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Abstract
Turbulent flows affected by buoyancy lie at the basis of many applications,
both within engineering and the atmospheric sciences. A prominent example
of such an application is the atmospheric boundary layer, the lowest layer of the
atmosphere, in which many physical processes are heavily influenced by both
stably stratified and convective turbulent transport. Modelling these turbulent
flows correctly, especially in the presence of stable stratification, has proven to
be a great challenge and forms an important problem in the context of climate
models. In this thesis, we address this issue considering an advanced class of
turbulence models, the so-called explicit algebraic models.
In the presence of buoyancy forces, a mutual coupling between the Reynolds stresses and the turbulent heat flux exists, which makes it difficult to
derive a fully explicit turbulence model. A method to overcome this problem
is presented based on earlier studies for cases without buoyancy. Fully explicit
and robust models are derived for turbulence in two-dimensional mean flows
with buoyancy and shown to give good predictions compared with various data
from direct numerical simulations (DNS), most notably in the case of stably
stratified turbulent channel flow. Special attention is given to the problem
of determining the production-to-dissipation ratio of turbulent kinetic energy,
for which the exact equation cannot be solved analytically. A robust approximative method is presented to calculate this quantity, which is important for
obtaining a consistent formulation of the model.
The turbulence model derived in this way is applied to the atmospheric
boundary layer in the form of two idealized test cases. First, we consider
a purely stably stratified boundary layer in the context of the well-known
GABLS1 study. The model is shown to give good predictions in this case
compared to data from large-eddy simulation (LES). The second test case represents a full diurnal cycle containing both stable stratification and convective
motions. In this case, the current model yields interesting dynamical features
that cannot be captured by simpler models. These results are meant as a first
step towards a more thorough investigation of the pros and cons of explicit
algebraic models in the context of the atmospheric boundary layer, for which
additional LES data are required.
Descriptors: Turbulence, RANS models, explicit algebraic Reynolds-stress
models, buoyancy, stable stratification, thermal convection, atmospheric boundary layer
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Turbulensmodellering tillämpad på det atmosfäriska
gränsskiktet
Werner M.J. Lazeroms
Linné FLOW Centre, KTH Mekanik, Kungliga Tekniska Högskolan
SE-100 44 Stockholm, Sverige

Sammanfattning
Turbulenta strömningar som påverkas av flytkrafter förekommer i flera tillämpningsområden både inom teknik- och atmosfärsvetenskapen. Ett exempel på
en sådan tillämping är det atmosfäriska gränsskiktet, det understa skiktet i
atmosfären, där olika fysikaliska processer påverkas av stabil stratifiering och
konvektiv turbulens. Att hitta en korrekt modell av sådana turbulenta strömingar är en stor utmaning, framför allt i det stabilt stratifierade fallet, och det
är av stor vikt för klimatmodellering. Avhandlingen behandlar detta problem
med hjälp av så kallade explicita algebraiska turbulensmodeller.
När flytkrafter påverkar strömingen uppstår en omsesidig koppling mellan de Reynoldska spänningarna och det turbulenta värmeflödet, vilket ger
svårigheter att härleda en fullständigt explicit turbulensmodell. Här presenteras en metod för att lösa detta problem, baserad på tidigare arbeten för
fall utan flytkrafter. Fullständigt explicita och robusta modeller härleds för
turbulens i tvådimensionella medelströmningar med flytkraftseffekter. Modellerna visar sig ge goda resultat jämfört med direkta numeriska simuleringar
(DNS), främförallt för en stabilt stratifierad kanalströmning. Särskild uppmärksamhet ägnas åt förhållandet mellan produktionen och dissipationen av
turbulent kinetisk energi som inte kan bestämmas analytiskt utav de exakta
ekvationerna. Vi presenterar en robust approximationsmetod för att beräkna
denna storhet, vilket ger en konsistent formulering av modellen.
Turbulensmodellen som härletts på detta sätt används i två idealiserade
testfall relaterade till det atmosfäriska gränsskiktet. Först betraktar vi ett rent
stabilt gränsskikt i sammanhanget av den välkända GABLS1-studien. I detta
fall ger modellen goda resultat jämfört med large-eddy-simuleringar (LES). Det
andra testfallet representerar en fullständig dygnscykel med både stabil stratifiering och konvektiva rörelser. Här visar modellen intressanta dynamiska egenskaper som inte kan fås med en enklare modell. Dessa resultat betraktas som
ett första steg mot en mer djupgående undersökning av explicita algebraiska
modeller i sammanhanget av det atmosfäriska gränsskiktet, för vilket ytterligare LES-data behövs.
Nyckelord: Turbulens, RANS-modeller, explicita algebraiska Reynoldsspänningsmodeller, flytkrafter, stabil stratifiering, termisk konvektion, atmosfäriska
gränsskiktet
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Turbulentiemodellen toegepast op de atmosferische grenslaag
Werner M.J. Lazeroms
Linné FLOW Centre, KTH Mekanik, Royal Institute of Technology
SE-100 44 Stockholm, Sweden

Samenvatting
Turbulente stromingen onder invloed van dichtheidsverschillen liggen ten grondslag aan vele toepassingen, zowel binnen de techniek als de atmosferische wetenschappen. Een voorbeeld van een dergelijke toepassing is de atmosferische
grenslaag, de onderste laag van de atmosfeer, waarin verschillende fysische processen worden beı̈nvloed door stabiele stratificatie en convectieve turbulentie.
Het correct modelleren van zulke turbulente stromingen is een grote uitdaging,
met name in het geval van stabiele stratificatie, en het is van groot belang voor
klimaatmodellen. In dit proefschrift behandelen we deze kwestie met behulp
van zogenaamde expliciete algebraı̈sche turbulentiemodellen.
De aanwezigheid van dichtheidsverschillen veroorzaakt een wederzijdse koppeling tussen de Reynoldsspanning en de turbulente warmteflux. Dit maakt
het lastig om een volledig expliciet turbulentiemodel af te leiden. Hier presenteren we een methode om dit probleem op te lossen, gebaseerd op eerder
werk voor gevallen zonder deze koppeling. Volledig expliciete en robuuste modellen worden afgeleid voor turbulentie in tweedimensionale gemiddelde stromingen met dichtheidseffecten. We tonen aan dat de uitkomsten van het model
goed overeenkomen met directe numerieke simulaties (DNS), met name voor
een stabiel gestratificeerde kanaalstroming. Speciale aandacht wordt besteed
aan de verhouding van productie en dissipatie van turbulente kinetische energie, waarvoor geen exacte oplossing bestaat. We presenteren een robuuste
benaderingsmethode om deze grootheid te bepalen, wat leidt tot een consistente formulering van het model.
Het zo verkregen turbulentiemodel wordt toegepast op de atmosferische
grenslaag in de vorm van twee geı̈dealiseerde testgevallen. Ten eerste bekijken we een zuiver stabiele grenslaag, bekend van de GABLS1-studie. In dit
geval geeft het model goede resultaten in vergelijking met large-eddy-simulaties
(LES). Het tweede testgeval bevat een volledige dagcyclus met zowel stabiele
stratificatie als thermische convectie. Het huidige model laat hier interessante
dynamische eigenschappen zien die niet met een eenvoudiger model verkregen
kunnen worden. Deze resultaten vormen een eerste stap op weg naar een diepgaander onderzoek van expliciete algebraı̈sche modellen in de context van de
atmosferische grenslaag, waarvoor meer LES-data nodig is.
Kernwoorden: Turbulentie, RANS modellen, expliciete algebraı̈sche Reynoldsspanningsmodellen, dichtheidseffecten, stabiele stratificatie, thermische convectie, atmosferische grenslaag
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Preface
This thesis presents the derivation of a new explicit algebraic model for
predicting turbulent flows with stable stratification and other buoyancy-driven
effects. Particular attention is given to the application of this model to the
atmospheric boundary layer. The first part of the thesis introduces some theoretical concepts of turbulence and turbulence modelling, the effects of buoyancy
on turbulence, and the physics of the atmospheric boundary layer. The second part consists of four journal articles and one internal report. The layout of
these papers has been adjusted to fit the format of this thesis, but their content
has not been changed with respect to the original versions.
Paper 1.
W.M.J. Lazeroms, G. Brethouwer, S. Wallin & A.V. Johansson, 2013
An explicit algebraic Reynolds-stress and scalar-flux model for stably stratified
flows. J. Fluid Mech. 723, 91-125
Paper 2.
W.M.J. Lazeroms, G. Brethouwer, S. Wallin & A.V. Johansson, 2013
Explicit algebraic models for turbulent flows with buoyancy effects. Internal Report
Paper 3.
W.M.J. Lazeroms, G. Brethouwer, S. Wallin & A.V. Johansson, 2015
Efficient treatment of the nonlinear features in algebraic Reynolds-stress and
heat-flux models for stratified and convective flows. Int. J. Heat Fluid Flow 53,
15-28
Paper 4.
W.M.J. Lazeroms, G. Svensson, E. Bazile, G. Brethouwer, S. Wallin
& A.V. Johansson, 2015
Study of transitions in the atmospheric boundary layer using explicit algebraic
turbulence models. Submitted to Boundary-Layer Meteorology
Paper 5.
W.M.J. Lazeroms & I.A. Grigoriev, 2015
A generalized method for deriving explicit algebraic turbulence models. To be
submitted
Papers 1 and 2, as well as preliminary versions of some chapters in Part I,
have appeared in the Licentiate thesis Explicit algebraic turbulence modelling in
buoyancy-affected shear flows (Lazeroms 2013) as part of the PhD programme.
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Part I
Overview & Summary

CHAPTER 1

Introduction
Turbulence is all around us. From the small eddies ejecting out of the office
ventilation duct to the larger circulations in the sky that determine the weather,
our lives are constantly being influenced by turbulent motions. In daily life,
these motions are often nicely visualized by various types of particles: smoke
moving upwards from a cigaret or chimney, bubbles floating in a cooking pot.
Going further up into the sky, the typical shape of clouds reveals the presence
of turbulence in the atmosphere, which is often experienced in airplanes.
Clearly, turbulent flows are associated with a vast range of different length
(and time) scales, from everyday examples to the atmosphere. This makes the
study of turbulent flow important for various applications. Within engineering,
one can think of the reduction of turbulent drag on aircraft or other vehicles,
or heat transfer through turbulent diffusion in heat exchangers. On the other
hand, turbulence plays a significant role in the transfer of momentum and
heat in the atmosphere, making its study relevant for weather and climate
predictions as well.
Of particular interest are turbulent flows in which the heat transfer affects
the flow itself. If changes in temperature and density are small enough, one
can assume that the flow itself is not influenced by heat transfer. In such a
case, we speak of the temperature as being a passive scalar. On the other
hand, if the temperature gradients are significant, fluid particles experience a
buoyancy force that influences the flow, in which case temperature acts as an
active scalar. The study of turbulent flows with buoyancy forces is important
for the atmosphere, oceanography, and various industrial applications where
such forces are no longer negligible. It is this type of flows that forms the main
subject of this thesis. The following sections discuss the background of the
present work.

1.1. Turbulence, numerical simulations and modelling
Many textbooks on turbulence start with summarizing its complex nature.
Quoting Pope (2000), “the flow is unsteady, irregular, seemingly random and
chaotic, and surely the motion of every eddy or droplet is unpredictable.” Indeed, the governing equations of fluid motion, the Navier-Stokes equations,
contain a number of nonlinear terms that lead to the chaotic dynamics of turbulent flows. The complicated nature of turbulent flows has driven the interest
of scientists for many centuries, though a thorough investigation did not occur
3
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Figure 1.1. Visualization of the instantaneous spanwise velocity
in unstably stratified turbulent channel flow obtained from DNS
for Re τ = 400 and Gr = 1.3 × 108 (see section 3.2). Shown is a
horizontal slice close to the upper wall. Courtesy of Dr G.
Brethouwer.

before the famous pipe experiment of Osbourne Reynolds (1883). Through
this experiment, Reynolds found that a fluid flow undergoes a transition from
laminar to turbulent depending on a characteristic mean flow velocity U , the
diameter d of the pipe, and the kinematic viscosity ν of the fluid. In particular,
the nature of the flow depends on the dimensionless combination of these quantities, Re = U d/ν, which was later named the Reynolds number in his honour.
Reynolds (1895) also contributed to the theory of turbulence by introducing a
decomposition of the Navier-Stokes equations into a mean part and a fluctuating part (the so-called Reynolds decomposition), which still forms the basis of
turbulence theory today.
A typical property of turbulent flows is that they consist of larger eddies
that break down into smaller eddies, leading to a large range of scales between
the large-scale energy-containing flow structures and the smallest dissipative
scales, the so-called Kolmogorov scales. These smallest scales were named after
A.N. Kolmogorov, who was the first to develop a quantitative theory of the
cascade of energy from the large scales to the small scales (Kolmogorov 1941).
The main conclusion of this theory is that at the smallest dissipative scales, the
turbulence tends to “forget” its initial conditions, leading to a homogeneous and
isotropic state that only depends on the dissipative flux ε and the kinematic
viscosity ν. The Kolmogorov length scale is then found to be of the order of
η = (ν 3 /ε)1/4 .
In the current age of powerful supercomputers, so-called Direct Numerical
Simulations (DNS), in which one tries to solve the full Navier-Stokes equations
numerically, have become one of the most important tools for studying turbulent flows (figure 1.1). However, due to the large range of scales in turbulence,
it is very costly to accurately perform DNS of turbulent flows, since an appropriate numerical grid needs to resolve everything from the large scales (∼ L)
down to the smallest scales (∼ η). In fact, one can show that the required
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Figure 1.2. A “flat-plate” turbulent boundary layer generated
mostly by wind shear is visualized by dust in the extremely dry
environment of Death Valley, California. (Own work, 25-12-2014)
9/4

number of grid points scales with (L/η)3 ∼ Re L , where Re L = U L/ν is the
Reynolds number based on the large scales.1 The Reynolds number typically
ranges from 106 in engineering flows to 108 in the atmospheric boundary layer,
which leads to grid requirements that are unfeasible for today’s computers.
In practice, it is therefore possible to perform full-scale DNS only for studying the effects of turbulence in simple canonical geometries, such as channels or
pipes. For real-world applications, such as calculations on airplane wings, one
has to rely on some sort of modelling to capture the effects of turbulence without resolving all the eddies. One example of such an approach is Large-Eddy
Simulations (LES), where only the larger eddies are resolved in combination
with a model for the so-called subgrid scales. However, resolving the largescale motions still puts fairly high constraints on the required computer power,
and sometimes modelling all the turbulent eddies is the only solution. This
can be done by a statistical approach, in which one takes the average effect of
all the eddies and solves equations for the mean flow quantities, the so-called
Reynolds-averaged Navier-Stokes (RANS) equations. Appropriate models for
the turbulence statistics are needed in order to close this system of equations,
which is the focus of the field of RANS modelling. Clearly, this modelling
technique is an important practical heritage of the theory of Reynolds (1895)
mentioned above. By only resolving the average effect of turbulence, much
smaller grid resolutions and computation costs are required, so that full-scale
practical problems can be investigated (e.g. entire airplanes or the dynamics
of the Earth’s atmosphere).
1 In this definition, U and L are characteristic velocity and length scales of the large eddies
and ν is the kinematic viscosity. In three dimensions, the required number of gridpoints then
scales with the third power of the separation of length scales, (L/η)3 ∼ L3 (ε/ν 3 )3/4 , where
the dissipative flux ε depends on the large-scale motions (from where the energy originates)
through ε ∼ U 3 /L.
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Figure 1.3. Schematic representation of the diurnal cycle in the
atmospheric boundary layer. Inspired by Stull (1988).

1.2. The atmospheric boundary layer
Crucial to both the study of engineering turbulence and atmospheric flows is
the notion of a turbulent boundary layer. The concept of a boundary layer
in fluid flows was first presented and studied by Ludwig Prandtl (1905), who
showed that in the vicinity of a solid wall the flow velocity is affected by viscous
forces within a relatively thin layer and eventually ends up being zero precisely
at the wall. The boundary layer is in principle the region where the inviscid
outer flow adapts to the no-slip boundary condition at the wall.
Boundary layers occur in every application where a fluid flows along a
solid object. The object exerts a force on the fluid in order to match the
fluid velocity with its own velocity. In turn, the fluid exerts a drag force on the
object. Determining and optimizing this drag force is paramount for the design
of vehicles and aircraft, as it forms an important factor for fuel consumption.
In analogy to the pipe flow studied by Reynolds (1883), a boundary-layer flow
becomes turbulent above a certain critical Reynolds number, which significantly
changes the drag. The study of turbulence in a boundary layer is therefore
crucial for the aforementioned applications.
On a larger scale, we can imagine the atmosphere of the Earth as a fluid
moving along an object, namely the Earth’s surface. The fluid-mechanical principles mentioned above show that there must be a (turbulent) boundary layer
close to the surface, in which the large-scale winds higher up in the atmosphere
adapt to the no-slip condition through viscous forces. The wind conditions in
the atmosphere are such that the Reynolds number of these boundary-layer
flows is very large (typically Re ∼ 108 ), far above the threshold for generating
turbulence. Close to the surface, turbulent motions are nearly always present,
and it can often be detected by natural tracers (figure 1.2).
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Figure 1.4. The top of the ABL visualized by a layer of smog in the
vicinity of Los Angeles, California, as seen from the San Bernardino
mountains. (Own work, 23-12-2014)

This portion of the atmosphere closest to the surface, where the outer flow
(or geostrophic wind 2 ) is affected by friction forces and where most of the turbulent transfer occurs, is readily called the atmospheric boundary layer (ABL).3
The structure of the ABL is somewhat more complicated than Prandtl’s canonical boundary-layer flow due to the interaction of wind shear and buoyancy
forces. Although wind shear forms an important source of turbulence production in the ABL, its effects are mainly confined to a thin layer near the
surface, the so-called surface layer. The structure and development of the ABL
are mostly determined by the buoyancy effects. Typically, the ABL exhibits
a diurnal cycle (figure 1.3), in which daytime heating of the surface by the
sun’s radiation alternates with a cooling of the surface at night. The daytime
conditions generate thermal convection and an associated increase of turbulent
motions, forming the well-mixed convective boundary layer. On the other hand,
during nighttime conditions a stably stratified layer is formed, in which colder,
denser air is located beneath warmer air. The buoyancy forces associated with
stable stratification have a damping effect on the turbulent motions and the
corresponding fluxes of momentum and heat that define the ABL. The consequence is that the nighttime stable boundary layer is typically much shallower
(∼ 10 to 200 m) than the daytime convective boundary layer (∼ 1 to 2 km).
The rest of the convective boundary layer remains at night in the form of a
residual well-mixed layer above the stable boundary layer.
The free troposphere located above the ABL is typically (weakly) stably
stratified. Moreover, the interface between the free troposphere and the ABL
is often characterized by sharp gradients, a so-called inversion. The interfacial
layer at the top of the ABL is therefore called inversion layer (figure 1.3).
This layer and the free troposphere above can act as a barrier for the daytime
2A

geostrophic flow is a flow that results from a balance of pressure forces and Coriolis forces,
which approximately holds above the boundary layer (the free troposphere) where friction is
negligible.
3 Another common name is the planetary boundary layer (PBL).
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convective turbulent motions that transport heat, momentum, moisture and
other particles within the ABL. As a consequence, under the right conditions,
the top of the ABL can be seen through various types of aerosols that remain
beneath the inversion (figure 1.4), or the formation of cumulus clouds at the
top of a convective plume (depicted schematically in figure 1.3). The inversion
layer is also characterized by entrainment processes that form an important
mode of transport between the ABL and the free troposphere.
Clearly, the atmospheric boundary layer has a rich variety of dynamical
features, of which turbulent motions affected by buoyancy forces form an important part.4 Since we spend most of our lives inside the ABL, it is vital to
study and model the physical processes that take place here, which can have a
large impact on the weather and climate.

1.3. Simulating weather and climate
The atmospheric boundary layer, numerical simulations, and models of turbulent flows come together in a practical application that we make use of every
day: the weather forecast. Behind the data that we check multiple times a
day on computers, smartphones, TV or in newspapers lies the output of complicated models that are aimed at simulating a huge amount of the physical
processes on Earth. The development and improvement of these models is
part of the field of numerical weather prediction (NWP). For larger timescales,
similar models can be used for simulating the climate.
A pioneer in the field of numerical weather prediction was L.F. Richardson5 , who almost a century ago attempted to numerically evaluate (by hand!) a
mathematical model of the atmosphere in order to predict the weather (Richardson 1922). Although this first attempt failed due to the simplicity of the numerical scheme, it was the start of a more scientific way of treating weather
and climate, which truly began to florish after the development of supercomputers. Another important name in this respect was the meteorologist E.N.
Lorenz, who showed that a deterministic, nonlinear system (e.g. the NavierStokes equations that govern fluid flow) can exhibit an inherently unpredictable
behaviour called deterministic chaos that depends heavily on the initial conditions of the system (Lorenz 1963). This pioneering work led to the field of
chaos theory, which also forms an important basis for the theory of turbulent
flows. The practical consequence of deterministic chaos is that one can never
predict the state of the atmosphere (i.e. the weather) in full detail because
ever-present small errors in the numerics lead to completely different results
after a certain amount of time.
Nowadays, both weather-prediction and climate models are based on a coupling between different submodels that describe processes in the atmosphere,
4A

more detailed discussion of these processes can be found in many textbooks on the ABL,
e.g. Stull (1988); Wyngaard (2010).
5 The well-known Richardson number, which describes the strength of buoyancy effects on a
flow (see chapter 2), is named after L.F. Richardson.
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Figure 1.5. Mean temperature change in winter due to a doubling
of CO2 , as found from 10-year coupled atmosphere-ocean simulations of EC-Earth 3.1.

ocean and over land.6 Depending on the complexity of the model, it can also
include descriptions of (bio)chemical processes, sea ice, vegetation, etc. Completely resolving all these processes would be unfeasible for supercomputers
today and in the near future. Therefore, many processes need to be modelled
or parametrized. From the fluid-mechanical point of view, only larger-scale
circulations in the atmosphere and ocean can be resolved, while smaller-scale
motions such as turbulence are described by RANS models. There can be
different parametrizations for weather-prediction models and climate models
because of their different scopes. For NWP high-resolution simulations are
needed to give a detailed prediction of e.g. temperature and precipitation in
relatively small areas over a relatively short amount of time. Climate models,
on the other hand, are aimed at describing average effects over larger periods.
Because climate models are sometimes based on previously developed models
for NWP, the differences between the two types are becoming smaller.
Over the last decades, the issue of climate change due to the increase of CO2
concentrations has become an important subject of both scientific and public
debate. Projections of the climate obtained from climate models can shed more
light on this issue. In particular, large intercomparison studies of different
climate models have been conducted (e.g. the Coupled Model Intercomparison
Project (CMIP), Meehl et al. 2014). In this respect, climate models form
a valuable tool for learning more about how climate can develop, as one can
easily simulate different cases with different external forcings and, consequently,
different possible futures.
An important region in the light of climate change is the Arctic. Studies
have shown that the effect of global warming on the Arctic is significantly
higher than on other regions on Earth. This effect, called Arctic (or polar)
amplification, can also be seen in the output of climate models (figure 1.5).
It is often explained by the retreat of snow and sea-ice, which decreases the
6 Examples

of currently used weather-prediction models and climate models, respectively, are
ARPEGE (Pailleux et al. 2000) used at Météo-France, and the ECWMF model EC-Earth
(Hazeleger et al. 2010).
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amount of solar radiation reflected back into space. However, its causes are
still poorly understood and other processes might play a role (Graversen et al.
2008; Bintanja et al. 2011). Recent insights show that a temperature feedback
mechanism caused by differences in outgoing black-body radiation might be
the main cause of Arctic amplification (Pithan & Mauritsen 2014).
In the Arctic region, the atmospheric boundary layer is characterized by
nearly persistent stable conditions, in contrast to the typical diurnal cycle described in the previous section. The stable stratification appears to play an
important role for the energy fluxes in the region. Recent studies with climate models have shown that changes in the turbulent mixing during stably
stratified conditions can cause significant changes in the strength of the Arctic
amplification (Bintanja et al. 2011). However, the correct modelling of stably
stratified turbulence in the ABL remains a difficult issue, and there exist large
variations between currently used models (Holtslag et al. 2013; Svensson &
Lindvall 2014). From this perspective, it is important to investigate how the
parametrizations of turbulence in climate models (but also weather-prediction
models) could be improved for stably stratified conditions.

1.4. Scope of the current work
The present thesis deals with the (RANS) modelling of turbulent flows with
buoyancy forces. The work can be divided into two parts. First of all, a new
turbulence model is derived from the governing equations of turbulent flows. In
particular, the derivation is based on the so-called explicit algebraic Reynoldsstress model (EARSM) by Wallin & Johansson (2000) and the explicit algebraic
scalar-flux model (EASFM) for passive scalars by Wikström et al. (2000). These
models are only valid for non-buoyant flows. In the case of buoyancy-affected
flows, one needs to take into account the two-way coupling between velocity
and temperature fluctuations, which is not present in the EARSM and EASFM.
Various attempts have been made to devise an appropriate model for such flows
(Mellor & Yamada 1974, 1982; Cheng et al. 2002; So et al. 2002, 2004; Violeau
2009; Vanpouille et al. 2013, 2014), but a fully explicit, coordinate-free, selfconsistent and robust formulation has not been found. The aim of the present
work is to present a new model that satisfies these requirements.
The general derivation of the model allows it to be used in many contexts,
both in engineering and atmospheric cases. Here the focus lies on the application of the model to the atmospheric boundary layer, which is the second
part of the work. Special attention is given to the stably stratified boundary
layer due to its importance for climate modelling, as discussed in the previous
section. However, an important practical requirement is that the model also
works for unstable (convective) conditions. Therefore, we will also discuss the
model’s performance in the case of a full diurnal cycle.
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The following chapters introduce basic theoretical and practical concepts
and summarize the work. In chapter 2, we briefly present the governing equations of fluid motion and the RANS equations, and discuss some of the implications that the presence of buoyancy has for turbulent flows. Chapter 3
deals with the basic concepts of RANS modelling and puts the current work in
the context of previously devised models. Here we summarize the derivation
of the current model, discuss its structure and some important fundamental
properties. The application of the model to the ABL is presented in chapter 4.
Chapter 5 provides a summary of the appended papers in Part II of the thesis.
In chapter 6, we finish with some concluding remarks and an outlook of future
research.

CHAPTER 2

Buoyancy effects in turbulent flows
In this chapter, we use the basic equations of fluid dynamics to introduce some
concepts of the theory of turbulence. In particular, the focus will be on the
effects of varying density and temperature, the buoyancy forces they exhibit,
and the influence of such forces on turbulence.

2.1. Laws of fluid motion
The dynamics of fluids is based on three fundamental physical principles: conservation of mass, conservation of momentum and conservation of energy. We
shall start with an overview of the equations that describe these principles; a
more detailed description can be found in any fluid mechanics textbook (e.g.
Kundu et al. 2012; Wyngaard 2010). In the case of a so-called Newtonian fluid,
for which the shear stresses inside the fluid depend linearly on the strain rate,
the first two conservation laws can be described by the Navier-Stokes equations,
which take on the following form:
∂ρ
+ v · ∇ρ + ρ∇ · v = 0,
(2.1a)
∂t

∂v
+ v · ∇v = −∇p + µ∇2 v + (µv + 13 µ)∇(∇ · v) + ρg,
ρ
(2.1b)
∂t
where v is the fluid velocity, ρ the density and p the pressure. Moreover,
g = gez is the gravitational acceleration, µ the dynamic viscosity and µv
the bulk viscosity, which are all assumed constant. Equations (2.1) are the
general Navier-Stokes equations for compressible flows. In the case of constant
ρ, we find ∇ · v = 0, which is the definition of an incompressible flow. Liquids
such as water (e.g. the ocean) are often assumed to be incompressible. Since
we consider buoyancy forces, which are caused by density variations, taking
the incompressible limit appears less trivial, especially for gases such as air
in the atmosphere. Under certain conditions, which are presented below, the
assumption ∇ · v ≈ 0 can be used also in this case.
Since the equations (2.1) are not sufficient to solve for the unknowns v, ρ
and p, an additional equation that describes conservation of energy is needed.
One can show that the following budget holds for the specific internal energy
e (i.e. internal energy per unit mass) in a fluid:


∂e
+ v · ∇e = −p∇ · v − ∇ · q + εe.
(2.2)
ρ
∂t
12
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The terms on the right-hand side of this equation describe work caused by compressibility, the conductive heat flux q and viscous dissipation εe. By applying
the fundamental law of thermodynamics for a closed system,
de = T ds − pdρ−1 ,

(2.3)

where T is the temperature, equation (2.15c) can be expressed in terms of the
specific entropy s:


∂s
ρT
+ v · ∇s = −∇ · q + εe.
(2.4)
∂t

By writing the equation in this way, the effects of compressibility are incorporated in the entropy terms, which is a crucial step for gases. Generally
speaking, in order to solve for the variables s, T and p, thermodynamic equations of state are needed, as well as constitutive relations for q and εe. However,
we shall first apply some important simplifications that are commonly used for
studying buoyancy effects in fluids.
2.1.1. Accounting for buoyancy forces: the Boussinesq approximation
A well-known approximation in the study of atmospheric and oceanic flows is
the so-called Boussinesq approximation, which basically assumes that density
variations due to buoyancy forces are small compared to a reference state.1
This reference state is taken to be a hydrostatic and isentropic state (p0 , ρ0 , T0 )
given by v = 0 in equation (2.1b) and ds = 0 in equation (2.3):
dp0
(2.5)
= −ρ0 g.
dz
Hence, the hydrostatic pressure p0 decreases with height, a well-known property
of the atmosphere. Also the reference temperature T0 and reference density ρ0
depend on height, but to determine these we need thermodynamic equations
of state. An example of such an equation is the ideal gas law p = ρRT , where
R is the specific gas constant, which is a reasonable assumption for air in the
atmosphere. Another property of an ideal gas is the relation di = cp dT , where
i ≡ e + p/ρ is the specific enthalpy and cp the specific heat capacity at constant
pressure. Putting these properties together in (2.3) with ds = 0 and using the
hydrostatic pressure (2.5), we find the following relation for the temperature:
dT0
g
=− .
dz
cp

(2.6)

This is the so-called dry adiabatic lapse rate, which shows that temperature
typically decreases with height in the atmosphere (around 1 K per 100 m).
As we shall see in section 2.4, the fact that both pressure and temperature
decrease with height makes it difficult to use T for describing the buoyancy
1 More

details can be found in e.g. Spiegel & Veronis (1960); Wyngaard (2010); Kundu et al.
(2012).
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of fluid parcels. Instead, one often uses the potential temperature θ, which is
conserved in isentropic processes, i.e.:
dθ
= ds.
(2.7)
cp
θ
For an ideal gas with ds = (cp /T )dT −(R/p)dp, this yields the following relation
between θ, T and p as a function of height:

R/cp
p(0)
θ(z) = T (z)
.
(2.8)
p(z)

Hence, θ can be defined as the temperature of a fluid parcel obtained when
moving down isentropically from p(z) to p(0). Since dθ0 = ds = 0 in the
insentropic reference state, we find that the reference potential temperature is
constant, θ0 = T0 (0).
Coming back to the Boussinesq approximation, we can now write:
e
p = p0 + pe,
ρ = ρ0 + ρe,
T = T0 + Te,
θ = θ0 + θ,
(2.9)

e are the (instantaneous) perturbations with respect to the refwhere (e
p, ρe, Te, θ)
erence state due to an instantaneous velocity u
ei and entropy variation de
s. Assuming that the perturbations are much smaller than the reference variables,
we can linearize the mass equation (2.1a):
e3 dρ0
∂u
ej
1 ∂ ρe u
≈ 0.
+
+
ρ0 ∂t
ρ0 dz
∂xj

(2.10)

It follows that we can treat the flow as incompressible (∂e
uj /∂xj ≈ 0) if ρe/ρ0
is small and if ρ0 /(dρ0 /dz) is much larger than the characteristic length scale
of the flow. For atmospheric flows sufficiently close to the surface, this is
a reasonable assumption. A similar linearization can now be made for the
momentum equation (2.1b), and after applying the hydrostatic relation (2.5),
we obtain:
∂u
ei
1 ∂ pe
∂2u
ei
ρe
∂u
ei
+u
ej
=−
+ν
+ gi ,
(2.11)
∂t
∂xj
ρ0 ∂xi
∂ xj ∂ xj
ρ0

with ν ≡ µ/ρ0 the kinematic viscosity, assumed to be constant. The key step
of the Boussinesq approximation is to neglect ρe/ρ0 everywhere except in the
last term of (2.11), which is the significant term when buoyancy effects are considered. For an ideal gas, the density variations can be related to temperature
variations as follows:
ρe
Te
θe
=−
≈− ,
(2.12)
ρ0
T0
θ0

assuming that the effect of pressure variations is negligible.2 In the following,
we shall write ρe/ρ ≈ −βT θe with βT the thermal expansion coefficient.

2 The

pressure variations can be neglected here when the flow speed is much smaller than the
speed of sound. In fact, one can show that this assumption is necessary in order to keep the
pressure-gradient term in (2.11) of the same order as the buoyancy term.

2.2. EQUATIONS OF TURBULENT FLOWS

15

Finally, we consider the entropy equation (2.4). First of all, the viscous
dissipation εe can be neglected for the flow speeds currently addressed (Wyngaard 2010; Kundu et al. 2012). The heat flux q can be expressed in terms of
temperature using Fourier’s law, q = −e
κ∇T , which yields:
∇ · q = −e
κ∇2 Te ≈

T0 2 e
∇ θ,
θ0

(2.13)

where κ
e is the thermal conductivity. Here we assumed θe ≈ (θ0 /T0 )Te, following
from a linearization of (2.8), where θ0 /T0 is assumed to vary negligibly in space
at the scales of molecular heat conduction. By linearizing equation (2.4) and
e 0 , an equation for the potential temperature θe
using the relation de
s ≈ cp dθ/θ
can be derived:
∂ θe
∂ 2 θe
∂ θe
+u
ej
=κ
,
∂t
∂xj
∂ xj ∂ xj

(2.14)

where κ = κ
e/(cp ρ0 ) is the molecular heat diffusivity, also assumed constant.
We have now arrived at the equations that form the basis of the types of
flows considered in this thesis. The Navier-Stokes equations under the Boussinesq approximation have taken on the following form:
∂u
ej
= 0,
∂xj

∂u
ei
1 ∂ pe
∂2u
ei
∂u
ei
e i,
+u
ej
=−
+ν
− βT θg
∂t
∂xj
ρ0 ∂xi
∂ xj ∂ xj
∂ θe
∂ 2 θe
∂ θe
+u
ej
=κ
,
∂t
∂xj
∂ xj ∂ xj

(2.15a)
(2.15b)
(2.15c)

where u
ei is the instantaneous velocity, pe is the instantaneous pressure, and θe is
the instantaneous potential temperature. Equations (2.15) form a coupled system of second-order nonlinear partial differential equations, which makes the
general description of fluid motion extremely complex. Of particular interest
is equation (2.15b), describing conservation of momentum, and the nonlinear
terms on its left-hand side that correspond to inertial forces. These nonlinear
terms are responsible for the complicated chaotic nature of turbulent flows.
Furthermore, one should note the last term on the right-hand side of (2.15b).
This term corresponds to buoyancy forces, which couples the momentum equation to equation (2.15c) for the temperature. In other words, the temperature
θe acts as an active scalar that influences the flow field.

2.2. Equations of turbulent flows

For modelling purposes, the chaotic motion of turbulent flows is best described
by decomposing all instantaneous quantities into a mean part and a fluctuating part, the so-called Reynolds decomposition (Reynolds 1895). This can be
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expressed as follows:
u
ei = Ui + ui ,

θe = Θ + θ,

pe = P + p,

(2.16)

in which (Ui , P , Θ) are the mean quantities and (ui , p, θ) turbulent fluctuations.3 In theory, the mean quantities correspond to the ensemble average of
(infinitely) many realizations of a turbulent flow. In the following, we shall
denote this averaging procedure by an overbar, for example:
N
1 X (k)
u
ei ,
Ui = u
ei = lim
N →∞ N

(2.17)

k=1

(k)

where u
ei is a specific realization of the instantaneous flow field. This averaging operator is convenient for theoretical purposes because it has a number
of mathematical properties, such as commutativity with differential operators
(see, e.g., Nieuwstadt 1998; Wyngaard 2010). In practical situations, such as
numerical simulations, one usually relies on (finite) time or space averages to
calculate the mean quantities.
By using the Reynolds decomposition (2.16) in (2.15) and taking the average, one can derive the Reynolds-averaged Navier-Stokes (RANS) equations:
∂ Uj
= 0,
∂xj

(2.18a)

DUi
1 ∂P
∂ 2 Ui
∂ ui uj
=−
+ν
−
− βT Θgi ,
Dt
ρ0 ∂xi
∂ xj ∂ xj
∂xj

(2.18b)

∂2Θ
∂ uj θ
DΘ
=κ
−
,
Dt
∂ xj ∂ xj
∂xj

(2.18c)

in which D/Dt = ∂/∂t + Uk ∂/∂xk is the material derivative along the mean
flow. These equations form the basis of many turbulence models, but they also
reveal some interesting theoretical facts. Comparing the RANS equations to the
original Navier-Stokes equations (2.15), we see that they are almost identical
except for two terms involving correlations between the velocity and temperature fluctuations, which appear due to the nonlinear terms. The term involving
ui uj in (2.18b) has the form of a stress term, and for this reason ui uj is referred
to as the Reynolds-stress tensor.4 It describes the extra flux of momentum due
to the turbulent velocity fluctuations. Similarly, ui θ in (2.18c) corresponds to
the turbulent heat flux caused by the interaction of velocity and temperature
fluctuations. However, both ui uj and ui θ are unknown quantities, which makes
the set of RANS equations incomplete. This is the well-known closure problem
of turbulence. For this reason, ui uj and ui θ need to be modelled, which will
be discussed in more detail in the next chapter.
3 Another

frequently used notation for turbulent fluctuations is (u′i , p′ , θ ′ ). For the sake of
simplicity, the accents are omitted, since little confusion can occur with the general quantities
at the beginning of this chapter.
4 The actual Reynolds stress in the correct units is given by −ρ u u .
0 i j
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2.2.1. Turbulent kinetic energy and temperature variance
Some aspects of turbulent flows can be conveniently described by a scalar quantity, the turbulent kinetic energy (TKE):
K = 21 uk uk .

(2.19)

This quantity basically describes the total intensity of the velocity fluctuations.
A transport equation for K can be derived by first considering the equations
for the velocity fluctuations, which in turn are obtained by subtracting (2.18b)
from (2.15b). After taking the inner product of these equations with ui and
averaging, the following is found:
∂ Ui
∂ ui ∂ ui
DK
−ν
−βT gj uj θ
= −ui uj
Dt
∂xj
∂xj ∂xj | {z }
| {z } | {z }
G
ε
P


1
∂K
∂
1
.
(2.20)
ui ui uj + uj p − ν
−
∂xj 2
ρ0
∂xj
{z
}
|
D
On the left-hand side of this equation, we have the advection term, whereas
the right-hand side contains a shear production term P (which is usually positive), a dissipation term ε, a buoyancy production term G, and a transport
or diffusion term D. Disregarding the transport term, which only redistributes
kinetic energy in space, we see that the rate of change of K is governed by
the interplay between (shear/buoyancy) production and (viscous) dissipation.
Large-scale motions cause production of turbulent kinetic energy through mean
shear (mean velocity gradients), while viscous dissipation takes place at small
scales. This gives rise to the well-known energy cascade from large to small
scales in (three-dimensional) turbulent flows.
In a similar fashion, we can describe the intensity of temperature fluctuations by defining the following quantity:
Kθ = 21 θ2 ,

(2.21)

which is half the variance of the temperature fluctuations. The equation for the
temperature fluctuations, obtained by subtracting (2.18c) from (2.15c), can be
used to derive the following transport equation for Kθ :


∂Θ
∂ Kθ
∂θ ∂θ
1
∂
DKθ
uj θ 2 − κ
= −uj θ
−
−κ
.
(2.22)
Dt
∂xj
∂xj ∂xj ∂xj 2
∂xj
| {z } | {z } |
{z
}
εθ
Pθ
Dθ

From left to right, this equation contains an advection term, a production term
Pθ , a dissipation term εθ and a transport/diffusion term Dθ . Once again, we can
see that temperature fluctuations are produced due to the mean temperature
gradient, which takes place at large scales, while the molecular diffusivity (in
this case κ instead of ν) causes a dissipation at small scales.
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Although the analogy between K and Kθ is useful for modelling purposes,
they are not similar from a physical perspective because Kθ does not have
the dimension of energy (per unit mass). However, in the presence of buoyancy
forces, the temperature variance can be related to the turbulent potential energy
(TPE) as follows (Zilitinkevich et al. 2007; Mauritsen et al. 2007). Consider
a fluid parcel moving up in the presence of a mean vertical temperature gradient ∂Θ/∂z along a (small) path z ′ . The buoyancy force on this particle is
βT g θe ≈ βT gΘ. The infinitesimal increase of potential energy when the particle
experiences an infinitesimal displacement dz is:
dEp = βT gΘ(z ′ )dz ≈ βT g

∂Θ ′
z dz
∂z

(2.23)

By integrating this expression and taking the ensemble mean, as well as realizing that z ′ ≈ θ/(∂Θ/∂z), the following definiton of TPE is found:
Ep =

βT g
(βT g)2
· 21 θ2 =
Kθ ,
∂Θ/∂z
N2

(2.24)

where N 2 = βT g∂Θ/∂z is the square of the Brunt-Väisälä frequency (see section 2.4). Treating N 2 as approximately constant, the evolution equation for
Ep can be found by multiplying (2.22) by (βT g)2 /N 2 . The production term Pθ
then transforms in −G, the buoyancy term of equation (2.20). This shows that
the buoyancy term converts TKE into TPE (Zilitinkevich et al. 2007; Mauritsen
et al. 2007).
The study of the nature of turbulent flows, scale separation and energy
cascades is an extensive topic, and equations (2.20) and (2.22) only reveal very
basic truths. It is beyond the scope of this work to step into more details; the
reader is referred to any textbook on turbulent flows (e.g. Nieuwstadt 1998;
Pope 2000; Wyngaard 2010).

2.3. Scaling and dimensionless parameters
In fluid mechanics, one often makes use of scaling, dimensionless equations and
dimensionless parameters that define different flow regimes. A widely applied
scaling for wall-bounded turbulent flows uses the friction velocity uτ , defined
by:
u2τ =

∂U
τw
=ν
ρ0
∂y

,

(2.25)

wall

where τw is the total shear stress at the wall, y is the wall-normal coordinate,
and U is the mean velocity parallel to the wall. In this way, we can define
dimensionless quantities in so-called wall units, e.g. Ui+ = Ui /uτ and ui uj + =
ui uj /u2τ . By also using a characteristic length scale δ (e.g. boundary-layer
thickness in a boundary-layer flow or the half-width h in channel flow) and a
characteristic temperature difference ∆T , equation (2.18b) can be put in the
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following dimensionless form:5
∂P +
DUi+
1 ∂ 2 Ui+
∂ ui uj +
e gi .
=−
+
−
− Ri τ Θ
∂e
xi
Re τ ∂ x
ej ∂ x
ej
∂e
xj
g
De
t

(2.26)

This scaling has given rise to two well-known dimensionless numbers within the
field of wall-bounded stratified flows: the friction Reynolds number Re τ and
the friction Richardson number Ri τ , defined as:
βT g∆T δ
uτ δ
.
(2.27)
,
Ri τ =
Re τ =
ν
u2τ
These parameters are often used to describe the strength of viscous forces and
buoyancy forces, respectively (see, e.g., Garcı́a-Villalba & del Álamo 2011).
Similarly, one can derive the following dimensionless form of equation (2.18c):
e
e
1
∂2Θ
1 ∂ uj θ
DΘ
=
−
,
Pr Re ∂ x
ej ∂ x
ej
uτ ∆T ∂e
xj
De
t

(2.28)

in which Pr = ν/κ is the Prandtl number. Another dimensionless parameter
that often occurs in convection-dominated flows (Iida & Kasagi 1997; Kasagi &
Nishimura 1997), and which is closely related to the aforementioned parameters,
is the Grashof number :
βT g∆T (2δ)3
= 8Re 2τ Ri τ .
(2.29)
ν2
However, the viscous wall scaling described above is not appropriate in all wallbounded flows. An alternative scaling for natural-convection flows is based on
the molecular heat diffusivity κ, leading to a velocity scale κ/δ (Versteegh &
Nieuwstadt 1999). Substituting this velocity scale for uτ in (2.27) yields two
other parameters governing the flow:
Gr =

κ
βT g∆T δ 3
(2.30)
= Pr −1 ,
= 18 H = 18 Pr Ra,
ν
κ2
in which Ra is the Rayleigh number. The parameter H is sometimes called the
modified Rayleigh number.

2.4. The effect of buoyancy forces
Buoyancy forces can affect turbulent flows in different ways. First of all, there is
a direct buoyancy forcing affecting the mean velocity field, described by the last
term in equation (2.18b). Secondly, there are buoyancy effects on the level of
the turbulent fluctuations, which in part can be described by the buoyancy term
G in equations (2.20). In some flow cases, for example (natural) convection,
the direct forcing can be the only driving force of the mean flow, or it can
function as an auxiliary force that aids or opposes a pressure-driven flow. In
other situations, the buoyancy force is perpendicular to the mean flow. We
shall first investigate the latter case.
5 We

e = Θ/∆T .
further define x
ei = xi /δ, e
t = uτ t/δ, P + = P/(ρ0 u2τ ), and Θ
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Figure 2.1. Geometry for horizontal channel flow.

2.4.1. Indirect forcing: stable and unstable stratification
Consider a parallel shear flow Ui = U (y)δi,x in the horizontal direction with a
potential temperature gradient in the vertical direction, aligned with gravity
gi = −gδi,y . An example of such a flow geometry is shown in figure 2.1, and
it can also be thought of as a simplified version of the situation found in the
atmosphere (disregarding the Earth’s rotation).6 In this case, a buoyancy force
only appears in the y-component of (2.18b), where it determines the vertical
pressure distribution, so the horizontal velocity component is only driven by a
streamwise pressure gradient.
However, we do retain the buoyancy contribution in equation (2.20), which
now becomes:
G = βT gvθ.

(2.31)

The nature of the flow is now determined by the sign of G, which is related
to the direction of the temperature gradient. If ∂Θ/∂y > 0, a fluid parcel
moving up (v > 0) transfers a lower temperature to a region with a higher
temperature, giving rise to a negative temperature fluctuation (θ < 0). This
causes the correlation vθ to be negative. From (2.31), we conclude that G < 0
in this case, which means that buoyancy damps the production of turbulent
kinetic energy. This situation is referred to as stable stratification. A different
type of flow is found for ∂Θ/∂y < 0, and the same reasoning as applied above
reveals that vθ > 0 in this case. Equation (2.31) then shows that G > 0, i.e.
the production of turbulent kinetic energy is increased by buoyancy. This is
called unstable stratification.
The effects of stratification on the fluid motion can also be understood in
the following way. Consider a fluid parcel with potential temperature Θ(y)
moving from y to y + ∆y in the presence of an ambient potential temperature gradient ∂Θ/∂y. If the parcel and ∆y are small enough, we can assume it
expands adiabatically (in the case of air), which conserves its potential temperature. The buoyancy force on the parcel at y + ∆y is βT g[Θ(y) − Θ(y + ∆y)] ≈
6 In

engineering flows such as channel flow, the vertical direction is often denoted by y, while
z is more common in the atmospheric science. Here both notations are used depending on
the context.
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−βT g(∂Θ/∂y)∆y. Newton’s second law for the parcel’s motion can be expressed as follows.
∂Θ
d2 ∆y
= −βT g
∆y = −N 2 ∆y.
dt2
∂y

(2.32)

If the Brunt-Väisälä frequency N 2 ∼ ∂Θ/∂y is positive, this is the equation of
a harmonic oscillator with frequency N . Thus, in the case of stable stratification buoyancy acts as a restoring force on turbulent fluctuations. However, if
the fluid is unstably stratified and N 2 is negative, the displacement ∆y will increase exponentially and buoyancy enhances the turbulent fluctuations. Note
that for the atmosphere, it is crucial to use the potential temperature here
because the adiabatic expansion of the parcel between y and y + ∆y changes
its absolute temperature according to the dry adiabatic lapse rate (2.6), which
would include an extra term in the expression for N 2 . This is why potential
temperature is preferred in describing stability in the atmosphere. Also note
that the turbulent potential energy derived in section 2.2.1 is closely related
to the potential energy of the harmonic oscillator (2.32), which is equal to
1
2
2
2 N ∆y .
Stably stratified flows are thus characterized by the damping of turbulent
fluctuations. This particular effect makes it difficult to correctly predict such
flows with standard turbulence models. Furthermore, in the same flow there
can be regions where the stratification effects are very high and other regions
where they are negligible. One example is stable stratification in a horizontal
channel such as depicted in figure 2.1, for which the damping of turbulence is
small near the wall but high in the centre of the channel (Garcı́a-Villalba &
del Álamo 2011). Stable stratification also occurs in the atmospheric boundary
layer during nighttime conditions, as discussed in section 1.2 and figure 1.3.
However, the true nature of stably stratified turbulence is very complex and
cannot be described by (2.20) alone. Various studies show that vertical motions
are damped much more than horizontal motions, leading to highly anisotropic
turbulence and so-called pancake structures. This gives rise to a debate whether
this type of turbulence is still three-dimensional, as well as questions concerning
the direction of the energy cascade (see, e.g., Lindborg 2006; Brethouwer et al.
2007; Deusebio et al. 2013).
As mentioned in section 2.3, the strength of the buoyancy force in wallbounded flows can be described by the friction Richardson number Ri τ when
using viscous wall scaling. A more general form of this parameter is the gradient
Richardson number, which can be defined as follows for the parallel shear flow
in figure 2.1:
,
2
∂U
∂Θ
.
(2.33)
Ri = βT g
∂y
∂y
This parameter follows from the ratio of G and P in equation (2.20) when
one assumes uv ∼ ∂U/∂y and vθ ∼ ∂Θ/∂y. Hence, it is a local measure of the

22

2. BUOYANCY EFFECTS IN TURBULENT FLOWS

x

z
y

g
U

Th

Tc
∇Θ

Figure 2.2. Geometry for the vertical channel.

strength of buoyancy compared to shear production. For stably stratified flows,
we can now define a critical Richardson number Ri c above which turbulence
is completely damped and the flow becomes laminar. A classical result of
linear stability theory found by Miles (1961) and Howard (1961) shows that
Ri c = 1/4. However, it is currently debated whether such a critical limit on
turbulence really exists in atmospheric flows. Some observations appear to
indicate the presence of turbulence even in very stable regimes (Mauritsen &
Svensson 2007), while many models do contain a critical Richardson number,
as we will see in the next chapters.
In unstably stratified flows, the convective motion caused by buoyancy
enhances turbulent mixing. It typically occurs in the atmospheric boundary
layer during daytime conditions as shown in section 1.2 and figure 1.3. These
convective motion are the main mechanism of tranporting heat and momentum
in the ABL and causing its daytime growth to a height of typically O(1 km).
The strong turbulence intensity is paired with strong mixing, which smoothens
gradients. Thus, the unstably stratified state acts to cancel out itself, as the
mixing lets the gradients tend towards neutral conditions. From an engineering
point of view, the convective effects caused by unstable stratification can be
studied in the simplified geometry of a horizontal channel (Iida & Kasagi 1997).
2.4.2. Direct forcing: mixed and natural convection
We have seen that buoyancy can cause both an increase and a decrease of turbulent fluctuations. As mentioned, it can also act directly as a driving force of the
flow. This can be illustrated in the case of a parallel shear flow Ui = U (y)δi,x
in the vertical direction, with gravity gi = −gδi,x perpendicular to the temperature gradient, as depicted in figure 2.2. For such a flow, the buoyancy force
appears in the x-component of (2.18b), where it can act as a driving force of
the mean flow together with the pressure gradient. In case buoyancy is the
only driving force, we speak about natural convection, whereas mixed convection refers to a flow which is both pressure-driven and buoyancy-driven. The
buoyancy production G in (2.20) is now determined by the streamwise turbulent heat flux uθ. This type of geometry is mainly of interest for engineering
applications, e.g. chimneys or heat exchangers.
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The case of mixed convection in a vertical channel with a heated and a
cooled wall was studied by Kasagi & Nishimura (1997). In this case, one finds
an upward, aiding buoyancy force on the heated side of the channel and a
downward, opposing force on the cooled side. This causes a shift of the mean
velocity maximum towards the heated wall as compared to channel flow without
buoyancy. Furthermore, the streamwise heat flux uθ is negative on the heated
side and positive on the cooled side, resulting in damped velocity fluctuations
(G < 0) on the heated side and enhanced velocity fluctuations (G > 0) on
the cooled side. However, the opposite effect was found for the temperature
fluctuations.
On the other hand, the same geometry with natural convection was investigated by Versteegh & Nieuwstadt (1998, 1999). Again, we have an upward
buoyancy force at the heated wall and a downward buoyancy force at the cooled
wall. In the absence of a streamwise pressure gradient, this causes a fully antisymmetric velocity profile, with an upflow on the heated side and a downflow
on the cooled side. The streamwise heat flux uθ is now positive throughout the
channel, causing a positive buoyancy production G. There is, however, a small
region near the wall where the shear production P becomes negative.
Obviously, the presence of buoyancy in turbulent flows has many different
features. For this reason, it is a challenge to devise a turbulence model that
correctly describes all physical phenomena caused by buoyancy forces. The
main concepts of turbulence modelling and the issues associated with it are the
focus of the next chapter.

CHAPTER 3

Explicit algebraic turbulence models
The previous chapter introduced some of the basic concepts of the theory of
turbulence that are needed for devising turbulence models. In particular, we
presented the RANS equations (2.18) and explained that these equations are
essentially incomplete. The only way to calculate the mean flow and mean
temperature from these equations is to determine the Reynolds stresses ui uj
and the turbulent heat flux ui θ, for which we need suitable models. This is the
topic of the current chapter, in which we also present a summary of our own
work.

3.1. A hierarchy of turbulence models
The search for an appropriate model for the Reynolds stresses and turbulent
heat flux has had a long history, and numerous types of models with varying
complexity exist today. The following section gives a short summary of the
different approaches in turbulence modelling, which is by no means meant to
be exhaustive. A more detailed overview of current considerations in this field
can be found in e.g. Spalart (2015).
The most simple formulation, which is still widely used, is the eddy-viscosity
approach. Such models are based on a hypothesis postulated by Boussinesq
(1877), who introduced the concept of an eddy viscosity νt as a coefficient of
proportionality between the Reynolds shear stress uv and the mean strain rate,
in analogy with the kinematic viscosity ν appearing in the viscous stress term
in equation (2.18b). Similarly, one can introduce an eddy diffusivity κt to describe the turbulent heat flux as aligned with the mean temperature gradient,
in analogy with the molecular heat diffusivity κ in equation (2.18c). Following
this approach, the models can be expressed as follows:


∂ Uj
∂ Ui
(3.1a)
+
+ 32 Kδij ,
ui uj = −νt
∂xj
∂xi
∂Θ
ui θ = −κt
.
(3.1b)
∂xi
Unlike the constants ν and κ, which are fluid properties, νt and κt are nonconstant coefficients that depend on the flow. Finding a closed formulation for
ui uj and ui θ now amounts to modelling νt and κt .
Standard eddy-viscosity/eddy-diffusivity models (EDM) are often classified
according to the number of additional transport equations that are used. The
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simplest type of closures, called zero-equation models, assume that both eddy
coefficients can be written as the product of velocity scales q and (possibly
different) length scales l, which are both modelled. For example, the wellknown mixing-length model of Prandtl (1925) for boundary layers assumes
q ∼ l · |∂U/∂y|, which yields:
νt = l 2

∂U
.
∂y

(3.2)

Although these simple assumptions may give reasonable results in a few specific
cases, it is far from being generally valid. However, the mixing-length model
still lies at the basis of many atmospheric turbulence models (discussed in the
next chapter).
In many engineering applications, one or two additional transport equations are used to determine the velocity and length scales of turbulence. A
well-known one-equation model for engineering flows is the one by Spalart &
Allmaras (1994), who make use of a single transport equation for a quantity
directly related to νt . A different approach is to determine the velocity scale
q mentioned above from the transport equation (2.20) for turbulent
√ kinetic
energy K. From the definition of K, it follows directly that q ∼ K. This
is most often used in combination with a second equation to determine the
length scale l. For example, a well-known two-equation model is the K − ε
model (see e.g. Jones & Launder 1972), which uses as the second equation a
modelled transport equation for ε, the dissipation rate of K (see section 2.2.1).
Dimensional considerations show that the length scale can be related to K and
ε through l ∼ K 3/2 /ε, which yields
ν t = Cµ

K2
.
ε

(3.3)

We see that the modelling assumption includes a (constant) parameter Cµ that
needs to be calibrated appropriately in order to optimize the performance of the
model. This is an inevitable practical consequence of the turbulence closure
problem. Another widely used two-equation model is the K − ω model by
Wilcox (1993), which instead of considering ε uses a transport equation for the
quantity ω, an inverse time scale related to the dissipation rate by ε = Cµ Kω.
The eddy viscosity is then modelled as νt = K/ω. For the eddy-diffusivity one
often takes κt = νt /Pr t , where the turbulent Prandtl number Pr t is given a
constant value.
Even though the simplicity of EDMs makes them popular in various applications, the Boussinesq hypothesis given by (3.1) is generally not valid. The
anisotropic part of ui uj is not necessarily aligned with the mean strain-rate
tensor, and the eddy-viscosity approach has been shown to fail in more complex flow situations. A more sophisticated class of models can be obtained
by considering the transport equations of ui uj and ui θ themselves, which are
obtained in a way similar to the derivation of (2.20) and (2.22). Symbolically,
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these transport equations can be written as:
Dui uj
− Dij = Pij + Πij − εij + Gij ,
(3.4a)
Dt
Dui θ
− Dθi = Pθi + Πθi − εθi + Gθi .
(3.4b)
Dt
In each of the equations above, we have terms describing, from left to right, advection, diffusion, (shear) production, pressure redistribution, dissipation, and
buoyancy. Models that make use of (3.4) are called differential Reynolds-stress
models (DRSM). Since some of these terms contain more unknown correlations of turbulent fluctuations (as a result of the closure problem), new model
expressions are required, namely for the diffusion terms (Dij and Dθi ), the
pressure-redistribution terms (Πij and Πθi ), and the dissipation terms (εij and
εθi ). Furthermore, in order to close the formulation of a DRSM, it should be
used in conjunction with a suitable formulation for the dissipation rate ε of
turbulent kinetic energy (e.g. the K − ε model or the Wilcox (1993) K − ω
model),1 as well as equations for Kθ and εθ (see (2.22)).
The greatest challenge in closing the DRSM equations lies in modelling
the terms Πij and Πθi . These terms signify the exchange of turbulent energy
between the different components of ui uj and ui θ caused by pressure fluctuations. The usual way of dealing with these terms is to split them into a slow
part and a rapid part, based on the Poisson equation for the pressure fluctuations (see e.g. Johansson & Burden (1999) for more details). The slow part is
the so-called return-to-isotropy term, which tends to cancel anisotropic effects
in the Reynolds-stress tensor (Rotta 1951). The rapid term depends directly
on the mean gradients and can be modelled by a general linear method. For
example, a widely used model for Πij was proposed by Launder et al. (1975).
The pressure-redistribution models often introduce additional model parameters that need to be calibrated.
Differential Reynolds-stress models are clearly more general than EDMs,
and they have been shown to give a better description of the physics in more
complex flow situations. However, the fact that many partial differential equations need to be solved makes it hard to handle a DRSM numerically. Therefore,
we search for a compromise between the good physical description of DRSM
and the simplicity of EDM, which is the main topic of the current work.

3.2. Explicit algebraic Reynolds-stress and heat-flux models
The transport equations (3.4) are differential equations in ui uj and ui θ by
virtue of the advection and diffusion terms on the left-hand sides. Therefore,
one way of dealing with the numerical issues of DRSMs would be to appropriately model these advection and diffusion terms in order to turn equations (3.4)
1 Note

that the turbulent kinetic energy K = uk uk /2 follows from the diagonal components
of (3.4a).
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into algebraic equations. Pioneering work for this modelling approach was performed by Rodi (1972, 1976), who postulated that the advection and diffusion
of the dimensionless quantity ui uj /K could be neglected, assuming that dimensionless quantities only vary slowly in space and time. This so-called weakequilibrium assumption is a natural way of finding algebraic approximations of
(3.4). More recently, the weak-equilibrium assumption has been applied to the
Reynolds-stress anisotropy aij , defined as:
2
ui uj
− δij .
(3.5)
K
3
By rewriting the transport equations of an existing DRSM in terms of this
quantity and neglecting the advection and diffusion terms that appear in this
way, one obtains algebraic equations for aij . Disregarding buoyancy effects for
the moment, these algebraic equations are of the following form:2
aij =

N a = C0 S + C1 (aS + Sa − 23 tr{aS}I) + C2 (aΩ − Ωa)

(3.6)

in which the Ci are model constants and the right-hand side is a linear tensor
function of a, the mean strain-rate tensor S and the mean rotation-rate tensor
Ω (see, e.g., Wallin & Johansson 2000). The last two (dimensionless) quantities
depend on the mean velocity gradient as follows:




τ ∂ Ui
∂ Uj
τ ∂ Ui
∂ Uj
Sij =
+
,
Ωij =
−
,
(3.7)
2 ∂xj
∂xi
2 ∂xj
∂xi
where τ = K/ε is the turbulence time scale.
The (scalar) factor N on the left-hand side of (3.6) is related to the
production-to-dissipation ratio of turbulent kinetic energy, P/ε = −tr{aS},
which in turn depends on a. Hence, the resulting (implicit) algebraic equations for a are nonlinear and generally have multiple roots, of which only one
is the valid physical solution. This fact can lead to severe problems when using
iterative numerical methods to solve the equations. In practice, therefore, a
fully explicit solution of the algebraic equations is needed, i.e.:
a = a (S, Ω) .

(3.8)

This class of turbulence models is called explicit algebraic Reynolds-stress models (EARSM) and forms the main topic of the current thesis. A systematic
method of finding such a solution was first proposed by Pope (1975), who used
a linear expansion of a into ten tensor groups involving S and Ω. In this way,
one can solve the linear part of (3.6) by further assuming the factor N to be
known. The result is an expression of the following form:
a = β1 S +

10
X

βi T (i) ,

(3.9)

i=2

in which the tensors T (i) are symmetric, traceless combinations of S and Ω (e.g.
SΩ − ΩS). Furthermore, the coefficients βi depend on scalar (or invariant)
2 Here

we use matrix notation for tensors and vectors, i.e. a = (aij ), etc.
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combinations of S and Ω, as well as the factor N . Comparing (3.9) and (3.7)
with (3.1), one can see that the first term aligned with S actually corresponds
to an (effective) eddy-viscosity term. Equation (3.9) then clearly shows the
advantage of an explicit algebraic model over a standard EDM. Except for
the first term, the expansion contains terms that are not aligned with the
mean strain-rate tensor, making the model much more suitable for more general
geometries.
Since Pope (1975), the class of explicit algebraic models has been improved.
A recently succesful example is the EARSM by Wallin & Johansson (2000)
(also to be found in Johansson & Wallin 1996). This EARSM is derived from
a DRSM with the pressure-redistribution model of Launder et al. (1975) and
an isotropic dissipation term. Note however that in order to obtain a fully
explicit model, a suitable expression for N is needed. The main advantage
of the model by Wallin & Johansson (2000) is the use of the exact solution
of N , resulting from a third-order polynomial equation (in two-dimensional
flows), where previous models mainly used ad-hoc assumptions for this quantity
to obtain an explicit model. A similar result was obtained independently by
Girimaji (1996). Using the exact expression for N results in a self-consistent
formulation of the production-to-dissipation ratio P/ε and a correct asymptotic
behaviour of this quantity for large strain rates. The problem of calculating N
is a crucial part of EARSMs that is difficult to solve in general cases. This is
discussed in more detail in section 3.3.
In the case of passive scalars, the EARSM can be solved without any knowledge of the turbulent heat flux. An explicit algebraic model for the turbulent
heat flux can then be found by considering the normalized heat flux ξi , defined
as:
ui θ
.
ξi = √
KKθ

(3.10)

Applying the weak-equilibrium assumption to this quantity leads to a new
implicit algebraic equation for ξi , which also depends on aij :

Nθ ξ = −(cS S + cΩ Ω)ξ − cΘ a + 32 I Θ,
(3.11)

where cS , cΩ , cΘ are model constants and Θ is the dimensionless scalar gradient,
r
K ∂Θ
.
(3.12)
Θi = τ
Kθ ∂xi

The scalar factor Nθ plays a role similar to N in the EARSM, and it depends on
both production-to-dissipation ratios P/ε = −tr{aS} and Pθ /εθ = −r(ξ · Θ),
with r = (Kθ /εθ )/(K/ε). Wikström et al. (2000) presented an explicit algebraic scalar-flux model (EASFM) that can be obtained directly from a and
the temperature gradient Θ by inverting a matrix, leading to the following
expression:

ξ = −A−1 a + 23 I Θ,
(3.13)
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where A is a matrix involving S and Ω and the scalar factor Nθ . As shown
by Wikström et al. (2000), Nθ can be obtained either from a fourth-order
polynomial equation, or directly from N by using a non-linear model for the
terms Πθi − εθi in (3.4b). Compared to a standard EDM, equation (3.13)
clearly gives a more general model for the heat flux that is not aligned with the
temperature gradient.
In summary, the EARSM and EASFM yield fully explicit, coordinate-free,
algebraic expressions for ui uj and ui θ that can be used to solve the RANS equations, together with suitable models for K, ε, Kθ and εθ . A correct treatment
of the factors N and Nθ leads to a self-consistent formulation with a correct
asymptotic behaviour for P/ε. The explicit algebraic models capture most of
the physics contained in a DRSM, but are easier to handle numerically. Nevertheless, the weak-equilibrium assumption is not generally valid, and explicit
algebraic models may fail in regions with significant advection and diffusion
(e.g. the near-wall region in wall-bounded flows). Several corrections exist to
overcome such problems (also discussed by Wallin & Johansson 2000). Another
important issue is the fact that approximating PDEs by algebraic equations
may lead to singularities in the model, which puts certain constraints on model
parameters (see Wikström et al. 2000, more details follow in section 3.4).
3.2.1. Modelling buoyancy-affected flows
The discussion above focussed on passive scalars. For active scalars, there is
a two-way coupling between equations (3.4a) and (3.4b) caused by the buoyancy term Gij . This coupling remains in the algebraic equations and it makes
the search for an explicit algebraic solutions more complicated. Some classical
models of this type exists for atmospheric flows (e.g. Mellor & Yamada 1974,
1982, see next chapter), but often in a non-coordinate-free form derived from
scaling arguments. More recently, coordinate-free expressions have been obtained by So et al. (2002, 2004) and Violeau (2009), which suffer from some
important drawbacks as discussed in Lazeroms et al. (2013b) (Paper 1). The
main problem is that these expressions do not result in a fully explicit model
(see next section) or contain inherent singularities.
In Lazeroms et al. (2013b), we devise a new explicit algebraic model by
rewriting equations (3.4), including the buoyancy contributions, in terms of
aij and ξi , and applying the weak-equilibrium assumption mentioned at the
start of this section. This approach is a natural extension of the passive-scalar
EARSM and EASFM, and it leads to implicit algebraic equations of the form:

N a =C0 S + C1 (aS + Sa − 32 tr{aS}I) + C2 (aΩ − Ωa)
− C3 (ξ ⊗ Γ + Γ ⊗ ξ − 32 (ξ · Γ)I),

Nθ ξ = − (cS S + cΩ Ω)ξ − cΘ a + 32 I Θ − cΓ Γ,

(3.14a)
(3.14b)
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Figure 3.1. Time evolution of (a) the turbulent kinetic energy, (b)
the total production-to-dissipation ratio in homogeneous shear flow
for different Richardson numbers. (Lazeroms et al. 2013b)

which, in analogy to (3.6) and (3.11), contain linear functions on the right-hand
sides, and non-linear terms on the left-hand sides. Comparing these equations
with (3.6) and (3.11) reveals the coupling between a and ξ induced by the
vector Γ, which is related to the gravitational acceleration as follows:
r
Kθ
βT g i .
(3.15)
Γi = τ
K
The factors N and Nθ are now related to the total production-to-dissipation
ratio of TKE, (P + G)/ε = −tr{aS} − ξ · Θ, as well as Pθ /εθ = −r(ξ · Θ).
Since equations (3.14) are mutually coupled, we need to solve for a and ξ
simultaneously. This involves writing both quantities as a linear combination
of basis tensors and basis vectors, respectively, in analogy to Pope (1975). As
shown in Lazeroms et al. (2013b), a correct non-singular formulation for twodimensional mean flows can be obtained by using ten tensor groups and eight
vectors in the expansions, i.e.:
a=

10
X
i=1

βi T (i) ,

ξ=

8
X

λi V (i) ,

(3.16)

i=1

in which the symmetric, traceless tensors T (i) and the vectors V (i) involve the
mean strain-rate tensor S, the mean rotation-rate tensor Ω, the temperature
gradient Θ, and the scaled gravitational vector Γ. This approach is an improvement as compared to the model by Violeau (2009), who only used three
basis tensors and two basis vectors, leading to singular coefficients in the limit
of zero strain-rate. The coefficients βi and λi are solved from a system of 18
linear equations, and they depend on invariant combinations of S, Ω, Θ and
Γ, as well as the unknown factors N and Nθ . How to deal with these unknown
factors will be discussed in the next section. For the moment, we will assume
they have been obtained from algebraic expressions as well.
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Figure 3.2. Comparison of the explicit algebraic model (dashed
lines) with DNS by Garcı́a-Villalba & del Álamo (2011) (solid lines)
in stably stratified channel flow, for Re τ = 550 and Ri τ = 0 (blue),
120 (green), 480 (red), 960 (cyan). The arrows point in the direction
of increasing Richardson number. Shown are (a) the mean velocity
profile scaled with the friction velocity uτ , and (b) the mean temperature profile scaled with the temperature difference between the
walls ∆T . (Lazeroms et al. 2013b)

The result of this derivation is a fully explicit, coordinate-free and selfconsistent algebraic model for the Reynolds stresses ui uj and the turbulent heat
flux ui θ in the case of active-scalar flows. Taking into account some requirements for the model parameters in order to avoid singularities, the resulting
model is robust for stably stratified parallel shear flows (Lazeroms et al. 2013b).
The next step is to evaluate the model for different test cases.3 Figure 3.1
shows some model results for the simple case of stably stratified homogenous
shear flow, in which the mean velocity and temperature gradients are constant.
This figure clearly shows the main characteristic of stable stratification, namely
damping (the growth of) turbulent kinetic energy. This damping effect gets
stronger when the Richardson number Ri defined by (2.33) increases, and for
Ri & 0.25 the TKE starts to decrease. Thus, in this case the model contains
a critical Richardson number close to the theoretical value (cf. section 2.4).
Furthermore, a comparison with DNS data (figure 3.2) shows that the model is
well adapted to capture the effects of stable stratification in turbulent channel
flow. The main effect of stable stratification in this case is the (partial) relaminarization of the flow in the center of the channel (y = h), visualized here by
a significant increase of the mean velocity and the mean temperature gradient.
The previous discussion focussed on stable stratification. For other flow
cases in which convection plays a role, the robustness of the model is not guaranteed from the current choice of model constants (Lazeroms et al. 2013a,
Paper 2), possibly posing a limit on the strength of the buoyancy forces. More
3 These

calculations have been performed with explicit algebraic models in combination with
the Wilcox (1993) K − ω model, a transport equations for Kθ and, where appropriate, nearwall corrections. A description of the numerical solver is given in appendix A.
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Figure 3.3. Comparison of the explicit algebraic model (blue,
dashed) with an eddy-diffusivity model (red, dashed-dotted) and
the DNS by Versteegh & Nieuwstadt (1998, 1999) (blue, solid) for
the vertical channel with natural convection and H = 4.254 × 106 .
Shown are: (a) mean velocity, (b) mean temperature, (c) Reynolds
shear stress, (d) wall-normal heat flux. Only the heated half of the
channel is shown. (Lazeroms et al. 2013a)

insights on this matter can be obtained from the discussion in section 3.4. Nevertheless, after minor modifications (Lazeroms et al. 2013a), results have been
obtained with the current model also for convective flow cases. For example,
the model is able to give reasonably good predictions in a vertical channel with
natural convection (figure 3.3), with moderate levels of convection, and some
improvement over a standard EDM is obtained. These cases are also considered
by Vanpouille et al. (2013, 2014).
An important feature of EARSM is the use of near-wall corrections in order to obtain a correct asymptotic behaviour in the near-wall region, where
the weak-equilibrium assumption fails. This is discussed for the current model
and applied to stably stratified channel flow in Lazeroms et al. (2013b). However, the results for convective flows presented in Lazeroms et al. (2013a) are
compared with rather outdated DNS data, which all have low Reynolds numbers (Re τ ≈ 150). At these low Reynolds numbers, the conventional near-wall
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Figure 3.4. Comparison of the EARSM (dashed) with DNS (solid,
see figure 1.1) in unstably stratified channel flow for the turbulent
kinetic energy. The arrow points in the direction of increasing convection. The near-wall peak in the model is independent of the
convection intensity, while the DNS data show a large contribution
of the large-scale convection cells.

corrections would act in nearly the entire domain, which is why we did not
consider them in the results. The presented results are therefore expected to
be worse than what can actually be obtained in high Reynolds number flows.
A preliminary study of these cases for higher Re τ showed a rather good agreement with DNS performed by Brethouwer (2014). However, large convection
cells were found in the DNS for unstable channel flow (figure 1.1), which cannot
be captured by the RANS model and would complicate a thorough comparison
(figure 3.4). These results are not presented in the appended papers, but briefly
mentioned in Paper 3.

3.3. The equation for the production-to-dissipation ratio
The previous section briefly mentioned the factors N and Nθ in equations (3.6),
(3.11) and (3.14) and their importance for obtaining a fully explicit model.
Determining these quantities turns out to be a difficult problem in the case of
the coupled model with buoyancy, which we will now discuss in more detail.
First of all, the full definitions of the two factors are as follows:
P +G
ε
= c1 − 1 − akm Skm − Γk ξk ,


 Pθ
1
1 P +G
+ 12 − cθ5
−1−
Nθ (a, ξ) ≡ cθ1 +
2
ε
r
rεθ



1
1
N − c1 −
+ cθ5 − 12 ξk Θk ,
= cθ1 +
2
r
N (a, ξ) ≡ c1 − 1 +

(3.17a)

(3.17b)
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where c1 , cθ1 , cθ5 are model constants, as well as r = (Kθ /εθ )/(K/ε) (by assumption). Clearly, N and Nθ depend on the ratio of production and dissipation of turbulent kinetic energy K (cf. equation (2.20)) and the ratio of production and dissipation of the temperature variance Kθ (cf. equation (2.22)),
which introduces a dependency on a and ξ. In turn, the models for a and ξ derived in the previous section contain coefficients (cf. equation (3.16)) that still
depend on N and Nθ . Hence, a fully explicit turbulence model is not obtained
before N and Nθ have been determined.
In principle, one can obtain polynomial equations for N and Nθ by inserting the models for a and ξ on the right-hand sides of (2.15). As discussed in
the previous section, this yields a third-order polynomial equation for N in the
case of two-dimensional flows without buoyancy, which can be solved exactly
(Girimaji 1996; Wallin & Johansson 2000). To see the importance of this exact
solution, note that the production-to-dissipation ratio P/ε = −akm Skm occurs
in two places in the model framework: (1) equation (2.20) for the turbulent
kinetic energy and (2) the formulation of N as denoted by (3.17a). Using the
exact solution of N now ensures that P/ε is the same in both places, i.e. the
model is self-consistent. Furthermore, as discussed by Wallin & Johansson
(2000),
√ the exact solution ensures that P/ε depends linearly on the strain rate
S = Skm Skm in the limit of S → ∞, which is an important requirement for realizable turbulence models.4 The self-consistent EARSM is therefore preferred
over versions that contain constant empirical values for N .
Returning to the case with buoyancy, we realize that the exact expressions
for N and Nθ are needed to obtain a consistent formulation for the productionto-dissipation ratio (P + G)/ε. However, one can show that the equation for N
is at least a sixth-order polynomial, for which no analytical solution exists.5 It
follows that a fully explicit algebraic model for which self-consistency is satisfied
exactly cannot be obtained. So et al. (2002, 2004) do not discuss this issue and
solve the non-linear equations for P/ε and G/ε iteratively, which undermines
the advantage of explicit algebraic models compared to DRSMs. In fact, one
could argue that such a model is not explicit. A similar problem is contained in
the model by Vanpouille et al. (2013, 2014), while the model by Violeau (2009)
returns to a constant equilibrium value for N . Since obtaining a fully explicit
model is the main purpose of the EARSM framework, the only compromise is
an approximate formulation for N and Nθ , which ideally approaches the exact
solution while being fully explicit in the mean quantities.
For the results presented in Lazeroms et al. (2013a,b) (see previous section),
a first step was taken to approximate the polynomial equation for N such that
an explicit expression can be found. However, an extended method (for twodimensional flows), unifying the regimes of stable and unstable stratification
4 Since we can write P/ε = −a
km Skm and kak . O(1) (see e.g. the results for homogeneous
shear flow in Paper 1), it follows that P/ε ∼ S is really a physical requirement. However,
a standard EDM with aij ∼ Sij would give P/ε ∼ S 2 , while the EARSM with constant N
would results in a constant P/ε for large strain rates.
5 Lazeroms et al. (2015a) erroneously mentions that the polynomial is of degree 5.
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and without the use of ad hoc parameters, is discussed in Lazeroms et al.
(2015a) (Paper 3). The first assumption we make is to put the constant cθ5 in
(3.17b) equal to 1/2, which eliminates the dependency on Pθ /εθ , thus making
Nθ a function of N .6 Therefore, only the equation for N needs to be considered,
which for the current two-dimensional model turns out to be a sixth-order
polynomial. The approximation method is now based on two limits:
1. The limit of zero buoyancy or shear-dominated regime, obtained by taking Γi → 0 in the equations. This limit is equal to the cases considered
by Girimaji (1996) and Wallin & Johansson (2000), where an exact solution of a cubic equation was found, here called N (S) . In Lazeroms
et al. (2015a), the cubic equation is modified by incorporating some of
e (S) .
the buoyancy effects, leading to the modified solution N
2. The limit of zero shear or buoyancy-dominated regime, obtained by taking S → 0. This limit corresponds e.g. to a well-mixed layer dominated
by thermal convection (as found in the atmospheric boundary layer during the day, see next section). A different cubic equation is obtained in
this case (Lazeroms et al. 2015a), the exact solution of which is called
N (B) .
These two limits are combined in the following way:
(
N (S) + N (B) − c1 + 1,
Γ· Θ > 0
(unstable/neutral)
N=
(3.18)
e (S) + N (B) − c1 + 1), Γ · Θ < 0
f (N
(stable)

where f represents the right-hand side of equation (3.17a). Hence, a simple
addition is used for unstable and neutral flows, while a one-step iteration is
required in the case of stable stratification (including the modified solution
e (S) ).
N
Since the formulation for N given by (3.18) is not the exact solution, its
value will in principle be different from c1 − 1 + (P + G)/ε. The validity of
the method can then be checked by comparing the value of N − c1 + 1 with
(P + G)/ε, which should be close to each other for a nearly self-consistent
model. Examples of such a comparison for turbulent channel flow are shown
in figure 3.5, which shows that the approximation for N gives values that lie
very close to the exact solution. Note that the buoyancy-dominated regime
(N = N (B) ) is nearly reached in a large part of the unstable channel flow, and
it is exactly obtained in the centers of both channel flows (y = h) where the
shear becomes identically zero. This shows the importance of using the exact
solution N (B) for this regime.
Together with the approximation for N presented above, the algebraic
model for aij and ξi given by (3.16) is fully explicit, approximately self-consistent,
and it can be used for both stably stratified and convective flows.
6 This

assumption follows the approach by Wikström et al. (2000) for passive scalars. The
constant cθ5 appears by using a nonlinear model for the pressure-redistribution term Πθi in
(3.4b).
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Figure 3.5. Comparison of (P + G)/ε (blue, solid) resulting from
the explicit algebraic model with the approximation for N − c1 + 1
(red, dashed) for channel flow with (a) stable stratification and (b)
unstable stratification. Also shown are N (S) −c1 +1 (black, dashed)
and N (B) − c1 + 1 (green, dashed). The circles in (a) represent DNS
by Garcı́a-Villalba & del Álamo (2011). (Lazeroms et al. 2015a)

3.4. Formalism
The previous sections focused on the derivation of explicit algebraic models
and their practical application in a variety of test cases. However, some more
fundamental questions about the model remain, which also have important
practical implications. These questions include:
1. Is the expansion into 18 tensor groups, denoted in (3.16), the most
compact formulation, or is it possible to an equally practical expansion
involving less tensor groups? If so, what determines the required number
of tensor groups?
2. The model presented in Lazeroms et al. (2013b) is guaranteed to contain
no singularities for stably stratified flows, but was also shown to be
applicable to unstable stratification in Lazeroms et al. (2013a, 2015a),
for which this guarantee cannot be given. Is there a more general way
to investigate such singularities?
3. A cubic equation for the factor N was found in the case of two-dimensional
flows without buoyancy Wallin & Johansson (2000), while including
buoyancy yields a sixth-order polynomial that cannot be solved exactly
(Lazeroms et al. 2013b, 2015a). What determines the degree of the
equation for N ?
In Paper 5, these fundamental aspects of the model are investigated from a more
mathematical viewpoint. First of all, note that all explicit algebraic models (e.g.
equations (3.14) and (3.17)) can be written in the following generalized form.
Let V be an n-dimensional vector space, L : V → V a linear operator and
ϕ ∈ V a given vector. Furthermore, let f : V → R be a linear functional on V
and α ∈ R a given constant. We now define the following general quasi-linear
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problem:
Find x ∈ V and λ ∈ R such that:

(

λx = L(x) + ϕ,
λ = α + f (x).
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(3.19)

Hence, the solution x represents the solution (a, ξ) of equations (3.14), while
λ corresponds to the factor N . The general solution of problem (3.19) can
be found by applying the Cayley-Hamilton theorem, which states that any
linear operator satisfies its own characteristic equation. In contrast to the usual
method of deriving explicit algebraic models, where this theorem is applied to
the tensor groups involving S, Ω etc., we now apply it to the operator L, which
denotes the full system of equations. As shown in Paper 5, the general solution
can then be written as:
n−1
X
ck+1 + ck+2 λ + · · · + cn λn−k−1
,
(3.20)
βk Lk (ϕ),
βk =
x=
c0 + c1 λ + · · · + cn λn
k=0

where the ck are the coefficients of the characteristic polynomial of the linear
operator L. Furthermore, the scalar factor λ (corresponding to N ) is shown to
satisfy the following polynomial equation:
λn+1 + dn λn + dn−1 λn−1 + · · · + d0 = 0,

(3.21)

where the coefficients dk depend on α, ck and the “invariants” f [Lk (ϕ)].
From this formalism, we can now conclude that by considering the problem
on an n-dimensional vector space, the solution contains n tensor groups Lk (ϕ)
in the expansion, while the polynomial equation for λ is of degree n + 1. For
flows without buoyancy, we have n = 2 in two-dimensional mean flows and
n = 5 for three-dimensional mean flows. 7 This means that two, respectively
five tensor groups should occur in the expansion, and the polynomial equation
for N should be of order 3, respectively 6. These facts agree with the findings
of Wallin & Johansson (2000) for non-buoyant flows.
The situation is a bit more complicated for flows with buoyancy, since we
now need to consider the complete solution (a, ξ) a joint vector space V =
V1 × V2 , where V1 represents symmetric, traceless tensors and V2 represents
vectors in physical space. For the two-dimensional mean flows with buoyancy
considered in this work, we have dim V1 = 3 (one extra dimension due to the
isotropic part of the buoyancy term in (3.14a)) and dim V2 = 2, resulting in
n = dim V = 5. This indeed agrees with the fact that we find a polynomial
equation of degree n + 1 = 6 for N . However, we see that the general expansion
in (3.20) would only contain five tensor groups Lk (ϕ), in contrast to the 18
groups presented before. Thus, the generalized method allows us to derive
a much more compact formulation, and the powers Lk (ϕ) will automatically

dimension of the space of symmetric k-tensors on Rn is known to be n+k−1
. The
k
requirement that the trace be zero removes one dimension. For C1 6= 0, the argument for
taking n = 2 in two-dimensional mean flows is less trivial and requires a consideration of the
eigenspace of L (see Paper 5).
7 The
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generate all the necessary tensorial combinations of S, Ω, Θ and Γ. In Paper 5,
we briefly discuss how this method can be applied to buoyant flows in practice.
Another important result of Paper 5 is the following theorem and its proof:
Theorem 1 (Robustness). Consider the problem in (3.19) and its general
solution (3.20) and let λ ∈ C be a root of the polynomial equation
λn+1 + dn λn + dn−1 λn−1 + · · · + d0 = 0.

If the set {ϕ, L(ϕ), . . . , Ln−1 (ϕ)} is linearly independent, then λ is not a root
of the characteristic polynomial of L.

This theorem has an important practical implication. Note that the characteristic polynomial of L appears in the denominator of the coefficients βk in
(3.20). This means that these coefficients can only become singular if λ is a
root of the characteristic polynomial, i.e. if it is an eigenvalue of L. The theorem ensures that this is not the case as long as the groups Lk (ϕ) are linearly
independent and the exact solution of the polynomial equation for λ is used. It
does not guarantee the absence of singularities if the polynomial equation for
λ cannot be solved exactly (as in the buoyant flows considered in this thesis),
but sheds light on the behaviour of the model when approximated values for λ
(i.e. N ) are used that lie close to the exact solution.

CHAPTER 4

Turbulence modelling in atmospheric applications
The second part of the current work consists of the application of the explicit
algebraic model derived in the previous chapter to the atmospheric boundary
layer (ABL). In this chapter, the results of the application are summarized for
two idealized test cases. First, we start with an overview of the considerations
necessary for modelling the ABL.

4.1. Parametrizations of turbulence in the atmosphere
The previous chapters considered turbulent flows with buoyancy from either a
fundamental fluid-dynamical or a (engineering) modelling point of view. All
discussions were ultimately based on the incompressible Navier-Stokes equations (2.15) under the Boussinesq approximation. However, since we are now
interested in applying the model to the Earth’s atmosphere, there are two important concepts that are still missing: (1) effects due to system rotation (i.e.
rotation of the Earth), and (2) a spherical coordinate system. These concepts
are crucial for the field of geophysical fluid dynamics.
A detailed derivation of the geophysical equations of motion can be found
in many textbooks (e.g. Kundu et al. 2012). Here we mention that the rotation
rate of the Earth, denoted by the vector Ωs , induces two additional (virtual)
forces on the right-hand side of the momentum equation (2.1b), namely the
Coriolis force −Ωs × v and the centrifugal force −Ωs × (Ωs × r), where r
is the position vector. However, the centrifugal force is a conservative force
that can be directly incorporated in the gravity term, so that only the Coriolis
force has to be considered. Furthermore, we can assume that the horizontal
length scales of the motions (i.e. along the spherical surface of the Earth) are
much smaller than the Earth’s radius, justifying the use of a local Cartesian
coordinate system1 (x, y, z) tangent to the surface at the position of interest.
One can show that the Coriolis force in this system can be approximated as:
−Ωs × v ≈ (f vy , −f vx , 0),

f ≡ 2Ω sin ϕ.

(4.1)

where Ω = Ωs · ez and ϕ is the angle of latitude. The quantity f is called the
Coriolis parameter. We now assume that the length scales of the motions are so
small compared to variations of latitude that f can be regarded as a constant,
the so-called f-plane approximation.
1 The

vertical direction is now indicated by z.
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The Coriolis term shown in (4.1) can now be incorporated in the framework
of the RANS equation under the Boussinesq equations outlined in sections 2.1
and 2.2. This yields the following equations for the three components of the
mean velocity:
DU
1 ∂P
∂2U
∂ uuj
= −
+ fV + ν
−
Dt
ρ0 ∂x
∂ xj ∂ xj
∂xj

(4.2)

1 ∂P
∂2V
∂ vuj
DV
= −
− fU + ν
−
Dt
ρ0 ∂y
∂ xj ∂ xj
∂xj

(4.3)

1 ∂P
DW
= −
Dt
ρ0 ∂z

+ν

∂2W
∂ wuj
−
+ βT Θg
∂ xj ∂ xj
∂xj

(4.4)

Before applying these equations to the ABL, the following additional approximations are made (see e.g. Stull 1988; Wyngaard 2010):
1. Vertical motions are assumed to be much smaller than the horizontal
wind V = (U, V ) and therefore they can be considered part of the
turbulent fluctuations, so that the vertical mean velocity W can be disregarded. In the presence of a mean horizontal divergence ∇h · (U, V ) =
−∂W/∂z 6= 0, caused by e.g. low- and high-pressure areas, this term
could regain importance, but this is not considered here.
2. Molecular diffusion (of both heat and momentum) is only important in
a very thin layer near the surface, the so-called viscous sublayer. This
layer is often not resolved by atmospheric models2 , so that the viscous
terms in (4.2) can be neglected.
3. The horizontal length scales are assumed to be much larger than the vertical length scales, so that only vertical gradients of turbulent fluxes need
to be considered. This is equivalent to the thin-shear-layer approximation often used in engineering boundary layers (Pope 2000). It basically
means that the flow is approximately horizontally homogeneous.
4. The free troposphere above the ABL (see section 1.2) is assumed to
be in geostrophic balance, i.e. the velocity above the ABL results from
a balance between the pressure gradient and the Coriolis force. The
thin-shear-layer approximation also allows us to consider the horizontal
pressure gradient as being completely determined by the geostrophic
wind Vg = (Ug , Vg ). This yields:
−

1 ∂P
= −f Vg ,
ρ0 ∂x

−

1 ∂P
= f Ug .
ρ0 ∂y

(4.5)

Taking these approximations into account, the equations for the mean wind
(U, V ) and mean potential temperature Θ used in the ABL become as follows:
2 The

channel-flow results in the previous chapter were obtained by resolving the viscous
sublayer, in which case near-wall corrections are needed (Lazeroms et al. 2013b). This is not
considered for the ABL.
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Figure 4.1. The Ekman spiral obtained with the current model
(– –) and LES results (—) in the case discussed in section 4.2.
(Lazeroms et al. 2015b)

DU
∂ uw
=−
− f (Vg − V ),
(4.6a)
Dt
∂z
DV
∂ vw
=−
+ f (Ug − U ),
(4.6b)
Dt
∂z
∂ wθ
DΘ
=−
.
(4.6c)
Dt
∂z
We see that solving the closure problem of the RANS equations now amounts
to modelling the vertical turbulent fluxes of momentum, indicated by the stress
τ = (uw, vw), and the vertical heat flux wθ.
Equations (4.6) show that the mean flow in the ABL contains essentially
two components U and V , which interact through the Coriolis force. This is
an important property of boundary layers with rotational effects. Near a solid
surface, the combined effects of rotation and viscosity (or turbulent diffusion)
create a turning of the velocity vector (figure 4.1). This is called the Ekman
spiral, named after Ekman (1905) who was the first to study this type of flow
(see also Deusebio et al. 2014). Thus, rotational effects certainly play a role in
the evolution of the mean flow. However, we can assume that the time scales
of the turbulent eddies in the ABL are much smaller than the time scale of the
system rotation (∼ 24 h) and neglect the system rotation in the description of
the turbulent fluxes. This is justified by noting that in the ABL, the Rossby
number Ro = q/(f l), the ratio of inertial forces and the Coriolis force, is large
(& 10) for a turbulent velocity scale q ∼ 1 m/s, length scale l . 1 km and
f ∼ 10−4 s−1 . Hence, we disregard system rotation in the turbulence model as
in the previous chapters.
As discussed in Lazeroms et al. (2015b) (Paper 4), there are some differences in the level of complexity between turbulence models used in engineering
and in the atmospheric sciences. For example, many atmospheric models still
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make use of an eddy-diffusivity-based formulation (EDM) as discussed in section 3.1. In the current context of the ABL, an EDM is expressed as:
uw = −νt

∂U
,
∂z

vw = −νt

∂V
,
∂z

wθ = −κt

∂Θ
.
∂z

(4.7)

In particular, zero-equation models (or first-order models) are still common in
the context of the atmosphere (e.g. the climate model EC-Earth, Hazeleger
et al. 2010). In analogy to equation (3.2), the eddy coefficients are then expressed as:
2
ν t = lm

∂U
fm (Ri ),
∂z

κ t = lh l m

∂U
fh (Ri ),
∂z

(4.8)

where the mixing lengths of momentum and heat are given by lm and lh , respectively. To incorporate effects of buoyancy, this formulation includes stability
functions fm and fh depending on the gradient Richardson number Ri (equation (2.33)), which are taken from empirical data that is often based on MoninObukhov similarity (see next section). Also the mixing lengths are obtained
from simple empirical equations. This leads to highly parametrized models
that often need to be tuned in order to obtain reasonable results. Going one
step higher in the hierarchy, one-equation models using the equation for TKE
(2.20) as an additional prognostic equation have recently been adopted in some
weather-prediction and climate models (e.g. Bazile et al. 2011).
In the previous chapter, we explained that EDMs essentially lack the physical description necessary for correctly predicting the Reynolds-stress anisotropy.
To get a reasonable description of all the components of ui uj and ui θ, a model
based on the transport equations (3.4) is needed. A well-known approach in
the atmospheric sciences, similar to the derivation of the EARSM in the previous section, is the model hierarchy by Mellor & Yamada (1974, 1982). In
this derivation, the DRSM equations are approximated by algebraic equations
based on a scaling analysis. The Mellor & Yamada framework lies at the basis
of many atmospheric turbulence models (e.g. Andrén 1990), but often a low
level of the hierarchy is taken that essentially corresponds to an EDM with at
most a prognostic equation for TKE. Furthermore, in contrast to EARSMs,
the formulation is not coordinate-free.
Recent insights (Mauritsen et al. 2007; Zilitinkevich et al. 2007, 2013) have
pointed out that the use of the equation for TKE alone is not sufficient for
capturing a number of desired effects in the model. In particular, the use of the
equation for the turbulent potential energy (TPE, see section 2.2.1) is necessary
to include the conversion between TKE and TPE by buoyancy forces. These
effects are then related to the possible existence of turbulence for very strong
stability above the critical Richardson number (see section 2.4). However, it
appears that ad hoc assumptions are still necessary to obtain a model without
a critical Richardson number. Furthermore, the issue is hardly considered in
engineering turbulence models, for which a critical Richardson number often
exists (figure 3.1).
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In the light of these discussions, it is interesting to see what the current
EARSM, derived from quite general considerations in the previous chapter,
looks like in the context of the ABL. Its coordinate-free formulation allows
it to be easily adapted to the geometry of equation (4.6).3 As discussed in
Lazeroms et al. (2015b), the turbulent fluxes of the EARSM can be expressed
as:
∂U
∂V
∂Θ
uw = −νt
vw = −νt
wθ = −κt
,
,
+ Φcg ,
(4.9)
∂z
∂z
∂z
with
K2
g KKθ
K2
fm ,
κt =
fh ,
Φcg =
fΦ .
(4.10)
νt =
ε
ε
T0 ε
The functions fm , fh , fΦ follow directly from the expansions of the dimensionless anistropy a and heat flux ξ in (3.16), and they depend on invariant
combinations of S, Ω, Θ and Γ, as well as the factors N and Nθ discussed
in section 3.3. The coefficients νt and κt should now be regarded as effective
eddy diffusivities and have a much more general form than the empirical expressions in (4.8). However, the most striking difference between (4.9) and the
EDM formulation is the appearance of the counter-gradient flux Φcg , which is
not aligned with the temperature gradient and which depends directly on the
temperature variance Kθ . The use of a prognostic equation for Kθ with the
EARSM is crucial for obtaining this term, as a steady-state expression found
from Pθ = εθ would give Kθ ∼ ∂Θ/∂z (see equation (2.22) with εθ ∼ Kθ /τ ).
Since Kθ is directly related to the TPE, this fact connects the EARSM to the
models discussed in the previous paragraph. Moreover, the EARSM is solved
using a K − ε framework, putting the total number of additional prognostic
equations to three. No empirical model for the mixing length is used, and the
number of model parameters is restricted to the ones in the K-, ε- and Kθ equations, as well as the ones pertaining to the pressure-redistribution terms
in equations (3.4).
At first sight, the newly derived model has a much more general form than
other models currently used in the atmospheric context. Of course, the question
now arises if it really gives better results in practice. We shall now proceed
to the first test case and present the outcome of the model for a purely stable
ABL.

4.2. The stable boundary layer
As mentioned in chapter 1, the stable boundary layer is formed during the
night, when cooling at the surface generates positive gradients of potential
temperature. The stable stratification has a damping effect on the turbulent
3 Note that we use the turbulence model derived in Lazeroms et al. (2013b, 2015a), even
though this model is strictly speaking only valid for two-dimensional turbulent flows, while
we now consider mean flows with two components (U, V ). However, one can show that the
relations between the invariants of S, Ω, Θ and Γ are the same as in the two-dimensional
case, which justifies the use of the model.
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Figure 4.2. Profiles of (a) mean wind and (b) mean potential temperature in the GABLS1 case, for the current EARSM (– –) and
the Météo-France ARPEGE model with standard TKE scheme (–
–) and EFB closure (– –), compared with five different LES results
(—). (Lazeroms et al. 2015b)

kinetic energy, in line with the discussion of section 2.4, and turbulence is
confined to a relatively shallow layer near the surface where the wind shear can
still be significant.
A well-known test case for the stable boundary layer is the one used in the
model intercomparison study GABLS1 (Cuxart et al. 2006). In this case, the
mean flow is forced by a constant geostrophic wind at the top of the domain,
which causes shear production of turbulence. At the same time, the surface
temperature is decreased linearly, corresponding to nighttime cooling. Starting with a constant wind profile and a neutrally stratified temperature profile,
a quasi-steady state of stably stratified turbulence is reached after a certain
amount of time. This quasi-steady state has been used for an in-depth comparison of various turbulence models (Cuxart et al. 2006) and LES data (Beare
et al. 2006).
To test the model in the GABLS1 case, equations (4.6) have been evaluated together with the current EARSM as described in the previous section and
with prognostic equations for K, ε and Kθ (again using the solver discussed
in appendix A). The results are discussed in detail in Lazeroms et al. (2015b).
Here we focus on the mean profiles of wind and potential temperature, shown
in figure 4.2. These profiles show the typical features of a stable boundary
layer. The effects of turbulent mixing are confined to a shallow layer of depth
∼ 200 m topped by the free atmosphere where the (geostrophic) wind is constant and the potential temperature increases linearly. The interface between
the boundary layer and the outer region is characterized by a relatively sharp
temperature gradient as well as a velocity maximum, the so-called low-level jet.
The appearance of this jet can be explained by an inertial oscillation (i.e. an
oscillation with period 2π/f induced by the Coriolis effect, see e.g. Stull 1988).
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Figure 4.3. Profiles of (a) mean wind and (b) mean potential temperature in the GABLS1 case, for the current EARSM (– –) and
the Météo-France ARPEGE model with EFB closure (– –), compared with the NCAR LES results (—). The grey solid lines follow
from Monin-Obukhov similarity, the grey dashed lines show only
the logarithmic part of these functions. (Lazeroms et al. 2015b)

Close to the surface, we have the surface layer where relatively strong shear
causes a maximum in the turbulence intensity (see Paper 4). Figure 4.2 shows
that the EARSM model agrees well with at least some of the LES results in this
stably stratified case, which can be expected from the previous investigations
of channel flow (figure 3.2). The EARSM results show a better agreement with
LES than a one-equation TKE scheme (Bazile et al. 2011) and, interestingly,
they are close to the results obtained with the recently developed Energy- and
Flux-Budget (EFB) closure (Zilitinkevich et al. 2007, 2013).
An important theoretical concept in the ABL is Monin-Obukhov similarity
(Monin & Obukhov 1954), which relates the mean gradients in the surface layer
to (empirical) functions of the parameter z/L, where L is the Obukhov length
(Obukhov 1946):
L=−

u 2 T0
u3∗ T0
= ∗ ,
kgθ∗
kg · wθsurf

(4.11)

where u∗ = |τsurf |1/2 is the friction velocity (equivalent to uτ , see section 2.3),
θ∗ = −wθsurf /u∗ the friction temperature, and k = 0.4 the Von Kármán constant. The consequence of this theory is that the mean profiles of velocity and
temperature obey a logarithmic law very close to the surface (the logarithmic
layer from classical turbulence theory) plus a correction due to buoyancy. This
is illustrated in figure 4.3 for the current EARSM, the EFB closure and LES.
The logarithmic profile has been used in the current model as a boundary condition for the K − ε − Kθ equations, since the viscous sublayer is not resolved
(Lazeroms et al. 2015b).
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4.3. The diurnal cycle
The previous section showed that the EARSM gives satisfying results for a
stably stratified boundary layer, in line with the channel-flow results in Lazeroms et al. (2013b). Next, the effects of unstable stratification will be added,
leading to the diurnal cycle depicted in figure 1.3. Within the same framework
as the previously discussed test case, a model intercomparison study exists for
a full diurnal cycle (GABLS2, Svensson et al. 2011). We shall now consider an
idealized version of this test case, as discussed in Papers 3 & 4 (Lazeroms et al.
2015a,b). The flow is again forced by a constant geostrophic wind at the top
of the domain, but this time the buoyancy effects are determined by a sinusoidal variation of the surface temperature, representing the diurnal variation.
Again, a quasi-steady state is reached in the simulations after a certain amount
of time.
The dynamical features of this case can be clearly seen in figure 4.4. At the
temperature minima (i.e. during the night), we have again the stably stratified
situation of the previous section. The turbulent kinetic energy is relatively small
and confined to a shallow layer of thickness ∼ 60 m. During the day, however,
when the surface temperature reaches a maximum, the turbulent dynamics are
very different. A positive temperature gradient at the surface (see figure 4.5)
causes unstable stratification, leading to relatively strong buoyancy-induced
turbulence (i.e. thermal convection) up to a height of ∼ 1.2 km. After nightfall,
the boundary layer becomes stable again, thermal convection is shut off, and
some residual turbulence remains and slowly decays above the stable boundary
layer (the so-called residual layer).
It is interesting to compare the profile of the convective boundary layer in
figure 4.5 with the stable profiles in figure 4.2. Because the convective motions
cause significant turbulent mixing, the gradients of mean velocity and mean
temperature in figure 4.5 are rather small or close to zero (except in the surface
layer where shear production dominates). At the top of this well-mixed region.
a relatively sharp positive temperature gradient occurs (the inversion layer, see
chapter 1), which acts as a barrier for the convective turbulence.
The discussion of this test case in Lazeroms et al. (2015b) mainly focusses
on a qualitative comparison of the EARSM with a simpler first-order model that
is part of the Mellor & Yamada (1974) framework. This first-order model is
based both on a steady-state expression for TKE and an empirical length-scale
formulation, while the current model uses prognostic equations to determine
these quantities. Consequently, it is found that the current model captures
more (dynamical) features than the first-order model. Part of these features
can be seen in figure 4.4. Apart from the difference in intensity of the TKE,
which might be caused by many factors, the current model contains a significant
level of TKE in the residual layer that is clearly not captured by the simpler
model. Other features that the current model manages to capture include
a slightly more gradual growth of the boundary layer during the morning, a
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Figure 4.4. Diurnal variation of turbulent kinetic energy obtained
from (a) the EARSM and (b) the level 2 version of Mellor & Yamada
(1974). Also shown is (c) the variation of the surface potential
temperature. (Lazeroms et al. 2015b)

dynamically adapting length scale, and the effects of the counter-gradient term
in equation (4.9) that appear by virtue of the prognostic equation for Kθ .
From the modelling perspective, it is interesting to see how the formulation
for the factor N discussed in section 3.3 develops in this case, which alternates
between stable and unstable stratification and contains intricate balances of
shear and buoyancy production. The question arises if equation (3.18) causes
any issues in such a dynamical case. Figure 4.5(c) shows how the values of N
compare with (P + G)/ε for a convective boundary layer, similar to the results
shown in section 3.3. Interestingly, this case connects an unstably stratified
region with a stably stratified region, and the formulation for N remains consistent throughout the domain. More details can be found in Paper 3 (Lazeroms
et al. 2015a).
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CHAPTER 5

Summary of the papers
The foregoing chapters provide the background and a general overview of the
current work. Detailed results and discussions can be found in the appended
papers, which are collected in Part II of the thesis. Here we give a summary of
each of the papers.

Paper 1
An explicit algebraic Reynolds-stress and scalar-flux model for stably stratified
flows.
Starting from the transport equations for the Reynolds stresses and the turbulent heat flux, we derive a framework for obtaining explicit algebraic turbulence
models in the case of two-dimensional mean flows with buoyancy. The formulation consists of expanding the Reynolds-stress anisotropy and a normalized
heat flux in terms of ten basis tensors and eight basis vectors, which are shown
to give a complete, non-singular model. The coefficients in these expansions
can be obtained from a system of 18 linear equations, presented in the paper.
The full expressions for the 18 coefficients are found in the specific case of
parallel shear flows, in which the temperature gradient is aligned with gravity.
These expressions are applied to stably stratified flows. In order to obtain a
fully explicit, self-consistent model, the non-linear part of the algebraic equations needs to be solved through a sixth-order polynomial equation. Since an
exact expression for the root of such an equation does not exist, we devise a
method to approximate the root specifically for stably stratified flows. This
approximation can be seen as a first step towards a more general method (discussed in Paper 3) and includes some ad hoc functions. Furthermore, we discuss
the use of a K − ω model to close the formulation, and the need for near-wall
corrections to improve the model’s predictions in wall-bounded flows in which
the viscous sublayer is resolved.
The model is applied to two test cases: stably stratified homogeneous shear
flow and stably stratified channel flow. Some parameters in the model are
calibrated in order to optimize the results in these test cases, while others
have been given specific values to avoid the occurrence of singularities. In
the case of homogeneous shear flow, the model predicts a critical Richardson
number of 0.25 above which turbulence decays, which is in good agreement with
theoretical results. A comparison between the model results and DNS data is
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made for the channel-flow test case, and a very good agreement is obtained. We
also show that the modelled root of the aforementioned sixth-order equation
leads to an appropriate, self-consistent formulation in channel flow. Finally,
the realizability of the model is confirmed by means of the Lumley triangle.

Paper 2
Explicit algebraic models for turbulent flows with buoyancy effects.
This work explores a generalization of the model derived in Paper 1 to flows
including convective effects. It considers two different geometries for parallel
shear flows with buoyancy: the horizontal channel in which the temperature
gradient is aligned with gravity (in the cross-flow direction), and the vertical
channel in which the temperature gradient and gravity are perpendicular, with
gravity in the streamwise direction. In both cases, explicit algebraic models
for the Reynolds stresses and heat flux are derived, based on the framework
established in Paper 1, and using a K − ω model to close the formulation.
The case of the horizontal channel was already considered in the previous
paper specifically for stable stratification. Here we also investigate unstable
stratification, for which some features of the model need to be modified. In
particular, a different method is used for approximating the sixth-order polynomial equation, amounting to a rather simple linearization for unstable stratification. Comparisons with DNS data are shown for both stable and unstable
stratification. Reasonably good predictions of the DNS are found for the unstably stratified case, which are also slightly better than the results of a standard
EDM. Furthermore, the model is shown to be self-consistent.
For the vertical channel, we consider two test cases: mixed convection and
natural convection. The 18 model coefficients for this geometry can be obtained directly from the linear system presented in the previous paper. We
show how to approximate the sixth-order polynomial equation, again based on
a linearization, and some additional corrections to the model are presented.
A comparison with DNS data reveals that the model predictions are reasonably good and there is some improvement over a standard eddy-viscosity/eddydiffusivity model. The main drawback of the results in this paper is the use
of low-Reyolds-number DNS data for unstably stratified channel flow and the
two vertical channel cases.

Paper 3
Efficient treatment of the nonlinear features in algebraic Reynolds-stress and
heat-flux models for stratified and convective flows
The main purpose of this paper is to improve the formulation of the factor
N in the model, which is related to the total production-to-dissipation ratio
and obeys a higher-order polynomial equation that cannot be solved exactly.
In Paper 1, we approximated this quantity solely for stably stratified flows by
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using a one-step iteration method containing some ad hoc functions. Paper 2
presented an extension to convective flows, in which the polynomial equation
could be linearized. Though both methods were found to give good results in
specific cases, a complete generalization is still necessary for flows that contain
both stable and unstable stratification (such as the ABL).
The factor N is now modelled by considering two limits: the shear-dominated regime, pertaining to regions where buoyancy effects are small, and the
buoyancy-dominated regime, which is reached for example in convective wellmixed flows with small gradients. In both limits, cubic polynomial equations
for N are found that can be solved exactly, leading to two approximations N (S)
and N (B) . In the first place, these two terms are simply added to give the final
approximation for N . For stably stratified flows, however, we integrate the
terms in the one-step iteration method from Paper 1, this time without ad hoc
functions. Furthermore, a slight modification of N (S) , obtained directly from
the equations, is introduced for stable stratified flows in order to correct for
significantly overpredicted shear production.
The method is tested in a number of test cases. First of all, the stable
and unstable channel-flow cases already considered in the previous papers are
investigated, and the new method is shown to give a self-consistent approximation of the production-to-dissipation ratio in both cases. In particular, the
new method does not alter the good results for the mean profiles obtained
in Paper 1. The second test case is an idealized diurnal cycle in the ABL,
which alternates between stable and unstable stratification due to a sinusoidal
surface temperature variation. Some basic features of the velocity and temperature profiles in the ABL are discussed in order to clarify the rather complex
interactions of shear and buoyancy. Most importantly, the new method for
approximating N is shown to give self-consistent results both for a stable and a
convective boundary layer. Having a formulation for N that provides a consistent production-to-dissipation ratio for both stable and unstable stratification
greatly increases the range of applicability of the EARSM.

Paper 4
Study of transitions in the atmospheric boundary layer using explicit algebraic
turbulence models
In this paper, we focus of the application of the EARSM to the atmospheric
boundary layer. First of all, an overview of the differences between turbulence
models in engineering and the atmospheric sciences is given, in order to clarify
what advantages an EARSM might entail. Generally speaking, the atmospheric
turbulence models depend to a large extent on empirical assumptions obtained
specifically for the ABL, while state-of-the-art engineering turbulence models
tend to be derived from more general principles in order to be applicable in
many different geometries.
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The EARSM derived in Papers 1 and 3 is applied to the geometry of the
ABL together with prognostic equations for turbulent kinetic energy K, its
dissipation rate ε, and the temperature variance Kθ . The latter quantity is
related to the turbulent potential energy and introduces a counter-gradient
heat flux term in the model, which is not present in simpler eddy-diffusivitybased models. The use of the equation for Kθ relates the EARSM to some
extent to the Energy- and Flux-Budget (EFB) closure by Zilitinkevich et al.
(2007, 2013).
We test the model in two test cases, the first of which is the purely stable
boundary layer in the context of the GABLS1-study. The model is compared
with LES data available from the GABLS1 study, the EFB closure, and a
standard TKE scheme. The results show that the model agrees well with
both the LES and the EFB closure, and the agreement is significantly better
than for the TKE scheme. An investigation of the mean profiles in the surface
layer shows that the boundary conditions used in the models agree with MoninObukhov similarity. Furthermore, it is shown that the model contains a critical
Richardson number around 0.2.
The second testcase represents a full diurnal cycle and is an idealized version of the GABLS2 study forced by a sinusoidal surface temperature. It is
shown that this case reaches a quasi-steady state due to a balance between
daytime heating and nighttime cooling. Furthermore, a qualitative comparison
between the EARSM and a simpler first-order model is given. The EARSM contains a number of features that cannot be captured by the simpler model, such
as sustained turbulence in the residual layer, a dynamically adapting lengthscale and effects due to the counter-gradient heat flux.

Paper 5
A generalized method for deriving explicit algebraic turbulence models
This paper considers the derivation of explicit algebraic turbulence models from
a more mathematical point of view in order to address a number of questions
that arise from practice. The questions are mainly related to the number of
tensor groups that are needed in the expansion of the anisotropy a and heat flux
ξ (e.g. the 10 tensors and 8 vectors found in Paper 1), as well as the possibility
of singularities in the coefficients that can occur for some model constants.
As a generalized version of the implicit algebraic equations for a and heat
flux ξ, this work considers the general quasi-linear problem λx = L(x) + ϕ in
a general vector space, where L is a linear operator, ϕ a fixed vector, and λ a
scalar depending on a functional of x (the equivalent of the factor N discussed
in Paper 3). The general solution x is expressed by applying the CayleyHamilton theorem to the operator L, resulting in an expansion in terms of the
groups Lk (ϕ). We discuss some properties of this solution related to the linear
independence of the groups Lk (ϕ). Furthermore, we present a mathematical
proof of the fact that no singularities can occur as long as the powers Lk (ϕ)
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are linearly independent and the exact solution of λ is used. This yields an
important theoretical basis to the work presented in Paper 1 and 3.
From a more practical perspective, we show that the generalized method
results in the same model for two-dimensional turbulent flows without buoyancy
as presented in Wallin & Johansson (2000). Furthermore, the use of the method
for obtaining a more general model is explored in two cases: turbulent flows
with buoyancy and compressible turbulent flows.

CHAPTER 6

Conclusion and outlook
The first part of this thesis ends with some concluding remarks and suggestions
for future work. This will be done following the division of the work into two
main topics, as presented in the first chapter.

6.1. A robust method for modelling turbulent flows based on
physical principles
The explicit algebraic models presented in this thesis give results that are
promising for many important application areas, both in industry and applied
to the atmosphere. The fully explicit model is relatively easy to implement and
will likely lead to stable results in cases where differential Reynolds-stress models have numerical issues. Furthermore, the models are derived from considerations that are much more general than the ones used in standard eddy-viscosity
models, the number of model parameters is limited and the need for empirical
closures is reduced. Although our discussions are limited to two-dimensional
mean flows, many interesting cases have been considered.
In particular, the results obtained for stably stratified channel flow in Paper 1 (figure 3.2) show a very good agreement with the DNS data. Apparently,
the damping of turbulence in the centre of the channel is well described by
the model. This indicates that the model has great potential for improving,
for example, atmospheric models with stably stratified conditions, in which the
correct description of turbulence is still an issue. This fact is also acknowledged
by the good results obtained for the stably stratified GABLS1 case in Paper 4
(figure 4.2), where the model appears to agree well with LES data.
Apart from stable stratification, the model has also been applied to three
other (engineering) test cases that are characterized by convection (unstable
stratification, and mixed and natural convection in a vertical channel, Paper
2). In general, the model results agree reasonably well with the DNS data in
these cases, and the results are slightly better than a standard EDM. However,
we mentioned that the DNS data used for these convective cases have a low
Reynolds number, so that the use of near-wall corrections is essentially impeded.
For higher Reynolds numbers, including such corrections will possibly improve
the model predictions. A preliminary comparison of the model with new DNS
results for Re τ = 400 were shown in this thesis (figures 1.1 and 3.4). However,
the analysis was complicated by the appearance of strong convection cells that
cannot be captured by the model. A more thorough investigation of these
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effects would be interesting in the future in order to learn more about convection
effects in canonical turbulent flows and the ability of explicit algebraic models
to capture these effects.
An important practical issue enclosed in EARSM is the solution of the
equation for the production-to-dissipation ratio of turbulent kinetic energy,
appearing in the model through the factor N . As explained in section 3.3, it
is necessary to obtain a self-consistent formulation for N to obtain a correct
behaviour for large strain rates. On the other hand, solving the higher-order
polynomial equation for N numerically, as suggested by many authors, can lead
to numerical issues and does not yield a fully explicit model. Therefore, the
method presented in Paper 3, which does yield an explicit and approximately
self-consistent formulation, is important for the robustness and applicability
of the model. Even though the method is again limited to parallel flows, the
method of combining the solutions of different regimes (in this case sheardominated and buoyancy-dominated) can probably be applied to other types
of flows as well.
It should be noted that the model parameters currently have been chosen to avoid singularities in the stably stratified cases. We also indicated that
a singular behaviour for the three convective cases might be inevitable if the
buoyancy forces are strong enough. However, the general mathematical framework discussed in Paper 5 suggests that such singularities might not play a role,
as long as the formulation for N is exactly self-consistent and a compact (linearly independent) expansion of tensor groups is chosen. In principle, this does
not say anything about the occurrence of singularities when the formulation
for N is only approximately self-consistent, as in the current model. However,
it might shed some light on the question why no singularities were found in the
convective results, including the diurnal cycle discussed in Papers 3 & 4. A
more detailed analysis of the equations would still be necessary to completely
rule out singularities in convective flows.

6.2. The atmospheric boundary layer... and beyond!
Although a large part of the work consists of a detailed analysis of explicit
algebraic turbulence models, the ultimate goal of this thesis is to apply these
models to the atmospheric boundary layer. The results related to this application are shown in Papers 3 & 4. As mentioned in the previous section, the
most promising result in this respect is the model comparison for the GABLS1
case (figure 4.2), in which the current EARSM shows a better agreement with
LES data than a standard TKE scheme. We could conclude that the EARSM
are generally better than the simpler model, assuming that the LES data represent the ”truth”. However, the LES are also based on model assumptions
and cannot be directly related to the real world. On the other hand, the comparison with DNS shown in Paper 1 makes it much more plausible that the
model indeed captures the effects of stable stratification correctly. Although
more investigations might be necessary, these results are very promising for
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numerical weather-prediction and climate models, in which the representation
of the stable boundary layer can be problematic.
Another interesting result from the GABLS1 comparison is the fact that
the EARSM appears to agree well with predictions made by the recently developed Energy- and Flux Budget (EFB) closure (Zilitinkevich et al. 2007, 2013).
The main feature of the EFB closure is the addition of an equation for turbulent
potential energy, which is directly related to the equation for the temperature
variance used in the EARSM. In this respect, the two models share an important physical ingredient and their similar outcome might be expected. However,
the EFB closure still appears to contain some empirical formulations that are
not required in the EARSM. In this respect, the differences between the two
models might only appear in more complex geometries.
Moreover, the EFB closure aims to predict turbulence above the critical
Richardson number, for which a number of corrections are necessary. On the
other hand, a critical Richardson number is present in the current EARSM or
other engineering models, as figure 3.1 and the results of Paper 4 show. In
fact, it appears that the critical Richardson number can only be taken away
through corrections that are usually not considered in engineering flows. One
should note here that the EARSM has a rather strong foundation on physical
principles. In the light of the current debate in the atmospheric community
(see section 2.4), it will be interesting to investigate this more thoroughly and
see if the critical Richardson number is an artefact of model assumptions or
if the observations of strongly stratified turbulence in the atmosphere refer to
different phenomena.
The case of the idealized diurnal cycle further extends the aforementioned
results and shows that the model is capable of capturing the effects of periodically changing buoyancy at least qualitatively. Unfortunately, there is currently
no LES data for making a quantitative comparison in this idealized case. Instead the results in Paper 4 show that the EARSM yields many interesting
features that a simple first-order model (a type that is still used extensively
in climate models) cannot capture. In particular, the use of more prognostic
equations instead of empirical (and often discontinuous!) relations for e.g. the
mixing length seems to give the EARSM a superior behaviour. The obvious
next step is to gain more LES data for this case or similar ones, as is currently
being done within the framework of the GABLS4 project. A focus on model intercomparisons for such idealized cases can be a way to bridge the gap between
the engineering and atmospheric turbulence modelling communities.
That being said, the current approach for solving the model equations
does not take into account the rather large computational limits in NWP and
climate models, which run with lower resolutions than considered in the current
work. Another aspect is the interaction of the model with other processes in
the climate system such as humidity and radiation. From a pratical viewpoint,
it is therefore desirable to implement the model in an existing climate model
and study its performance.

APPENDIX A

Description of the numerical solver for 1-D PDEs
The calculations of which the results are presented throughout this work have
been performed using the 1-D solver code, courtesy of Dr Stefan Wallin. Within
this code, model equations can be conveniently expressed in Maple in a symbolic form. Specially written procedures discretize the implemented partial
differential equations, and the FORTRAN code describing the numerical solver
is automatically generated. Using this package, any system of PDEs of the
form


∂q
∂ q ∂2q
(A.1)
= f q,
, 2,...
∂t
∂y ∂y

can be solved numerically for the vector of unknowns q = (q 1 , q 2 , . . . ). Equation (A.1) is discretized using second-order central differences in the spatial
domain and a second-order Crank-Nicholson scheme for time integration. This
leads to the following discrete system:

q − qold
= sA∗ (q)q + (1 − s)A∗ qold qold ,
(A.2)
∆t
where the Crank-Nicholson method is obtained for s = 1/2. For steady-state
calculations, a first-order implicit Euler scheme (s = 1) is sufficient. At each
timestep, q is obtained from the previous solution qold by an interative method,
which entails decomposing the matrix A∗ in a (tridiagonal) implicit part Aimpl
and an explicit part Aexpl , i.e.:
A∗ (q)q → Aimpl (qj )qj+1 + Aexpl (qj )qj ,

for each iteration step j (within the same timestep). By including an underrelaxation r < 1, the iterative procedure can be written as follows:
with

qj+1 = rA−1 R + (1 − r)qj

(A.3)

A = I − s∆tAimpl (qj ),


R = qold + s∆tAexpl (qj )qj + (1 − s)∆t Aimpl (qold ) + Aexpl (qold ) qold .

The simulations are performed on a collocated grid (y0 , . . . , yN +1 ) with the
1
2
boundaries at y1 and yN . The solution vector q = (q01 , . . . , qN
, q02 , . . . , qN
,...)
is specified in between gridpoints. Typically, N = 201 gridpoints clustered in
the near-wall region have been used in the present work.
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