in Figure 4.9, it was hard to distinguish how well the
model fitted the measurement data and no more conclusions could be drawn than
for the chirp signal.
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Figure 4.8: A zoomed view of the simu-
lation in comparison to the measurement
for a noise signal in the time domain.
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Figure 4.9: The result of a noise signal
in the frequency domain. The top figure
shows the simulation of the excursion for
the signal and the bottom figure shows the
actual measured excursion.

4.5 Motion control
To be able to use the model in an open control loop without feedback, an in-
version of the model had to be done. When applying the inverted model on the
experimental system physical constraints made it necessary to adapt the model to
reach the intended purpose. This section describes how these topics were handled.
The control structure used can be seen in Figure 4.10. Before, u was input to the
system G[z], now Y2 is the input, which was scaled so that the maximum value
was the same maximum as for u. The first block, 1/H[z], is the inverted model
and the middle block, LP, is a lowpass filter which will be further explained in
Section 4.5.2.

Figure 4.10: The structure of the open loop control using the inverted model 1/H[z].
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4.5.1 Inversion

The poles and zeros of the model are presented in Figure 4.11 and Table 4.5.
These were calculated from (3.3) with eight eigenmodes and the physical quanti-
ties presented in Appendix A and the modifications of rm and nm presented in
Sections 4.2 and 4.3.

In Table 4.5 it can be seen that the model has one zero, the last one, with
an amplitude larger than one, which gives an unstable model at inversion. The
method used to change the model was a Matlab command called place which
calculates a gain that adjusts a chosen pole to a new desirable place. In this
case the unstable pole was adjusted from −1.0001 to a new stable pole location
at −0.9995. The pole was changed as little as possible to not modify the model
too much. In Figure 4.12 the result can be studied where the amplitude diagram
shows the difference between the original unstable inverted model and the new
stable inverted model.
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Figure 4.11: Graphical presentation of
where the poles (crosses) and zeros (cir-
cles) are placed in the discrete time model.

Poles Zeros
-0.9490 ± 0.3149i 0.9925 ± 0.0887i
-0.8824 ± 0.4685i 0.9155 ± 0.3592i
-0.6488 ± 0.7539i 0.6300 ± 0.7319i
-0.1838 ± 0.9561i 0.0240 ± 0.9709i
0.4513 ± 0.8420i -0.5407 ± 0.8302i
0.8252 ± 0.5132i -0.8446 ± 0.5319i
0.9699 ± 0.1911i -0.9375 ± 0.3471i
0.9976 ± 0.0295i -0.9999

-1.0001

Table 4.5: The numerical values of the
poles and zeros.

After the inversion of the model, a lowpass filter was inserted. This was done
because the amplitude of the model went to plus infinity when the frequency was
going to infinity. The filter was designed as a tenth order Butterworth filter with
a cutoff frequency at 20 kHz. Figure 4.13 shows the change for the inverted stable
model after the lowpass filter was applied.

When using the inverted model and the lowpass filter as in Figure 4.10 for the
chirp and noise signals the frequency response should be more flat than before.
However, this could not be seen because the result disappeared in noise. This
was due to the fact that the measuring point of the membrane that got the least
excursion for the input signal at maximum voltage was the point that determined
which excursion everything else was brought to. This level was too low to be
observable in the noise. What was done instead was to choose a multi-sine signal
with frequency components where none of the sine components were in a severe
low excursion frequency. Playing such a multi-sine results in Figure 4.14 when
no inverse model was applied and Figure 4.15 with the applied inverse model. In
Figure 4.14 two unexpected high peaks appear at 9800 Hz and 16500 Hz. This
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is probably because the nonlinear behavior of the material and it has not been
investigate further.
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Figure 4.12: Bode plot showing the
change between the model before and after
the pole adjustment.
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Figure 4.13: A zoomed view of the bode
plot of the inverted stable model showing
the change with a lowpass filter with a cut-
off frequency at 20 kHz.
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Figure 4.14: Laser measurement of
a multi-sine signal with frequencies at
3500 Hz, 10200 Hz and 18000 Hz with no
inverse model applied. In the top figure
the spectrum of the measured signal is dis-
played and in the bottom the spectrum of
the input signal.
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Figure 4.15: Laser measurement of
a multi-sine signal with frequencies at
3500 Hz, 10200 Hz and 18000 Hz with the
inverted model applied. In the top figure
the spectrum of the measured signal is dis-
played. In the bottom figure the spectrum
of the physical input signal after inversion
is displayed.
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In Figure 4.15 the result shows another problem. The model gave too little in-
put at low frequencies that no excursion occurred there. The physical constraints
of how much voltage that could be applied to the structure had not been ac-
counted for in the model. If the input voltage would have been infinite then the
model could have been more accurate at generating the same excursion at low and
high frequencies. The ideal result from the open loop control would be to render
the unaltered input signal as excursion. Since the physical constraints make the
maximum excursion smaller for higher frequencies, a scaling of the inverse model
had to be made to handle the maximum excursion at different frequencies. This
made the ideal result a rendering of the unaltered input but scaled to the maxi-
mum excursion for the element at each frequency. This was done in the following
section.

4.5.2 Adjustments for experimental setup
In the amplitude plot, Figure 4.12, the model had sharp peaks and nodes with
high differences in amplitude. One problem when creating a model that produced
sound well was the big difference in amplitude between the low and high frequency
components. As can be seen in Figure 4.12 there was a difference of approximately
55 dB in amplitude from the first peak at 625 Hz to the last peak at 18000 Hz.
This setup increased the higher frequencies far more than the lower ones. Since
there was a limitation on the input voltage, the result was that nearly no power was
applied for low frequencies and highest possible power was given in the resonance
peaks at higher frequencies. The model had to be more even in magnitude for
different frequencies, therefore another lowpass filter was applied to even out the
amplitude in the frequency domain. The filter applied was a butterworth lowpass
filter of order three with a cutoff frequency at 10 kHz.
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Figure 4.16: Bode plot of the filtered inverted model where the peaks in low and high
frequency had been adjusted to a more similar level.
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The model was now evaluated again after the inverted model had been modified
with the lowpass filter for lowering the gain at higher frequencies. The result can
be seen in Figure 4.16. After the filtering it could be seen that the magnitude of
the filter was more even between low and high frequencies. The difference between
the same peaks as before, at 625 Hz and 18000 Hz, has now been reduced from 55
dB to 15 dB.

The same multi-sine as was used in the previous section was now evaluated
again. Figure 4.17 shows the spectrum of the excursion with no inverse model
applied and Figure 4.18 shows the spectrum of the excursion with the inverted
model applied. The result of the model, shown in Figure 4.18, gave a similar result
as the result when no model was applied. Both with and without the inverted
model the middle frequency component turns into two frequencies where the left
one of them at 9800 Hz is faulty. It is probably arising due to the nonlinearity
in the material. One advantage was that the model succeeded to level the three
frequencies played to a more similar amplitude.

Frequency [Hz] ×104

0.5 1 1.5

A
m

p
lit

u
d
e

10-10

10-8

10-6
Multi-sine signal with no model

Excursion

Frequency [Hz] ×104

0.5 1 1.5

A
m

p
lit

u
d
e

10-5

100

Input signal

Figure 4.17: Laser measurement of a
multi-sine signal with frequencies at 3500
Hz, 10200 Hz and 18000 Hz with no in-
verse model applied. In the top figure the
spectrum of the measured signal is dis-
played and in the bottom the spectrum
of the input signal.
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Figure 4.18: Laser measurement of
a multi-sine signal with frequencies at
3500 Hz, 10200 Hz and 18000 Hz with
the inverted model after the lowpass fil-
ter. In the top figure the spectrum of the
measured signal is displayed. In the bot-
tom figure the spectrum of the physical
input signal after inversion is displayed.

Also a second signal was tested, a music sample with rock music which had a
mixture of drums and vocals. The signal and result can be examined in Figure 4.19
and 4.20. The model seemed to work but it was hard to compare the result
because of the measurement noise, especially at the lower frequencies where the
amplitude was low. The model tried to recreate the input spectrum, see Figure
4.19 (bottom). The model increased the input signal especially at 600 Hz, 2600
Hz, 6000 Hz, 10000 Hz, 15000Hz, 18000 Hz and 19000 Hz to compensate for the
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nodes, see Figure 4.20 (bottom). The result of the compensation could be seen as
a more flat frequency response but it was hard to interpret the result because of
low amplitude and the noise level. For the lower frequencies the amplitude should
be higher to get a better fit to the input signal.

Frequency [Hz]

102 103 104

A
m

p
lit

u
d
e

10-10

10-5

Rock music played with no model

Excursion

Frequency [Hz]

102 103 104

A
m

p
lit

u
d
e

10-5

100

Input signal

Figure 4.19: Laser measurement of a
rock music signal with no inverse model
applied. In the top figure the spectrum
of the measured signal is displayed and
in the bottom the spectrum of the input
signal.
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Figure 4.20: Laser measurement of a
rock music signal with the inverted model
after the lowpass filter. In the top figure
the spectrum of the measured signal is
displayed. In the bottom figure the spec-
trum of the physical input signal after
inversion is displayed.

4.6 Adapting the model for control of sound
The model developed could predict the movement of a piezoelectric cantilever but
rendering sound well demanded more than a good prediction of the movement of
the outermost edge of the element. Sound is basically pressure waves propagating
through air, often created from a moving membrane. Letting a thin single can-
tilever piezoelectric beam move freely in air made the air propagate around the
beam to some extent canceling out some of the propagating waves.

The linear multilayer model for a piezoelectric cantilever beam modeled the
movement at one point on the x-axis of the piezoelectric element but the pressure
waves are created from the entire structure. In Figure 4.21 it can be seen that one
point on the beam element does not represent the other points in the structure.
When modeling a point near the end of the element, that point has a motion close
to zero at several frequencies in the audible spectrum, see Figure 2.3. If the control
is based on this point it would maximize its output at these nodes, while there
are several other points along the element that would have much more movement
and be creating sound. Therefore a model of several points along the element is
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needed to control the sound output. Two approaches were tried to relate the linear
multilayer model to sound for the cantilever beam. The first one, the multi-point
control, uses different measuring points along the element so that the point that
moves the most in a certain frequency interval is assumed to be the one with
the most impact on the sound. The second approach was to simulate the mean
acceleration for many points along the x-axis of the element.

4.6.1 Multi-point control
The idea of the multi-point control method is to create a model where the mea-
suring point is located at the position where the largest excursion appears for each
specific input frequency. This is done by setting different measuring points for
every eigenmodes. To choose these measuring points, the excursion over the entire
length of the piezoelectric element was simulated over the audible spectrum as
seen in Figure 4.21. The higher the frequency of the input signal, the closer to
the steady point of the cantilever the measuring point was chosen. The chosen
measuring points for the cantilever beam are presented in Table 4.6.

Figure 4.21: The excursion over the entire length of the element at different excitation
frequencies and where the measurement point was chosen for each frequency mode.

Table 4.6: The placement of each measuring point given in meter from the inner edge
of the beam.

Mode 1 Mode 2 Mode 3 Mode 4
Measuring point 2.90 ·10−2 1.32 ·10−2 0.80 ·10−2 0.55 ·10−2

Mode 5 Mode 6 Mode 7 Mode 8
Measuring point 0.46 ·10−2 0.39 ·10−2 0.02 ·10−2 0.01 ·10−2
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When the measuring points were chosen at locations close to the largest excur-
sion, non-minimum-phase zeros appeared which happened if the outermost point
was chosen as measuring point. This gave a pole and zero setup which was easy
to invert with no need for adjustment as in Section 4.5.1.

In Figure 4.22 a recording with a microphone of a chirp signal is presented,
which was done with no model applied. In Figure 4.23, the recording was done
with the inverse model applied. In both measurements it was hard to distinguish
the eigenmodes. The model succeeded to lower the peak at 200 Hz reasonably well
and to lower the higher amplitude at higher frequencies, which to some extent gave
a flatter frequency response. However the measurements are hard to analyze since
the behavior could come from multiple sources. Possible error sources are the
model itself, the evening low pass filtering of the model and different measuring
parameters, such as microphone positioning and the reflecting areas around the
actuator. The model seems to improve the sound rendering and give a more flat
spectrum but the input signal is too spiky, see bottom picture in Figure 4.23,
which results in new peaks that can be seen in the measurement, see top picture
in Figure 4.23.
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Figure 4.22: A sound measurement of a
chirp signal with no model applied. The
top figure shows the spectrum from the mi-
crophone recording and the bottom figure
shows the spectrum of the input signal.
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plied. The top figure shows the spectrum
from the microphone recording and the bot-
tom figure shows the spectrum of the input
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4.6.2 Acceleration model

To relate movement to sound, the acceleration of the membrane is one of the
main characteristics to examine. Sound is pressure waves created by acceleration,
so relating the movement model to sound includes differentiating two times with
respect to time.

To get a representation of the whole beam, several points of the element should
be included. By adding more measuring points the complexity of the model in-
creases rapidly. Including more than four points along the element makes it diffi-
cult to produce a transfer function with (3.3).

Instead another option was to derive (3.2) two times numerically with respect
to time which enabled simulating the movement with many points along the struc-
ture. The simulation was done for a chirp signal over the audible spectrum and
can be seen in Figures 4.24 and 4.25. The figures show a simulation of the mean
acceleration for the entire structure in the time and frequency domain. In this
simulation the mean acceleration measurement was done for one hundred points
evenly spread over the element.
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Figure 4.25: The frequency spectrum of
mean acceleration of one hundred points
along the element’s x-axis.

Black-box models were estimated to capture the behavior of the simulation
result. With a model it would be possible to predict the acceleration for different
frequencies, which could help to flatten out the frequency response of the cantilever
beam. Both ARX models and OE models were evaluated but no model could be
found that described the simulation result well enough to test in open-loop control.
However, the simulation figures seem to give plausible result. In the frequency
domain, see Figure 4.25, it can be seen that the amplitude was quite flat for the
measured frequencies (20 Hz - 20 000 Hz) except for the peaks which come from
the eigenmodes and at really low frequencies. This seems reasonable because the
beam will have larger excursion with a higher acceleration at the eigenmodes. For
the lowest frequencies the excursion was big but the speed low, therefore the mean
acceleration should be lower.
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4.7 Discussion
When creating a model for a piezoelectric cantilever there were several different
decisions to make and one of them was how to determine the coefficient of friction.
The method used from [12] seemed to give a good representation of the coefficient of
friction which can be seen by comparing the experimental values from Figures 4.1
and 4.2 to the values given by examining the chirp signal, see Table 4.3. The
difference between the calculated value and the chosen value for the first eigenmode
was 0.026 Ns/m and for the second eigenmode 0.112 Ns/m which were relatively
small numbers for the coefficient of friction. Thus, finding the rest of the eight
constants by examining the chirp signal seemed to be a valid approach.

Another decision that was made was how many eigenmodes the model should
consist of. If a simulation of our cantilever beam was done, the theory said that
six eigenmodes were needed for the audible spectrum. By doing experiments and
studying the number of peaks in the time and frequency domain for a chirp signal,
see Figure 4.4, a value of eight eigenmodes was determined. A model with fewer
eigenmodes has been evaluated but then the model will not handle the higher
resonance peaks and the validation becomes worse. The difference between the
needed numbers of eigenmodes from the theory and the experiments could depend
on the beam attachment. The attachment of the beam was aimed to be completely
rigid, as the model demands, but some movement could possibly occur because
there was a limitation of how hard the cantilever beam could be clamped before
it broke.

No result has been found in literature concerning a piezoelectric cantilever
beam model where the frequency spectrum has been evaluated for frequencies
above a few thousand hertz. In [11] the piezoelectric cantilever beam model was
validated up to 2.9 kHz. The result from that article could be used as a good
comparison. The conclusion was that the model developed in this thesis gives a
similar result in the frequency domain for the same frequency span. The results
have also been compared to [12] where the physical model has been found. If the
specification for the piezoelectric cantilever was used, similar results were achieved
for the simulations which correspond well to the measurement.

For higher frequencies it was harder to determine how well the model fitted the
real system. It was a problem to interpret the excursion measurements when the
oscillations became smaller which made it harder to identify the excursion from the
noise. In the chirp validation, the model seemed to follow the measurement data
well in the time and frequency domains, see Figures 4.5 and 4.7. The same results
could be seen in the validation of the noise signal, see Figure 4.9, but for the noise
signal the peaks of the eigenmodes were much harder to observe. Measurement
with a microphone was also tried to see if the result could get more clear but
because of the influence of the surroundings, the eigenmodes could not easily be
identified, see Figures 4.22 and 4.23.



Chapter 5

Modeling and control of the
concept speaker

When aiming to produce sound with a speaker, the acoustic properties are im-
portant. The acoustic properties include how well the membrane movement is
transferred to the air, creating pressure waves that propagate through the air
away from the speaker. The membrane size has a big impact as well as having a
well-designed enclosure of the air behind the membrane. When using the piezo-
electric element as in Chapter 4, where the element is clamped at one end and the
air can move freely around the element, the air easily moves around the membrane
and the structure will be far from optimal for creating sound. That is why a con-
cept piezoelectric speaker was built, to enhance the sound measurements and see
how well the modeling structure for the single piezoelectric element transfers to
this speaker structure. The speaker was built as seen in Figure 3.1 with two actu-
ating elements mounted under the sides of a membrane. The reason for choosing
this structure was for the potential application of the membrane being used as a
screen for a mobile phone. Piezoelectric cantilevers are usually a few centimeters
long to be able to create the desired deflection of a few hundred micrometers. To
best fit these cantilevers in a mobile phone, the side of the membrane is a good
alternative.

5.1 Concept piezoelectric speaker
The physical modelling approach for the piezoelectric cantilever beam has been
used to create a model for the concept speaker. The parameters in the physical
model have been adjusted with an additional layer with new material constants,
as well as new size measurements for all layers.

The methods for experimental calculation of the coefficients of friction and the
optimization of the length and measuring point done for the cantilever beam were
planned to be used for creating this model as well. This was not possible, since
the damping of the concept speaker was much higher and the measurement values

35
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disappeared in noise. Instead, the same length and measuring point used for the
cantilever beam in Chapter 4 were used also for the concept speaker as an initial
value for the model, see Table 4.2.

Since the excursion measurements were hard to distinguish from noise, it was
difficult to evaluate the model from the validation done as in Chapter 4, see Fig-
ure 5.1. The approach chosen to examine the model behavior was by trying to
model sound with the multi-point control as in Section 4.6.1. Since no model could
be validated well, the sound rendering was tried with two different models which
will be denoted the beam model and the concept speaker model. These models
are further explained in Section 5.1.1.
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Figure 5.1: The red line is the measurement spectrum from a chirp signal, and the
black dotted line is the spectrum of the concept speaker model.

5.1.1 Multi-point control
Two models were modified using the multi-point control strategy presented in
Section 4.6.1. The first model for the concept speaker, the beam model, was given
the same mode locations and coefficients of friction as the cantilever piezoelectric
beam. The model was used to see how well the model from Chapter 4 can be
used to create a model for the concept speaker by only giving new constants for
the structure and material according to the concept speaker without any other
adjustments. In the second model, the concept speaker model, the mode locations
and coefficients of friction are adjusted. The model was fitted to the measurement
in Figure 5.1 as well as possible. A simulation made with (3.2) suggested that there
should be five eigenmodes. Three eigenmodes are suggested to be found at 800 Hz,
1470 Hz and 2700 Hz according to the measurement in Figure 5.1. According to
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the simulation one additional eigenmode is added in the high-frequency region
where the measurements disappeared completely in noise. The extra eigenmode
is suggested to be at 7 kHz. Additionally there exist a couple of sharp peaks in
the measurement at 50 Hz, 10 kHz and 15 kHz that are believed to come from the
measuring setup. These where not aimed to be included in the model.

The values for the coefficients of friction rm and the constants for the placement
of the resonance peaks nm are presented in Table 5.1.

To create the two different models for the multi-point control, different mod-
elling points are chosen in each case. For the beam model the chosen measuring
points can be seen in Table 5.2 and for the concept speaker model the values for
the measuring points can be seen in Table 5.3.

For the multi-point control a 30 seconds noise signal has been used for evalu-
ating the model. Figure 5.2 shows the spectrum of the noise input signal and the
resulting output spectrum when no inverse model is applied. Comparing the fig-
ure with a measurement of background noise showed that the membrane generate
sound at a frequency of 1000 Hz and above. Above 1000 Hz there are several peaks
and dips in amplitude that was aimed to be flattened out to be able to generate a
better sound rendering.

Table 5.1: The determined values of the coefficients of friction rm and the parameter nm

for the concept speaker model.

Mode 1 Mode 2 Mode 3 Mode 4
Value of rm 1.8 1.3 1.6 5.5 4
Value of nm 1.6 ·10−4 4.7 ·10−5 1.6 ·10−5 2.0 ·10−6

Table 5.2: The values used for the measuring points in the beam model for the concept
speaker when the specification for a cantilever beam is used. The placement of the points
is in meter from the inner clamped edge of the piezo element. A value of zero means the
point is under the clamp and a value of 0.0318 is the outermost edge of the element.

Mode 1 Mode 2 Mode 3 Mode 4
Placement of points: 0.030 0.030 0.0084 0.0060

Mode 5 Mode 6 Mode 7 Mode 8
Placement of points: 0.0044 0.0032 0.0032 0.0020

Table 5.3: The values used for the measuring points in the concept speaker model when
the coefficient of friction and the placement of eigenmodes have been changed to fit a
chirp test signal. The placement of the points is in meter from the inner clamped edge
of the piezo element. A value of zero means the point is under the clamp and a value of
0.0318 is the outermost edge of the element.

Mode 1 Mode 2 Mode 3 Mode 4
Placement of points: 0.029 0.0135 0.0069 0.0055



38 Modeling and control of the concept speaker

Figures 5.3 and 5.4 show the output spectrum from the two different models
with the same input noise signal. The figures also show the microphone measured
output from the concept speaker when these models output act as input to the
speaker.
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Figure 5.2: Above: The spectrum of the output signal for the concept speaker when
no inverse model is applied. Below: The spectrum of a the input signal.

By comparing Figures 5.2 and 5.3 the result reveals that the beam model
approach makes the result worse. The approach increased the high frequencies
too much which lead to a too high increase relative the rest of the spectrum. This
could have been flattened out as in Section 4.5.2. However, this would not have
given better results since it can be seen in Figure 5.3 that peaks at 11, 15 and
19 kHz in the input signal also clearly shows in the output signal. These peaks
would still be showing in the output of an evened out model, which is not intended
behaviour of the model.

For the concept speaker model, see Figure 5.4, the output seems slightly flat-
tened around 2000 Hz. The increased amplitude around 2000 Hz of the input
signal can be seen to have an effect on the top figure, which shows the spectrum of
the microphone measurement. The amplitude for the higher frequencies has been
reduced which gives a more flat spectrum. Also several of the sharp dips have
been reduced. The concept speaker model has one severe error, the model pre-
dicts that a large resonance peak exists at 7000 Hz. This gives the model output a
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low amplitude at that frequency which creates a too large dip in amplitude. There
are two possible explanations why this happens. The first explanation is that the
resonance peak does actually exist at that frequency but that it is not that large
so the model decreases the amplitude too much. This can happen if the coefficient
of friction is too low which gives a too sharp eigenmode. The second explanation
is that the resonance peak is misplaced or should not exist at all which is a model
error.

To conclude the measurements, it can be seen that it is possible to reduce the
sharp nodes in the spectrum by identifying the correct resonance peaks but placing
them at faulty frequencies can reduce the performance significantly.
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Figure 5.3: The lower figure shows the
output spectrum of a noise signal input to
the multi-point beam model. This output
is the input to the concept speaker and
the output from this system is shown in
the figure above.
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Figure 5.4: The lower figure shows the
output spectrum of a noise signal input
to the multi-point concept speaker model.
This output is the input to the concept
speaker and the output from this system
is shown in the figure above.

5.2 Actisonic filtering
The company Opalum AB has developed a loudspeaker tuning program called
Actisonic. Actisonic contains a method for estimating inverse filters aimed at
flattening out the frequency response measured by a microphone. Actisonic could
be used as an alternative method to the multi-point control for flattening the
frequency response.

First, one measurement is made with a test signal from Actisonic. Then it is
possible to analyze the spectrum calculated from the output of the test signal.
It is hard to compensate for low frequencies and high peaks and valleys in the
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spectrum. Therefore an frequency interval and a filter target is set by the user to
exclude the low frequencies and bring down the peaks rather then bring up the
valleys. Taking a too large interval will give a more complex filter and the impact
of the filter will be small because the peaks and valleys are too big in this case.
For this measurement the interval is chosen to be between 1200 Hz and 13000 Hz
and the target response is set to be a bit lower then the moving average for the
peaks and valleys between this interval, see Figure 5.5.

Figure 5.5: The target for the filter can be seen as the smooth line between the vertical
solid lines at 1200 Hz and 13000 Hz, displayed in the sound spectrum. Outside the
interval the filter does not have any constraints. The dark blue line that has many peaks
and valleys represents the output spectrum from the test signal.

After the target spectrum and interval is chosen, the program calculates an
inverse filter that will to its ability compensate the output to conform to the
target, within the specified interval. The calculated inverse filter can be seen as
the black line in the bottom of Figure 5.6. In the same figure the output from the
test signal is shown when the inverse filter is applied, red line, and when no filter
is applied, dark blue line.

The Actisonic program is a well thought out method to generate a targeted
spectrum output from a sound measurement. In spite of the well though out
method, it does not succeed to compensate the output fully to the target. The
filter manages to remove the peak at 1800 Hz but several of the valleys and peaks
still exist after the filtering. This is probably because the program is developed for
micro loudspeaker systems, not piezoelectric systems. The filter must have larger
differences in amplitude then calculated, to be able to compensate for the valleys
of the spectrum for the concept speaker.
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Figure 5.6: The inverse filter and two measurements done with Actisonic, displayed in
the sound spectrum. The inverse filter can be seen as the black line in the bottom of
the figure. The two measurements show how well the inverse filter performs. The first
measurement is with no filter applied, the dark blue line, and the second measurement,
the red line, is the with the inverse filter applied. The solid vertical lines show the interval
of the filter i.e. the target limits.

5.3 Discussion
The aim of building a concept speaker was to get better sound measuring capabil-
ities and to see how well the model structure for the single piezoelectric element
transferred to the speaker. The sound measuring capabilities were increased with
higher amplitude especially at low frequencies, which can be seen comparing Fig-
ures 5.2 and 4.22. It is not the same input signal in the two figures but it seems
as if the speaker structure has less severe impact from resonances with less sharp
peaks and valleys. This is thought to be caused by the extra damping brought
to the speaker structure from the membrane. The high damping also made it
harder to make good excursion measurements, which caused problems evaluating
the transferability of the model structure to the concept speaker.

A difference between the single piezoelectric element and the concept speaker
was how the end of the element was held still. For the single element it was clamped
down at the end, but for the concept speaker it was fastened to a membrane that
in turn was clamped down just behind the end of the piezoelectric element. This
difference could create a change in the dynamics. This is why the model created
from the single piezoelectric element was questioned and a model with manually
adjusted resonances and damping was created from what could be seen in the
measurements. However, when using these two models none of them could flatten
out the sound measurement in the frequency spectra.

The experiments with Actisonic did flatten out the sound frequency response
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but at certain frequencies the inverse filter cannot do anything about the dips in
amplitude. This is probably due to measuring difficulties or standing waves in the
membrane causing bad propagation of pressure waves.



Chapter 6

Discussion of modeling
methods

There exist several approaches to modeling of piezoelectric cantilever beams. This
chapter comments how the methods used in this thesis can affect the measurement
results.

6.1 The physical model
A physical model can be a useful approach to create a model of a piezoelectric
cantilever beam when you know the material and structural properties. Many con-
stants for a piezoelectric cantilever beam are material constants which are deter-
mined by the manufacturer. But a physical model also includes several constants
and parameters besides the material constants. These have to be determined care-
fully enough to get a model that represents the system correctly for different input
signals. A problem can be how well the model can adapt to new circumstances
e.g. a new type of cantilever beam. Although a physical model is well adapted
for one type of piezoelectric cantilever it can be hard to get a well-corresponding
model for a new cantilever if the new type of beam has another kind of behavior
which the model does not take into account.

Equally important is the equipment setup. For the cantilever beam in this
thesis the setup is quite simple. It consists of a cantilever piezoelectric element
clamped with high pressure to a table. The concept speaker on the other hand
has more variables and design choices to take into consideration. Firstly, the
piezoelectric cantilevers have to be attached to the membrane which in this case is
done with glue (Cyanoacrylate). It could be possible that the cantilevers are not
mounted at exactly the same distance from the edge of the membrane, likewise
it is hard to say if the amount of glue is the same for both cantilevers. The
attachment and the amount of glue will most probably affect the damping and thus
also the excursion of the oscillations. Secondly, the mounting of the membrane
to the concept speaker is an important factor. The physical model is developed
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to function on a bending cantilever beam and therefore it is important that the
element and the membrane are mounted as a cantilever. In the concept speaker
construction it is not possible to clamp the membrane and its piezoelectric elements
completely to a fixed position at one end without breaking the membrane. The
piezoelectric ceramic has some flexibility but is quite fragile and can easily break
if it is bent too much or in the wrong direction. This can create problems for the
cantilever beam when the pressure has to be moderate not to crack the ceramic
when clamping the cantilever beam to the table. With that in mind some of the
calculated variables in the model most probably have to be changed slightly to get
a well-corresponding model for the cantilever beam and the concept speaker.

6.2 Measurements
One problem when doing measurements with the laser is a high level of noise.
At low frequencies this has been manageable because the excursion has been large
enough to see clearly but for higher frequencies it has been an issue. The excursions
at higher frequencies are smaller which leads to uncertain results when it is hard
to determine what is measurement values and what is background noise. The
exception is in the eigenmodes, which give higher excursion and often can be
observable. A solution to the problem is to measure the generated sound with a
microphone but then new problems arise.

To get a good transition from movement of the structure to air, the moving
element has to be large enough. In theory, the moving membrane has to be ap-
proximately one fourth of the wavelength you want to play. This gives a limit of
the lowest frequency the element is able to transmit well into air. The cantilever
beam also has a problem to produce higher sound pressure levels because the air
moves back and forth between the sides. This is the reason why loudspeakers are
normally integrated in a box which prevents this movement of air. This effect oc-
curs especially at the lowest audible frequencies. The structure of the loudspeaker
box and the membrane also affects how well the sound is transmitted to air. In
practice, it is possible to hear something first around a frequency of 500-600 Hz
for both the cantilever beam and the concept speaker.

Surrounding objects can have a great influence on a microphone measurement,
therefore considerations have to be taken to nearby objects and the position of
the microphone. Sound propagates through air as waves and if a standing wave
occurs for a certain frequency and the microphone is unluckily placed at a node for
that frequency, the measurement will be misleading. Also reflections from nearby
objects will influence the recording and can be deceptive. Therefore closely located
objects have been removed when doing measurements with the microphone.

When driving the elements the amplifier LM48560 has been used. The amplifier
has a maximum output level of ± 15 V. The elements are specified to work on a
maximum input level of ± 40 V so if an amplifier with higher output voltage could
be found some of the measurement problems could be reduced because it would
enable larger excursions for the element. This would probably also improve the
sound measurement since the sound from the element would be higher.
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6.3 Optimization
There are some observations to do regarding the optimization of the length and
measuring point. The optimization improves the result by finding a more correct
length of the piezoelectric element for that specific measurement setup, which to
some extent moves the resonance peaks to more suitable places. One major prob-
lem to do a good optimization is the phase error in the measurement compared
to the simulation. As explained in Section 4.2 the simulation follows the measure-
ment well in time up to the first resonance frequency for a chirp signal. After
the resonance frequency, the simulation is a few milliseconds behind that makes
optimization in time hard.

This behavior is assumed to come from the nonlinear hysteresis behavior which
lowers the resonance frequency [11]. The hysteresis phenomenon occurs when there
are large differences in movement for the piezoelectric element, which happens at
the resonance peaks at low frequencies where the movement of the piezoelectric
element is the largest. This hypothesis could possibly describe the mismatch in
time between the simulation and measurement but a solution to the problem has
not be investigated carefully and therefore the optimization has just been done in
time up to the first resonance peak.

Another factor that influences the optimization is the error function, (4.1),
which is defined in the time domain. The error computation could be done before
or after the translation into decibel. Both error computation have been tried but
the result becomes overall better if the error is calculated before translated into
decibel.

The calculation could also be done in the frequency domain but the noise
makes it hard to get a good error computation, therefor the error computation is
made only in the time domain. The optimization could be developed further but
as long as the placement of the resonance peaks is done by hand afterwards, the
optimization is not of major importance.





Chapter 7

Concluding remarks

This chapter connects back to the introduction, the goals and aims with this thesis
and gives conclusions about the results.

7.1 Conclusions
What can be concluded from this work is that it is possible to model the movement
of a cantilever piezoelectric element up to 3 kHz by using a linear physical model.
Above that frequency the model gives poor validation results, see Section 4.4.
The model could be modified and coefficients compensated by hand in order to
produce a result that seems to have fair validation below 15 kHz, but when aiming
to control the movement, the physical constraints create difficulties. It has also
proven itself problematic to relate the motion model to the sound rendering. It
is concluded that when aiming to compensate the resonance frequencies, to get
a more flat frequency response of the sound, one easy way is to measure the
sound and use methods as the Opalum AB’s Actisonic software. However, in this
case Actisonic only gave a small improvement. To be able to improve the sound
rendering further, a better understanding of the movement is needed and then
maybe nonlinear effects could also be dealt with.

Concerning the production of a piezoelectric speaker that gives a good render-
ing of the input signal, the conclusion is that hardware has a great influence on
the sound. A mixture of sophisticated damping, a well-designed loudspeaker box
and signal processing is essential to create a piezoelectric speaker. The sophis-
ticated damping is important for reducing the resonance frequencies so that the
signal processing has the possibility to flatten out the frequency response within
its output range without lowering the overall output too much. Furthermore, a
well-designed loudspeaker box is important for getting the sound to propagate in
the desired direction and to increase the sound pressure level.

When aiming to fulfill these criteria in a mobile phone application the main
difficulties seem to be in hardware such as creating a well-adjusted damping, the
high voltage amplifier and a well-designed loudspeaker box. The signal processing
for flattening out the frequency response could be made from sound measurements
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and software such as Actisonic. The signal processing for compensating nonlin-
earities could perhaps be based on an extended nonlinear version of the model
structure used in this report.

7.2 Future work
The motion model is concluded to be problematic to relate to sound, but it shows
a promising validation result for modeling the movement up to 3 kHz. However,
in the development of the movement model a nonlinear effect has been observed
as shown in Figures 7.1 and 7.2. When a satisfying linear model for rendering ex-
cursion has been developed, the next step for enhancing sound is most probably to
look more into the nonlinearities and the hysteresis phenomena. Two experiments
have been done to confirm that the hysteresis phenomena exist but no further
effort has been made to solve the harmonic distortion that arises.
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Figure 7.1: A hysteresis loop where the
nonlinear effect can be seen as the curved
lines for the excursion per voltage.
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The hysteresis loop, Figure 7.1, is calculated by extracting periods from lowest
to highest value and highest to lowest value for both excursions and voltage over
several sine periods. Figure 7.1 shows the mean value for the periods going from
lowest to highest value (blue) and highest to lowest value (red). Figure 7.2 shows
the harmonic distortion when playing a sine at 5000 Hz.

Making hysteresis loops at different input voltage it shows more nonlinear ef-
fect at high voltage. If zooming in Figure 4.9, the linear model has the most time
mismatch at high excursion rather than low with the same input voltage. This
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indicates that making a model to compensate nonlinearity, an accurate linear ex-
cursion model could be a good start. Hence, including a nonlinear part to the
linear model presented here would be interesting to examine if the harmonic dis-
tortion could be compensated for. Which point on the element that would be used
to best describe the excursion for nonlinear compensation would be interesting to
examine. A suggestion would be to try the multi-point control approach presented
in Section 4.6.1.

If the physical equations were further examined for different types of piezoelec-
tric elements and corrected to perform well at higher frequencies, the acceleration
model presented in Section 4.6.2 might be a valid design tool to simulate the sound
pressure level.
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Appendix A

Piezoelectric element
specification

This appendix contains the material and structure parameters of the actuator used
in this study. Hard brackets are used to symbolize each layer’s characteristic.

Piezoelectric material: Lead Zirconate Titanate Type 5H4E (Industry Type 5H,
Navy Type VI)

Relative Dielectric constant (at 1 kHz)
K3 = 3800

Piezoelectric strain coefficient [m/V]
d33 = 650 · 10−12

d31 = [−320 · 10−12, 0, 320 · 10−12]

Piezoelectric Voltage coefficient [Vm/N]
g33 = 19.0 · 10−3

g31 = −9.5 · 10−3

Coupling Coefficient
k33 = 0.75
k31 = 0.44

Polarization field
Ep = 1.5 · 106

Initial Depolarization field
Ec = 3.0 · 105

Density [kg/m3]
ρ = [7800, 8400, 7800]
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54 Piezoelectric element specification

Mechanical Q
Q = 32

Elastic Modulus [N/m2]
Y3 = 5.0 · 1010

Y1 = 6.2 · 1010

s33 = 1/Y3
s11 = [1/Y1, 9.0909e− 12, 1/Y1]

Thermal expansion coefficient [1/◦C]
Te = 3 · 10−6

Curie Temperature [◦C]
Tc = 230

Size [m]
entire length ltotal = 0.0318
unclamped length l = 0.02929
measurement length lm = 0.02915
width w1,2,3 = 0.0032
w = [w1, w2, w3]
height h1,2,3 = 0.00013;
h = [h1, h2, h3]



Appendix B

Definition of help function
and the gyrator constant

This appendix contains the definition of a help function and the gyrator con-
stant Y , defined in [12], which are used to simplify equations. The help function
αM (kml) used in (3.2) is

αM (kml) ≡ sin (kml) sinh (kml)
sinh (kml) + sin (kml)

(B.1)

The relation for calculating kl used in (B.1) is

1 + cos(kl) cosh(kl) = 0 (B.2)

which is derived from the characteristic equation of a clamped free bending beam
where k is the wavenumber and l is the length of the bending actuator.

Equation (B.2) can not be solved analytically and therefore a numerical ap-
proach has to be used. A numerical solution results in m characteristic zeros kml.
The m stands for the natural propagation mode. The first solutions to a clamped
free bending actuator can be found in Table B.1. Note that m = 0 is ignored
because it implies that the beam is in rest and therefore not of interest.

Table B.1: The table presents the first eight solutions of the equation (B.2).

m 1 2 3 4 5 6 7 8
kml 1.875 4.694 7.854 10.995 14.137 17.278 20.420 23.562

The electrical and the mechanical properties are interlaced by the gyrator constant
Y used in (3.3) as

1
Y

= −
n∑
i=1

Wid31
(
h2
i,o − h2

i,u

)
2sE11,ihi

(B.3)
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where hi,o is defined as

hi,o = z̄ −
i−1∑
j=1

hj (B.4)

and hi,u is defined as

hi,u = z̄ −
i∑

j=1
hj (B.5)
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