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Abstract: 

Based on a set of experiment picture collection, a 3-point bending specimen 

model under dynamic load is analyzed in two ways: one is derived by using 

vibration analysis method with consideration of equivalent system stiffness 

and damping. The other is using finite element method with ABAQUS 

software. 

With the pictures taken by a high velocity camera, a measure method for 

CMOD (Crack Mouse Opening Displacement) is introduced. Dynamic 

stress intensity factor KI is compared in two methods and CMOD 

comparison is carried out between experiment picture collection and 

ABAQUS result. Example is given in the last part to demonstrate the 

application of the result in this thesis to the impactor analysis.  
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Notation 

     Crack height in beam      

     Young’s Modulus       

        Dynamic Stress Intensity Factor             

     Length of the beam      

     Bending moment      

       Force      

     Length between the two support      

       Thickness of the beam      

     Width of the beam      

              Equivalent mass      

            Equivalent displacement      

              Stiffness 

               Damping  

          Shear modulus 

              Poisson's ratio 

      Damping ratio 

       (Undamped) natural frequency 

      J-Integral 

       Yield stress. 

       factor between CMOD and J-Integral 

 

http://en.wikipedia.org/wiki/Damping_ratio
http://en.wikipedia.org/wiki/Resonance
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Abbreviations 

3PBS   Three Point Bending Specimen 

       Crack Mouth Opening Displacement       

       Crack Tip Opening Displacement       
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1. Introduction 

Electromagnetic impactor is considered much more important nowadays. 

For example, it is used in a certain railway temper machine as a key part. 

Figure 1.1 shows the Railway temper machine in project. A simple 

electromagnetic impactor is shown in Figure 1.2. Three-points-bending 

(3PB) model, the standard fracture model, is employed as assistance to help 

the analysis of electromagnetic impactor. An impacting mechanic analysis 

for the electromagnetic impactor is done in the literature [1]. Stress 

distributions are carried out in different working conditions like hitting the 

rigid and elasticity body.  

 

Figure 1.1 Railway temper machine in project [ref.20]. 

In order to carry out dynamic stress intensity factor (DSIF), in literature [2], 

an approach of pre-cracked three-point bend specimen is modeled by using 

a spring-mass system to calculate the dynamic stress intensity factor. 

Theoretical and experimental results of DSIF have showed a good 

agreement to prove the trustable of this approach. And in literature [3], the 

curve of SIF vs time is obtained for both one-point and three-point bending. 

Model in [3] suggests the contact zones of 3PBS with the hammer and with 
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anvils are presented as linear springs. A full analytical description of the 

forces considered is given and the suggested formula uses the combination 

of the hammer and anvil forces instead of only the former. Moreover, 

dynamic stress intensity factor under cyclic impact loading, formulas for 

calculating static and dynamic stress intensity factor are used in literature 

[4]. Comparison is also made with the fatigue case on cyclic impact loading. 

Another numerical approach is proposed in literature [5] for a framework of 

the high cycle fatigue domain, which can help to predict the lifetime of 

components in the presence of high stress concentrations or stress gradients. 

And also, in [6], H. R. Kao has approved a correlation between Crack 

Mouth Opening Displacement (CMOD) and J-integral is revealed. Both 

behaviors of elastic-plastic material and elastic-viscoplastic material are 

studied in this literature. In the present work, this correlation has also been 

calculated and analyzed together with an experimental result and 

mathematical solution. The application to the electromagnetic impacts as 

shown in Fig.1.2 will then be discussed. 

 

Figure 1.2 Electromagnetic impacts [ref.1]. 
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2. Fundamental Theory and Basic 

Research  

In this part, theory is introduced will be basic theories of the whole thesis. 

And also an experiment which can be a basic research to the aim of this 

article is studied.  

2.1 Theoretical model under static load without crack 

Firstly, it is necessary and convenient to start to research on two models 

without any crack. 

2.1.1 Simple support beam in bending 

If the 3PB model shown in Figure 2.1 does not have any crack, and we 

consider the load P is a static load, then the model becomes a simple 

support beam which is in bending. 

 

Figure 2.1 beam bending [ref.8]. 
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Figure 2.2 neutral axis in a bending beam [ref.8]. 

 

 

Figure 2.3 shear stress and normal stress distributions [ref.4]. 

 
Figure 2.4 shear stress and normal stress distributions [ref.4]. 
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2.1.2 Free Beam in tension 

If we consider the beam in Figure 2.2 does not contain a crack, then it 

becomes the most simply question that is a free beam under tension shown 

in Figure 2.8 and 2.9. 

 

Figure 2.5 beam in tension. 

 

 

Figure 2.6 force in random cross section. 

2.2 Introduction to crack 

Crack is very common in reality. And it is very important for structure 

fracture, fatigue and failure which will involve structure’s life a lot. 
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A crack is characterized by two crack surfaces meeting at a shape edge at 

the crack tip. There are three ways of applying a force to enable a crack to 

propagate [9], as shown in figure 2.10. 

 

Figure 2.7 three modes of crack [ref.8]. 

 

Mode I crack – Opening mode (a tensile stress normal to the plane of the 

crack) 

Mode II crack – Sliding mode (a shear stress acting parallel to the plane of 

the crack and perpendicular to the crack front)  

Mode III crack – Tearing mode (a shear stress acting parallel to the plane of 

the crack and parallel to the crack front) 

In this thesis, we will focus on Mode I, which is the same situation in 3PB 

model experiment in the later chapters. 

2.3 Stress intensity factor 

Stress Intensity Factor, K, is used in fracture mechanics to more accurately 

predict the stress state ("stress intensity") near the tip of a crack caused by a 

remote load or residual stresses. It is a theoretical construct applicable to a 
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homogeneous elastic material and is useful for providing a failure criterion 

for brittle materials. 

The magnitude of K depends on sample geometry, the size and location of 

the crack, and the magnitude and the modal distribution of loads on the 

material.  

2.4 A three Points Bend and Specimen with a Crack 

In this work, three points bend specimen with a crack (see Fig. 2.8) has 

been used as an analysis model. 3PB with a crack is a well applied as a 

standard experimental specimen. Fig. 2.9 shows a compact model which 

will be used to be a simple model of the impactor. Fig. 2.10 gives 3D 

picture of these models. 

 

Figure 2.8 3PB model 
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Figure 2.9 Compact model 

 

Figure 2.10 3D Picture [ref.7] 
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3. Crack Mouth Opening Displacement 

(CMOD) and Stress Intensity Factor  

A Crack Mouth Opening Displacement (CMOD) is to describe the length 

(displacement) of a crack in the position of the opening mouth.  

During the 3PB experiment, the force applied to the specimen and 

specimen displacements and loading rate, together with the temperature are 

recorded. 

3.1 Standard measure methods for CMOD 

There are several ways to measure CMOD. One is using a microscope [6], 

and another is using a clip gauge either attached to knife edges mounted at 

the crack mouth or integral knife edges machined into the notch [7]. As 

shown in Figure 3.1. These gauges comprise two cantilevered beams on 

which positioned four strain gauges. By measuring the elastic strains and 

calibration, crack-mouth opening displacement is obtained. Analysis of the 

relationship between applied force and crack mouth opening displacement 

form the test enables fracture toughness to be determined in terms of K, 

CTOD and J-integral. 

 
Figure 3.1Crack mouth distance measurement [ref.7]. 
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There are also many different ideas in COD and CTOD measuring. For 

example, Figure 3.2 shows a crack tip, in which some people suggest that 

the distance CF is COD, and others insist distance DE is exactly the COD. 

 

Figure 3.2 Crack Tip. 

 

In the experiment introduced next chapter, we will measure the CMOD 

(distance AB in the figure) by a set of picture collections taken by a 

high-speed camera. 

3.2 An experiment using 3PB model 

The experiment uses a 3PB model which has the same dimensions as in 

literature [2]. Figure 3.3 shows one of the pictures that taken by the 

high-speed camera.  

The experiment was recorded by the high-speed camera, and the 

dimensions are measured before. So the CMOD can be measured and 

calculated easily.  
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Figure 3.3 experiment picture of impact [ref.18]. 

 

The 3PB model can be expressed as follow. We will thus use the same 

dimensions of this 3PB model in the FEM calculation in chapter 4 and 

chapter 5. 

 

And the dimensions are (unit: mm) 

Model No. W  B L a S 

7 6.51 3.99 40.52 W/2 26 

Table 3.1 

 

W is the specimen width, B is the specimen thickness and others have been 

defined in Figure 3.4. 
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Figure 3.4 3PB model. 

3.3 Relationship between Energy Release Rate, 

CMOD and stress intensity factor 

According to Literature [6], we can know the relationship between Energy 

Release Rate, CMOD and   , which means we can obtain    in the way 

of measuring CMOD. The relationship is shown below, 

  
  
 

 
                                               (3.1) 

                                                        (3.2) 

Equation 3.1 and 3.2 gives 

                                          (3.3) 

Where,   is a factor affected by the material geometry and property 

And    is yield stress. 
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4. Theoretical 3PB Model in 

Mathematics 

4.1．Basic Mathematics Model 

In this part, we are going to describe the 3PB model in a mathematics way. 

In literature [2] a simple model with a spring-mass is built to simulate a 

3PB model. Furthermore, we will use a spring-damp-mass model here. 

 
Figure 4.1 spring-damp-mass models. 

 

As in literature [2], we replace the test model into an equivalent mass,    

which is under a displacement u(t) The stiffness of the pre-crack specimen 

is K(a), which a function of crack length is a. The damping of the system is 

Ce. The load is P(t). Thus, we can obtain the system equation according to 

Newton’s Second Law. That is, 

                                   (4.1) 

And the initial condition is  
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                    (4.2) 

If the damping     , it will be exactly the same in literature [2]. 

The equation can be solved as follows 

      
  

  
      

    

  
     

    

  
         (4.3) 

The homogeneous equation of (3.3) is 

      
  

  
      

    

  
                               (4.4) 

Assume the fundamental system of solutions are      ,       of (4.4), i.e. 

 
       

  

  
       

    

  
       

       
  

  
       

    

  
       

                        (4.5) 

Then, the general solution to the non-homogenous equation (4.3) is given 

by 

                            
     

    

    

  
       

     

    

    

  
     (4.6) 

Where    and    are constants which can be given by the initial 

condition.  

And, 

                                     (4.7) 
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Equation (4.6) is the analytic solution of the system equation (4.1). If we 

know the parameters,   ,    ,      and     , we can obtain the 

equivalent system displacement     . 

 

Literature [2] has proved that    ,      can be written as 

   
  

  
                    (4.8) 

     
    

     
    

     
        

 

 
 
                             (4.9) 

Where E is Young’s modulus, G is the shear modulus which equal to 

         And   is the Poisson's ratio and k can be written as [12] 

                                               (4.10) 

According to [13] 

  
 

 
   

 

 

   
 

 
 
 

 

            
 

 
        

 

 
 
 

       
 

 
 
 

 

                        
 

 
              (4.11) 

And here we assume     and      is already known. That means we can 

obtain     . 

Literature [10] has already proved in this 3PB model, the dynamic stress 

intensity factor       can be expressed by  

                                                   (4.12) 

Where   can be written as 

http://www.iciba.com/parameter/
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                   (4.13) 

Literature [11] gives the function   
 

 
  for a specimen with S/W=4 which 

is accord with the conditions here, 

       
     

 

 
   

 

 
           

 

 
     

 

 
 
 
 

    
 

 
    

 

 
 

 
 

                   (4.14) 

So if we can use this mathematics model to calculate     , we can get the 

dynamic stress intensity factor      . 

Actually, it is very difficult to get the analytic solution of this second order 

differential equation. So in this chapter, we will use MATLAB to get 

numerical solution instead of the analytic solution. But before that, we must 

obtain the last two unknown parameters     and     . 

4.2 Determination of damping 

4.2.1 System damping and damping ratio 

Firstly, let’s consider equation (4.3) again, 

      
  

  
      

    

  
     

    

  
                        

We obtain two new parameters, 

    
    

  
                                    (4.15) 
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(4.16) 

Where   , is called the (undamped) natural frequency of the system . The 

second parameter,  , is called the damping ratio [14].   decided the 

behavior of the system.  

When ζ= 1, the system is said to be critically damped. A critically damped 

system converges to zero faster than any other, and without oscillating. An 

example of critical damping is the door closer seen on many hinged doors 

in public buildings. The recoil mechanisms in most guns are also critically 

damped so that they return to their original position, after the recoil due to 

firing, in the least possible time. [14] 

When ζ > 1, the system is over damping. An over-damped door-closer will 

take longer to close than a critically damped door would. [14] 

When 0 ≤ ζ < 1, the system is under-damped. In this situation, the system 

will oscillate at the natural damped frequency ωd, which is a function of the 

natural frequency and the damping ratio. To continue the analogy, an under 

damped door closer would close quickly, but would hit the door frame with 

significant velocity, or would oscillate in the case of a swinging door [14]. 

These three conditions are shown in Figure 4.2 

 

http://en.wikipedia.org/wiki/Resonance
http://en.wikipedia.org/wiki/Damping_ratio
http://en.wikipedia.org/wiki/Door_closer
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Figure 4.2 damping [ref.14]. 

4.2.2 Determination of damping 

According to chapter 4.2.1, we can choose a series of     here. 

  
  

        
   gives       which damping is zero. 

  
  

        
     gives             which belongs to 

under-damping condition. 

  
  

        
   gives              which belongs to critically 

damped condition. 

  
  

        
     gives              which belongs to 

over-damping condition. 

4.3 Determination of Load 

4.3.1 Original data of Load 

In this chapter, we will decide the load in the specimen     . In fact, what 

we need is to obtain an analytic expression which is a function of time(t). In 

this way we can solve this second order differential equation. 

 

Here we use a result of Chapter 5, which is a set of data of time and load 

force that output from ABAQUS. The data are shown in appendix. 

 

The discrete data of time and force are shown in figure 4.3. 
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Figure 4.3 time and force. 

 

Next step is to fit the curve that plotted by the output data. In order to reach 

the target, we use MATLAB toolbox to do the data fitting. 

4.3.2 Data fitting in MATLAB toolbox 

In MATLAB, we open the Curve Fitting Tool use command cftool, and then 

we choose the data before as the input original data. See figure 4.4. 
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Figure 4.4 curve fitting tool. 

 

Then we should choose a type of fit. After trying most of the type, we find 

out that 8-terms Fourier fit is the best type. See Figure 4.5. 

 

So we get the approximate expression of     , which is 

                                              

                                    

                                           

                                        

                                          

                                   (4.17) 

Where all the coefficients are shown in Table 4.1 
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I       

1 -633.5 786 

2 488.9   68.76   

3 -69.21 -2665   

4 305.2 -23.44 

5 365 -1669 

6 319.6 1071 

7 255.2 253.9 

8 -441 2851 

a0 =        7486   

w =  7.036e+004 

Table 4.1 coefficients of 8-terms Fourier fit. 

 

 
Figure 4.5 8-terms Fourier fit. 



28 
 

The comparison of the original data and 8-terms Fourier fit will be shown 

in two figures. Figure 4.6 (upside) express the 8-terms Fourier fit curve 

compare with the original date of time and force. Figure 4.6 (downside) 

shows the two curves, one is plotted by the original data, and the other is 

made by Equation (4.18) which represents 8-terms Fourier fit. 

 

 

 

Figure 4.6 comparisons. 
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The coefficients of goodness of this 8-terms Fourier fit is  

  SSE = 1.82e+009 

  R-square = 0.5526 

  Adjusted R-square = 0.5174 

  RMSE = 2903 

From the figure before and the coefficients of goodness, we can determine 

the analytic expression of P(t), that is Equation (4.18), finally. 

4.4 Calculation of stress intensity factor 

In MATLAB, we use function ode45 to solve the second order differential 

equation. As soon as we assume four different values of Ce, we will get four 

output values of      and      . The MATLAB code is shown in the 

appendix. 

The results are shown in Figure 4.8 and 4.9, respectively. 

 
Figure 4.7 U(t). 

0 1 2 3 4

x 10
-4

0

0.05

0.1

Time [s]

U
(t

) 
[m

]

zero damping,  =0 X: 0.000313

Y: 0.08487

0 1 2 3 4

x 10
-4

0

0.02

0.04

0.06

Time [s]

U
(t

) 
[m

]

Under damping,  =0.5

X: 0.000313

Y: 0.04747

0 1 2 3 4

x 10
-4

0

0.01

0.02

0.03

0.04
Critically damping,  =1

Time [s]

U
(t

) 
[m

]

X: 0.000313

Y: 0.03335

0 1 2 3 4

x 10
-4

0

0.01

0.02

0.03

Time [s]

U
(t

) 
[m

]

Over damping,  =1.5

X: 0.0003118

Y: 0.02563



30 
 

 
Figure 4.8 KI(t). 

 

Then, we use the data of KI output from ABAQUS in chapter 5, and plot 

them together in one figure. See Figure 4.10. 

In this figure, we can see when   is zero, the KI calculated from MATLAB 

is the most closest to the KI which output from ABAQUS. 

The highest value of KI from MATLAB is 441.4      . The highest 

value of KI from ABAQUS is 572.3      . The error is  

                                            (4.18) 
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Figure 4.9 Comparison of KI.  

 

If we only consider the last past of the KI curve which is out from 

ABAQUS, then we can find that the curve is shaking by some median. If 

we just use the highest value and the lowest value, we can calculate the 

median approximately, 

  
           

 
                                  (4.19) 

Then we calculate the error between approximate median and KI from 

MATLAB again 

                                               (4.20) 

This error is acceptable. And more conclusion will discussed in chapter 6. 



32 
 

5. FEM Modeling in ABAQUS 

5.1 Introduction to ABAQUS 

ABAQUS is a powerful engineering simulation programs, based on the 

finite element method that can solve problems ranging from relatively 

simple linear analyses to the most challenging nonlinear simulations. 

ABAQUS contains an extensive library of elements that can model 

virtually any geometry. It has an equally extensive list of material models 

that can simulate the behavior of most typical engineering materials 

including metals, rubber, polymers, composites, reinforced concrete, 

crushable and resilient foams, and geotechnical materials such as soils and 

rock. Designed as a general-purpose simulation tool, ABAQUS can be used 

to study more than just structural (stress/displacement) problems. It can 

simulate problems in such diverse areas as heat transfer, mass diffusion, 

thermal management of electrical components (coupled thermal-electrical 

analyses), acoustics, soil mechanics (coupled pore fluid-stress analyses), 

and piezoelectric analysis. 

ABAQUS offers a wide range of capabilities for simulation of linear and 

nonlinear applications. Problems with multiple components are modeled by 

associating the geometry defining each component with the appropriate 

material models and specifying component interactions. In a nonlinear 

analysis ABAQUS automatically chooses appropriate load increments and 

convergence tolerances and continually adjusts them during the analysis to 

ensure that an accurate solution is obtained efficiently.  

ABAQUS consists of two main analysis products—ABAQUS/Standard and 

ABAQUS/Explicit. There are also four special-purpose add-on analysis 

products for ABAQUS/Standard —ABAQUS/Aqua, ABAQUS/Design, 

ABAQUS/AMS, and ABAQUS/Foundation. ABAQUS/CAE is the 

complete ABAQUS environment that includes capabilities for creating 

ABAQUS models, interactively submitting and monitoring ABAQUS jobs, 

and evaluating results. ABAQUS/Viewer is a subset of ABAQUS/CAE that 
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includes just the post-processing functionality. In addition, the ABAQUS 

Interface for Mold-flow and the ABAQUS Interface for MSC.ADAMS are 

interfaces to Mold-flow and ADAMS/Flex, respectively. ABAQUS also 

provides translators that convert geometry from third-party CAD systems to 

models for ABAQUS/CAE, convert entities from third-party preprocessors 

to input for ABAQUS analyses, and that convert output from ABAQUS 

analyses to entities for third-party postprocessors. The relationship between 

these products is shown in the following figure[15]. 

5.2 Modeling in ABAQUS 

3PB specimen model is used in ABAQUS, in order to make a similar 

comparison with literature [2], a set of dimension for the model we selected 

is as table 5.1. 

 

L [mm] t [mm] W [mm] S [mm] 

40.52 3.99 6.51 26 

Table 5.1 Dimension of the 3PB specimen model. 

 

The material of model is steel with density 7850 kg/m
3
. Its Young’s 

modulus and Poisson’s ratio are 2.1Gpa and 0.3 respectively.  

Half model is made since its symmetry geometry as shown in figure 5.2. 

1045 elements are introduced in the mesh with 3306 nodes. And the 

element type (CPS8R) is selected. 

 

Figure 5.2 Mesh of 3PB specimen in ABAQUS. 
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Spider lines mesh is created near the crack tip. A real small rounded radius 

is introduced at the crack tip to get the perfect integral as figure 5.3. 

 

 

Figure 5.3 Mesh at the crack tip. 

 

According to the ABAQUS manual [16], we select the radius by the 

relationship 

31 10 
p

r r                                         (5.1) 

Where, rp is the plastic zone radius and it can be calculated as 

2

1 I
p

y

K
r

 

 
   

 

                                         (5.2) 

Roughly let KI=KIc=48Mpa and σ y=88.88Mpa according to [4], 

0.1pr mm , so we use 
30.5 10r mm   as the radius of rounded crack 

tip. 
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5.3 Static loading 

Before dynamic loading for analysis, static loading is firstly introduced in 

order to prove the model reliable. As a comparison standard, we select the 

similar load amplitude with [2], which is 4000N. 

Once we have the pressure, we can calculate the stress intensity factor by 

hand like [5]: 

 

( )I

P a
K f

wB W


                            

(5.3) 

Where, 

2

3
2

3

( ) 1.99 1 2.15 3.93( ) 2.7( )

2 1 2 1

S a

a a a a aW W
f

W W W W Wa a

W W

   
       

     
   

  
 

So, insert the known dimension, we can have, 

 
132.123MpaIK m

 

On the other hand, we take the same force as constrain and we can have the 

static stress intensity factor in figure 5.4. Since the first three integral is 

close to each other, we can believe that the result is good enough. And we 

can find out KI is 

3
2

4091.34
4091.34 129.3795

1000
I

NK Mpa m Mpa m
mm
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Figure 5.4 Stress intensity factor in static model. 

 

From these two results, we can conclude that a good agreement is reached. 

So after this we can prove that our modeling is trustable. 

5.4 Dynamic loading 

Since the model is proved trustable in the last chapter. Dynamic strain will 

be introduced in this chapter. 

According to the experiment picture collections partly shown in figure 5.5, 

the bar takes a very rapid rate to hit the 3PB specimen. From these pictures 

of the hitting process, a set of displacement of the bar we can get which will 

be taken as constrain in the dynamic modeling. 
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Figure 5.5 four of the experiment picture collections [18]. 

 

With help of the software named Phantom, we can measure displacement in 

each picture by pix as unit. It gives like figure 5.6. 

 

 

Figure 5.6 displacement measured from picture collection. 
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On the other hand, the width of specimen can be measured by pix also, so 

we can calculate, for the width of the specimen W=6.51mm=82pix which 

gives us 1pix=0.0794mm. 

In this case, displacement of bar can be used as constrain in ABAQUS 

modeling. And we can get the result like figure 5.7 and 5.8 below, 

 

Figure 5.7 deformed result of 3PB with displacement constrain 

(half model). 

 

Figure 5.8 shows the result around crack area and we can easily find stress 

concentration happened in this area. 



39 
 

 
Figure 5.8 result of 3PB near crack area with displacement constrain. 

 

And we can get the dynamic stress intensity factor as following figure 5.9: 

 

Figure 5.9 dynamic stress intensity factors (KI with unit
3

2N mm ). 
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From figure, 7 integral are close to each other which can prove the model 

have a good calculation result in the model. 

5.5 Comparison of CMOD 

From the picture collection, a set of crack mouth distance can be measured 

by the same method as chapter 5.4 of hitting displacement measure. On the 

other hand, CMOD as an output can be got in ABAQUS, plus the distance 

of original crack width, the comparison of crack mouth distance between 

measured data and ABAQUS data shows as figure 5.10. 

Since the error of measuring data is pretty rough from the picture, the result 

of figure5.10 show a big different between two lines. But two lines show a 

good agreement in the distance growing tendency. What’s more, at the end 

of the line when time is around 1.5×10-4s, which is the time before crack 

start to grow, they come to a same distance about 1.27mm.  

 

Figure 5.10 comparison of crack mouth distance. 
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5.6 Relationship between J integral and CMOD  

According to [6], there is a correlation between J integral and CMOD 

which is defined as factor β(v). So in this chapter we are trying to find this 

factor in our modeling. 

It is easily to find the output of J integral and CMOD from QBAQUS 

model. And we use the formula 2 in [6] 

1 0 0

0 2

1 0

( ) ( )

( )
( )

k

i i M

k

Y i M

J V V

V
V



 
 




                              

(5.4) 

With the calculation of MATLAB, so we can have 

0( ) 4.3863V   

Using the value of β(v0), we make a comparing figure below according 

formula 1 in [6] 

From figure 5.11, we can inform that they are close to each other. So with 

this β(v0), we can make a prediction of the range of J integral and even KI 

by CMOD which is much easier to be measured. 
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Figure 5.11 comparison of J integral and 0 0( )( ) Y M VV    .  

5.7 Application for impactor  

Following with chapter 5.6, a simple model of impactor will be introduced 

to make a brief demonstrate of usingβ (v0). 

First, in a simple way, a cylinder model is created as the working part for 

the impactor. A static load of 40Mpa applied in the end of it and the result 

in ABAQUS (figure 5.12) shows near the loading end the pressure is almost 

40Mpa. And due to the reason by Saint-Venant’s Principle, the other end 

gets a small stress in the middle. So the result makes sense and the model is 

trustable. 
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Figure 5.12 static loading for the impactor model 

 

Second, stress distribution under dynamic load which is similar to the 

working condition is studied. According to [1], a speed in reasonable range 

is introduced as constrain. Figure 5.13 gives the distribution of S33 for the 

impactor from which max stress can be found in the middle upper part. 

By now, we assume a crack at the place where max stress happened. 

Assume that the crack is at the surface of cylinder and it goes alone the 

axial direction. In this case, according the stress distribution, crack mouth 

will open more when the whole part suffers from the dynamic load.  

Compared cylinder itself, we consider a small crack and the stress 

distribution can be simplified as figure 5.14.  
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Figure 5.13 distribution of S33 under speed constrain. 

 
Figure 5.14 simplified model of crack [ref.19]. 
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In this case, analysis can be done in ABAQUS with 2-D model similar to 

3PB model. Since the purpose of this part is only to demonstrate the 

process, we use the same parameters as 3PB model to do the modeling.  

So the CMOD we can get like figure 5.15.  

 

 

Figure 5.15 CMOD of the impactor. 

Assume that β(v0) in chapter 5.6 where, 

0( ) 4.3863V 
 

and the yield stress  

373Y Mpa 
 

can be also applied here. We can get J value by 0 0( )( )  Y M VJ V  with 

the CMOD value in ABAQUS and J values directly from ABAQUS results. 
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The comparison of these two values along the time is shown in figure 5.16. 

It can be easily seen that these two values agree rather good to each other. 

 

Figure 5.16 comparison of J integral and 0 0( )( ) Y M VV   .  
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6. Conclusion 

Based on theoretical analysis of models, the following conclusions can be 

drawn: 

1.  It is possible to get J of KI by convert the measured or calculated value 

of CMOD according to Eq 3.1 and Eq 3.3. 

2. In the mathematics model, with the increasing of damping   ,    will 

decrease. As damping denoted any effect that tends to reduce the amplitude 

of oscillations in an oscillatory system, we can believe that damping also 

prevent crack increasing. That means when consider     , which means 

zero-damping condition, the analysis is ―in the safe side‖. 

3. Compare the results between mathematics model and the ABAQUS 

model; we can see that    output from ABAQUS is bigger than    

calculated in mathematics model. That may indicate that the ABAQUS 

model is ―in the safe side‖. 

4. From ABAQUS modeling, the values of stress intensity factor KI under 

static and dynamic load are both obtained. It is clearly indicated that 

specimen under dynamic load has much bigger KI which make fracture 

happen easier. 

5.  Factor of β (v0) between CMOD and J-integral can be very useful in 

some complicated condition which is hard to get J-integral or KI directly. 

Once the geometry and material of specimen are selected, use a easy load to 

getβ (v0), KI can be calculated by getting the CMOD instead of J-integral 

for a complicated case. 
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7. Future Scope of Work 

Since what we did is the very beginning of this work, and in this step we 

focus on 3PBS model, lots of work remains to be done in the future. Such 

as: 

1) Improve the accuracy of the mathematic model to match the 

experiment results.  

2) Obtain the mathematic formula of equivalent system for other model  

3) Improve ABAQUS model with interaction simulations and use 

ABAQUS fracture criteria, simulate crack propagation. 

4) Combine the modeling with some practical experiments and make the 

comparison 

5) Change the materials and predict the lifetime for the new material 

6) Assume other conditions that possible happened and do the analysis 

7) Use some practical data of impactor, improve the model to help the 

project 
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Appendix 

MATLAB codes in Chapter 4. 

originalforce.m 

f=xlsread('force.xls'); 

time=f(:,1);force=f(:,2); 

a0 =        7486; 

a1 =      -633.5; 

b1 =         786; 

a2 =       488.9; 

b2 =       68.76; 

a3 =      -69.21; 

b3 =       -2665; 

a4 =       305.2; 

b4 =      -23.44; 

a5 =         365; 

b5 =       -1669; 

a6 =       319.6; 

b6 =        1071; 

a7 =       255.2; 

b7 =       253.9; 

a8 =        -441; 

b8 =        2851; 

w =  7.036e+004; 

t=time; 

Pt=a0 + a1*cos(t*w) + b1*sin(t*w) + ... 

a2*cos(2*t*w) + b2*sin(2*t*w) + a3*cos(3*t*w) + b3*sin(3*t*w) + ... 

a4*cos(4*t*w) + b4*sin(4*t*w) + a5*cos(5*t*w) + b5*sin(5*t*w) + ... 

a6*cos(6*t*w) + b6*sin(6*t*w) + a7*cos(7*t*w) + b7*sin(7*t*w) + ... 
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a8*cos(8*t*w) + b8*sin(8*t*w); 

  

plot(time,force,t,Pt) 

xlabel('Time [s]'); 

ylabel('Load Force [N]'); 

title('Load Force P(t)'); 

grid on; 

legend('Force  output by ABAQUS','Force obtained by Fourier fit') 

 

ufunciton.m 

function [ du ] = ufunction( t,x ) 

  

% d2u/dt2 + Ce/Me*du/dt + Ka/Me*u = P(t)/Me 

% u=x(1)  

% z=x(2)=du/dt 

% du/dt=z 

% dz/dt=P(t)/Me-Ce/Me*z-Ka/Me*u 

% zeta = 0, Ce = 0£¬means damping is zero,  *** damping is not exist *** 

  

du = zeros(2,1); 

format long; 

global Ce Me Ka; 

CeMe=Ce/Me; 

KaMe=Ka/Me; 

  

% Fourier fit 

  

a0 =        7486; 

a1 =      -633.5; 

b1 =         786; 

a2 =       488.9; 

b2 =       68.76; 

a3 =      -69.21; 
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b3 =       -2665; 

a4 =       305.2; 

b4 =      -23.44; 

a5 =         365; 

b5 =       -1669; 

a6 =       319.6; 

b6 =        1071; 

a7 =       255.2; 

b7 =       253.9; 

a8 =        -441; 

b8 =        2851; 

w =  7.036e+004; 

  

Pt=a0 + a1*cos(t*w) + b1*sin(t*w) + ... 

a2*cos(2*t*w) + b2*sin(2*t*w) + a3*cos(3*t*w) + b3*sin(3*t*w) + ... 

a4*cos(4*t*w) + b4*sin(4*t*w) + a5*cos(5*t*w) + b5*sin(5*t*w) + ... 

a6*cos(6*t*w) + b6*sin(6*t*w) + a7*cos(7*t*w) + b7*sin(7*t*w) + ... 

a8*cos(8*t*w) + b8*sin(8*t*w); 

  

  

  

PtMe=Pt/Me; 

du(1)=x(2);                                      

du(2)=PtMe-CeMe*x(2)-KaMe*x(1);                  

  

  

utki.m 

clear all; 

close all; 

clc; 

format long; 

  

global W B L S dens E v Me a A G Vaw k Ka Yaw I; 
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global Ce; 

W=6.51e-3; 

B=3.99e-3; 

L=40.52e-3; 

S=26e-3; 

dens=7850; 

E=2.1e9; 

v=0.3; 

Me=17/35*W*B*S*dens; 

a=W/2; 

A=B*W; 

G=E/2/(1+v); 

Vaw=(a/W/(1-(a/W)))^2*(5.58-19.57*(a/W)+36.82*(a/W)^2-34.94*(a/W)^3+12.77*(a/W)

^4); 

k=10*(1+v)/(12+11*v); 

I=B*W^3/12; 

Ka=48*E*I/(S^3*(1+12*E*I/(k*G*A*S^2))+6*W*S^2*Vaw); 

Yaw=(1.99-a/W*(1-a/W)*(2.15-3.93*a/W+2.7*(a/W)^2))/((1+2*a/W)*(1-a/W)^1.5); 

  

%% zeta = Ce/(2*sqrt(Ka*Me)) 

  

% zeta = 0, Ce = 0£¬means damping is zero,  *** damping is not exist *** 

Ce=0; 

[t1,u1]=ode45(@ufunction,[0 3.13e-04], [0 0]); 

subplot(2,2,1); 

plot(t1,u1(:,1)); 

xlabel('Time [s]'); 

ylabel('U(t) [m]'); 

title('zero damping, \zeta =0'); 

ki1=3*S*sqrt(a)/2/B/(W^2)*Yaw*Ka*u1(:,1); 

grid on; 

% zeta = 0.5, Ce = sqrt(Ka*Me), means *** Underdamped *** 

Ce=sqrt(Ka*Me); 

[t2,u2]=ode45(@ufunction,[0 3.13e-04], [0 0]); 

subplot(2,2,2); 
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plot(t2,u2(:,1)); 

xlabel('Time [s]'); 

ylabel('U(t) [m]'); 

title('Under damping, \zeta =0.5'); 

ki2=3*S*sqrt(a)/2/B/(W^2)*Yaw*Ka*u2(:,1); 

grid on; 

% zeta =1, Ce= 2*sqrt(Ka*Me), means  *** Critically damped *** 

Ce=2*sqrt(Ka*Me); 

[t3,u3]=ode45(@ufunction,[0 3.13e-04], [0 0]); 

subplot(2,2,3); 

plot(t3,u3(:,1)); 

title('Critically damping, \zeta =1'); 

xlabel('Time [s]'); 

ylabel('U(t) [m]'); 

ki3=3*S*sqrt(a)/2/B/(W^2)*Yaw*Ka*u3(:,1); 

grid on; 

% zeta =1.5 , Ce=3*sqrt(Ka*Me), means *** Overdamped *** 

Ce=3*sqrt(Ka*Me); 

[t4,u4]=ode45(@ufunction,[0 3.13e-04], [0 0]); 

subplot(2,2,4); 

plot(t4,u4(:,1)); 

xlabel('Time [s]'); 

ylabel('U(t) [m]'); 

title('Over damping, \zeta =1.5'); 

ki4=3*S*sqrt(a)/2/B/(W^2)*Yaw*Ka*u4(:,1); 

grid on; 

  

  

figure; 

subplot(2,2,1) 

plot(t1,ki1); 

xlabel('Time [s]'); 

ylabel('KI [N/m^3^/^2]'); 

title('zero damping, \zeta =0'); 

grid on; 
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subplot(2,2,2) 

plot(t2,ki2); 

xlabel('Time [s]'); 

ylabel('KI [N/m^3^/^2]'); 

title('Under damping, \zeta =0.5');  

grid on; 

subplot(2,2,3) 

plot(t3,ki3); 

xlabel('Time [s]'); 

ylabel('KI [N/m^3^/^2]'); 

title('Critically damping, \zeta =1'); 

grid on; 

subplot(2,2,4) 

plot(t4,ki4); 

xlabel('Time [s]'); 

ylabel('KI [N/m^3^/^2]'); 

title('Over damping, \zeta =1.5'); 

grid on; 

figure; 

  

  

  

kiabaqus=xlsread('ki.xls'); 

t5=kiabaqus(:,1); 

ki5=kiabaqus(:,2)*1e6/sqrt(1000); 

plot(t5,ki5,t1,ki1,t2,ki2,t3,ki3,t4,ki4); 

legend('KI from ABAQUS','\zeta =0','\zeta =0.5','\zeta =1','\zeta =1.5') 

xlabel('Time [s]'); 

ylabel('KI [N/m^3^/^2]'); 

title('Comparison of the Ki') 

grid on; 
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Input file in ABAQUS 

*Heading 

** Job name: dynamicinmm Model name: Model-1 

** Generated by: Abaqus/CAE 6.9-1 

*Preprint, echo=NO, model=NO, history=NO, contact=NO 

** 

** PARTS 

** 

*Part, name=Part-1 

*End Part 

**   

** 

** ASSEMBLY 

** 

*Assembly, name=Assembly 

**   

*Instance, name=Part-1-1, part=Part-1 

*Node 

      1,           0.,   2.75449991 

      2,          0.5,   3.25449991 

      3, 0.000500000024,   3.25449991 

      4,           0.,   3.25399995 

      5,           0.,   3.75449991 

------------------------------------------------------------------------------- 

NOTE: large data involved so not included 

------------------------------------------------------------------------------- 

   3444, 0.0148745226,   3.24966693 

   3445, 0.000461914809,    3.2543087 

   3446, 0.0154474443,   3.25205326 

   3447, 0.000486168428,   3.25438333 

   3448, 0.000498455891,   3.25446081 

*Element, type=CPS8R 

  1,    1,   22,  645,   77,   31, 3249, 3250, 3251 
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  2,   22,   23,  646,  645,   32, 3252, 3253, 3249 

  3,   23,   24,  647,  646,   33, 3254, 3255, 3252 

  4,   24,   25,  648,  647,   34, 3256, 3257, 3254 

  5,   25,   26,  649,  648,   35, 3258, 3259, 3256 

------------------------------------------------------------------------------- 

NOTE: large data involved so not included 

------------------------------------------------------------------------------- 

1085, 3225, 3228, 3241, 3238, 3230, 3242, 3243, 3239 

1086, 3228,  609,  610, 3241, 3231,  616, 3244, 3242 

1087, 3212, 3232, 3000, 3012, 3234, 3245, 3015, 3214 

1088, 3232, 3235, 2988, 3000, 3237, 3246, 3003, 3245 

1089, 3235, 3238, 2976, 2988, 3240, 3247, 2991, 3246 

1090, 3238, 3241, 2964, 2976, 3243, 3248, 2979, 3247 

1091, 3241,  610,  611, 2964, 3244,  617, 2967, 3248 

*Nset, nset=_PickedSet2, internal, generate 

    1,  3448,     1 

*Elset, elset=_PickedSet2, internal, generate 

    1,  1091,     1 

** Section: Section-1 

*Solid Section, elset=_PickedSet2, material=Material-1 

3.99, 

*End Instance 

**   

*Nset, nset=_PickedSet59, internal, instance=Part-1-1 

    3,    4,    6,   60,   61,   62,   63,   64,   65,   66,   67,   

68,  116,  117,  118,  119 

  120,  121,  122,  123,  124,  125,  126,  127,  128,  129,  130,  

131,  132,  133,  134, 3430 

 3433, 3435, 3437, 3439, 3441, 3443, 3445, 3447, 3448 

*Elset, elset=_PickedSet59, internal, instance=Part-1-1 

  91,  92,  93,  94,  95,  96,  97,  98,  99, 100, 191, 192, 193, 194, 

195, 196 

 197, 198, 199, 200 

*Nset, nset=_PickedSet60, internal, instance=Part-1-1 

 6, 
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*Nset, nset=_PickedSet62, internal, instance=Part-1-1 

   5,   6,  21,  97,  98,  99, 100, 101, 102, 103, 104, 105, 106, 107, 

108, 109 

 110, 111, 112, 113, 114, 115, 609, 610, 611, 612, 613, 614, 615, 616, 617, 

618 

 619, 620, 621 

*Elset, elset=_PickedSet62, internal, instance=Part-1-1 

  110,  120,  130,  140,  150,  160,  170,  180,  190,  200,  981,  

982,  983,  984, 1081, 1086 

 1091, 

*Nset, nset=_PickedSet116, internal, instance=Part-1-1 

   5,   6,  21,  97,  98,  99, 100, 101, 102, 103, 104, 105, 106, 107, 

108, 109 

 110, 111, 112, 113, 114, 115, 609, 610, 611, 612, 613, 614, 615, 616, 617, 

618 

 619, 620, 621 

*Elset, elset=_PickedSet116, internal, instance=Part-1-1 

  110,  120,  130,  140,  150,  160,  170,  180,  190,  200,  981,  

982,  983,  984, 1081, 1086 

 1091, 

*Nset, nset=_PickedSet117, internal, instance=Part-1-1 

 15, 

*Nset, nset=_PickedSet131, internal, instance=Part-1-1 

 21, 

*Nset, nset=force, instance=Part-1-1 

 21, 

*Nset, nset=Set-1, instance=Part-1-1 

 9, 

*End Assembly 

*Amplitude, name=disp 

          0.,           0.,     6.66e-06,           2.,    

1.332e-05,           3.,    1.998e-05,           4. 

   2.664e-05,           5.,     3.33e-05,           5.,    

3.996e-05,           6.,    4.662e-05,           6. 

   5.329e-05,           7.,    5.995e-05,           8.,    
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6.661e-05,           8.,    7.327e-05,           9. 

   7.993e-05,           9.,    8.659e-05,          10.,    

9.325e-05,          11.,    9.991e-05,          11. 

  0.00010657,          12.,   0.00011323,          12.,   

0.00011989,          13.,   0.00012655,          13. 

  0.00013321,          13.,   0.00013987,          14.,   

0.00014654,          14.,    0.0001532,          14. 

  0.00015986,          14.,   0.00016652,          14.,   

0.00017318,          14.,   0.00017984,          14. 

   0.0001865,          14.,   0.00019316,          14.,   

0.00019982,          13.,   0.00020648,          13. 

  0.00021314,          13.,    0.0002198,          13.,   

0.00022646,          13.,   0.00023312,          12. 

  0.00023978,          12.,   0.00024645,          12.,   

0.00025311,          11.,   0.00025977,          11. 

  0.00026643,          11.,   0.00027309,          12.,   

0.00027975,          12.,   0.00028641,          12. 

  0.00029307,          12.,   0.00029973,          12.,   

0.00030639,          12.,   0.00031305,          12. 

**  

** MATERIALS 

**  

*Material, name=Material-1 

*Density 

 7.85e-09, 

*Elastic 

210000., 0.3 

**  

** BOUNDARY CONDITIONS 

**  

** Name: BC-1 Type: Displacement/Rotation 

*Boundary 

_PickedSet116, 1, 1 

_PickedSet116, 6, 6 

** Name: BC-2 Type: Displacement/Rotation 
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*Boundary 

_PickedSet117, 2, 2 

_PickedSet117, 6, 6 

** ---------------------------------------------------------------- 

**  

** STEP: Step-1 

**  

*Step, name=Step-1, inc=10000 

*Dynamic,alpha=-0.05,haftol=1000. 

6.261e-05,0.00031305,3.1305e-09,0.00031305 

**  

** BOUNDARY CONDITIONS 

**  

** Name: BC-3 Type: Displacement/Rotation 

*Boundary, amplitude=disp 

_PickedSet131, 2, 2, -0.0794 

**  

** OUTPUT REQUESTS 

**  

*Restart, write, frequency=0 

**  

** FIELD OUTPUT: F-Output-1 

**  

*Output, field, variable=PRESELECT, frequency=1 

**  

** HISTORY OUTPUT: CoD 

**  

*Output, history, frequency=1 

*Node Output, nset=Set-1 

U1,  

**  

** HISTORY OUTPUT: force 

**  

*Node Output, nset=force 

RT,  
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**  

** HISTORY OUTPUT: H-Output-1 

**  

*Output, history, variable=PRESELECT 

**  

** HISTORY OUTPUT: J 

**  

*Contour integral, crack name=J_Crack-1, contours=3, crack tip nodes, 

symm 

_PickedSet59, _PickedSet60, 0., 1., 0. 

**  

** HISTORY OUTPUT: Ki 

**  

*Contour integral, crack name=Ki_Crack-1, contours=7, crack tip nodes, 

type=K FACTORS, symm 

_PickedSet59, _PickedSet60, 0., 1., 0. 

*End Step 
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