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1 Notation 

c Viscous damping 

F Force 

K Stiffness matrix 

k Stiffness 

M Mass matrix 

m Mass 

s Displacement 

t Time 

X Maximum displacement vector 

X-Y-Z Co-ordinate system 

x Displacement vector 

x Displacement 

 Modal Displacement vector 

 Damping ratio 

 Mode Shape vector 

 Frequency 

 

Indices 

b Number 

d Damped 

i Number 

j Number 

n Number 

P Theoretically 

X Experimentally  
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Abbreviations 

EMA   Experimental Modal Analysis 

FEM   Finite Element Method 

FRF   Frequency Response Function 

MAC   Modal Assurance Criterion 

MDOF   Multi Degree of Freedom 

MSF   Modal Scale Factor 
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2 Introduction 

The need for analyses of the dynamic behaviour of exhaust systems in the 

automotive industry has increased, primarily due to demands on a drastic 

shortening of the time for product development. Higher combustion 

temperatures have also complicated the design due to weakening of the 

material with increased temperature. Another important reason is the aim at 

a lower fuel consumption, which can be met by for example a decreased 

mass of the car. This, in turn, has resulted in more and more lean structures 

and an increased use of “new” materials such as aluminium and high 

strength steel. These materials have low damping and high vibration 

transmission. Also considering increased demands on comfort, it is easily 

realised that designing exhaust systems has become much more difficult.  

 

Some papers dealing with the dynamic behaviour of exhaust systems have 

been found [1-3]. How to describe some of the components of exhaust 

systems has been studied before at the Department of Mechanical 

Engineering, University of Karlskrona/Ronneby [4-7]. 

 

The aim of this work is to perform a modal analysis of a Volvo S/V 70 

exhaust system, fabricated by AP Torsmaskiner AB. Information from the 

literature and experience from studying this specific exhaust system will be 

used to gain conclusions that may be generally useful when performing 

modal analyses within the product development process. 
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3 Exhaust System Design 

The modal analysis is performed on a Volvo S/V 70 exhaust system (see 

figure 3.1). This represents a common type of exhaust system design of 

today’s cars. It consists of two main parts, one front and one rear part. 

 

 

Figure 3.1. Volvo S/V 70 exhaust system. 

 

 

The front part consists of a welded exhaust manifold (not shown in the 

figure), which is the exhaust systems’ connection to the engine. After the 

manifold is the flexible bellows, which allows for thermal expansion and 

reduces transmission of axial and bending motions from the manifold to the 

rest of the exhaust system. The engine in Volvo S/V 70 is, as in most 

modern cars, mounted in the transverse direction. Therefore, the rolling of 

the engine results in rather large movements at the end of the manifold. If 

the connection to the rest of the exhaust system at this location were stiff, it 

would cause very large movements and bending stresses in the exhaust 

system. The front part also contains two catalytic converter monoliths.  
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The catalytic converter unit is placed as close to the engine as possible to 

obtain a good cleaning effect of the exhaust fumes as quick as possible after 

the engine has been started. The cleaning process starts when the catalytic 

converter reaches a certain temperature called the light-off temperature. The 

front part is shown in figure 3.2. 

 

Figure 3.2. Front part of exhaust system (without exhaust manifold). 

 

 

The rear part consists of three pipes welded together with two mufflers, one 

big muffler in the middle and one smaller in the rear end of the system. The 

rear part is shown in figure 3.3. The mufflers consist of a sheet metal shell, 

which has pipes with holes in the wall going through chopped E-Glass 

(Glass wool). Chopped E-Glass gives a good sound silencing effect. In the 

large muffler the pipe is making a “S”-turn and in the small muffler the pipe 

goes straight trough. The connections between the pipes and mufflers are 

welded. 
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Figure 3.3. Rear part of exhaust system. 
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4 Theories 

4.1 Structural Dynamics 

To introduce some basic concepts and quantities of structural dynamics a 

short discussion is given below. For a more complete discussion the reader 

is referred to for example Craig [8] or Inman [9].  

 

 

4.1.1 Single-Degree-Of-Freedom System (SDOF) 

The reason why a structure is moving is because a force (or forces) is 

affecting or has affected the structure. Figure 4.1 shows a single degree of 

freedom (SDOF) system.  

 

 

 

 

 

 

 

 

 

Figure 4.1. Single-degree-of-freedom system consisting 

of mass, spring and viscous damping. 

 

 

The equation of motion for this system is 

 

)(tFkxxcxm                   (4.1) 

 

were m is the mass of the body, c is the damping constant of the viscous 

damper, k is the stiffness of the spring, x is the displacement of the mass 

(elongation of the spring), and F is the external force on the mass. 

 

Without external force and damping the system has a natural frequency of 

 

F(t) 

x(t) 

   c 

k 
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Including the effect of damping the resonance frequency is 

 
21  d                  (4.3) 

 

where 

 




m

c

2
                    (4.4) 

 

is called the damping ratio. 

 

Damping has usually minor effect on the resonance frequencies in an 

exhaust system because of the low material damping.  

 

 

4.1.2 Multiple-Degree-of-Freedom System (MDOF) 

When describing vibrations of a more complex structure a multiple degree 

of freedom approach is needed. The structure is often modelled as a discrete 

system of a finite number of masses. Figure 4.2 shows an undamped 

system.  

 

 

 

 

 

 

 

 

Figure 4.2. Undamped n-degree-of-freedom system. 

 

 

The equations of motion for each mass become 

 m2  m1 mn-1   mn 

x1 x2 xn-1 xn 

k1 k2 kn-1 
kn 
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This is a coupled system of n second order ordinary differential equations. 

Using matrix notation gives 

 

0KxxM                    (4.6) 
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Assuming a harmonic solution of the form 

 
tie 

Xx                     (4.8) 

 

where X is the vector of amplitudes, gives the eigenvalue problem 

 

0XMK  )( 2                 (4.9) 
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This is a system of linear algebraic equations. Nontrivial solutions exist if 

 

0MK  )det( 2               (4.10) 

 

Equation (4.10) is called the characteristic equation. The n roots of this 

equation are called eigenvalues, which give the natural frequencies of the 

system. Substituting these eigenvalues back into equation (4.9) the mode 

shape corresponding to each natural frequency can be obtained.  

 

When studying a continuous body or a structure the stiffness matrix K and 

the mass matrix M of the discrete MDOF-model is often obtained by the 

finite element method. 

 

 

4.2 Experimental Modal Analysis 

Experimental Modal Analysis (EMA) is the interpretation of test data 

collected under a test on a vibrating structure. The purpose of an EMA is to 

create a model of the vibration properties and the behaviour of the test 

structure. The properties of interest are resonance frequencies, damping 

ratios and mode shapes of the structure.  

 

The modal properties are estimated from the frequency response functions 

(FRFs) obtained from the test data. In the FRF a peak of the magnitude 

marks every resonance frequency. Each resonance frequency can be 

associated with a certain mode shape that represents the deflection shape of 

the structure. There are several methods available for estimation of the 

mode shapes, both single and multiple degree of freedom methods. The 

estimation techniques, also called curve-fitting methods, are used to 

generate an analytical function that approximates the measured FRFs.  

 

The methods used in this work are the SDOF polynomial, the polyreference 

and the frequency polyreference methods, which are briefly explained 

below. For a more complete discussion the reader is referred to for example 

Maia et al [10] or Ewins [11].  
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4.2.1 SDOF Polynomial 

SDOF polynomial is single degree of freedom estimation technique. This 

method treats each mode separately, as if that mode was the only one 

present in the structure. This single-mode assumption is not quite true 

because the neighbouring modes do contribute to the total response at the 

resonance of the analysed mode. The advantage of this technique is that it is 

easy to learn and produces solutions quickly. However, it is not 

recommended if there are several peaks in the FRF close to each other in 

frequency. Furthermore, if the mode shape accuracy is of high priority this 

technique is not recommended.  

 

 

4.2.2 Polyreference 

Polyreference is a multiple degree of freedom estimation technique that 

uses a curve-fitting algorithm in the time domain. Values for natural 

frequencies, damping ratios, and residue reflect the simultaneous influence 

of multiple modes across multiple reference locations. The major advantage 

of this technique is its ability to use all the available FRFs when calculating 

the modal parameters. The demand on the FRFs is that they use the same 

frequency interval and also the same amount of spectral lines.  

 

 

4.2.3 Frequency Polyreference 

Frequency polyreference is also a multiple degree of freedom estimation 

technique. It is similar to the polyreference technique but uses the frequency 

domain instead of the time domain.   

 

 

4.2.4 Mode Indicator Function (MIF)  

The mode indicator function provides a visual indication of the modal 

density. A MIF-diagram can be created from several FRFs and indicates 

where there is a major mode of the structure. A valley in the diagram 

represents the mode. If some mode in the structure is poorly excited it can 

be hard to see it in the FRFs but it is easy to locate it in the MIF-diagram. 

There are some methods available in I-DEAS [12]. They are the Normal 
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MIF, the Power Spectrum MIF, and the Multivariate MIF. In this work the 

Multivariate MIF is used because this method can handle several reference 

co-ordinates simultaneously.  

 

 

4.3 Correlation 

Correlation is a process where data from the experiment are compared with 

theoretical results. There are several methods available, which are more or 

less complicated. Two graphical methods are “Graphical comparison of 

natural frequencies” and “Graphical comparison of mode shapes”. They are 

easy to use, but they are very time consuming for models with many nodes. 

Two numerical methods for comparison of mode shapes are the “Modal 

scale factor” and the “Modal assurance criterion”.  

 

The methods are briefly explained below. For a more complete discussion 

the reader is referred to for example Maia et al [10] or Ewins [11].  

 

 

4.3.1 Graphical Comparisons of Natural Frequencies 

When comparing the numerically calculated frequencies with the 

experimentally determined frequencies it is suitable to use a simple plotting 

technique. This is done by plotting the experimental value against the 

predicted one for each of the modes included in the comparison as shown 

schematically in figure 4.3.  

 
 

 

 

 

 

 

 

 

 

 
 
 
 

Figure 4.3. Graphical comparisons of natural frequencies. 
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The plotted points should lie on or close to a straight line of unity slope. If 

they lie close to a line with a different slope it is probably because of an 

incorrect material property in the theoretical model. If the points lie 

scattered widely around the straight line there is a serious failure in the 

model that represent the test structure and a re-evaluation of the model is 

necessary.  

 

A case of particular interest is when the points deviate slightly from the 

ideal line in a systematic, rather than random, fashion. This situation 

suggests that there is a specific characteristic responsible for the deviation 

and that this cannot simply be attributed to experimental errors. 

 

 

4.3.2 Graphical Comparison of Mode Shapes 

A convenient approach to compare the experimental mode shapes with the 

theoretical mode shapes is by a plot similar to the one used for the natural 

frequencies. In this method the normalised displacement amplitude of each 

(or some) node in the mode shape vector is plotted, experimental versus 

theoretical, as shown schematically in figure 4.4.  

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 4.4. Graphical comparison of mode shape. 
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The individual points in this plot relate to specific co-ordinates on the 

model. A basic demand is therefore that the locations of the points in the 

experimental model correspond with the nodes in the theoretical model. 

 

The points are expected to lie close to a straight line passing through the 

origin. If both sets of mode shape data consist of mass-normalised 

eigenvectors, the straight line should have a unity slope. The pattern of any 

deviation from this requirement can indicate quite clearly the cause of the 

discrepancy. If the points lie close to a straight line of a slope different from 

 1, either one of the mode shapes may not be mass normalised or some 

other form of scaling error exists in the data. If the points are widely 

scattered about a line, there are probably considerable inaccuracies in one or 

both of the sets of data. If the scatter is excessive, the two eigenvectors that 

are being compared do not relate to the same mode. 

 

 

4.3.3 Numerical Correlation Methods  

There also exist a few numerical methods for the correlation procedure. The 

numerical methods compute some simple statistical properties for a pair of 

modes. One method is the Modal Scale Factor (MSF) that represent the 

slope of the best straight line through the points (see figure 4.4). This 

parameter gives no indication of the quality of the fit of points to the 

straight line, simply its slope. Another method, which is used in this work, 

is the Modal Assurance Criterion (MAC). The MAC calculates the least 

square deviation of the points from the straight line correlation according to 

the formula:  
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    (4.11) 

 

were X  is the experimentally measured mode shape and P  is the 

theoretically predicted mode shape. Index b denotes the node number. 
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5 Finite Element Models 

In order to predict the natural frequencies and mode shapes of the exhaust 

system, different Finite Element (FE) models are made. As for the 

measurements, the exhaust system is divided into two parts (three models) 

in order to simplify the correlation. The models are the rear part, the front 

part and finally the assembled system. The Lanczos’ method is used to 

solve the modal calculations in I-DEAS.  

 

Free-free boundary conditions are used for all models in this work. This is 

the easiest to realise and is also generally recommended for the first models 

in the product development process. At an early development stage the 

boundary conditions that the exhaust system will have under operation are 

not always known. By using free-free boundary conditions it is still possible 

to develop FE-models of the exhaust system, or parts of it, that correspond 

well with measurements. For example, stiffness values of connections etc. 

can be found. As the product development process proceeds the FE-models 

can then be analysed with other boundary conditions.   

 

 

5.1 FE-model of Rear Part 

5.1.1 Model I 

A simple way of modelling the rear part of the exhaust system is to assume 

that the mufflers are so much stiffer than the pipes that all bending and 

twisting deflections are due to the pipes. With this assumption the mufflers 

can be replaced by rigid elements and lumped mass elements simulating the 

mufflers’ mass and moment of inertia (which were experimentally 

determined). The model consists of 17 beam elements, four rigid elements 

and two lumped mass elements. Model I is shown in figure 5.1 and the 

results are given in table 5.1. X-Y-Z is the calculation co-ordinate system in 

I-DEAS with X along the main direction of the pipes. 
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Figure 5.1. Model I, Rear part. 

 

 

Table 5.1. Estimated modes from the first FE-model. 

Mode Freq. [Hz] Description 

1 43.6 Y-Bending 1 

2 52.0 Z-Bending 1 

3 117 Torsion 1 

4 132 Y-Bending 2 

5 153 Z-Bending 2 

6 181 Y-Bending 3 

7 250 Y-Bending 4 

 

 

5.1.2 Model II 

The FE-model of the rear part is adjusted to correspond better with 

measurements. Two combined modifications are used. The stiffness of the 

mufflers are modified by Key-In sections, and the connection between the 

exhaust pipes and mufflers are weakened by using weaker beam elements 

for the very first part of the pipes coming out from the mufflers. This is to 
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simulate that the welded connection between the muffler and the pipe is not 

completely stiff. Model II is shown in figure 5.2 and the results are given in 

table 5.2. 

 

 

Figure 5.2. Model II, Rear part. 

 

 

Table 5.2. Estimated modes from the second FE-model. 

Mode Freq. [Hz] Description 

1 37.2 Z-Bending 1 

2 38.8 Y-Bending 1 

3 91.9 Z-Bending 2 

4 102 Torsion 1 

5 107 Y-Bending 2 

6 146 Y-Bending 3 

7 179 Z-bending 3 
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5.2 FE-model of Front Part 

The front part of the exhaust system is more difficult to model than the rear 

part. This is mainly because it contains a flexible unit, consisting of a 

bellows with a braid and an inner-liner (meshring), see figure 5.3.  

 

 

Figure 5.3. Flexible unit. 

 

 

A method of modelling the bellows by beam elements has been described 

by Broman et al [6]. However, at present there are no existing methods to 

describe the bellows in combination with the braid and the inner-liner in a 

simple way in a FE-model.  

 

A test to just include the bellows itself in the model (neglecting the braid 

and the inner-liner) gave poor agreement with experimental results. The 

second mode in the FE-model is related to the flexible unit. This mode does 

not exist in the measurements. A possible reason for this is that the FE-

model is entirely linear while the real system includes nonlinearities, for 

example the flexible unit. The bellows is pre-compressed by the inner-liner 

(meshring). This gives the characteristics shown in figure 5.4. When the 

compression forces are smaller than the pre-compression, the stiffness of 

the unit is high compared to an uncompressed bellows. For pulling loads 
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the stiffness is also very high because of the braid in combination with the 

high radial stiffness of the bellows. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.4. Characteristics of flexible unit in the exhaust system. 

 

 

Furthermore, probable nonlinear behaviour of the inner-liner itself also 

implies that a nonlinear structural dynamics analysis would be necessary. 

This is however beyond the scope of this work.  

 

For the reasons above the flexible unit is modelled by a beam element that 

is stiffer than the uncompressed bellows. 

 

Also the front part is at first modelled roughly to estimate locations of the 

accelerometers for a good measurement. When the modal parameters are 

determined the FE-model is improved. To speed up the improvement work, 

beam properties for the catalytic- and bellows sections are defined by the 

Key-In method in I-DEAS. Advantages with this method are that it is very 

easy to change the properties and that fictive properties can be used. The 

final FE-model is shown in figure 5.5 and the results are given in table 5.3. 

Compression 

of Bellows 

Force 

Extra length 

when Bellows is 

uncompressed 

0 
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Figure 5.5. FE-model of front part. 

 

 

Table 5.3. Estimated modes of front FE-model. 

Mode Freq. [Hz] Description 

1 94.5 Z-Bending 1 

2 155 Bellows mode 

3 186 Z-Bending 2 

4 260 Y-Bending 1 

5 391 Z-bending 3 

 

 

5.3 FE-model of Assembled Exhaust System 

The FE-model of the assembled exhaust system is shown in figure 5.6 and 

the results of the modal calculations are given in table 5.4. 
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Figure 5.6. FE-model of assembled exhaust system. 

 

 

Table 5.4. Estimated modes of assembled FE-model. 

Mode Freq. [Hz] Description 

1 11.2 Z-Bending 1 

2 13.3 Y-Bending 1 

3 36.6 Z-Bending 2 

4 38.8 Y-Bending 2 

5 51.8 Y-Bending 3 

6 77.9 Z-Bending 3 

7 83.5 Y-Bending 4 

8 103 Torsion 1 

9 105 Z-Bending 4 

10 133 Y-Bending 5 

11 154 Z-Bending 5 
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6 Modal Measurements 

A measurement model consists of a number of nodes that represent points 

on the real structure where measurements are performed. The resolution of 

the mode shapes is better if many points are used. On the other hand the 

measurements are then more time consuming. Many points must be used if 

mode shapes of high order are of interest. 

 

The placing of the transducers (measuring points) is also important. It is 

easier to detect the motion of the structure if the transducers are placed 

where the amplitudes of the motion are high. On the other hand the 

transducers will then have higher influence on the behaviour of the 

structure. The mass of the transducers can have considerable influence for 

light-weighted structures. If the transducers are mounted at points having 

none or small amplitudes the motion of the structure is hard to measure. To 

find good places for the transducers it is a good idea to simulate the 

structure by a first simple FE-model. Iterative improvements of both the 

FE-model and the measuring model are often necessary. 

  

The measurements on the exhaust system are performed for the three cases 

described before. 

 

 

6.1 Measurements on Rear Part 

In this case it is known from the FE-calculations that there are only few 

natural frequencies in the frequency range of interest. The measurement 

model consists of 19 nodes according to figure 6.1. The FRFs were taken in 

the two directions perpendicular to the pipes. It is difficult to measure along 

the pipes, especially with hammer excitation.  

 

Node 52 has a local co-ordinate system to make it possible to excite 

perpendicular to the pipe. All other points satisfy the excitation direction in 

the global co-ordinate system. 
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Figure 6.1. Measurement model of rear part. 

 

 

Free-free boundary conditions were approximated by hanging the part in 

rubber bands with low modulus of elasticity. The measurement set-up is 

shown in figure 6.2. 

Figure 6.2. Measurement set-up (with shaker excitation). 
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6.1.1 Hammer Excitation 

Hammer excitation was performed in all nodes in Y and Z directions. A 

plastic top on the excitation hammer was used to provide the structure with 

as much excitation energy as possible in the frequency range of interest. To 

use polyreference methods more than one reference is needed. The 

accelerometers were fastened in node 53 and 59 for measuring in Y and Z 

directions. This choice was based on the mode shapes from the first FE-

model. Results from the measurements are presented in table 6.1. 

 

 

Table 6.1. Modal parameters from hammer and shaker 

excitation (polyreference). 

 

Mode Hammer 

Freq. [Hz] 

Damping 

[%] 

Shaker 

Freq. 

[Hz] 

Damping 

[%] 

Description 

1 33.7 1.58 33.7 0.64 Y-Bending 1 

2 35.5 1.74 35.4 0.13 Z-Bending 1 

3 90.4 0.97 90.5 1.08 Z-Bending 2 

4 101 3.85 100 0.90 Torsion 1 

5 110 0.75 109 0.62 Y-Bending 2 

6 141 0.56 140 0.61 Y-Bending 3 

7 146 1.67 146 2.55 Z-Bending 3 

8 149 7.18 160 1.55 ? 

9 194 4.96 190 2.58 ? 

10 214 7.29 222 5.90 ? 
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6.1.2 Shaker Excitation 

 

Shaker excitation was carried out in node 50 in the Y and Z directions and 

in node 48 in the Y direction. Accelerometers were mounted in all nodes in 

the Y and Z directions. Results from the measurements are presented in 

table 6.1.  

 

For mode 1 and 2 it is hard to achieve good coherence because they are 

coupled and their frequencies are close to each other. To achieve better 

coherence and clear peaks in the FRFs a sine sweep was used in the interval 

32-37 Hz. Modes 8-10 were hard to identify because of too few 

measurement points, which gave bad resolution for the higher modes. 

 

The difference in damping values between hammer and shaker excitation is 

probably related mainly to the resolution in spectral lines. In the shaker 

measurement the rigid body modes are high in comparison with the 

frequencies of interest. This results in bad resolution for the wanted peaks 

and makes the FRF jagged. The risk of not discovering the highest value of 

the peaks is high, which clearly affects the damping values. In the hammer 

measurement the rigid body modes are not a problem. 

 

Other factors that may affect the damping values are the measurement set-

up and the fact that a mass is added (the mass of the force transducer) when 

the shaker is used. If the damping factor is of great interest it is 

recommended to use a sine sweep in both directions around the natural 

frequency with small frequency steps.   

 

 

6.2 Measurements on Front Part 

The measurement model consists of 17 nodes according to figure 6.3. Only 

hammer excitation was done on this part, since the results from the rear part 

showed only small differences between hammer and the shaker excitation, 

and shaker measurements are very time consuming. Effective shaker 

measurements require a measuring system with many channels.  
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Figure 6.3.  Measurement model of front part. 

 

 

The measurements were performed in almost the same way as for the rear 

part. Nodes 1 to 7 have local co-ordinate systems to make it possible to 

excite perpendicular to the pipe. All other points satisfy the excitation 

direction in the global co-ordinate system. Results from the measurements 

are presented in table 6.2. 

 

 

Table 6.2. Modal parameters from hammer excitation (polyreference). 

Mode Freq. [Hz] Damping [%] Description 

1 94.3 1.98 Z-Bending 1 

2 162 1.30 Z-Bending 2 

3 187 0.83 Z-Bending 2 

4 227 1.09 Z-Bending 2 

5 261 1.50 Y-Bending 1 

6 377 4.14 Z-Bending 3 
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6.3 Measurements on Assembled Exhaust System 

To detect and identify all modes in the frequency range of interest many 

nodes were used. To create this measurement model the models for the rear 

and front parts were joined, with the exception that a few close nodes were 

excluded. The measurement model of the entire exhaust system is shown in 

figure 6.4. The measurement set-up is shown in figure 6.5.  

 

Hammer excitation was performed according to earlier descriptions. Results 

from the measurements are presented in table 6.3. 

 

Figure 6.4. Measurement model of assembled exhaust system. 
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Figure 6.5. Measurement set-up of assembled exhaust system. 

 

 

Table 6.3. Modal parameters from hammer excitation (polyreference). 

Mode Freq. [Hz] Damping [%] Description 

1 10.6 3.41 Z-Bending 1 

2 13.7 0.78 Y-Bending 1 

3 34.4 0.75 Z-Bending 2 

4 36.9 0.88 Y-Bending 2 

5 56.3 3.39 Y-Bending 3 

6 68.7 4.16 Z-Bending 3 

7 85.7 1.31 Y-Bending 4 

8 102 1.77 Torsion 1 

9 107 3.62 Z-Bending 4 

10 126 3.10 Y-Bending 5 

11 142 3.60 Z-Bending 5 
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6.4 Influence of Measurement Conditions  

To evaluate how different parameters affect the measurement results some 

tests were made on the front part of the exhaust system. The set-up is 

shown in figure 6.6. 

 

 

Figure 6.6. Set-up for investigation of different measurement conditions. 

 

 

6.4.1 Excitation Amplitude  

Nonlinearities may give different FRFs for different amplitudes of the 

excitation signal. Figure 6.7 shows how the FRFs change with different 

excitation force amplitude. With increased amplitude the pre-compression 

of the bellows may be exceeded, resulting in decreased stiffness. This is the 

reason why the amplitude of the FRFs decrease with higher excitation force 

amplitude. The lower stiffness of the bellow also lowers the resonance 

frequency. 
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Figure 6.7. FRFs for different excitation force amplitudes. 

 

 

6.4.2 Boundary Conditions  

Different ways of realising the free-free boundary conditions may give 

different FRFs. Three choices of hanging placements of the rubber bands 

were tested. Results are given in figure 6.8. Resonance frequencies 

remained the same but the amplitudes changed differently for different 

modes.  

 

 

6.4.3 Temperature 

No tests were done for the temperature influence. However, considering 

that the material modulus of elasticity is dependent on temperature, shown 

in figure 6.9, it is obvious that the dynamic behaviour is dependent on 

temperature.  
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Figure 6.8. FRFs for different hanging arrangements. 

 

 

 

Figure 6.9. Modulus of elasticity versus temperature, from [13]. 
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7 FE- and Test-model Correlation 

MAC values are calculated to get an indication of how well the measured 

and the theoretical modes correspond. The correlation is performed in I-

DEAS Test and the MAC matrixes are shown in figure 7.1 to 7.3. Table 7.1 

to 7.3 include values from the modal pairing. 

 

 

7.1 Rear Part  

Figure 7.1. MAC matrix for rear part. 
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Table 7.1. Mode pairing for rear part. 

Measured 

mode 

FEM 

mode 

Measured 

Freq. [Hz] 

FEM 

Freq. [Hz] 

Diff. 

[%] 

MAC 

1 2 33.7 37.2 10.4 0.76 

2 1 35.5 38.8 9.3 0.90 

3 3 90.4 91.9 1.7 0.79 

4 4 101 102 1.2 0.81 

5 5 110 107 2.5 0.86 

6 6 141 146 3.5 0.73 

7 7 146 179 22.6 0.72 

8 9 149 224 50.5 0.46 

9 7 194 284 47.0 0.07 

10 5 214 330 54.2 0.26 
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7.2 Front Part 

Figure 7.2. MAC Matrix for front part. 

 

 

Table 7.2. Mode pairing for front part. 

Measured 

mode 

FEM 

mode 

Measured 

Freq. [Hz] 

FEM 

Freq. [Hz] 

Diff. 

[%] 

MAC 

1 1 94.3 94.5 0.2 0.83 

2 3 162 187 14.9 0.61 

3 3 187 187 0.1 0.74 

4 3 227 187 17.6 0.71 

5 4 261 260 0.3 0.93 

6 5 377 391 3.9 0.77 
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7.3 Assembled Exhaust System 

Figure 7.3. MAC matrix for assembled exhaust system. 
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Table 7.3. Mode pairing for assembled exhaust system. 

Measured 

mode 

FEM 

mode 

Measured 

Freq. [Hz] 

FEM 

Freq. [Hz] 

Diff. 

[%] 

MAC 

1 1 10.6 11.2 5.7 0.81 

2 2 13.7 13.3 2.9 0.72 

3 3 34.4 36.6 6.4 0.86 

4 4 36.9 38.8 5.1 0.84 

5 5 56.3 51.8 8.0 0.45 

6 6 68.7 77.9 13.3 0.80 

7 7 85.7 83.5 2.6 0.70 

8 8 102 103 1.4 0.85 

9 9 107 105 1.9 0.79 

10 10 126 133 5.4 0.69 

11 11 142 154 9.0 0.65 
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8 Conclusions 

In this work a modal analysis was performed on a Volvo S/V 70 exhaust 

system. Finite element models were correlated with experimental models. 

 

It was shown that a rather simple finite element model was sufficient for 

describing the dynamic behaviour of the exhaust systems studied. Beam 

elements, rigid elements and mass elements were used. For the assembled 

system the agreement between theoretical and experimental natural 

frequencies was within approximately 10 % for the first eleven modes. This 

type of finite element model is therefore probably sufficient also for most 

other exhaust systems of similar type.  

 

For parts of the exhaust system it was more difficult to achieve good 

agreement. Furthermore, it was found that further studies on some 

components having nonlinear characteristics are necessary if these 

components are to be included in the analysis in a more realistic way. For 

example if the flexible unit in the front part of the exhaust system will be 

included. In this work this unit was modelled by a beam element that is 

stiffer than the uncompressed bellows. 

 

To achieve reliable models both theoretical and experimental modal 

analyses should be performed, so that finite element and test models can be 

compared and successively improved. Free-free boundary conditions are 

recommended for the first models. At an early stage of the product 

development process the boundary conditions that the exhaust system will 

have under operation are not always known. By using free-free boundary 

conditions it is still possible to develop FE-models of the exhaust system, 

or parts of it, which correspond well with measurements. For example, 

stiffness values of connections etc. can be found. As the product 

development process proceeds the FE-models can then be analysed with 

other boundary conditions.  For a good free-free hanging, many hanging 

points and rubber bands with low stiffness should be used.  

 

For the studied exhaust system some modes were strongly coupled. For 

such a system a single degree of freedom estimation technique in the 

experimental analysis gives poor estimation of the modal parameters. 

Therefore a multi degree of freedom technique was used. This is 
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recommended whenever the mode shapes are of interest. Sometimes it is 

also necessary to use a sine sweep for an interval of special interest.  
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