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Dense frequency maps by Structure Tensor and
logarithmic scale space: application to forensic
fingerprints
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Abstract—Increasingly, reliable absolute frequency and orientation maps are needed, e.g. for image enhancement. Less
studied is however the mutual dependence of both maps,
and how to estimate them when none is known initially. We
introduce a logarithmic scale space generated by the trace of
Structure Tensor to study the relationship. The scale space is
non-linear and absolute frequency estimation is reduced to an
orientation estimation in it. We show that this offers significant advantages, including construction of efficient estimation
methods, using Structure Tensor yielding dense maps of
absolute frequency as well as orientation. In fingerprints, both
maps can successively improve each other, combined in an
image enhancement scheme via Gabor filtering. We verify that
the suggested method compares favorably with state of the art,
using forensic fingerprints recognition as test bed, and using
test images where the ground truth is known. Furthermore, we
suggest a novel continuous ridge counting method, relying only
on dense absolute frequency and orientation maps, without
ridge detection, thinning, etc. We present new evidence that
the neighborhoods of the absolute frequency map are useful
attributes of minutiae. In experiments, we use public data sets
to support the conclusions.
Index Terms—Absolute Frequency, Scale, Structure Tensor,
Orientation, fingerprints, Biometrics, Feature Measurement,
Enhancement, Ridge Counting, Fingermarks, Latents

I. I NTRODUCTION
Absolute frequency or scale estimation [1], [2], [3] is
an important concept of automatic image analysis. In the
present paper we study dense fields of absolute frequency,
where absolute refers to the norm of a frequency vector,
by which a sinusoid is defined in multiple dimensions, with
further precisions below. For compactness, we will use the
term frequency to mean absolute frequency in the sequel.
Frequency is related to scale in computer vision. Scale
has in turn connotation with size of an object, at least in the
sense of how the notion of interest point came to be used,
e.g. SIFT [4], in applications. In such a context, scale subserves to locate interest points, which are disjoint visual
phenomena having object nature, e.g. they are blob-like.
The sparsity of objects is to be contrasted to the texture
concept, having wave nature. If a visual phenomenon
has wave nature, its “location” is everywhere, i.e. it has
no precise location, since what characterizes a wave is
observed equally well at all locations where the wave is
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observed. Frequency estimation of the wave can then be
used to describe densely “size” characteristics of textures,
e.g. coarseness, or period.
In this paper, we will hold the wave nature of scales
prominently, due to our applications, while embracing the
common fundament of both natures.
We aim to estimate dense frequency maps. Three applications in forensic finger analysis, which rely on such maps
will serve as test bed: a novel ridge-counting technique, image descriptors of minutia neighborhoods, and verification.
A. Problem statement
Theoretical problem: Conceptually, we have an ideal
model of a family of sinusoids f ∈ IR, defined on a dense
coordinate set r ∈ IRn ,
X
f (r) =
Ak cos(ω Tk r + ϕk )
(1)
k∈Q

where Ak , and ϕk , belonging to IR, are amplitude and
phase of sinusoidal components, respectively. Since the
sign of Ak can be absorbed by ϕk , it is assumed that
Ak > 0. Furthermore, the frequency vectors ω k share the
same frequency1 , ω0 = kω k k > 0.
Additionally, the set Q is finite and consists of the
integers, 1, 2, · · · M . It is assumed that 0 ≤ ω Tk0 ω k /ω02 ≤ δ
if k 6= k 0 , i.e. all frequency vectors are in the same Fourier
domain half, and no pair has an angle between the vectors
smaller than arccos(δ). This demand is present to tell when
two sinusoids share the same frequency vector ω k .
We study f (r) ∈ IR with r ∈ IRn only, i.e. our images have gray-value pixels. Extension to pixel dimensions
higher than one, e.g. color images, can be done in analogy
with [5], [6]. Without loss of generality, we assume that the
term image represents the local image, i.e. an observation
of a windowed version of the original image, or the original
itself, the context determining.
In summary, we are interested in fitting a single frequency (multi directional) sinusoid model to an observed
image. Thus, we wish to find the ω0 which best fits equation
(1) to an image using a well defined criterion, without
knowledge on directions of ω k . Beside ω0 , we are also
interested in how well the model explains the observed
reality. We focus on images with 2D coordinates, i.e.
n = 2, due to our applications, the problems of which
1 In

contrast to ω k , the subscript of ω0 is a label (not index).
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are introduced next. Nonetheless, generalizing the findings
to higher dimensional coordinates than 2, whenever not
obvious has also been undertaken in the paper.
Forensic fingerprints as test bed: Fingermarks (also
called latents) are traces of fingers touching objects at crime
scenes. They usually produce poor quality images when
imaged. By contrast tenprints are high quality fingerprints
imaged at controlled environments with supervision, e.g.
entry at country borders, embassies, passport offices, police
stations, Fig. 6.
Although most examinations are done by humans, who
can be fingerprint examiners, jury members, lawyers and
judges, it is desirable to support them, by automatically
extracted measurements. We will suggest two such measurements. First, ridge counting along a path, e.g. between
a pair of minutia, pairs extracted on a fingermark and
on a tenprint. Second, we will suggest to use our dense
frequency maps around minutiae as attributes of minutiae.
Both measurements help the experts to identify minutiae,
and eventually fingers.
We will evaluate both measurements, which rely on our
frequency maps, to present evidence for their usefulness.
Finally, we will evaluate the usefulness of the frequency
maps employed to enhance the tenprints, in the context of
verification of fingermarks against tenprints using minutiae.
Only tenprints were enhanced automatically since only
minutiae from tenprints are extracted automatically.
Forensic fingerprints data: Image pairs representing tenprints with corresponding fingermarks, were made publicly
available by forensic experts and NIST (USA), SD27
database [7]. Fig. 6 shows corresponding regions of such
a pair, printed at the same resolution. The bounding boxes
of the regions accord with the shown minutia, the latter
corresponding to each other. Figure 9 shows a fingermark
with expert-identified minutiae and the same image zoomed
at the minutia region. In SD27 there are 258 tenprintfingermark pairs, digitized at 500 dpi resolution.
Most importantly, SD27 contains annotation, offered by
forensic experts. There are two annotation sets, Match-Set,
and Ideal-Set. The Match-Set offers the same minutiae in
mated tenprint-fingermark pairs. Although this annotation
contains coordinates and directions of the minutiae present
in mated pairs, the mating does not descend to minutia
level. We have obtained the minutiae correspondence from
a separate study, (publicly available) [8]. The Ideal-Set
contains, in addition to minutiae that are common, also
minutiae that have no-counter parts in the mated image.
These may be false or true minutiae. Both sets were used
in our experiments.
B. State of the art
Witkin [9], and Koenderink [10] have suggested multiscale representations of images by successive application
of Gaussian filters as a way to analyze image contents.
Lindeberg 1998, [11] proposed a scale selection principle
to extract interest points. The scale normalized derivatives
of such points correspond to local maxima in space and

scale coordinates, which is the basis of localization of
such points and extraction of scale parameters, including
frequency. The principle is discussed in Section VI, and
compared with that of the present study, in further detail
because they share grounds as well as important differences.
Forasmuch as it was witnessed to have a prominent
role in mammalian vision, [12], [13], the local orientation
characteristics have increasingly come to dominate local
description in computational vision. A principle mathematical tool of modeling and extracting local orientation in
image analysis has been the Structure Tensor, put forward
as a spectral optimization for multidimensional images
adaptable to narrow frequency/scale ranges in Bigun and
Granlund [14], as an extension of quadrature filtering in
Knutsson [15], as motion estimation in Jaehne [16].
Structure Tensor has been observed as a compact description (second order moment) of gradient distributions in 2D
by (M.S.) Longuet-Higgins [17], and Mardia [18] when
studying orientation statistics. Its usefulness has also been
observed by di Zenzo and Silvano [19], Förstner and Gülch
[20], Kass and Witkin [21], though without dwelling on its
optimality characteristics nor its frequency adaptability. Its
extension to 2D curvilinear coordinates, generalized Structure Tensor [22], [23], has been an alternative to generalized
Hough transform, [24], [25], to recognize arbitrary shape.
Filterbank based representation of images using wavelet
theory, [26], [27], [28], is related to the Gaussian and
Laplacian pyramid and early scale representation, on each
level/scale of which one can estimate the Structure Tensor,
[29], [30] to represent dense properties of images. Applications include texture analysis and image compression.
However, which absolute frequency of input sinusoids,
possibly falling between the predetermined subbands, best
explains a local image has not been addressed explicitly.
The quotients of quadrature filters can be used to estimate
the local frequency, [31], [32]. Quotients of monogenic signal components, weighted by its partial derivatives [33], can
also be used to estimate absolute frequency. Nonetheless
both methods assume that the underlying local image has
a unique orientation (called simple signal).
In the context of tenprints, [34], and [35] suggested a
method of frequency estimation when orientations of local
images are known. A dense frequency map is obtained upon
computing local image summations along (known) ridge
directions. Then, the mean gap within the peaks yields the
mean period. The ridge directions are computed from the
eigen-vectors of the Structure Tensor [14].
The assumption of unique orientation (computed [34], or
not [31]) is not a necessary condition, and may undermine
frequency estimations if it does not hold, Sections VI, IX.
Frequency and orientation maps have been used as inputs
to enhance fingerprints. This is done by smoothing the
original along ridges, implemented by Gabor filters [34]
in image blocks, or in the Fourier transform, FT, of image
blocks, using the power spectrum as a filter, [36], [37].
The dense maps of the latter were used to reject outlyers
and to reinforce one frequency and one orientation per
image block in palmprints, [38]. However, the used orienta-
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tion maps, and those of the Structure Tensor, are weighted
averages of power spectra with the weights ω 2 exp 2i∠ω
(being the second order moments, e.g. compare eq. (8) of
[37] to Lemma 1, and eqs. (14-16) of [14]). This hints
that both orientation maps are from the same estimator,
one realized in the spatial and the other in the Fourier
domain. Nonetheless, how such maps, and even to lesser
extent frequency maps, share grounds with the Structure
Tensor have not been clarified so far, motivating this study.
Image based features have the potential to improve
the recognition of fingermarks compared to using minutia
locations and directions (constellations), see [39] reporting
on commercial (undisclosed) methods hinting the lack of
published studies.
C. Contribution and organization
We summarize first the Structure Tensor in Section II.
This is motivated by that its trace is used to build a
logarithmic scale-space, and its optimal orientation fitting
capability is utilized to estimate the frequency in the scalespace.
One aim of the present paper is to elucidate how Structure Tensor evolves as its “scale” changes. A practical
outcome of this, which has not been spelled out previously,
is that dense frequency maps can be obtained without
knowledge of input orientations nor assuming that they are
unique. The theoretical derivation is given in Section III,
and IV.
It will be shown that frequency estimation is equivalent
to orientation estimation in the scale space, Section IV-B.
This novelty offers a mathematical unification of orientation
estimation and frequency estimation, namely that both
problems reduce to the problem of orientation estimation.
A practical consequence is that with few scale-space
samples accurate frequency estimations along with their
certainties, that are based on errors of model fitting, can
be obtained. In Section V, we evaluate the accuracy of
the suggested method when the ground truth is known
via planar waves, and noise. In Section VI we compare it
two other estimators on the same test-bench. The results
provide evidence for that our frequency estimator has
isotropic behavior all the while it is more accurate w.r.t. the
ground truth, in comparison with state of the art estimators.
Isotropic and accuracy are critically important to many
applications with dear consequences to humans, e.g. in
analysis of fingerprints, and medical images.
A novel iterative scheme to estimate dense frequency for
poor quality images, is introduced in Section VIII. Based on
projections on Gabor filters, the iterative scheme offers, additionally, improved estimations of dense orientation maps.
We introduce an original use of frequency maps, to
count ridges continuously in fingerprints along an arbitrary
path, without detecting ridges, Section VII. In combination
with our dense frequency and orientation maps, the method
allows automatic ridge counting in forensic fingermarks, at
a quality not demonstrated so far (83 % reliability), Section
IX-A.

In addition to that, experimental evidence for usefulness
of our dense maps are provided in, Section IX-B and IX-C.
Here they are examined in comparison to other maps on
novel (frequency neighborhood as attribute of minutia) and
existing (fingermark verification) applications.
II. O RIENTATION AND S TRUCTURE T ENSOR
Structure Tensor is a symmetric positive semi-definite
matrix S. It summarizes the statistics of directional contents
of an image f (r), with r ∈ IRn
Z
S = ∇f (r) · ∇T f (r)
(2)
where f represents brightness (gray-value).
In 2D, a linear combination of the elements of S directly
yields the direction of the most significant eigenvector
along with differences of eigenvalues, readily expressed as
a second order complex moment (of the power spectrum).
Z
Z
Z
I20 = (Dx f )2 − (Dy f )2 + i · 2 (Dx f )(Dy f ) (3)

Then, the most significant eigenvector of S, umax , and the
eigenvalues of S, λmax and λmin are connected to I20 via:
∠I20 = 2∠umax ,

|I20 | = λmax − λmin

(4)

The trace of S, Tr(S), is the other second order complex
moment (although it is always real valued),
Z
Z
I11 = (Dx f )2 + (Dy f )2 = λmax + λmin
(5)
We will study below the logarithm of the trace in scale
space. For notational convenience I11 will represent Tr(S),
even if the dimension of r is large, 2 < n. The inequality
|I20 | ≤ I11 is the consequence of both triangle and
Schwartz inequality. However, the inequality is meaningful
only in 2D and holds with equality if and only if a single
orientation fits the image perfectly (linear symmetry), [14].
On the other hand, in our frequency estimation theory
further below, use of I20 , and thereby the equality, will be
needed only for 2D domains namely log Tr(S) = log I11
versus scale σ 2 , even if 2 < n.
Defining a Gaussian g with variance σ 2 as
g(r, σ 2 ) =

krk2
1
exp(− 2 ),
2 )n/2
2σin
(2πσin

(6)

the steps of the algorithm, [14], estimating dense Structure
Tensor maps are as follows.
i) Convolve the original (large) image f to obtain the
gradient image
∇f = h ∗ f
(7)
where h is obtained by sampling the gradient of a
Gaussian, (6),
r
2
2
2
h(r, σin
) = ∇g(r, σin
) = − 2 g(r, σin
)
(8)
σin
2
with σin
fixing the inner-scale (the frequencycontents). This corresponds to Dx f + iDy f in 2D.
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ii) Apply pointwise tensor product to obtain
T

0.7

(9)

S̃ = ∇f ∇ f

which represents S in “zero-sized” neighborhoods
(infinitesimal linear symmetry). This corresponds to
(Dx f + iDy f )2 in 2D.
2
iii) Convolve S̃ with a Gaussian filter g(r, σout
) defining
the local image (the outer-scale).
S=

2
g(r, σout
)

(10)

∗ S̃

The eigenvectors and the eigenvalues of S represent
then the Total Least Square (TLS) optimal orientations of local images. To obtain dense orientation
maps in 2D, (Dx f + iDy f )2 and its absolute value
are convolved by g to yield, I20 and I11 , (3), (5).
III. F OURIER T RANSFORM AND GRADIENT
Gradient filtering, (7), is needed to obtain (local) Structure Tensor and the filter is given by, (8). Symbolized by
H, FT of components of h are essentially mapped on h:
−2
H(ω, σin
) = ω exp(−

kωk2
−2
−2 ) = ωG(ω, σin )
2σin

(11)

where G is the FT of g, (6), which is a Gaussian
−2
G(ω, σin
) = exp(−

2

kωk
−2 )
2σin

(12)

−2
except for its variance, being σin
, and its value at the
2
origin, being 1. Once σin
is fixed, G has conceptually as
many dimensions as ω or r, but it is one dimensional in
practice, since it is independent of direction of ω, i.e. it is
isotropic.
For the same reason kHk (but not H)
−2
kH(ω, σin
)k = ω exp(−

2

ω
−2 )
2σin

(13)

where ω = kωk, is isotropic and it is maximum at all points
on a ball with radius kωk = ω̂
ω̂ = argmax kHk =
ω

1
σin

(14)

Graphs of kHk for different σin illustrate how the
location of maximum changes with frequency, Fig. 1.
Consequently, among inputs obeying the model (1), those
with frequencies coinciding with the inverse of the inner
−1
scale of the filter, kω k k = σin
, will be amplified most in
the magnitude response of the gradient filter.
IV. A BSOLUTE F REQUENCY ESTIMATION
We assume, for now, that the input is a planar wave with
a unique frequency vector, ω 1
f = A cos(ω T1 r)

(15)

that is, A1 = A 6= 0 whereas Ak = 0 for k > 1 in (1).
The presumption will be widened in Section V to include
two (orthogonal) sinusoids, and proven in the Appendix for

sma_i=1
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Fig. 1. Graphs of kHk, with different variances, versus frequency. The
solid black line corresponds to continuous derivation.

multiple sinusoids (with ω k = ω0 ) in multiple dimensions,
(r, ω k ∈ IRn ).
Using (11) we obtain the result of Step i) above as,
−2
h ∗ f (r) = −ω 1 G(ω 1 , σin
)A sin(ω T1 r)

(16)

As it stands, (16) has significant spatial variation, due to the
sinusoid term changing with r. Thus, (16) is not suitable to
estimate kω 1 k densely, since the latter is constant w.r.t. r
whereas h∗f changes as r does. Using the property inherent
to the Structure Tensor, doubling frequency content of the
input followed by low-pass filtering, essentially ripple-free
−2 2
(spatially invariant) estimations of kA · H(ω 1 , σin
)k can
be obtained, as below.
A. Isotropic, spatially invariant energy by Trace
The Tr(S) = I11 is an expedient component of the
Structure Tensor to estimate kA · Hk2 (and later ω0 ) by,
since it is independent of the direction of ω 1 .
Assume that the trace is computed in a Gaussian window
2
, by integration over r,
having the variance σout
Z
2
2
2
I11 (r 0 , σin
, σout
) = kh ∗ f (r + r 0 )k2 g(r, σout
) (17)
−2 2
= (A · ω0 G(ω 1 , σin
))

Z

2
sin2 (ω T1 (r + r 0 ))g(r, σout
)

where we can substitute the quadratic sinusoid with its
equivalent having the double frequency
Z
1
2
I11 (·) = kA·Hk2 [1− cos(2ω T1 (r+r 0 ))g(r, σout
)] (18)
2
The integral term is an ordinary convolution of a sinusoid
with the Gaussian window representing the outer scale. The
convolution of a sinusoid yields also a sinusoid so that

−2 21
−2
I11(·) =kA·H(ω 1 , σin
)k [1−G(2ω 1 , σout
) cos(2ω T1 r 0 )]
2
(19)
−2
where the ripple amplitude G(2ω 1 , σout
) decreases with
frequency as a Gaussian.
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However, the vacillation amplitude is now provoked by
double the sought frequency, 2ω0 , which will excite the
Gaussian filter insignificantly, compared to the original
frequency ω0 . Assuming that a rough range of ω0 is known,
ω0 ∈ [ωmin , ωmax ], or alternatively a bandpass filtering with
known bandlimits is applied to f as preprocessing, one can
contain the unwanted ripple term,
2
G(2ω 1 , σout
) = exp(−

x

-6
-6.5

1

(20)

2
For example, for G(2ω 1 , σout
) < 0.007, i.e.  = 0.007, we
−1
obtain via (20) that σout must be 1.575ωmin
, or larger.
Consequently, an estimation of response energy, kA ·
Hk2 , without vacillation can be obtained with reasonable
accuracy by computing I11 according to (17), with a σout
determined by imprecise knowledge of ω0 , e.g. its range

1
−2 2
kA · H(ω 1 , σin
)k
(21)
2
2
from the arguIt is worth noting that we have dropped σout
ment of I11 for convenience, since in the sequel it will be
−2
assumed fixed such that the ripple amplitude G(2ω 1 , σout
)
in (19) is dampened to insignificance.
Equation (21) singles out how the trace is sensitive to
2
the inner-scale σin
of the tensor as well as the absolute
frequency and energy of the input, A2 /2. Then, trace ob2
servations for different σin
at one location r 0 hold valuable
information on ω0 , since ω0 and A are then constant.
Furthermore, there is a peak in the trace when σin of the
tensor matches ω0−1 of the input, (14).
Equation (21) holds even in higher dimensions than 2,
and albeit the input may consist in multiple frequency
vectors, as stated by the next theorem, the proof of which
is deferred to the Appendix.
2
I11 (r 0 , σin
)≈

Theorem (Multiple Orientations). Trace of Structure Tensor of an image, I11 , obeying the single frequency model of
(1), differs absolutely from a constant, determined by the
2
inner-scale of the tensor σin
as well as the frequency ω0
and energy of the input A2 /2, with less than a prescribed
amount 1 ∈ IR,
ω2
A2 2
ω exp(− 20 )| ≤ 1
2 0
σin

-5.5

-7

which is equivalent to

|I11 (r) −

-5

+

(2ω0 )2
−2 ) ≤ 
2σout

1
1
2
log( ) ≤ σout
2ω02


+
x

-4
-4.5

with r ∈ IRn (22)

2
provided that the outer-scale σout
of the tensor is sufficiently large compared to ω0−2 of the input.

B. Frequency by orientation
Once kA · Hk2 /2 is available by the trace, we obtain ω0
from it by taking the logarithm of (21)
1
−2 2
2
log I11 (r 0 , σin
) = log | A2 | + log kH(ω 1 , σin
)k (23)
2
Injecting (13) in the latter constitutes the proof of the next
theorem, which is valid even for high dimensions, 2 ≤ n.
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Fig. 2. Left planar waves in all directions with frequency ω0 = 2π/12.
2 at the marked (symmetric) points
Right log(I11 ) plotted against σin

Theorem (Logarithmic Scale Space). Logarithm of the
Structure Tensor trace constructs a non-linear scale space
2
2
log I11 (r 0 , σin
) = CA − ω02 σin

(24)

2
σin
,

in which tangent w.r.t. scale,
is the square of the frequency, except for sign, and the offset CA = log |2−1 A2 ω02 |
is constant w.r.t. scale.
Fig. 2 displays the logarithm of the trace in the scale
2
space, i.e. (σin
, log I11 ) at two image locations, marked
with ’+’ and ’x’. At ’+’, one can see the evidence of the
mentioned line. At the noisy point ’x’, the corresponding
line is not perfect but appears parallel to that of the ’+’.
Tangents of the parametric curve generated by points s
2
2
s(τ ) = (σin
(τ ), log I11 (r 0 , σin
(τ ))

(25)

where τ is the length parameter along the curve, represent
ω0 (τ ). If and only if the curve is a line, ω0 is constant,
or all tangent vectors are parallel. Thereby the logarithmic
scale space described by (25) is always two dimensional
even if the dimension of r 0 is large, 2 ≤ n.
Fitting the TLS-optimal orientation to a set of 2D vectors
is achieved by the 2D Structure Tensor, (3), (5), as follows.
Z
dσ 2 (τ )
d log I11 2
s
+i
)
(26)
I20
= ( in
dτ
dτ
Z
Z
dσ 2 (τ )
d log I11 2
s
)
(27)
I11
= ( in )2 + (
dτ
dτ

The Structure Tensor formalism delivers the double of TLS
s
optimal tangent angle in the argument of the complex I20
.
Referring to (24), one can then apply the tangent function
s
,
to the tangent angle, by halving the argument of I20
r
1 s
ω0 = − tan( ∠I20
)
(28)
2

As its counter part in the ordinary Structure Tensor of the
s
image gray space, the magnitude of I20
reaches its upper
s
bound, I11
, if and only if TLS error vanishes which occurs
if all tangent directions are aligned. Likewise, it is possible
s
s
to combine I20
and I11
to express the quality, q, of the
fitted frequency,
Is
s
I˜20
= 20
s ,
I11

s
so that q = |I˜20
|≤1

(29)
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Here q = 1, if frequency estimation ω0 , is error-free.
In experiments, we have approximated the derivatives as
finite differences on a discrete grid of τ ,
2
2
σ 2 (τ + ∆τ ) − σin
(τ )
dσin
= in
dτ
∆τ
2
d log I11
1
I11 (r 0 , σin
(τ + ∆τ ))
)
=
log(
2 (τ ))
dτ
∆τ
I11 (r 0 , σin

(30)
(31)

V. E VIDENCE ON DATA WITH KNOWN GROUND TRUTH
A. A single sinusoid in the neighborhood
Evaluation of isotropy, or measurement accuracy in frequency estimators, which are important to applications,
demands experiments where ground truth is known. Accordingly, we have constructed test images like Fig. 2 and
4 to study the estimations w.r.t. different challenges, e.g.
change of frequency, apriori knowledge on it, number of
joint orientation components, noise level, and noise type.
Evaluations of usefulness based on real images in 3 forensic
applications will be presented in Section IX.
In the test images of the first type, local images are
planar waves having the same frequency, ω0 but their
orientations change uniformly. In Fig. 2 we have ω0 = 0.52.
We made this and other choices for ω0 , to evaluate the
frequency estimation with input frequencies corresponding
2π
to ω0 ∈ [ 2π
13 , 6 ]. The interval corresponds to inter-ridge
distances of real fingermarks (6 to 13 pixels in 500 dpi).
In experiments, this interval (without the ground truth) was
given to the frequency estimation.
Right halves of all test images were corrupted with noise.
In Fig. 2 the noiisy part is obtained by 0.25f + 0.75ns,
where ns is normally distributed, spatially uncorrelated,
noise, N (0.5, 1/6), with 1 representing the highest brightness. Thus, 75% of the signal (peak-to-peak) amplitude is
noise, in contrast to 0% of the left-half.
2π
Deduced from the apriori knowledge, ω0 ∈ [ 2π
13 , 6 ],
2
via (14), we have used five equidistant σin
values and the
2
value
(common) σout
2
2
σin
: 0.91 1.75 2.60 3.44 4.28 σout
: 10.56

(32)

to sample the scale space of log I11 for all image points.
2
The choice of σout
is governed by, (20), where  = 0.007.
Fig. 3 (left) shows the local frequency estimation at every
image location for the input in Fig. 2. In the clean part, the
average estimation is 0.52, with standard deviation of 0.00,
to be contrasted to the ground truth, which is 0.52. In the
noisy part the average frequency estimation is 0.61 with the
standard deviation of 0.01. The higher mean (compared to
0.52) is due to the added noise, which is to be expected
because the local spectrum contains not only the signal
spectrum but also the spectrum of the noise.
We obtained similar results when other frequency values
in the apriori interval were used in test images. The table in
Fig. 3 (left, top) shows the analogous statistics for a random
2π
choice of ω0 ∈ [ 2π
13 , 6 ]. In the clean half, the estimations
follow the ground truth without error (2 decimals). The
standard deviation in the clean half is consequently zero

Frequency estimation with Gaussian additive noise

C: ω̂0 N : ω̂0 N : St
0.52
0.61
0.01
0.57
0.65
0.01
0.63
0.74
0.00
0.79
0.00
0.68
0.93
0.98
0.00

ω0
0.52
0.57
0.64
0.68
0.93

C: ω̂0 N : ω̂0 N : St
0.54
0.76
0.05
0.54
0.79
0.04
0.62
0.85
0.03
0.89
0.03
0.62
1.05
1.03
0.01

Frequency estimation with salt&pepper replacement noise

C: ω̂0 N : ω̂0 N : St
0.52
0.64
0.02
0.57
0.68
0.01
0.63
0.74
0.00
0.79
0.00
0.68
0.93
0.99
0.00

ω0
0.52
0.57
0.64
0.68
0.93

C: ω̂0 N : ω̂0 N : St
0.54
0.70
0.04
0.54
0.73
0.03
0.62
0.80
0.03
0.85
0.02
0.62
1.05
1.03
0.00

Fig. 3.
Frequency estimation for the input of Fig. 2. (left) Estimates
following Section IV-B. (right) Estimates following Section VI-A. Beneath
images are tables where C: ω̂0 , N : ω̂0 , and N : St represent mean in clean
half, mean in noisy half, and standard deviation in noisy half respectively,
when sinusoids of different frequencies are used as inputs. In the middle
column, ω0 , is the ground truth. The (underlined) first row depicts the
respective result of the two images above.

(omitted from the table). In the noisy half, the relative
estimation error of the frequency decreases from 0.16 to
0.06 with increased ground truth frequency, which we will
discuss further below.
The table in Fig. 3 (left, bottom) shows the analogous
results for images with salt&pepper noise, where 25%
of pixels (randomly chosen) were replaced with either 1
(salt) or 0 (pepper), at equal probability. Nonetheless, the
frequency estimation in the presence of replacement noise
has the same behaviour as in additive Gaussian noise–it
improves in relative precision as the ground truth frequency
increases.
The observed decrease of errors, in both Gaussian additive and salt&pepper replacement noise cases, can be
explained as follows. An assumption of the method is that
there is a single frequency in local images, for bias-free
estimation. This does obviously not hold true in the noisy
half. The method finds then the frequency of a fictive
input that would generate most similar filter responses, here
called “replacement sinusoid”.
This frequency is 1.22 for pure Gaussian noise and 1.24
salt&pepper noise2 . Since the method is continuous in the
mathematical sense, when frequency of the input sinusoid
2 These frequencies are obtained if the right half is replaced with nothing
but noise.
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approaches to that of the “replacement sinusoid” of pure
noise, the estimated frequency too approaches to that of
the “replacement sinusoid”.
B. Two sinusoids in a neighborhood
Fig. 4 shows an example test image of our second
type. In such test images, we have synthetized 2 planar
waves locally, similar to [40], [41]. However, here the
2 waves were realized via cos(C log r) + cos(C.ϕ) by
demanding C to be integer. This guarantees that both waves
have the common frequency, ω0 = C/r while the image
is continuous and the wave fronts are orthogonal. The
individual periods of the two waves (T0 = 2π/ω0 ) are
thereby equal and change linearly with increased radius r
(from image centre), attaining T0 = 4 and T0 = 17 at the
inner and outer boundaries, respectively.
On the right half, normally distributed zero mean Gaussian noise is added to the signal, amounting to 65 % of the
resulting amplitudes (peak-to-peak) in the average, (0 % in
the left-half).
In the figure (top-right), local estimates of the period, T0 ,
are shown as a gray image (bright=large T0 ), computed
from frequency estimations (T0 = 2π/ω0 ). Computationally the input parameters of the method was identical
to those used in the experiments of single orientation
(Fig. 2-3). This includes the apriori (frequency) interval
in which the estimation is expected to be most accurate,
2π
ω0 ∈ [ 2π
13 , 6 ]. Thereby, the method could be stressed to
operate under “false” premises as well as in compliance
with its presumptions, because the ground truth variation
span (ω0 ∈ [2π/17, 2π/4]), was 113% larger than that of
the apriori knowledge in the experiments.
The resulting image suggests directional istotropy in the
estimated periods, and the periods increase (brighter) with
increased radius. This observation is in agreement with the
ground truth, as will be quantified below. Translated to
locations in the image, the points having frequencies in
the apriori interval T0 ∈ [Tmin , Tmax ] are those which are
at a distance between [r(Tmin ), r(Tmax )] from the origin.
These radii are marked on the mid horizontal line as small
and medium streaks.
In bottom left, Cr (black) represents the local period
estimated along the horizontal diameter (shown in topright). In the apriori interval of the clean (left) half, the
estimation coincides with the ground truth graph, GT,
(green) well. In the noisy (right) half, the method offers
a good concordance with GT inside the apriori range,
changing visibly linearly, although with a slight inclination
bias compared to GT. This is most noticable at points
having large T0 , outside of the apriori interval. The bias
is caused by the absolute frequencies of the noise, shifting
the estimations systematically, Section V-A. Accordingly,
in the noisy part no frequency method should be blamed
for having bias but for not having linear change or for not
having isotropic behaviour (along circles).
Likewise, in bottom right, the black graph is the local
period T0 but along the circular demarcation (green, topright). Here the ground truth (GT) period is constant and
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Fig. 4. Top-Left Two orthogonal waves at each pixel with changing absolute frequencies. Top Right Period estimation by the suggested method,
Section IV. Bottom Left Estimation on mid-horizontal line. Bottom right
Estimation on a circular path

the estimations follow it well with small deviations from
it in the clean half-circle, and with larger deviations in the
noisy part. The deviation (from the mean) is an indication
of non-isotropy. In the clean half-circle, the mean is a
horizontal straight line, which also agrees with GT, (no
bias). In the noisy half there is a larger deviation and with a
bias (compared to GT), explained by the presence of noise.
The third row of the table beneath represents the relative
deviation of period estimation of the current method, ˆr =
|TCr − TGT |/TGT , averaged over all half-circles (top-right
image), inside and outside of the apriori range, in clean and
noisy parts, respectively. The errors reach as low as 0.00
% (within apriori interval, clean part).
These results support the view that accurate local frequency estimations are achievable by the suggested method
even without precise knowledge of the frequency range.
Not only estimates of frequency but also its certainty can
be useful to applications. The quantity q in equation (29)
can be used to measure the quality of estimation, from the
s
s
computations I20
, and I11
. The higher q the more reliable
the estimated frequency is. The quality q achieved high
levels in the experiments when estimations of T0 were
accurate, and low when less accurate. To keep the scope
focused, we have left out experimental evaluation of q.
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VI. OTHER GENERAL PURPOSE ESTIMATORS
A. Laplacian of Gaussian scale space,
A common implementation of the automatic scale selection of [11] applies Laplacian of Gaussian filters (6) with
2
different σin
, to an image to build up a scale space of the
input
2
2
2
f (r, σin
) = (σin
(Dxx + Dyy )g) ∗ f (r, σin
)=

= −Aω02 exp(−

ω02
T
−2 ) cos(ω 0 r)
2σin

(33)

This is successively maximized locally in space and scale,
yielding an estimation of the frequency/scale.
2
2
σin
= argmax max |W · f (r, σin
)|
2
σin

r

(34)

Here W is a window function that defines the local image,
2
analogous to our g(x, y, σout
), (17), defining the outerscale.
Then, the optimal σin is
√
2
(35)
ω̂ =
σin
for an input sinusoid. Accordingly, (35), must be utilized
to translate apriori interval to scale, yielding the sampling
points
2
2
σin
: 1.82 3.51 5.19 6.87 8.56 σout
: 10.56

(36)

The influence of W on scale estimations has so far not
been studied in publications. In experiments detailed here,
W has been chosen as circular as possible and its radius
has been fixed to be the same as our σout , which we have
shown that it is coupled to the inner-scale, (20) and (A-8).
We have implemented the (spatial) max operator as a grayvalue morphological operation, i.e. dilation with “circular”
structuring element with diameter 2σout + 1 ≈ 7. However,
we have also increased this radius to as much as up to
three times with marginal effect on the standard deviations
of frequency estimates in the noisy half (not detailed).
Fig. 3 (right) shows the result of frequency computation
when (34) is used. The presumptions (input image, noise,
apriori knowledge, etc) were otherwise identical to those
of ours. The frequency estimation in the clean part can be
as much as 4 % erroneous compared to the ground truth.
This is due to scale quantization, i.e. the scale-space taps
(five) alone do not provide sufficient accuracy. The argmax
operation chooses simply the closest sampling tap, which is
at random distance to the true frequency but within the step
size. In the noisy part however, the frequency estimations
are more biased towards the included noise, as much as
44% in relative error, and with higher variation than the
corresponding results using the current method, Fig. 3 (left).
It can be argued that, our method is in a more advantageous position when the noise type is additive and
Gaussian. However, changing the noise to salt&pepper
replacement noise continues to support the evidence for
excessive vulnerability of the argmax combined with max
operation to noise, when estimating frequency. Fig. 3 (right,

bottom-table) presents the results of the corresponding
experiment, where noise type excepted, were the same as
those reported before, Fig. 3.
The table beneath Fig. 4 (marked as “Li”) suggests
that the same technique (including the apriori knowledge),
offers a correct estimation of the local period within quantization errors (of period estimations), when the input is
fundamentally different locally, consisting in two orthogonal orientations (top-left). However when the noise is onset,
the estimations are not nearly as accurate as the estimations
based on the current suggestion.
B. Quadrature filters
In [32] it has been shown that frequency can be estimated
by quotients of magnitude response averages of quadrature filters, emanating from at least two different tuning
frequencies of the filters, if the input is “simple and has
single orientation”. We have implemented this technique
using up to 8 different frequency tunings combined with
2 to 6 orientation tunings, using single, Fig. 2, as well as
double sinusoids, Fig. 4, as inputs.
Here, we aim to illustrate that a frequency estimaton
method designed for inputs with single orientations does
not necessarily generalize well to multiple orientations. We
report our results emanating from a version of filters having
frequencies tuned to {π2−k }4k=0 , and orientations tuned to
{lπ/4}3l=0 , as applied to double sinusoid inputs, Fig. 4.
The filter
√ relative bandwidths were the same as in [32],
B = 2 2. The convolutions were done by multiplication
in the FT domain, to reduce filter approximation errors.
In the two graphs and the table of Fig. 4, we present
the results of this technique (marked as Kn) analogous to
the previously discussed results, Section V-B and VI-A.
In the left graph, the method is nearly linear in the clean
part, although it suffers from bias in inclination compared
to the ground truth. In the noisy part however, the method
is not able to retain the linear change, nearly explicitly
as Cr and Li results. The right graph suggests that there
is a bias and systematic non-isotropy (periodicity) in the
clean part whereas in the noisy part the estimated period is
too noisy compared to Cr and Li. Non-Isotropy was even
more prominent when local images contained two (or more
orientations) while the number of orientation tunings of the
filters were minimum, i.e. 2 as suggested originally.
We attempted to alleviate the bias by calibrating the
estimated frequencies by a linear as well as affine mapping,
which gave promising results on single orientation images
(not detailed here). However, the approach turned to be unrealistic since first, the number of orientations is generally
unknown in many applications and the calibration constants
were useless when the setup was exposed to two or more
orientation neighborhoods. Second, it is not straight forward
to choose them for every filter parameter setup, and image
type. For example, for a choice of filter tunings, bandwidth
and calibration, the setup that estimates frequencies well
on “clean” test images with floating point pixels did not
estimate the same ground truth frequencies satisfactorily
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when the (same) images were in the most common gray
image representation, 1 Byte per pixel, due to interference
with quantization noise frequencies.
Two elements that contribute to this behaviour is that
even the lowest frequency quadrature filters (here π/16
) receive non-negligable power from the high frequency
contents of the input (e.g. quanitization noise which is near
π ), and that the responses of filters with high frequency
tunings are lsystematicaly weighted highly in the interpolation stage of the method. Changing filter tunings towards
lower frequencies, or reducing the bandwidths (abandoning
the original recommendations), did not help to control
the bias and the sensitivity to high-frequency contents
efficiently. We would like to emphasize that although the
method was difficult to calibrate in our study, it can still be
useful in applications where differentiating the frequencies,
rather than their precise values, is important, e.g. to discern
two textures.
C. Generic and computational comparison
Our scale space is non-linear in the input, whereas the
Laplacian of Gaussian scale space is linear.
The trace of Structure Tensor creates a DC term which
reveals the frequency, while it creates another (weaker) ripple term corresponding to the double of the input frequency,
(19). The ripple term(s), along with noise terms are depreciated via the outer-scale smoothing, inherent to Structure
Tensor computations. We think that this contributes to explain why there is less variance in our frequency estimation
in the presence of noise compared to the two methods
above, because while the DC-component secures the useful
information and survives the outer-scale smoothing, the
high-frequency terms do not.
Doubling of frequencies by the squaring inherent to the
structure tensor was recognized in [14] (the paragraph after
(21)), with the suggestion of upsampling the input, if it is
a problem in an application. This has also been suggested
in [42], however, without relating it to the former study.
Existence of a peak in the normalized scale space is the
main mechanism of automatic frequency/scale estimation.
Our frequency estimation is instead done by checking for
existence of an orientation by TLS optimization. Additionally, how to determine that a peak is an obvious or a unique
peak has not been studied in the theory of normalized scale
space.
Computationally, our estimator is less costly compared
to the other two estimators on conventional computer
architectures for arbitrary apriori intervals. This is because,
the latter implies that all methods need to apply linear filters
(albeit combined with non-linear operators later) to sample
their respective scale spaces without pyramids/decimation.
Using Laplacian filters to determine√the same unknown
frequency ω0 needs in the average 2 larger filter sizes
than the corresponding gradient filters per dimension (2 ≤
n), and significantly fewer arithmetic operations than the
quadrature filters, which by construction are not Cartesian
separable.

VII. C ONTINUOUS RIDGE - COUNTING IN FINGERPRINTS
In fingermark identification ridge-counting on paths, e.g
lines between minutia points, is a desirable but difficult
operation performed by human experts. The difficulty is due
to the low-quality of the ridges as well as the tediousness
of the task which grows quadratically with the number of
points between which the counts are needed.
Our algorithm for ridge-counting is summarized by
Z
L
q̂(τ )ω(τ )| cos(θ(τ ) − θP (τ ))|dτ
(37)
NP =
2π
where τ parametrizes the integration path, which is arbitrary. The functions θ is the direction of the local image.
Furthermore, 0 < q̂ is a quality function, which
R is normalized along the path of integration, (so that q̂(τ ) = 1 ).
The quality function is assumed to have been generated by
local computations/assesments performed along the path.
The angle θP is the direction angle of the tangent of the
path and L is the length of the path, the presence of which
is due to that q̂ is normalized, clarified below. Examples
of q̂ along the path are certainty of frequency, certainty of
orientation or a combination of the two.
It is worth noting that, the equation formaly introduces
continuous ridge-count, NP , along an arbitrary path. The
continuous refers to the fact that NP is not an integer, i.e. it
changes continuously if the path is prolonged continuously,
allowing to measure the distance in terms of the average
local period. Evidently, NP can be rounded off to the
nearest integer when needed.
The Rationale behind the quality measure in (37) is
to improve the accuracy of ridge-counting. Extrapolating
ridge-counts for subsets of the path where ridge information
is absent is facilitated by q̂, as illustrated by the following
two scenarii. Assume that ω, θ and θL are constant along a
path, and the path is a straight line with length L, causing
that only q̂(τ ) remains inside the integral, all other terms
being factored out as constants.
Suppose in the first scenario that certainty is constant everywhere along the line. Then NP reduces to
(L/T ) cos(θ −θL ), as it should, due to q̂(τ ) integrates to 1.
In the second scenario where we suppose that the certainty
is zero along two third of the path, and constant in the
remainder. Because q̂ integrates to 1 along the (full) path,
we obtain the same NP as in the first scenario. This means
that the ridge-count has been extrapolated from the twothird of the path where measurements were available even
though no measurements were available in the remainder.
VIII. I TERATIVE IMPROVEMENT OF DENSE MAPS
Estimating dense frequency and orientation maps in poor
quality images, including forensic fingermarks, is expected
to be challenging. To meet the challenge, we adopted the
following iterative improvement scheme consisting of three
steps, Fig. 5.
First, frequency estimation was implemented based on
log(I11 ), as detailed in Section IV.
Second, the estimated frequency map was averaged over
to automatically obtain a global inner scale parameter,
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Iterative improvement of dense maps

2
σin
for the entire image. Using this parameter, a dense
orientation estimation by Structure Tensor, I20 /I11 , was
obtained, (3) and (5).
Third, a Gabor filter with frequency and direction parameters estimated as in the previous steps was manufactured
for each location in the image. The local image was
projected on the real part of the (dynamically computed)
Gabor filter3 .
The projection produces a real image, which is the
original image smoothed along its iso-gray curves, therefore
here referred to as the enhanced image. At this point, we
replace the initial input image with the enhanced image and
restart from the first step above. The three steps are iterated
until the weighted average of the frequency, A: in the flowchart, converges, or the maximum number of enhancement
cycles (5 here) are reached. Here, the weights were chosen
as the certainties of frequencies, but can be other regions
of interest, e.g. expert delineations.

IX. E VIDENCE ON TENPRINT- FINGERMARK PAIRS
We have applied the iterative scheme of Section VIII to
images of SD27. In Step 1, we have used the same apriori
2π
2
knowledge ω0 ∈ [ 2π
13 , 6 ], but using 3 discrete scales, σin :
0.92, 2.60, 4.28. For the majority of images of SD27, at
most 3 iterations were sufficient for convergence, For an
input image, the scheme produces its dense frequency map,
dense orientation map, Fig. 7, and enhanced image, Fig. 8.
In the applications below, only the dense maps were used
whereas the enhanced images were not used explicitly.
A. Ridge-count experiments on tenprint-fingermark pairs
We have applied our ridge-counting method, Section VII
on paths of tenprint-fingermarks of SD27. As paths, we
have chosen the lines joining pairs of minutia, called here
edges, e.g. the blue and red lines in Fig. 6.
On 50 edges selected by an expert from fingermarks
of SD27, the corresponding ridge-counts were obtained
3 This estimates the value of a sinusoid at the correct phase w.r.t. the
nearest ridge, given that local frequency and orientation are correctly estimated. Derivation details and motivation of this projection are presented
in the supplementary material.

Fig. 6.
(Top-left) A tenprint detail and (Top-right) its corresponding
fingermark from an image pair in SD27. (Bottom) Same images with
common minutia identified by forensic experts, overlayed. Overlayed are
also two example minutia edges (red and blue)

manually by the expert. On the same edges, our ridgecounts were in agreement in 47 cases (within error of 1
ridge). Of the 3 erroneous edges, 2 were explainable by
imprecise localizations of the minutia (defining the edges),
whereas 1 error was due to the edge being parallel to a
ridge. The latter error type are discusseed further below.
To obtain manually extracted minutia (for public availability in particular), demands significant resources. For
this reason, currently, there are no-more than 258 pairs of
mated fingermark/fingerprints having minutia annotations
which are publicly available (sd27). Manually extracted
ridge-counts for public availabiility is even more difficult
to obtain.
Because we have 74278 mated edge-pairs, whose end
minutia were verified by experts (Match-Set), and that the
respective ridge-counts on them must agree, we can circumvent manual ridge-counting to evaluate our automatic
ridge-counting. We can instead evaluate to what extent the
ridge-counts on mated edges of tenprint-fingermark pairs
agree.
Table I depicts the relative agreements RA (|rc |) between
automatic estimations of ridge counts on corresponding
edges, rounded off to closest integers. For 78 % of the
edges (57937), the agreement between the ridge counts
were at most one ridge apart, when our frequency and
orientation maps in combination with our ridge-counting
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method was in use (Row of RCr ). The columns depict the
relative agreements measured at different error tolerances
(0 pixels, 1 pixels, etc.) when ridge-counts were rounded
off to the closest integers.
Although these results are encouraging, the low-quality
of fingermark images is not the only source of error.
Using all edges exhaustively, which also contain those with
systematic constellation errors, described next, should be
excluded from use in identity establishement alltogether.
Human experts use a sub-set of all possible edges too in
their evidence chain.
A constellation error is due if uncertainties in ridgecounting are deteriorated by the locations of edges in the
constellation of minutiae and/or in the orientation map.
The first type of this error occurs if an edge between
two minutia passes through or nearby a third minutia.
The total ridge count on the edge can then be one more
or less, depending on the localization accuracy of the
(three) involved minutiae. If such an edge is barred from
ridge-counting, the (smaller two) edges joining the middle
minutia to the initial two still contain the same information
for identification purposes.
In Fig. 6, drawn in red, an edge suffering from the
constellation error (of the first type) is shown, along with
another edge, shown in blue which does not suffer from the
phenomenon. On red edges, the (automatic) ridge counts
differ with 2.7 ridges (7.9, 5.2 for tenprint, fingermark
respectively), whereas along the blue edges, the same
counts differ with 0.0 ridges (16.6, 16.6 ). Even if the (blue)
edge is long and runs through noisy ridges, the suggested
method was able to estimate the ridge count better than on
the shorter (red) edge.
0
In Table I, marked as RCr
, agreements between the
ridge-counts are shown as before, except that the underlying
minutia edges had no (other) minutia close to the edge.
To be specific, edges with a third minutia within 8 pixels
(Euclidean) distance were rejected. There were then fewer
edges in the count, 6045. The 8 pixels treshold corresponds
roughly to the average inter-ridge distance of adult males.
Accordingly, in 83% of mated edges, the ridge-counts
were in agreement, which is an improvement compared to
using all possible edges. On the average this represents 26
different ridge-counts per fingermark, which can be offered
to experts.
A second type of constellation error occurs when a subpart of an edge runs parallel to a ridge. If orientation
agreement occurs by chance, e.g. due to the two minutiae
of an edge are not accurately located, then the total edgecount risks to be unstable. We have rejected such edges
in addition to those contributing to the first type (gradient
and minutia angle differences with less than 15 degrees
observed on more than 8 pixels). The number of edges were
thereby reduced to 5590. However, the performance was
unchanged. A factor that contributes to explain this, is that
only 7% new edges were discovered in comparison to the
first type. Accordingly, experiments support that avoiding
the first type of constellation errors offers the most useful
sub-selection of edges for ridge-counts.

j
TABLE I
P REVALENCE OF |rc |, ON EDGES BETWEEN MINUTIA (SD27)
|rc |
RLi (|rc |)
RCr (|rc |)
0 (| |)
RLi
rc
0 (| |)
RCr
rc

0
0.37
0.43
0.43
0.51

1
0.71
0.78
0.77
0.83

2
0.84
0.90
0.88
0.92

3
0.91
0.95
0.93
0.96

4
0.94
0.97
0.94
0.97

5
0.96
0.98
0.96
0.98

Fig. 7.
(Top) Dense frequency maps of the tenprint-fingermark pair
in Fig. 6. Bottom Dense orientation map of the same pair. Both maps
constitute the (only) inputs of dense ridge counting algorithm along
arbitrary paths

Considering that our ridge-counting and edge choosing
were automatic and do not necessitate ridge extraction, even
on fingermarks, an 83 % agreement (within 1 ridge) are
encouraging. In our ridge-counting, the quality measures of
dense maps offer interpolation in intervals where ridges are
not available from adjacent intervals where they are available. We are not aware of other studies on ridge-counting
for fingermarks. Nonetheless, we have used a different
frequency map, Section VI-A, but with our orientation map
and ridge counting to evaluate the role of frequency maps.
The results, marked with Li in Table I, support the view that
the contribution of our frequency maps to ridge-counting is
preferable.
B. frequency map as descriptor of minutia
As indicated in [39], image based descriptors improve
minutia matching. However, there is a lack of descriptors
in published studies.
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We study here the frequency map around a minutia as
an attribute to recognize the minutia, among numerous
minutia in tenprints. The fingermarks of sd27 contain many
samples that have very contaminated neighborhoods in
their fequencies in comparison to their matching minutia
in tenprints. Not only fingermark ridges can be absent or
very faint, but also there can be too many irrelevant ridges,
or strokes that mask the ridges of a relevant fingermark.
In Fig. 9 a fingermark left on a cheque along with its 106
minutia (identified by experts) is shown (left) along with the
(zoomed-in) minutia area(right). The minutia area contains
periodical strokes and letters contaminating the frequency
contents of minutia neighborhoods in high curvature areas.
The latter presents additional deviations from a single
frequency and/or single orientation model.
The matching has been done by generating a match score
sM between two candidate minutiae, one in a fingermark
and the other in a tenprint, via sM =< f, g > /(kf kkgk) ≤
1 (the Schwartz inequality) where f , and g are the frequency maps in the vicinities of the two minutiae, after
(rotational) alignment. A rotation is applied to the tenprint
neighborhood of the minutia such that the directions of the
two minutiae agree. As minutia locations and directions,
the data set provided by forensic experts were used (MatchSet). The genuine minutae pairs (mates) in the set allow to
effectuate client (genuine) tests. Given that the mates are
known, non-mate minutiae can be paired randomly, yielding
impostor tests. Our test protocol had 1032 client and 5508
impostor verifications. Here both client and impostor refer
to the identity of a single minutia (not the finger), [8].
In the experiments, f and g were chosen to be maps
extracted from neighborhoods of various sizes and shapes.
We only report on two sizes and shapes that provide most
insight. First is a disc neighborhood consisting of (digital
grid) points with distance less than 23 pixels to the origin
(minutia location). Second is a ring constisting of points
with distance between 67 and 90 pixels to the origin.
In addition to our frequency maps we have also used
those produced by the method of [37], which was publicly
available as software (default parameters). Figure 9 shows

Detection Error Trade-off (DET) plots
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Fig. 8.
Enhanced images (of Fig. 6) using dense orientation and
frequency maps. Gray regions are formed by points where frequency and
orientation certainties were too low
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Fig. 9.
(Top) A sample fingermark with contamination superimposed
with its minutia and its zoomed version. (Bottom) Impostor versus
Client error probabilities for minutia identities based on frequency maps
estimated on SD27.

the client (false rejection, FR) versus impostor (false acceptence, FA) probability estimates, drawn as Detection Error
Trade-off (DET) curves. These are equivalents of Receiver
Operator Curves but with “logarithmed” axes. The graphs
of [37] on the disc (DS-CH), on the ring (RN-CH), and as
the fusion of both (FS-CH) are marked, yielding the Equal
Error Rates (EER) of 48 %, 39% and 39% respectively. The
corresponding experiments using our frequency map proposals, with everything else being identical, are marked as
DS-PR, RN-PR and FS-PR, yielding the EERs of 40%, 32%
and 30%, respectively. The fusion rule in both experiments
consisted in weighted score addition (ad-hoc, chosen as 0.2
and 0.8) giving the best performance for both. The results
suggest a measurable difference between the recognition
strengthts of the two frequency features, significantly in
favor of our frequency maps.
The model of [37] fits a (single) frequency (ring) to
the power spectrum for a whole block. Accordingly, the
method represents a lower resolution of the frequency
map compared to ours. The frequency is the expectation
of the radial coordinate of the Short Term FT when the
power spectrum is interpreted as probability. Our frequency
estimation is a TLS fit in the log scale space, and affords a
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Fig. 10.
Impostor/Client error probabilities for fingermark identities
based on 3 steps i) tenprint enhancement, ii) minutia extraction and iii)
verification on Sd27. Red: no-enhancement; blue: using frequency maps
of [34]; green: using frequency maps of the current suggestion.

higher spatial resolution. Additional heuristics, for example
continuity of orientation, and frequency can be added to
any frequency estimation method (i.e. to both methods) to
reduce the problems caused by ambiguities when a foreign
wave pattern contaminates a genuine wave, e.g. as is done
in palm-print recognition [38] (see their eq. (5) and (6)),
or by using robust statistics to reject outlyers. However,
such add-ons must not obscure the fact that a frequency
estimation method must deliver a frequency whose merits
should be measured w.r.t. its accuracy and usefulness.
C. Enhancement, minutia extraction and verification
Enhancing tenprints is frequently utilized prior to minutia extraction and verification to improve the verification
performance and robustness. To evaluate our dense maps,
we have used (open source) software implemented by
independent authors for minutia based verification comprising: i) image enhancement, ii) minutia detection and
iii) verification.
For the first step we have used a publicly available (Univ.
W. Australia) implementation4 of the algorithm due to [34]
to enhance the tenprints of Sd27. This method relies on
low-resolution i) dense frequency maps extracted from 1D
profiles of the fingerprint (X-signature), assuming that local
orientation map is pre-computed, and ii) orientation maps
computed by eigenvector directions of the Structure Tensor
[14], [21] as inputs.
Second, we have extracted minutia automatically using
mindtct software (ver. 4.1.0), [43]. To evaluate the influence of dense maps on verification of minutiae, we have
extracted minutiae in regions of tenprints which truly matter
4 www.csse.uwa.edu.au/∼pk/research/matlabfns/FingerPrints/Docs/
index.html accessed 2014-08-31

for verification, namely those that were common with their
mates (fingermarks). Only the enhancement quality inside
this region is important for verification, since information
at the outside is not available in the fingermarks as judged
by the human experts. The annotation of these regions was
obtained from human experts (Match-Set), as represented
by the bounding box of minutiae (plus 10 pixels around to
reduce boundary effects).
Third, we have matched minutia of fingermarks extracted
by (FBI) examiners (Ideal-Set) against the automatically
extracted minutia, using bozorth3 software?? (ver. 4.1.0).
Fig. 10 (red) shows the DET curve based on tenprints
of Sd27 using steps ii) and iii) i.e. without enhancement,
serving as a baseline performance, summarized by an EER
of 33 %. As expected, introducing a careful enhancement
using the frequency and orientation maps of [34], lowers
the performance curve (blue) with ≈ 3 % points yielding
an EER of 30% over not applying enhancement to tenprints
(red). Since the source code of the used enhancement
method was available, we could test the performance of
i)-iii) by replacing its frequency and orientation maps with
ours, which have higher resolution, everything else being
identical. The result (green) shows an additional lowering
of the DET curve with 6 % points (compared to blue) in
verification performace, summarized by an EER of 24%.
These results support the view that there is significant room for improvement of verification performance by
ameliorating the existing methods of dense frequency and
orientation estimations in fingermark processing.
X. C ONCLUSION
We have shown that frequency measurement is an orientation estimation problem in the logarithmic scale space
generated by the Structure Tensor. A significant consequence is that isotropic and dense frequency maps can
be established independent of orientation estimation, nor
assuming existance of a unique orientation locally.
If linear scale space is to estimate frequency of a signal
comprising multiple orientations, at least second order
derivatives (Laplacian), are needed. We have shown that
a (non-linear) logarithmic scale space affords first order
derivative based estimations of dense scale, which have
smaller filter supports than those of second derivatives.
Experimental results using synthetic as well as forensic
images evidence that with 3 to 5 sampling taps in the scalespace, one can estimate the frequency accurately in the
TLS error sense, and obtain a certainty of the estimation,
avoiding scale interpolation.
Independently obtained dense frequency and orientation
maps can be combined in iterative schemes to improve each
other by local projections of the original on Gabor filters
steered by the dense maps.
Experimental evidence reveals for the first time that
frequency maps together with orientation maps have a
realistic potential to count ridges continuosly, without edge
thinning, ridge extraction, etc, on fingermarks.
Results from forensic fingerprints in ridge counting,
frequency map as descriptor of minutia neighborhoods,
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frequency map as input of enhancement are evidences of
the usefulness of the suggested dense maps.
Our results can be extended to gray images with
any finite coordinate dimension, as stated in the Theorems.
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A PPENDIX
First, we prove Multiple Orientations theorem stated in
Section IV. To this end, we define the vectors a, and e for
notational convenience as
a = (A1 , A2 , · · · , AM )T

and

e = (1, 1, · · · , 1)T
(A-1)

√
where kak = A and kek = M .
Proof of Multiple Orientations Theorem: If the input
follows (1), e.g. Fig. 4, the squared norm of its gradient is
X
−2
kh ∗ f k2 = G2 (ω 1 , σin
)k
ω k Ak sin(ω Tk r + ϕk )k2
k∈Q

−2
= G2 (ω 1 , σin
)

X

k6=k ∈Q

−2
[G(ω k − ω k0 , σout
) cos((ω k − ω k0 )Tr 0 + ϕk − ϕk0 ) · · ·
−2
− G(ω k + ω k0 , σout
) cos((ω k0 + ω k )Tr 0 + ϕk + ϕk0 )]

This reveals that Bd ∗g consists only of ripple terms, i.e. no
DC term. Using the fact that kω k ± ω k0 k2 = 2(1 ± ω Tk ω k0 )
will transform it to
X
1
−2 2
)k
Ak 0 Ak × · · ·
Bd ∗ g = kH(ω 1 , σin
2
0
k6=k ∈Q

1
ω Tk0 ω k Ak0 Ak ×
2

ω T0 ω k
[ k2
ω0

k,k0 ∈Q
T

where the integral terms are convolutions, producing ripple
terms subdued with the FT of g.
X ω T0 ω k
1 2 2
−2
k
Ak 0 Ak × · · ·
ω0 G (ω 1 , σin
)
2
ω02
0

T

[cos((ω k −ω k0 ) r+ϕk −ϕk0 )−cos((ω k0 +ω k ) r+ϕk +ϕk0 )]
(A-2)

= Bs (r) + Bd (r)

where Bs is summation over k, k 0 when the two indices
are the same and Bd is when they are different as follows.
X
1
−2
Bs = G2 (ω 1 , σin
) kω k k2 A2k [1 − cos(2(ω Tkr + ϕk ))]
2
k∈Q
(A-3)
X
1
−2
2
T
(A-4)
Bd = G (ω 1 , σin )
ω k 0 ω k Ak 0 Ak ×
2
0
k6=k ∈Q

T

[cos((ω k −ω k0 ) r+ϕk −ϕk0 )−cos((ω k0 +ω k )Tr+ϕk +ϕk0 )]
Then, the trace of S can be decomposed to two convolutions
I11 = (Bs ∗ g)(r 0 ) + (Bd ∗ g)(r 0 )
Z
Z
2
2
= Bs (r)g(r + r 0 , σout
) + Bd (r)g(r + r 0 , σout
)

(A-5)

2ω02
exp(− −2
(1
2σout

ω T0 ω k
− k 2 )) cos(· · · )
ω0

+ ···

ω T0 ω k
ω Tk0 ω k
2ω02
(1 + k 2 )) cos(· · · )]
exp(− −2
2
ω0
ω0
2σout

(A-7)

ωT ω0

For the sequel, it is worth noting that 0 ≤ kω2 k ≤ δ and
0
the slowest decaying term in (A-7) (the first exponential)
2
can be made small by an appropriate σout
1
δ
2ω02
2
−2 (1 − δ)) ≤  ⇔ ω 2 (1 − δ) log(  ) ≤ σout
2σout
0
(A-8)
2
Apropriate choice of σout
(A-8), substitution of (A-7),
(A-6) in (A-5), and division by 12 kHk2 kak2 provide,
δ exp(−

1
−2 2 2 −1
I11 · ( kH(ω 1 , σin
)k A ) ≤
2
X
1+δ
δ
Ak0 Ak /kak2 ] =
[1 + (/δ) 1−δ ) + (1 + (/δ) 1−δ )
k6=k0 ∈Q

[1 + (/δ)
[1+(/δ)

1+δ
1−δ
1+δ
1−δ

) + (1 + (/δ)
))+(1+(/δ)

δ
1−δ

δ
1−δ

)((eT a)2 /kak2 − 1)] ≤

)(M −1))] = 1+1 (A-9)

where we have used Schwartz inequality, (eT a)2 ≤ M ·
where the first integral evaluates to
kak2 , to simplify the summation term. Since Eq. (A-9) can
Z
X 1
−2
T
2
2
2
Bs ∗g = G (ω 1 , σin )ω0 Ak [1− cos(2(ω k r+ϕk ))g(· · · )] be made arbitrarily close to 1 by choosing  small, which
2
2
in turn determines an appropriate σout
via (A-8), we can
k∈Q
contain all vacillations of the output to obtain an essentially
containing integrals representing convolution with sinu- constant trace for fixed ω , δ and M
0
soids. Noting that kω k k = ω0 and kHk = ω0 G, the
1
−2 2 2
expression of Bs ∗ g can be transformed to
)k A
(A-10)
I11 ≈ kH(ω 1 , σin
2
2
X
1
4ω0
−2 2
Bs ∗g = kH(ω 1 , σin
)k
A2k (1+exp(− −2
) cos(· · · ))
2
Next, we prove a theorem, needed to construct and
2σout
k∈Q
(A-6) study the behaviour of adaptive Gabor filters, used for
because sinusoids result in sinusoids in linear systems. enhancement. Enhancement, e.g. Fig. 6, is a by product
However the integral term is now reduced to a ripple term, of producing dense frequency and orientation maps. Only
2
these maps are used to automatically count edges fractionthe amplitude of which can be contained by fixing σout
.
ally along an arbitrary path, Section VIII. After the proof,
The second contributor to (A-5), Bd ∗ g, is
we present our construction of the Gabor filters.
Z
X
1
2
Bd ∗g = G2 (· · · )
ω Tk0 ω k Ak0 Ak
g(r+r 0 , σout
)×· · · Theorem (Gabor Iteration). Let Kf be the transforma2
k6=k0 ∈Q
tion
Z
0
0
(Kf
)(r)
=
hGabor
(A-11)
T
T
ω g ,σg2 (r )f (r − r )
[cos((ω −ω 0 ) r+ϕ −ϕ 0 )−cos((ω 0 +ω ) r+ϕ +ϕ 0 )]
k

k

k

k

k

k

k

k
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where f is a Fourier Transformable function with FT
equaling to F (ω), and hGabor
ω g ,σ 2 is Gabor function
g

kr 0 k2
1
0
exp(−
) exp(iω g T r 0 ) (A-12)
hGabor
ω g ,σg2 (r ) =
2
2πσg
2σg2
with ω g , and σg being finite constants, in IR2 and IR+
respectively. Provided that F (ωg ) 6= 0:
lim

n→∞

K nf
= exp(iω g T r)
|K n f |

(A-13)

Proof: The input image f is expressed relative coordinates of the Gabor filter function. Transformation Kf is
a convolution. Then, remembering the FT of a Gaussian is
given by (12), and multiplication with a complex exponential corresponds to translation in FT domain, we obtain FT
of K n f as the product
F(K n f )(ω) = exp(−nσg2 2−1 kω − ω g k2 )F (ω) (A-14)
Since f is Fourier transformable, |F | is continuous,
exp(−nσg2 2−1 kω − ω g k2 )|F (ω) − F (ω g )| ≤  (A-15)
for arbitrary  with due large n so as
F(K n f ) = exp(−nσg2 2−1 kω − ω g k2 )F (ω g )

(A-16)

is valid. In other words, the error of replacing F (ω) in
(A-14) with the constant function F (ω g ) can be made
arbitrarily small by applying K appropriately many times.
However, inverse FT of (A-16), equals to
(K n f )(r) =

krk2
F (ω g )
exp(−
) exp(iω g T r) (A-17)
2πnσg2
2nσg2

where F (ω g ) 6= 0. Thereupon (A-13) follows.
Adaptive Gabor filters for fingerprint enhancement:
Gabor Iteration theorem points at the urgency of estimation of frequency parameters of the image correctly when
projection on Gabor filters is used as oriented-smoothing
strategy. It shows that K n f will produce a complex sinusoid that is in agreement with frequency parameters of
the Gabor filter (ω g ) with increased n, rather than that
of the input image, even if the latter happens to be a
sinusoid. Therefore, only if frequency parameters of the
local sinusoid ω f are approximated sufficiently closely by
ω g of Gabor function, K n f will smooth local image along
iso-curves, and reproduce the ridge pattern along gradient
directions. A strategy to escape from traps of erroneous
frequency parameters (employed here) is to reestimate them
after each oriented-smoothing iteration.
We model a local image in a fingerprint ideally as
f (r − r 0 ) = A cos(φf − ω Tf r 0 )

(A-18)

where r is filter coordinates and φf =
is the phase
offset relative filter center. In other words the image f is
shifted such that r 0 = 0 yields the current point. Accordingly when the current point, r, changes, this changes φf .
Section IV together with structure tensor studies suggest
a method to estimate absolute frequency and direction
0

ω Tf r

densely, ω f . Thereupon, estimations of ω f can be assumed
to be available densely, whereas the phase φf is unknown.
Next we show that the the complex sinusoid resulting
from an iterative process (A-13) can be used to compute
φf , and thereby to construct sinusoids that agree with ridges
in phase, absolute frequency and orientation. Together,
these sinusoids produce amplitude normalized enhanced
fingerprints, e.g. Fig. 7. However, we need first to establish
the relationship of the scale parameter of the Gabor filter,
σg with the frequency parameters of an input sinusoid ω f
for image reconstruction.
We use the theorem wherein the input image is as
in (A-18), and we set ω g = ω f providing a Gabor
filter hGabor
ω f ,σg2 (r) adapted to local absolute frequency and
orientation but its σg is undetermined as of yet.
Equation (A-11) is a convolution when calculated for
all neigborhoods. However one can also see it as a scalar
product when computed for one local image, and express it
in frequency plane. This is possible because scalar products
are conserved under FT, Plancherell-Parseval Theorem.
This allows to compute (A-11) in the FT domain as
integration between the FT of hGabor
ω f ,σg2 (r), and the FT of
f (r) = A cos(ω Tf r), (A-18), where the integration is
carried out w.r.t. ω 0 :
Z
kω 0 − ω f k2 A
) δ(ω 0 − ω f) exp(iω Tf r)+
Kf (r) = exp(−
2
2σg−2
Z
0
2
kω − ωk A
exp(−
) δ(ω 0 + ω f) exp(−iω Tf r) (A-19)
2
2σg−2
Dirac δ distributions extract values of Gaussians at ω 0 =
ω f and ω 0 = −ω f , respectively,
Kf (r) = exp(−
exp(−

kω f − ω f k2 A
) exp(iω Tf r)+
2
2σg−2

kω f + ω f k2 A
) exp(−iω Tf r)
2
2σg−2

(A-20)

The first Gaussian term reaches its maximum, 1, whereas
the value of the second Gaussian depends on k2ω f k.
The second Gaussian can be approximated with zero
at arbitrary accuracy provided that k2ω f k is appropriately
large compared to σg−1 . To achieve a reasonable accuracy,
we couple σg−1 to kω g k, which is in turn approximated by
the estimated absolute frequency of the input ωf = kω f k,
by
ωf = 2σg−1
(A-21)
This allows for two periods/ridges in the local image to
estimate the phase by, one on each half of the filter support,
and the (second Gaussian) factor attains values less than
0.0005, yielding
2Kf (r) =

A
exp(iω Tf r) = A exp(i(ω Tf r))
2

(A-22)

a residual amplitude of 0.0005 or less. Using (14) would
yield a residual amplitude up to 0.61 even on the ideal
input, (A-18).
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The coupling in (A-21) is different that of (14) in that σg
of a Gabor filter determines the spatial extent of oriented
smoothing the filter applies (the frequency vector sensitivity
being under the control of the other parameter, ω g ) whereas
σin of a gradient filter determines the absolute frequency
to which the filter is most sensitive. The Gabor filter is used
here to apply oriented smoothing to a fingerprint to obtain
an enhanced image, after that an absolute frequency map
has been built. For oriented smoothing to be successful, one
needs to reduce the influence of the second term in (A-20),
so that the real part of 2Kf is the input sinusoid, if it
is noise free, the smoothed input sinusoid along “correct”
iso-curves if it contains noise.
Consequently, an appropriate choice of the Gabor parameter σg allows for recovery of the input sinusoid phase via
the argument of Kf , being φf = ω Tf r. It is then clear that
the real part of 2Kf
<(2Kf )(r) = A cos(ω Tf r)

(A-23)

is a sinusoid steered by the local phase. Provided that the
local image is well approximated by a sinusoid, (A-18),
there is then no need to apply K more than once, to obtain
the local phase, and thereby the normalized input, i.e. f
with A = 1 in (A-18).
In our application the goal was to obtain a stable and reasonably accurate absolute frequency map. In fingerprints,
especially so in fingermarks, the local images deviate from
a perfect sinusoid and the frequency parameters are not
correctly estimated at the inset. Therefore, we have evaluated K n f for 1 ≤ n in an iterative process. Before each
application of K, the absolute frequency and orientation,
i.e. ω f , is estimated based on the latest Kf , (f initially),
to escape the trap hinted by Gabor Iteration theorem.
After each iteration the global average of absolute frequency is estimated. This global measure (rather than a
local criterion) is used as convergence criterion when establishing absolute frequency maps for fingerprints. The final
enhanced image (K n f ) is amplitude normalized (A=1).
That is, what is shown in Fig. 7, is <(K n f /|K n f |). The
image values are set to zero (gray points), if |K n f (r)| <
0.1 maxr (|K n f |)(r)|.

