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Impure [unknown], twisted logic, now die.
– At the Gates. ”Terminal Spirit Disease.”





Abstract

We provide a framework wherein one can simulate the Deutsch-Jozsa
quantum algorithm on a regular computer within polynomial time, and
with linear memory consumption. Under certain reasonable assump-
tions the simulation solves the problem with a bounded error of prob-
ability with only one function evaluation, which is comparable with
the efficiency of the quantum algorithm. The provided framework lies
within a slight extension of the toy model purposed by Robert W.
Spekkens Phys. Rev. A 75 (2007), and consists of transformations
that are reminiscent of transformations in quantum mechanics.
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Chapter 1

Introduction

This report considers the topics of quantum computation and quan-
tum algorithms, and therefore starts with a brief introduction to quan-
tum theory. Rather than the usual ”position-momentum” approach to
quantum mechanics we will choose one which is more suitable for the
informational theoretic view, and we then consider how one can pro-
cess information on quantum systems. Before introducing the Deutsch-
Jozsa algorithm, which we intend to simulate, we review Spekkens’ toy
theory which will be the model for performing the simulation. Every-
thing is then rounded up with a discussion about the conclusions that
can be drawn from the simulations.

1.1 Background

It is a general belief that quantum computers, if realized, would for
some computational problems offer an advantage over classical com-
puters. This has not been strictly proven, instead the argument is
made with a set of quantum algorithms; solving their problems with an
exceptional speed-up compared with their known classical solutions.

By studying the distinction between quantum and classical algorithms
we hope to get more insight about the underlying resource facilitating
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2 1.2. Quantum Theory

this speed-up, and therefore further specify the computational tasks
made possible by a quantum computer.

1.2 Quantum Theory

To discern where the border between classical physics and quantum
physics lies is not an easy task. For instance, Bohr’s correspondence
principle tells us that quantum physics at a macroscopic scale must
resemble classical physics, or more formally: quantum theory results
must tend asymptotically to those obtained from classical physics in
the limit of large quantum numbers (Bransden and Joachain 2000).
Peres (1993) explains, however, that quantum physics is formulated in
a Hilbert space which is fundamentally discrete, while classical physics
is continuous. Therefore, any correspondence between them will be
necessarily blurry.

An example which is a good analogy to the work presented in this
report, is one described by Cohen (1989) where the distinction is made
by categorizing systems depending on which logic they follow. Consider
a box fitted two windows, one in the front and one at the side. Along
the center of both windows a vertical line is marked.

Figure 1.1: Illustration of Cohen’s firefly experiment; a
box with two windows, one in the front and one at the side
of the box.
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A firefly is contained in the box, and the conditions are such that an
observer looking into one of these windows cannot rely on their depth
perception to determine the distance to the firefly, if it lights up. An
observer looking into the front window, and measuring the position of
the firefly can only obtain one of the following outcomes:

1. there is no light to be seen

2. the firefly is in the left side of the box

3. the firefly is in the right side of the box

let us call this measurement E. If we instead choose the observer to
look into the side window; performing a measurement F will have the
following possible outcomes:

1. there is no light to be seen

2. the firefly is in the backside of the box

3. the firefly is in the front side of the box.

We have now specified the system enough to make propositions or state-
ments about where the firefly is before measuring, and the system can
be fully characterized by an observer equipped with the set of measure-
ments {E,F}.

Cohen (1989) explains that a classical logic is a logic where every pair of
propositions can be simultaneously tested (compatible), and a quantum
logic as a logic with at least two propositions that are not compatible.

If we believe that the above is the best possible characterization of the
firefly system, then we also believe that it is a nonclassical physical
system, since E and F cannot be simultaneously measured by a single
observer. For instance, the propositions: ”the firefly is in the left half
of the box” and ”the firefly is in the front half of the box” are not
compatible. Believing, however, that the system really is a classical
system then there must be an extension of our characterization into
one with a classical logic. One such extension could be to utilize two
observers, one at each window.

In this respect a quantum system is one that does not have an extension,
or at least none yet known extension into a classical logic.
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1.2.1 Quantum Systems

As noted earlier, quantum mechanics is formulated in a Hilbert space;
a complete inner product space. In this presentation we will only con-
sider a finite dimensional inner product space Hd with dimension d
since it suits our purpose. This is a state space wherein the physical
system ψ is presented by an abstract state vector |ψ〉. The dual to |ψ〉
is noted by 〈ψ| and the inner product is therefore noted 〈φ|ψ〉, which
maps the state onto a complex number c. With the state vector |ψ〉
as a column vector 〈ψ| is a row vector, and 〈ψ| = |ψ〉† where (†) de-
notes the hermitian conjugate, which in vector formalism represents the
transpose taken along with the complex conjugate (see e.g., Bransden
and Joachain 2000). Any state in this vector space can be written as a
linear combination

|ψ〉 =
∑
i

ci|φi〉 (1.1)

of basis vectors |φi〉 that are part of an orthonormal set spanning Hd.
According to the Born rule the normed square of the coefficients c∗i ci =
|ci|2 are to be interpreted as the probability of the system being in the
state |φi〉. This leads to the normalisation condition

〈ψ|ψ〉 =
∑
i

∑
k

c∗i ck〈φi|φk〉 =
∑
i

|ci|2 = 1 (1.2)

which tells us that the probability of the system being in some state is
one.

Cohen (1989) explained that one can associate subspaces to a Hilbert
space with propositions in a logic, and certain operators on a Hilbert
space can be associated with the physical quantities that can be ob-
served by quantum mechanics (observables). Further he shows that a
pair of operators (observables) commute if their corresponding collec-
tion of propositions (subspaces) are pairwise compatible. This leads
to the interpretation that observables corresponding to commuting op-
erators are simultaneously measurable. Note also that there are many
examples of noncommuting pairs of observables in in quantum mechan-
ics, implicating a quantum logic.
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1.2.2 Measurements

To test a proposition in our Hilbert space one performs an orthogonal
projection onto the subspace associated with that proposition. An or-
thogonal projection from our Hilbert space Hd onto a subspace Hk ⊆ Hd
is given by the projection operator PHk

. Suppose that Hd is spanned by
a set of orthonormal basis vectors {|φ1〉, |φ2〉, . . . , |φn〉}, then a subset
of those {|φ1〉, |φ2〉, . . . , |φk〉} makes up a basis for Hk where k ≤ n.
Then the projection operator becomes

PHk
=

k∑
i=0
|φi〉〈φi| ≡

k∑
i=1

Pi. (1.3)

We now see that for the case when k = n, (1.1) can be rewritten as

|ψ〉 =
∑
i

ci|φi〉 =
( n∑
i=1

Pi

)
|ψ〉 (1.4)

and the identity operator I can therefore be identified as

I =
n∑
i=1

Pi = |ψ〉〈ψ|. (1.5)

This is called the spectral resolution of the identity or the closure rela-
tion (see e.g., Bransden and Joachain 2000)

A projective measurement is to perform a set of such tests, where all
the tests contained in that set fully characterize the system.

As a simple example consider a two dimensional Hilbert space spanned
by the orthogonal basis states |φ1〉 and |φ2〉 shown in Figure 1.2.
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|φ1〉
c1|φ1〉+ c2|φ2〉

|φ2〉

Figure 1.2: Two dimensional Hilbert space.

Measuring the system with the proposition: ”the system is in state
|φ1〉” (= |φ1〉〈φ1| ). If the system is in the state |φ1〉, then the state
is fully projected down onto the proposition, and the proposition will
be true with certainty. If, however, the system is in state |φ2〉 we will
project it onto the null space of the proposition, and it will therefore
be false with certainty. A superimposed state c1|φ1〉+ c2|φ2〉 will yield
the outcome: the proposition is true with probability |c1|2, and false
with probability |c2|2(Born 1926).

1.2.3 Transformations

The evolution of a quantum system is described by a unitary trans-
formation. That is, the system is taken from one state into another
by a (linear) unitary operator. A unitary operator A is an operator
that follows the condition A†A = AA† = I. Another class of impor-
tant operators is the class of Hermitian or self adjoint operators. A
Hermitian operator is an operator which is equal to its Hermitian con-
jugate A = A†. Since both unitary and Hermitian operators are normal
(AA† = A†A) they have a spectral decomposition (see e.g., Nielsen and
Chuang 2011)

A =
n∑
j=1

λjPj (1.6)

where λj is an eigenvalue of A and Pj the projection onto its corre-
sponding eigenspace. We see that such an operator acting on a state
A|ψ〉 can be viewed as a kind of measurement. It is convenient to rep-
resent operators by matrices, and with the spectral decomposition and
linearity we verify that this operation is an eigenvalue problem



Chapter 1. Introduction 7

A|ψ〉 =
( n∑
j=1

λjPj

)
|ψ〉 =

n∑
j=1

λjcj |φi〉 = λ|ψ〉 (1.7)

with the eigenvalues of A labelling the outcomes of this operation. Note
that until now λ is a complex scalar, but to make sense of these mea-
surements one requires the outcomes to be real. It can be shown that
a normal matrix is Hermitian if and only if it has real eigenvalues (see
e.g., Nielsen and Chuang 2011). This is why all physical observable
quantities (observables) are represented by Hermitian operators.

Another view is that the operator is the one being transformed. These
two different representations are called the Schrödinger and the Heisen-
berg picture. That is, in the Schrödinger picture it is the state that
evolves in time, while in the Heisenberg picture the operator (measure-
ment apparatus) is evolving, (see e.g., Bransden and Joachain 2000).

A large ensemble of measurements of an operator A will yield an average
outcome

〈ψ|A|ψ〉 =
∑
m

∑
n

c∗mcnλn〈φm|φn〉 =
∑
n

|cn|2λn. (1.8)

Given that that outcome λm occurred, the state after the measurement
is

Pm|ψ〉√
〈ψ|Pm|ψ〉

. (1.9)

This shows that if the measurement is repeated it will give the same
result since a projection operator is idempotent, that is P 2 = P (see
e.g., Kreyszig 1978).

1.2.4 Composite Systems

Systems composed by two or more subsystems are postulated to be
described by their tensor product. Let us compose a system |ψ〉 from
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the subsystems |ψ1〉, |ψ2〉, . . . , |ψn〉 described in their respective Hilbert
space H1,H2, . . . ,Hn one gets

|ψ〉 = |ψ1〉 ⊗ |ψ2〉 ⊗ · · · ⊗ |ψn〉 ≡
n⊗
i=1
|ψi〉 (1.10)

H = H1 ⊗H2 ⊗ · · · ⊗Hn ≡
n⊗
i=1

Hi. (1.11)

Note that the indices here do not indicate the dimensions of the re-
spective Hilbert space as it did in section 1.2. If there is no notable
difference between the subsystems, (1.10) and (1.11) are abbreviated
as |ψ〉⊗n and H⊗n respectively.

Tensor products in the matrix formalism are represented by the Kro-
necker product. Suppose A is a m by n matrix with elements Aij , and
that this matrix is evaluated under the Kronecker product with another
matrix B, then

A⊗B ≡


A11B A12B · · · A1nB
A21B A22B · · · A2nB

...
...

. . .
...

Am1B Am2B · · · AmnB

 (1.12)

The important thing to notice here is the way the dimensions grow when
composing quantum systems. As a short example, take a composite
system of n two-dimensional subsystems, then the system will have a
dimension of 2n.

1.3 Quantum Computation

The minimal classical system able to carry information is called a bit.
A bit can be in two states: 1 or 0; yes or no; on and off. Any classical
system that can perform more advanced information processing than
just switching the states of a bit, is a system composed by two bits or
more. In this section we will briefly introduce how information can be
stored and processed on quantum systems.
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1.3.1 Quantum Bits

The simplest information carrying quantum system is called a quantum
bit, or qubit for short. Instead of two available states, a qubit is a two-
dimensional system with its state space spanned by two orthonormal
quantum states. One such basis which is frequently used is called the
computational basis, and is defined according to

|0〉 ≡
[
1
0

]
and |1〉 ≡

[
0
1

]
. (1.13)

In addition to these two states one can also form linear combinations,
creating a superimposed state of the form |ψ〉 = c0|0〉 + c1|1〉. Under
the normalization condition, |c0|2 + |c1|2 = 1, this state can be written
as

|ψ〉 = eiγ
(

cos
(θ

2
)
|0〉+ eiϕ sin

(θ
2
)
|1〉
)
. (1.14)

The factor eiγ is a global phase which has no observable effect on the
system, and can therefore be omitted to obtain

|ψ〉 = cos
(θ

2
)
|0〉+ eiϕ sin

(θ
2
)
|1〉. (1.15)

This state can be geometrically represented by a unit sphere as shown
in Figure 1.3, usually called Bloch sphere (Nielsen and Chuang 2011).

Note that all the points on the Bloch sphere are valid states, and there-
fore, there is a whole continuum of states, rather than two. However,
a measurement in the computational basis will only let us distinguish
between |0〉 and |1〉 as we will see in the following example.

Consider a projective measurement of the Pauli-Z observable σz, acting
on a superimposed state |ψ〉 = 1√

2 (|0〉+|1〉), which in the computational
basis has the following matrix representation

σz =
[
1 0
0 −1

]
. (1.16)
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|0〉

|1〉

|ψ〉
θ

ϕ

Figure 1.3: Graphical representation of the Bloch sphere.

This matrix has the eigenvalues +1 and −1 with corresponding eigen-
vectors |0〉 and |1〉 respectively. The measurement will yield +1 with
probability 〈ψ|0〉〈0|ψ〉 = 1

2 leaving the state in |0〉. Analogously we get
−1 with probability 〈ψ|1〉〈1|ψ〉 = 1

2 and the state ends up in |1〉. To
summarize, a qubit has a continuum of states but only two possible
outcomes.

1.3.2 Quantum Circuits

A quantum circuit is a diagrammatic representation of the evolution
of a set of qubits, rather than a spatial configuration of input/output
devices.

|0〉 U •

|0〉 U

↑ ↑ ↑
|ψ0〉 |ψ1〉 |ψ2〉

(1.17)
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The ”time” evolution is shown along the horizontal axis, and a quan-
tum circuit is therefore read from left to right. The horizontal lines
(wires) each represent a qubit, and the boxes (gates) represent trans-
formations. Vertical lines from one qubit to a transformation shows
that the transformation is applied dependent on some conditions on
the qubit. The last box on the first qubit in (1.17) indicates that a
measurement is being performed, also the two qubits is initialized in
the state |0〉.

A composite system in a product state of states in the computational
basis is usually abbreviated as

|0〉 ⊗ |1〉 ⊗ |0〉 ⊗ |1〉 = |0101〉 ≡ |5〉 (1.18)

A state vector labelled with a decimal value x is defined to represent a
composite system of qubits, each expressed in the computational basis,
taking on a state with the binary value of x.

1.3.3 Quantum Gates

Any unitary transformation can be thought of as a quantum gate. How-
ever, we will only have a look at those gates that are important to this
project. First off are the single qubit Pauli-operators

σx =
[
0 1
1 0

]
≡ X (1.19a)

σz =
[
1 0
0 −1

]
≡ Z (1.19b)

σy =
[
0 −i
i 0

]
≡ Y (1.19c)

Especially important is the Pauli-X operator which maps |0〉 → |1〉 and
|1〉 → |0〉, and is therefore thought of as a quantum analogue to the
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Inverse or not-gate. The Pauli operators (1.19) all have eigenvaules ±1
and eigenstates:

{
|0〉+ |1〉√

2
≡ |+〉 ,

|0〉 − |1〉√
2

≡ |−〉
}

(1.20a)

{
|0〉 , |1〉

}
(1.20b)

{
|0〉+ i|1〉√

2
≡ |+i〉 ,

|0〉 − i|1〉√
2

≡ |−i〉
}

(1.20c)

respectively, with their positions on the Bloch sphere according to Fig-
ure 1.4

|0〉

|1〉

|+〉

|−〉

|+i〉
|−i〉

Figure 1.4: Positions of the Pauli operators eigenstates on the Bloch
sphere.

Another important single qubit quantum gate is the the Hadamard gate

H =
[
1 1
1 −1

]
≡ H (1.21)
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which can be seen as a transformation performing two rotations of
the qubit. The first rotation θ = −π/2 rad followed by the rotation
ϕ = π rad.

Moving on to two qubit quantum gates we have the Control-NOT

CN =
•

X
≡

• (1.22)

The upper horizontal line represents the first qubit and is usually called
control, and the line underneath is the second qubit, called target. The
gate applies σx to the target if the control is in state |1〉. The definition
with the ”⊕”-sign comes from the equivalence between applying σx and
addition modulo 2. Further, the following definition also apply

X • X

≡
(1.23)

indicating that the target qubit is inverted if the control qubit is in
state |0〉. Note that their matrix representations are in form of a 4× 4
matrix. A similar gate with two control qubits and a target is called a
Toffoli

|x1〉 • |x1〉

|x2〉 • |x1〉

|y〉 |y ⊕ (x1 ∧ x2)〉

(1.24)

The state of the target |y〉 after the gate has been applied is |y ⊕ (x1 ∧ x2)〉
where ∧ is the usual conjunction of x1 and x2. The state read out loud
would be ” x1 and x2 added modulo 2 to the initial state”.

Expanding this into an arbitrary number n − 1 control qubits we get
the generalized Toffoli gate, or shortly n-Toffoli. This gate can be
decomposed into a sequence of Toffoli gates (Barenco et al. 1995). This
is done by utilizing a Work register. A qubit register is simply a set of
qubits, and a work register is a group of auxiliary qubits. The work
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|x1〉 •
|x2〉 • •
|x3〉 • •

...
...

... . . .
... ...

...
...

|xn−2〉 • •
|xn−1〉 • •

|0〉 • •

|0〉
...

. . . • • ...
|0〉 •

|y〉

=

•
•
•
...

•
•

Figure 1.5: Decomposition of a n-Toffoli gate into a sequence of Toffoli
gates.

register is initialized in the zero state of the computational basis, and
the decomposition requires work register n−3 qubits, that is |0〉⊗(n−3).
Figure 1.5 shows how this decomposition is performed.

Another important part of many circuits is when a set of qubits are all
put through individual Hadamard gates, called a Hadamard transfor-
mation

|x1〉 H

...
...

|xn〉 H

and it is shown in Nielsen and Chuang (2011) that it can be written
like
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H⊗n|x〉⊗n = 1√
2n
∑
z

(−1)x·z|z〉 (1.25)

where x · z is the bitwise product of x and z, summed modulo 2.

1.4 Categorization of Decision Problems

In order to be able to compare algorithms one needs to introduce some
tools, and the first is called asymptotic notation or sometimes referred
to as big O notation. This notation is used to quantify the amount
of resources needed to perform a computational task, and how these
resources vary when the the problem grows in size. It does not give
a qualitative indication on how much of the resources that are needed
but rather the asymptotically tendency. As an example, consider some
specific algorithm that needs 2n + 18n2 + 7 time steps to complete,
where n is the number of bits for which the problem is defined, then one
says that the algorithm has quadratic time complexity O(n2). This is
because the term 18n2 is dominating for large n, and the constant factor
of 18 is also omitted since it will be of little importance when comparing
to an algorithm with another time complexity. The asymptotic notation
therefore allows us to compare algorithms for sufficiently large n, and
up to an unimportant constant factor.

Asymptotic notation is an important tool when it comes to the theory
of categorizing decision problems. This is called computational com-
plexity theory, and groups computational problems together depending
on how resource efficient their best known solution is. These groups are
called complexity classes and there is a large collection of them. We
will only consider a few, who all are efficient when it comes to spatial
resources, which we define here as classes of problems which have a
spatial complexity less or equal to O(np). That is, solutions that do
not require more than a polynomial increase of memory as the prob-
lem grows. This class is known as PSPACE and all of the following
classes are subclasses of PSPACE. Also, time efficiency is defined in
the same way: a time efficient solution is one that requires an amount
of time steps proportional to at most a polynomial in n. In general
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when we say that a solution is efficient we require both time efficiency
and spatial efficiency.

The first class is noted by P, which contains all problems which have
a deterministic solution with at most polynomial time consumption.
That is, problems with deterministic and efficient solutions. The second
class is BPP that contains all problems that are efficiently solvable with
a bounded probability of error. The last classical complexity class we
will consider is NP for in which solutions do not necessarily have to be
efficient, but given the answer there must be an efficient way of testing
that the answer is correct.

The reason to why the efficiency distinction is specifically made by
polynomial increase of resources are described by Nielsen and Chuang
(2011) as being derived from the strong Church-Turing thesis which
reads as follows:

Strong Church-Turing thesis: Any model of computation
can be simulated on a probabilistic Turing machine [computer]
with at most a polynomial increase in the number of elementary
operations required.

The quantum computation model is believed to challenge this thesis,
which justifies the introduction of quantum complexity classes. Let
us define EQP as the class of all problems whose exact solutions can
be found efficiently with the quantum model of computation. The
quantum model is intrinsically probabilistic. Therefore, the notion of
deterministic is avoided and replaced by exact, meaning that a quan-
tum algorithm outputs the correct answer with a probability of unity.
Note that this is a fictitious complexity class which will never hold any
problems. In order for a problem to be part of EQP one must not
only demand a noise free environment, but also an infinite accuracy in
the quantum gates. The complexity class for all problems with solu-
tions provided by the quantum model is BQP, which also includes a
bounded probability of error.

In our comparison between quantum and classical algorithms we will
employ a method called oracle query complexity in which the number
of time steps that are required by the algorithm is counted as the
number of queries to an oracle (or sometimes referred to as a black
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box). An oracle is basically a box that contains part of the algorithm
that is insignificant for the argument made. As an example consider
two persons, Alice and Bob, solving a problem together. To evaluate
Alice’s performance we do not need to know all the details of Bob’s
work. However, one has to be cautious when comparing algorithms
with oracles of different models of computation, so that any difference
in performance is not just the result of an ambiguity in the formulation
(Ojcik and Chhajlany 2006), or that the work performed becoming
unbalanced. To employ this oracle model of computation as a good
approximation, Deutsch and Jozsa (1992) explains that the internal
workings of an oracle should be inaccessible, this is because there should
not be a faster way of obtaining the function of the oracle than to make
a sufficient amount of queries. We will later on analyse how these
oracles are generated in order to assure ourselves that we do not get
an unbalanced workload. That is, a situation where the improvement
of Alice is due to a transfer of the workload over to Bob.

1.5 Simulation and Efficiency

In general, quantum systems cannot be efficiently simulated due to their
exponential complexity growth (Feynman 1982). To simulate a n qubit
quantum system one has to solve an equation system of 2n equations.
This can be seen from the matrix representation of composite quantum
systems in section 1.2.4.

As described by Gottesman (1998) there is a fraction of quantum theory
that can be efficiently simulated. This is formulated in the following
theorem

Gottesman-Knill theorem: Any quantum computer per-
forming only: Clifford group gates; measurements of the Pauli
group operators, and Clifford group operations conditioned on
classical bits, which may be the result of previous measure-
ments, can be perfectly simulated in polynomial time on a prob-
abilistic classical computer.

Here the Pauli group is the group containing the 4n n-qubit tensor prod-
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ucts of the identity and the Pauli matrices σx, σy and σz. The Clifford
group is the group of operators that transform elements of the Pauli
group into other elements of the Pauli group. The Clifford group is
composed by the Hadamard gate, control-NOT gate and an additional
gate called phase gate, which will not be specified here. Extending the
Clifford group, with for example the Toffoli gate, one gets universal
quantum computation. That is, one can produce the whole continuum
of qubit states along the Bloch sphere for single and multiple qubits.



Chapter 2

Spekkens’ Toy Model

Spekkens (2007) issued an interesting toy model which reproduces many
phenomena in quantum information theory. Some of these phenomena
are non-commutativity, interference, teleportation, no-cloning and en-
tanglement. An extension of Spekkens’ toy model (STM) will be uti-
lized to simulate the Deutsch-Jozsa algorithm. To easily grasp how the
simulation works, we will focus this chapter on STM, and the extension
is introduced first in Chapter 4. STM was presented as an argument
in the debate about the reality of a quantum state, and is therefore a
large body of work. Here we will only present the part of the model
that is of use to us.

In STM quantum states are simulated as epistemic states. These states
are essentially probability distributions over some real underlying states
which in turn are called ontic states. STM is derived from one basic
principle called the knowledge balance principle

The knowledge balance principle: if an observer possesses
maximum knowledge about a system’s ontic state, then for ev-
ery system, at every time, that amount of knowledge must equal
the amount of ignorance.

After stating this principle the next natural step is to define a way to
quantify knowledge. One starts with a canonical set of yes/no ques-
tions. The set is such that all yes/no questions are sufficient to fully

19
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specify the ontic state of the system. An observer’s knowledge is then
defined as the amount of yes/no questions in the canonical set which
the observer has answers to.

2.1 Elementary Systems

The minimal information carrying system in STM is called an elemen-
tary system. The structure of these elementary systems is directly
derived from the knowledge balance principle. The minimum of knowl-
edge an observer can obtain is the answer to one single question, by the
principle, the canonical set must then contain two questions. Since the
principle is upheld at any time, the balance after obtaining the answer
must hold. Thus, elementary system will have four ontic states, lets
name them 1, 2, 3 and 4. To further clarify, an example of a canon-
ical set can be {”1 or 3”, ”2 or 4”}. If the observer asks the question
”1 or 3”, and given the answer no, then one knows that the system is in
state ”2” with probability 1/2 or in state ”4” also with probability 1/2.
Note that this is a description of the epistemic state 2 ∨ 4; a uniform
probability distribution where ∨ is the disjunction (read as ’or’). One
can represent this epistemic state graphically according to

2 ∨ 4 ≡ ���� (2.1)

where the filled squares represent possible occupied ontic states. The
leftmost square is the ontic state ”1”, and the square furthest to the
right represent ontic state ”4”.

For an elementary system, the only way that one can have less than
maximal knowledge, is to have no knowledge at all about the system’s
ontic state. This is formalized as

1 ∨ 2 ∨ 3 ∨ 4 ≡ ����. (2.2)

Here all four ontic states are occupied with probability 1/4.
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As a total there are six epistemic states of maximal knowledges for an
elementary system:

1 ∨ 2 ≡ ���� ≡ 0̃ (2.3a)
3 ∨ 4 ≡ ���� ≡ 1̃ (2.3b)
1 ∨ 3 ≡ ���� ≡ 0̃ +1 1̃ (2.3c)
2 ∨ 4 ≡ ���� ≡ 0̃ +2 1̃ (2.3d)
1 ∨ 4 ≡ ���� ≡ 0̃ +4 1̃ (2.3e)
2 ∨ 3 ≡ ���� ≡ 0̃ +3 1̃ (2.3f)

where +1,+2,+3 and +4 are called coherent binary operations which
take a pair of pure epistemic states into a new epistemic state. Suppose
that the epistemic states that we wish to combine are of the form a∨ b
and c ∨ d, where a < b and c < d. Now these binary operations are
defined according to

(a ∨ b) +1 (c ∨ d) = a ∨ c (2.4a)
(a ∨ b) +2 (c ∨ d) = b ∨ d (2.4b)
(a ∨ b) +3 (c ∨ d) = b ∨ c (2.4c)
(a ∨ b) +4 (c ∨ d) = a ∨ d (2.4d)

where the values of a, b, c and d must be such that the epistemic states
before and after the operation do not violate the knowledge balance
principle. The first operation +1 can be described by taking the ontic
state with lowest index in the first epistemic state, and combining it
with the ontic state of lowest index in the second epistemic state. Sim-
ilar descriptions can be made for the other three binary operations. In
(2.3c) to (2.3f) the action of all these four operations are shown when
argued with the epistemic states 1 ∨ 2 and 3 ∨ 4.

Note that out of the set of these six epistemic states, there are three
different pairs with pairwise disjunct probability distributions

{1 ∨ 2, 3 ∨ 4}, {1 ∨ 3, 2 ∨ 4}, {2 ∨ 3, 1 ∨ 4}. (2.5)
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This notion of disjunctness is analogue to orthogonality in the quantum
vector formalism, and one can now relate these epistemic states to
quantum states of the qubit.

���� ∼ |0〉 (2.6a)
���� ∼ |1〉 (2.6b)
���� ∼ |+〉 (2.6c)
���� ∼ |−〉 (2.6d)
���� ∼ |−i〉 (2.6e)
���� ∼ |+i〉 (2.6f)

Note that the choice of which epistemic state one relates to |0〉, |+〉 and
|+i〉 is merely a convention. This makes it convenient to interpret the
coherent binary operations +1,+2.+3 and +4 as analogues of coherent
superposition of qubit quantum states, with equal relative weight, and
the relative phases from the first state to the second are 0, π, π/2 and
3π/2 respectively.

It is also possible to make a geometric representation of the epistemic
states, similar to the Bloch sphere representation of the qubit, where
disjunct epistemic states are represented by antipodal points, see Figure
2.1.

By treating epistemic states as uniform probability distributions one
can apply the standard distance measure classical fidelity, measuring
the overlap or disjunctness of two probability distributions. Given two
probability distributions p(k) and q(k) then the classical fidelity is de-
fined by

FC(p, q) =
∑
k

√
p(k)

√
q(k). (2.7)

Take as an example the two epistemic states 1∨2 and 1∨3 as p(k) and
q(k) respectively, then

FC(p, q) = 1√
2

1√
2

+ 1√
2

0 + 0 1√
2

+ 0 = 1
2 . (2.8)
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����

����

����

����

����

����

Figure 2.1: Graphical representation of an elementary
system’s six possible epistemic states.

If the states are disjunct then the fidelity takes on the value 0, and if
the states are equal the fidelity is one.

The quantum analogue to this distance measure is the quantum fidelity
FQ(p, q), which for our consideration can be calculated as FQ(φ, ψ) =
|〈φ|ψ〉|2, where |ψ〉 and |φ〉 are the quantum probability distributions
being compared. It happens to be that the classical fidelities between an
elementary system’s epistemic states are precisely equal to the quantum
fidelity for their analogue pairs of qubit states.

2.1.1 Transformations

The knowledge balance principle also impose restrictions upon the kind
of transformations that are allowed. Those who are first to be discarded
are the many-to-one maps. These take states of maximal knowledge
into states that contain more knowledge than allowed, e.g. a transfor-
mation that maps the epistemic state 1 ∨ 3 into the ontic state ”3” is
clearly not allowed. Left are the one-to-one maps, and the one-to-many
maps. We will only bother ourselves with the one-to-one maps since
they are bijective, or reversible. The possible one-to-one maps of an
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elementary system are simply the set of permutations of the four ontic
states.

Permutations are described in terms of cycles. Take for instance the
map 1 → 1, 2 → 3 → 4 → 2 which is noted by [1][234], and is said to
contain a 1-cycle and a 3-cycle. The map 1→ 2→ 1, 3→ 4→ 3 is de-
scribed by the two 2-cycles [12][34], and so on. The set of permutations
of four elements form a group called S4, containing 24 permutations as
its elements, 23 of which are shown in Table 2.1, and the 24th is just
the identity map.

Table 2.1: Permutations in S4, excluding the identity
map [1][2][3][4].

Cycles 3 and 1 2 and 1 2 4
Permutations [234][1] [12][3][4] [12][34] [1234]

[243][1] [13][2][4] [13][24] [1432]
[134][2] [14][2][3] [14][23] [1243]
[143][2] [23][1][4] [1342]
[124][3] [24][1][3] [1324]
[142][3] [34][1][2] [1432]
[123][4]
[132][4]

These permutations can also be represented graphically by arrows be-
tween the ontic states.

[13][24] = ��� �����DDZZ ≡ σ̃x (2.9)

[12][34] = �

 �����JJTT ≡ σ̃z (2.10)

[14][23] = ��� ����JJTT � ≡ σ̃y (2.11)

[1][23][4] = ���JJTT � ≡ H̃ (2.12)
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One can interpret (2.9),(2.10) and (2.11) as the toy theoretic analogues
to the Pauli transformations, and (2.12) is reminiscent of the Hadamard
gate.

2.1.2 Measurement

To gain answers to questions in the canonical set, the observer needs
to perform a measurement. Such a procedure cannot violate the prin-
ciple, and straight up asking the system a question from the canonical
set cannot result in a violation, since such questions are not allowed
in the set. However, a sequence of such questions could. Take as an
example an elementary system in an unknown state, and ask the ques-
tion ”1 or 3”. Getting the answer ”no!” the observer knows that the
system is in ontic state ”2” or ”4”. Then asking the question ”1 or 2”
would fully specify the ontic state, say that the answer is ”yes!”, then
the ontic state will be ”2”. Spekkens solves this problem by introduc-
ing a measurement update rule; whenever a measurement is performed
the epistemic state of the elementary system is updated depending on
whether the answer is ”yes!” or ”no!”. If the answer is ”yes!”, then the
epistemic state is updated to correspond to the question asked. If the
answer is ”no!”, then the epistemic state of the elementary system will
be in a state corresponding to the complement of the question asked.
Going back to the example we now get

����
”1 or 3”−−−−−→

”no!”
����

”1 or 2”−−−−−→
”yes!”

����. (2.13)

This shows that the ontic state prior to the measurement was ”2”, but
this itself does not violate the knowledge balance principle, since the
system never enters an invalid state. This also ensures that measure-
ments are repeatable in the sense that if one asks the same question
repeatedly, the answer will always be equal to the answer one got the
first time. Spekkens proceeds by defining a mechanism, in form of an
unknown permutation, that produces this measurement update rule.
For instance, suppose that an elementary system is measured with the
question ”1 or 2”, if the answer is ”yes!” then there is a 50% chance
that the measurement also carry out the permutation [12][3][4], and a
50% probability to perform the identity permutation. The epistemic
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state of the system then becomes 1∨ 2. If the answer is ”no!” then one
of the permutations [1][2][3][4] and [1][2][34] is performed. The permu-
tations are chosen randomly, each with equal probability. This leaves
the system in the epistemic state 3 ∨ 4.

2.2 Pairs of Elementary Systems

Composite systems in STM are produced by the Cartesian product of
elementary systems rather than the quantum mechanical tensor prod-
uct. The smallest composite system is a pair of elementary systems. A
pair of elementary systems have sixteen ontic states since each elemen-
tary system has four, and they are labelled with the usual notation for
Cartesian product (1, 1), (1, 2), . . . , (4, 4). The graphical representation
is in the form of a 4× 4 array

4 ����
3 ����
2 ����
1 ����

1 2 3 4

. (2.14)

Since each elementary system has two questions in their canonical set,
a pair will have four. The knowledge balance principle ensures that, for
a state of maximal knowledge, only two of these can be answered at the
same time. This corresponds to knowing that the ontic state will be in
one of four out of a total of 16 ontic states. e.g. with the fist elementary
system on the vertical axis, and the second along the horizontal, then
the epistemic state (1∨ 4, 2∨ 3) = (1, 2)∨ (1, 3)∨ (4, 2)∨ (4, 3) has the
following graphical representation

4 ����
3 ����
2 ����
1 ����

1 2 3 4

. (2.15)

Each individual elementary system in the pair must also uphold the
principle, and this therefore impose further constraints on the system.
It is for instance violated by the following state
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����
����
����
����

(2.16)

since one has more information about the horizontal system than al-
lowed. Another type of invalid state is

����
����
����
����

. (2.17)

Here the principle holds for both the individual systems and the pair,
but the principle is violated indirectly by a measurement on the vertical
system, consider posing the question ”is the vertical system in 1 or 2”.
If the outcome is ”no!”, then the resulting state will be

����
����
����
����

(2.18)

which clearly violate the principle. This follows from the assumption
that in composite systems one can perform measurements on individual
systems without disturbing the other systems, and that the measure-
ment operation is the same regardless of if the system is in a correlated
or uncorrelated state.

As described above, the mechanism of the measurement update rule
is defined as a permutation performed with 50 % probability. Thus
for pairs of elementary systems there are two types of epistemic states
of maximal knowledge. One type is when the elementary systems are
uncorrelated, and the other when they are correlated.

����
����
����
����

����
����
����
����

(2.19)

The one to the left being a product state, and the one to the right is a
state of correlated systems. All the valid states for a pair of elementary
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systems can be generated by the two states in (2.19) and the permuta-
tions in S4 on each system. Note that a correlated system cannot be
written in the form (a∨ b, c∨ d), and that the composite system is in a
state of maximal knowledge while the individual systems appear to be
in states of non maximal knowledge.

2.2.1 Transformations

Valid transformations on a pair of elementary systems simply take all
valid states into valid states. There are therefore more valid transfor-
mations than all the combinations of S4 permutations on the individual
systems. There are also transformations which take product states into
correlated states. One such transformation is

˜CN ≡
��� ���gg ''��
�ZZ DD�ww

77
��

��OO�� ��OO������

(2.20)

which is reminiscent of the Control-NOT quantum gate. Here with the
control system along the vertical axis, and the target along the hori-
zontal. This permutation can also be expressed in the cyclic notation
as shown in Table 2.2.

Table 2.2: Permutation performing the analogue oper-
ation of a Control-NOT on a pair of elementary systems.

[(4,1)(4,3)] [(3,1)(3,3)]
[(4,2)(3,4)] [(3,2)(4,4)]
[(2,2)(1,2)] [(2,4)(1,4)]

2.3 Higher Order Composite Systems

For a triplet of systems there are 64 ontic with a natural description of
a 4× 4× 4 array.
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4 3 2 1
1

2

3

4

1 2 3 4

The canonical set contains six questions, and again there are a maxi-
mum of three questions that can be answered at the same time. This
results in epistemic states of maximal knowledge containing eight ontic
states. For this type of systems there are three types of valid states:

1. no correlation between any of the three systems

2. correlation between one pair of systems

3. correlation between all three systems.

For a n-tuple system composed by n elementary systems there will be
4n ontic states, and epistemic states of maximal knowledge are uniform
probability distributions over 2n ontic states. Valid states are states of
the n-tuple system that uphold the knowledge balance principle with
the additional condition that all possible subsystems also uphold the
principle. Valid transformations are still transformations that take all
valid states into valid states.

One elementary system needs at least two classical bits to simulate the
four ontic states, and for a n-tuple system the 4n ontic states can be
simulated by 2n classical bits. Constructions within STM are therefore
efficient as long as they are constructed with at most a polynomial
number of operations.
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Chapter 3

The Deutsch-Jozsa
Algorithm

In this chapter we introduce the algorithm that we will simulate. We
will start by introducing the problem, and the classical solution. To get
a good understanding about the quantum solution we start by consid-
ering the special case called Deutsch’s algorithm. When the Deutsch-
Jozsa algorithm has been presented we make some observations about
the oracle model of computation, which results in an analysis of the
oracle.

3.1 The Problem

You are given a Boolean function f : {0, 1}n 7→ {0, 1}, and a promise
that it will be either constant or balanced. The function is constant
if f(x) = 0 or f(x) = 1, ∀x ∈ {0, 1}n, and balanced if the function
output contains an equal amount of zeros and ones. The problem is
to determine if the function is constant or balanced. Note that the
function is defined over n bits, giving a domain size of 2n elements.
This problem has none, or few, known useful applications other than to
serve as a proposition that quantum computers will offer an advantage
over classical computers.

31
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3.2 The ’Logical’ Solution

Let us make this a game between Alice and Bob, where Alice is given
the task to determine if the function is constant or balanced, and Bob
will be providing the function. Usually games between Alice and Bob
indicate communication between two delocalized parties. The algo-
rithm can of course be local, but the use of Alice and Bob visualizes
the computational cost of accessing the oracle, and helps in not confus-
ing which part of the circuitry that takes part in solving the problem.
Suppose that Bob generates the output of the function to a list, and
doing so by accessing each element in the list. This specification is done
so that one can evaluate Bob’s workload between the classical solution
and the quantum mechanical solution. The ’logical’ solution, or the
classical deterministic solution that Alice applies is the one employed
by Nielsen and Chuang (2011) for comparing the classical and quantum
solutions, is to iterate through the list until she can deduce the correct
answer with certainty. The number of iterations, or queries, to the
list is of course dependent on the function. For instance, suppose that
Bob generates the function which gives the list (001010 . . .), Alice then
only has to make three queries, and there by obtaining the three first
elements in the list, to with certainty make sure that the function is bal-
anced and not constant. The worst case scenario is when the first half
of the list contains zeros, and the second half the ones (0 . . . 01 . . . 1),
and since the function is defined over n bits the list will be of length 2n.
In this case Alice has to make 2n−1 + 1 queries to Bob, thus giving the
solution a time complexity of O(2n), rendering this solution inefficient.
As to the spatial efficiency, Alice do not have to store the bits given
to her by Bob, but she has to hold the n bits corresponding to x, the
address to the element in the list that she wants Bob to reply. This
gives a linear spatial complexity O(n).

3.3 The Classical Stochastic Solution

Consider that Bob generates a list of arbitrary length from a bal-
anced function. Then the list will contain equally many zeros and
ones, thus if Alice draws a random element in the list it will be a
zero or one with a probability of 1/2. If she draws two elements
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then she can obtain the outcomes ”00”, ”01”, ”10” and ”11”, each with
an equal probability of 1/4. If Alice now has to guess whether the
function was constant or balanced, she will guess correctly half of
the times. If she instead draws a third element the outcome will
be a uniform probability distribution over the following possible out-
comes ”000”, ”001”, ”010”, ”011”, ”100”, ”101”, ”110” and ”111”. Alice
will now guess correctly six out of eight times; The problem is solved
with an error probability of 1/4. If one continues this argument, letting
Alice draw t elements randomly before guessing, the error probability
becomes

ε(t) = 1
2t−1 . (3.1)

For only a few iterations the error probability becomes small regardless
of the size of the problem. This solution is therefore classified with a
constant time complexity O(1), and a constant memory consumption
O(1).

If we tweak this solution so that the same element cannot be drawn
twice; Alice stores the addresses to the previously drawn elements,
discarding oracle queries to the same address. The error probability
then becomes

ε(t) = 2
t∏

j=1

2n−1 + 1− j
2n + 1− j . (3.2)

Observe that if one draws a number of elements t ≥ 2n−1 + 1 the
error probability becomes zero. The deterministic classical solution can
therefore be seen as the special case of the stochastic solution where the
error probability is chosen to be zero, but with the worst case scenario
when one randomly draws a sequence of 2n−1 ones or zeros. With this
tweak one retains a constant time complexity O(1), but at the cost of
a linear increase in memory consumption O(n).
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3.4 The Quantum Solution

If Alice and Bob instead were able to exchange qubits, and if Bob agrees
to generate the function in form of a unitary transformation, then an
efficient solution is made available. As we will see, this solution has a
constant time complexity and a linear memory consumption.

We will start by considering a special case of the Deutsch-Jozsa algo-
rithm called Deutsch’s algorithm. This algorithm is described by the
quantum circuit shown in Figure 3.1 (Nielsen and Chuang 2011)

|x〉 = |0〉 H

Uf

H

|y〉 = |1〉 H

↑ ↑ ↑ ↑
|ψ0〉 |ψ1〉 |ψ2〉 |ψ3〉

Figure 3.1: Quantum circuit performing Deutsch’s algorithm.

where Uf is an oracle performing a unitary transformation defined by
the mapping |x, y〉 → |x, y ⊕ f(x)〉. In this case the function is defined
over a one qubit register |x〉, giving Bob a list with two elements. The
target qubit |y〉, sometimes called oracle workspace, is an auxiliary qubit
utilized to facilitate the computation. The evaluation of this circuit
follows.

The initial state is prepared as

|ψ0〉 = |0〉 ⊗ |1〉 ≡ |0〉|1〉 ≡ |01〉. (3.3)

Applying the Hadamard gates to both qubits gives

|ψ1〉 =
(
|0〉+ |1〉√

2

)(
|0〉 − |1〉√

2

)
= |00〉 − |01〉+ |10〉 − |11〉

2 . (3.4)

Next Alice makes a query to Bob applying the oracle Uf to obtain
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|ψ2〉 = |0, f(0)〉 − |0, 1⊕ f(0)〉+ |1, f(1)〉 − |1, 1⊕ f(1)〉
2

=

±
(
|0〉+|1〉√

2

)(
|0〉−|1〉√

2

)
, f(0) = f(1)

±
(
|0〉−|1〉√

2

)(
|0〉−|1〉√

2

)
, f(0) 6= f(1)

.

(3.5)

Applying the last Hadamard on the first qubit gives

|ψ3〉 =

±|0〉
(
|0〉−|1〉√

2

)
, f(0) = f(1)

±|1〉
(
|0〉−|1〉√

2

)
, f(0) 6= f(1)

. (3.6)

A measurement of the register |x〉, under the statement that it is in
state |0〉 will be false if f(0) 6= f(1) and true if f(0) = f(1). Hence, if
the function is constant or balanced f(0)⊕ f(1) can be determined by
just one evaluation, compared with the classical solution for a list with
two elements which require at least two evaluations of f(x).

As previously stated Deutsch’s algorithm is a special case of the more
general algorithm, which is known as the Deutsch-Jozsa algorithm.
Consider now again a balanced or constant function f(x), with a do-
main

x ∈ {0, 1, 2, 3, . . . , 2n − 1}. (3.7)

To clarify, x is a binary number with the decimal values as in (3.7).
This will require a qubit register of n qubits.

The Deutsch-Jozsa algorithm is described with the circuitry shown in
Figure 3.2.
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|0〉⊗n H⊗n

Uf

H⊗n

|1〉 H

↑ ↑ ↑ ↑
|ψ0〉 |ψ1〉 |ψ2〉 |ψ3〉

Figure 3.2: Quantum circuit performing the Deutsch-
Jozsa algorithm.

The quantum system is prepared in the state |0〉⊗n|1〉, and put through
a Hadamard transformation yielding

|ψ1〉 =
(

1√
2n
∑
x

|x〉
)(
|0〉 − |1〉√

2

)
. (3.8)

Alice makes one query to Bob who applies the oracle

|ψ2〉 =
(

1√
2n
∑
x

|x〉
)(
|f(x)〉 − |1⊕ f(x)〉√

2

)
. (3.9)

Since f(x) ∈ {0, 1}, this is equivalent with

|ψ2〉 =
(

1√
2n
∑
x

(−1)f(x)|x〉
)(
|0〉 − |1〉√

2

)
. (3.10)

Applying Hadamards to the n first qubits under the definition of x · z
being addition modulo 2 of the bitwise product one gets

|ψ3〉 = H⊗n
(

1√
2n
∑
x

(−1)f(x)|x〉
)(
|0〉 − |1〉√

2

)
=
(

1√
2n
∑
x

(−1)f(x)
[

1√
2n
∑
z

(−1)x·z|z〉
])(

|0〉 − |1〉√
2

)
=
(∑

z

1
2n
∑
x

(−1)f(x)+x·z|z〉
)(
|0〉 − |1〉√

2

)
.

(3.11)
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At last we measure the n first qubits in the direction |0〉⊗n, that is, we
make the statement ”the first n qubits are unchanged after an evalua-
tion”. More formally, this statement can be expressed as |0〉⊗n〈0|⊗n.
This is reasonable since we seemingly just alter the oracle workspace.
The quantum fidelity between input and output probability distribu-
tions becomes

∣∣∣∣ 1
2n

2n−1∑
x=0

(−1)f(x)
∣∣∣∣2 =

{
1, f(x) is constant
0, f(x) is balanced

. (3.12)

If f(x) is balanced then the probability amplitudes undergo total de-
structive interference (the state is being projected onto the nullspace of
the subspace related to our statement) and the statement is therefore
false. A constant function, on the other hand, will result in the am-
plitudes undergoing a totally constructive interference in the direction
of our statement (the system is in a state parallel to the statement);
answering that the statement is true with certainty.

This solution is exact in the sense that it will produce the correct answer
with an error probability of zero, and it only requires one oracle query,
thus giving it a constant time complexity O(1). The algorithm employs
n+ 1 qubits giving a linear memory consumption O(n).

3.5 Analysis of the Oracle

To be certain that the improvement of the quantum mechanical solu-
tion, compared to the iterative solution, is not due to a displacement
of the workload form Alice over to Bob, we also need to compare the
different operations performed by Bob. This might seam a bit contra
productive since the idea of utilizing oracles is to not have to concern
ourselves with that part of the algorithm. However, as explained by
Ojcik and Chhajlany (2006), blindly comparing oracles between the
classical computation model and and the quantum computation model
might be deceptive. Abbott (2012) prevents this by embedding the
classical oracle within the quantum oracle; the quantum oracle is an
extension of the classical oracle, enabling it to operate on qubits instead
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of classical bits. We will adopt a similar design in the subsequent sec-
tions, where we introduce a general oracle comparable with the classical
construction.

3.5.1 Dismantling the Oracle

For Deutsch algorithm there are a total of four possible functions, which
gives four different oracle mappings

f(x) = 0 : |x, y〉 → |x, y ⊕ 0〉 = |x, y〉 (3.13a)

f(x) = x : |x, y〉 → |x, y ⊕ x〉 (3.13b)

f(x) = 1 : |x, y〉 → |x, y ⊕ 1〉 (3.13c)

f(x) = x⊕ 1 : |x, y〉 → |x, y ⊕ (x⊕ 1)〉. (3.13d)

For these mappings Deutsch’s algorithm can be realized by the circuits
given in Figure 3.3.

a) H H

H

c) H • H

H

b) H H

H X

d) H H

H

Figure 3.3: Quantum circuits performing Deutsch’s algo-
rithm for all four functions, with realizations of the oracle in-
side the dashed box. a), b), c) and d) show the circuits with an
oracle performing (3.13a), (3.13b), (3.13c) and (3.13d) respec-
tively.
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From this we can make the following general oracle

• X • X

f(0) f(1)

Figure 3.4: General oracle for Deutsch’s algorithm.

where the controlled function unitaries

•

f(x)

(3.14)

performs a controlled-NOT if f(x) = 1, and the identity map if f(x) =
0.

For a function defined over two bits one obtains a total of eight possible
functions, two constant and six balanced. In a similar manner we can
construct a general oracle for a two qubit register according to Figure
3.5

• •

• •

f(0) f(1) f(2) f(3)

Figure 3.5: General oracle for the Deutsch-
Jozsa algorithm for a two qubit register.

where the function unitaries perform the same functionality as the
above but conditioned with an additional control qubit. With this
enumeration of the domain the first qubit |x1〉 is defined as the least
significant qubit (LSB) and |x2〉 the most significant bit (MSB). Note
that we are not distinguishing between LSB and MSB for classical bits
and qubits.
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To further clarify, if Bob wanted to produce a balanced function he
would apply two Toffoli gates with different register conditions. Say
he wants to generate the function output (0110) he would employ the
following oracle

•

•

Figure 3.6: Oracle performing the function output (0110).

For a function defined over n bits the number of constant functions is
obviously still two, and the number of balanced function grows as

2, 6, 70, 12870, 601080390, . . . , 2n!
( 2n

2 )!( 2n

2 )!
(3.15)

which is referred to by the online encyclopedia of integer sequences as
the central binomial coefficients for powers of two (A037293).

|x1〉 • • · · · •
|x2〉 • • · · · • •

...
...

...
...

...
...

...

|xn〉 · · · • •

|y〉 f(0) f(1) f(2) f(3) · · · f(2n − 2) f(2n − 1)

Figure 3.7: A general implementation of the oracle in the Deutsch-
Jozsa algorithm; with |x1〉 as the LSB and |xn〉 as the MSB.

A construction of a general oracle is presented in Figure 3.7. The im-
plementation of the constant function f(x) = 0 will result in the oracle
being the identity map, and the constant function f(x) = 1 will only
result in a Pauli-X on the oracle workspace |y〉. This implementation is
comparable with the classical implementation defined in section 3.2, in
the sense that Bob is generating the function by accessing every entry
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in the list. It is also noteworthy that this implementation is not effi-
cient, since it applies an exponential number of operations. However,
it is Alice’s work that is to be evaluated, and not Bob’s, since in the
problem formulation one is given a constant or balanced function.

3.6 Summary

A simplified summary of the algorithms follows. In the logical solution
Alice generate a n-bit address to an entry in the list generated by Bob.
Bob returns the element at that address, and this is repeated until Alice
can deduce if the function was balanced or constant.

For the quantum solution Alice creates a superposition of all possible
addresses to entries in the list. This superposition is stored in a n-qubit
register, and sent to Bob. Alice also includes an oracle workspace in
a superposition. Bob generates the function by applying the oracle;
adding each function value to the oracle workspace. If the function
value is one, then a phase shift of π Rad is introduced in the register.
After Alice receives the register she takes it out of superposition by
a Hadamard transformation, and measures with the proposition that
the register is unchanged after the evolution of the algorithm. If the
proposition is true the function was constant, and if it is false the
function was balanced.
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Chapter 4

The Epistemological
Solution

This chapter is devoted to simulating the Deutsch-Jozsa algorithm in
STM. This was done in (Johansson 2014) for one, two and three qubits,
but with another type of structure of the oracle. We will start by
reviewing this with the oracle setting described i section 3.5, continuing
with the simulation of the n-bit Deutsch-Jozsa algorithm.

4.1 Solution for Functions of One Bit

To simulate Deutsch’s algorithm we acquire the permutations analogue
to the Pauli-X, Hadamard and control-NOT gates which are given by
(2.9),(2.12) and (2.20) respectively.

We begin by preparing two elementary systems in the state (1∨2, 3∨4),
remembering that we relate the epistemic states 1 ∨ 2 and 3 ∨ 4 with
the computational basis states of quantum mechanics. The first system,
prepared in the state 1 ∨ 2 is the register, and the second 3 ∨ 4 is the
oracle workspace.

These two elementary systems are both argued with the Hadamard
permutation.

43
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����
����
����
����

H̃, H̃
−−−−−→

����
����
����
����

. (4.1)

Next one applies the permutations equivalent to the oracles in Figure
3.3. At the last step we apply the Hadamard permutation on the first
elementary system; the system which holds the register.

����
����
����
����

Ĩ , Ĩ
−−−−−−−−−→

����
����
����
����

H̃, Ĩ
−−−−→

����
����
����
����

(4.2a)

����
����
����
����

Ĩ , σ̃x−−−−−−−−−→
����
����
����
����

H̃, Ĩ
−−−−→

����
����
����
����

(4.2b)

����
����
����
����

˜CN−−−−−−−−−→
����
����
����
����

H̃, Ĩ
−−−−→

����
����
����
����

(4.2c)

����
����
����
����

˜CN(Ĩ , σ̃x)
−−−−−−−−−→

����
����
����
����

H̃, Ĩ
−−−−→

����
����
����
����

(4.2d)

where the comma separation indicates that the permutations are argued
to the first and second elementary system respectively.

Now, a statement that the register system is unchanged after the al-
gorithm has been evaluated will always be true if the function was
constant, and it will always be false if the function was balanced.

This graphical representation will not be convenient for composite sys-
tems of more than three elementary systems, which is why we also
follow the evolution of the algorithm without the graphical representa-
tion: the initial state translate to

(1 ∨ 2, 3 ∨ 4) = (1, 3) ∨ (1, 4) ∨ (2, 3) ∨ (2, 4). (4.3)

After the Hadamard permutations we get
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(1, 2) ∨ (1, 4) ∨ (3, 2) ∨ (3, 4). (4.4)

Applying the oracles in Figure 3.3 with ˜CN according to the cyclic
notation of Table 2.2 gives

(1, 2) ∨ (1, 4) ∨ (3, 2) ∨ (3, 4) (4.5a)

(1, 4) ∨ (1, 2) ∨ (3, 4) ∨ (3, 2) (4.5b)

(2, 2) ∨ (2, 4) ∨ (4, 4) ∨ (4, 2) (4.5c)

(2, 4) ∨ (2, 2) ∨ (4, 2) ∨ (4, 4). (4.5d)

Lastly, taking the simulation of the register back out of superposition
one gets

(1, 2) ∨ (1, 4) ∨ (2, 2) ∨ (2, 4) (4.6a)

(1, 4) ∨ (1, 2) ∨ (2, 4) ∨ (2, 2) (4.6b)

(3, 2) ∨ (3, 4) ∨ (4, 4) ∨ (4, 2) (4.6c)

(3, 4) ∨ (3, 2) ∨ (4, 2) ∨ (4, 4). (4.6d)

If the second system is disregarded, we see that the output probabil-
ity distributions (4.6a) and (4.6b) completely coincide with the input
probability distribution; the classical fidelity between the input and the
output is one. The output probability distributions (4.6c) and (4.6d)
are completely disjunct; the fidelity between these two and the input is
zero. This can, as previously stated, be utilized to distinguish constant
from balanced functions with a one bit domain.

4.2 Extension of Spekkens’ Toy Model

To fit the simulation we need to make a slight extension of STM as
follows. Remember that states of the form
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����
����
����
����

(4.7)

were deemed invalid although they do not violate the principle. The
resulting state from certain valid measurements would violate the prin-
ciple. We extend STM by allowing these kinds of states, and instead
impose restrictions on the measurement operations. The restriction
being that the update rule mechanism needs to be re-evaluated in a
satisfying way. How this is done, or what even classifies as ”satisfying”,
is not of our concern since the measurement is carried out at the end of
the simulation, and the system can be discarded after obtaining the re-
sult. This kind of unconcerned attitude to the measurement operation
can be useful when it comes to simulating other quantum algorithms as
well, since for noiseless quantum circuits, measurements can always be
delayed to the end of the computation (Aharonov, Kitaev, and Nisan
1998). States of the form

����
����
����
����

����
����
����
����

(4.8)

still violates the principle, since the definition of knowledge is the num-
ber of questions from the canonical set that are answered; we cannot
have answers to a half, or one and a half, question. Now, the valid epis-
temic states over a composite system in the extended STM (ESTM) are
states that as a whole, as well as all the subsystems, do not create a
violation of the knowledge balance principle.

4.3 Solution for Functions Over Two Bits

We know that there are eight valid functions, two constant and six
balanced, when the function is defined over two bits. To simulate the
Deutsch-Jozsa algorithm for two qubits we need a permutation that is
the toy theoretic analogue to the Toffoli gate. Such a permutation was
given ad hoc by Johansson (2014), and we will pursue this a bit further
in this section. In the preceding section the solution is the same as in
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Johansson (2014), and it is first for a two qubit register that the oracle
setting differ. Here we utilize a Toffoli analogue whereas in Johansson
(2014) one instead employs Control-NOT permutations.

4.3.1 Toffoli in Terms of Permutations

The Toffoli permutation can be graphically represented as shown in
Figure 4.1, where the permutation is divided and shown in two graphs,
this not to clutter the picture. The two graphs represent the same sys-
tem. The target system is depicted along the vertical axis, and the two
register systems in the horizontal planes.

4 3 2 1
1

2

3

4

1 2 3 4

Figure 4.1: Permutation analogue to the Toffoli gate with the control
systems in the horizontal plane, and the target system along the vertical
axis. To clarify, the transformation is split: to the left the target system
ontic states 2 and 4; to the right the target system ontic states 1 and
3.

This permutation in cyclic notation is shown in Table 4.1, where the in-
ternal permutations have been divided into three classes called Rule 1,
Rule 2 and Rule 3. Rule 1 is the class of permutations which leaves the
register systems unpermuted, and switch the targets odd ontic states;
switching between planes 1 and 3. Rule 2 is the class that switch the
targets even ontic states, and crosswise permutation within the regis-
ter; permutations between planes 2 and 4. Last the class called Rule 3
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contains the permutations which only permute the register systems.

Table 4.1: Cyclic notation of the Toffoli permutation,
where the permutations have been divided into three
classes called, Rule 1, Rule 2 and Rule 3. Ontic states
not listed are stationary.

Rule 1 Rule 2
[(4, 4, 1)(4, 4, 3)] [(4, 4, 2)(3, 3, 4)]
[(4, 3, 1)(4, 3, 3)] [(4, 3, 2)(3, 4, 4)]
[(3, 4, 1)(3, 4, 3)] [(3, 4, 2)(4, 3, 4)]
[(3, 3, 1)(3, 3, 3)] [(3, 3, 2)(4, 4, 4)]

Rule 3
[(4, 2, 2)(4, 1, 2)] [(4, 2, 4)(4, 1, 4)]
[(3, 2, 2)(3, 1, 2)] [(3, 2, 4)(3, 1, 4)]
[(2, 4, 2)(1, 4, 2)] [(2, 4, 4)(1, 4, 4)]
[(2, 3, 2)(1, 3, 2)] [(2, 3, 4)(1, 3, 4)]

Theorem 1. The Toffoli permutation maps epistemic states in STM
into epistemic states in ESTM.

Proof. Pusey (2012) calculated that the number of states of maximal
knowledge for n elementary systems in STM to grows as

2n
n−1∏
k=0

(2n−k + 1) (4.9)

which for n = 3 equals 1080. All of these epistemic states can be
generated by the group of permutations analogue to the Clifford group.

To check the mapping of all 1080 states argued with the Toffoli per-
mutation, we provide a Python code snippet presented in Appendix A,
which in summary performs the following steps

1. Create a list with all product states of three elementary systems.
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2. Extend the list to contain all 1080 states by applying the Clifford
group permutations.

3. Argue the Toffoli permutation with all states in the list, producing
a second list with 1080 states.

4. Check that all the states in the second list are valid in ESTM.

And indeed all 1080 states in STM are mapped into valid states in
ESTM. Appending the first list to the second, and sorting out du-
plicates, we see that there is a total of 1784 unique and valid states
generated.

Proposition 1. The Toffoli permutation is a valid transformation in
the extension of Spekkens’ toy model; it obeys under the knowledges
balance principle.

Justification. A proof of the proposition would be to straightforward
check that all valid states of a triplet elementary system maps to a valid
state under the permutation. In the proof of Theorem 1 we see that
this is fulfilled for all 1784 tested valid states, but we have no means of
knowing that these are all valid states in ESTM.

Note that if this proposition were to be false it would not affect our sim-
ulation, since the permutation can obviously be realized. The proposi-
tion only tells us whether the simulation upholds the knowledge balance
principle or not.

4.3.2 Simulation

For the case of a two qubit register there are two constant functions
and six balanced. The simulation will involve the general oracle for a
two qubit register in Figure 3.5. For the constant functions f(x) =
0 and f(x) = 1, the oracle is just the identity map and a Pauli-X
permutation on the oracle workspace respectively. Lets label the six
balanced functions accordingly

f1(x) = (1010) (4.10a)

f2(x) = (0101) (4.10b)



50 4.3. Solution for Functions Over Two Bits

f3(x) = (1100) (4.10c)
f4(x) = (0011) (4.10d)
f5(x) = (0110) (4.10e)
f6(x) = (1001). (4.10f)

With the usual notation f(x) = (MSB . . .LSB) we choose the definition
of ontic states as ω = (MSB,LSB,Target), where in the later case MSB
indicate the most significant elementary system, and LSB the least
significant.

Before applying the oracles, we make the usual preparation followed by
a Hadamard transformation giving the epistemic state e1

e0 : (1∨2, 1∨2, 3∨4) =
(
(1, 1)∨ (1, 2)∨ (2, 1)∨ (2, 2), (3∨4)

)
. (4.11a)

e1 : (1∨3, 1∨3, 2∨4) =
(
(1, 1)∨(1, 3)∨(3, 1)∨(3, 3), (2∨4)

)
. (4.11b)

We will omit the target system from the following calculations, remem-
bering that it is in the state 2∨4. Say now that Bob choose to generate
f1(x) by applying the circuit in Figure 4.2.

• •

X • X •

↑ ↑ ↑ ↑ ↑
e1 e2 e3 e4 e5

Figure 4.2: Oracle performing the function output f1(x).

The epistemic input state transforms e0 → e4 accordingly

e0 : (1, 1) ∨ (1, 2) ∨ (2, 1) ∨ (2, 2)
e1 : (1, 1) ∨ (1, 3) ∨ (3, 1) ∨ (3, 3)
e2 : (3, 1) ∨ (3, 3) ∨ (1, 1) ∨ (1, 3)
e3 : (3, 2) ∨ (4, 4) ∨ (1, 1) ∨ (2, 3)
e4 : (1, 2) ∨ (2, 4) ∨ (3, 1) ∨ (4, 3)
e5 : (1, 2) ∨ (1, 4) ∨ (3, 2) ∨ (3, 4)

(4.12)
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Followed by a Hadamard transformation of the register gives

(1, 3) ∨ (1, 4) ∨ (2, 3) ∨ (2, 4) (4.13)

which is disjunct with the input state

(1, 1) ∨ (1, 2) ∨ (2, 1) ∨ (2, 2). (4.14)

The five other functions results in the mappings

f2(x) : e0 → (1, 2) ∨ (1, 4) ∨ (3, 2) ∨ (3, 4) (4.15a)

f3(x) : e0 → (3, 1) ∨ (3, 2) ∨ (4, 1) ∨ (4, 2) (4.15b)

f4(x) : e0 → (3, 1) ∨ (3, 2) ∨ (4, 1) ∨ (4, 2) (4.15c)

f5(x) : e0 → (3, 3) ∨ (3, 4) ∨ (4, 3) ∨ (4, 4) (4.15d)

f6(x) : e0 → (3, 3) ∨ (3, 4) ∨ (4, 3) ∨ (4, 4). (4.15e)

Graphically, the register undergoes the transformations

f1(x) and f2(x) :
����
����
����
����

−−→
����
����
����
����

(4.16a)

f3(x) and f4(x) :
����
����
����
����

−−→
����
����
����
����

(4.16b)

f5(x) and f6(x) :
����
����
����
����

−−→
����
����
����
����

(4.16c)

We conclude that for all the six possible balanced functions the output
states become disjunct with the input state, while for the two constant
functions the register stays the same. This shows that the Deutsch-
Jozsa algorithm for functions defined over two bits can be efficiently
simulated. Moreover, it is efficiently simulated within ESTM according
to Proposition 1.
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4.4 The n-Toffoli in Terms of Permutations

To simulate the Deutsch-Jozsa algorithm we need a method of simu-
lating the generalized Toffoli gate, or the n-Toffoli. To do this we start
by seeking the 3-Toffoli permutation by simulating a construction with
only Toffoli gates as described in section 3.5. The simulation was per-
formed with a code snippet similar to that in Appendix A, but with
the possibility of handling ontic states. The result of the simulation is
presented in Table 4.2, which facilitates the realization that the per-
mutation we seek as an analogue to the n-Toffoli gate is represented in
the following theorem.

Theorem 2. The permutation reminiscent of the n-Toffoli gate is de-
scribed by the following four permutation rules.

1. If the target system’s ontic state is odd and if all register systems
have an ontic state higher than two, then the target system’s ontic
state undergoes the transformations 1→ 3 and 3→ 1.

2. If the target system’s ontic state is even and if all register systems
have an ontic state higher than two, then the target system’s ontic
state undergoes the transformations 2 → 4 and 4 → 2, while the
register systems all experience the permutations 3→ 4 and 4→ 3.

3. If the target system’s ontic state is even and if all register systems
have an ontic state higher than two, except one, then that register
system undergoes the permutations 1→ 2 and 2→ 1.

4. Otherwise the ontic states remain unchanged.

Proof. Lets consider a construction of the 3-Toffoli described in Figure
4.3 utilizing only Toffoli gates. This way of constructing n-Toffoli gates
was considered in section 1.3.3.

In this construction one auxiliary system is prepared in the state |0〉,
which is simulated with an auxiliary elementary system prepared in the
state 1 ∨ 2.

1. Assume that the target system is in an odd ontic state: then by
analysing Table 4.1, describing the Toffoli gate, we see that the auxiliary
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|x1〉 • •
|x2〉 • •
|0〉 •
|x3〉 •
|y〉

=

•
•

•

Figure 4.3: Decomposition of 3-Toffoli into Toffoli gates.

system and the system simulating |x3〉 both have to obtain an ontic
state of 3 or 4 in order for the central Toffoli permutation to have effect.
The effect is that the target system permutes according to 1 → 3 and
3 → 1. For the auxiliary system to take on an ontic state of 3 or 4,
the first two systems also have to be in an ontic state higher than 2.
Therefore, the first Toffoli has to perform one of the permutations out
of the two classes: Rule 1 or Rule 2 of Table 4.1. If the permutation
is one out of Rule 1, then the first two systems simulating |x1〉 and
|x2〉 are unchanged. If the permutation is one out of Rule 2, then both
systems undergo the transformation 3 → 4 and 4 → 3. However, the
last Toffoli in the simulation will undo this transformation since the
permutation applied twice forms the identity map.

Assuming that the target system is in an even ontic state, then there are
two possible ways that the central Toffoli permutation can be active;
performing a permutation out of the classes Rule 2 or Rule 3.

2. Assume that the target system is in an even ontic state, and that the
auxiliary system and third conditional system are both in a state higher
than 2: The auxiliary system has to be transformed by the first Toffoli
so that the ontic state takes on a value of 3 or 4. Now again, this can be
done with permutations from Rule 1 or Rule 2, however, this time the
last Toffoli does not perform the same permutation as the first. Since
the central Toffoli is acting on an even ontic state the auxiliary system
will undergo the transformation 3→ 4 and 4→ 3 before the last Toffoli
is applied. That is, if the first Toffoli applies a permutation out of Rule
1 then the last Toffoli will apply one out of Rule 2, and the other way
around. All the three conditional systems will experience 3 → 4 and
4→ 3.

3. Assume that the target system is in an even ontic state, and that one
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of the auxiliary systems and the third conditional system, is in a state
higher than 2: The case when the auxiliary system is in a state higher
than 2 the argument made in the first assumption above holds. With
the third conditional system in a state equal or lower than 2 the central
Toffoli performs the transformation 1 → 2 and 2 → 1 on that system.
Instead, with the auxiliary system in a state equal or lower than 2, the
only way the conditional (or register) systems will transform is if one
of the two first conditional systems is in a state equal or lower than
2. The first Toffoli will transform that system according to 1→ 2 and
2 → 1 if the auxiliary system is in state 2, and do nothing if it is in
state 1. In turn, the central Toffoli will only transform the auxiliary
system by 1 → 2 and 2 → 1, thus ensuring that the last Toffoli will
perform the transformation if the first one did not, and if it did perform
the transformation then it ensures that it is not applied twice.

Now consider that we can produce a 4-Toffoli with the equivalent con-
structions of Figure 4.4.

|x1〉 •
|x2〉 •
|0〉
|x3〉 •
|0〉
|x4〉 •
|y〉

=

• • • •
• • • •
• •
• •

•
•

=

• •
• •

• •
•
•

Figure 4.4: Decomposition of 4-Toffoli into Toffoli gates.

The dotted Toffolis in the center of Figure 3.5 can be introduced due
to the fact that the n-Toffoli quantum gate is a unitary and Hermitian
operation. This correlate to our simulation by the property that the
n-Toffoli permutation applied twice forms the identity map. Any n-
Toffoli permutation can be constructed in this way by one Toffoli and
two (n − 1)-Toffoli gates, and induction concludes the proof with the
Toffoli permutation as the base case.

We refer to this permutation as the n-Toffoli permutation, and the the-
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Table 4.2: Cyclic notation of the 3-Toffoli permuta-
tion, the permutations are categorized into three classes
called Rule 1, Rule 2 and Rule 3. Ontic states which are
not listed are stationary.

Rule 1
[(4, 4, 4, 1)(4, 4, 4, 3)] [(4, 4, 3, 1)(4, 4, 3, 3)]
[(4, 3, 4, 1)(4, 3, 4, 3)] [(4, 3, 3, 1)(4, 3, 3, 3)]
[(3, 4, 4, 1)(3, 4, 4, 3)] [(3, 4, 3, 1)(3, 4, 3, 3)]
[(3, 3, 4, 1)(3, 3, 4, 3)] [(3, 3, 3, 1)(3, 3, 3, 3)]

Rule 2
[(4, 4, 4, 2)(3, 3, 3, 4)] [(4, 4, 3, 2)(3, 3, 4, 4)]
[(4, 3, 4, 2)(3, 4, 3, 4)] [(4, 3, 3, 2)(3, 4, 4, 4)]
[(3, 4, 4, 2)(4, 3, 3, 4)] [(3, 4, 3, 2)(4, 3, 4, 4)]
[(3, 3, 4, 2)(4, 4, 3, 4)] [(3, 3, 3, 2)(4, 4, 4, 4)]

Rule 3
[(1, 4, 4, 2)(2, 4, 4, 2)] [(1, 4, 3, 2)(2, 4, 3, 2)]
[(1, 3, 4, 2)(2, 3, 4, 2)] [(1, 3, 3, 2)(2, 3, 3, 2)]
[(4, 1, 4, 2)(4, 2, 4, 2)] [(4, 1, 3, 2)(4, 2, 3, 2)]
[(3, 1, 4, 2)(3, 2, 4, 2)] [(3, 1, 3, 2)(3, 2, 3, 2)]
[(4, 4, 1, 2)(4, 4, 2, 2)] [(3, 4, 1, 2)(3, 4, 2, 2)]
[(4, 3, 1, 2)(4, 3, 2, 2)] [(3, 3, 1, 2)(3, 3, 2, 2)]
[(1, 4, 4, 4)(2, 4, 4, 4)] [(1, 4, 3, 4)(2, 4, 3, 4)]
[(1, 3, 4, 4)(2, 3, 4, 4)] [(1, 3, 3, 4)(2, 3, 3, 4)]
[(4, 1, 4, 4)(4, 2, 4, 4)] [(4, 1, 3, 4)(4, 2, 3, 4)]
[(3, 1, 4, 4)(3, 2, 4, 4)] [(3, 1, 3, 4)(3, 2, 3, 4)]
[(4, 4, 1, 4)(4, 4, 2, 4)] [(3, 4, 1, 4)(3, 4, 2, 4)]
[(4, 3, 1, 4)(4, 3, 2, 4)] [(3, 3, 1, 4)(3, 3, 2, 4)]

orem is directly followed up with a proposition:

Proposition 2. The n-Toffoli permutation is a valid transformation
within the extension of Spekkens’ toy model.

Justification. This follows directly from Proposition 1, since the per-
mutation is deduced from a construction containing only Toffoli per-
mutations.
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In the same way as Proposition 1 does not have an effect on the va-
lidity of the simulation, Proposition 2 will also not have any effect
on the validity of the full simulation of the Deutsch-Jozsa algorithm.
The permutation is feasible on a classical computer regardless of the
proposition. The proposition only speaks of the n-Toffoli permutations
validity within ESTM; in other words of whether it upholds the knowl-
edge balance principle or not.

4.5 Solution for Functions Over Three Bits

We can now proceed with the solution for functions defined over three
bits; functions with a domain of eight discrete values. The solution
is the simulation of Deutsch-Jozsa algorithm for a three qubit register
simulated by three elementary systems and one additional system uti-
lized as the oracle workspace. The oracle of Figure 4.5 is constructed
as described in section 3.5.

• • • •

• • • •

• • • •

f(0) f(1) f(2) f(3) f(4) f(5) f(6) f(7)

Figure 4.5: General oracle for the Deutsch-Jozsa algorithm for a three
qubit register.

We start with the usual preparation of all register systems in the state
1∨2 , and the target in state 3∨4. This is then followed by a Hadamard
transform over all four elementary systems, resulting in the state

(1, 1, 1)∨(1, 1, 3)∨(1, 3, 1)∨(1, 3, 3)∨(3, 1, 1)∨(3, 1, 3)∨(3, 3, 1)∨(3, 3, 3)

where the target system is omitted, remembering that it is in the state
2 ∨ 4. The above epistemic state is a uniform probability distribution
over eight ontic states, and this can be seen as a binary enumeration
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with 1 as the lowest weight instead of the usual 0, and 3 as the high-
est weight instead of 1. We now choose to entitle these ontic states
accordingly:

ω0 ∨ ω1 ∨ ω2 ∨ ω3 ∨ ω4 ∨ ω5 ∨ ω6 ∨ ω7. (4.17)

We also choose a similar enumeration of the permutation simulating
the controlled function operators

Tf(x) ∼

G#

G#

...

G#

f(x)

where the half filled controls indicate that the condition on the reg-
ister is |x〉. With this notation the oracle can be written in terms of
compositions as

Tf(0) ◦ Tf(1) ◦ Tf(2) ◦ Tf(3) ◦ Tf(4) ◦ Tf(5) ◦ Tf(6) ◦ Tf(7). (4.18)

If f(x) = 0, then Tf(x) is just the identity map, thus for a balanced
function, the oracle will effectively perform four out of eight non-trivial
mappings. To determine the effect of the oracle on the epistemic state
of (4.17) we utilize Table 4.2. Remembering that the target system is
in state 2∨ 4 we can represent the effect of all permutations simulating
the controlled function operators in a diagram, shown in Figure 4.6.
The cross-hatched filled positions on the diagonal represent permuta-
tions from the class Rule 2, and the remaining filled positions represent
permutations out of Rule 3. The permutations affect the respective on-
tic state placed along the horizontal axis, and on the vertical axis the
controlled function permutations are listed with the significance of the
control condition increasing downwards. Vacant positions in the dia-
gram represent that the ontic state is fixed under the permutation. We
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will see that most of our interest lies within the vacancies and we will
refer to this type of diagram as a vacancy diagram, not to be confused
with the diagrams in STM representing epistemic states.

ωi

0 1 2 3 4 5 6 7

Tf(x)

0
1
2
3
4
5
6
7

Figure 4.6: Diagram showing the effect of all permutations
Tf(x) on the ontic states ωi in the input state to the oracle
for n = 3. Filled positions represent that the ontic state in
question is permuted, the cross-hatched positions along the
diagonal represent Rule 2 permutations, and the other permu-
tations are from Rule 3. Vacancies in the table show that the
ontic states are fixed under permutation.

Any permutation out of Rule 2 will take the ontic state into another,
which was not part of the initial epistemic state. Also, any permutation
from Rule 3 will take the affected ontic states into ontic states that were
not part of the input state. However, if an ontic state undergoes all
three different permutations of Rule 3 and that of Rule 2, then that
ontic state will be transformed so that it will be in a state that was
part of the input state.

If none of the controlled function permutations are applied, then the
oracle obviously perform the identity map. If instead all controlled
function permutations are applied, then the output state will equal
the input state. More precisely, in the output state the target system
has been transformed according to 2 → 4 → 2, which forms an equal
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probability distribution with the input state. These two cases represent
constant functions with value 0 and 1 respectively. Applying four out
of eight different controlled function permutations; in any way choosing
four rows as active in the vacancy diagram, will simulate the Deutsch-
Jozsa algorithm for a balanced function. To be able to discern between
constant and balanced functions with certainty, the output and input
probability distributions must be disjunct. That is, all the ontic states
in the input epistemic state must be permuted into other ontic states
which were not part of the input. By analysing the vacancy diagram in
Figure 4.6 we see that there are ways of choosing four rows such that
an ontic state is fixed during the oracle transformation. As an example,
consider an oracle performing the balanced function f(x) = (11101000)

Tf(3) ◦ Tf(5) ◦ Tf(6) ◦ Tf(7). (4.19)

This takes the input state into the following epistemic state

(1, 1, 1)∨(2, 2, 3)∨(2, 3, 2)∨(1, 4, 4)∨(3, 2, 2)∨(4, 1, 4)∨(4, 4, 1)∨(3, 3, 3).

We see that the ontic states ω0 = (1, 1, 1) and ω7 = (3, 3, 3) remain. ω0
is not altered at all, and ω7 remains in the sense that only the target
system’s ontic states are flipped. Again, remembering that the target
system is in the state 2 ∨ 4 we count the ontic states in the output,
that also are presented in the input, to a number of four out of a total
of sixteen. This effect, that the input and output epistemic states are
not disjunct, introduces a probability of error in the outcome of the
algorithm. If Bob chooses the function in the example above, then
Alice would guess wrongfully that it was a constant function one out
of four times; with an error probability of 1/4. The diagram of Figure
4.6 shows that there are eight out of 70 possible balanced functions
that exhibit the same behaviour; giving the same probability of error.
These functions are

f(x) = (11101000) (4.20a)

f(x) = (11010100) (4.20b)

f(x) = (10110010) (4.20c)
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f(x) = (01110001) (4.20d)

and their Boolean inverse.

A complete analysis and classification of how this discrepancy makes
the n-Toffoli permutation different from the Toffoli quantum gate is left
as an open question, but we do provide the following observation.

Take the following equivalent quantum operators

• •

• •

• • • •

↑ ↑ ↑ ↑ ↑
ψ0 ψ1 ψ2 ψ3 ψ4

⇔ •

The operator to the left is the oracle representation for the function
f(x) = (11110000). This function is simulated without a probability
of error; the simulation succeeds every time. Also, if the oracle is
simulated with the usual input state the outcome will be

(2, 1, 1)∨(4, 1, 1)∨(2, 3, 1)∨(4, 3, 1)∨(2, 1, 3)∨(4, 1, 3)∨(2, 3, 3)∨(4, 3, 3)

which is the same state one will obtain by applying the control-NOT
permutation with the most significant system as control and the oracle
workspace as target, thus the above equivalence also holds within STM.
The fidelity is measured between input probability distributions and
the distributions in between the gates. The four subsequent measures
of both quantum fidelity and classical fidelity on the STM simulation
becomes

(
FQ(ψ0, ψj)

)4
j=0 =

( 16
16 ,

9
16 ,

4
16 ,

1
16 , 0

)
(4.21)

(
FC(e0, ej)

)4
j=0 =

( 16
16 ,

8
16 ,

4
16 ,

2
16 , 0

)
(4.22)
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where ei are the epistemic states simulating ψi. We see that the quan-
tum fidelity decreases as the square, while the classical fidelity decreases
exponentially.

4.6 The n-Bit Vacancy Diagram

The artefact within the n-Toffoli permutations prevents us from answer-
ing the decision problem with certainty. For the case in the preceding
section, with a qubit register of three qubits, there are eight out of 70
functions that will produce an error probability of 1/4. The remaining
62 functions result in a deterministic solution. To see how this error
probability varies, when the number of qubits in the register grows, we
will develop the vacancy diagram tool. This shows how the simulation
behaves for an arbitrary number of n qubits in the register.

It is straightforward to write down the vacancy diagram from the rules
provided in Theorem 2, and this is done in Figure 4.7 for n = 2, 3, 4
and 5. In general, the n-bit vacancy diagram can be generated by the
following iterative map

vn+1(i, j) = vn(i, j)δi,j + vn(i− 2n, j − 2n)δ(i−2n),(j−2n)

+R3δi,(j−2n) +R3δ(i−2n),j

v2 =
” ”

where j, i ∈ {0, 1, 2, . . . , 2n+1}, n ∈ {2, 3, 4, . . .}, δi,j is the Kronecker
delta, and R3 indicating a Rule 3 permutation.

There are n different Rule 3 permutations to each controlled function
operator (row), and one additional Rule 2 permutation. For each ontic
state in the input state the oracle can apply a maximum of n+1 different
transformations. If none or all are applied, then the ontic state stays
effectively the same. For every other case the ontic state moves into a
new ontic state that was not part of the oracle input state. The oracle
input state is the regular enumeration from (1, 1, 1, . . .) to (3, 3, 3, . . .),
again omitting the target system which is in the state 2 ∨ 4. If the
oracle performs the constant function f(x) = 0 none of the control
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n = 2 n = 3 n = 4

n = 5

Figure 4.7: Showing vacancies tables for two, three, four and five
elementary systems in the register.
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function operators are applied, and the output system is identical with
the input. If the function is constant with the value of one, then all
function operators (rows) are applied, and only the target system will be
transformed according to 2→ 4→ 2. The input and output probability
distributions for the register are equal. Any combination of 2n−1 active
rows in the vacancy diagram presents a balanced function.

4.7 Efficiency Analysis

The question now is how the probability of error varies when the num-
ber of elementary systems in the register grows. Can we simulate the
Deutsch-Jozsa algorithm with a bounded error probability? Or does
the error probability increase, and if so, can it be controlled? The an-
swer to these questions is expressed in the following theorem.

Theorem 3. The simulation of the Deutsch-Jozsa algorithm is effi-
cient.

Proof. We begin by seeking the maximum number of ontic states in
the epistemic input state that are stationary under any valid oracle
permutation. Valid oracle permutations are compositions of 2n−1 dif-
ferent controlled Toffoli permutations, which in the vacancy diagram
is represented by 2n−1 active rows. Let us define the number of ontic
states that are stationary due to vacancies in the diagram as g(n), and
the total number of stationary states as s(n), which counts the number
of stationary states from both vacancies and from those that undergo
all n+1 permutations in a column. s(n) is now calculated by a Python
code snippet (provided by Jan-Åke Larsson) included in Appendix B.
This makes it apparent that there is an equal contribution to s(n)
from columns containing only vacancies and from columns containing
all n + 1 permutations from Rule 2 and Rule 3, that is, s(n) = 2g(n).
This numeric calculation gives g(n) as in Table 4.3.
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Table 4.3: Numeric values of g(n) for n ∈ {1, 2, 3, . . . , 18},
resulting from the numeric calculation of Appendix B.

n 1 2 3 4 5 6 7 8 9 10 11
g(n) 0 0 1 2 6 12 29 58 130 260 562

12 13 14 15 16 17 18
1124 2380 4760 9949 19898 41226 82452

Observe that for even n, g(n) is twice as big as for the preceding odd
n; g(2m+ 2) = 2g(2m+ 1), m ∈ {0, 1, 2, . . .}. Further we get(
g(n = 2m+ 1)

)8
m=0 =

(
0, 1, 6, 29, 130, 562, 2380, 9949, 41226

)
(4.23)

which is identified by the Online Encyclopedia of Integer Sequences
OEIS as A008549: number of ways choosing at most m− 1 items from
a set of size 2m+ 1.

4m −
(

2m+ 1
m

)
. (4.24)

We can now write g(n) as

g(n) =


4m −

(2m+1
m

)
, n = 2m+ 1

2(4m −
(2m+1

m

)
), n = 2m+ 2

. (4.25)

The maximum probability that Alice will wrongfully guess that the
function is constant while it is actually balanced then becomes

ε(n) = s(n)
2n = 1−

(
2m+ 1
m

)
1

4m , n = 2m+1 and n = 2m+2. (4.26)

Since we are only interested in an upper limit of the error probability
it is enough to only consider the case of odd n. Also
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(
2m+ 1
m

)
= (2m+ 1)!

(m+ 1)!m! = (2m+ 1)(2m)!
(m+ 1)m!m! = 2m+ 1

m+ 1

(
2m
m

)
(4.27)

and by the Sterling approximation

√
2π xx+1/2 e−x ≤ x! ≤ e xx+1/2 e−x (4.28)

one gets (
2m
m

)
≥
√

2π
e2

4m√
m

(4.29)

and thus

ε(n) ≤ 1−
√

2π
e2

(2m+ 1)√
m(m+ 1)

, n = 2m+ 1. (4.30)

Observe that ε(n) → 1 when n → ∞, with the interpretation that
for large n the error probability will be close to unity. However, since
the input and output states are uniform probability distributions, one
can get a bounded probability of error ε0 by iterating the simulation.
Repeating the simulation will produce independent outcomes, thus the
error of probability will be suppressed according to ε(n)t, where t is
the number of times the simulation is iterated. Now choose t such that
ε(n)t ≤ ε0, then the number of iterations, which equals the number of
oracle queries, becomes

t(m) =
⌈

ln ε0

ln
(
1−

√
2π (2m+1)

e2√m(m+1)
) , n = 2m+ 1

⌉
(4.31)

where d·e is the ceil function. For large m the Maclaurin series expan-
sion of t(m) will be a good approximation.

t(m) ∝ 1
ln(1 + u) (4.32)
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with u ≈ − c√
m

for large m and some constant c. By Maclaurin series
expansion one gets

1
ln(1 + u) ≈

( ∞∑
k=1

(−1)k+1

k
uk
)−1

≈
(

1√
m

∞∑
k=0

ck

(k + 1)mk/2

)−1

.

This exposes the asymptotic behaviour of t(m) to be O(
√
m) = O(

√
n),

since n = 2m + 1. This concludes the time efficiency. The simulation
requires n+1 elementary systems, each utilizing two classical bits giving
a linear memory consumption O(n), thus the simulation is efficient.

Note that this is the worst case scenario, and for most functions this
error probability will be lower. This shows that the solution is part of
the complexity class BPP.

4.8 Comparison Between Solutions

The classical oracle is embedded in our oracle in the sense that we can
utilize the same construction in order to realize the classical solutions.
For the deterministic classical solution, where one in the worst case
scenario iterates more than half way through the list, the address to
the element in the list is encoded binary in the register, replacing ”0”
with the epistemic state ”1 ∨ 2” and ”1” with ”3 ∨ 4”. Instead of
measuring the register; reading of the phase information, one looks for
a change in the elementary system simulating the oracle workspace.
Let the workspace be initiated in the state 1 ∨ 2, then if one measures
an output state of 3∨ 4, the list contained a ”1” at that address, if the
workspace is stationary the element was a ”0”.

The stochastic classical solution is realized in the same manner, but the
address is chosen randomly. To clarify what we mean with ’encoding
the register with the binary address’, we do not prepare the register in
a state simulating |0〉⊗n, but rather in a state that simulates |x〉, and
the usual Hadamard transformation is omitted.

In the classical deterministic solution, if Bob were to make a biased
choice of the function to delay Alice, then Alice in turn could apply
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the comparable stochastic solution drawing 2n−1 + 1 different elements
randomly. This would be analytically equal of forcing Bob to draw
balanced functions randomly. This is not a problem in the quantum
solution, since each function provide a solution with zero probability of
error, that is, there are no biased functions.

Suppose now that in our simulation, balanced functions are chosen uni-
formly at random, then the error probability is considered independent
and identically distributed over all ωi. There is a total of(

2n

2n−1

)
(4.33)

balanced functions, and of these there are

(
2n − (n+ 1)

2n−1

)
(4.34)

functions which apply no permutations to ωi. For each of these func-
tions, the compliment of the oracle construction, or Boolean inverse of
the function, will certainly perform all n+1 permutations. The average
error probability therefore becomes

〈ε(n)〉 = 2
(

2n

2n−1

)/(
2n − (n+ 1)

2n−1

)
≤ 2−n. (4.35)

The quantum solution is described in a ideal quantum computational
model which is free from noise and imperfections. Gates are funda-
mentally continuous operations in the sense that they are rotations of
the qubits by some continuous parameters. Even if there is a way of
producing a noiseless environment isolated from the surroundings, any
physical realization of these gates will be susceptible to inaccuracies.
Aharonov, Kitaev, and Nisan (1998) showed that inaccuracies accumu-
late additively from a consecutive set of g quantum gates. Therefore,
the amount of inaccuracy accepted in a quantum gate will be limited
to grow as O(1/g) to obtain a quantum circuit with a bounded error
of probability, and it was shown by Shor (1996) that this bound can
be lowered to O(1/ logc(g)) where c is a constant, via a fault-tolerant
construction of the gates. The important thing to notice is that any
actual evaluation of the Deutsch-Jozsa algorithm will not proceed with
an error probability of zero.
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Chapter 5

Conclusion

We have described a method to efficiently simulate the Deutsch-Jozsa
quantum algorithm on a classical computer. This is done within a
slight extension of Spekkens’ epistemic toy model, that still upholds
what Spekkens calls the knowledge balance principle. In this model
quantum states are simulated by epistemic states of incomplete knowl-
edge, and the model’s initial intention was to argue that quantum states
are epistemic rather than ontic. Our results do not contribute to this
debate since we argue that the Deutsch-Jozsa algorithm is not a repre-
sentative of quantum mechanics, it is made available by this counter-
intuitive epistemic approach. Also, we do not know how our alteration
of STM affects the other quantum phenomena that STM successfully,
or unsuccessfully, reproduce. It could be that the ESTM is less simi-
lar to quantum mechanics than STM. Pusey (2012) showed that states,
measurements and transformations in STM appear to be equal to those
of the stabilizer formalism utilized to prove the Gottesman-Knill theo-
rem (Gottesman 1998). The Deutsch-Jozsa algorithm, however, utilizes
states that cannot be generated by the Clifford group generators alone,
indicating that there is a larger set of states that can be efficiently sim-
ulated. We do, however, recognize that the set of states in ESTM does
not exactly simulate the states utilized by the algorithm, but they do
simulate them to a sufficiently good approximation. With that said,
it could be that other operations are not good approximations to the
quantum mechanical ones. The most obvious difference is that we sim-
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ulate a discrete state space, compared with the continuous state space
utilized by universal quantum computing. This also exposes the fact
that our simulation of the Toffoli gates differs from the quantum Toffoli
gate. Adding the Toffoli gate to the set of Clifford group generators en-
ables universal quantum computation; adding the Toffoli permutation
to STM does not.

The problem solved by the Deutsch-Jozsa algorithm has none or few
applications, other than serving as an argument to why quantum com-
putation offers an advantage over classical computation. More specifi-
cally, an exponential speed-up O(2n). We can conclude that this is not
the case. To make a justified comparison we distinguish between the
different solutions depending on whether balanced functions are chosen
randomly or not. In our simulation of the Deutsch-Jozsa algorithm
functions are subjected with different error probabilities. This is not
made obvious by the oracle model of computation, but a circuit real-
ization of the oracle by a universal set of quantum gates (here chosen
to be the Toffoli gate in addition with the Clifford group generators)
will produce this phenomenon. For instance, the worst case scenario
in the deterministic classical solution; where the ones and zeros are
divided into the first and second half of the list. In this case the quan-
tum oracle can always be realized by a single control-NOT from the
most significant qubit in the register to the oracle workspace, but not
all functions can be realized by a single gate out of this set. Since all
gates are accompanied by an inaccuracy, functions that require a higher
number of gates will result in a higher probability of error. In this way,
comparing the classical deterministic solution, the simulation and the
quantum solution, when applying the quantum solution one gains at
most a speed-up of O(

√
n), and not an exponential speed-up. This is

still a bit like comparing apples and oranges, since the simulation and
quantum solution compute with an error probability, while the classical
deterministic does not. Also, the efficiency of the simulation is actually
depending on the chosen error ε0, while for the quantum solution the
error depends on the accuracy with which the gates are constructed.
Lastly, there are functions in the simulation (for all n) for which the
error is zero, in the quantum solution all functions will produce an error
probability.

Perhaps the most fair comparison is when the balanced function is cho-
sen at random. Then the classical stochastic algorithm computes with



Chapter 5. Conclusion 71

Table 5.1: Average error probability. n is the number of qubits in the
register being simulated, 〈ε(n)〉 is the theoretical error probability, and
〈ε(n)〉num is the numerical calculation of the error probability.

n 1 2 3 4 5 6 · · · 10

〈ε(n)〉 0 0 1
35

1
39

143
8091

39
3599 ≈ 1, 1% · · · ≈ 0, 09%

〈ε(n)〉num 0 0 1
35

1
39

143
8091 – · · · –

a bounded error of probability making a constant number of queries to
the oracle, while the quantum solution solves this with only one query.
To be able to compare the simulation in this setting, one averages the
error probability over all possible balanced functions. For n = 3 there
are 62 functions that computes with zero error, and eight which are
followed by an error of 1/4, this gives an average error of 1/35. One
can alter the code snippet of Appendix B to store the number of va-
cancies for each function; this will yield an average error probability
〈ε(n)〉num according to Table 5.1, which confirms the theoretical value
given in the preceding chapter. This shows that the error probability
decreases exponentially with the number of elementary systems in the
register, which results in the simulation gaining a bounded error proba-
bility already after the first iteration. In this case the simulation would
only need one oracle query O(1) which makes it comparable with the
quantum solution.

It would be interesting to see further investigation into the properties
and origin of the artefact in the n-Toffoli permutation; the distinction
between the quantum states produced by n-Toffoli gates and the corre-
sponding simulated epistemic states produced by the n-Toffoli permu-
tation. In the observation at the end of section 4.5, we see that one of
these differences appears to be a dissimilarity between the input-output
states fidelities.

The problem is obviously classified to lie within BPP, and if we are al-
lowed to abuse the notion of complexity theory a bit; assigning solutions
to the different complexity classes, then the Deutsch-Jozsa algorithm
theoretically assigns to EQP, while any realization of the algorithm lies
within BQP. Both the classical stochastic solution and our simulation
of the Deutsch-Jozsa algorithm lies in BPP. This expresses what is
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stated above, but with the words of complexity theory, the problem
does not offer a separation between BQP and BPP. The Deutsch-
Jozsa algorithm is in some sense similar to another quantum algorithm
purposed by Simon (1994). Simon’s algorithm solves a problem which
has no known solution contained in the class BPP, and the algorithm
itself is in BQP. Therefore, this problem provides a relative separation
between these complexity classes; indicating a speed-up in the quan-
tum model of computation. It would be interesting to see if one with a
similar approach as the one utilized in this report could challenge this.

Local hidden variable models like Spekkens’ are usually considered weak
since they do not fully explain quantum mechanics, however, this may
be viewed as their strength. Employed as tools, they can help discern
what properties of quantum mechanics that actually extends the clas-
sical model of computation into the quantum mechanical, and how (or
if) the quantum model offers an advantage over the classical model.
Such knowledge would be helpful in the tremendous effort that is made
to realize a quantum computer.
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Appendix A

Validity of the Toffoli
Permutation

Following is a Python code snippet that aimed to check the validity of
the Toffoli permutation within STM:

1 import itertools
2

3 #The six epistemic states of a single elementary system
4 lst1 = list(itertools.combinations([1,2,3,4], 2))
5

6

7 #Produce a list with all product states of three elementary systems
8 lst3 = []
9

10 for i in range(6):
11 for ii in range(6):
12 for iii in range(6):
13 b= list(itertools.product(lst1[i],lst1[ii],lst1[iii]))
14 lst3.append(b)
15

16 #Gates
17 def CN12(l):
18 ls=[]
19 for i in range(len(l)):
20 if l[i] == (4,1,l[i][2]):
21 ls.append((4,3,l[i][2]))
22 elif l[i] == (4,3,l[i][2]):
23 ls.append((4,1,l[i][2]))
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24 elif l[i] == (3,1,l[i][2]):
25 ls.append((3,3,l[i][2]))
26 elif l[i] == (3,3,l[i][2]):
27 ls.append((3,1,l[i][2]))
28 elif l[i] == (4,2,l[i][2]):
29 ls.append((3,4,l[i][2]))
30 elif l[i] == (3,4,l[i][2]):
31 ls.append((4,2,l[i][2]))
32 elif l[i] == (3,2,l[i][2]):
33 ls.append((4,4,l[i][2]))
34 elif l[i] == (4,4,l[i][2]):
35 ls.append((3,2,l[i][2]))
36 elif l[i] == (2,2,l[i][2]):
37 ls.append((1,2,l[i][2]))
38 elif l[i] == (1,2,l[i][2]):
39 ls.append((2,2,l[i][2]))
40 elif l[i] == (2,4,l[i][2]):
41 ls.append((1,4,l[i][2]))
42 elif l[i] == (1,4,l[i][2]):
43 ls.append((2,4,l[i][2]))
44 else:
45 ls.append(l[i])
46 return ls
47

48 def CN13(l):
49 ls=[]
50 for i in range(len(l)):
51 if l[i] == (4,l[i][1],1):
52 ls.append((4,l[i][1],3))
53 elif l[i] == (4,l[i][1],3):
54 ls.append((4,l[i][1],1))
55 elif l[i] == (3,l[i][1],1):
56 ls.append((3,l[i][1],3))
57 elif l[i] == (3,l[i][1],3):
58 ls.append((3,l[i][1],1))
59 elif l[i] == (4,l[i][1],2):
60 ls.append((3,l[i][1],4))
61 elif l[i] == (3,l[i][1],4):
62 ls.append((4,l[i][1],2))
63 elif l[i] == (3,l[i][1],2):
64 ls.append((4,l[i][1],4))
65 elif l[i] == (4,l[i][1],4):
66 ls.append((3,l[i][1],2))
67 elif l[i] == (2,l[i][1],2):
68 ls.append((1,l[i][1],2))
69 elif l[i] == (1,l[i][1],2):
70 ls.append((2,l[i][1],2))
71 elif l[i] == (2,l[i][1],4):
72 ls.append((1,l[i][1],4))



Appendix A. Validity of the Toffoli Permutation 77

73 elif l[i] == (1,l[i][1],4):
74 ls.append((2,l[i][1],4))
75 else:
76 ls.append(l[i])
77 return ls
78

79 def CN23(l):
80 ls=[]
81 for i in range(len(l)):
82 if l[i] == (l[i][0],4,1):
83 ls.append((l[i][0],4,3))
84 elif l[i] == (l[i][0],4,3):
85 ls.append((l[i][0],4,1))
86 elif l[i] == (l[i][0],3,1):
87 ls.append((l[i][0],3,3))
88 elif l[i] == (l[i][0],3,3):
89 ls.append((l[i][0],3,1))
90 elif l[i] == (l[i][0],4,2):
91 ls.append((l[i][0],3,4))
92 elif l[i] == (l[i][0],3,4):
93 ls.append((l[i][0],4,2))
94 elif l[i] == (l[i][0],3,2):
95 ls.append((l[i][0],4,4))
96 elif l[i] == (l[i][0],4,4):
97 ls.append((l[i][0],3,2))
98 elif l[i] == (l[i][0],2,2):
99 ls.append((l[i][0],1,2))

100 elif l[i] == (l[i][0],1,2):
101 ls.append((l[i][0],2,2))
102 elif l[i] == (l[i][0],2,4):
103 ls.append((l[i][0],1,4))
104 elif l[i] == (l[i][0],1,4):
105 ls.append((l[i][0],2,4))
106 else:
107 ls.append(l[i])
108 return ls
109

110 def T(l):
111 ls=[]
112 for i in range(len(l)):
113 if l[i] == (4,4,1): #Rule 1
114 ls.append((4,4,3))
115 elif l[i] == (4,4,3):
116 ls.append((4,4,1))
117 elif l[i] == (4,3,1):
118 ls.append((4,3,3))
119 elif l[i] == (4,3,3):
120 ls.append((4,3,1))
121 elif l[i] == (3,4,1):
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122 ls.append((3,4,3))
123 elif l[i] == (3,4,3):
124 ls.append((3,4,1))
125 elif l[i] == (3,3,1):
126 ls.append((3,3,3))
127 elif l[i] == (3,3,3):
128 ls.append((3,3,1))
129 elif l[i] == (4,4,2): #Rule 2
130 ls.append((3,3,4))
131 elif l[i] == (3,3,4):
132 ls.append((4,4,2))
133 elif l[i] == (4,3,2):
134 ls.append((3,4,4))
135 elif l[i] == (3,4,4):
136 ls.append((4,3,2))
137 elif l[i] == (3,4,2):
138 ls.append((4,3,4))
139 elif l[i] == (4,3,4):
140 ls.append((3,4,2))
141 elif l[i] == (3,3,2):
142 ls.append((4,4,4))
143 elif l[i] == (4,4,4):
144 ls.append((3,3,2))
145 elif l[i] == (4,2,2): #Rule 3
146 ls.append((4,1,2))
147 elif l[i] == (4,1,2):
148 ls.append((4,2,2))
149 elif l[i] == (3,2,2):
150 ls.append((3,1,2))
151 elif l[i] == (3,1,2):
152 ls.append((3,2,2))
153 elif l[i] == (2,4,2):
154 ls.append((1,4,2))
155 elif l[i] == (1,4,2):
156 ls.append((2,4,2))
157 elif l[i] == (2,3,2):
158 ls.append((1,3,2))
159 elif l[i] == (1,3,2):
160 ls.append((2,3,2))
161 elif l[i] == (4,2,4):
162 ls.append((4,1,4))
163 elif l[i] == (4,1,4):
164 ls.append((4,2,4))
165 elif l[i] == (3,2,4):
166 ls.append((3,1,4))
167 elif l[i] == (3,1,4):
168 ls.append((3,2,4))
169 elif l[i] == (2,4,4):
170 ls.append((1,4,4))
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171 elif l[i] == (1,4,4):
172 ls.append((2,4,4))
173 elif l[i] == (2,3,4):
174 ls.append((1,3,4))
175 elif l[i] == (1,3,4):
176 ls.append((2,3,4))
177 else:
178 ls.append(l[i])
179 return ls
180

181 def H1(l):
182 ls=[]
183 for i in range(len(l)):
184 if l[i] == (3,l[i][1],l[i][2]):
185 ls.append((2,l[i][1],l[i][2]))
186 elif l[i] == (2,l[i][1],l[i][2]):
187 ls.append((3,l[i][1],l[i][2]))
188 else:
189 ls.append(l[i])
190 return ls
191

192 def H2(l):
193 ls=[]
194 for i in range(len(l)):
195 if l[i] == (l[i][0],3,l[i][2]):
196 ls.append((l[i][0],2,l[i][2]))
197 elif l[i] == (l[i][0],2,l[i][2]):
198 ls.append((l[i][0],3,l[i][2]))
199 else:
200 ls.append(l[i])
201 return ls
202

203 def P1(l):
204 ls=[]
205 for i in range(len(l)):
206 if l[i] == (1,l[i][1],l[i][2]):
207 ls.append((4,l[i][1],l[i][2]))
208 elif l[i] == (4,l[i][1],l[i][2]):
209 ls.append((2,l[i][1],l[i][2]))
210 elif l[i] == (2,l[i][1],l[i][2]):
211 ls.append((3,l[i][1],l[i][2]))
212 elif l[i] == (3,l[i][1],l[i][2]):
213 ls.append((1,l[i][1],l[i][2]))
214 else:
215 ls.append(l[i])
216 return ls
217

218 def P3(l):
219 ls=[]
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220 for i in range(len(l)):
221 if l[i] == (l[i][0],l[i][1],1):
222 ls.append((l[i][0],l[i][1],4))
223 elif l[i] == (l[i][0],l[i][1],4):
224 ls.append((l[i][0],l[i][1],2))
225 elif l[i] == (l[i][0],l[i][1],2):
226 ls.append((l[i][0],l[i][1],3))
227 elif l[i] == (l[i][0],l[i][1],3):
228 ls.append((l[i][0],l[i][1],1))
229 else:
230 ls.append(l[i])
231 return ls
232

233 #Validity test of an epistemic state
234 def valid(l):
235 a = len({l[i][0] for i in range(len(l))})
236 b = len({l[i][1] for i in range(len(l))})
237 c = len({l[i][2] for i in range(len(l))})
238 if (a % 2 == 0) and (b % 2 == 0) and (c % 2 == 0):
239 tot = a+b+c
240 else:
241 tot=0
242 # tot = 6 for uncorrelated systems
243 # tot = 10 for correlated pairs
244 # tot = 12 for correlated triplets
245 ret = (tot == 6 or tot == 12 or tot == 10)
246 return ret
247

248 #Generating states from H,P and CN
249 for i in range(len(lst3)):
250 lst3.append(CN13(lst3[i]))
251

252 for i in range(len(lst3)):
253 lst3.append(CN23(lst3[i]))
254

255 for i in range(len(lst3)):
256 lst3.append(H1(H2(CN12(H1(H2(lst3[i]))))))
257

258 for i in range(len(lst3)):
259 lst3.append(P1(lst3[i]))
260

261 for i in range(len(lst3)):
262 lst3.append(P3(lst3[i]))
263

264 # Sort
265 for i in range(len(lst3)):
266 lst3[i].sort()
267

268 lst4=[]
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269

270 #Filtering out duplicates
271 for i in range(len(lst3)):
272 counter=0
273 for ii in range(len(lst3)-i):
274 if lst3[i]==lst3[ii+i]:
275 counter += 1
276 if counter == 1:
277 lst4.append(lst3[i])
278

279 #Check that the states in lst4 are valid
280 counter = 0
281 for i in range(len(lst4)):
282 if not valid(lst4[i]):
283 counter += 1
284

285 if counter == 0:
286 print ’\n’’There are’, len(lst4), ’valid and unique epistemic states’
287 print ’generated by the permutations H, P and CN’
288

289

290 for i in range(len(lst4)):
291 lst4.append(T(lst4[i]))
292

293

294 # Sort
295 for i in range(len(lst4)):
296 lst4[i].sort()
297

298 lst5=[]
299

300 #Filtering out duplicates
301 for i in range(len(lst3)):
302 counter=0
303 for ii in range(len(lst4)-i):
304 if lst4[i]==lst4[ii+i]:
305 counter += 1
306 if counter == 1:
307 lst5.append(lst4[i])
308

309 #Check that the states in lst5 are valid
310 counter = 0
311 for i in range(len(lst5)):
312 if not valid(lst5[i]):
313 counter += 1
314

315 if counter == 0:
316 print ’\n’’There are’, len(lst5), ’valid and unique epistemic states’
317 print ’generated by the permutations H, P, CN and T’
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Appendix B

Maximum Number of
Stationary States

Following is a code snippet provided by Jan-Åke Larsson that calculates
the maximum number of stationary ontic states in the n-bit vacancy
diagram.

1 import sys
2 import itertools
3

4 def pattern(n):
5 if n==0:
6 return ["X"]
7 p=pattern(n-1)
8 retval=[]
9 retval2=[]

10 for k in range(2**(n-1)):
11 retval.append(p[k]+" "*k+"0"+" "*(2**(n-1)-k-1))
12 retval2.append(" "*k+"0"+" "*(2**(n-1)-k-1)+p[k])
13 return retval+retval2
14

15 nn=1e100
16

17 gcache={}
18 def g(n,k):
19 ’’’g_n(k) is th maximum stationary states fro vacancies in the diagram’’’
20 # Variant 2: spar lite kraft
21 try:
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22 return gcache[(n,k)]
23 except:
24 if n==0:
25 if n>=nn: print "g_0(%d)=%d"%(k,1-k)
26 return 1-k
27 m=0
28 if n>=nn: print " g_%d(%d)"%(n,k)
29 # k1 is the number of toffolis on the lower half. Count from k/2 to
30 # min(k,2**(n-1)). Note that g() decreases, do not recalculate when it has
31 # reached 0. g(n-1,k2) increases and will pass 2**(n-1)-k2, do not
32 # recalculate g(n-1,k2) after this.
33 kk=2**(n-1)
34 v1=kk
35 v2=0
36 for k1 in range(k/2,min(k,kk)+1):
37 k2=k-k1
38 if v1>0: v1=g(n-1,k1)
39 if v2<kk-(k2-1): v2=g(n-1,k2)
40 v=min(v1,kk-k2)+min(v2,kk-k1)
41 if n>=nn: print " min(%d,%d)+min(%d,%d)=%d"%(v1,kk-k2,v2,kk-k1,v)
42 if m<v: m=v
43 if n>=nn: print "g_%d(%d)=%d"%(n,k,m)
44 gcache[(n,k)]=m
45 return m
46

47 def h(n,k):
48 ’’’h_n(k) is the maximum number of states undergoing all n+1 permutations’’’
49 return g(n,2**n-k)
50

51

52

53 def f(n,k): # f is the maximum number of stationary ontic states
54 p=pattern(n)
55 maxv=0
56 for oraclei,oracle in enumerate(itertools.combinations(range(2**n),k)):
57 vacancies=0
58 for vector in range(2**n):
59 vvacancy=0
60 for toffoli in oracle:
61 if p[toffoli][vector]=="0":
62 vvacancy+=1
63 elif p[toffoli][vector]=="X":
64 vvacancy-=n
65 if vvacancy==0:
66 vacancies+=1
67 if vacancies>=maxv:
68 maxv=vacancies
69 return maxv
70
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71 print
72 for n in range(6):
73 for k in pattern(n):
74 print k
75 print "n","k","g(n,k)","h(n,k)","f(n,k)"
76 for k in range(2**n+1):
77 ff=f(n,k)
78 print n,k,g(n,k),h(n,k),f(n,k),ff
79 sys.stdout.flush()
80 print
81

82 print "n","k","g(n,k)","h(n,k)","f(n,k)"
83 for n in range(1,100):
84 k=2**(n-1)
85 gg=g(n,k)
86 print n,k,gg,gg,2*gg,2.0*gg/2**n
87 sys.stdout.flush()

Which produces the following output

>>> >>> >>> >>>
X
n k g(n,k) h(n,k) f(n,k)
0 0 1 0 1
0 1 0 1 1

X0
0X
n k g(n,k) h(n,k) f(n,k)
1 0 2 0 2
1 1 0 0 0
1 2 0 2 2

X00
0X 0
0 X0
00X

n k g(n,k) h(n,k) f(n,k)
2 0 4 0 4
2 1 1 0 1
2 2 0 0 0
2 3 0 1 1
2 4 0 4 4
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X00 0
0X 0 0
0 X0 0
00X 0

0 X00
0 0X 0
0 0 X0
0 00X

n k g(n,k) h(n,k) f(n,k)
3 0 8 0 8
3 1 4 0 4
3 2 2 0 2
3 3 1 0 1
3 4 1 1 2
3 5 0 1 1
3 6 0 2 2
3 7 0 4 4
3 8 0 8 8

X00 0 0
0X 0 0 0
0 X0 0 0
00X 0 0

0 X00 0
0 0X 0 0
0 0 X0 0
0 00X 0

0 X00 0
0 0X 0 0
0 0 X0 0
0 00X 0
0 0 X00
0 0 0X 0
0 0 0 X0
0 0 00X

n k g(n,k) h(n,k) f(n,k)
4 0 16 0 16
4 1 11 0 11
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4 2 8 0 8
4 3 6 0 6
4 4 5 0 5
4 5 5 1 6
4 6 3 1 4
4 7 2 1 3
4 8 2 2 4
4 9 1 2 3
4 10 1 3 4
4 11 1 5 6
4 12 0 5 5
4 13 0 6 6
4 14 0 8 8
4 15 0 11 11
4 16 0 16 16

X00 0 0 0
0X 0 0 0 0
0 X0 0 0 0
00X 0 0 0

0 X00 0 0
0 0X 0 0 0
0 0 X0 0 0
0 00X 0 0

0 X00 0 0
0 0X 0 0 0
0 0 X0 0 0
0 00X 0 0
0 0 X00 0
0 0 0X 0 0
0 0 0 X0 0
0 0 00X 0

0 X00 0 0
0 0X 0 0 0
0 0 X0 0 0
0 00X 0 0
0 0 X00 0
0 0 0X 0 0
0 0 0 X0 0
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0 0 00X 0
0 0 X00 0
0 0 0X 0 0
0 0 0 X0 0
0 0 00X 0
0 0 0 X00
0 0 0 0X 0
0 0 0 0 X0
0 0 0 00X

n k g(n,k) h(n,k) f(n,k)
5 0 32 0 32
5 1 26 0 26
5 2 22 0 22
5 3 19 0 19
5 4 17 0 17
5 5 16 0 16
5 6 16 1 17
5 7 13 1 14
5 8 11 1 12
5 9 10 1 11
5 10 10 2 12
5 11 8 2 10
5 12 7 2 9
5 13 7 3 10
5 14 6 3 9
5 15 6 4 10
5 16 6 6 12
5 17 4 6 10
5 18 3 6 9
5 19 3 7 10
5 20 2 7 9
5 21 2 8 10
5 22 2 10 12
5 23 1 10 11
5 24 1 11 12
5 25 1 13 14
5 26 1 16 17
5 27 0 16 16
5 28 0 17 17



Appendix B. Maximum Number of Stationary States 89

5 29 0 19 19
5 30 0 22 22
5 31 0 26 26
5 32 0 32 32

n k g(n,k) h(n,k) f(n,k)
1 1 0 0 0 0.0
2 2 0 0 0 0.0
3 4 1 1 2 0.25
4 8 2 2 4 0.25
5 16 6 6 12 0.375
6 32 12 12 24 0.375
7 64 29 29 58 0.453125
8 128 58 58 116 0.453125
9 256 130 130 260 0.5078125
10 512 260 260 520 0.5078125
11 1024 562 562 1124 0.548828125
12 2048 1124 1124 2248 0.548828125
13 4096 2380 2380 4760 0.5810546875
14 8192 4760 4760 9520 0.5810546875
15 16384 9949 9949 19898 0.607238769531
16 32768 19898 19898 39796 0.607238769531
17 65536 41226 41226 82452 0.629058837891
18 131072 82452 82452 164904 0.629058837891
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ut enstaka kopior för enskilt bruk och att använda det oförändrat
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