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Abstract. In van Kuik & Lignarolo (2015, Wind Energy accepted with modifications)
potential flow solutions have been obtained for classical actuator discs (axisymmetric, uniform
load) presenting a model for the non-uniformity of the axial velocity at the disc. Current rotor
design models proceed from a disc with a uniform axial velocity, modified by a tip correction
like the one of Prandtl-Glauert-Shen. A comparison shows that this correction leads to a similar
distribution as obtained from the potential flow solutions. A next comparison is made with the
velocity distribution at the blade position of a Joukowsky rotor with constant bound circulation,
calculated by an Actuator Line and a Lifting Line model. The resulting distributions correspond
reasonably well to the potential flow disc distribution, in magnitude as well as shape. This
implies that this non-uniform distribution is relevant for a rotor with a finite number of blades,
and could be the basis for rotor design instead of the uniform but tip-corrected distribution.

1. Introduction
Most Blade Element Momentum codes (BEM) proceed from the assumption that the optimal
induction at the rotor plane is uniform, with a correction for the difference between a disc and
a rotor. Most used is the Prandtl-Glauert tip correction F which is analysed and expanded by
Shen et al. [1, 2]. Also aerodynamic optimizations using CFD (computational fluid dynamics)
like Johansen et al. [3] assume that a uniform induction is best. However, as BEM codes apply
actuator disc momentum theory, the assumption of uniform induction should find its basis in
actuator disc flow solutions. In van Kuik & Lignarolo [4] the potential flow solutions for actuator
discs with a uniform normal load have been presented. It is shown that not the axial component
vz is uniform but the absolute velocity |v|. The non-uniform distribution for vz denoted as G
is a function of the local radius r and the thrust T . It shows slightly higher values than the
disc-averaged value vz,disc for relative radius r/R < 0.8 and lower values near the disc edge.
This ’edge effect’ is qualitatively the same as the ’tip effect’ of F. This raises two questions:

(i) is it better to optimize a rotor based on the non-uniform distribution G instead of a uniform
induction and correcting it by F?

(ii) how representative is the actuator disc velocity distribution for a rotor?

The rotor to be studied has B blades carrying a constant blade-bound circulation. Such
a rotor was first analysed by Joukowsky [5] by which it is called a ’Joukowsky rotor’. This
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Figure 1. The coordinate system and orientation of the vortices, shown for one lifting line L

rotor becomes the disc with a uniform load after the limits B →∞ and tip speed ratio λ→∞
meanwhile keeping the converted power constant, see van Kuik [6]. The tip speed ratio is the tip
speed ΩR divided by the wind speed U0. The blades are modelled as lifting lines with prescribed
constant bound circulation ΓL, see figure 1, also showing the coordinate system (z, r, ϕ)1. The
bound vortex continues as a root vortex at the axis and as a tip vortex at the wake boundary.
All vortices have a kernel radius δ. The root vortex becomes Γ = −BΓL or, dimensionless:

q =
BΓL

2πRU0
(1)

Note that the sign of Γ and q is different in order to obtain positive thrust and power coefficients.
First some general expressions for the thrust and power coefficients of a Joukowsky rotor

are derived. Then the first question is discussed in section 3, by evaluating F for the three
load cases in table 1, all for B = 3, and G for the disc with the same thrust coefficient. For
the second question, two numerical models are used: a potential flow lifting line (LL) model
and a computational fluid dynamic model using actuator lines (AL), both of which are briefly
described in the appendix. Section 4 compares the results of both models with emphasis on the
velocities at the rotor plane, where after section 5 compares all methods.

Table 1. Flow cases

Case # λ 2λq

1 7 0.888
2 7 0.970
3 20 0.888

2. Expressions for the thrust and power of a Joukowsky rotor
Since the bound vorticity ΓL of the lifting lines (L) is constant, simple expressions for the
thrust and power are possible. The thrust and torque originate from the axial and azimuthal
component of the Kutta-Joukowsky load L at ΓL. The product of torque and Ω gives the power:

Cp =
1

1
2ρU

3πR2
ρΩBΓL

R∫
0

vz,Lrdr = 2λq
vz,L
U0

(2)

1 In [4] the axis has the x-coordinate; the system is identical otherwise.
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with
vz,L
U0

=
∫ 1

0
vz,L
U0

d
(
r
R

)2
. The thrust is determined by the total axial load at the B lifting

lines, Lz = ρBΓL (Ωr − vϕ,L). The expression for the thrust coefficient is:

CT =

ρBΓL
R∫
0

(Ωr − vϕ,L)dr

1
2ρU

2πR2
= 2λq − 4q

1∫
0

vϕ,L

U
d
r

R
(3)

The local thrust coefficient Ct defined as dLz/
(
ρU2

0πrdr
)

becomes:

Ct =
ρBΓL(Ωr − vϕ,L)

ρU2πr
= 2λq − 2q

vϕ,L

U

R

r
(4)

In the wake the azimuthally averaged value vϕ = Γ/ (2πr) but in the rotor plane it is half this
value: vϕ,x−0 = Γ/ (4πr) . The azimuthal distribution of vϕ will be uniform for low values of r/R
as the induction by the root vortex dominates. However, for larger r/R values the tip vortices will
add a harmonic distribution. When the non-uniformity of vϕ is neglected, vϕ,L/U ≈ Γ/ (4πrU)
for r > δ and Γr/

(
4πδ2

)
for r < δ. As the contribution of the area πδ2 to thrust and power is

negligible, this contribution is omitted. The result is:

CT = CT,∆P + CT,∆ϕ

CT,∆P = 2λq

CT,∆ϕ = −4q

1∫
δ/R

vϕ,L

U
d
r

R
≈ −2q2 ln

δ

R


(5)

and
Ct = Ct,∆P + Ct,∆ϕ

Ct,∆P = 2λq

Ct,∆ϕ = −2q
vϕ,L

U

R

r
≈ q2

(
R

r

)2

 (6)

The first term at the right hand side of CT and Ct is denoted CT,∆P = 2λq since only this part
of the thrust contributes to the conversion of power, see (2). The second term represents the
contribution to the thrust by the radial pressure gradient balancing the radial distribution of
vϕ. The singular logarithmic appears in Cp but not in CT . However, it may have an indirect
impact at Cp by vz,L. With δ � R the singular term is positive, so it adds up to the thrust.
For the hypothetical case of a potential flow model with a singular vortex when δ → 0, CT,∆ϕ
becomes infinite. With the data of flow case 1: 2λq = 0.8889, λ = 7 and δ/R = 0.03 which are
values used in current rotor designs, CT,∆ϕ ≈ 0.028 so the thrust coefficient is somewhat higher
than estimated in absence of vϕ,L. Apart from Ct,∆ϕ the local thrust coefficient is constant.

The numerical results presented in the next section enable evaluation of the approximation
vϕ,L ≈ q R2r used in the expressions for CT,∆ϕ and Ct,∆ϕ. This appears to give a deviation
∆CT = 0.0002, and ∆Ct = 0.007 close to the tip where vϕ,L reaches a local minimum, see figure
5. The conclusion is that the approximation is well in place.

With (2), (5) and (6) the thrust and power coefficients are expressed in the independent
parameters λ and q, and in the only unknown parameter vz,L. It is interesting to observe that
(2) and (5) are identical to eq. 57 of Sørensen & van Kuik [7] except for the missing term q2/2
accounting for the contribution of the vortex kernel. For the example values used here, this term
contributes to CT only 0.002 so is negligible indeed.
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Figure 2. The velocity distribution function G (10) at the uniformly loaded actuator disc. As∫ 1
0 Gd(r/R)2 = 1 the plane G = 1 corresponds to vz,disc as obtained by momentum theory.

3. Momentum theory with two non-uniform vz distribution functions
In BEM models without any tip correction, the distribution of the axial velocity is determined
by applying the local momentum equation Ct = 4vz,L(1−vz,L), where the local thrust coefficient
Ct = Lz/

(
ρU2

0πr
)
. Branlard et al. [8] and Shen et al. [1] have evaluated existing tip corrections

with emphasis on the Prandtl-Glauert correction F given by eq. (2) of [1]. Shen et al. [2] have
adapted this correction resulting in the Prandtl-Glauert-Shen (PGS) method with an additional
correction F1 to account for local tip shape properties:

F1 =
2

π
cos−1

[
exp

(
−gB

2

(
R

r
− 1

)n 1

sin(θ)

)]
g = exp

[
0.125 (Bλ− 21)

1− 2k

]
+ 0.1

n = 1 + 0.5k


(7)

where θ is the local inflow angle with sin(θ) = vz,L/
√

(Ωr − vϕ,L)2 + v2
z,L. For n = 1 and g = 1

F1 is identical to F . k is the minimum value of chord-to-radius derivative at the tip, with
k = −0.45 used in Shen’s tuning. The same value is used here. With B, λ and q given in table
1 F and F1 are known except for the induction aL = (1 − vz,L/U0). As in BEM the second
relation between the induction and F, F1 is the local momentum equation, to be solved for aL :

CtF1 = 4aLF (1− aLF ), (8)

with Ct now given by (6) instead of blade element theory. The q2 term in (6) is neglected.
Van Kuik & Lignarolo [4] have derived a function G representing the radial distribution of

vz of actuator discs with an axisymmetric uniform load, based on a potential flow model for the
wake. Classical momentum theory gives the average value of vz,disc but not the distribution.
Figure 2 shows that the local axial velocity decreases towards the disc edge, instead of being
constant as often assumed in momentum balances. The distribution is given by:

vz,disc(r, CT ) = G(r, CT )vz,disc(CT ) (9)

Wake Conference 2015 IOP Publishing
Journal of Physics: Conference Series 625 (2015) 012013 doi:10.1088/1742-6596/625/1/012013

4



r/R

0 0.2 0.4 0.6 0.8 1

ν
z
,L

/U
0

0.3

0.4

0.5

0.6

0.7

0.8

r/R

0.2 0.4 0.6 0.8 1

r/R

0.2 0.4 0.6 0.8 1

(a) (b) (c)

Figure 3. The axial velocity distribution obtained from the momentum theory + Prandtl-
Glauert-Shen correction (dash line) and actuator disc function G (solid line). (a) Case 1, (b)
Case 2 and (c) Case 3

with
∫ 1

0 Gd(r/R)2 = 1 so the disc-averaged momentum theory result remains the same. G is
approximated by the surface-fit to the numerical results of [4]:

G(r, CT ) = 1 + α1

(
1− 1.00076

(
1−

( r
R

)α2
)0.0015

)
with α1 = 62.05(1− CT )0.42 − 47.56

α2 = 7− 2.5CT


CT ≥ 0.5 (10)

G(r, CT ) = 1
}
CT < 0.5 (11)

The local momentum equation to be solved is:

Ct = 4a(1− a)

1− aL = G(1− a)

}
(12)

Ct is given by (6) with the q2 term omitted as before in solving (8). The first equation gives
the induction a as if the local and disc-averaged momentum equations are the same, the second
equation gives the local value. Unlike the PGS correction model the axial velocity is higher
than predicted by the unmodified momentum equation for r/R < 0.8. This is shown in figure
3 presenting vz,L as resulting from the PGS correction and G function for the 3 load cases
considered. For r/R > 0.8 the actuator disc line G corresponds reasonably well with the PGS
tip correction model.

4. Comparison of the Actuator Line and Lifting Line results
Before the relevance of G(r, CT ) for a rotor with a finite number of blades is investigated, the
Actuator Line and Lifting Line codes used for this purpose will be compared and validated.
Figure 4 shows the wake development as calculated by both methods for cases 1 and 2. The
wake contour and the downstream positions of the tip vortices agree reasonably well.

Figure 5 compares the velocity components at the actuator or lifting line. For all three
cases the azimuthal and radial components are identical except near the tip vortex where the
differences in de-singularization become visible. Also the axial velocity distributions in case 3
match very well, while these differ slightly in case 1 and 2. This is caused by the discretization of
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Figure 4. Azimuthal plane cut at the blade position φ = 0◦ for (a) case 1, (b) case 2. Case 3
is not shown as the AL-calculated vortices are not graphically discernible any more. Contours
indicate the vorticity magnitude calculated from the AL approach. The dashed and solid red
lines indicate the wake envelope and position of the vortex cores estimated from the LL approach.
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Figure 5. The velocity components at the actuator line (dash line) and lifting line (solid line)
for (a) case 1, (b) case 2 and (c) case 3.

the tip vortices in the LL method, which is finer for increasing λ, as discussed in the appendix.
As the correspondence of the results from both codes is quite good, no LL calculations with a
finer discretization have been done.

Figure 6 shows the distribution of the axial velocity at the rotor plane. Again these
distributions agree reasonably well except for r < 0.1R and near the tip, due to differences
in the desingularization of the vortices. The LL method assumes a Rankine vortex kernel with
diameter δ, whereas in the AL approach the vortex structures are formed from a vortex sheet as a
result of lift force distribution along the actuator line and the velocity fields are used to evaluate
the vortex properties such as the vortex core size. With the LL method the sensitivity of the
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Figure 6. Distribution of vz/U0 at the rotor plane z=0 according to the actuator line (a), and
lifting line (b) model, for flow case 1 (top), 2 (middle) and 3 (bottom).
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Figure 7. The axial velocity distribution at the actuator line (red dashed line), lifting line
(black solid line) and actuator disc (blue dashed-dot line) for cases, (a) case 1, (b) case 2 and
(c) case 3.

results for different δ has been tested. The distribution itself is invariant except for the area
covered by the vortex kernel, as might be expected. The conclusion is that the de-singularization
near the centre has no impact on the level and shape of the distributions. Figure 6, top row,
corresponds well with figure 4(b) of Segalini et al. [9], showing the axial velocity for the same
load case but with a different lifting line model.

5. Comparison of disc and rotor results
In figure 7 the distribution of the axial velocity of the actuator disc is compared with the
distribution calculated by the AL and LL models at the blade position. For the inboard part,
r < 0.6R, the disc distribution equals the AL distribution in cases 1 and 2, but is a bit lower than
the AL and LL distributions in case 3. For this high λ case, the disc and AL-LL distributions
match very well near the tip. For the lower λ cases 1 and 2, the AL and LL distributions
correspond to the disc distribution at a slightly lower radius. This is to be expected since for a
high λ the tip vortices are less strong compared to the low λ flow with equal thrust. The power
and thrust coefficients according to the several methods are shown in table 2. The LL Cp values
are consistently higher than the AL values, in accordance with the differences in axial induction.

Table 2. Cp and CT as determined by eq.(2) respectively (5) with vz,L from the AL and
LL method, momentum theory plus PGS and G distributions, and the AL and LL simulation
results, in % deviation from the actuator disc momentum theory values.

Cp (2)+AL (2)+LL MT+PGS MT+G AL LL

Case 1 -2.1 -2.0 -2.9 -0.3 -4.1 -2.0
Case 2 -0.4 2.2 -2.5 -1.4 -5.2 2.2
Case 3 4.0 3.2 -1.8 -0.3 1.3 3.4

CT (5) (5) MT MT AL LL

Case 1 2.3 3.2 0.0 0.0 1.9 3.6
Case 2 3.0 3.5 0.0 0.0 2.1 3.9
Case 3 2.7 2.7 0.0 0.0 -0.1 0.4
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The same holds for the momentum theory results obtained with the PGS or G function.
The latter values are consistently higher since the average induction using the PGS function is
higher compared to the G function values. With respect to CT the analytical and AL-LL values
are higher than the momentum theory values. The reason for this is the CT,∆ϕ term in (5). In
particular case 2 shows CT > 1 for the LL model. The AL and LL Cp values for case 3 are
higher than the Betz-Joukowsky limit. Some of these observations are in line with the results
obtained by Segalini et al. [9]. Figure 8 of this paper shows Lifting Line results for case 1 with
δ = 0.03, with CT 3% higher than momentum theory gives, and Cp 4% lower. The results for Cp
and CT merit further investigation. However, this has no impact on the analysis of the present
paper as this focuses on the non-uniformity of the velocities in the rotor plane as illustrated by
the AL and LL results.

6. Evaluation and conclusions
The 2 research questions mentioned in the introduction lead to the following answers:

(i) The non-uniform induction at the actuator disc is accurately captured by the combination
of momentum theory based on a uniform induction plus the correction by the Prandtl-
Glauert-Shen model. In other words: when the non-uniform disc distribution is used as
basis for BEM rotor design, the tip correction models do not need to correct for a higher
induction - lower axial velocity near the tip. For the inboard region always vz,disc > vz,PGS .

(ii) The non-uniform distribution of vz,disc is reasonably well reproduced by the vz distribution
at the position of the bound vortex of a Joukowsky rotor, with the following remarks to
be taken into account: the Actuator Line model and Lifting Line model show a very minor
difference for the design thrust coefficient CT = 8/9, λ = 7 and no difference for the same
CT , λ = 20 except at the tip itself. For CT = 0.97, λ = 7 the difference in vz is 5%. The
shape of the disc distribution corresponds to the AL-LL distribution for λ = 20 while it
corresponds to the AL-LL distribution for λ = 7 with a corrected, lower, radius.

A third conclusion is that the axial velocity field at the rotor disc calculated by the CFD and
Potential Flow models are very similar, which confirms that the non-uniform distribution of the
velocity does not depend on the type of model, but is an inherent feature of the flow.

The results for the Joukowsky rotor have shown that the non-uniform vz,disc distribution and
the vz distribution at the position of the blade of a rotor are similar, by which it is worth to
consider the non-uniform vz,disc as basis for BEM, instead of a uniform vz,disc which needs a tip
correction.

The physical or fluid dynamic origins of the Prandt-Glauert-Shen tip correction and the non-
uniform velocity distribution G are different, so the good correspondence is remarkable. The tip
correction as formulated by Prandtl is a correction of actuator disc results for the finite number
of blades, by considering the non-uniform velocity field of the wake represented by helical vortex
sheets. The effect of it is most noticeable near the edge of the streamtube, by which it has been
named tip correction. Thereafter Prandtl’s model has been adapted and calibrated by Glauert
and Shen so it has become a calibrated engineering model for the flow non-uniformity. The good
correspondence with the flow non-uniformity as calculated by actuator disc potential flow field
solutions and with the Actuator-Lifting Line calculations may be considered as a confirmation
of this calibration.
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Appendix
The Lifting Line model
The model is structured as shown in figure 1: the blades are modelled as bound vortices with
constant strength ΓL rotating with angular velocity Ω, the root vortex Γ = BΓL is located at
r = 0, the tip vortices with strength ΓL are released at r = R and are discretized by piecewise
straight vortex elements. Using the Biot-Savart law for the induction by each element, the total
induction at each point in space is calculated. The convection of the tip vortices is driven by
the velocity acting at the elements, being the sum of the total induction and the free stream
velocity. The kernel of all vortices is a Rankine vortex with radius δ.

At time t = 0 the first element of the B tip vortices is released, with new elements following
after each time step ∆t = ∆ϕ/Ω. The calculation proceeds until the wake has developed so far
that the induced velocities at the rotor-plane do not change any more. This is checked by the
convergence of CT and Cp. The values for δ and ∆ϕ are given in table 3.
The Actuator Line model
The computational fluid dynamic computations are carried out using a three-dimensional flow
solver developed by Sørensen and Michelsen [10, 11] called EllipSys3D. It solves the discritized
incompressible Navier–Stokes equations using a finite volume approach. In computations, the
flow around the rotor is simulated using the actuator line approach [12]. In this approach, the
presence of the actual rotor is approximated by the body forces which are distributed radially
among the computational grid points in a 3D Gaussian manner. In order to impose the constant
circulation Γ = L/ρvrel (L indicates the lift while vrel is the relative velocity), the distribution
of L along the actuator line is evaluated manually. The drag is considered to be zero.

The computations are performed using an axisymmetric polar grid with approximately 49
million grid points. In the vicinity of the actuator lines around 35 million grid points are used
in order to resolve the near-wake dynamics. Each blade is represented by 91 grid points along
the actuator lines. The simulations are conducted in a rotating reference frame.

Table 3. Numerical parameters in the computations. Lifting line: column 2 & 3 , Actuator Line 4 & 5
Case # ∆ϕ (o) δ/R ε/∆r δ/R

1 5 0.03 4 0.08
2 5 0.03 2.5 0.05
3 10 0.05 2.5 0.05
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