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Abstract—In this paper, we analyze the packet transmission
time in a cognitive cooperative radio network (CCRN) where
a secondary transmitter (SU-Tx) sends packets to a secondary
receiver (SU-Rx) with the help of a secondary relay (SR). In
particular, we assume that the SU-Tx and the SR are subject to the
joint constraint of the timeout probability of the primary user (PU)
and the peak transmit power of the secondary users (SUs). On this
basis, we investigate the impact of the transmit power of the PUs
and channel mean power on the packet transmission time of the
CCRN. Utilizing the concept of timeout, adaptive transmit powerallocation policies for the SU-Tx and SR are considered. More
importantly, analytical expressions for the end-to-end throughput,
end-to-end packet transmission time, and stable condition for the
SR operation are obtained. Our results indicate that the second
hop of the considered CCRN is not a bottleneck if the channel
mean power of the interference links of the networks is small and
if the SR peak transmit power is set to a high value.
Index Terms—Cognitive relay networks, device-to-device communications, packet transmission time, power control, spectrum
sharing, stable condition, throughput.

I. I NTRODUCTION

R

ECENTLY, cognitive radio networks (CRNs) have been
considered a promising technology to deal with the underutilization of spectrum resources in wireless communications
[1]. The key idea behind CRNs is to let the secondary user
(SU) exploit the licensed frequency bands, which are readily
assigned to the primary users (PUs), without degrading the
performance of the PUs. Specifically, three main spectrum
access methods have been proposed, i.e., overlay, interweave,
and underlay [2]. In the overlay paradigm, the SU can simultaneously access a licensed frequency band with the PUs
by using a sophisticated coding technique (e.g., dirty paper
coding) to cancel the interference to the PU. In the interweave
system, the SU needs to detect the temporarily unused spectrum
before accessing the free spectrum and must vacate it when it
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is reoccupied by the PU. On the other hand, in the underlay
system, the SU is allowed to simultaneously access the licensed
frequency band of the PU, as long as the interference caused
by the SU to the primary receiver (PU-Rx) is below a given
threshold. Hence, the secondary transmitter (SU-Tx) transmit
power is often kept at a low level, and a direct communication
between the SU-Tx and the secondary receiver (SU-Rx) can
be only maintained for a short range. In particular, in [3],
subject to different constraints, e.g., peak interference power
and an outage probability constraint of the PU-Rx, and peak
transmit power of the SU-Tx, the performance for various
spectrum sharing systems has been analyzed. In [4], given
the peak interference power constraint, the delay performance
for point-to-point and point-to-multipoint communications has
been investigated by utilizing an M/G/1 queuing model.
To overcome such coverage limitations in underlay CRNs,
the concept of cognitive cooperative radio network (CCRN) has
been introduced as a promising solution [5]–[21]. It has been
shown that the coverage range and link reliability of CRNs
can be increased significantly through the help of secondary
relays (SRs). More specifically, in [5], Simeone et al. have
focused on the cooperation between the SU and PU, where the
SU-Tx operates as a relay to support the transmission of the
primary network. Given this setting, a power-allocation strategy
has been derived for the SU-Tx, and the stable throughput for
the secondary network has been analyzed. In [6], Sadek et al.
have proposed two protocols for cognitive multiple access by
cooperation, for which the maximal throughput region and
delay performance have been analyzed. In [17], Lee et al. have
investigated the diversity order of a CCRN with decode-andforward (DF) relaying and studied the impact of the distances
between the terminals on outage performance. In [19] and
[22], the asymptotic outage behavior and the effect of interference from the PU on the outage performance of CCRNs
with amplify-and-forward (AF) and DF relaying have been
examined. In [15] and [18], the outage performance of a CCRN
with a single DF relay over Nakagami-m fading channels has
been considered. It has been shown that the outage probability depends on both the fading severity parameters and the
number of active PUs that are present near the SU. In the
aforementioned works and the references therein, the authors
have investigated CCRN scenarios in which the relay operates
in half-duplex mode, i.e., the relay cannot receive and transmit
packets at the same time. Most recently, in [23], the optimal
power allocation and outage performance for a CCRN with
full-duplex relaying have been investigated. Potential system
deployments that combine cognitive radio and cooperative
communications can be found, e.g., in [24]. As for surveys
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on recent advances in demonstrators and trails in commercial
systems of CR concepts, respectively, see [25] and [26].
Motivated by all of the above, in this paper, we study the
performance of a CCRN with the SR operating in full-duplex
mode. More specifically, we consider the case that the SR
receives packets from the SU-Tx, decodes, and then forwards
them to the SU-Rx over orthogonal channels. To assure the
desired performance of the PU, the SU-Tx and SR must control their transmit power to meet both the timeout probability
constraint of the PUs and the peak transmit power constraint
of the SUs. Given these settings, the performance analysis for
the considered system is developed. Main contributions in this
paper are summarized as follows.
• Adaptive transmit power control policies for the SU-Tx
and SR are proposed.
• Using the timeout concept, the cumulative distribution
function (cdf) and probability density function (pdf) for
the packet transmission time and timeout probability are
derived for the secondary network.
• By employing the GI/G/1 (general independent interarrival
time, general service time, and a single server) queueing
model, analytical expressions for the end-to-end throughput, end-to-end packet transmission time, and stable condition for the SR operation are derived.
• Our results show that if the peak transmit power of the SR
is set to a high value and the channel mean power of the
interference links between the secondary and primary networks is low, then the SR→SU-Rx link is not a bottleneck.
The remainder of this paper is organized as follows. In
Section II, the system model and assumptions for the CCRN
are introduced. In Section III, adaptive transmit power policies
for the SU-Tx and SR under the joint peak transmit power
constraint of the SU and the timeout probability constraint of
the PU are analyzed. Accordingly, expressions for the pdf and
cdf of packet transmission time, timeout probability, end-to-end
transmission time, end-to-end throughput, and stable condition
for the SR operation are derived. In Section IV, numerical
results and discussions are provided. Finally, conclusions are
presented in Section V.
Notation: The cdf and pdf of a random variable (RV) Y
are denoted by FY (·) and fY (·), respectively. The terms Pr{·}
and Pr{·|·} denote the probability and conditional probability,
respectively. E[·] and Var[·] stand for expectation and variance,
respectively. X (a, b) denotes a variable that belongs to the ath
network and the bth hop where a ∈ {s, p} and b ∈ {1, 2}.
Acronyms s and p represent the secondary and primary networks, respectively.
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Fig. 1. System model of a CCRN, where the SR receives a packet from the
SU-Tx in the first hop, decodes, and forwards it to the SU-Rx in the second
hop. The SU-tx→SR link utilizes the licensed frequency band of the PUs in
Region I, whereas the SR→SU-Rx link exploits the licensed frequency band of
the PUs in Region II.

second hop, the communication over the SR→SU-Rx link uses
the licensed frequency band of the PUs in Region II. Frequencies in the regions are assumed orthogonal, and the direct
communication between SU-Tx and SU-Rx is not available
due to shadowing. Accordingly, the SUs and PUs may cause
mutual interference in the same region, but they do not cause
interference to users in the other region.
It should be mentioned that the considered scenario is applicable in practice where the SR may act as a base station,
whereas the SU-Tx→SR and SR→SU-Rx links are the uplink
and downlink, respectively. Furthermore, this type of system
model is an example of a device-to-device communication
system, where the primary transmitter (PU-Tx)→PU-Rx link is
considered uplink or downlink in a cellular network and the SUTx, SR, and SU-Rx are devices that operate in underlay mode
[27]–[29]. We also recall that potential system deployments
combining CR and cooperative communications can be found,
for example, in [24] and the references therein. Finally, we
would like to draw the attention to femtocell deployments
where the concept of cooperation and interference avoidance
inherent with CCRNs may be applied. A benefit of a femtocell
deployment is that service providers can extend service coverage indoors or at the cell edge where access would be limited
or unavailable otherwise. Most importantly, a femtocell-based
deployment can work with existing mobiles but only requires
installation of a new transceiver device or an access point that
uses licensed spectrum [30]–[32].
B. Channel Model

II. S YSTEM M ODEL OF THE C ONSIDERED C OGNITIVE
C OOPERATIVE R ADIO N ETWORK
A. System Model
Let us consider a dual-hop CCRN, as shown in Fig. 1, in
which the SU-Tx has a stream of packets to transmit to the SURx through the help of a full-duplex DF relay. In particular,
in the first hop, the communication over the SU-Tx→SR link
utilizes the licensed spectrum of the PUs in Region I. In the

As for the radio links between different users, we assume
independent but not necessarily identically distributed (i.n.i.d.)
Rayleigh block fading channels. Therefore, the channels are
considered constant during the transmission time of one packet
but they may change independently to different values thereafter. The channel power gains of the SU-Tx→SR, SR→
SU-Rx, PU-Tx1 → PU-Rx1 , and PU-Tx2 → PU-Rx2 communication links are denoted by g0 , h0 , α0 , and β0 , respectively.
The channel power gains of the SU-Tx → PU-Rx1 , SR →
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PU-Rx2 , PU-Tx1 → SR, and PU-Tx2 → SU-Rx interference
links are denoted by g1 , h1 , α1 , and β1 , respectively. In addition, the channel mean power values of the exponentially
distributed RVs g0 , g1 , h0 , h1 , α0 , α1 , β0 , and β1 are expressed
by Ωg0 , Ωg1 , Ωh0 , Ωh1 , Ωα0 , Ωα1 , Ωβ0 , and Ωβ1 , respectively.
As the PUs have the highest priority to access their spectrum,
they can use an arbitrary power level for the communication
without caring about the existence of the SUs. On the other
hand, the existence of the SUs should not degrade the performance of the PUs. Hence, the SUs (i.e., SU-Tx and SR) should
utilize average channel gains (not instantaneous channel gains)
of the SU-Tx → PU-Rx1 and SR → PU-Rx2 links to control
their transmit power. This is due to the fact that a secondary
network does usually not collaborate with the primary network
and there is no dedicated feedback channel available from the
PUs to the SUs. Therefore, the instantaneous channel state
information (CSI) of the PUs may be not available at the SUs.
However, the SUs can estimate the average channel gains of
the PUs by utilizing parameters such as transmission distance,
transmit/receive antenna gain, etc., which are considered relatively stable parameters. Furthermore, the average channel gain
estimated at the SUs may also save feedback channel resources.
In addition, the SU-Tx and SR are assumed to have full CSI
of the SU-Tx→SR and SR→SU-Rx links, respectively. This is
reasonable as both SU-Tx and SR are in the same system and
should have a dedicated feedback channel [33].

C. Timeout Probability Constraint of the PU
Let the PU-Txm , m = 1, 2, transmit each packet of length
Lp bits to the corresponding PU-Rxm . Since the PUs share
their licensed spectrum with the SUs, they may be subject to
interference caused by the SUs. As such, the performance of
the PU is guaranteed if the probability of dropped packets due to
timeout is smaller than a predefined threshold. In the following,
we will formulate this setting mathematically in terms of a
timeout probability constraint.
For the PU-Tx1 → PU-Rx1 communication, PU-Tx1 uses
transmit power P(p, 1) to send a packet to the PU-Rx1 . The time
taken by the PU-Tx1 to transmit a packet to the PU-Rx1 can be
formulated as [34]
T (p, 1) =

B log2



B̃p
Lp
Δ
=


(p,
1)
1+γ
ln 1 + γ (p, 1)

(1)

where B̃p = Lp ln(2)/B, B is the system bandwidth, and
γ (p, 1) is the instantaneous signal-to-interference-plus-noise ratio (SINR) at PU-Rx1 , which is given by
γ (p, 1) =

P(p, 1) α0
1 + N0

P(s, 1) g

(2)

where P(s, 1) and N0 stand for the transmit power of the SU-Tx
and noise power, respectively.
A packet is considered being successfully transmitted if its
transmission time T (p, 1) , given in (1), is below a predefined
timeout threshold tpout . In other words, the probability of un-

successful packet reception for PU-Rx1 , known as timeout
(p, 1)
probability Pout , can be formulated as


(p, 1)
Pout = Pr T (p, 1) ≥ tpout
  
−1
P(p, 1) α0
= Pr B̃p ln 1 + (s, 1)
≥ tpout . (3)
P
g1 +N0
Accordingly, the performance of the PU-Tx1 → PU-Rx1 communication in the presence of the SU-Tx→SR communication
(p, 1)
is assured if and only if the timeout probability Pout , which
is given in (3), satisfies the following condition:
(p, 1)

Pout

(p, 1)

≤ θth

(4)

(p, 1)

is the timeout probability constraint for the
where θth
PU-Rx1 .
Similarly, the packet transmission time of the PU-Tx2 →
PU-Rx2 link is expressed as
T (p, 2) =

B̃p
L
Δ
 p
=


B log2 1 + γ (p, 2)
ln 1 + γ (p, 2)

(5)

where γ (p, 2) is the instantaneous SINR at the PU-Rx2 given by
γ (p, 2) =

P(p, 2) β0
P(s, 2) h1 + N0

(6)

where P(p, 2) and P(s, 2) are the transmit power of the PU-Tx2
and SR, respectively. Then, the timeout probability of the
PU-Rx2 in the presence of the SR→SU-Rx communication is
formulated as


(p, 2)
Pout = Pr T (p, 2) ≥ tpout
  
−1
P(p, 2) β0
= Pr B̃p ln 1+ (s, 2)
≥ tpout . (7)
P
h1 +N0
Moreover, the condition of not degrading the PU performance
is interpreted in terms of the timeout probability constraint as
(p, 2)

Pout
(p, 2)

where θth
PU-Rx2 .

(p, 2)

≤ θth

(8)

is the timeout probability constraint of the

D. CCRN Communication
In the first hop, the SU-Tx regulates its transmit power to
send a packet of length Ls bits to the SR. As the SR receives
the packet successfully, it is stored in the buffer at the SR. Then,
the SR feeds back a short ackowledgement (ACK) without
delay to the SU-Tx. Upon the reception of the ACK, the SU-Tx
transmits the next packet. The time consumed to send a packet
in the first hop is given by
T (s, 1) =

B̃s
L
Δ
 s
=


B log2 1 + γ (s, 1)
ln 1 + γ (s, 1)

(9)
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where B̃s = Ls ln(2)/B, and γ (s, 2) is the SINR at the SR
defined by
γ (s, 1) =

P(s, 1) g0
.
1 + N0

P(p, 1) α

(10)

It is noted that the SU-Tx must control its transmit power P(s, 1)
(p, 1)
to satisfy the timeout probability constraint θth of PU-Rx1
given in (4). In addition, the SU-Tx transmit power is limited in
practice; hence, it may be constrained by a peak transmit power
(s, 1)
Ppk as
(s, 1)

P(s, 1) ≤ Ppk .

(11)

In other words, to send a packet to the SR, the SU-Tx should
control its power to jointly meet the timeout probability constraint of the PU-Rx1 given in (4) and the peak transmit power
constraint of the SU-Tx given in (11).
In the second hop, the SR also adjusts its power to forward
the packets in its buffer to the SU-Rx, where packets are served
in first-come–first-serve order. It is noted that the buffer length
of commercial devices is often very large nowadays. This fact
can be adopted to assume that the length of the SR buffer is
infinite. Similar to the first hop, the time it takes to transmit a
packet in the second hop is expressed as
T (s, 2)

B̃s
L
Δ
 s
=


=
(s,
2)
B log2 1 + γ
ln 1 + γ (s, 2)

(12)

where γ (s, 2) is the SINR at the SU-Rx and is given by
γ (s, 2) =

P(s, 2) h0
.
P(p, 2) β1 + N0

(13)

The SR transmit power P(s, 2) is also restricted by the timeout
probability constraint of the PU-Rx2 given in (8) and peak
(s, 2)
transmit power Ppk as
P

(s, 2)

≤

(s, 2)
Ppk .

(14)

Without loss of generality, each packet in the secondary or primary network is considered successfully transmitted if and only
if the transmission time from the source to the intended receiver
is less than a given timeout threshold. As a consequence, the
event in which a packet is transmitted successfully is defined by


(a, b)
(15)
= T (a, b) T (a, b) < taout .
Tsuc
E. Queueing Model for the SR Buffer
We have assumed that all channels are constant for the duration of a packet transmission but may change independently
thereafter. As a consequence, interarrival time of packets at
the SR buffer is an identically and independently distributed
(i.i.d.) RV with a general distribution, and so are the packet
transmission times. Therefore, the traffic to the SR buffer can
be modeled as a GI/G/1 queueing system [34], [35].
Let the interarrival time of packets and transmission time per
packet be denoted by the RVs A and T , respectively. Although
an exact closed-form expression for the average waiting time of
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a packet in the buffer is not available, it can be approximated
as [35]


2
E[T ]
ρξ CT2 + CA
(16)
E[W ] ≈
2(1 − ρ)
where W is an RV denoting the waiting time of a packet in the
SR buffer, and
E[T ]
Var[X]
2
,
CX
=
,
E[A]
(E[X])2

⎧
2 2
⎪
⎨ exp −2(1−ρ)2(1−C2 A ) ,
3ρ(CT +CA )
ξ=


2
⎪
A −1
⎩ exp −(1 − ρ) C
,
C 2 +4C 2

ρ=

A

T

X ∈ {T, A} (17)
2
<1
CA
2
CA

(18)

≥ 1.

According to [36], the queueing system is stable if and only if
the average transmission time is less than the average interarrival time, i.e.,
ρ=

E[T ]
<1
E[A]

(19)

where ρ is the channel utilization.
III. P ERFORMANCE A NALYSIS
Here, performance analysis for the considered system model
is presented. We first consider adaptive transmit power policies
for the SU-Tx and SR. Specifically, the cdf, pdf, and moments
of the packet transmission time for the first and second hops are
derived. Finally, performance in terms of end-to-end throughput, end-to-end transmission time, and stable condition for the
SR operation are presented.
A. Adaptive Transmit Power Policies
Here, we derive the adaptive transmit power policies for the
SU-Tx and the SR. Let us commence by considering a lemma
as follows.
Lemma 1: Let a, b, c, and d be positive constants. Further, let
X1 and X2 be independent and exponentially distributed RVs
with mean Ω1 and Ω2 , respectively. Then, RV Z defined as
 
−1
aX1
(20)
Z = d ln 1 +
bX2 + c
has a cdf and a pdf, respectively, given by
aΩ1
bΩ2 [exp(d/z) − 1] + aΩ1



d
c
× exp −
exp
−1
aΩ1
z

abdΩ1 Ω2
fZ (z) =
2
z [bΩ2 exp(d/z) + aΩ1 − bΩ2 ]2

FZ (z) =

cd
+ 2
z [bΩ2 exp(d/z) + aΩ1 − bΩ2 ]


d
d
c
c
−
exp
× exp
.
+
z
aΩ1
z
aΩ1

(21)

(22)
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Proof: See Appendix A.

1) Adaptive Transmit Power Policy for the SU-Tx: The task
of the SU-Tx is to select a transmit power level such that it can
exploit the licensed spectrum of Region I as much as possible
but does not cause harmful interference to the PU-Rx1 . Given
the related constraints in (4) and (11), an adaptive transmit
power policy for the SU-Tx is derived as follows.
From (3), the timeout probability of a packet transmitted by
the PU-Tx1 can be rewritten as
  
−1
P(p,1) α0
(p,1)
< tpout . (23)
Pout = 1−Pr B̃p ln 1+ (s,1)
P
g1 +N0
Applying Lemma 1 to (23), a closed-form expression for the
(p, 1)
Pout can be obtained as

P(p,1) Ωα0
N0 Φp
(p,1)
exp − (p,1)
Pout = 1− (s,1)
(24)
P
Ωg1 Φp +P(p,1) Ωα0
P
Ωα0
where Φp is defined as



Φp = exp

B̃p
tpout


− 1.

(25)

Substituting (25) into (4), we obtain the maximum transmit
power of the SU-Tx after some manipulations as
P
where

(s, 1)



χ1 = max 0,

P(p, 1) Ωα0
=
χ1
Ωg1 Φp

1
1−

(p, 1)
θth


exp −

N0 Φp
P(p, 1) Ωα0

χ2 = max 0,

1
(p, 2)

1 − θth

where tsout is the timeout threshold for the secondary network.
Applying (21)–(32), we obtain a closed-form expression for the
(s, 1)
timeout probability Pout in the first hop as

P (s,1) Ωg0
N0 Φs
(s,1)
Pout = (p,1)
exp − (s,1)
(33)
(s,1)
P
Ωα1 Φs +P
Ωg0
P
Ωg0
where Φs is defined as



B̃s
tsout


− 1.

(34)

In addition, the pdf of T (s, 1) can be easily derived by using (22)
as in
− 1 . (27)

Using the same manipulations for the SU-Tx as earlier, an
adaptive transmit power policy for the SR can be obtained as
 (p, 2)

P
Ωβ0
(s, 2)
χ2 , Ppk
P (s, 2) = min
(30)
Ωh1 Φp

N0 Φp
exp − (p, 2)
P
Ωβ0

(32)

(26)

2) Adaptive Transmit Power for the SR: Similar to the
derivation for the first hop, the adaptive transmit power for the
SR in the second hop is derived as follows.
From (8), the timeout probability of a packet transmitted by
the PU-Tx2 is expressed as
  
−1
P(p,2) β0
(p,2)
Pout = 1−Pr B̃p ln 1+ (s,2)
< tpout . (29)
P
h1 +N0



1) Statistics for Packet Transmission Time in the First Hop:
Here, we derive the timeout probability, the pdf of packet
transmission time, and the first and second moments of packet
transmission time from the SU-Tx to the SR.
In the first hop, the SU-Tx transmits packets to the SR by
using the power-allocation policy given in (28). As such, the
(s, 1)
probability Pout that a packet is dropped due to timeout can
be expressed as


(s, 1)
Pout = Pr T (s, 1) ≥ tsout
  
−1
P (s, 1) g0
< tsout
= 1−Pr B̃s ln 1+ (p, 1)
P
α 1 + N0

Φs = exp

Combining (26) with (11), we can formulate an adaptive powerallocation policy for the SU-Tx as
 (p, 1)

P
Ωα0
(s, 1)
(s, 1)
= min
χ1 , Ppk
.
(28)
P
Ωg1 Φp

where

B. Performance Analysis for the First Hop

fT (s, 1) (x)
⎧
⎪
⎨
P (s, 1) P(p, 1) B̃s Ωg0 Ωα1
=

2
⎪
⎩x2 P(p, 1) Ωα exp(B̃s /x)+P (s, 1) Ωg −P(p, 1) Ωα
1
0
1

⎫
⎬

+ 
x2 P(p, 1) Ωα1 exp(B̃s /x)+P (s, 1) Ωg0 −P(p, 1) Ωα1 ⎭
 


B̃s
B̃s
N0
N0
−
+ (s, 1)
exp
(35)
× exp
x P (s, 1) Ωg0
x
P
Ωg0
N0 B̃s

and
fT (s, 1) (x)
suc
⎧
⎪
⎨
P (s, 1) P(p, 1) B̃s Ωg0 Ωα1
=

2
⎪
⎩x2 P(p, 1) Ωα exp(B̃s /x)+P (s, 1) Ωg −P(p, 1) Ωα
1
0
1
⎫
⎬
N0 B̃s

+ 
x2 P(p, 1) Ω exp(B̃ /x)+P (s, 1) Ω −P(p, 1) Ω ⎭
α1

×
− 1 . (31)

1
(s, 1)

1−Pout

s

g0

α1


 

B̃s
B̃s
N0
N0
−
+ (s, 1)
exp
exp
.
x P (s, 1) Ωg0
x
P
Ωg0
(36)
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(s,1)

Furthermore, the probability for the event Tsuc =
{T (s,1) |T (s,1) < tsout } that a packet from the SU-Tx to the SR
is transmitted successfully can be expressed by using Bayes’
rule as follows:
 Pr T (s,1) , T (s,1) < ts 

(s,1)
(s,1)
s
out

|T
< tout =
Pr T
Pr T (s,1) < tsout
=



Pr T (s,1) , T (s,1) < tsout
(s,1)

(37)

1−Pout
(s, 1)

(s, 1)

where Pout is given by (33). Hence, the cdf of Tsuc
formulated by using (37) as

can be

x

FT (s,1) (x) =
suc

1

fT (s,1) (t)dt,

(s,1)

1−Pout

0 ≤ x < tsout . (38)
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or dropped. In this case, the packet is retransmitted, and the
interarrival time of packets at the SR buffer can be expressed as


(s, 1)
+ N (s, 1) − 1 tsout
(43)
A = Tsuc
where N (s, 1) is a geometric RV that denotes the number of
transmissions between two successful packet arrivals in the SR
buffer. Its probability can be calculated as
 

−1 

(s,1)
(s,1)
Pr N (s,1) = = Pout
1−Pout ,
≥ 1. (44)
Additionally, we can derive the first and second moments of
N (s, 1) as in the following Lemma 3.
Lemma 3: The first and second moments of the number
of transmissions between two consecutive successful packet
arrivals in the SR buffer can be calculated, respectively, as
∞
 !



E N (s, 1) =
Pr N (s, 1) =

0

Differentiating (38) with respect to x, we obtain the pdf of
(s, 1)
Tsuc as
fT (s, 1) (x) =
suc

fT (s, 1) (x)
1−

(s, 1)
Pout

=1

=
,

0 ≤ x < tsout

(39)

E



(s,1)
Tsuc

i
=

N0 B̃s I1 (i)
(s,1)

1−Pout

+

E



N (s, 1)

2
=

=

(s, 1)

1 − Pout



1

(45)

(s, 1)

1 − Pout
∞
!

2



Pr N (s, 1) =

∞
!

2



(s, 1)

−1 

Pout

(s, 1)

1 − Pout



=1
(s, 1)

=

(s,1)

1 + Pout

(s, 1)

1 − Pout

2 .

(46)

(40)

where i = 1, 2, and Ik (i), k = 1, 2 is defined as


∞
exp − P (s,N1)0Ωg t
0
Ik (i) =
k dt.
i  (p, 1)
1−i
B̃s [ln(t + 1)] P
Ωα1 t + P (s, 1) Ωg0
Φs

Proof: See Appendix C.

Lemma 4: The mean and variance of the interarrival time of
packets at the SR buffer are, respectively, given by
E[A] =

P (s, 1) P(p, 1) B̃s Ωg0 Ωα1 I2 (1)
(s, 1)

1 − Pout

(41)
Proof: See Appendix B.

Due to the impairments caused by the wireless channel,
a packet may be transmitted successfully or unsuccessfully.
As such, the moments of packet transmission time should be
calculated based on the packet transmission time with and
without being timed out [34]. Therefore, the moments of T (s, 1)
can be obtained by using the law of total expectation as follows:

i 
 
i
(s,1)
(s,1)
(s,1)
(s,1)
E T
= 1−Pout E Tsuc
+(tsout )i Pout (42)
(s, 1)

−1 

=1

P (s,1) P(p,1) B̃s Ωg0 Ωα1 I2 (i)
1−Pout

(s, 1)

Pout

=1

=
where fT (s, 1) (x) is expressed in (36) and fT (s, 1) (x) = 0,
suc
suc
x ≥ tsout .
Furthermore, we can determine the first and second moments of the successful packet transmission time as stated in
Lemma 2.
(s, 1)
Lemma 2: The first and second moments of Tsuc are
given by

∞

!

where E[(Tsuc )i ] is given in Lemma 2.
2) Interarrival Time of Packets at the SR: As a packet is
transmitted, the SU-Tx waits for an ACK. If the SU-Tx does
not receive an ACK before tsout , the packet is considered lost

+

N0 B̃s I1 (1)
(s, 1)

1 − Pout

(s, 1)

+

tsout Pout

(s, 1)

1 − Pout

(s, 1)


(ts )2 Pout
(s, 1)
+  out
Var[A] = Var Tsuc
2
(s, 1)
1 − Pout

(47)

(48)

(s, 1)

where E[(Tsuc )i ] is determined by (40).
Proof: See Appendix D.



C. Performance Analysis for the Second Hop
1) Statistics for Packet Transmission Time in the Second
Hop: Similar to the first hop, in the second hop, the SR uses the
adaptive transmit power policy given in (30) to transmit packets
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to the SU-Rx. The timeout probability for a packet transmitted
in the second hop can be derived as


(s, 2)
Pout = Pr T (s, 2) ≥ tsout


 
= 1 − Pr B̃s ln 1 +

P (s, 2) h0
(p,
P 2) β1 + N0

−1

< tsout


N0 Φs
P (s, 2) Ωh0
exp − (s, 2)
= (p, 2)
. (49)
P
Ωβ1 Φs +P (s, 2) Ωh0
P
Ωh0
We can now apply similar manipulations as in the first hop to
(s, 2)
derive the pdf and the moments of Tsuc in the second hop as
follows.
(s, 2)
The pdf of packet transmission time without timeout Tsuc
s
can be given by (50) and fT (s, 2) (y) = 0, y ≥ tout , shown at the
suc
bottom of the page.
The first and second moments of T (s, 2) are obtained by

i
 
i

(s,2)
(s,2)
(s,2)
(s,2)
E T
= 1 − Pout E Tsuc
+(tsout )i Pout
(51)
(s, 2) i
E[(Tsuc ) ]

where i = 1, 2, and
is formulated as

i
N0 B̃s J1 (i) + P (s, 2) P(p, 2) B̃s Ωh0 Ωβ1 J2 (i)
(s, 2)
=
E Tsuc
(s, 2)
1 − Pout
(52)
and Jk (i), k = 1, 2 is defined by


∞
exp − P (s,N2)0Ωh t
0
Jk (i) =
k dt.
i  (p, 2)
1−i
B̃s [ln(t + 1)] P
Ωβ1 t + P (s, 2) Ωh0

Proof: Because the interarrival time of packets is i.i.d.
with a general distribution, the transmission time of packets
is also i.i.d. The packet traffic at the SR can be modeled as a
GI/G/1 queueing system. Using the stable condition given in
(19), we can deduce the desired stable condition for the SR
buffer as


(55)
E[A] > E T (s, 2) .
Substituting (47) and (51) for i = 1 into (55), we obtain (54). 
The end-to-end throughput for the considered CCRN can be
determined by the following Lemma 6.
Lemma 6: The throughput of the considered CCRN in
the stable and unstable transmission condition can be formulated as
(s, 2)

R=

1−P
 (packets/s).
 " out #
max E T (s, 2) , E[A]

(56)

Proof: If the SR operation is stable, i.e., E[A] >
E[T (s, 2) ], then the average transmission rate of the SR is equal
to the average arrival rate of packets at the SR buffer. Hence,
the end-to-end throughput can be determined as
1
1
#
.
 "
=
E[A]
max E T (s, 2) , E[A]

(57)

On the other hand, if the SR operation is unstable, i.e.,
E[A] ≤ E[T (s, 2) ], then the average transmission rate of the SR
is equal to the average transmission rate of the SR→SU-Rx
link because the SR becomes a bottleneck. Hence, the average
transmission rate of the SR can be expressed as

Φs

(53)
E

"

1
T (s, 2)

#=

1
#
.
 "
(s,
max E T 2) , E[A]

(58)

D. Performance Measures
Given the results in Section III-B and C, we are now in
the position to derive performance measures for the CCRN
such as the stable condition for the SR operation, end-toend throughput, and end-to-end average transmission time as
follows.
Lemma 5: The SR operation is stable if and only if
(s,1)

N0 B̃s I1 (1)+P (s,1) P(p,1) B̃s Ωg0 Ωα1 I2 (1)+tsout Pout

Moreover, in both cases (stable and unstable condition), a
(s, 2)
fraction of Pout of packets is dropped due to timeout in the
SR→ SU-Rx link. Therefore, the SU-Rx receives packets at an
average rate, as given in (56).

Finally, the end-to-end transmission time from the SU-Tx to
the SU-Rx over the SR buffer can be calculated as




(s, 1)
(s, 2)
+ E[W ] + E Tsuc
(59)
D = E Tsuc

(s,1)

1−Pout
> N0 B̃s J1 (1)+P

⎧
⎪
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(s,2)
B̃s Ωh0 Ωβ1 J2 (1)+tsout Pout .

(s,2) (p,2)

P

(54)

(s, 2)

where E[Tsuc ] and E[Tsuc ] are given, respectively, in (40)
and (52) for i = 1. The average waiting time of a packet in the

⎫
⎪
⎬
P
B̃s Ωh0 Ωβ1
P
N0 B̃s
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Fig. 2. Impact of the channel mean power on the adaptive transmit power of
the SUs (P (s, 1) and P (s, 2) ), in which the peak transmit power of the SU(s, 1)
(s, 2)
Tx and SR are set, respectively, to Ppk = 8 dB and Ppk = 4 dB, and
Ωg0 = Ωh0 = Ωβ1 = Ωα1 = 2.

SR buffer E[W ] is given by

 " (s, 2) #
2
ρξ CT2 (s, 2) + CA
E T
E[W ] ≈
2(1 − ρ)

(60)

where

"
#


E T (s, 2)
Var[X]
2
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=
, X ∈ T (s, 2) , A (61)
2
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(E[X])

⎧
2 2
−2(1−ρ)(1−CA
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,
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⎨ exp 3ρC 2
2
+C
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(s, 2)
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2
⎪
CA
−1
2
⎪
⎩ exp −(1 − ρ) C 2 +4C
≥ 1.
, CA
2

ρ=

A

T (s, 2)

IV. N UMERICAL R ESULTS
Here, we present simulation and analysis results for the considered system. In particular, we study the impact of the PU-Tx
transmit power and the channel mean power on the end-to-end
throughput, end-to-end average packet transmission time, and
stable condition for the SR operation. Unless otherwise stated,
the following system parameters are used for both simulation
and analysis.
System bandwidth: B = 2 MHz.
Packet size: Ls = Lp = 224 bits (28 bytes).
Timeout: tsout = tpout = 0.06 s.
(p, 1)
(p, 2)
Outage constraints: θout = θout = 1%.
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Fig. 3. Impact of the transmit power of the PU-Tx1 (P(p, 1) ) and
PU-Tx2 (P(p, 2) ) on the adaptive transmit power of the SU-Tx (P (s, 1) ) and
SR (P (s, 2) ), respectively, with identical channel mean power, i.e., Ωα0 =
Ωα1 = Ωh0 = Ωh1 = Ωβ0 = Ωβ1 = Ωg0 = Ωg1 = 2.

low transmit power regime, the transmit power of the SUs
decreases significantly. In other words, when the channel mean
power of these interference links is high, the PU-Rxs become
subject to stronger interference from the SUs. Accordingly, the
SUs must decrease their transmit power to satisfy the outage
constraint of the PUs. Interestingly, we can see that, as the
channel mean power of the PU communication links increases
(e.g., Ωα0 = 2 to 4 or Ωβ0 = 1 to 3), the SUs transmit power
can be increased significantly. This can be explained by the
fact that the packet timeout probability of the PUs decreases
as the channel mean power of the PUs increases. Thus, the
PUs can tolerate more interference from the SUs, i.e., the SUs
can increase their transmit power and still satisfy the outage
constraint of the PUs. This result also means that the channel
mean power of the PU communication links should be utilized
such that the performance of the secondary network can be
enhanced.
Fig. 3 plots the SUs (SU-Tx and SR) transmit power as a
function of the PU-Txs (PU-Tx1 and PU-Tx2 ) transmit power,
respectively, for different SU peak transmit power values. We
can see that, as the transmit power of the PU-Txs increases,
the transmit power of SUs also increases. However, as the
transmit power of PU-Txs increases further, the transmit power
of SUs is saturated at specific values, e.g., the SU-Tx transmit
(s, 1)
power is saturated at P (s, 1) = 8 dB given Ppk = 8 dB,
whereas the SR transmit power is saturated at P (s, 2) = 6 dB
(s, 2)
given Ppk = 6 dB. These results are in line with the SU
transmit power policies (P (s, 1) and P (s, 2) ) given in (28) and
(30), respectively, where the transmit power of the SU-Tx and
SR is bounded.

A. Adaptive Transmit Power
Fig. 2 shows the SUs transmit power (P (s, 1) and P (s, 2) ) as
a function of the PU-Tx transmit power (P(p, 1) and P(p, 2) )
for different channel mean power values. As expected, when
the channel mean power value of the interference links from
the secondary network to the primary network increases (e.g.,
Ωg1 = 2 to 4 or Ωh1 = 1 to 3) and the PUs operate in the

B. End-to-End Throughput of the CCRN
Fig. 4 shows the throughput as a function of PU-Tx2 transmit
power for different values of the SR peak transmit power
(s,2)
Ppk = 1, 3, 4, 8 dB and identical channel mean power Ωα0 =
Ωα1 = Ωh0 = Ωh1 = Ωβ0 = Ωβ1 = Ωg0 = Ωg1 = 2. For brevity,
we discuss only the scenario where the PU-Tx1 transmit power
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Fig. 4. Impact of the PU-Tx2 transmit power in Region II, i.e., P(p, 2) , on
the throughput of the CCRN for identical channel mean power, i.e., Ωα0 =
Ωα1 = Ωh0 = Ωh1 = Ωβ0 = Ωβ1 = Ωg0 = Ωg1 = 2.
(s,1)

P(p,1) = 2 dB and the SU-Tx peak transmit power Ppk = 4 dB
in the first hop and distinguish the following cases.
•
•

(s, 2)
Case 1: SR peak transmit power is set to Ppk
(s, 2)
Case 2: SR peak transmit power is set to Ppk

= 4 dB.
= 8 dB.

(s, 1)

The other cases, with P(p, 1) = 4 dB and Ppk = 4 dB
where the SR peak transmit power is given as 1 and 3 dB,
show a similar progression of the end-to-end throughput versus
transmit power of the PU-Tx2 .
As shown in the figure, the simulation and analytical results
match very well. In all cases, the throughput is first kept at
a constant level in the low regime of the PU-Tx2 transmit
power P(p, 2) and then decreases in the high regime of P(p, 2) .
In particular, for Case 1, the throughput is unchanged for
P(p, 2) < 2 dB, and it is degraded for P(p, 2) > 2 dB. These
results are thought to be due to the fact that, in the low regime
of the PU-Tx2 transmit power, the PU-Tx2 does not cause
much interference to the SU-Rx. Thus, the SR can adapt its
transmit power P (s, 2) to the change of P(p, 2) , following the
strategy given in (30). However, in the high regime of the
PU-Tx2 transmit power, the SR cannot increase its transmit
power further due to the peak transmit power constraint. As a
consequence, the PU-Tx2 transmit power now becomes strong
interference to the SU-Rx. This results in a large increase in
the number of dropped packets due to timeout in the second
hop, which degrades the end-to-end throughput of the CCRN.
On the other hand, in Case 2, the throughput becomes more
stable in the high regime of the PU-Tx2 transmit power and is
only degraded as the PU-Tx2 increases beyond 6 dB. In other
(s, 2)
words, if the SR peak transmit power Ppk is set to a high
value, the SR→SU-Rx link in the second hop may not become
a bottleneck as the PU-Tx2 transmit power increases to a
high value.
Fig. 5 shows the impact of channel mean power of the
interference links on the CCRN throughput. In particular, we
have set identical channel mean power for all communication
links of both the primary network and the secondary network,

Fig. 5. Impact of the PU-Tx2 transmit power P(p, 2) on the throughput
of the CCRN for different channel mean power values of interference links.
Case 3: Ωh1 = Ωg1 = Ωβ1 = Ωα1 = 0.5. Case 4: Ωh1 = Ωg1 = Ωβ1 =
Ωα1 = 2. Case 5: Ωh1 = Ωg1 = Ωβ1 = Ωα1 = 4. Case 6: Ωh1 = Ωg1 =
0.5 and Ωβ1 = Ωα1 = 5.

i.e., Ωg0 = Ωh0 = Ωβ0 = Ωα0 = 2. Then, the following four
cases are considered:
• Case 3: The primary network and the secondary network
do not cause severe interference to each other due to low
channel mean power of the interference links, i.e., Ωh1 =
Ωg1 = Ωβ1 = Ωα1 = 0.5.
• Case 4: This case shall be considered a reference where all
channel mean power values for interference links and communication links are identical, i.e., Ωh1 = Ωg1 = Ωβ1 =
Ωα1 = 2.
• Case 5: The primary network and the secondary network
can cause strong interference to each other due to high
channel mean power of the interference links, i.e., Ωh1 =
Ωg1 = Ωβ1 = Ωα1 = 4.
• Case 6: The primary network causes strong interference
to the secondary network due to high channel mean
power of the PU-Tx1 → SR and PU-Tx2 → SU-Rx interference links, i.e., Ωβ1 = Ωα1 = 5, whereas the secondary network causes weak interference to the primary
network due to low channel mean power of the SU −
Tx → PU-Rx1 and SR → PU-Rx2 interference links, i.e.,
Ωh1 = Ωg1 = 0.5.
We can observe in Fig. 5 that the throughput of Case 3 outperforms the reference Case 4. This is because the interference
between the primary network and the secondary network is
reduced as the channel mean power of the interference links
is decreased from Ωh1 = Ωg1 = Ωβ1 = Ωα1 = 2 to Ωh1 =
Ωg1 = Ωβ1 = Ωα1 = 0.5. Accordingly, the timeout probability
constraint of the primary network may not be violated. Thus,
the SU-Tx and the SR can increase their transmit power to
reduce the packet transmission time. As such, the number of
packets that suffer a timeout in the secondary network may be
decreased; hence, the end-to-end throughput of the CCRN is
increased. This special case of having poor interference links
can be related, for example, to the scenario where operating
frequencies are switched between the two hops of the secondary
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Fig. 6. Impact of the PU-Tx2 transmit power in Region II, i.e., P(p, 2) , on
the end-to-end transmission time of packets for identical channel mean power
with Ωα0 = Ωα1 = Ωh0 = Ωh1 = Ωβ0 = Ωβ1 = Ωg0 = Ωg1 = 2, i.e.,
(s, 2)

P(p, 1) = Ppk

= 4 dB.

network to reduce the mutual interference between the primary
and secondary networks, as well as to increase the system
performance.
In Case 5, where the channel mean power of the interference
links is set to high values, i.e., Ωh1 = Ωg1 = Ωβ1 = Ωα1 = 4,
the interference between the primary network and the secondary network increases as well. Accordingly, the timeout
probability constraints of the primary network may be easily
violated with low power levels of the SU-Tx and SR. Therefore,
the SU-Tx and SR must reduce their transmit power to protect the communication of the primary network. As a consequence, the packet transmission time and the number of packets
being timed out increase. Therefore, the throughput of Case 5
is lower than that of Case 4.
Finally, Case 6 results in the worst performance compared
with the other considered cases. This can be explained by the
fact that the SR and SU-Rx suffer from strong interference
caused by the PU-Tx1 and PU-Tx2 , respectively. Therefore,
there may be many packets in both hops of the CCRN being
timed out, which leads to low end-to-end throughput.
C. End-to-End Transmission Time
In Fig. 6, the end-to-end transmission time is plotted as a
function of the PU-Tx2 transmit power P(p, 2) for different
values of the SU-Tx peak transmit power in the first hop, i.e.,
(s, 1)
Ppk = 1, 4, 6 dB. It is shown in the figure that the end-toend transmission time increases as the PU-Tx2 transmit power
increases. Typically, the end-to-end transmission time increases
rapidly as the SU-Tx peak transmit power is set to a high value
(s, 1)
such as Ppk = 4, 6 dB. This can be understood by the fact
that, as the SU-Tx peak transmit power is set to a high value,
(s, 1)
e.g., Ppk = 6 dB, the SU-Tx can adjust its transmit power
following the policy given in (28) to send more packets to
the SR, i.e., the number of packets arriving at the SR buffer
increases. On the other hand, in the second hop, increasing
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Fig. 7. Impact of the PU-Tx2 transmit power P(p, 2) on the end-to-end
transmission time of packets for channel mean power with Ωα0 = Ωg0 =
(s, 1)
(s, 2)
Ωg1 = Ωh0 = Ωβ0 = Ωh1 = 2, and P(p, 1) = Ppk = Ppk = 6 dB.

PU-Tx2 transmit power P(p, 2) leads to a decrease in the SURx SINR given in (13). Hence, the packet transmission time is
increased. As a consequence, the number of packets arriving at
the SR buffer increases, whereas the number of packets leaving
the SR buffer decreases. Therefore, the number of packets
waiting in the SR buffer and the end-to-end transmission time
increase.
Fig. 7 shows the end-to-end transmission time as a function
of the PU-Tx2 transmit power P(p, 2) for different channel mean
power values of the PU-Tx1 → SR and PU-Tx2 → SU-Rx
interference links. In particular, we set the channel mean power
Ωg0 = Ωh0 = Ωβ0 = Ωα0 = Ωh1 = Ωg1 = 2 and consider the
following two cases:
• Case 7: The channel mean power of the PU-Tx1 → SR
interference link is set to Ωα1 = 2, whereas the channel
mean power of the PU-Tx2 → SU-Rx interference link is
set to Ωβ1 = 0.5, 2, 3.
• Case 8: The channel mean power of the PU-Tx2 → SU-Rx
interference link is set to Ωβ1 = 3, whereas the channel
mean power of the PU-Tx1 → SR interference link is set
to Ωα1 = 2, 5.
As expected, the end-to-end transmission time increases
when increasing the PU-Tx2 transmit power P(p, 2) . Moreover,
for Case 7, we can observe that the end-to-end transmission
time increases as the channel mean power of the PU-Tx2 →
SU-Rx interference link increases from Ωβ1 = 0.5 to Ωβ1 = 3.
For the same reason as for the throughput results, the SU-Rx
may be subject to strong interference from the PU-Tx2 when the
channel mean power of the PU-Tx2 → SU-Rx interference link
is high, e.g., Ωβ1 = 3. Accordingly, the SU-Rx SINR given in
(13) decreases and packet transmission time in the second hop
increases. As such, the remaining packets have to stay in the
SR buffer for a long time, leading to an increase in end-to-end
transmission time.
In Case 8, the end-to-end transmission time decreases as the
channel mean power of the PU-Tx1 → SR interference link in
the first hop increases from Ωα1 = 2 to Ωα1 = 5. In this case,
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interference link Ωβ1 = 0.5 is more stable than for the higher
channel mean power. Specifically, the channel utilization ρ is
kept below 1 for the entire range of the considered PU-Tx2
transmit power. On the other hand, the SR operation becomes
unstable (ρ ≥ 1) for Ωβ1 = 2, 3 once the PU-Tx2 transmit
power progresses toward high values, e.g., P(p, 2) > 4 dB. In
the case of these high channel mean power values, the PU-Tx2
causes strong interference to the SU-Rx when the PU-Tx2
transmit power P(p, 2) increases. Hence, the packet transmission time increases in the second hop, which leads the channel utilization ρ = E[T (s, 2) ]/E[A] to become greater than 1,
causing the SR operation to be unstable, as in (63)–(66), shown
at the bottom of the page.
V. C ONCLUSION
Fig. 8. Impact of channel mean power on the stability of the SR operation
with Ωg0 = Ωg1 = Ωh0 = Ωh1 = Ωβ0 = Ωα0 = Ωα1 = 2 and P(p, 1) =
(s, 1)

Ppk

(s, 2)

= Ppk

= 4 dB.

the SR is subject to strong interference from the PU-Tx1 , and
the SR SINR given in (10) decreases. Therefore, the packet
transmission time in the first hop increases. As a consequence,
the number of packets arriving at the SR buffer decreases,
which in turn reduces the waiting time in the SR buffer and
the end-to-end transmission time.
D. Stability of the SR Operation
Finally, we examine the impact of the channel mean power
of the PU-Tx2 → SU-Rx interference link on the stability of the
SR operation, as shown in Fig. 8. As expected, the SR operation
with the low channel mean power of the PU-Tx2 → SU-Rx

In this paper, we have analyzed the performance of a CCRN
with a buffered relay. In particular, we have assumed that
packets in the primary network and secondary network are
subject to timeout constraints. In addition, we have assumed
that the communication channels and interference channels
undergo Rayleigh fading. The transmit power of the SU-Tx
and SR is subject to both the peak transmit power constraint
and the timeout probability constraint of the PUs. On this
basis, adaptive transmit power policies for the SU-Tx and the
SR have been investigated. The cdf, pdf, timeout probability,
and moments for packet transmission time in each hop have
been derived. Moreover, by employing the GI/G/1 queueing
model, the performance analysis in terms of the end-to-end
throughput, end-to-end transmission time, and stable condition
for the SR operation has been provided for the considered
system. Numerical results have been presented to quantify the
impact of PU-Tx transmit power and channel mean power of
the interference links on the performance of the CCRN.
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(s, 1)
B̃s
2−i P(p, 1) Ω
1 − Pout
+ P (s, 1) Ωg0 − P(p, 1) Ωα1
α1 exp
0 x
x

+

N0 B̃s

Ik (i) =
0

(s, 1)

1 − Pout

tsout

tsout

0



 
exp B̃xs − P (s,N1)0Ωg exp B̃xs + P (s,N1)0Ωg
0

 dx
 0
B̃s
2−i
(p,
1)
(s,
1)
(p,
P
x
Ωα1 exp x + P
Ωg0 − P 1) Ωα1

 

exp B̃xs − P (s,N1)0Ωg exp B̃xs + P (s,N1)0Ωg
0
0

k dx
 
B̃
s
x2−i P(p, 1) Ωα1 exp x + P (s, 1) Ωg0 − P(p, 1) Ωα1

(63)

(64)

(65)



(66)
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Multiplying both sides of (72) with (1 − x) and let M → ∞,
we reach

A PPENDIX A
P ROOF OF L EMMA 1
1) CDF of Z: Following the probability definition, the cdf
of Z can be defined as
  
−1
aX1
FZ (z) = Pr d ln 1 +
<z
bX2 + c

= 1 − Pr

aX1
< exp
bX2 + c



d
z


−1 .

(67)

∞
!

nxn−1 (1 − x) =

n=1

M
!

n(n − 1)xn−2 =

n=1

2M xM
−M xM −1 (1 + M )
−
1−x
(1 − x)2

M
!

n2 xn−1 (1 − x) =

E

(s, 1)
Tsuc

suc

i = 1, 2.

(68)

0

Substituting fT (s, 1) (x) given in (36) into (68), we have (65).
suc
For brevity, let us define Ik (i) as in (66), shown earlier.
Changing variable t = exp(B̃s /x) − 1 for (66) yields


∞
exp − P (s,N1)0Ωg t
0
Ik (i) =

k dt
B̃s1−i [ln(t + 1)]i P(p, 1) Ωα1 t + P (s, 1) Ωg0
Φs

(69)
where Φs = exp(B̃s /tsout ) − 1. Finally, an expression for
(s, 1) i

E[(Tsuc ) ] given in (68) is obtained as
E



(s, 1)
Tsuc

i
=

N0 B̃s I1 (i)
1−

(s, 1)
Pout

+

P (s, 1) P(p, 1) B̃s Ωg0 Ωα1 I2 (i)
(s, 1)

1 − Pout

.

(70)

Lemma 2 is proved.

Let us first consider the series given by [38, Eq. (0.112)], i.e.,
xn = x

n=1

1 − xM
, x < 1, M ≥ 1.
1−x

(71)

Differentiating (71) with respect to x yields
M
!
n=1

nxn−1 = −

M +1

2M x
1−x

+

2x(1 − xM ) 2x2 (1 − xM )
+
.
1−x
(1 − x)2

1 − xM
x(1 − xM )
M xM
+
+
.
1−x
1−x
(1 − x)2

(75)

∞
!

n2 xn−1 (1 − x) =

1+x
.
(1 − x)2

(76)

(s,1)

Finally, by substituting x = Pout into (73) and (76), Lemma 3
is proved.
A PPENDIX D
P ROOF OF L EMMA 4
From (43), the first moment of the interarrival time A =
+ (N (s, 1) − 1)tsout can be expressed as




(s, 1)
E[A] = E Tsuc
− tsout + tsout E N (s, 1)
(77)

(s, 1)
Tsuc

(s, 1)

where E[Tsuc ] and E[N (s, 1) ] are given, respectively, in (40)
and (45) as

 N B̃ I (1) P (s,1) P(p,1) B̃ Ω Ω I (1)
0 s 1
s g 0 α1 2
(s,1)
E Tsuc
+
(78)
=
(s,1)
(s,1)
1−Pout
1−Pout


1
.
(79)
E N (s,1) =
(s,1)
1−Pout
Substituting (78) and (79) into (77), a tractable expression
for the first moment of interarrival time is obtained as

A PPENDIX C
P ROOF OF L EMMA 3

M
!

nxn−1 (1 − x) − M xM (1 + M )

n=1

xi fT (s, 1) (x) dx,

=

M
!

Now, let M → ∞ in (75), which yields

tsout

i

(74)

n=1

−

A PPENDIX B
P ROOF OF L EMMA 2



2(1 − xM ) 2x(1 − xM )
+
.
(1 − x)2
(1 − x)3

Multiplying both sides of (74) with x(1 − x) yields

n=1

The moments of packet transmission time without timeout
can be expressed as

(73)

Second, we differentiate (72) with respect to x as

+
Using the same approach as given in [37, (14)] for (67), we
finally obtain the cdf of Z as in (63), shown earlier.
2) PDF of Z: The pdf of Z is obtained by differentiating
(63) with respect to z as in (64). With (63) and (64), Lemma 1
is proven.

1
.
1−x

(72)

E[A] =

P (s,1) P(p,1)B̃s Ωg0 Ωα1 I2 (1)
(s,1)

1−Pout

+

N0 B̃s I1 (1)
(s,1)

1−Pout

(s,1)

+

tsout Pout

.
(s,1)
1−Pout
(80)

Furthermore, we can also present the variance of interarrival
time as

2


(s, 1)
Var[A] = E Tsuc
+ N (s, 1) − 1 tsout




(s, 1)
− E2 Tsuc
+ N (s, 1) − 1 tsout .

(81)
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(s, 1)

As the RVs Tsuc and N (s, 1) are mutual independent, Var[A]
can be rewritten as follows:

2


(s, 1)
(s, 1)
Var[A] = E Tsuc
− E2 Tsuc
 
2


2
s
(s, 1)
2
(s, 1)
−E N
+ (tout ) E N




(s, 1)
+ (tsout )2 Var N (s, 1)
(82)
= Var Tsuc
where Var[N (s, 1) ] can be calculated by using the results in
Lemma 3 as


2
2

 
Var N (s, 1) = E N (s, 1)
− E N (s, 1)
(s, 1)

=

Pout

(s, 1)

1 − Pout

2 .

(83)

As a consequence, substituting (83) into (82) yields the variance
of interarrival time as
(s, 1)


(ts )2 Pout
(s, 1)
Var[A] = Var Tsuc
+  out
(84)
2 .
(s, 1)
1 − Pout
Finally, from (80) and (84), Lemma 4 is proved.
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