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Abstract—The Expectation-Maximization (EM) algorithm in
combination with particle filters is a powerful tool that can
solve very complex problems, such as parameter estimation in
general nonlinear non-Gaussian state space models. We here
apply the recently proposed online EM algorithm to parameter
estimation in jump Markov models, that contain both continuous
and discrete states. In particular, we focus on estimating process
and measurement noise distributions being modeled as mixtures
of members from the exponential family.

I. I NTRODUCTION
The Expectation-Maximization (EM) algorithm is one of
the most popular methods for Maximum Likelihood (ML)
estimation [1]. It has been applied to a wide range of practical
problems in different fields such as statistics, biology and
signal processing, and it is often preferred over other numerical
optimization methods, due to its numerical stability and ease
of implementation, see for instance [2], [3], [4]. The classic
EM algorithm given in [1] is formulated in batch (or offline)
form, i.e. it uses a (possibly large) number of observations
to iteratively estimate the unknown parameters. A comprehensive treatment of the general estimation problem in state
space models using the offline EM algorithm is given in [5].
However, in many real-time applications, restrictive memory
requirements and/or limiting processing power do not allow
to store and process large datasets.
Recent developments focused on online EM algorithms, in
which the observations are processed only once and never
stored. An online version of the EM algorithm for hidden
Markov models (HMMs) with a finite number of states and
observations has been proposed in [6]. This idea has been
extended to generalized HMMs with possibly continuous
observations in [7]. The problem of jointly estimating the
state and fixed model parameters in general (possibly nonlinear non-Gaussian) state-space models using the online
EM algorithm has been addressed in [8]. Here, sequential
Monte Carlo (SMC) filtering approximations is proposed to
numerically approximate the EM recursions. The algorithm
has been further modified in [9] to solve the simultaneous
localization and mapping problem. Three different online EM
type algorithms that aim at maximizing split-data likelihoods
are proposed in [10], to solve the problem of fixed model
parameter estimation in general state-space models. The joint
estimation of continuous- and discrete-valued states together
with fixed model parameters in jump Markov systems is rather
unexplored. In [11], an ML estimator is derived using the
reference probability method, in order to estimate the transition

probabilities in jump Markov linear systems. Here, an EM
procedure is utilized for maximizing the corresponding likelihood function. In order to avoid the exponential increase in the
number of statistics of the optimal EM algorithm, interacting
multiple model-type approximations are introduced.
In this paper, the online EM algorithm of [8] is further extended to apply to general state space models with Markovian
switching structure. Besides of estimating the state of the system, we are interested in estimating the transition probabilities
of the Markov chain as well as unknown model parameters.
The proposed online EM algorithm is implemented using a
particle filter-based method. In an accompanying paper, we
present the online EM algorithm to a nonlinear state space
model with noise processes being mixtures in the exponential
family, where a discrete state selects the mixture mode. This
discrete state is memoryless, and can be seen as a special
case of jump Markov systems. However, the memoryless
property enables a powerful marginalization procedure, that
significantly improves the performance.
The rest of this paper is organized as follows: In Section
II, the general jump Markov system model is introduced. In
Section III, the EM algorithm basics are briefly reviewed and
the proposed approach is introduced. An SMC implementation
of the proposed online EM algorithm is provided in Section
IV. In Section V, the important special case of estimating noise
parameters in jump Markov Gaussian systems is investigated.
The performance of the proposed approach is illustrated by
means of simulations in Section VI. Finally, conclusions are
drawn in Section VII.
II. S YSTEM M ODEL
Consider the following discrete-time jump Markov nonlinear system
xt
yt

=
=

fθ (xt−1 , rt , vt )
hθ (xt , rt , wt )

(1a)
(1b)

where yt ∈ ny is the measurement vector at discrete time
t, xt ∈ nx is the state vector and f and h are arbitrary
nonlinear mapping functions. The jump Markov system is
generally parametrized by unknown model parameters θ which
is denoted by fθ and hθ , respectively. The mode variable
rt denotes a discrete-time Markov chain with M states.
The Markov chain is assumed to be time-homogeneous with
transition probability matrix Πθ , whose elements are denoted
∆
as πθ (rt = j, rt−1 = i) = πij , i, j = 1, . . . , M . The noise

vectors vt ∈ nv and wt ∈ nw are assumed mutually
independent white processes with known probability density
functions that may depend on rt and/or θ.
In the following, we introduce the augmented state vector
zt = [xTt , rt ]T , and let z0:k = [z0T , . . . , zkT ]T and y0:k =
[y0T , . . . , ykT ]T denote the collection of augmented states and
measurement vectors up to time k. We further introduce the
conditional likelihood lθ (yt |zt ), which can be determined from
(1b) and the augmented state transition density pθ (zt |zt−1 ) =
gθ (xt |xt−1 , rt ) πθ (rt |rt−1 ), where gθ (xt |xt−1 , rt ) can be determined from (1a). With a slight abuse of notation we further
R
P
∆ PR
define
dz0:k , and we note that {·}
dx0:k =
r0:k
stands for mathematical expectation.
III. E XPECTATION -M AXIMIZATION A LGORITHM
The EM algorithm is an iterative approach that computes
ML estimates of unknown parameters θ in probabilistic models
involving unobserved variables (a.k.a. latent variables). The
idea of the EM algorithm is to separate the original ML
estimation problem into two linked problems, denoted as the
Expectation Step (E-Step) and Maximization step (M-Step),
each of which is hopefully easier to solve than the original
problem. Thus, it is especially useful in settings where ML
estimates are hard to obtain.
Suppose that a set of K observations y0:K is available.
Then, the original batch ML estimation problem can be
formulated as
θ̂ML = arg max log pθ (y0:K )
θ

(2)

For jump Markov systems, direct evaluation of (2) is difficult,
since the computation of the likelihood pθ (y0:K ) involves
the computation of high-dimensional integrals, which are
generally not tractable analytically.
The key idea of the EM algorithm is to treat y0:K as incomplete data and to introduce a latent variable for which the joint
(or complete-data) likelihood is available. The EM algorithm
then solves iteratively for θ that maximizes the expected loglikelihood of the complete-data. For jump Markov systems,
T T
the latent variables are chosen as z0:K = [xT0:k , r0:k
] , so that
the complete-data likelihood is given by
pθ (z0:K , y0:K ) =

K
Y

pθ (zt , yt |zt−1 )

(3)

t=0

with pθ (z0 , y0 |z−1 ) = pθ (z0 , y0 ) and pθ (zt , yt |zt−1 ) =
lθ (yt |zt ) pθ (zt |zt−1 ). In the following, we focus on the
complete-data sufficient statistics formulation of the EM algorithm [3], [8].
It is assumed that the density pθ (zt , yt |zt−1 ) belongs to the
exponential family of distributions, given by
p(zt , yt |zt−1 ) = C · exp{hψ(θ), s(zt , zt−1 , yt )i − A(θ)}, (4)
∆

Algorithm 1 Generic Batch EM Algorithm
E-Step:
Sm+1

1
=
K

pθm (z0:K |y0:K )

M-Step:

(

K
X

)

s(zt , zt−1 , yt ) .

t=1

θm+1 = θ̄(Sm+1 ) = arg max[hψ(θ), Sm+1 i − A(θ)].
θ

(5)

(6)

B. Online EM Algorithm

A. Batch EM Algorithm

∆

s(zt , zt−1 , yt ) is the complete-data sufficient statistic and A(θ)
denotes the log-partition function. We further assume that the
M-Step yields a unique (closed-form) solution for θ, which
is denoted by θ̄(·). Then, the (m + 1)-th iteration of the
batch EM algorithm applied to the data y0:K can be written
in terms of complete-data sufficient statistics as shown in
1
log p(z0 , y0 )
Algorithm 1. We note that the initial term K
from the normalized complete-data log-likelihood has been
omitted in (5) for notational convenience. In online estimation,
its contribution is vanishing with K and thus can be safely
ignored.

where C = b(zt , yt , zt−1 ) denotes a function independent of θ,
h·, ·i denotes the inner product, ψ(θ) is the natural parameter,

The batch EM algorithm estimates the latent variable z0:K
together with θ at each time step by processing all available
observations y0:K . In many applications, however, constraints
on the memory do not permit to store and process the whole
observation sequence. In these situations, a recursive procedure, that is based on processing only the current observation
yk and that never stores the whole sequence is highly desirable.
In the following, it is shown how the batch EM algorithm can
be reformulated into an online EM algorithm [8]. Instead of
processing a batch of data y0:K , it is assumed that observations
y0:k up to the current time step k are available. We further
assume that at each time step, only one EM iteration is
performed. We define an auxiliary function
ρk (z0:k ) =
such that
Z X

k
1 X
s(zt , zt−1 , yt ),
k t=1

ρk (z0:k ) pθk (z0:k |y0:k ) dz0:k = Sk

(7)

(8)

holds. Then, it can be easily shown that ρk (z0:k ) can be
updated recursively according to the following formula
ρk+1 (z0:k+1 )

=

1
s(zk+1 , zk , yk+1 )
k+
1

1
+ 1−
ρk (z0:k ).
k+1

(9)

This weighted recursion is further modified by introducing a
sequence {γk }k≥1 of decreasing step-sizes which P
satisfies the
stochastic
approximation
requirement,
given
by
k≥1 γk =
P
∞ and k≥1 γk2 < ∞. Then, the online EM algorithm at the

Algorithm 2 Generic Online EM Algorithm
Stochastic Approximation E-Step:
pθ̂k (z0:k+1 |y0:k+1 ) =
p (zk+1 , yk+1 |zk ) pθ̂k (z0:k |y0:k )
R P θ̂k
pθ̂k (zk+1 , yk+1 |zk ) pθ̂k (z0:k |y0:k ) dz0:k+1
ρ̂k+1 (z0:k+1 )

=

(1 − γk+1 ) ρ̂k (z0:k )
+γk+1 s(zk+1 , zk , yk+1 )

M-Step:
θ̂k+1 = θ̄

Z X

ρ̂k+1 (z0:k+1 ) pθ̂k (z0:k+1 |y0:k+1 ) dz0:k+1



(k+1)-th time step can be summarized as shown in Algorithm
2.

Algorithm 3 SMC Approximation Of Online EM Algorithm
Initialization:
n
• For n = 1, . . . , N , initialize the particles z0 ∼ p(z0 , y0 ),
n
the weights w0 = 1/N , the vector of unknown parameters θ̂0 and set ρn0 .
Iterations:
For k = 0, 1, . . . , do:
• Compute the effective number of samples according to
P
N̂eff = 1/ n (wkn )2 .
• If N̂eff < Nth , perform resampling. Take N samples
with replacement from the set {zkn , ρnk }N
n=1 , where the
probability to take sample n is wkn . Set wkn = 1/N for
n = 1, . . . , N .
• For n = 1, . . . , N draw samples from the importance
density
n
zk+1
∼ q(zk+1 |zkn , yk+1 ).
•

n
wk+1
∝ wkn

IV. SMC I MPLEMENTATION OF O NLINE EM A LGORITHM
A closed-form solution for Algorithm 2 is generally not
available. We therefore resort to SMC methods of importance
sampling resampling type (a.k.a. particle filters), to numerically approximate the online EM recursions [12], [4], [13].
More precisely, a multiple-model particle filter is proposed
to approximate the density p(z0:k+1 |y0:k+1 ) by a set of N
n
n
particles and importance weights {z0:k+1
, wk+1
}N
n=1 , such
that
pθ (z0:k+1 |y0:k+1 ) ≈

N
X

For n = 1, . . . , N evaluate the importance weights
according to

•
•

n
n
gθ̂k (yk+1 |zk+1
) pθ̂k (zk+1
|zkn )

.
n |z n , y
qθ̂k (zk+1
k+1 )
k
PN
n
Normalize the weights such that n=1 wk+1
= 1.
For n = 1, . . . , N update the auxiliary quantity

n
ρnk+1 = (1 − γk+1 ) ρnk + γk+1 s(zk+1
, zkn , yk+1 ) (13)

•

Determine an estimate of the state vector
x̂k+1 =

N
X

n
xnk+1 wk+1

n=1
n
n
wk+1
δ(z0:k+1 − z0:k+1
)

(10)

•

Perform parameter estimation

n=1
n
holds
P n[14]. The importance weights satisfy wk ≥ 0 and
i wk = 1, and can be calculated recursively according to
the following formula
n
wk+1
∝ wkn

n
n
gθ (yk+1 |zk+1
) pθ (zk+1
|zkn )
,
n |z n , y
qθ (zk+1
k+1 )
k

N
X

n
ρnk+1 wk+1
.

N
X

n=1

n
ρnk+1 wk+1
,



θ̂k+1 = θ̄ Ŝk+1

(14)

(11)

where qθ (zk |zk−1 , yk ) denotes the importance function that
might depend on the unknown parameter θ. It is worth noting
that ρ̂k+1 , cf. Algorithm 2, is Monte Carlo approximated as
well by a set of N samples {ρnk }N
n=1 . This has the appealing
advantage that the complicated integral and summation that
appears in the M-Step, see also (8), can be replaced by the
simple approximation
Sk+1 ≈

Ŝk+1 =

(12)

n=1

The proposed SMC approximation of the online EM algorithm
is summarized in Algorithm 3.
V. J UMP M ARKOV G AUSSIAN S YSTEMS WITH U NKNOWN
N OISE PARAMETERS
In the following, we consider jump Markov systems with
additive Gaussian noise structures. These models are used in

a plethora of applications, such as change detection, sensor
fault detection or tracking of maneuvering targets in air traffic
control, see for instance [15]. The noise parameters as well
as the parameters describing the Markov chain are design
parameters and are typically chosen prior to deployment. In
the following, however, these parameters are assumed to be
unknown. The corresponding jump Markov Gaussian system
can be described as
xt

=

f (xt−1 , rt ) + vθ,t (rt ),

(15a)

yt

=

h(xt , rt ) + wθ,t (rt ),

(15b)

where the noise is distributed according to vθ,t (rt ) ∼
N (µv (rt ), Σv (rt )) and wθ,t (rt ) ∼ N (µw (rt ), Σw (rt )).
Here, it is worth noting that the mapping functions
f and h may depend on θ as well, but this is
not further considered here. Thus, the unknowns
can be collected in θ, which is given by θ =
{θr (1, 1), . . . , θr (M, M ), θv (1), . . . , θv (M ), θw (1), . . . , θw (M )},

where θr (rt = j, rt−1 = i) = {πij }, θv (rt ) =
{µv (rt ), Σv (rt )} and θw (rt ) = {µw (rt ), Σw (rt )}. In order to
apply Algorithm 3 to the system given by (15), the sufficient
statistics s(zk , zk−1 , yk ) as well as closed-form relationships
for the inverse mapping θ̄(·) have to be further specified.
The inverse mapping functions can be found by explicitly
evaluating the M-Step according to (6). Similarly to [7], for
jump Markov Gaussian systems, the unknown parameters θ̂k
can be updated according to
Ŝr,k (i, j)

π̂ij,k = θ̄(Ŝr,k ) = PM

j=1 Ŝr,k (i, j)
(1)
Ŝv,k (j)

µ̂v,k (j) = θ̄(Ŝv,k , Ŝk ) =

Ŝk (j)

,

(16a)

,

(16b)

− µ̂v,k (j)µ̂Tv,k (j),

(16c)

,

(16d)

(2)

Σ̂v,k (j) = θ̄(Ŝv,k , Ŝk ) =

Ŝv,k (j)
Ŝk (j)
(1)

µ̂w,k (j) = θ̄(Ŝv,k , Ŝk ) =

Ŝw,k (j)
Ŝk (j)
(2)

Σ̂w,k (j) = θ̄(Ŝw,k , Ŝk ) =

Ŝw,k (j)
Ŝk (j)

− µ̂w,k (j)µ̂Tw,k (j), (16e)

where Ŝr,k , Ŝk , Ŝv,k and Ŝw,k denote the components of the
approximated EM extended sufficient statistics, cf. (14). The
corresponding sufficient statistics, necessary to evaluate (13),
are given by
s(1) (zk , zk−1 , yk ) = sr (rk = j, rk−1 = i),
s(2) (zk , zk−1 , yk ) = s(rk = j),

(17a)
(17b)

s(3) (zk , zk−1 , yk ) =
s(4) (zk , zk−1 , yk ) =

{rk = j}s(1)
v (xk , rk = j, xk−1 ), (17c)
(2)
{rk = j}sv (xk , rk = j, xk−1 ), (17d)

s(5) (zk , zk−1 , yk ) =
s(6) (zk , zk−1 , yk ) =

{rk = j}s(1)
w (xk , rk = j, yk ),
(2)
{rk = j}sw (xk , rk = j, yk ),

(17e)
(17f)

{rk = j, rk−1 = i},
{rk = j},

(18a)
(18b)

with
sr (rk = j, rk−1 = i) =
s(rk = j) =

s(1)
(18c)
v (xk , rk = j, xk−1 ) = [xk − f (xk−1 , rk = j)],
T
s(2)
(x
,
r
=
j,
x
)
=
[x
−
f
(x
,
r
=
j)][·]
,
(18d)
k k
k−1
k
k−1 k
v
s(1)
w (xk , rk = j, yk ) = [yk − h(xk , rk = j)],
(2)
sw (xk , rk = j, yk ) = [yk − h(xk , rk = j)][·]T ,

(18e)
(18f)

where {·} stands for an indicator random variable [7]. We
note that (17b) is a counter that has been introduced to ensure
that the correpsonding auxiliary function, cf. (7), is properly
normalized. Furthermore, the indicator random variables guarantee, that the contribution from the particles are assigned to
the correct mode of the sufficient statistics.

TABLE I
M ODEL PARAMETERS
Parameter

Value

Parameter

Value

π11
µw (1)
Σw (1)

0.6
0
1

π22
µw (2)
Σw (2)

0.8
8
2

VI. N UMERICAL E XPERIMENTS
We consider the following modified benchmark model
1
xt−1
xt = xt−1 + 25
+ 8 cos(1.2 t) + vt , (19a)
2
1 + x2t−1
x2
yt = t + wθ,t (rt ),
(19b)
20
where the measurement noise is governed by a 2-state
Markov chain. The mode-dependent measurement noise is
assumed to be Gaussian distributed, wθ,t (rt = j) ∼
N (µw (j), Σw (j)), j = 1, 2. The mode-dependent mean
and variance as well as the transition probabilities of the
Markov chain are assumed unknown. Hence, we have θ =
{θr (1, 1), . . . , θr (2, 2), θw (1), θw (2)}, with θr (rt = j, rt−1 =
i) = {πij } and θw (rt = j) = {µw (j), Σw (j)}. The model parameter values used in the simulations are summarized in Table
I. The remaining parameters are chosen as x0 ∼ N (0, 1),
r0 ∼ p(r0 ) = 0.5 and vk ∼ N (0, 1).
The online EM algorithm is implemented according to
Algorithm 3, where a multiple-model bootstrap particle filter
has been used, i.e. qθ̂k (zk |zk−1 , yk ) = pθ̂k (zk |zk−1 ). Since
the model described in (19) is a special case of the model
given by (15), the sufficient statistics and inverse mappings
presented in the previous section can be used. The multiplemodel particle filter used N = 1000 particles and the resampling threshold was set to Nth = N/2. The algorithm was
systematically started from the initial parameter values θ̂0 =
{0.5, 0.5, 0.5, 0.5, −2, 2, 6, 4}, and the sequences of step-sizes
for the stochastic approximation were set to γk = (k − k0 )−α ,
with k0 = 50 and α = 0.6. All simulation results have been
obtained from 100 Monte Carlo runs.
In Figs. 1-3, the parameter estimation results are summarized
as box and whiskers plots for different time steps. It can be
observed that the proposed algorithm is able to efficiently
estimate the unknown parameters. As expected, the parameter
estimates are biased shortly after the initialization stage and the
estimation variance is quite large, which is due to the relative
small number of observations that are available to compute ML
estimates. However, as the number of time steps increases, this
bias disappears and the estimation variance is decreasing as
well.
In Figs. 4-6, the corresponding Monte Carlo averaged
estimation results for the unknown parameters vs. the time
step k are shown. It can be seen that the proposed algorithm
quickly converges to the true parameter values and seems
not to be affected by any drifts or abrupt changes that may
affect the estimation performance. Even though results are
not shown here, the proposed approach has been also tested

1

Fig. 1. Box plots for the estimates of µw (1) and Σw (1) over 100 Monte
Carlo runs at different time steps.
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Fig. 3. Box plots for the estimates of π11 and π22 over 100 Monte Carlo
runs at different time steps.
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Fig. 2. Box plots for the estimates of µw (2) and Σw (2) over 100 Monte
Carlo runs at different time steps.

on data records with 100 000 time steps, where no longterm instabilities or degeneracies have been observed, which
affect many other online Monte Carlo-based fixed parameter
estimators.
In Fig. 7 the state estimation performance of the proposed
online EM algorithm is compared to a clairvoyant multiplemodel bootstrap particle filter that knows the model parameters, cf. Table I. Here, the time-averaged RMSE performance
in estimating xt for the two different estimators has been
computed for different selected numbers of particles. It can
be observed that the clairvoyant estimator always outperforms
the online EM-based algorithm as expected. However, as the
number of particles increases the performance difference becomes smaller. The figure promises the posibility of achieving
the performance of the clairvoyant estimator by increasing the
number of particles in the online EM algorithm.
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Fig. 4. Monte Carlo averaged estimation results for µw (1) and Σw (1) vs.
time step k
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Fig. 5. Monte Carlo averaged estimation results for µw (2) and Σw (2) vs.
time step k

VII. C ONCLUSION
We have presented an online EM algorithm for fixed model
parameter estimation in jump Markov nonlinear systems. The
proposed approach is based on Monte Carlo approximations
where the EM recursions are embedded into a multiplemodel particle filter to jointly estimate the state and fixed
model parameters. The EM recursions are formulated in terms

of sufficient statistics, which are updated by a procedure
resembling stochastic approximation. The resulting algorithm
is simple and its formulation is general such that it can be
applied to a wide range of examples. Simulation results show,
that the newly proposed algorithm is capable of estimating
fixed parameters with good accuracy.

1

Values

0.8

0.6

0.4

π̂11
π11
π̂22
π22

0.2

0
0

Fig. 6.
step k

1000

2000
3000
Time step k

4000

5000

Monte Carlo averaged estimation results for π11 and π22 vs. time

4

Clairvoyant
Online EM

RMSE

3.9

3.8

3.7

3.6

3.5
200

500

N

1000

2000
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