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Abstract
In order to make statistical inference, that is drawing conclusions from a sample to describe a
population, it is crucial to know the correct distribution of the data. This paper focused on
censored data from the normal distribution. The purpose of this paper was to answer whether
we can test if data comes from a censored normal distribution. This by using normality tests
and tests designed for censored data and investigate if we got correct size of these tests. This
has been carried out with simulations in the program R for left censored data. The results
indicated that with increasing censoring normality tests failed to accept normality in a sample.
On the other hand the censoring tests met the requirements with increasing censoring level,
which was the most important conclusion in this paper.

Keywords: Censored data, normality tests, Cramer-von Mises test statistic, Anderson-Darling
test statistic, testing for normality.

0

Table Of Content
Introduction ................................................................................................................................ 1
Theory ........................................................................................................................................ 2
Censored Data ........................................................................................................................ 2
Type I And Type II Error In Hypothesis Testing ................................................................... 3
Test Statistics.......................................................................................................................... 4
Method ....................................................................................................................................... 7
Type I Error For Normality Tests With Censoring Of Type I ............................................... 7
Type I Error For The Adjusted Anderson-Darling And Cramer-von Mises Tests With
Censoring Of Type II ............................................................................................................. 7
Type II Error For The Adjusted Anderson-Darling And Cramer-von Mises Tests With
Censoring Of Type II ............................................................................................................. 7
Results ........................................................................................................................................ 8
Type I Error For All Test Statistics When Censoring Is Applied ........................................ 10
Type I Error From The EDF Tests ....................................................................................... 10
Type I Error From Normality Test Statistics........................................................................ 11
Type I Error For Adjusted Anderson-Darling And Cramer-von Mises Test With Type II
Censoring ............................................................................................................................. 12
Power Of The Adjusted Anderson-Darling And Adjusted Cramer-von Mises Tests .......... 13
Discussion ................................................................................................................................ 13
Conclusion ................................................................................................................................ 15
References ................................................................................................................................ 16
Appendix .................................................................................................................................. 17
Appendix A: Critical Values For the Adjusted Anderson-Darling-, The Adjusted Cramervon Mises Statistic. .............................................................................................................. 17
Appendix B: Parameter Estimation ...................................................................................... 18
Appendix C: Critical Values Of the Skewness And Kurtosis Test ...................................... 19
Appendix D: R Code For The Adjusted Anderson-Darling And Cramer-von Mises Test For
Censored Data Of Type II .................................................................................................... 20

1

Introduction
In statistical analysis it is important to know what distribution a sample is drawn from in order
to make correct inference (Körner, 2006). A standard assumption in many applications is the
assumption of normality. The normal distribution is symmetric around the mean and the
further from the mean the lesser the density of observations (Wackerly, Mendenhall and
Scheaffer, 2008).
Uncensored data is data where the measurement information is known. If there in some
way are values that are not observed or impossible to measure the observation is called
censored or truncated. For example, in environmental data analysis and analysing substances
in blood samples it is common with observations that are below a limit of detection value
(LoD-value), and hence they are not observed (Millard, 2008). The problem with censored
data is that there is an information gap in the sample, which makes it harder to evaluate if a
dataset is normally distributed. If the value is not observable, is it the same as non-existing?
There are different kinds of ways to deal with censored observations and an often-used
technique is imputation. An imputed value is one that is not observed but inserted in the
sample in a way that is most probably for that value to have. In these cases the assumption of
normally distributed data are used to make imputations when samples have missing values or
censored observations. When handling censored data the unobserved values are often imputed
as the LoD-value (Millard, 2008).
To give a more intuitive explanation of censored data, consider a sample of
0.5            1            1.75            2              3            3.4
If the LoD-value is 1.1 the sample above will have two observation that are censored
(considering left censoring):
< 1.1         < 1.1            1.75            2              3              3.4  
The difference between censored data and trunced data is that observations below the LoD
will not be presented at all, and hence with a truncation limit of 1.1 would the sample above
be present as:
1.75            2              3              3.4  

  

  
The purpose of the study is to investigate if it is possible to use normality tests and
censoring tests on censored data without changing the size of the test. This will be carried out
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for left censored data. The test statistics being evaluated are the Lilliefors test (which is based
on the Kolmogorov–Smirnov test), Jarque-Bera test, skewness test, kurtosis test, ShapiroWilk test, the Anderson-Darling test, the Anderson-Darling test for censored data and
Cramer-von Mises test for censored data. The simulations are done with a sample size of 20
observations since it is a sample size that is not uncommon in environmental data analysis. By
sampling data that is censored at different levels and running these simulated samples through
different normality tests, it will be seen how many times a each normality test fail to accept
normality when handling censored data. The two adjusted normality tests will be tested with
data censoring of type I and type II. Samples drawn from a 𝜒 ! distribution and a student’s tdistribution will be simulated to approximate the power of the adjusted Anderson-Darling and
Cramer-von Mises tests. The approximated power of a test will further be referred as the
power of a test. This has been carried out in the program R.

Theory
One advantage of the normal distribution is its symmetry near the y-axis, why the assumption
of normality is to prefer in a dataset from a theoretical perspective (Wackerly et al, 2008). A
way to visually check if a dataset follows a normal distribution is to examine the data in a
histogram. The basic idea is that observations are gathered around the mean and the further
from the mean the fewer observations are observed. When the mean is zero and the variance
is one, the normal distribution is called the standardized normal distribution. It has the
following probability function.
Φ 𝑥! =

1
𝜎 2𝜋

exp −

1
2𝜎 !

𝑥! − 𝜇

!

When conducting statistical analysis the assumption that the data is normally distributed
often makes the analysis easier due to its properties (Wackerly et al, 2008).

Censored Data
Censored data are normally categorized in left censoring, right censoring and interval
censoring. Left censored data occurs when there are values in a sample that are smaller than
the LoD-value. When it is not possible to measure values larger than a LoD-value the data
analysed is called right censored. Observations that are outside the LoD-values are often
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imputed as the LoD-value, and with a “smaller than” or “larger than” sign. Interval censoring
is when an observation is censored if it is outside a specific interval, for example
10 ≤ 𝑋 ≤ 15.

Any observation on a continuous random variable can be considered as

interval censored when rounded to a few decimals (Millard, 2013).
Censored data is further divided in two types; type I-censoring and type II-censoring. The
type I- and type II censoring should not be confused with type I and type II errors in
hypothesis testing. The main difference between the censoring types is the random outcome in
a sample with censored observations. A type I-censoring is when the sample size, 𝑛, and the
LoD-value is known in advance. Therefore, the number of censored observation, 𝑟, and
observed values, 𝑘, will be a random outcome. Type II censoring is when sample size 𝑛 and
the number of censored observations,  𝑟, are fixed in advance, thus the LoD-level will be a
random outcome. This type of censoring is common in time-to-event studies (Millard, 2013).

Type I And Type II Error In Hypothesis Testing
Hypothesis testing is used to conclude if the results are statistically significant from a stated
hypothesis about the data set that is analyzed. The hypothesis testing used in this paper
regards if the data sample is normally distributed. A hypothesis test can result in two types of
errors, namely (Körner, 2006):
•

If the true null hypothesis is rejected, an error of the first kind, type I, is being made.

•

If the false hypothesis is accepted, an error of the second kind, type II, is being made.

When performing hypothesis testing, the significance level, α, is set to a predetermined
value. The most common used significance level is 0.05, meaning that the probability to make
an error of the first kind is 5 percent. A rejection of a correct null hypothesis is thereby
allowed on average 5 percent of the time. The type II error is not as easy to determine as the
significance level (Körner, 2006).
There exists a close relationship between type I error and type II error. Consider figure 1
where the risk of doing a type I error is relative small. If the dashed line is moved to the left,
the risk of doing a type II error increases when beta increases. If the dashed line is moved to
the right beta decreases and hence the risk of doing a type I error increases (Körner, 2006).
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Figure 1. Showing the relationship between type I and type II errors.

Test Statistics
The test statistics that are being evaluated are the Lilliefors test, Jarque-Bera test, skewness
test, kurtosis test, Shapiro-Wilk test, the Anderson-Darling test, the Anderson-Darling test for
censored data and Cramer-von Mises test for censored data. All formulas for each test
statistics is presented in table 1.
Skewness measures the asymmetry of the data around the sample mean. A negative
skewness value implies that the observations are spread out more to the left than to the right
of the sample mean. A positive skewness value implies opposite results. Hence, if the data
follow a perfect symmetric distribution, e.g. the normal distribution, the skewness is zero.
(Thode, 2002)
Kurtosis measures how outliers-prone a distribution is. If the data come from a normal
distribution then the kurtosis coefficient is 3. Values higher than three implies distributions
that are more outlier-prone than a normal distribution and values smaller than 3 are less
outlier-prone then a normal distribution. (Thode, 2002)
Jarque-Bera is a goodness-of-fit test and measures the skewness and kurtosis that matches
a normal distribution. The basic idea is that a normal distribution has a skewness of 0 and a
kurtosis coefficient of 3, which is no “excess kurtosis”, and this is what the Jarque-Bera test
tests (Gastwirth and Gel, 2008).
The Shapiro-Wilk test was the first test that could detect deviations from normality due to
kurtosis, skewness or both. The Shapiro-Wilk test has good power properties. Its test statistic,
W, lies between zero and one. The null hypothesis of normally distributed dataset will be
rejected for small values on W. (Althouse, Ware and Ferron 1998)
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The Lilliefors test is a modification of the Kolmogorov-Smirnov test, where the cumulative
distribution function (CDF) of a normal distribution is compared with the distribution
function of the data, called the empirical distribution function (EDF) (Razali and Wah, 2011).
The Andersson-Darling test is a modification of the Cramer-von Mises test. The
Andersson-Darling test differs from Cramer-von Mises test in that it gives more weight to the
tails of the distribution. Andersson-Darling is considered to be one of the most powerfull EDF
tests (Razali and Wah, 2011).
There are a handful of normality tests for censored data. None of the normality tests
designed for censored data are implemented in any statistical software. Thus were the two
tests recommended by Thode (2002) implemented in R, the adjusted Anderson-Darling test
and the adjusted Cramer-von Mises test. They are EDF tests for type II censoring (Thode
2002) and were simulated with censored data of type I and type II.

5

Table 1. Functions for each tested normality test
Name
Skewness
(Shapiro, Wilk and
Chen, 1968)
Kurtosis
(Shapiro et al, 1968)

Code
name
𝑏!

Description
𝑏! =

𝑏!

Jarque-Bera
(Forsberg, 2014)

𝐽𝐵

Lilliefors test
(Razali and Wah,
2011)
Shapiro-Wilk
(Razali and Wah,
2011)

𝐷

𝑏! =

!
!!!

𝑥! − 𝑥 !
𝑥! − 𝑥 ! )!/!

(

!
!!!

(

!
!
!!! 𝑥! − 𝑥
!
! !
!!! 𝑥! − 𝑥 )

!
𝑛
1
𝑏! + 𝑏! − 3 !
6
4
𝐷 = 𝑚𝑎𝑥!    𝐹 𝑥 − 𝐺(𝑥)

𝐽𝐵 =

Where F(x) is the CDF and G(x) is the EDF
𝑊

𝑊=

where yi is the ith order statistic and 𝑦  is the sample mean.
𝑚! 𝑉 !!
𝑎! = 𝑎! , 𝑎! … , 𝑎! =
𝑚! 𝑉 !! 𝑉 !! 𝑚 !/!
!
𝑚 = 𝑚! , … , 𝑚! are the expected value of the order statistic of
independent identically distributed random variables from a
normal distribution and V is the covariance matrix of those order
statistic.
!
1
𝑊!! = −𝑛 −
2𝑖 − 1 {log 𝐹 ∗ 𝑋! + log  (1 − 𝐹 ∗ 𝑋!!!!! }
𝑛
!!!
Where 𝐹 ∗ 𝑥! is the cumulative distribution function of specified
distribution, the 𝑥! are the order data and n is the sample size.

Anderson-Darling
(Thode 2002)

𝐴!

Anderson-Darling
test for censured data
(For parameter
estimation
presentation see
appendix) (Thode
2002)
Cramer-von Mises
test for censored data
(For parameter
estimation
presentation see
appendix) (Thode
2002)

!
!𝐴

1
!
!𝐴 = −
𝑛

!

!

2𝑖 − 1 log 1 − 𝑝 !
!!!

1
− [ 𝑘−𝑛
𝑛
!𝑊

!
!
!!! 𝑎! 𝑦! )
!
!
!!! 𝑦! − 𝑦

(

−2

log 1 − 𝑝 !
!!!

!

log 1 − 𝑝 ! − 𝑘 ! 𝑙𝑜𝑔 𝑝 !

+ 𝑛! 𝑝 !

!
!
!𝑊

!

=

𝑝!
!!!

2𝑖 − 1
−
2𝑛

!

𝑘
𝑛
𝑘
+
+
𝑝
−
!
12𝑛! 3
𝑛

!
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Method
Type I Error For Normality Tests With Censoring Of Type I
All the test statistics is tested with left-censored data of type I, namely observation less than a
before known threshold level.
The simulation starts with setting a LoD value, then drawing a sample of 20 observations
from a normal distribution, and all observations below the LoD value will be imputed as the
LoD value. This sample with censored observation is then tested for normality. The null
hypothesis is that the sample is normally distributed and hence. Since the data is sampled
from a normal distribution the null hypothesis is correct in this simulation, and a rejection of
the null hypothesis means that a type I error is being made. This procedure is repeated 10 000
times and every rejection of the null hypothesis is counted.
The procedure above is made for 5, 20, 40, 60 and 80 percent of censored observations

Type I Error For The Adjusted Anderson-Darling And Cramer-von Mises Tests
With Censoring Of Type II
Both the adjusted Anderson-Darling and adjusted Cramer-von Mises tests are designed for
censored data of type II. These tests detect normality in a censored sample by weighting the ith
order statistic of the uncensored observations with its expected value of a standard normal
order statistic. These tests are simulated with data of type II censoring to evaluate if there is a
difference when handling censored data of type I or type II. The simulation starts with
drawing a random sample of 20 observations from a normal distribution; and the smallest
values (depending on censoring level, e.g. the 4 smallest values for a 20 percent censoring
level) are censored. The test statistic for adjusted Anderson-Darling and Cramer-von Mises
test are calculated and compared to their critical value. This procedure is repeated 10 000
times and every rejection of the null hypothesis is counted. This is made for censoring levels
of 5, 20, 40, 60 and 80 percent.

Type II Error For The Adjusted Anderson-Darling And Cramer-von Mises Tests
With Censoring Of Type II
The simulations for the adjusted normality test are tested for its power, i.e. how many times a
false null hypothesis is rejected. This is done by generating a sample of 20 observations
drawn from a 𝜒 ! distribution with 4 degrees of freedom and a student’s t-distributions with 2
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degrees of freedom. A 𝜒 ! distribution with 4 degrees is considered to be enough skewed to
deviate from a normal distribution, and the student´s t-distribution with 2 degrees of freedom
has the kurtosis properties that differs from a normal distribution. It will thus be seen which
test statistic that can best detect deviation from normality due to kurtosis or skewness.

Results
Before running the main simulation the random sample generator in R is checked. By running
an uncensored sample and visually inspect the sample in a histogram and a quantile to
quantile plot, (Q-Q plot) conclusion can be drawn concerning if the data generated is
normally distributed. Since the sample size is small, different normality tests are checked and
presented in table 1.

Figure 2. Histogram from one random sample N(0,1) with a sample size of 20.

Figure 3. Q-Q plot over one random sample N(0,1) with a sample size of 20
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With a small sample size a visual check may not be sufficient. In table 2 the test statistics and
p-values are presented for the sample in figure 2 and 3.
Table 2. Normality tests of 20 observations with no censoring.

Normality test

Test statistic value

Skewness test

p-value

𝑏! = 2.3644

Non-significant *

𝑏! = −0.3784876

Non-significant *

Jarque-Bera test

𝐽𝐵 = 0.7731,

0.7127

Shapiro-Wilk test

𝑊 = 0.97823

0.9093

Lilliefors test

𝐷 = 0.15024  

0.9541

𝐴! = 0.072984

0.996

Kurtosis test

Anderson-Darling test

*No p-value is given for the skewness- and kurtosis tests. The test statistics are compared to critical values from
tables in Thode (2002). These critical values are presented in the appendix

In all the tests the null cannot be rejected, thus we cannot reject the assumption of normality is
fulfilled.
Before running the main simulation, all normality tests with exception of the adjusted
Anderson-Darling- and Cramer-von Mises test fore censored data, are tested with all 20
observations. The procedure was repeated 10 000 times. All the tests should average a 5
percent rate of type I errors.
Table 3. Times in percent the null hypothesis was rejected with uncensored samples

Normality test

Type I errors made

Skewness test

0.0184

Kurtosis test

0.0180

Jarque-Bera test

0.0247

Shapiro-Wilk test

0.0508

Lilliefors test

0.0459

Anderson-Darling test

0.0489

Table 3 shows at which rate a true null hypothesis is rejected when the different normality
tests handle uncensored samples of a sample size of 20 observations. The lowest rejection has
the kurtosis test. The result of a type I error was made less then 5 percent of the time by the
kurtosis, skewness and Jarque-Bera test. This is probably due to the small sample size.
9

In order to find normality, 20 observations are not enough and hence, the test statistics rather
accept then reject the null hypothesis. The test statistic with highest type I errors made was
the Shapiro-Wilk test.

Type I Error For All Test Statistics When Censoring Is Applied
Table 4 shows how many times the null hypothesis was rejected for the different test
statistics, for example the Jarque-Bera test statistic rejects the null hypothesis on average five
percent of the time with five percent censoring level. Thereafter the Jarque-Bera test statistic
slowly increases to six percent with 20 percent censoring level. Further, the Jarque-Bera test
statistic rejects the null 64 percent with a 60 percent censoring level. With 80 percent
censoring level, the test statistic finally rejects the null hypothesis 95 percent of the time.
When the adjusted Anderson-Darling and the Cramer-von Mises test was simulated with
censored data of type I the null hypothesis were rejected 5-7 percent of the time. Comparing
with table 5, with type II censoring, the null hypothesis were rejected 5 percent of the time
regardless of censoring level
Table 4. An error of type I was made with different levels of censoring

Censoring
level
Test statistic
Skewness

5%
0.02

20 %
0.12

40 %
0.43

60 %
0.62

80%
0.44

Kurtosis

0.01

0.03

0.12

0.43

0.88

Jarque-Bera

0.05

0.06

0.27

0.64

0.95

Shapiro-Wilk

0.05

0.47

0.9

0.99

1

Lilliefors

0.04

0.20

0.8

0.99

1

Anderson-Darling
Anderson-Darling
censored test
statistic
Cramer-von
Mises censored
test statistic

0.05

0.38

0.9

0.99

1

0.06

0.06

0.06

0.05

0.07

0.06

0.06

0.06

0.05

0.06

Type I Error From The EDF Tests
Figure 4 describes how the two EDF tests, Anderson-Darling test and Lilliefors test, are
performing when handling censored data. Figure 6 displays how often, in percentage, type I
errors occurs when increasing the censored level in the sample. The Anderson-Darling test
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statistic is more sensitive to censored data then the Lilliefors test. The type I error rate for
both of these test statistics converges to one when increasing the censored level.

Figure 4. The two tested EDF test with different levels of censoring.

Type I Error From Normality Test Statistics
The Shapiro-Wilk statistic is the most sensitive test to censored data. An interesting
phenomenon happens to the skewness test when it reaches a censoring level higher than 60
percent. It starts to make fewer type I errors, this can been seen in figure 5. This will be
further discussed in the discussion section.

Figure 5. Normality test that uses skewness and/or kurtosis to determine normal distributed data
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Figure 6 shows all tests in the same figure for a easier visual comparison between them. Since
both of the test designed for censored data showed similar results only Cramer-von Mises test
is presented in figure 6. At low censoring levels all tests perform well. The normality tests for
uncensored data are sensitive to censored data this could be explained by the imputations
made, this will be discussed further down.

Figure 6. All tested normality tests.

Type I Error For Adjusted Anderson-Darling And Cramer-von Mises Test With
Type II Censoring
Table 5 shows that the two tests for censored data rejects the null hypothesis 5 percent of the
time, when the censoring proportion increased with censoring of type II. Comparing this with
type I censoring (table 4) the adjusted normality tests were more even when handling the
censoring type it was designed for.
Table 5. Adjusted normality test simulated with type II censoring.

Censoring
Test
level
statistic
AndersonDarling test for
censored data
Cramer-von
Mises test for
censored data

5%

20%

40%

60%

80%

0.05

0.05

0.05

0.05

0.05

0.05

0.05

0.05

0.05

0.05
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Power Of The Adjusted Anderson-Darling And Adjusted Cramer-von Mises
Tests
Tables 6 and 7 shows the power of the two tests adjusted for censored data. As the censoring
level increased the fewer times the null hypothesis was rejected. With lesser information in
the data the tests are more likely to accept normality.
Table 6. Power of the adjusted normality tests drawn from a 𝜒 ! distribution with 4 dregrees of freedom

Censoring
Test
level
statistic
AndersonDarling test for
censored data
Cramer-von
Mises test for
censored data

5%

20%

40%

60%

80%

0,28

0.12

0.06

0.03

0.04

0.30

0.12

0.04

0.03

0.04

Table 7. Power of the adjusted normality tests drawn from a students t-distribution with 2 degrees of freedom

Censoring
Test
level
statistic
AndersonDarling test for
censored data
Cramer-von
Mises test for
censored data

5%

20%

40%

60%

80%

0.42

0.30

0.19

0.08

0.03

0.38

0.29

0.14

0.03

0.03

Discussion
The simulation shows that the normality tests perform well at low censoring levels. With five
percent censoring none of the test statistics deviate from the results from when uncensored
data is tested. The proportion of type I errors made were approximately the same. A censoring
level of 5 percent is probably such a small part of that sample that it is indifferent what test to
use, i.e. tests for uncensored data or tests for censored data.
When the censoring level increases the normality tests for uncensored data fail to detect
normality in the data. This could be due to the method used in the simulation, namely
imputation of LoD. Thus with higher detection limit more observations will be imputed as
LoD value and make the data appear differentiated from normality. An interesting outcome is
13

the skewness- and kurtosis tests that show fine results in comparison with the Shapiro-Wilk-,
Anderson-Darling- and Lilliefors tests. This is probably due to that the imputed values do not
affect the probability distribution function as much as the cumulative distribution function.
The Jarque-Bera test statistic is placed between the skewness and kurtosis and it is not a
surprising outcome. This test uses these two properties to detect deviations from normality.
However, there should be some caution in using the skewness- and the kurtosis test at
censoring levels of 50 percent and higher, since then the probability distribution function
resembles more an exponential distribution then a normal distribution. An interesting
phenomenon occurs with the skewness test when the censoring level exceeds 60 percent, type
I errors starts to decrease, which can probably be explained by the shape of the probability
distribution function. With high censoring level the skewness gets distorted and hence
resembles a normal probability distribution function in more cases.
The Lilliefors- and Anderson-Darling tests are EDF tests. They compare the EDF of the
sample with the CDF of a normal distribution. Imputation of LoD values creates an EDF that
deviates from the CDF large enough to be statistically different leading to a rejection of the
null hypothesis. This “problem” is compensated in the specially designed test for censored
data by weighting the observed values with their expected value in the standard normal order
statistic.
As expected, seen in table 6 and 7, when the censoring levels increases the power of the
tests decreases. With fewer observations to detect normality, it is not surprising that the tests
accepts the null hypothesis more often when the censoring levels increases. The adjusted tests
have been simulated according to Thode critical values. That is, the censored sample has been
for example compared to the critical value of 5 percent when sometimes censoring level is 10
percent. On average though, when running the simulation 10 000 times, the censoring
proportion should be 5 percent of the observations.
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Conclusion
The two tests designed for censored data, Anderson-Darling and Cramer-von Mises, performs
well and rejects approximately 5 percent of the samples at all censoring levels. Thus these
tests can be used to assess normality with censored data samples.
With censoring levels of 80 percent the two tests accepts normality in 95 percent of the time.
Thus with a sample size of 20 observations only four observations are taken in to account
when testing for normality. Simulations showed that the adjusted Anderson-Darling and the
adjusted Cramer-von Mises test performed well when dealing with normal censored data.
Changing the distribution to 𝜒 ! - and student´s t-distribution with censored data caused more
rejections of the null hypothesis. In conclusion, the adjusted test statistics still performed well,
despite the small sample size.
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Appendix
Appendix A: Critical Values For the Adjusted Anderson-Darling-, The Adjusted
Cramer-von Mises Statistic.
Censoring
proportion
Test statistic
Anderson-Darling
test statistic
Cramer-von Mises
test statistic

5%

20 %

40 %

60 %

80%

0.6

0.473

0.339

0.220

0.092

0.106

0.083

0.06

0.037

0.010

Critical values are taken from Thode, 2002.
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Appendix B: Parameter Estimation
Parameter estimation for the Anderson-Darling and Cramer-von Mises EDF-test for censored
data
𝑝!

𝑥 ! − 𝜇∗
=1− Φ
𝜎∗

𝑝! =1− Φ
!
∗

𝜇 =

𝑥 ! − 𝜇∗
𝜎∗
𝛽! 𝑥(!)

!!!
!

𝜎∗ =

𝛾! 𝑥(!)
!!!

1
𝑚 𝑚! − 𝑚
𝛽! = − !
!
𝑘
!!! 𝑚! − 𝑚
𝑚! − 𝑚
𝛾! = !
!
!!! 𝑚! − 𝑚
!
Where 𝑚 is the expected value of the ith standard normal order statistic and 𝑚 = ! !!!! 𝑚!
Since this paper focused on left censoring data the parameters 𝑝 ! and 𝑝 ! are presented as
above. For right censoring the parameter estimation is: 𝑝 ! = Φ (𝑥 ! − 𝜇∗ )/𝜎 ∗    .
𝑥 ! is the ith order statistc; 𝑥 ! ≤ 𝑥 ! ≤ 𝑥! ≤    … ≤ 𝑥(!) (Thode, 2002).
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Appendix C: Critical Values Of the Skewness And Kurtosis Test
Upper percentage points of the skewness test for normality,
n
20

95%
0.772

97.5%
0.940

𝑏! . (Thode 2002)
99%
1.150

99.5%
1.304

Upper and lower percentage points of the kurtosis test for normality, 𝑏! . (Thode 2002)
n
0.5%
1%
2.5%
5%
95%
97.5%
99%
99.5%
20
1.58
1.64
1.73
1.83
4.18
4.68
5.38
5.91
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Appendix D: R Code For The Adjusted Anderson-Darling And Cramer-von
Mises Test For Censored Data Of Type I
B<-10000
data<-matrix(NA,B,20)
for(i in 1:B)
{
x<-rnorm(20)
data[i,]<-sort(x)
}
#The non-censored
a<-1
b<-20
m<-colMeans(data)
m.i<-m[i]
m.streck<-mean(m[a:b])
mi <- m[a:b]
z <-seq(0.25,0.25,by=0.01) #Censoring level, change depending on censoring level.
A1<-A2<-A3 <-A4<-A5<-A6<-0 #For Anderson-Darling
AD5<-AD20<-AD40<-AD60<-AD80<-0 #Rejection of the null
W5<-W20<-W40<-W60<-W80<-0 #Rejection of the null
for(k in 1:length(z))
{
kobs = 20 #Loop working correctly, should be 10 200
nd.p = pnorm(z[k]);
for(sample in 1:10000)
{
#Used parameters
A<-A1<-A11<-A2<-A22<-A3 <-0
xobs2<-0
CM1 <-CM11<-CM2 <-CM3 <-0
mi3<-mi2<-0
beta<-lambda<-0
x2 <-sort(rnorm(20))
m.streck<-0
pk<-0
xobs<-0
#Fixing the uncensored sample
for(ik in 1:20){
if(x2[ik] >= 0.25){
pk = pk+1
xobs2[pk] = x2[ik]
mi3[pk] = mi[ik]
}
}
kobs = kobs + 1
#Parameters
mu<-stdx<-0
phi1<-bt<-la<-0
#Sample and mean
m.streck = mean(mi3)
xobs<-sort(xobs2,decreasing=TRUE)
mi2 <- sort(mi3,decreasing = TRUE)
#Calculations of beta and lambda
for(step in 1:pk){
if(pk == 0){break}
bt[step] = (mi2[step]-m.streck)^2
la[step] = (mi2[step]-m.streck)^2

20

lambdaT = sum(la)
betaT = sum(bt)
}
#The sum of beta and lambda
for(kc in 1:pk){
if(pk == 0){break}
beta[kc] = (1/(pk)) - (m.streck*(mi2[kc]-m.streck))/betaT
lambda[kc] = (mi2[kc]-m.streck)/(lambdaT)
mu[kc] = beta[kc]*xobs[kc]
stdx[kc] = lambda[kc]*xobs[kc]
}
#Mean and standard deviation
mu1 = sum(mu)
stdx1 = sum(stdx)
#Calculations
for(i in 1:(pk))
{
if(pk == 0){break}
phi1 = 1- pnorm((xobs[i]-mu1)/(stdx1))
A1= (2*i-1)*(log(phi1) - log(1-phi1))
A2= (log(1-phi1))
if(is.nan(A1) == TRUE) {A1 = 0}
if(is.infinite(A1)==TRUE){if(A1 == "Inf"){A1 = 100}}
if(is.infinite(A1)==TRUE){if(A1 == "-Inf"){A1 = -100}}
if(is.infinite(A2)==TRUE){if(A2 == "Inf"){A2 = 100}}
if(is.infinite(A2)==TRUE){if(A2 == "-Inf"){A2 = -100}}
if(is.nan(A2) == TRUE) {A2 = 0}
A11[i] = A1
A22[i] = A2
CM1 = (phi1-((2*i-1)/(2*20)))^2
if(is.infinite(CM1)==TRUE){if(CM1 == "Inf"){CM1 = 100}}
if(is.infinite(CM1)==TRUE){if(CM1 == "-Inf"){CM1 = -100}}
if(is.nan(CM1) == TRUE) {CM1 = 0}
CM11[i] =CM1
}
CM2 = sum(CM11)
A4 = -(1/20)*sum(A11)
A5 = -2*sum(A22)
A3= -(1/20)* (((20-pk)^2)*log(1-phi1)-((pk)^2)*log(phi1) + (20^2)*phi1)
if(is.infinite(A3)==TRUE){if(A3 == "Inf"){A3 = 100}}
if(is.infinite(A3)==TRUE){if(A3 == "-Inf"){A3 = -100}}
if(is.nan(A3) == TRUE) {A1 = 0}
CM3 = (pk)/(12*20^2) + (20/3)*((phi1-((pk)/20)))^3
if(is.infinite(CM3)==TRUE){if(CM3 == "Inf"){CM3 = 100}}
if(is.infinite(CM3)==TRUE){if(CM3 == "-Inf"){CM3 = -100}}
if(is.nan(CM3) == TRUE) {CM3 = 0}
W = CM2 + CM3
A = A4 + A5 + A3
if(is.numeric(A) ==FALSE){A ==0}
if(is.infinite(A)==TRUE){if(A3 == "Inf"){A = 10}}
if(is.infinite(A)==TRUE){if(A3 == "-Inf"){A = -10}}
if(is.nan(A) == TRUE) {A = 0}
if(z[k] == -1.65){try(if(A > 0.60){AD20 = AD20 + 1})}
if(z[k] == -1.65){try(if(W > 0.106){W5 = W5 + 1})}
if(z[k] == -0.84){try(if(A > 0.473){AD20 = AD20 + 1})}
if(z[k] == -0.84){try(if(W > 0.083){W20 = W20 + 1})}
if(z[k] ==-0.25){try(if(A > 0.339){AD40 = AD40 + 1})}
if(z[k] ==-0.25){try(if(W > 0.06){W40 = W40 + 1})}
if(z[k] ==0.25){try(if(A > 0.220){AD60 = AD60 + 1})}
if(z[k] ==0.25){try(if(W > 0.037){W60 = W60 + 1})}
if(z[k] == 0.84){try(if(A > 0.092){AD80 = AD80 + 1})}
if(z[k] ==0.84){try(if(W > 0.01){W80 = W80 + 1})}
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