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Abstract

The objective of this thesis is to develop a model that will integrate multiple
buoys to a power take-off hub. The model will be derived using a time domain
analysis and will consider the hydraulic coupling of the buoys and the power
take-off. The derived model is reproduced in MATLAB in order to run simula-
tions. This will give possibility to conduct a parameter study and evaluate the
performance of the system.

The buoy simulation model is provided by Wave4Power (W4P). It consists
of a floater that is rigidly connected to a fully submerged vertical (acceleration)
tube open at both ends. The tube contains a piston whose motion relative to
the floater-tube system drives a power take-off mechanism. The power take-off
model is provided by Ocean Harvesting Technologies AB (OHT). It comprises a
mechanical gearbox and a gravity accumulator. The system is utilized to trans-
form the irregular wave energy into a smooth electrical power output. OHT ’s
simulation model needs to be extended with a hydraulic motor at the input
shaft. There are control features in both systems, that need to be connected and
synchronized with each other.

Another major goal within the thesis is to test different online control tech-
niques. A simple control strategy to optimize power capture is called sea-state
tuning and it can be achieved by using a mechanical gearbox with several discrete
gear ratios or with a variable displacement pump. The gear ratio of the gear box
can be regulated according to a 2D look up table based on the average wave
amplitude and frequency over a defined time frame. The OHT power take-off
utilizes a control strategy, called spill function, to limit the excess power capture
and keep the weight accumulator within a span by disengaging the input shaft
from the power take-off. This is to be modified to implement power limitation
with regulation of the gear ratio of the gearbox.
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Nomenclature

Nomenclature

NTNU buoy variables and parameters

Symbol Description Units

fh hydrostatic force N

fp load (damping) force N

fr radiation force N

fw wave excitation force N

Kh hydrostatic constant N/m

mb mass of the buoy kg

m∞ added mass at infinity frequency kg

z elevation of the buoy m

Mechanical system variables and parameters

Symbol Description Units

ωc carrier shaft angular velocity rad/s

ωc planet wheels angular velocity rad/s

ωo generator offset rad/s

ωr ring gear shaft angular velocity rad/s

ωs sun gear shaft angular velocity rad/s

ωcount counterweight shaft angular velocity rad/s

ωg generator shaft angular velocity rad/s

ωin input shaft angular velocity rad/s

ωm motor shaft angular velocity rad/s

τc carrier shaft torque N ·m
τm motor torque N ·m
τr ring gear shaft torque N ·m
τs sun gear shaft torque N ·m
τcountload

torque on the counterweight pinion N ·m
τgload

counteracting torque of the generator N ·m
τmload

load torque on motor shaft N ·m
τpump pump torque N ·m
bc carrier shaft viscous friction coefficient N ·m · s
bp planet wheels viscous friction coefficient N ·m · s
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Nomenclature

br ring gear shaft viscous friction coefficient N ·m · s
bs sun gear shaft viscous friction coefficient N ·m · s
bcount generator shaft viscous friction coefficient N ·m · s
bg generator shaft viscous friction coefficient N ·m · s
bin input shaft viscous friction coefficient N ·m · s
bm motor shaft viscous friction coefficient N ·m · s
dcr friction coefficient of carrier-ring elastic ele-

ment
N ·m · s

dc carrier shaft coulomb friction coefficient N ·m
dr ring gear shaft coulomb friction coefficient N ·m
dsc friction coefficient of sun-carrier elastic ele-

ment
N ·m · s

ds sun gear shaft coulomb friction coefficient N ·m
Jc carrier shaft moment of inertia kg ·m2

Jp planet wheels moment of inertia kg ·m2

Jr ring gear shaft moment of inertia kg ·m2

Js sun gear shaft moment of inertia kg ·m2

Jcount counterweight shaft moment of inertia kg ·m2

Jgen generator shaft moment of inertia kg ·m2

Jin input shaft moment of inertia kg ·m2

Jm motor shaft moment of inertia kg ·m2

Km motor gain m3/rad

Kp motor gain m3/rad

Ks generator gain N ·m · s
Kcr stiffness coefficient of carrier-ring elastic ele-

ment
N ·m · s

Ksc stiffness coefficient of sun-carrier elastic ele-
ment

N ·m · s

m mass of the counterweight kg

mc mass of the counterweight kg

n1 gear ratio of the input gearbox −−
n2 gear ration of the counterweight gearbox −−
n3 gear ratio of the generatort gearbox −−
r1 radius of the input pinion m

r2 radius of the counterweight pinion m

rc radius of the carrier m
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Nomenclature

rr radius of the ring gear m

rs radius of the sun gear m

Hydraulic system variables and parameters

Symbol Description Units

Δpc pressure difference on the hydraulic cylinder Pa

Δpm pressure difference on the motor Pa

Δpp pressure difference on the pump Pa

Ac area of the piston of the hydraulic cylinder m2

LHP inertia of fluid in the high-pressure pipe kg/m4

LLP inertia of fluid in the low-pressure pipe kg/m4

pm(HP ) pressure at the high-pressure side of the mo-
tor

Pa

pm(LP ) pressure at the low-pressure side of the mo-
tor

Pa

pc(HP ) pressure at the high-pressure accumulator
near the hydraulic cylinder

Pa

pc(LP ) pressure at the low-pressure accumulator
near the hydraulic cylinder

Pa

qacc(HP ) flow of the high-pressure accumulator near
the hydraulic cylinder

m3/s

qacc(LP ) flow of the low-pressure accumulator near
the hydraulic cylinder

m3/s

qin input flow m3/s

qpipe(HP ) fluid flow in the high-pressure pipe m3/s

qpipe(LP ) fluid flow in the low-pressure pipe m3/s

qpipe fluid flow through the pipe m3/s

qrect rectified flow m3/s

V0(HP ) total volume of the high-pressure accumula-
tor near the rectifier

m3

V0(LP ) total volume of the low-pressure accumulator
near the rectifier

m3

Vacc(HP ) volume of fluid in the high-pressure accumu-
lator near the hydraulic cylinder

m3

Vacc(LP ) volume of fluid in the low-pressure accumula-
tor near the hydraulic cylinder

m3

Vm(HP ) volume of fluid in the accumulator at the
high-pressure side of the motor

m3

Vm(LP ) volume of fluid in the accumulator at the
low-pressure side of the motor

m3

Vm0(LP ) total volume of the accumulator at the high-
pressure side of the motor

m3
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Nomenclature

Vm0(LP ) total volume of the accumulator at the low-
pressure side of the motor

m3

Waves4Power buoy variables and parameters

Symbol Description Units

Δv velocity difference between water piston and
buoy/tube

m/s

Aleakage area between water piston and tube m2

fc force inserted on the piston of the hydraulic
cylinder

N

Wave parameters

Symbol Description Units

α angle between the line, perpendicular to
wave propagation, and the reference line

o

λ wave length m

θk angle between the hub and kth buoy o

c wave velocity m/s

dk distance between the reference line and kth
buoy

m

h wave height m

k wave number m−1

n number of buoys −−
r radius of the circle of buoys around the hub m

T wave period s

xk x-coordinate of the kth buoy m

yk y-coordinate of the kth buoy m

Other parameters

Symbol Description Units

g gravity acceleration m/s2

k ratio of the specific heat at constant pressure
and volume

−−
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1 INTRODUCTION

1 Introduction

Ocean waves are a great source of renewable energy. A lot of research has been conducted and various
technologies have been developed to harvest this resource. However, it has been a great challenge to
develop technical solutions, which will efficiently convert the oscillating and highly fluctuating wave
motion into a smooth mechanical rotation suitable to drive an electrical generator. Due to the cost
and complexity of testing in a real environment, mathematical modeling and simulation of Wave Energy
Converters (WEC) is a crucial step to reduce the cost of energy for wave power.

Ocean Harvesting Technologies AB (OHT) is developing a mechanical Power Take-Off (PTO) with
a weight accumulator to smooth the highly fluctuating captured power from the waves. It is offered as a
hub system to which multiple buoys are connected with a hydraulic collection system. The conceptual
design of the OHT power take-off is shown on the Figure 1.1 and described in [4]. Generally, as power
is captured, the input shaft of the planetary gear box, connected to a shaft called carrier, is stimulated
to rotate. On the other ends, the output to the generator and weight accumulator are connected to
so-called sun gear and ring gear respectively. As the input power to the carrier exceeds the output power
to the sun, sun gear drives the ring gear to rotate in the direction that lifts the weight accumulator, and
thereby increases its potential energy. When the input power to the carrier is lower than the output
power to the sun gear, the weight accumulator is lowered and releases some of its potential energy to
drive the ring gear in the opposite direction, and thereby the output power to the sun gear is maintained
on a close to constant level. In summary, it is a simple power balancing mechanism to turn intermittent
and irregular mechanical power captured from the wave motion into a smooth and controllable electrical
power output.

Figure 1.1: The conceptual design of the OHT power take-off

1



1 INTRODUCTION

Waves4Power is developing a ”point absorber”, which consists of a buoy with a long acceleration
tube, open at both ends, that stretches deep down below the buoy, a hydraulic power take-off system
with a ”water piston” extended in the acceleration tube, and a mooring system that keeps the buoy on
station without interfering with the buoy′s vertical motion.

The working principles is based on a two bodied system where the buoy is set into motion by the
waves and the water column inside the acceleration tube is set into motion by the damping of a piston
in the tube. Power is thus extracted from the relative motion between the buoy and the water column
in the acceleration tube.

To solve the problem of the end-stops, the central part of the tube, along which the piston slides,
bells out at both ends to limit the stroke of the piston. The water piston operates in the narrowing
part of tube. Large waves causes the water piston to move outside the narrowing, which lets the water
flow around the piston. This prevents high end stop loads which is a major difficulty for wave energy
converters. See the Figure 1.2. More description of the working principle of the buoy can be found in
[10].

Figure 1.2: Waves4Power buoy concept

Ocean Harvesting Technologies AB and Waves4Power are conducting a colaborative study that will
evaluate the OHT hub system connected to a single and multiple W4P buoys. As a part of this study,
the system of OHT is going to be extended with a hydraulic interface, which will allow integration of
multiple buoys to the hub. The new hydraulic design must include a mechanism that will release the
pressure on the hydraulic cylinder of the Waves4Power buoy in order to prevent the water piston from
getting stuck in the wider area of the tube. The control strategies of the OHT power take-off must be
modified and tuned in order to incorporate one and multiple buoys.

Prior to the project with Waves4Power, OHT conducted a thesis project in colaboration with Norwe-
gian Technical University (NTNU), in which a generic buoy model from NTNU was connected to OHT’s
power take-off, see [12]. In our thesis this work is going to be extended by connecting multiple NTNU
buoys to OHT’s hub system.

1.1 Thesis outline

Chapter 1 gives a brief overview of the working principles of the OHT wave energy converter and
Waves4Power buoy.

2



1 INTRODUCTION

Chapter 2 outlines the the project goals.

In Chapter 3 a brief description about fluid systems is given. The chapter covers the conservation
and constitution laws in hydraulic systems and models of different hydraulic components that are part
of the hydraulic circuit of the wave energy converter.

In Chapter 4 modeling of the OHT system is described. It consists of three parts, which cover the
the connection model of the OHT power take-off to a single Waves4Power buoy, the connection model of
the OHT power take-off to multiple Waves4Power buoys, the connection model of the OHT to multiple
NTNU buoys. The description includes the derivation of physical models of all the components of the
hydraulic and mechanical interfaces of the wave energy converter.

In Chapter 5 the focus is on derivation of equations to account for losses in terms of efficiency
and dissipation of energy. The mathematical models are to be replaced with expression derived in the
previous chapter, in which components are modeled ideally, i.e., with 100% efficiency. Firstly losses along
non-elastic pipes with accounting for wall roughness is investigated and secondly equations to include
mechanical efficiency and leakage of a hydraulic motor is presented.

Chapter 6 gives a brief introduction to the theory of oscillation, using a simple mechanical oscillation
system. It follows by introduction of a functionality, back-stop functionality, that controls the forced
oscillation of system to prevent the captured energy from flowing back to the oscillator.

The Chapter 7 represents equations to calculate the delay that multiple buoys have to experience
the same wave profile. It is under a simplistic assumption that waves propagate in one direction, having
the same height along the line.

In Chapter 8 the implementation of the model in SIMULINK is explained. It explains the hierarchy
of the model and the arrangement of the blocks to achieve the mathematical expressions.

Chapter 9 begins with explanation of existing controls in the models. It follows with suggestions as
future works of how different techniques can optimize the derived model in a realistic approach.

In Chapter 10 the model of planetary gearbox is validated by checking on power balance in different
nodes of the system.

Chapter 11 presents a summary of results for different length of the modeled hydraulic link. The
difference in average power on two ends of the hydraulic link is explained with taking into account dif-
ferent characteristics of hydraulic piping and accumulators using statistical tables.

3





2 PROJECT GOAL

2 Project goal

The main goals of the thesis are outlined in this section.

2.1 Integration of Wave4Power buoy to OHT power take-off model

Currently, OHT uses a generic buoy model, which was designed by Norwegian University of Science and
Technology (NTNU). In this thesis, this buoy model is replaced with the W4P buoy model to benchmark
them against each other. OHT’s model is extended with a hydraulic motor as an interface between the
input shaft and hydraulic circuit. The hydraulic circuit is located between the buoy and the hub before
the hydraulic motor as shown in the Figure 2.1. The dynamics of the OHT hub should not prevent the
piston of the W4P buoy from moving, i.e the piston must not get stuck in the wider area of the tube.
In order to avoid that, a control function should be implemented which will make the piston return into
the narrowing by releasing the pressure in the cylinder. Unlike the W4P model, the hydraulic interface
will include the inertances and the friction of the fluid both in the high-pressure and low-pressure pipes
from the buoy to the power take-off and the return pipe from the power take-off to the buoy respectively
as illustrated in the Figure 2.2.

Figure 2.1: Overview of system layout with one buoy attached to the hub

2.2 Interface to connect multiple Waves4Power buoys

The integration of OHT PTO with single W4P buoy model is altered with multiple W4P buoy models
joint in hydraulic link. The hub is extended with a hydraulic interface, which will allow the connection
of the buoys, without violating their normal operation. The simulation model is designed that one can
easily select number of desired buoys linked to the hub. The buoys will be evenly placed in a circle
around the hub.

The input wave for the entire of simulation is generated before simulation real-time and it is not
changed during the simulation. The generation of waves for multiple buoys is under assumption that
waves travel only in one direction. Besides, the same wave amplitude and period are assumed for all the
buoys in each simulation run.

Therefore each buoy will interact with the same wave profile but with shifted phase depending on
the distance to each other along the wave direction. A function is going to be created to calculate the
velocity of the wave and to generate the phase delays between the wave and the buoys, given a radius,
number of buoys and angle of the wave with respect to a predefined direction of the wave.

5



2 PROJECT GOAL

Figure 2.2: Hydraulic interface that connects multiple buoys to a single motor

2.3 Interface to connect multiple NTNU buoys

The OHT power take-off is connected to multiple buoy models of NTNU likewise the Waves4Power
buoys. The only difference between the two interface models is the usage of a hydraulic pump attached
to a rack and pinion drive while connected to the NTNU buoy model. As stated earlier, the simulation
model is wrapped into subsystems for each buoy, enabaling one to select desired number of buoys to be
joint to the hub.

2.4 Control implementation on the counterweight at nominal power output

OHT power take-off operates in two modes - normal mode and spill mode.
In the normal mode, motor runs in full displacement to capture the most power and on the other

hand, a controller regulates the speed of the generator to ideally perform at nominal speed while keeping
the weight within a defined span.

In the spill mode, as the generator runs at nominal speed and the weight surpasses a defined limit,
a second controller takes over to drop the displacement on the motor, i.e., capturing less power to keep
the weight from surpassing a set-point. The later strategy is to alter the control used in [4], where the
shaft is disengaged in spill mode, since it is dependant on zero velocity and it is not feasible considering
the case of multiple buoys.
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3 Background

3.1 Fluid systems

Fluid systems operate through working fluids in motion under pressure. The equations which describe the
flow are nonlinear partial differential equations with complex boundary conditions. As thermal effects are
also involved in these systems, fluid mechanics and thermodynamics are both needed in dealing with such
system dynamics in general. Still in many practical applications the flow of a fluid through a system can
be approximated to be one-dimensional flow with a minimum of thermal effects. Thus in many instances,
only elementary aspects of fluid mechanics are sufficient for modeling of system dynamics. Fluid systems
may often be represented by a combination of idealized elements which characterize the mechanisms of
fluid energy storage, dissipation and transfer. Fluid capacitors store energy by virtue of the pressure, fluid
inductors store energy by virtue of the flow, and fluid resistors dissipate energy. Fundamental variables
in hydraulic systems is pressure, denoted by p, measured in pascal, Pa, and volume flow, denoted by q,

measured in m3

s . Fluid pressure is defined as the normal force exerted on a surface in a fluid per unit
area. When dealing with fluids contained in pipes or ducts, we shall assume pressure uniform over the
cross section areas of the pipes or ducts. Therefore, the total axial force exerted on the cross section
area is

F = pA. (3.1)

Volume-flow rate is the variable which expresses the volume of fluid passing a given area per unit time
and is given by

q =
dV

dt
= vA, (3.2)

where V is the fluid volume and v is the bulk velocity of the fluid flow through the area.
Work done by a constant pressure, p, in passing a unit volume of fluid across the area on which p

acts is the product,
W = pV. (3.3)

Since power is the rate of flow of work, the fluid power is given by

P =
dW

dt
= p

dV

dt
= pq. (3.4)

3.2 Conservation laws

In hydraulics two conservation laws govern the fluid dynamics: conservation of mass and conservation
of pressure.

Conservation of mass

According to the principle of conservation of mass, the mass entering a region in space minus the mass
leaving it must equal the change of mass stored within the region:

mstored = min −mout (3.5)

The stored mass flow rate is defined as

ṁstored = ρ̇V + ρV̇ (3.6)

If the fluid is assumed to be incompressible, ρ̇ = 0, and if the fluid volume is constant, V̇ = 0, the input
flow is equal to the output flow.

qin = qout, (3.7)

or according to the continuity law, ”The sum of the flow rates at a junction must be zero”[16]:

Σq = 0. (3.8)
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Conservation of pressure

The total pressure over a series connection is equal to the sum of the pressure drops

pk =
k−1∑
i=1

pi (3.9)

or according to the compatibility law, ”The sum of the pressure drops around a loop must be zero” [16]:

k∑
i=1

pi = 0. (3.10)

3.3 Fluid resistance

As liquid flows through a tube, there is normally a loss of power due to friction against the walls and
internal friction in the fluid. This leads to a pressure drop over the tube. The pressure drop depends on
the flow.

p(t) = h(q(t)) (3.11)

Fluid flows are generally dominated either by viscosity or inertia of the fluid. The dimensionless ratio of
inertia force to viscous force is called Reynolds number [17], defined by

Re =
ρqDh

μA
(3.12)

where ρ is the density of the fluid, Dh is the hydraulic diameter of the pipe, A is cross-sectional area
and μ is the dynamic viscosity of fluid.

For shapes such as squares, rectangular or annular ducts where the height and width are comparable,
the characteristical dimension for internal flow situations is taken to be the hydraulic diameter, Dh,
defined as:

Dh =
4A

P
(3.13)

where A is the cross-sectional area and P is the wetted perimeter. The wetted perimeter for a channel is
the total perimeter of all channel walls that are in contact with the flow. This means the length of the
channel exposed to air is not included in the wetted perimeter. For circular pipes the hydraulic diameter
is equal to the diameter of the pipe. That is,

Dh = D (3.14)

The viscosity of a fluid is a measure of its resistance to gradual deformation by shear stress or tensile
stress. For liquids, it corresponds to the informal concept of ”thickness”. In order to make a fluid move
or keep it moving, some stress such as pressure difference between the two ends of the tube is needed
to overcome the friction between the different particle layers of the fluid, which move with different
velocities. For the same velocity pattern, the stress required is proportional to the fluid’s viscosity.

Flow dominated by viscosity forces is referred to as laminar or viscous flow. Laminar flow is char-
acterized by an orderly, smooth, parallel line motion of the fluid. The flow is considered laminar for
Re < 2100 [17] and there is a linear realtionship between the pressure drop and the flow of the fluid.

p(t) = Rfq(t), (3.15)

where Rf is called the fluid resistance, which is given by

Rf =
32μL

AD2
h

(3.16)

The following conlcusions can be drawn for the fluid resistance:

• Longer pipes have higher fluid resistance.
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• Fluid resistance decreases as pipe diameter and cross section are increased.

• Fluid resistance is proportional to the viscosity of the fluid.

Inertia dominated flow is generally turbulent and characterized by irregular, erratic, eddy like paths
of the fluid particles. The flow is considered turbulent for Re > 4000 and the pressure drop depends
quadratically on the flow:

p(t) = Hq2(t)sgn(q(t)), (3.17)

where H is a proportionality constant. Equation (3.17) is most often expressed for the flow as a function
of flow, q(p(t)). That is,

q(t) = CdA

√
2

ρ
| p(t) |sgn(p(t)) (3.18)

where Cd is the dimentionless discharge coefficient. The proprtionality constant, H, in (3.17) can be
expressed in terms of Cd. That is,

H =
ρ

2(ACd)2
(3.19)

Between the laminar and turbulent flow conditions (Re = 2000 to Re = 4000) the flow condition is
known as critical. The flow is neither wholly laminar nor wholly turbulent. It may be considered as a
combination of the two flow conditions.

3.4 Orifice

Orifices are a basic means for the control of fluid power. Flow characteristics of orifices plays a major
role in the design of many hydraulic control devices. An orifice is a sudden restriction of short length.
Orifices are treated as either a sharp edge orifice or a short tube orifice. Like pipe flow, two types of
flow regime exist: laminar and turbulent. Equations for computing orifice flow are different for laminar
and turbulent flow. Determination of laminar or turbulent is determined in the same way as pipe flow
using the Reynolds number, Re, given by (3.12). For low values of Re, flow is laminar. For high values
of Re, flow is turbulent. Most orifice flows occur at high Reynolds numbers. That means that the flow
is turbulent. The equation of the flow through an orifice is the same as of pipe flow equation, given by
(3.18). The discharge coefficient is the key element to estimate for laminar and turbulent flow regimes.
Inspection of (3.18) indicates that the flow rate varies proportionally with area if the Δp is held constant,
and that the flow rate varies with the square root of Δp if the flow area is held constant.

Turbulent orifice flow

For a sharp edge orifice, with turbulent flow and with orifice flow area, Ao � A (pipe flow area), the
theoretical discharge coefficient [18], Cd is

Cd =
π

π + 2
= 0.611. (3.20)

For short tube orifices of length L, pipe diameter d, and orifice diameter do,

Cd =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(
2.28 + 64

2L

dod

)− 1
2

, if
dod

2L
≤ 50[

1.5 + 13.74

(
2L

dod

) 1
2

]− 1
2

, if
dod

2L
> 50

(3.21)

Figure 3.1 graphically shows the variation in Cd for (3.21).
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Figure 3.1: Turbulent flow discharge coefficient for short tube orifice

Laminar orifice flow

Equation (3.18) can be used in the turbulent-laminar (transition) region and the laminar flow region
using

Cd = δ
√

Re, (3.22)

where

δ =
Cdturb√
Recrit

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0.611√
20

≈ 0.137, for sharped-edged orifice

0.611√
80

≈ 0.068, for rounded-off orifice

(3.23)

3.5 Check valve

A check valve is a valve that allows fluid to flow through it in only one direction. A check valve can
be modelled as an orifice with variable and saturated cross-section area. The cross-section area of the
orifice is presented as a function of the valve pressure drop in the Figure 3.2.

Figure 3.2: Cross-section area of check valve as a function of pressure difference
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A(Δp) =

⎧⎨
⎩

Amin if Δp ≤ Δpmin

Amin + Amax−Amin

Δpmax−Δpmin
(Δp−Δpmax) if Δpmin < Δp < Δpmax

Amax if Δp ≥ Δpmax

The valve remains closed while pressure differential across the valve is lower than the valve cracking
pressure. When cracking pressure is reached, the valve control member (spool, ball, poppet, etc.) is forced
off its seat, thus creating a passage between the inlet and outlet. If the flow rate is high enough and
pressure continues to rise, the area is further increased until the control member reaches its maximum.
At this moment, the valve passage area is at its maximum. In addition to the maximum area, the leakage
area is also a characterization of the valve.

Check valves commonly use a poppet and light spring to control flow. The dynamics of the check
valve can be modelled as a mass-spring damper system:

mpoppetẍ = p1A1 − p2A2 + Fspring + Ffriction, 0 ≤ x ≤ xmax (3.24)

where mpoppet is the mass of the poppet, x is the displacement of the poppet, p1 and p2 are the pressures
at both sides of the check valve, Fspring is the spring force, which can be assumed linear (Fspring = −kx)
and Ffriction is the friction force, which can be assumed linear (Ffriction = −bẋ). Neglecting the inertia
of the popper, if P1A1 > P2A2 +Fspring + Ffriction, then flow occurs in the direction of the arrows, and
if P1A1 < P2A2 + Fspring + Ffriction, then the poppet would be pushed to the left, against the stop,
prohibiting flow in the reverse direction.

3.6 Hydraulic capacitance

A fluid capacitor is defined as a physical component in which fluid volume V is a function of pressure p
inside the component, or simply it is an energy storing element that stores liquid in the form of potential
energy. An ideal fluid capacitor is modelled as

qc(t) = Cf
d

dt
pc(t) (3.25)

where qc(t) is the stored flow, pc(t) is the accumulator pressure, Cf is the fluid capacitance of the
capacitor. The fluid capacitance relates to how fluid energy can be stored by virtue of pressure. It is
defined to be the change in stored fluid volume necessary to cause a unit change in fluid pressure.

Cf =
ΔVc

ΔPc
=

change in stored fluid volume, m3

change in fluid pressure, Pa
(3.26)

3.7 Hydraulic fluid inertia

The physical element called fluid inductor models the inertia effects encountered in accelerating a fluid
in a pipe or passage. An ideal fluid inductor is defined by

p(t) = Lf
d

dt
q(t), (3.27)

where p(t) is the inductor pressure, q(t) is the inductor volume flow and Lf is the fluid inductance, also
termed fluid inertance. The fluid inductance of a fluid with density, ρ, in a pipe with constant area
cross-section, A, and pipe lenght, l is given by

Lf = ρ
l

A
. (3.28)

In actual fluid piping, significant friction effects are often present along with the inertance effects, and
the inertance effect tends to predominate only when the rate of change of flow rate (fluid acceleration)
is relatively large. Since flow resistance in a pipe decreases more rapidly with increasing pipe area than
does inertance, it is easier for inertance effects to overshadow resistance effects in pipes of large sizes.
However, when the rate of change of flow rate is large enough, significant inertance effects are sometimes
observed even in fine capillary tubes [18].
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3.8 Hydraulic pump

A hydraulic pump is a transformer that converts mechanical power into hydraulic power. It generates
flow with enough power to overcome pressure induced by the load at the pump outlet. When a hydraulic
pump operates, it creates a vacuum at the pump inlet, which forces liquid from the reservoir into the
inlet line to the pump and by mechanical action delivers this liquid to the pump outlet and forces it into
the hydraulic system. An ideal pump can be modelled by

q = Dω τ = DΔp (3.29)

where q is the pump delivery, Δp is the pressure difference on the pump, ω is the pump angular velocity,
τ is the torque at the pump drivinf shaft and D is the displacement of the pump. The losses in the pump
can simply be described by the total efficiency of the pump:

η =
Phydr

Pmech
=

qΔp

ωτ
(3.30)

The total efficiency, η, can be decomposed of the hydraulic efficiency, ηhydr, and the mechanical efficiency,
ηmech:

ηhydr =
q

ω
ηmech =

p

τ
(3.31)

Hydrostatic pumps are fixed displacement pumps, in which the displacement (flow through the pump per
rotation of the pump) cannot be adjusted, or variable displacement pumps that allows the displacement
to be adjusted. In case of variable displacement the displacement can be given by

D =

{
Dmax

x
xmax

D(x)
(3.32)

where Dmax is the pump maximum displacement, x control input and xmax is the maximum control
input, which corresponds to the maximum displacement of the pump.

3.9 Hydraulic motor

A hydraulic motor is a mechanical actuator that converts hydraulic pressure and flow into torque and
angular velocity (rotation). Therefore, the hydraulic motor performs the opposite function of the hy-
draulic pump and the exactly the same model as in (3.29) is used to describe the motor. The same loss
model of the pump can be used also for the motor, given by (3.30) and (3.31). Displacement of hydraulic
motors may also be fixed or variable. A fixed-displacement motor provides constant torque. Speed is
varied by controlling the amount of input flow into the motor. A variable-displacement motor provides
variable torque and variable speed. With input flow and pressure constant, the torque speed ratio can
be varied to meet load requirements by varying the displacement.

3.10 Bladder accumulator

A gas-charged accumulator is shown in the Figure 3.3.
The main equation, that is used to analyse the gas characteristics in the accumulator, is the ideal gas

law given by
PV k = nRT, (3.33)

where P is pressure, V - volume,T - temperature, R is universal time constant, n is the number of moles,
and k is the ratio of the specific heat at constant pressure and specific heat at constant volume, k =

cp
cv
.

If we assume there is no heat transfer to the environment, the process is reversible, adiabatic and is
represented by

PgV
k
g = const (3.34)

or
Pg1V

k
g1 = Pg2V

k
g2 = const, (3.35)

where subscripts in (3.35) refer to states 1 and 2, respectively.
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Figure 3.3: Gas-charged accumulator

Differentiating (3.34), we get
ṖgV gk + kPgV

k−1
g V̇g = 0 (3.36)

or
ṖgV

k
g = −kPgV

k−1
g V̇g (3.37)

Solving for V̇g, we get

V̇g = − ṖgVg

kPg
. (3.38)

The stored flow (compressibility) in the accumulator is given by

Ṗliq =
β

Vliq

(
Qacc − V̇g

)
(3.39)

where β is the bulk modulus and Qacc is the liquid flow into the accumulator. Substituting (3.38) in
(3.39) and noting that Pg = −Pliq yields

Ṗliq =
β

Vliq

(
Qacc +

˙PliqVg

kPliq

)
(3.40)

and (
1 +

βVg

VliqkPliq

)
Ṗliq =

β

Vliq
Qacc (3.41)

Finally,

Ṗliq =

β
Vliq

Qacc(
1 +

βVg

VliqkPliq

) . (3.42)

The stored flow can also be found by neglecting the compressibility of the fluid. Solving (3.37) for
Ṗg yields

Ṗg = −kPgV̇g

Vg
. (3.43)

Let the total volume of the accumulator, V0, be given by

V0 = Vg + Vliq (3.44)

Hence,
Vg = V0 − Vliq (3.45)
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Noting that Pg = −Pliq and using (3.45), we get

Ṗliq = −
kPg

(
V̇0 − V̇liq

)
V0 − Vliq

(3.46)

Since V0 is constant, therefore

Ṗliq =
kPgV̇liq

V0 − Vliq
(3.47)
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4 Hydraulic interface model

This chapter describes the mathematical derivation of the non-linear model of the hydraulic interface.
The hydraulic interface consists of hydraulic cylinders, bladder accumulators, check valves, a hydraulic
motor and hosing. Three different scenarios are modelled. The OHT power take-off is connected,
firstly, to a single Waves4Power buoy, secondly, to multiple Waves4Power buoys, and lastly, connected
to multiple NTNU buoys.

4.1 Connection of single Waves4Power buoy to OHT Power Take-Off

Waves4Power buoy, contains a hydraulic cylinder with a piston which pumps fluid bidirectionally. The
piston is driven by the motion of the water piston, relative to the floater-tube system. The flow, generated
by the hydraulic actuator, is rectified by a Graetz bridge and smoothed by a bladder accumulator prior
to driving a hydraulic motor. The hydraulic motor is loaded by a non-linear generator. The hydraulic
system of the Waves4Power model is shown in the Figure 4.1.

Figure 4.1: Waves4Power hydraulic model

The hydraulic system of Wave4Power is extended with another bladder accumulator in the low
pressure link in order to prevent cavitation, and the generator is replaced with the OHT power take-off
system, illustrated in the Figure 4.2. Moreover, a check valve is added to the high pressure link between
the hydraulic accumulator and the motor in order to prevent back-flow in the system. The cause for the
back-flow in the hydraulic circuit is the type of loading that the OHT applies on the point absorber.
Unlike Wave4Power, which has passive, i.e. velocity-dependent, type of loading on the point absorber,
OHT uses reactive, i.e. acceleration-dependent, type of damping on the buoy, see [11].

The hydraulic cylinder is modelled as an ideal transformer that transforms velocity to flow, and
pressure difference to torque:

qin = AcΔv fc = ΔpcAc, (4.1)

where qin is the input flow, fc is the force applied on the piston, Δpc is the pressure difference on the
hydraulic cylinder, Δv is the piston velocity, relative to the moving floater-tube, and Ac is the piston
area.

The Graetz bridge can be modelled as an ideal rectifier.

qrect = |qin| Δpc = sgn(qin)Δp, (4.2)

where qrect is the rectified flow after the Graetz bridge. If losses are accounted, bridge rectification has
a loss of two check valve pressure drops.
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Figure 4.2: OHT power take-off system with hydraulic interface

The bladder accumulator is modeled under assumption of incompressible fluid to simplify the model.
According to (3.47), the bladder accumulator can be represented by

ṗc(HP ) =
kpc(HP )

V0(HP ) − Vacc(HP )
qacc(HP ) (4.3)

for the high pressure accumulator (the subscripts denote the high pressure accumulator). The stored
flow in the high-pressure accumulator is denoted with qacc(HP ) and is given by

qacc(HP ) = qrect − qpipe (4.4)

where qpipe is the flow inside the hydraulic pipe.
The low-pressure bladder accumulator is modelled as

ṗc(LP ) =
kpc(LP )

V0(LP ) − Vacc(LP )
qacc(LP ) (4.5)

The stored flow in the low-pressure accumulator is denoted with qacc(LP ) and is given by

qacc(LP ) = qpipe − qrect (4.6)

The high-pressure pipe, marked with a red line in the Figure 4.2, is modelled as a lumped model with
friction and inertance included.

LHP q̇pipe = pc(HP ) − f(qpipe)− pm(HP ) (4.7)

where LHP is the inertance of the fluid in the high-pressure pipe, pc(HP ) is the pressure at the high-
pressure accumulator , and pm(HP ) is the pressure before the motor. The pressure drop due to the
hydraulic losses is represented as a function of the pipe flow, f(qpipe).
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The low-pressure link is modelled similar to the high-pressure link as a lumped model with friction
and inertance included.

LLP q̇pipe = pm(LP ) − f0(qpipe)− pc(LP ) (4.8)

where LLP is the inertance of the fluid in the low-pressure pipe, pm(LP ) is the pressure after the motor,
and pc(LP ) is the pressure at the low-pressure accumulator. Since the areas at the two sides of the
cylinder are assumed to be equal, the sucked fluid is the same as the pumped fluid from the hydraulic
cylinder.

The hydraulic motor is modelled as an ideal transformer, i.e. the efficiency is assumed to be 100%,

τm = KmΔpm qpipe = Kmωm, (4.9)

where τm is the torque generated by the motor, Km is the motor gain, Δpm is the pressure drop on the
motor, ωm is the angular velocity of the motor shaft. The motor gain Km can be either a parameter or
a variable depending on the type of motor that is chosen: variable or fixed displacement.

Adding (4.7) and (4.8) and using (4.9), the equation that describes the flow dynamics inside the pipe,
is obtained:

(LHP + LLP )q̇pipe = Δpc − F (qpipe)−Δpm, (4.10)

where

Δpc = pc(HP ) − pc(LP ) (4.11)

F (qpipe) = f(qpipe) + f0(qpipe) (4.12)

Δpm = pm(HP ) − pm(LP ) (4.13)

The check valve can be modeled as a finite state automaton, shown in the Figure 4.3. The automaton

Figure 4.3: Extended finite state automaton of a check valve

consists of the set of states Q = {Q1, Q2}: Q1 represents the state when the flow through the check valve,
which is also equal to the pipe flow, is greater than 0 (qvalve(= qpipe) > 0), and Q2 represents the state
when the flow is equal to 0 (qvalve = 0). When the automaton is in state Q1 and the predicate qpipe ≤ 0
turns true, the state changes to Q2 and the valve flow is assigned to 0 (qpipe := 0). When the automaton
is in state Q2 and the predicate Σp > 0 turns true, the state changes to Q1 and the flow is greater than
0 (qpipe > 0). The hydraulic circuit is connected to an input shaft via the hydraulic motor and the input
shaft is connected to the carrier shaft of the planetary gearbox via a gearbox. The dynamics of the input
shaft is described by

Jmω̇m = τm − bmωm − τmload
(4.14)

where Jm and bm are the moment of inertia and the viscous friction coefficient of the input shaft,
respectively. The Coulomb friction of the shaft is not modelled. The carrier equation is taken from the
elastic planetary gear model, derived in [4]. It is given by

Jcω̇c = r2sdscωs + rsFsc + (rsdscrp − rrdcrrp)ωp − (bc + r2sdsc + r2rdcr)ωc − rrFcr + r2rdcrωr + τc (4.15)

where ωc, ωs, ωp, and ωr are angular velocities respectively of the carrier, sun gear, planet gears and the
ring gear of the planetary gearbox. Elasticity force between the sun gear and the carrier, and between the
carrier and the ring gear are given by Fsc and Fcr respectively. rs, rp, and rr are the radii respectively
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of the sun gear, planet gears, and the ring gear, Jc is the inertia of the carrier shaft, bc is the viscous
friction coefficient, and dsc and dcr are the viscous damping coefficients in the gear teeth.

The gearbox, that connects the input shaft to the carrier shaft, is modelled as an ideal component:

ωc

ωm
=

τmload

τc
= n1 (4.16)

where n1 is the gear ratio of the gearbox.
Substituting (4.16) in (4.15) and adding the result to (4.14),

(
Jm + n2

1Jc
)
ω̇m = τm − n2

1

(
bc +

bm
n2
1

+ r2sdsc + r2rdcr

)
ωm + n1τrest (4.17)

where
τrest = r2sdscωs + rsFsc + (rsdscrp − rrdcrrp)ωp − rrFcr + r2rdcrωr (4.18)

Combining (4.9), (4.10), and (4.17) yields(
Jm
K2

m

+
n2
1

K2
m

Jc + LHP + LLP

)
q̇pipe = Δp− n2

1

K2
m

(bc +
bm
n2
1

+ r2sdsc + r2rdcr +
K2

m

n2
1

F (qpipe) +
n1

Km
τrest
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4.2 Connection of multiple Waves4Power buoys to OHT Power Take-Off

In this section the the connection of multiple Waves4Power buoys to the OHT hub is modelled. The
model of the hydraulic interface is shown in the Figure 4.4. The hydraulic interface is extended with

Figure 4.4: Hydraulic interface that connects multiple W4P buoys to a single motor

two more bladder accumulators. One of them is placed after the junction, where the flows in the high
pressure links flow in, and the other one is placed before the junction, where the flows to the low pressure
links are distrinuted. Moreover, a check valve is added before the accumulator after the high pressure
junction and the motor in order to prevent back flow in the system or prevent the motor from moving
in reverse direcetion.The reason that the hydraulic interface is extended with these accumulators is that
the potentials at the junction must be known in order to be able to derive a mathematical model that
can be simulated. In the single buoy case the flow through the pipe was the same due to the lack of any
junction:

qpipe = qpipe(HP ) = qpipe(LP ) (4.19)

where qpipe(HP ) and qpipe(LP ) denote respectively the flows in the high pressure and low pressure links.
Contrarily, in the multiple buoys case the flows in the high pressure link are not equal to the flows in
the low pressure link:

q(HP )i �= q(LP )i (4.20)

where the subscript i is used to differentiate between the connection of each buoy to the hub. Throughout
the derivation subscript notation is going to be used to indicate the hydraulic connection of each buoy
to the power take-off.

The hydraulic cylinder pumps fluid with a flow rate, which is proportional to the piston velocity,
relative to the buoy velocity. The power take-off inserts force on the piston which is proportional to the
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pressure drop on the hydraulic cylinder.

qin1
= Ac1Δv1 fc1 = Ac1Δpc1 ,

qin2
= Ac2Δv2 fc2 = Ac2Δpc2 ,

...

qinn
= AcnΔvn fcn = AcnΔpcn . (4.21)

where the subsctipt n denotes the number of buoys connected to the power take-off. The rectifier bridges
are modelled as ideal:

qrect1 = |qin1 | Δpc1 = sgn(qin1)Δp1,

qrect2 = |qin2 | Δpc2 = sgn(qin2)Δp2,

...

qrectn = |qinn | Δpcn = sgn(qinn)Δpn. (4.22)

The dynamics of the high and low pressure bladder accumulators, which are placed after the rectifier
bridges, are dscribed by

ṗc(HP )1 =
kpc(HP )1 V̇acc(HP )1

V0(HP )1 − Vacc(HP )1

ṗc(LP )1 =
kpc(LP )1 V̇acc(LP )1

V0(LP )1 − Vacc(LP )1

,

ṗc(HP )2 =
kpc(HP )2 V̇acc(HP )2

V0(HP )2 − Vacc(HP )2

ṗc(LP )2 =
kpc(LP )2 V̇acc(LP )2

V0(LP )2 − Vacc(LP )2

,

...

ṗc(HP )n =
kpc(HP )n V̇acc(HP )n

V0(HP )n − Vacc(HP )n

ṗc(LP )n =
kpc(LP )n V̇acc(LP )n

V0(LP )n − Vacc(LP )n

. (4.23)

The pressure on the hydraulic cylinder is the difference of potentials in the high-pressure and low-pressure
accumulators.

Δp1 = pc(HP )1 − pc(LP )1 ,

Δp2 = pc(HP )2 − pc(LP )2 ,

...

Δpn = pc(HP )n − pc(LP )n . (4.24)

The high and low pressure links that connect each buoy to the power take-off are modelled accounting
for the inertance of the fluid and pressure drops in the pipes due to friction. The subscript notation
used to distinguish the high-pressure and low-pressure links is similar to the one used to distinguish the
high-pressure and low-pressure accumulators after the rectifier circuits. The equations that describe the
hydrodynamics of the fluid in the high-pressure links are

LHP1 q̇pipe(HP )1 = pc(HP )1 − f(qpipe(HP )1)− pm(HP ),

LHP2
q̇pipe(HP )2 = pc(HP )2 − f(qpipe(HP )2)− pm(HP ),

...

LHPn
q̇pipe(HP )n = pc(HP )n − f(qpipe(HP )n)− pm(HP ), (4.25)

where Pm(HP ) denotes the pressure of the accumulator at the high-pressure side of the motor. Similarly,
the equations that describe the hydrodynamics of the fluid at the low-pressure links are

LLP1
q̇pipe(LP )1 = pm(LP ) − f(qpipe(LP )1)− pc(LP )1 ,

LLP2
q̇pipe(LP )2 = pm(LP ) − f(qpipe(LP )2)− pc(LP )2 ,

...

LLPn
q̇pipe(LP )n = pm(LP ) − f(qpipe(LP )n)− pc(LP )n , (4.26)
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where Pm(LP ) denotes the pressure of the accumulator at the low-pressure side of the motor. Since the
differential equations, describing the flow dynamics in the pipes, require the potential at the junctions
and also because of the fact that the flows at the high-pressure and low-pressure links of each connection
are not equal, it is necessary to introduce storage elements immediately after the two junctions. In the
scope of this project, the storage elements are modelled as gas-charged bladder accumulators, i.e. the
circuit is extended with two bladder accumulators. As a future goal, these accumulators can be removed
from the circuit and instead the compressibility of the fluid in the common pipe can be modelled. The
compressibility of the fluid can be modelled as a constant volume hydraulic chamber if the cavitation in
the fluid and the compliance of the pipe are not accounted. The dynamics of the bladder accumulators
in the common pipe are modelled similar to (4.23):

ṗm(HP ) =
kpm(HP )V̇m(HP )

Vm0(HP ) − Vm(HP )
ṗm(LP ) =

kpm(LP )V̇m(LP )

Vm0(LP ) − Vm(LP )
(4.27)

The common link that connects the the two bladder accumulators through the motor is modelled without
accounting for the friction losses and inertance of the fluid. The hydraulic motor is modelled as ideal.
Therefore the flow in the common pipe is same before and after the motor. The motor generates torque
that is proportional to the pressure difference on it. The flow in the motor is proportional to the velocity
of the input shaft, to which it is connected.

qm = Kmωm τm = kmΔpm (4.28)

where
Δpm = pm(HP ) − pm(LP ) (4.29)

The input shaft is connected to the carrier shaft of the planetary gearbox through a gearbox with gear
ratio n1. The relation between the velocities and between the torques of the input shaft are given by
(4.16). The planetary gearbox model is derived in [4], where it is shown that a planetary gearbox can
be modelled as a system of two degree of freedom. It is given in the form

Jẋ = Ãx+ B̃u

y = B̃Tx (4.30)
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where

J =

(
J11 J12
J21 J22

)
,

J11 = Js + Jp

(
rs
rp

)2

+ Jr

(
rs
rr

)2

J12 = J21 = −Jp

(
rs
rp

)2

− Jr

(
rs
rr

)(
1 +

rs
rr

)

J22 = Jc + Jp

(
rs
rp

)2

+ Jr

(
1 +

rs
rr

)2

Ã =

(
ã11 ã12
ã21 ã22

)
,

ã11 = −bs − bp

(
rs
rp

)2

− br

(
rs
rr

)2

ã12 = ã21 = bp

(
rs
rp

)2

+ br

(
rs
rr

)(
1 +

rs
rr

)

ã22 = −bc − bp

(
rs
rp

)2

− br

(
1 +

rs
rr

)2

B̃ =

(
b̃11 b̃12 b̃13
b̃21 b̃22 b̃33

)
=

(
1 0 − rs

rr
0 1 1 + rs

rr

)
,

x =
(
ωs ωc

)T
,

u =
(
τs τc τr

)T
.

Multiplying (4.30) with the inverse of matrix J , planetary gear model can be transformed to state-space
form:

ẋ = Ax+Bu

y = Cx+Du, (4.31)

where

A = J−1Ã,

B = J−1B̃,

C = B̃,

D =

⎛
⎝0 0 0
0 0 0
0 0 0

⎞
⎠ .

The planetary gearbox model is reduced to two degree of freedom from sixth degree of freedom, by
assuming that the elasticity coefficients between the sun gear and carrier, Ksc, and between the carrier
and the ring gear Kcr are infinity. The two degree of planetary gearbox model is defined as stiff and the
six degree of freedom one - as elastic. The carrier shaft of the planetary gearbox model is connected to
the input shaft, the ring gear shaft is connected to the counterweight shaft and to the counterweight,
and the sun gear is connected to the generator shaft. In order to derive a mathematical model of these
connections, the elastic planetary gearbox model is used. Now, the planetary gearbox model connected
to the input shaft, counterweight, and the generator, is going to be reduced to two degree of freedom.
In [4], the elastic planetary gearbox model was connected to the buoy both with an elastic and stiff
connection. An elasticity between the planetary gearbox and the buoy was introduced, since there was
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a constraint between the buoy velocity and the carrier shaft. Therefore, elasticity eliminated the need
to couple the two subsytems. In the new model, the OHT hub is extended with a hydraulic circuit,
comprising of two accumulators around the hydraulic motor. Accumulators, like mechanical springs, are
physical components that calculate the effort variable given the flow difference around the component.
Therefore, accumulators break the constraint on the flow variables that would exist if two inertia elements
are connected in series without any effort storage component (accumulators spring, capacitors) between
them.

The elastic planetary gearbox model is given by⎛
⎜⎜⎜⎜⎜⎜⎝

Js 0 0 0 0 0
0 1

Ksc
0 0 0 0

0 0 Jp 0 0 0
0 0 0 Jc 0 0
0 0 0 0 1

Kcr
0

0 0 0 0 0 Jr

⎞
⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎝

ω̇s

Ḟsc

ω̇p

ω̇c

Ḟcr

ω̇r

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎝

−bs − r2sdsc −rs −rsdscrp r2sdsc 0 0
rs 0 rp −rs 0 0

−rsdscrp −rp −bp − dscr
2
p − dcrr

2
p rsdscrp − dcrrprr −rp dcrrprr

r2sdsc rs rsdscrp − dcrrprr −bc − r2sdsc − dcrr
2
r −rr dcrr

2
r

0 0 rp rr 0 −rr
0 0 dcrrprr dcrr

2
r rr −br − dcrr

2
r

⎞
⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎝

ωs

Fsc

ωp

ωc

Fcr

ωr

⎞
⎟⎟⎟⎟⎟⎟⎠

+

⎛
⎜⎜⎜⎜⎜⎜⎝

1 0 0
0 0 0
0 0 0
0 1 0
0 0 0
0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎠
⎛
⎝τs
τc
τr

⎞
⎠ (79)

Parameters of the planetary gearbox model are: rs, rr, rp are the sun, ring and planet gear radii; Js, Jc,
Jr, Jp are the moments of inertia of the sun gear, carrier, ring gear and the planet gears respectively;
bs, bc, br, bp are the viscous friction coefficients of the sun gear, carrier, ring gear and the planet gears
respectively; dsc and dcr are the friction coefficeints of the sun-carrier and carrier-ring elastic elements;
Ksc, Kcr are the stiffness coefficients of the sun-carrier and carrier-ring elastic elements.

The equation that describes the sun gear dynamics is given by the first row of the system in (79).

Jsω̇s =
(−bs − r2sdsc

)
ωs − rsFsc − rsdscrpωp + r2sdscωc − τs (4.33)

where τs is torque that the generator shaft applies on the sun gear. The equation that describes the
output shaft dynamics is modeled as

Jgω̇g = τg − bgωg − τgload
, (4.34)

where Jg, bg are respectively the moment of inertia and friction coefficient of the generator shaft. τgload

is the counteracting torque of the generator. The sun gear shaft is connected to the output shaft via a
gearbox, which is modeled as an ideal component.

ωs

ωg
=

τg
τs

= n3 (4.35)

where n3 is the gear ratio of the gearbox. Using (4.35), the sun gear shaft and the output shaft are
coupled together, modelled by(

Js +
Jg
n2
3

)
ω̇s =

(
−bs − bout

n2
3

− r2sdsc

)
ωs − rsFsc − rsdscrpωp + r2sdscωc − τgload

n3
(4.36)

In [4] the counteracting torque is modelled as linear to the output shaft velocity:

τgload
= Ks(ωg − n3ω0) (4.37)

where ω0 is defined as the generator offset. Substituting (4.37) in (4.36) and using the relation between
the velocities of the sun gear and output shaft, yields(

Js +
Jg
n2
3

)
ω̇s =

(
−bs − bg

n2
3

− r2sdsc

)
ωs − rsFsc − rsdscrpωp + r2sdscωc −Ks(ωs − ω0) (4.38)

Let

J̃s = Js +
Jg
n2
3

, b̃s = bs +
bg
n2
3

, τ̃s = Ks(ωs − ω0), (4.39)

then
J̃sω̇s = (−b̃s − r2sdsc)ωs − rsFsc − rsdscrpωp + r2sdscωc − τ̃s (4.40)

The equation that describes the ring gear dynamics is given by the sixth row of the system in (79).

Jrω̇r = dcrrprrωp + dcrr
2
rωc + rrFcr + (−br − dcrr

2
r)ωr − τr (4.41)
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where τr is torque that the counterweight shaft applies on the sun gear. The equation that describes the
counterweight shaft dynamics is modeled as

Jcountω̇count = τcount − bcountωcount − τcountload
, (4.42)

where Jcount, bcount are respectively the moment of inertia and friction coefficient of the counterweight
shaft. τweight is the torque that the counterweight applies on the counterweight shaft. The ring gear saft
is connected to the counterweight shaft via a gearbox, which is modeled as an ideal component.

ωr

ωcount
=

τcount
τr

= n2 (4.43)

where n2 is the gear ratio of the gearbox. Using (4.43), the ring gear shaft and the counterweight shaft
are coupled together, modelled by(

Jr +
Jcount
n2
2

)
ω̇r = dcrrprrωp + dcrr

2
rωc + rrFcr +

(
−br − bcount

n2
2

− dcrr
2
r

)
ωr − τcountload

n2
(4.44)

The counterweight is connected to the counterweight shaft via a rack and pinion drive, which is modelled
as ideal:

vcount
ωcount

=
τcount
fcount

= r2 (4.45)

where r2 is the radius of the pinion. The vertical motion of the counterweight is described by

mcountv̇count = fcount −mcg, (4.46)

where mc is the mass of the counterweight and g is the gravity constant. Losses of the counterweight
are ignored. Using (4.45), (4.44) and (4.46) are coupled together.(

Jr +
Jcount
n2
2

+
r22
n2
2

mc

)
ω̇r = dcrrprrωp+dcrr

2
rωc+rrFcr+

(
−br − bcount

n2
2

− dcrr
2
r

)
ωr− r2

n2
mcg (4.47)

Let

J̃r = Jr +
Jcount
n2
2

+
r22
n2
2

mc, b̃r = br +
bcount
n2
2

, τ̃r =
r2
n2

mcg (4.48)

then
J̃rω̇r = dcrrprrωp + dcrr

2
rωc + rrFcr + (−b̃r − dcrr

2
r)ωr − τ̃r (4.49)

The equation that describes the carrier shaft dynamics is given by the fourth row of the system in
(32).

Jcω̇c = r2sdscωs + rsFsc + (rsdscrp − dcrrprr)ωp + (−bc − r2sdsc − dcrr
2
r)ωc − rrFcr + dcrr

2
rωr + τc (4.50)

where τc is torque that the input shaft applies on the carrier shaft. The dynamics of the input shaft is
described by

Jω̇m = τm − bmωm − τmload
(4.51)

where Jm, bm are respectively the moment of inertia and friction coefficient of the motor shaft. τm is
the torque of the motor. The sun gear shaft is connected to the output shaft via a gearbox, which is
modeled as an ideal component.

ωc

ωm
=

τmload

τc
= n1 (4.52)

where n1 is the gear ratio of the gearbox. Using (4.35), the carrier shaft and the input shaft are coupled
together, modelled by(
Jc +

Jm
n2
1

)
ω̇c = r2sdscωs + rsFsc + (rsdscrp − dcrrprr)ωp + (−bc − bm

n2
1

− r2sdsc − dcrr
2
r)ωc − rrFcr + dcrr

2
rωr +

τm
n1

(100)

The torque of the motor is proportional to the pressure difference on the motor

τm = KmΔpm (4.54)
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Substituting (4.54) in (100), yields(
Jc +

Jm
n2
1

)
ω̇c = r2sdscωs + rsFsc + (rsdscrp − dcrrprr)ωp + (−bc − bm

n2
1

− r2sdsc − dcrr
2
r)ωc − rrFcr + dcrr

2
rωr +

Km

n1
Δpm (102)

Let

J̃c = Jc +
Jm
n2
1

, b̃c = bc +
bm
n2
1

, τ̃c =
Km

n1
Δpm (4.56)

then

J̃cω̇c = r2sdscωs + rsFsc + (rsdscrp − dcrrprr)ωp + (−b̃c − r2sdsc − dcrr
2
r)ωc − rrFcr + dcrr

2
rωr + τ̃c (4.57)

It can be seen that the structure of the coupled planetary gearbox shaft equations ( (4.40), (4.49) and
(4.57)) is the same as the uncoupled planetary gearbox shaft equations ( (4.33), (4.41) and (4.50)).
Therefore, the coupled planetary gearbox model is reduced to two degree of freedom in the same way as
described in [4].
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4.3 Connection of multiple NTNU buoys to OHT Power Take-off

This section describes the derivation of the model for connecting multiple wave buoys to the OHT
collection hub system. In [4] the model of a single buoy, connected to a power take off with a planetary
gearbox and gravity accumulator, is presented. In order to connect multiple buoys, the previous model
is extended with a hydraulic interface shown in the Figure 4.5.

Figure 4.5: Hydraulic interface that connects multiple NTNU buoys to a single motor

The only difference with the previous hydraulic interface, which was used to connect multiple Waves4Power
buoys, is the replacement of the cylinders with hydraulic pumps. The buoys are connected to the pump
shafts through a rack and pinion drive.

Throughout the derivation a subscript notation is going to be used to indicate each buoy connection
to the hub system. The heave motion of a buoy can simply be described by

(mbi +m∞i
) z̈i = fwi

− fhi
− fri − fpi

(4.58)

Expression (4.58) calculates the force balance for a buoy excited by an incoming wave, where z is the
buoy position with respect to the equilibrium position. mb is the equivalent mass of the WEC system,
consisting of the mass of the WEC and the inertia of the power take off system. fw is the wave excitation
force. It can be calculated priori for a certain wave and a certain buoy if the system is assumed to be
linear. fp is the force, applied from the power take-off onto the buoy. fh represents the hydrostatic force,
which is proportional to the buoy displacement from the equilibrium position.

fh = Khz (4.59)

fr is the radiation force, acting on the buoy due to the diffracted waves, created by the oscilating device.
The radiation force is typically expressed in the frequency domain by

FR(ω) = mr(ω)z̈ +Rr(ω)ż (4.60)
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where mr is the added mass of the water oscillating with the device and Rr is the radiation resistance.
As these parameters are frequency dependent, the time domain expression of the radiation force can be
described by

Fr(t) = mr(∞)z̈ +

∫ t

0

k(t− τ)z(τ)dτ = m∞ + fr. (4.61)

where m∞ is the added mass at infinite frequency, and fr is what from now will be called the radiation
force. k in the convolution integra can be considered the radiation force impulse response. The radiation
force can be approximated by a state-space representation

ẋ = Ax+Bż (4.62)

fr = Cx+Dż

Here, x represents the state vector, and A, B, C, D are constant matrices, which are calculated for a
specific buoy and made available for use in the project by Elisabetta Tedeschi, NTNU, see [12].

The buoys are connected to the pump shaft using a rack and pinion, modelled as an ideal component.

żi
ωpi

=
τpi

fpi

= r1 (4.63)

where r1 is the radius of the pinion, τp is the torque of the pinion and ωp is the velocity of the pump
shaft. Dynamics of the pump shaft can be modelled by

Jpωpi = τpi − bpωpi − τpumpi (4.64)

where Jp is the moment f inertia of the pump shaft, bp is the friction coefficient of the pump shaft and
τpump is the counteracting torque of the pump. Using (4.63), (4.58) and (4.64) are coupled together:(

mbi +m∞i
+

Jp
r21

)
z̈i = fwi

− fhi
− fri − fpi

− bp
r21

ż (4.65)

The pump, modelled as an ideal component, is

τpumpi = KpΔppi qini = Kpwpi (4.66)

where Kp is the gain of the pump, Δpp is the pressure difference on the pump, qin is the input flow.
The hydraulic circuit, used to connect multiple NTNU buoys, is the same as the one, used to connect

multiple Waves4Power buoys. Therefore, the equations (4.22)-(4.57) can be used for multiple NTNU
case, too.
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5 Modelling Losses in the Hydraulic Interface

5.1 Modelling losses in the pipes

Losses have been defined for the pipes in the hydraulic collection system. For every hose, a pressure drop
is calculated in the direction of the flow. The parameters affecting these losses have been studied.

The friction loss is calculated by the Darcy − Weisbach equation for viscous losses in all straight
sections of a pipe, according to [20], by:

hv = fD
l

DH

V 2

2g
, (5.1)

where hv[m] is the head loss, fD is a dimensionless coefficient called the Darcy friction factor, l[m] is
length of the pipe, DH [m] is hydraulic diameter of the pipe, V [m/s] is the flow velocity and g[m/s2] is
gravitational acceleration.

To represent the pressure drop in SI unit, Pascal, the following equation is used

Δp = hvgρ, (5.2)

where ρ is density of the fluid used in the pipe.
Friction factor, fD, depeneds on the flow structure, and for the condition of laminar flow (Re < 2300)

relies only on the Reynolds number, Re, and derived by

f =
64

Re
(5.3)

And for the condition of non-laminar flow, the friction factor relies on the Reynolds number and the
pipe roughness (ε/DH). The Colebrook- White equation provides an estimation of fD, according to [20],
for the conditions of 2300 < Re < 108 and 0 ≤ ε/DH ≤ 0.05 by

1√
fD

= −2log(
ε/DH

3.7
+

2.51

Re
√
fD

), (5.4)

where ε = wall roughness of the pipe.

Reynolds number is calculated by

Re =
V DH

ν
(5.5)

where ν[m2/s] is kinematic viscosity of the fluid and V [m/s] is the flow velocity and is determined by

V =
Q

A
(5.6)

where Q[m3/s] is volumetric flow rate and A[m2] is cross sectional area.

An instance to understand how the area of pipe would affect the Reynolds number is presented in
the following diagram, at Q = 2× 10−3 m3/s, ε = 10−4, ν = 4× 10−5m2/s:
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Figure 5.1: Reynolds number as a function of diameter at 2× 10−3 m3/s

In the model, for the Reynolds numbers smaller than 2300 the flow is considered laminar, and it is
non-laminar for Reynolds number 2300 and bigger. On the the Figure 5.1, the threshold of pipe diameter
for the flow to become non-laminar is monitored to happen for diameters smaller than 2.753 × 10−2 at
earlier stated configuration. By substituting (5.6) in (5.5) It can be seen that Reynolds number is a
function of reciprocal for diameter which matches the curve on the Figure 5.1.

In addition to viscous losses, minor losses (hm), can be considered. This might be due to disturbances
such as pipe bends, sharp corners or expamsion/contraction orifices. These losses are derived from

hm = KL

( Q
Am

)2

2g
(5.7)

where KL and Am are design parameters for such disturbances in the pipe. However the minor losses
are neglected in the model.
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5.2 Modelling losses in the hydraulic motor

The mechincal losses and volumetric losses are considered in modeling the efficiency of the hydrauliuc mo-
tor. To this, a Hägglunds drive compact CBP 400 motor is assumed and loss maps from the Hägglunds’s
are used. The motor delivers relatively high torques in low speeds.

An ideal motor is represented by (4.9) and to include the losses the equation may be rewritten as [19]

q = Dω − qleak, τ = DΔpηmech, (5.8)

where
qleak = Dmaxωnom(1− ηV ). (5.9)

The mechanical efficiency is not available in the data sheet and it is derived from the total and
volumetric losses by

ηmech = ηtotal/ηV . (5.10)

Overall efficiency, ηtotal, can be found by mapping the operating motor on the following Figure:

Figure 5.2: Hägglunds compact CBP 400, 8 ports motor - overall efficiency

The oil assumed in the motor has viscosity of 40 cSt/187 SSU. The volumetric losses for the stated
oil viscosity can be derived from the Figure 5.3. The figure presents leakage of flow at the operating
pressure. To derive the volumetric losses as percentage it is enough to map the motor on the figure and
use (5.9). Considering motor with zero leakage leads to ηmech = ηtotal, having (5.10) in mind.
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Figure 5.3: Hägglunds compact CBP motors - volumetric efficiency

To model losses, the oil viscosity is considered constant. To be more precise, when calculating vol-
umetric losses using other viscosities than 40 cSt/187 SSU, the value given in volumetric loss diagram
should be multiplied by a factor. This factor can be found in the data sheet and is attached in the
appendix A. The same oil may vary in viscosity as a function of temperature too and the rate at which
this changes is non-linear. In low temperatures, there is relatively larger change in viscosity. In nature
of cold oceans, this may have bigger impacts. Viscosity and temperature relationship for a specific oil is
attached in the appendix.
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6 Forced oscillation and back-stop functionality

The buoy can be represented by a simple mechanical oscillator in the form of a mass-spring-damper
system. A mass m is suspended through a spring S and a mechanical damper R, as shown in the Figure
6.1.

Figure 6.1: Mechanical oscillator composed of a mass-spring-damper system

Because of the application of an external force F the mass has a position displacement x from its
equilibrium position. Newton’s law gives

mẍ = F + FR + FS , (6.1)

where the spring force and the damper force are FR = −Sx and FS = −Rẋ, respectively.
If we assume that the spring and the damper have linear characteristics, then the ”Stiffness” S and

the ”mechanical resistance” R are coefficients of proportionality, independent of the displacement x and
of the velocity u = ẋ. Then Newton’s law gives the following linear differential equation with constant
coefficients,

mẍ+Rẋ+ Sx = F. (6.2)

In terms of absence of external forces, F , the general solution to equation (6.2) is

x = (C1cosωdt+ C2sinωdt)e
−δt (6.3)

where

δ = R/2m, ω0 =
√

S/m, ωd =
√

ω2
0 − δ2 (6.4)

are the damping coefficient, the undamped natural angular frequency and the damped angular frequency,
respectively.

On the other hand, in terms of existence of external forces, F = F (t) �= 0, the general solution may
be written as a particular solution plus the general solution (6.3) of the corresponding homogeneous
equation (corresponding to F = 0)

In the NTNU model of buoy, the external forces F (t) consists of Fexcitation and FPTO which are the
forces from the ocean and load damping from the machinery, hence (6.2) may be rewritten as

mẍ = Fexcitation− FPTO + Fradiation + Fhydrostatic, (6.5)
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6 FORCED OSCILLATION AND BACK-STOP FUNCTIONALITY

When the buoy is brought to the rest position, ẋ = 0, the force balance in (6.5) should not introduce
any acceleration to the motion equation unless |Fhydrodynamic| > |FPTO| holds true, where

Fhydrodynamic = Fexcitation + Fradiation + Fhydrostatic (6.6)

The back-stop functionality makes sure at rest positions, Fhydrodynamic = FPTO and ẍ = 0 hold true
until hydrodynamic forces strength up again to be the dominant ones in (6.5). In the other words, at
each turning point of buoy motion

mẍ =

{
0 if |Fhydrodynamic| � |FPTO|
Fhydrodynamic − FPTO if |Fhydrodynamic| > |FPTO|

(6.7)

The need for back-stop functionality is more evident in mild sea-states with relatively high load
damping force on the buoy. The Figure 6.2 demonstarates the need for back-stop at Hs = 2.25, Te = 6.5
and FPTO = 150KN . It can be seen that without back-stop functionality the energy flows back from
the machinery and pushes the buoy in the opposite direction and tries to damp it with the same force.
And the Figure 6.4 shows the control signal to stop the energy from flowing back. As it shows, it is quite
often in this interval of 50 seconds.
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Figure 6.2: with back-stop
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Figure 6.3: without back-stop
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Figure 6.4: back-stop detection
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7 Wave-to-buoy distance and delay

Multiple buoys are connected to a single power take-off hub. The buoys are evenly placed in a circle
around the hub. The waves are assumed to move only in one direction, having the same magnitude
(height) along the line, perpendicular to the direction of travelling. Therefore, each buoy will interact
with the same wave profile at different instances of time, i.e. there will be certain amount of delay
between the interactions of the buoys with the same wave. This delay depends on the distance of the
buoys from each other along the wave direction, and also on the wave velocity.

7.1 Distance between a line and a point

The distances from the wave to each buoy can be calculated as a distance between a line and a point, if
the wave is assumed as a line and the buoys as points.

The equation of a line is given by
ax+ by + c = 0 (7.1)

The vector parallel to the line is

v =

[−b
a

]
(7.2)

The normal vector to the line is

v =

[
a
b

]
(7.3)

The vector from a point x0 = (x0, y0) to the line is given by

r =

[
x− x0

y − y0

]
(7.4)

Projecting r onto v,

d = |projvr| = |v · r|
|v| = |v̂ · r| (7.5)

=
|a(x− x0) + b(y − y0)|√

a2 + b2

=
|ax+ by − ax0 − by0|√

a2 + b2

=
|ax0 + by0 + c|√

a2 + b2
.

Two points are enough to define a line. Let x1 = (x1, y1) and x2 = (x2, y2) lie on the line. The vector
parallel to the line is

u =

[
x2 − x1

y2 − y1

]
, (7.6)

and the vector perpendicular to the line is given by

v =

[
y2 − y1

−(x2 − x1)

]
. (7.7)

The distance from the point to the line is calculated by projecting r onto v.

d = |v̂ · r| = |(x2 − x1)(y1 − y0)− (x1 − x0)(y2 − y1)|√
(x2 − x1)2 + (y2 − y1)2

. (7.8)

Equation (7.8) is written in a more concise form:

d =
|det(x2 − x1 x1 − x0)|

|x2 − x1| . (7.9)
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7 WAVE-TO-BUOY DISTANCE AND DELAY

Figure 7.1: Distance between a point and a line

From (7.9) it follows that it is sufficient to know only the coordinates of three points, where two of
them lie on the line, in order to calculate the distance between the line and the point. A MATLAB
function is created to calculate the distances between the wave and each buoy. Inputs to the function
are the radius of the buoy circle (distance between the hub and each buoy), number of buoys and angle
(direction) of the wave, defined with respect to a reference line. The placement of the buoys and the hub,
along with the wave and the reference line are shown on the Figure 7.2. There are several conventions,
used to calculate the distances between each buoy and the wave. Polar coordinates are used to find the
placement of each buoy. The hub is placed in the origin of a polar coordinate system. All the buoys are
at a distance r far from the hub. The first buoy is assumed to be at an angle −90◦. Therefore, the angle
of the each buoy is

θk =
360◦

n
k − 90◦, (7.10)

where n is the total number of buoys, and k is the buoy number. The polar coordinates can be converted
to rectangular by

xk = rcos(θk)

yk = rsin(θk) (7.11)

The reference line, according to which the direction of the wave is measured, can be expressed by

y = −r (7.12)

where r is the radius of the buoy circle. When the wave hits the first buoy, the equation of the line that
is perpendicular to the wave direction, is

y = tan(α)x− r (7.13)

where α is the slope of the wave line and\or the angle between the wave line and the reference line.
Using the coordinates of any two points on the wave line and the coordinates of the buoys, the distance
between the wave and the buoys can be measured using (7.9).
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Figure 7.2: Placement of the buoys around the collection hub
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7.2 Wave velocity and calculating time delays

Knowing the distance from the wave front to a buoy leaves us with the velocity to estimate the delay
each buoy expects to experince the wave.

For the wave height to wave length ratio h/λ of 1/50 or less, the linear wave theory or Airy’s theory
is known to have high accuracy in predicting the kinematic properties of waves. The mathematical
expression of wave period of a linear wave is [6]

T = 2π[
2πg

λ
tanh(

2πh

λ
)]−1/2. (7.14)

This equation can be rearrange to derive the wavelength:

λ =
gT 2

2π
tanh(

2πh

λ
) (7.15)

As λ is on both sides of equality of (7.15) and cannot be isolated, the equation should be solved by
either graphics or numerical techniques.

Individual waves travel at a phase velocity and considering (7.14) and (7.15), it follows

c =
λ

T
=

gT

2π
tanh(kh), (7.16)

where k is the wave number defined by

k =
2π

λ
. (7.17)

Wave energy converters are operational at deep water. Deep water, for engineering purposes, is
defined where h/λ � 1/2, or kh � π. Therefore equations (7.15) and (7.16) are approximated by

λ =
gT 2

2π
(7.18)

and

c =
gT

2π
. (7.19)

Hence the time delays between buoys to experince the same wave, by the assumption that waves
travel in one direction, is approximated by

t =
d

c
, (7.20)

where d represents the distance between two buoys.
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8 Implementation in SIMULINK

The derived models in Chapter 4 are implemented in Simulink in order to evaluate the performance
of the OHT power take-off connected to a single buoy or multiple ones. This chapter aims to give an
overview of the Simulink models created in this thesis work. The models that are presented are the
OHT hub in combination with multiple Waves4Power buoys and with multiple NTNU buoys, derived
in section 4.2 and 4.3, respectively. The SIMULINK implementation of the single buoy model, derived
in section 4.1, is not presented since it is not used in the simulation study. Instead, the multiple buoy
model is simulated with a single buoy. Hence, consistency is achieved when comparing the performance
of the power take-off with single buoy with the performance with multiple buoys.

The Simulink models are run using a script from MATLAB, where all parameters are defined and
all static calculations are performed. This makes the models more usable and enables one to run mul-
tiple simulations iteratively. The parameters that needs to be changed more frequently, such as tuning
constants of the controllers, sea states etc. are defined in an EXCEL sheet, that makes it easier to tune
the system and run multiple simulatons for different sea states. A MATLAB script is written to read
these parameters at the beginning of each simulation. At the end of each simulation results are saved
in the form of figures of those variables defined in the EXCEL sheet. This reduces the memory usage
considerably and enables one to select the desired outputs easily.
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8.1 Simulink model of the OHT hub connected to multiple NTNU buoys

The complete SIMULINK model of the OHT power take-off connected to the five NTNU buoys is shown
in the Figure 8.1. The model includes a block loading the wave excitation forces and wave positions
for each buoy, five blocks modeling the dynamics of the NTNU buoys and the hydraulic circuits that
connects them to the power take-off, two blocks calculating the pressure on the bladder accumulators
around the motor, a block that includes the model of the motor planetary gearbox with the gravity
accumulator, the generator and their control functions, and a block outputting all the variables in the
system.

Figure 8.1: The complete SIMULINK model of the OHT hub with multiple NTNU buoys

Input to each buoy are the wave excitation forces that are pre-calculated before starting the simulation
knowing the wave elevation and the physical properties of the buoy. The wave elevation is calculated
using the Pierson-Moskovitz spectrum [] for a specific wave profile defined by the significant wave height,
Hs, and zero-crossing period, Tz. Since the wave is assumed to propagate in one direction with a constant
speed, the wave elevation is calculated once and time shifted versions of the excitation force, calculated
from the wave elevation, are applied to each buoy. The time phase depends on the physical distance
between the buoys. The content of the block used to load the excitation force and wave elevations and
shift them is shown in the Figure 8.2. The wave elevation is not directly used in the SIMULINK model.
It is loaded in order to plot it together with the buoy elevation for comparison.
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8 IMPLEMENTATION IN SIMULINK

Figure 8.2: Loading excitation forces and wave heights from MATLAB workspace

The buoy model and the hydraulic circuit models, that connects the buoys to the motor are identical.
Therefore, the content of one of the blocks that describe the buoys and their hydraulic connections, is
going to be revealed. It is shown in the Figure 8.3.

Figure 8.3: Connection between the heaving buoy and the hydraulic system that connects the buoy to
the hydraulic motor

Input to the HeavingBuoy block is the loaded excitation force and the load force from the rack and
pinion that connects the buoy to the hydraulic pump. The HydraulicSystem block takes as input the buoy
velocity, which is an output from the HeavingBuoy block, and the pressures of hydraulic accumulators
around the motor. Output from the HydraulicSystem block are the flows in the high and low pressure
pipes and the load force on the buoy. The content of the HeavingBuoy block is shown in the Figure 8.4.
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Figure 8.4: Simulink model of the heaving buoy

This block models the heaving of motion of the buoy, stiffly connected to the hydraulic pump with a
rack and pinion drive (4.65),(

mbi +m∞i +
Jpumpi

r21i

)
z̈i = fwi − fhi − fri − fpi −

bpumpi

r21i
żi (8.1)

The subscript i indicates the number of buoy. The inertia of the buoy is not only determined by the
buoy mass, but also by the mass of the suppressed water and the inertia of the pump. In the buoy
equation, the added mass inertia for infinite frequency is explicitly modelled. Other added mass effects
are approximated in the linear equation, which models the radiation force. The hydrostatic force is
proportional to the buoy displacement from the equilibrium position. In the performed simulations, the
parameters m∞, the excitation force, fw, and the radiation force, fr, are derived for a specific buoy and
made available for use in [12].

The back-stop functionality is described earlier and the implementation is by use of a S-R flip-flop.
The logic of the flip-flop is as it follows:

Figure 8.5: flip-flop logic

where only Qn is used as the trigger signal for back-stop. S and R corrspond to change in velocity
sign and having hydrodynamics forces strong enough to move the buoy respectively. The binary signal
is afterwards passed through a NOT block, as the state where both S and R are 1 does not fulfill our
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desire with !Qn. Therefore where Qn is 0 zero, back-stop is applied.

The back-stop output leads to zero force balance, i.e., zero acceleration. Although the velocity is not
zero, since the algorithm is late with waiting to see velocity with different sign to trigger back-stop, hence
despite zero acceleration, buoy continues to move with constant velocity. To solve this, the integrator is
also reset which means the output, velocity, is also zero. Since reseting the integrator is dependent on
its output, or the output leads to signals that decides the reseting signal, the state-port of the integrator
is used as an output signal for such ones to avoid algebraic loop.

The HydraulicSystem block consists of a subsystem of the hydraulic pump, subsystems of the low
and high pressure accumulators and pipes. It is shown in the Figure 8.6.

Figure 8.6: An overview of the HydraulicSystem block

The HYDRAULIC PUMP block maps the pressure difference on the pump and the buoy velocity to
the load force on the buoy and the flow of the pumped fluid, respectively. It also includes the model of
the rectifier, that allows bidirectional power capture. Due to the hydraulic rectifier the load force on the
buoy is concordant to the velocity of the buoy, meaning that it changes direction relatively to the sign
of the buoy velocity. The content of the block is shown in the Figure 8.7.

Figure 8.7: Simulink model of the pump and the rectifier
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The high- and the low-pressure accumulator blocks model the bladder accumulators, given by (4.3)
and (4.5), respectively. The inputs to the high pressure accumulator are the rectified flow and the high
pessure flow, whose difference gives the stored flow in the accumulator. The inputs to the low pressure
accumulator are the low pressure accumulator and the rectified flow, whose difference is the stored flow
in the accumulator. The two block calculates the pressures in the accumulators. The SIMULINK model
of the low pressure accumulator is shown in the Figure 8.8.

Figure 8.8: SIMULINK model of the low-pressure bladder accumulator

The pipe blocks (low and high pressure) models flow of fluid though the pipes and check valves,
shown in the Figure 8.9. The inertia of the fluid and the losses inside the pipe are modelled. The check
valve is modelled as a discrete event system with an SR flip-flop. If the flow gets equal to 0, the output
of the flip-flop Q is set to 1, which resets the integral that has accumulated flow and sets the flow inside
the pipe to 0. There is no flow until the sum of the torques gets greater than 0. The SR flip-flop is used
to memorize the state of the check valve. It is intuitive to understand the need for some sort of memory,
because, for instance, there can be a case when the sum of the torques is negative when there is still flow
flowing forward inside the pipe due to the inertia of the fluid.
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Figure 8.9: Simulink model of a pipe with a check valve

The low- and high-pressure accumulator blocks in the complete model in the Figure 8.1 model the
two bladder accumulators around the motor and calculate the pressures in them given the motor flow
and the sum of the flows in the high-pressure pipes for the high-pressure accumulator and the sum of
the flows in low-pressure pipe for the low-pressure accumulator.

The OHT block contains the subsystems of the motor, planetary gearbox, the generator and the
controllers of the generator and the motor. The interconnections of these subsystems is shown in the
Figure 8.10.

Figure 8.10: An overview of the OHT block

The SIMULINK model of the planetary gearbox is shown in the Figure 8.11. The planetary gearbox
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is modelled as a two-degree of freedon system, that is given in state-space form in (??),

ẋ = Ax+Bu (8.2)

y = Cx+Du.

The inputs to the planetary gearbox model are the torques at each shaft, the states are the sun gear and
carrier velocities and outputs are the velocities of each shaft. A and B matrices can be decomposed as

A =

(
a11 a12
a21 a22

)
, B =

(
b11 b12 b13
b21 b22 b23

)
. (8.3)

One should not try to relate the individual elements of the matrices to a single parameter of the planetary
gearbox. Instead, the complete system of equations should be seen as the model that describes the
planetary gearbox. The first equation of the system calculates the sun velocity as a function of the sun
gear, ring gear and the carrier torques and the current states of the sun velocity and the carrier velocity.
The second equation of the system calculates the carrier velocity as a function of the same variables.
The placement of a check valve before the motor that is rigidly connected to the planetary gearbox,
makes us express each equation of the system seperately. One should see the check valve as a part of the
carrier and due to the non-linear behaviour of the check-valve, the carrier equation is no longer linear.
Therefore, the system matrices can not be put into the predefined state-space block in SIMULINK and
simulated. We need to have access to the state of the carier velocity before we output it. Therefore the
matrices are decomposed into components and simulated in this way.

Figure 8.11: SIMULINK model of the planetary gearbox

The SIMULINK model of the hydraulic motor is shown in the Figure 8.12.
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Figure 8.12: SIMULINK implementation of the motor.

where it represents (5.8). The variant subsystem include the loss maps presented in chapter 5.2. As
an On/Off switch to include and exclude losses, the variant sybsystem architecture is used. This frees
one from modifying the model for different conditions and enables them to alternate between SIMULINK
models with a variable defined in Matlab.

The SIMULINK model of the generator is shown in the Figure 8.13.

Figure 8.13: SIMULINK model of the linear generator

The generator is modelled as linear using the torque-velocity relation

τs = Kgen(ωs − ω0). (8.4)

The generator losses are calculated using a loss map that was provided by Chalmers University, Gothen-
burg, Sweden. Scaling of the loss map for desired nominal generator power was proposed by William
Johnsson during his summer internship in Ocean Harvesting AB. The Simulink model of the generator
losses that was implemented by William is shown in the Figure 8.14. As can be seen from the figure,
the generator losses are calculated not only as the generator is connected to the sun gear, but also as
it is connected to the carrier. This is done in order to compare the efficiencies of the generator, to un-
derstand how much energy is lost due to generator efficiency depending on the location of the generator
and to see how the weight accumulator will influence the electrical losses. The generator losses can also
be calculated as the generator is connected directly to the pump shaft in order to understand how the
collection system influences the electrical efficiency.
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Figure 8.14: Calculation of the generator losses using a loss map

In order to limit the stroke of the counterweight and to smooth the power output a PID controller is
used. The implementation of the controller is shown in the Figure 8.15.

Figure 8.15: PID controller of the generator that keeps the weight around a set point and smooths the
power output of the generator

Reference signal to the regulator is a set height of the counterweight. Increased power capture,
increases the potential energy of the counterweight. As a consequency, the error to the regulator grows.
The generator needs to ouput more energy in order to limit the potential energy of the counterweigt.
Thus the regulator implicitly increases the speed of the generator by increasing the offset parameter.
The output of the PID is saturated since the generator speed cannot be increased infinitely high. This
saturation of the output and the integrator of the regulator create the well-known problem in control
literature - the wind-up problem. When the control variable, generator offset, reaches its saturation
limit, the feedback loop is broken and the offset reamins at its limit independent of the difference in the
height of the counterweight. The integral action of the PID continues to accumulate the error. Hence,
the controller requires an error with opposite time for a long period of time before the control variable
goes below the saturation limit and start to regulate again. A method called clamping is proposed to
eliminate the anti-windup problem. In this method integration is switched off during saturation and
turned on again when the error is with an opposite sign to the ouput signal. An implementation of the
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clamping of PI controller is shown in the Figure 8.16.

Figure 8.16: An impelemtation of the clamping anti-windup method of a PI controller

The implementation of the motor controller is similar to the generator controller. A PID with
saturated output is used to calculate the displacement of the motor as a function of the error between
the counterweight height and a set height. The clamping algorithm to prevent the wind-up phenomenon.

Figure 8.17: PID controller of the motor that controls the displacement in order to limit the power
capture

8.2 Simulink model of the interface connecting the OHT’s power take-off to
the Waves4Power’s point absorber

The interface between the OHT’s power take-off and W4P’s buoy consists of a hydraulic cylinder, a
rectifier and an electronically controlled valve (by-pass control). The SIMULINK implementation of the
connection is shown in the Figure 8.18.
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Figure 8.18: SIMULINK model of the interface connecting OHT’s power take-off to W4P’s buoy

Input from the W4P’s buoy model to the OHT’s power take-off is the velocity difference between the
water piston and the buoy/accelerator tube, which is converter to a hydraulic flow with the hydraulic
cylinder due to the rectifier bridge. The OHT’s power-take off responds with a pressure difference
on the hydraulic cylinder converted to a force, that is concordant to the velocity of the piston. The
implementation of the cylinders resemples the implementation of the pump since both units are types of
transformers. It is shown in the Figure 8.19.

Figure 8.19: SIMULINK model of the hydraulic cylinder

In order to prevent the water piston from getting stuck in the wide area of the tube a flow-control
valve is implemented in SIMULINK as a discrete event system with two states. The controller checks
the leakage area between the water piston and the tube. If the area exceeds a threshold, the state of the
SR flip-flop, shown in the Figure 8.20, is set to 1 and the load force on the hydraulic piston equal is set
to 0. The state of the flip-flop resets when the leakage area drops below some threshhold and the load
force on the piston gets different than 0. This makes the water piston to move into the narrowing that
facilitates power capture.
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Figure 8.20: SIMULINK model of the by-pass control
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9 Control Strategies

9.1 Planetary gear-box control algorithm

The gravity accumulator is kept within a span by use of two PI controllers.
The power captured from hydraulic motor, input power, is decreased once the weight surpasses the

upper set point. To this purpose, a variable-displacement motor is assumed and the gain of the motor
is controlled by a controller. The error introduced to the controller is the difference between weight
position and upper set point. The control signal from the controller is the gain of the motor. As the
error is getting bigger, meaning the weight surpassed the set point, the gain of the motor is set to capture
less power to hold the weight back within the span. The followings imply to the motor:

q = kω, (9.1)

τ = kΔp (9.2)

As the flow on the motor, q, is constant, increasing in the motor gain would lead to decreasing ω, the
angular velocity of carrier shaft.

The output power, the generator power, is also decreased once the weight surpasses the lower set
point. There is an offset, ω0, introduced to the generator and it is controlled by an PI-controller. The
input to the controller is again the difference between weight position and lower set point. The following
holds true for the generator:

τs = k(ωs − ω0), (9.3)

As the torque on sun shaft, τs, is constant, once the weight surpasses the lower set point, the generator
offset, ω0, is decreased hence the generator speed, ωs, is decreased. This would mean less energy feeding
into the generator and more accumulating energy to lift the weight back into range of span. The generator
controller is saturated between a lower and upper saturation level. The lower level, zero, represents when
the weight is stopped and upper level represents the nominal speed for the generator.
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9.2 Bypass Control of Wave4Power

As stated earlier, the working principle of Waves4Power’s point absorber is based on a reacting two body
system where the vertical motion of the buoy/acceleration tube in the waves causes the water column
in the acceleration tube to oscillate up and down and the hydraulically dampened water piston to move
with the water column acting as a hydraulic pump. The central part of the tube, along which the piston
slides, bells out at both ends to limit the stroke of the piston. The point absorber captures power when
the water piston operates in the narrow part of the tube. When the water piston moves outside the
narrowing due to large waves, the water flows around the piston and hence, the power capture reduces
and stops. The point absorber starts capturing power again when the water piston returns back to the
narrowing. The condition, that makes this happen, is that the pressure on the water piston from the
power take-off side mus be reduced. With the original set-up of the Waves4Power buoy, the pressure on
the water piston from the PTO side decreases when no fluid is pumped. The fluid in the accumulator
flows out and drives the motor, and hence the generator. This leads to the reduction of pressure in
the accumulator, that makes the water piston to return back into the narrowing. However, when the
Waves4Power’s buoy is connected to the OHT’s power take-off, the stored fluid in the accumulators
cannot flow out forward to the motor, because the pressure difference of the hydraulic accumulators will
not exceed the pressure difference on the motor due to the constant loading from the PTO. Moreover,
the stored fluid cannot move backwards becuase of the rectifier bridge. This means that the pressure
difference between the accumulators will remain constant and hence, the piston will get stuck once it
moves out from the narrowing. In order to prevent that an electronically controlled valve is added
after the rectifier that connects the high pressure side of the hydraulic circuit to the low pressure one
once the valve is opened. This enables the fluid to flow from the high pressure accumulator to the low
pressure accumulator. That makes the pressure difference reduce and the water piston return back to
the narrowing. The valve is opened once the leakage area between the tube and the piston exceeds some
threshhold and it is closed again when the leakage area is equal to the leakage area of the narrowing,
i.e. once the piston is in the narrowing again. This strategy that prevents the water piston from getting
stuck is called bypass control. The location of the valve is shown in the Figure 9.1.

Figure 9.1: Location of the valve used for bypass control
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The bypass control can be modeled as an extended finite state automaton, shown in the Figure 9.2.
The automaton consists of the set of states S = {S1, S2}: S1 represents the state when the valve is off

Figure 9.2: Extended finete state automaton of the bypass control

(valve = 0), and S2 represents the state when the valve is on (valve = 1). When the automaton is in state
S1 and the predicate Aleakage > Athressh turns true, the state changes to S2 and the pressure difference
is assigned to 0 (Δp = 0). When the automaton is in state S2 and the predicate Aleakage = Anarrow

turns true, the state changes to S1 and the pressure difference gets positive (Δp).
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9.3 Optimal control strategies

The challenge of an optimized operation of Wave Energy Converters, or mechanical oscillators, in con-
nection with different techniques of Power Take-Offs has been a key issue to the growth of the wave
power industry. There have been many studies to understand the nature of the ocean waves. These
studies give suggestions on the design, rating of devices and online techniques of how to exploit the most
from a built machine. Although finding a solution which is both technically and economically feasible is
still under investigation, we may summarize some suggestions of how to optimize the modeled PTO in
connection with WECs.

One of the early discoveries proves that ”In order for an oscillating system to be a good wave absorber
it should be a good wave generator.”[13] This means the absorber should have destructive interaction
with sea waves to leave sea hollow of the energy, which it would be present in the sea otherwise. In other
words, the maximum absorption occurs when the machinery (PTO) impedance matches the intrinsic
impedance of the mechanical wave absorber body (WEC), i.e. the body and its machinery resonate with
the incoming waves and have the correct level of resistance to the motion.

The level of resistance to the motion by mechanical body can be controlled from the PTO side. To
this a multi-variable displcement hydraulic pump is considered, where the displacement in (3.29) can be
decided by a control signal. The average power absorbed by the pump can be tuned to the maximum
by correct level of damping from the PTO. Nevertheless, the optimal damping force have high variation
at different sea-states. To demonstrate this, the average power absorbed by the pump at different PTO
damping force is presented in the Figure 9.3.
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Figure 9.3: Average power absorbed by the pump

The simulation has been performed for the following three sea states

Figure 9.4: Simulated sea-states
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A conclusion from the Figure 9.3 can be how by rating the system for a specific sea state, would
get the system in other sea states over-damped or under-damped. As an instance, to rate the system
at optimal damping force while operating at sea state 2 accoring to the the Figure 9.3, would get the
system to over-damp when sea state 1 occurs.

As stated earlier, an optimal control solution can benefit the system as long as that not only technically
it is feasable, but also economically viable. The peak power seen by the system is one of most important
factors to rate the components and to calculate the costs. Traditionally, it has been the peak-to-average
power ratio as a parameter to evaluate different types of WECs [14], [15]. The peak-to-average values
for the earlier simulations at three sea-states is presented
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Figure 9.5: Peak-to-average

The three maximum average powers from the Figure 9.3 has been spotted with dots in the Figure
9.5. As long as the controller keeps the pump to perform at optimal PTO damping forces to deliver these
maximum average powers, the peak-to-average at around 7 shows to be sufficient for all three of sea states.

Another observation is that by using a multi-displacement pump which adopts to different sea states,
the system is saved from being designed and rated for a specific sea state and being disengaged in other
sea states to secure the system. This is vital, as for instance by sizing a fixed-displacement pump for
sea state 2 or sea state 3, would mean very high peak-to-average for sea state 1, as it can be seen in the
Figure 9.5.

An observation from the Figure 9.3 is that a lower maximum average power is an acceptable trade-off
for less PTO damping force. The figure shows a range of 75 to 300 to encapsulate all the maximum
average powers. But even in an extreme case, introducing a constrant of 150 [KN] on maximum PTO
damping force, corresponding to 50% decrease, still shows proper captured power. Table 9.6 demonstrates
that by reducing the PTO damping force by 34% and 50% of its maximum value, the maximum average
power for the sea-state 3 would have decrease of 13% and 25% respectively, while other two sea-states
would have zero or merely a drop.
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Figure 9.6: Trade-off for PTO damping force
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10 Validation of the planetary gearbox model

The Simulink model of the planetary gearbox can be validated in three ways. First and the most intuitive
way is to check whether there is power balance between the carrier, the sun and the ring gear, and planet
wheels. If the power stored in the inertias of the planetary gearbox is included in the calculations of the
power balance and the friction effects are not accounted for, the instantaneous total power of the system
must be 0. The instantaneous total power of the system is given by

P = Pc + Ps + Pr + Pp = 0, (10.1)

where

Pc = (τ̃c − J̃cω̇c)ωc

Ps = −(τ̃s + J̃sω̇s)ωs

Pr = −(τ̃r + J̃rω̇r)ωr

Pp = −Jpω̇pωp

The torques and inertias with tilde are the effective torques and inertias of the threee shafts of the
planetary gearbox. They are defined in (4.39), (4.48) and (4.56). Equation (10.1) can be interpreted as
the sum of the input, output and stored power in the system is equal to 0, where the input power is the
power at the carrier shaft, the output power is the power at the sun gear shaft, and the stored power is
the power at the ring gear shaft and the power, stored in the inertias of each component of the planetary
gearbox. The power balance is verified by simulating the frictionless model of the OHT hub with five
NTNU buoys. In the Figure 10.1, it can be seen that the instantenous total power of the system remains
0 over the whole simulation.
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Figure 10.1: Power balance of the planetary gearbox

The model is also verified by checking the overal gear ratio of the planetary gearbox. The overall
gear ratio of a simple planetary gearset can be reliably calculated using the following two equations,
representing the sun-planet and planet-ring interactions respectively,

rsωs + rpωp − (rs + rp)ωc = 0 (10.2)

rrωr − rpωp − (rr − rp)ωc = 0 (10.3)

From these equations it can be deduced that

rsωs + rrωr = (rs + rr)ωc (10.4)

or

R = −rr
rs

=
ωs − ωc

ωr − ωc
, (10.5)
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where R is defined to be the overal gear ratio of the planetary gearbox.
OHT’s planetary gearbox has the dimensions

rs = 0.03m rr = 0.157m rp = 0.0635m

Hence, the gear ratio of the planetary gearbox, calculated using the dimensions is

R = −5.233.

The gear ratio, calculated using the velocity ratio, is shown in the Figure 10.2. From the figure it can
be seen that simulations give exactly the same value for the gear ratio of the planetary gearbox over the
whole duration of the simulation.
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Figure 10.2: Gear ratio of the planetary gearbox to check the velocity balance

The planetary gearbox model can be verified by checking the instantaneous torques at each shaft of
the planetary gearbox. By definition, there is a constant ratio between the torques, defined by

τ̄c = (1−R)τ̄s =
1−R

R
τ̄r. (10.6)

The torques in (10.6) also comprise the torques created by the rotating inertias, i.e.

τ̄c = τ̃c − Jcω̇c τ̄s = τ̃s + Jsω̇s τ̄r = τ̃r + Jrω̇r. (10.7)

The sign in front of each term can be obtained by looking at the equations that describe the dynamics
of each shaft, defined by (4.40), (4.49) and (4.57). Figure 10.3, obtained by simulating the frictionless
model of the OHT’s hub with five NTNU buoys, displays the carrier torque calculated in three different
ways using the torque ratios. From the Figure it can be seen that there is a perfect match.
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Figure 10.3: Carrier torque calculated in three different ways to check the torque balance
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11 Results

To elaborate how the power is lost in the hydraulic hosing, the difference in average power on hydraulic
pump and hydraulic motor is shown on the second column of table 11.1. It shows the captured power
on the pump is always bigger than the motor which demonstrates the flow in the system. It can be also
seen, as the length of the pipe increases linearly, the lost of power also increases linearly. This matches
the linear dependency of length in (5.1) for pressure drop too.

Figure 11.1: Lost power

The power lost in the pipe is calculated by

P (t) = q(t)Δp(t)lost (11.1)

where q(t) is instantaneous flow, p(tlost) instantaneous pressure drop over the pipe and P (t) is instan-
taneous power lost. The average value of P (t) is placed in the last column. It can be seen that the
calculated power lost is not matching the power difference in the second colmun. This can be explain as
the simulation was not stopped at the end of cycle for hydraulic accumulators and inductances. Therefore
the average power in the accumulators is calculated and placed in the third column. The power that is
left in the mass of fluid is also calculated by the following

P (t) = Lf q̇(t)q(t), (11.2)

and the average value is also considered in the forth column. After considering both capacitance and
inductance characteristics of the pipe, the power difference at two nodes ,pump and motor, is now
matching the calculated value for dissipated power due to resistance. This proves the power balance in
the system and evaluates the hydraulic link with respect to Tellegens theorem [21].

To show how different geometries of the hydraulic hosing would affect lost of power and inertance in
the hose, table 11.2 is presented
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Figure 11.2: Different diameters

As it shows, the total power lost in the hydraulic link can decrease around 80% by choosing 1 inch
thicker hose. The loss maps used at both diameters for the losses are also presented
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Figure 11.3: Pressure Drop at DH = 2.5
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Figure 11.4: Pressure Drop at DH = 1.5

The same loss map is used for both high and low pressure sides. Though the power lost differs at high
and low sides, as different flows go through them. Average pressure lost and average flows for high and
low sides are distinguished in table 11.2. Such tables are very important at design stage of components.
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Figure A.1: Change of oil viscosity as a function of temeprature

Figure A.2: Change of oil viscosity as a function of temeprature


