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Abstract
Power systems are critical infrastructures for the society. They are therefore planned and operated to provide a reliable eletricity delivery. The set of
tools and methods to do so are gathered under security management and are
designed to ensure that all operating constraints are fulfilled at all times.
During the past decade, raising awareness about issues such as climate
change, depletion of fossil fuels and energy security has triggered large investments in wind power. The limited predictability of wind power, in the form
of forecast errors, pose a number of challenges for integrating wind power in
power systems. This limited predictability increases the uncertainty already
existing in power systems in the form of random occurrences of contingencies
and load forecast errors. It is widely acknowledged that this added uncertainty due to wind power and other variable renewable energy sources will
require new tools for security management as the penetration levels of these
energy sources become significant.
In this thesis, a set of tools for security management under uncertainty is
developed. The key novelty in the proposed tools is that they build upon probabilistic descriptions, in terms of distribution functions, of the uncertainty. By
considering the distribution functions of the uncertainty, the proposed tools
can consider all possible future operating conditions captured in the probabilistic forecasts, as well as the likeliness of these operating conditions. By
contrast, today’s tools are based on the deterministic N-1 criterion that only
considers one future operating condition and disregards its likelihood.
Given a list of contingencies selected by the system operator and probabilitistic forecasts for the load and wind power, an operating risk is defined in
this thesis as the sum of the probabilities of the pre- and post-contingency violations of the operating constraints, weighted by the probability of occurrence
of the contingencies.
For security assessment, this thesis proposes efficient Monte-Carlo methods to estimate the operating risk. Importance sampling is used to substantially reduce the computational time. In addition, sample-free analytical
approximations are developed to quickly estimate the operating risk. For security enhancement, the analytical approximations are further embedded in
an optimization problem that aims at obtaining the cheapest generation redispatch that ensures that the operating risk remains below a certain threshold. The proposed tools build upon approximations, developed in this thesis,
of the stable feasible domain where all operating constraints are fulfilled.
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Sammanfattning
Välfungerande kraftsystem är av avgörande nytta för samhället. Metoder
och verktyg används regelbundet för att upprätthålla den begärda säkerhetsnivån genom att säkerställa att alla säkerhetsgänser uppfylls.
Under det senaste årtiondet har viktiga samhällsproblem förknippade med
klimatförändringen samt förminskningen av tillgången till fossila bränslen och
energisäkerhet uppmärksammats. Detta har lett till betydande investeringar
i vindkraft. Den begränsade förmågan att prognostisera vindkraft ger upphov
till nya utmaningar i drift och planering av kraftsystem. Vinkraftens prognosfel läggs till den redan befintliga osäkerheten från lastens prognosfel och
de slumpmässiga fel som kan inträffa i kraftsystemets komponent. För att
beakta denna ökande osäkerhet krävs nya metoder och verktyg.
I denna avhandling har sådana metoder och verktyg utvecklats, som bygger på en probabilistisk beskrivning av osäkerheten i form av sannolikhetsfördelningar. Dessa sannolikhetsfördelningar antas vara tillängliga från probabilistiska prognoser. Genom att ta hänsyn till dessa fördelningar kan de
föreslagna metoderna och verktygen ta hänsyn till alla möjliga framtida driftlägen som fångats i de probabilistiska prognoserna. Dessutom beaktas även
dessa driftlägens sannolikheter. Därmed skiljer sig de föreslagna metoderna
mot dagens metoder som bygger på det deterministiska N-1-kriteriet och bara
tar hänsyn till ett fåtal framtida driftlägen och som dessutom inte beaktar
framtida driftlägens sannolikheter.
Givet en uppsättning komponentfel utvalda av systemoperatören kan vi
definiera en driftrisk. Driftrisken definieras i denna avhandling som summan
av alla sannolikheter för överträdelse av systemets säkerhetsgränser efter att
de utvalda komponentfelen intäffar, viktade med dessa komponentfels sannolikheter.
Monte Carlo-baserade metoder med viktad simulering har tagits fram för
att på ett effektivt sätt skatta denna driftrisk. Dessutom har två samplingsfria, analytiska approximationer utvecklats för att snabbt utvärdera driftrisken. Dessa analytiska approximationer har även använts för att approimera
lösningen till ett optimeringsproblem. Detta optimeringsproblem ger den billigaste generationsomfördelning som säkerställer att driftrisken förblir under
en fördefinierad tröskel. Dessa verktyg för att utvärdera driftrisken och styra systemet under en viss risknivå bygger på approximationer av det stabila
området där alla driftvillkor uppfylls. Dessa approximationer har också utvecklats i denna avhandling.
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Although this may seem a paradox, all exact science is dominated by
the idea of approximation. When a man tells you that he knows the
exact truth about anything, you are safe in inferring that he is an
inexact man.
Bertrand Russell

Chapter 1

Introduction
This chapter motivates the topic of this dissertation, defines the scope, and presents
the scientific contributions.

1.1

Background

Power systems are critical infrastructures providing and enabling essential services
to the society. Failure in power systems can have severe consequences in terms
of societal cost and national security. Reliable electricity delivery is therefore of
utmost importance for the whole society.
The first power system was installed in 1881 in England, followed by Pearl
Street Station built by Edison in the USA in 1882. Since then many challenges and
transformations have shaped power systems. In their early days, the question of
whether to use alternating or direct current was up for debate, before the former
gained widespread support. Fastforwarding to 1965, unit sizes had grown and the
once scattered local power systems had got interconnected. Offering eletricity at
the cheapest rates was the goal [13]. On November 9th of that year, 30 millions
people lost access to electricity in the entire Northeastern interconnection in North
America. Following this blackout, reliability became a major concern not to be
sacrified for economy. In addition, emphasis was put on improving the exchange of
information between neighbouring transmission system utilities.
In 2003, three major blackouts in North America, Scandinavia and Italy occurred. The analysis made a posteriori advocates once again stronger requirements
of ensuring up-to-date reliability standards [14]. Among the propositions to improve reliability, the authors discuss the use of risk-based security assessment, the
topic of this dissertation. Lack of communication between system operators and
violation of reliability criteria have been consistently identified among the main
causes of subsequent blackouts [15], [16].
Power system operations and planning are the two key stages in securing reliable
3
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electricity delivery. Power systems are planned for years ahead of actual delivery to
ensure that enough generation and grid capacity will be available to reliably supply
the forecasted demand. The actual delivery is maintained secure during power
system operations by careful assessment and control. Power system planning makes
sure that adequate resources are available while power system operations aim at
observing and reacting to real-time events to maintain security.
During the past decades, three major changes have occurred in power systems
[17]. First, it has become more difficult for system operators to obtain public acceptance for building new overhead lines, making the overall process of grid expansion
longer and more complicated. Second, large-scale installation of new variable energy sources has begun taking place. Third, utilities have been unbundled following
liberalisation of electricity markets, thus splitting production and transmission activities. The next section discusses in further detail the latter two.

1.1.1

Changes in power systems

Cumulative installed
capacity [GW]

Raising awareness about human-induced climate change, depletion of fossil fuel
reserves and energy security has initiated a move towards large-scale deployment
of wind power in power systems in the past decade, see Figure 1.1.

600

Historical data
Market forecasts

400
200
0
2002 2004 2006 2008 2010 2012 2014 2016 2018

Figure 1.1: Global cumulative installed wind power capacities for the period 20022018, numbers from [18]. Years 2014-2018 are forecasts.
As a result of the growth in wind power capacity, the share of electricity supplied
by wind power has been increasing exponentially, but remains smaller than 2 %
of the global net electricity generation, see Figure 1.2. Some countries, however,
are already experiencing large amounts of wind power as shown in Figure 1.3.
Figures 1.2 and 1.3 give yearly numbers. Instantaneous penetration levels (share of
electricity supplied by wind power at a given instant) can in many systems reach
much higher levels, with reports of 50 % instantaneous penetration in Ireland [19],
60 % in Spain [20], 84 % in Portugal [21] and 135 % in Denmark [22].
Deploying wind power in power systems allows to decrease CO2 emissions [24]–
[27] but also brings about fundamental changes in the way power systems are

Wind power penetration
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Figure 1.2: Share of global net electricity generation from wind power, numbers
from [23].

Figure 1.3: Share of net electricity generation from wind power in 2012, in all
countries where this share is larger than 5%, numbers from [23].

planned and operated. Wind power and other variable renewable energy sources
(vRESs) are more variable and less predictable than conventional energy sources
such as hydro (with reservoirs), nuclear, coal and gas.
Variability is due to the natural variations of vRES while predictability is the
ability of accurately forecasting these variations. The larger variability calls for a
more flexible operation of the rest of the power system. The larger unpredictability calls for methods in power system operation and planning that can handle the
uncertainty associated with the forecast errors. Predictability can be improved
through technological improvements enabling better forecasting methods. For ex-
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ample, in Spain, forecast errors decreased by one third for day-ahead and longer
time horizon and one half for shorter time horizons between 2008 and 2012, [28,
Chapter 2].
Liberalisation of electricity markets, the separation of transmission and generation assets, is the second major change in the electricity sector. When both transmission and generation were integrated in vertical utilities, these could coordinate
transmission planning with generation planning and power system operations. It
is no longer the case in today’s deregulated environments. Consequently, power
systems have been pushed closer to their operating limits to maximize the use of
the assets [17], [29]. In addition, system operators’ visibility and control over large
parts of system, such as individual power plants, have decreased.

1.1.2

Power system operations and planning

Securying a reliable electricity supply requires careful assessment and control in
both power system operations and planning. Although reliability is the common
goal, different aspects are investigated depending on whether operations or planning
are considered. In planning, reliability is mainly related to adequacy, defined as
follows [30].
The concept of adequacy is generally considered to be the existence of
sufficient facilities within the system to satisfy the consumer demand.
These facilities include those necessary to generate sufficient energy and
the associated transmission that transport the energy to the actual load
points.
In operations, reliability is mainly related to security, defined as follows [29].
Security refers to the degree of risk in a power system’s ability to survive
imminent disturbances (contingencies) without interruption to customer
service. It relates to robustness of the system to imminent disturbances
and, hence, depends on the system operating condition as well as the
contingent probability of disturbances.
In the definition of security, operating conditions refer to the consumption of the
loads, the production of the generators, the flows on the transmission lines and,
more generally, the settings of all components in the power system at the time just
before a disturbance occurs. Disturbances can be small disturbances such as load
changes or large disturbances such as the loss of a large generation unit or of a
major transmission line. Large disturbances are also called contingencies.
This dissertation deals with security management. For a power system to be
secure, it must not only be stable and within operational constraints defined by
the system operator, but also remain so after disturbances occur. Maintaining and
recovering power system stability is a multifaceted problem, because power system
instability can take many forms. In security management, these multiple forms
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are aggregated into steady-state security and dynamic security [31]. The existence
of stable post-contingency operating conditions, or equilibria, within operational
constraints defines steady-state security. The existence of such a post-contingency
equilibrium is not enough to guarantee post-contingency stability, since the power
system must also be able to reach this equilibrium. Dynamic security is concerned
with this ability.
Security management has two aspects: assessment and enhancement (or control)
[32]. Assessment is the process in which the current security status of power systems
is evaluated and checked against relevant security criteria. Typically, this security
criteria is the so-called N-1 criterion which states that the system must remain
stable if a contingency occurs. In practice, what is meant by “contingency” is
system specific and can include several coincidental events, such as the tripping of
two parallel lines. The considered contingencies for which the N-1 criterion applies
are selected by system operators. Security enhancement or control is the process
in which system operators decide to take actions. These actions can be either
preventive or corrective. Preventive actions, such as changes in the production of
some generators, ensure that the system will be able to remain stable should any
of some considered contingencies occur. Corrective actions, such as load shedding,
are taken when the system has violated or is close to violate stability or operational
constraints.

1.2

Motivation and scope of the thesis

The changes brought about by liberalisation have pushed power systems closer to
the operating limits, calling for careful consideration of system security. Large penetrations of wind power have increased unpredicability of the operating conditions
[33], calling for careful consideration of the uncertainty due to forecast errors. A
need for new methods has therefore been advocated for all aspects of power system
operations and planning [17], [34].
Addressing all these challenges is a formidable task. This dissertation is concerned with security management for power system operations under uncertainty.
System security depends on the operating conditions and on the occurrence of contingencies, see Section 1.1.2. Tools for security managaement must therefore take
into account two main sources of uncertainty: the forecast errors on the operating
conditions (load and wind power forecast errors) and the likelihood of contingencies
to occur.
Forecasting tools provide the system operators with possible values for the load
and wind power for the period of interest, for example the coming 15 minutes. Much
work has been done on load and wind power forecasts. Load has been the main
source of uncertainty in the past and load forecasting is now quite accurate both
due to system operators’ experience and to the predictable and recurring patterns
in everyday’s load profiles. Wind power forecasts, on the other hand, is a younger
field, and wind power is not as predictable as loads.
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Today’s state-of-the-art forecasts are probabilistic forecasts [35, Chapter 12].
Probabilistic forecasts give not only expected values but also probability distributions for the future load and wind power production, in contrast to point forecasts
which only give one particular outcome, for example the expected value. Probabilistic forecasts therefore provide both a set of possible future operating conditions
and the probability of these situations. It is important to note, however, that these
probabilistic forecasts are also uncertain since the supplied probability distributions
are estimates of the forecast errors around the expected value.
Using probabilistic forecasts would enable system operators to consider the likelihood associated with each possible outcome in the set given by the probabilistic
forecasts. Considering these probabilities help system operators operate power systems in a more flexible way, since the cost of a decision can be weighted against
the likelihood of the outcomes considered when taking this decision.
Today’s operational practices, however, are mainly based on deterministic criteria, such as the N-1 criterion. The larger unpredictability entailed by wind power
and other vRES questions these deterministic practices. When the information at
hand on possible future operating conditions is probabilistic, today’s operational
practices can result in high operating costs if the deterministic criteria must be fulfilled for all possible operating conditions described in the probabilistic forecasts,
irrespective of their occurrence probability. In the same vein, according to the N1 criterion, the system must be prepared for any of the considered contingencies
irrespective of their occurrence probability, which may result in unnecessary costs.
From the discussion above, tools for security management under uncertainty
must differ from today’s tools. In particular, these new tools must consider the
probability information given by probabilistic forecasts in order to strike a balance
between costs and risk. Such tools presuppose the existence of risk criteria that
can replace or supplement today’s deterministic criteria, and particularly the N-1
criteria.
There are three research questions to be considered when designing a framework
for security management under uncertainty [36], [37]:
Q1 Definition of new risk criteria and of acceptable risk levels.
New risk criteria are based on probabilistic security indices that must make
full use of the probabilistic information at hand (load and wind power probabilistic forecasts and occurrence probabilities of contingencies). In addition,
threshold values for these indices must be set that correspond to allowable
risk levels.
Q2 Evaluation of these risk criteria for security assessment.
The indices previously defined must be computed close to real-time. Efficient
methods must be developed for the estimation of these indices.
Q3 Security enhancement to ensure that the risk criteria are met. The probabilistic
security indices must be embedded in decision-making methods for security
enhancement to supply system operators with optimal socio-economical decisions ensuring that the indices remain within acceptable bounds.
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The first research question is fundamental since the probabilistic security indices
developed as part of this question are used in the other two research questions.
Setting a threshold for these indices is system dependent and it would therefore
be up to system operators to do this, since they have the best knowledge and
experience of their own systems.
Figure 1.4 shows the scope of the dissertation within the wider areas of power
system operations and planning and power system adequacy and security. Probabilistic methods and tools will be proposed for assessment and enhancement for
steady-state security management. The time frame of interest is that of power
system operations, i.e., it extends from a few minutes ahead to one hour ahead.
The time horizon impacts both the uncertainty induced by load and wind power
forecast errors and the decisions that can be taken by system operators.

Seasonal, weekly and day-ahead
planning

Intra-day
planning

Operations

Time
Market clearing

Adequacy

Uncertainty:
(i) load forecast erros
(ii) wind power forecast errors
(iii) occurrence of contingencies

Hour of
delivery

Security management
Probabilistic

Deterministic

Steady-state security

Dynamic security

Assessment

Decisions

Preventive

Corrective

Figure 1.4: The scope of the thesis is highlighted in gray: designing new probabilistic tools and methods for security management that consider the uncertainty
induced by load and wind power forecasts and possible contingencies.
Dynamic security will not be considered, and, in decision making for security
enhancement, only preventive actions in the form of generation re-dispatch (sometimes called short-term economic dispatch) will be studied1 . In particular, start1 Further

development of this work to include corrective actions has been proposed in [38], [39].
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up and shutting-down of power plants, setting of phase shifting transformers and
FACTS devices and load shedding actions are not considered in the list of possible
decisions. The controllable generators participating in re-dispatch must be able to
change their production according to the optimal re-dispatch orders within the time
defined in grid codes. Failures in enforcing the re-dispatch orders have not been
considered.
The methods in this work have been developed considering the increased uncertainty due to wind power. Other variable renewable energy sources (vRESs) such as
solar power can be integrated in the framework proposed here by proper modeling
of their forecast error distribution.

1.3

Scientific contributions

Deterministic criteria such as the N-1 criterion require that power systems are operated in the stable feasible domain and preventive decisions are taken so that the
system remains there even after contingencies occur. The stable feasible domain
is the set of all operating conditions for which the system satisfies operating constraints. As discussed in Section 1.2, these deterministic criteria cannot account
for the information at hand in terms of probabilistic forecasts for load and wind
power, and probabilities of occurrence of the contingencies. Probabilistic methods,
on the other hand, do use this information.
In this dissertation, probabilistic methods are developed, which consider the
probability of violation of operating constraints at a particular time ahead in the
future, i.e. the probability to be outside the stable feasible domain at that time.
This probability is termed, in the following, operating risk. The operating risk
takes also into account probabilities of violations after contingencies occur and
weigh them with the probability of occurrence of contingencies. More specifically,
the operating risk proposed in this work is defined as follows.
Definition 1.1 (Operating risk)
Let T be the particular time of interest in the future, typically 1 min to 1 hour
ahead from now. Assume that the following information is available for this time
T:
• F: Probabilistic forecasts for the load and wind power.
• C: A set of considered contingencies.
• qc , c ∈ C: Probabilities of occurrence of the considered contingencies.
The operating risk given this information is a function of the production u of the
controllable generators and denoted RF,C (u). It is defined as
RF,C (u) =

X
c∈C

qc Prob {Operating constraints violated at T in system c}
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The probabilities of violations depend on the load and wind power distribution
functions given by the probabilistic forecasts. The term “system c” refers to the
pre- or post-contingency system c, c ∈ C.
There is active ongoing research in security management under uncertainty,
which will be thoroughly reviewed in Section 3.3. The different contributions differ
by the formulation of the operating risk and by what is considered as operating
constraints. Security is defined as the ability of power systems to remain stable
and within operational limits after the occurrence of contingencies. It is therefore
critical to consider stability issues in security management.
The main contribution of this work is the design of a framework for probabilistic
security management that integrates steady-state voltage stability in the considered
operating constraints. Operating constraints are here defined as steady-state voltage stability constraints and other operational constraints such as thermal limits,
transmission limits or bus voltage constraints. Due to the nonlinear nature of power
systems, the stable feasible domain considering these operating constraints does not
admit any parametrization.
The approach taken in this work is a two-step approach that first characterizes
the stable feasible domain and, second, uses this characterization in security assessment and control. Contributions can be grouped in three topics that all belong to
the proposed framework for probabilistic security management.
The first topic of this dissertation lies in the characterization and approximation
of the stability boundary that bounds the stable feasible domain. Both steady-state
voltage stability constraints and operational constraints are taken into account
in the characterization of the stable feasible domain. The approximation of the
stability boundary allows for a parametrization of the stable feasible domain, which
can be used in security assessment and security enhancement.
Problem 1 (Parametrized approximation of the stable feasible domain)
Develop a parametrized approximation of the stable feasible domain, considering
steady-state voltage stability and operational constraints.
The second topic is the developement of methods to estimate the operating risk.
The operating risk must be maintained under a certain threshold corresponding to a
very low probability of violation of stability and operational constraints. In practice,
system operators would likely determine this threshold according to offline studies
and operational experience. To give a sense of the magnitude of this threshold,
consider the violation of stability constraints that would lead to system instability,
and in some cases, to interruption of power supply for some customers. Figure
1.5 shows the acceptable operating risk that system operators would choose as
a function of the number of interruptions in ten years they are ready to accept,
considering a time horizon of fifteen minutes. For example if five interruptions in
ten years are acceptable, the probability of violation of stability constraints should
be no more than 1.5 × 10−5 in the next fifteen minutes. Computing such low
probabilities is challenging since the obvious but naive Monte-Carlo simulations
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(MCSs) are computationally demanding for this task. Therefore, approximations
and speed-up methods for MCS are developed.

Operating risk

Problem 2 (Evaluation of operating risk)
Given a dispatch of the controllable generators, probabilistic forecasts for load and
wind power and occurrence probabilities of contingencies, estimate the operating
risk.

3

·10−5

2
1
1
5
10
Number of interruptions in ten years

Figure 1.5: Allowed operating risk in the coming fifteen minutes as a function of
number of allowed interruptions over 10 years.

The third topic is the development of methods to embed the defined operating
risk in security enhancement. In the scope of this dissertation, security enhancement
is a decision-making process which must provide system operators with preventive
actions which ensure that the operating risk does not exceed a pre-defined threshold
at a minimal cost. Such a decision-making problem is an optimization problem
with probabilistic constraints. It is termed chance-constrained optimal power flow
(CCOPF).
Problem 3 (Chance-constrained optimal power flow – CCOPF)
Given probabilistic forecasts F for the wind power production and the load, and
probabilities of occurrence qc of the considered contingencies c ∈ C, determine the
optimal production of online generators so that the operating risk remains below a
very small given threshold at a minimal cost. Formally, the problem is formulated
as
min C(u)
u∈U

subject to RF,C (u) ≤ α,
where C(u) is the production cost of production u ∈ U , where U is a set of admissible productions for the participating generators. The pre-defined threshold is
α.
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Figure 1.6 shows how the three problems relate to each other and to research
questions Q2 and Q3 identified in Section 1.2. Research question Q1 is addressed
in the definition of the operating risk given previously.

Security assessment (Q2)

Problem 2
Evaluation of the
operating risk

Security enhancement (Q3)

Problem 1
Parametrized
approximation of the
stable feasible domain

Problem 3
Obtaining the
optimal preventive
control actions
(CCOPF)

Figure 1.6: Proposed framework and relation of the three defined problems to each
other and to research questions Q2 and Q3.

1.3.1

Using the contributions in power system operation

Figure 1.7 shows how the contributions to the three problems defined above can be
used in power system operations.
By solving Problem 1, a parametrized approximation of the stable feasible
domain is computed. This step is too computationally demanding to be performed
in real-time during the operating period. It can instead be repeatedly run offline at
times t0 outside the operating period. A database of parametrized approximations
can be updated with the results from the different runs.
At a certain time t during the operating period, the system operator monitors
the operating risk for a time t + δ ahead in the future by solving Problem 2, given
wind power and load forecasts for that time t + δ. The operating risk is computed
for the current dispatch u0 of the controllable generators, i.e. assuming that no
actions would be taken until t + δ. The methods developed in this thesis for solving
Problem 2 build upon the approximations obtained by solving Problem 1.
If the operating risk is larger than a pre-defined security threshold α, Problem
3 is solved, also by using the approximations from Problem 1. The cheapest redispatch u of the controllable generators ensuring that the operating risk is below
the threshold is determined. The re-dispatch orders are sent to the participating
generators, and must be enforced before time t + δ.
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Operating period
(one hour or less)
t0

t+δ

t

Time
Problem 1: Compute parametrized
approximations
of the stable
feasible domains

Problem 2: Given
forecasts F for
t + δ and dispatch
u0 , RF,C (u0 ) ≤ α?
No
Problem 3:
Determine redispatch u such
that RF,C (u) ≤ α

Preventive
actions enforced

Send orders
to generators

Figure 1.7: The three problems during power system operation.

1.3.2

Summary of the contributions

The scientific contributions of this dissertation are summarized below.
Problem 1 Parametrized approximation of the stable feasible domain.
C1 Method to trace the stability boundary considering steady-state voltage
stability and other operational constraints.
C2 Derivation of second-order approximations of the stability boundary.
Problem 2 Security assessment: Evaluation of the operating risk.
C3 Use of Copulas to model correlation between wind power plants and between loads efficiently.
C4 Estimation of operating risk using Edgeworth expansions and the secondorder approximations of the stability boundary.
C5 Estimation of operating risk using Cornish-Fisher expansions and the
second-order approximations of the stability boundary.
C6 Importance sampling method based on points on the stability boundary
to speed up estimation of the operating risk by Monte-Carlo simulation
(MCS).
C7 Importance sampling method based on the second-order approximations
of the stability boundary.
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Problem 3 Security enhancement: Solving a chance-constrained optimal power
flow (CCOPF) to take the most economical preventive actions to ensure that
the operating risk is maintained below a given threshold.
C8 Use of Edgeworth expansions to solve the CCOPF.
C9 Use of Cornish-Fisher expansions to solve the CCOPF.
C10 Quantification of the benefits of using CCOPF.
Table 1.1 shows in which publications and chapters the contributions appear.
Table 1.1: Contributions in publications and chapters of this dissertation.
Problem

Contributions
A

Prob. 1

Prob. 2

Prob. 3

1.4

C1
C2

B

X
X

C3
C4
C5
C6
C7

X

C8
C9
C10

X

C

Publications
D
E
F

X

X
X

X
X

X

X
X

X
X

G

H

7

X
X
X
X

X

Chapters
5
6

X
X

X
X

4

X
X

X

X

X
X
X

Thesis outline

The outline of the dissertation follows the three problems identified above.
Chapter 2 This chapter gives a general background to the work developed in this
dissertation. Elements of power system stability are given. Power system
models used throughout this thesis are introduced. Existing tools for security
management are presented.
Chapter 3 This chapter discusses more specifically wind power and managing
uncertainty in security management. Models for the wind power forecast
errors are presented. A literature study of proposed methods for probabilistic
security management is performed.
Chapter 4 This chapter describes second-order approximations of the stability
boundary. It serves as an introduction to the relevant contributions of Publications A, C, E and F in this area.
Chapter 5 This chapter presents three Monte-Carlo based methods to estimate
the operating risk. One relies on tractable approximations of the operating
risk, while the other two are importance sampling techniques to speed up
MCS. It summarizes some contributions of Publications C, E, F, and the
contributions of Publications G and H.
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Chapter 6 This chapter presents two analytical approximations to estimate the
operating risk using sample-free methods. It summarizes the contributions of
Publications B, C, E and F.
Chapter 7 This chapter introduces methods to embed the operating risk in decision making in the form of a chance-constrained optimal power flow (CCOPF).
The analytical approximations from Chapter 6 are used to make the CCOPF
tractable. It summarizes some contributions of Publications B, C, D, E and F.
Chapter 8 This chapter concludes the thesis and proposes some possible research
directions for future work.

Chapter 2

Background
This chapter gives a general background to the work developed in this dissertation.
Elements of power system stability are given. Power system models used throughout
this thesis are introduced. Existing tools for security management are presented.

2.1

Operating period and electricity markets

As defined in Section 1.2, this thesis deals with security management for power
system operations under uncertainty. The time frame of interest is therefore the
operating period where the actual electricity delivery takes place. Before the operating period, other time periods are relevant for electricity trading and the actual
supply of electricity to the consumers [40], see Figure 2.1.
Long-term financial markets Producers, consumers and retailers trade with
each other mainly to hedge against future price risks. The transactions are
not reported to system operators.
Operating reserve planning Operating reserves, such as frequency control reserves1 , are planned ahead of the operating period to ensure that appropriate
amounts of reserves will be available, and can be activated if necessary, during
the operating period. For example, in Sweden, the system operator purchases
primary frequency control reserves on two dedicated markets, one for reserves
for the day after, and one for two days after [41]. Balance responsible players
submit bids to the market to offer primary control reserves.
Day-ahead markets Balance responsible players2 trade either bilaterally or by
supplying bids to power pools for each operating period during the next day.
1 Frequency control reserves are used to maintain the real-time balance between production
and consumption, see Section 2.4.6
2 Balance responsible players are market players and can be producers, consumers or retailers.
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Market clearing:
Production
plans decided.
Seasonal and
weekly
planning

Day-ahead
planning

End of
planning.

Intra-day
planning

Operating
period

Time
Production
offers based
on load
and wind
day-ahead
forecasts.

Trading for
adjustments
(updated
forecasts,
units’
availability)

Ensuring
a reliable
electricity
delivery.

Figure 2.1: The different time frames for power system operation and planning.
The operating period lies in the scope of this thesis.

Operating periods are typically one hour, such as in Nordel3 , but can also
be shorter. Australia, for instance, has 5-minute operating periods [43]. The
bids supplied by the market players are used to dispatch the generation for
each operating period during the next day: this is called market clearing. By
supplying offers on the day-ahead markets, the players commit to fulfilling
them if their offers are accepted. If they do not, they will pay financial
compensations.
Intra-day markets After having submitted their offers to the day-ahead market
and before the actual operating periods, market players can still trade on
intra-day markets. The intra-day market trade allows the players to take into
account new information, such as better forecasts or unavailability of power
plants, before the actual operation period.
Balancing markets Ancillary services such as load following or balancing can
be procured on other markets than those used for production planning. In
Nordel, the balance responsible players can submit regulating bids to the
balancing market up to 45 minutes before the operating period [44]. These
bids are activated by the system operators if necessary during the operating
period to maintain balance between production and consumption.
3 Nordel gathers the transmission system operators of Denmark, Finland, Iceland, Norway and
Sweden [42]. Since 2009, it is part of European Network of Transmission System Operators for
Electricity (ENTSO-E).
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Operating periods The balance responsible players whose offers have been accepted have the responsibility to supply the offered energy over the operating
period. However, within the operating period, maintaining the balance between production and consumption and ensuring a secure electricity delivery
is the responsibility of the system operator. This thesis is concerned with
issues related to the operating period.
Post-delivery markets In post-delivery markets, imbalances that occurred during operating periods are financially settled.

In short, the balance responsible players, on the one hand, are responsible for
the energy balance between the planned production and the forecasted load. System operators, on the other hand, are responsible for ensuring a secure real-time
electricity delivery during the operating period and, in particular, to maintain the
balance between production and consumption on a continuous basis. This is illustrated in Figure 2.2, where the planned production is equal to the forecasted load
on average over the operating period, but imbalances arise on a continuous basis
(shaded area).

Load

Planned production
Time
Operating period
(one hour or less)
Figure 2.2: Forecasted load and planned production: they are equal on average but
not on a continuous basis.

The time frame of interest in this thesis is the time frame spanned by the
operating period (one hour or less). However, power system operations have an
impact on the planning phase, because power systems are planned assuming that
the real-time operations are handled in a certain way. Hence, although not directly
dealing with the planning phase, the work developed here will influence it.
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Power system modelling
General models

Power systems are typically modelled by a set of algebraic-differential equations:
ẋ = f (x, y, λ),

(2.1a)

0 = g(x, y, λ),

(2.1b)

where x ∈ Rnx are state variables, y ∈ Rny are algebraic variables, λ ∈ Rnl are
system parameters. The dynamics of the state variables are modelled by the function f : Rnx × Rny × Rnl → Rnx . They include, for example, generators’ field
voltages, angles and speeds. Algebraic variables are typically voltages at all buses
in the system as well as limited state variables. The dynamics of these variables
are much faster than that of state variables; therefore, it is generally assumed that
they are at their steady-state values, which relate to state variables x and system
parameters λ through the function g : Rnx × Rny × Rnl → Rny . System parameters
can be divided into controllable system parameters u ∈ Rnu and stochastic system
parameters ζ ∈ Rnp : λ = [uT ζ T ]T .
At steady state, an operating point is described by the equilibrium
f (x, y, λ) = 0,

(2.2a)

g(x, y, λ) = 0,

(2.2b)

which corresponds to the operating point after all dynamics have settled. In normal
operation, when the system parameters change, for example due to changes in
load or wind power production, the power system traces the corresponding set of
equilibria. However, stability issues can condition the existence of an equilibrium.
Some devices, such as automatic voltage regulators (AVRs) with overexcitation
limiters (OXLs), are switching devices whose modelling depends on their state.
Power systems containing such devices can be modelled as follows [45], [46]. Consider a switching device with two modes, modelled by either f a (x, y, λ) of f b (x, y, λ)
depending on its state. A power system with such a switching device can be modelled as follows at equilibrium:
ψ(x, y, λ) = 0,
a

(2.3a)

b

f (x, y, λ) · f (x, y, λ) = 0,

(2.3b)

a

(2.3c)

b

(2.3d)

f (x, y, λ) ≥ 0,
f (x, y, λ) ≥ 0,

where ψ contain all equations in f (x, y, λ) and g(x, y, λ) except those representing
the switching device. Equation (2.3b) ensures that at least one of f a,i and f b,i is
zero. Switching devices switches at breaking points.
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Definition 2.1 (Breaking point)
A breaking point (BP) λ is a point at which a switching device switches from one
state to the other.
For modelling wind power plants, models of different orders are available [47].
The choice of the order of the model is dependent on the application for which the
model is used. In the scope of this dissertation, i.e., steady-state stability, modelling
wind power plants as a negative load is adequate [47]. In this case, the wind power
plants’ variables only enter the stochastic system parameter ζ. In this dissertation,
wind power plants are assumed to produce with constant power factors. For other
applications, such as dynamic simulations, higher order models would be required.
In addition to Equations (2.1a) and (2.1b) modelling the power system components, operating limits can be considered.
Definition 2.2 (Operating limits)
Operating limits are constraints due to either physical limits or requirements from
the system operator. Operating limits are modelled as follows
h(x, y, λ) ≤ 0,

(2.4)

where h : Rnx × Rny × Rnl → Rnh , and nh is the number of considered limits. They
include, for example, limits on bus voltages, flows on transmission lines and active
power limits for generators.
Definition 2.3 (Operating constraints)
Using the terminology in [48], the steady-state equilibrium conditions in (2.2) and
the operating limits (2.4) are denoted the operating constraints.
The following section describes the two power system models used in this dissertation and the appended publications.

2.2.2

Models used in this dissertation

As will be seen in Section 2.3, it is important to consider generators’ reactive power
limits in stability studies. These limits can be modelled in different ways. The
following two examples give the detailed equations of the power system models
used in this disseration. The two examples correspond to two different levels of
modelling of the reactive power limits.
Example 2.1 (Generators as PV buses with reactive power limits)
In this first example, generators are modelled as PV buses4 , maintaining constant
their active power production and their terminal voltage, as long as they have not
reached their reactive power limit. When they reach their reactive power limit, they
are not able anymore to maintain their terminal voltage. Instead, their reactive
4 PV

buses are buses at which the voltage magnitude and the active power injection is known
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power will be limited to the generators’ limit, and the terminal voltage will be
allowed to vary. Generators that have reached their reactive power limits become
PQ buses5 . Wind power plants are modelled as negative loads. Both wind power
plants and loads are assumed to have constant power factors.
A power system containing these generators can be modelled as follows in
steady-state
f (y) = ∅


0 = θref−i − θi , ∀i ∈ slack





0 = Vref−i − Vi , ∀i ∈ Ga ∪ slack
g(y) = 0 = Qlim
− Qi , ∀i ∈ Gb
i


0 = PLk − Pwk − Pgk + Pgrid,k , ∀k ∈ B\{slack}



0 = P tan φ − P tan φ − Q + Q
Lk
Lk
wk
wk
gk
grid,k , ∀k ∈ B\{slack ∪ Ga }
(2.5)
where G is the set of all generators, B the set of all buses, {slack} is the slack bus
and Gb (respectively, Ga ) the set of generators that have (respectively, that have
not) reached their reactive power limit. The “slack” buses are buses with constant
voltage magnitude and angle. In practice, they fix an angle reference and maintain
the balance between production and consumption [49, Chapter 4], see also Section
2.4.6. The last two sets of equations in g are the power flow equations ensuring the
power balance at each bus in the system, where
Pgrid,k = Vk

Qgrid,k = Vk

nb
X
j=1
nb
X

Vj (Gkj cos (θkj ) + Bkj sin (θkj )) , ∀k ∈ B,
Vj (Gkj sin (θkj ) − Bkj cos (θkj )) , ∀k ∈ B,

j=1

are the active and reactive power transferred from bus k to its neighbour buses.
The description of the other parameters can be found in Table 2.1. Also
x=∅

T
y = θi,i∈B\slack , Vi,i∈B\(slack∪Ga ) , Qgk,k∈Ga
The controllable parameters u would be, for example, the active power generation
Pgk of the generators.
In this example, the switching devices are generators that maintain either their
terminal voltage at their reference value or reactive power production at their limit.
Hence, equations f a,i in the general model (2.3) are the second equations in g in
(2.5) and equations f b,i are the third equations in g. Equations ψ in the general
model are all other equations in g.
5 PQ

buses are buses at which both active and reactive power consumption are known
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Table 2.1: Description of the parameters for Example 2.1.
Parameters

Description
Generators i, i ∈ G

θref−i
Vref-i
Qlim
Pg , Qg

Reference angle (for the slack)
Terminal voltage reference
Reactive power limit
Active and reactive power production
Wind power plants

Pw
cos φw

Active power production
Power factor of wind power plant
Loads

PL
cos φL

Active power consumption
Power factor of load
Electric grid

V, θ
Gkj , Bkj
θkj

Bus voltage amplitude and angle
Conductance and susceptance of line between buses k and j
θk − θj

In the previous example, generators are modelled as devices producing a certain
amount of active power and maintaining their terminal voltage constant as long as
they have not reached their reactive power limit. In reality, generators are equipped
with control systems, called overexcitation limiters (OXLs), that limit their field
voltages. The behaviour of these control systems can be approximated by setting
limits on reactive power production instead of field voltages [45], as was done in
the previous example. The next example presents a more detailed model of the
reactive power limit of generators by explicit modelling of the OXLs.

Example 2.2 (One-axis model with AVR and OXL)
A power system with synchronous generators modeled by their one-axis model and
equipped with automatic voltage regulators (AVRs) and overexcitation limiters
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(OXLs) can be modelled as follows in steady-state [45]:

0 = ωi , ∀i


 ∈ G\{slack}


0

Eqi Vi

1

0 = Mi Pmi − X 0 sin (δi − θi ) − Di ωi , ∀i ∈ G\{slack}
di


fi (x, y) =
0
0

Xdi −xdi
xdi
1

Ef i − X 0 Eqi + X 0 Vi cos (δi − θi ) , ∀i ∈ G
0 = T0



d0i
di
di


0 = T1ei (−Ef i + KAi (Vref-i − Vi )) , ∀i ∈ Ga

0
lim

0 = −Ef i + Ef i , i ∈ Gb
g(x, y) = 0 = PLk − Pwk + Pgrid,k , ∀k ∈ B,


0 = PLk tan φLk − Pwk tan φwk + Qgrid,k , ∀k ∈ B

(2.6)

(2.7)

where G is the set of all generators, B the set of all buses, Ga the set of generators
under AVR control and Gb the set of generators under OXL control. The other
parameters not already found in Table 2.1 are described in Table 2.2.
Also:
h
iT
0
0
0
x = δ1 , . . . , δng , ω1 , . . . , ωng , Eq1 , . . . , Eqng , Ef k,k∈Ga ,
h 0
iT
y = Ef k,k∈Gb , θ1 , . . . , θnb , V1 , . . . , Vnb .

Table 2.2: Description of the parameters.
Parameters

Description
Generators i, i ∈ G

δi
ωi
Mi
Pmi
0
Eqi
Xdi
0
Xdi
Di
0
Td0i
Ef i

Generator’s rotor angle
Generator’s speed
Inertia coefficient
Mechanical power
Electromagnetic force (EMF) behind transient reactance
Direct-axis synchronous reactance
Direct-axis transient reactance
Damping coefficient
Open-circuit transient time constant
Excitation EMF
AVR and OXL at generator i, i ∈ G

Eflim
i
KAi
Tei
Vref-i

Limit of the exciter
Gain of the exciter
Time constant of the exciter
Terminal voltage reference
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The controllable system parameters u contain the mechnical power Pmi of the
participating generators and the stochastic system parameters contain active and
reactive power of all loads and wind power plants. The last equation in fi and
the first in g model the behavior of the voltage regulator under voltage control
and overexcitation control, respectively. If one voltage regulator reaches its limit
, the corresponding field voltage Efi enters the algebraic variables y. Using
Eflim
i
the model (2.3), the power system model is made up of the following equations at
equilibrium:
ψ(x, y) = 0,
f a,i (x, y) · f b,i (x, y) = 0,

i = 1, . . . , ns ,

f

a,i

(x, y) ≥ 0,

i = 1, . . . , ns ,

f

b,i

(x, y) ≥ 0,

i = 1, . . . , ns ,

where ns is the number of generators with AVR and OXL, f a,i the equation of the
field voltage under voltage control (last equation in (2.6)) and f b,i the equation of
the field voltage under overexcitation control (first equation in (2.7)).

2.3

Power system stability

Different types of stability issues have been identified in power systems, see Figure
2.3. For steady-state security analysis considered in the scope of this disseration,
voltage stability is of interest and will be presented in further detail in the next
section. Voltage stability is an important issue in practice since many blackouts
were related to loss of voltage stability [50]. More detail about other types of
stability can be found in [31].

2.3.1

Voltage stability

In [31], voltage stability is defined as follows
Voltage stability refers to the ability of a power system to maintain
steady voltages at all buses in the system after being subjected to a disturbance from a given initial operating condition. It depends on the
ability to maintain/restore equilibrium between load demand and load
supply from the power system. Instability that may result occurs in the
form of a progressive fall or rise of voltages of some buses.
If voltage stability issues arise and appropriate corrective actions are not taken, a
voltage collapse may occur, leading to a blackout.
As seen in Figure 2.3, the ability of the system to maintain steady voltages
following small and large disturbances can be differentiated. Small disturbances
are typically small increases in the load, while large disturbances refer to the loss
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Power
System
Stability

Rotor Angle
Stability

Frequency
Stability

Voltage
Stability
LargeDisturbance
Voltage
Stability

Short
Term

SmallDisturbance
Voltage
Stability

Long
Term

Figure 2.3: Classification of power system stability, adapted from [31]. Types of
stability of interest in this dissertation are marked in gray.

of some critical components such as trippings of transmission lines or outages in
generators. Large disturbances are also called contingencies. When contingencies
occur, the ability of the system to maintain steady voltages is reduced, but it does
not always lead to voltage instability.
Long-term voltage stability, the type of voltage stability of interest in this dissertation, see Figure 2.3, is related to changes in slowly varying system parameters.
Typical examples of causes of long-term voltage instability are [51]
1. sustained load increases,
2. generators reaching reactive power limits,
3. load recovery processes following a contingency in the system.
These causes can lead to losses of equilibrium of (2.1) or oscillatory instabilities
due to equilibria not being small-signal stable. In both cases the system becomes
unstable.
Voltage stability is intimately related to the load restoration process, which
describes the effort of control systems or load dynamics to restore the load to their
long-term load characteristic [45]. It is, therefore, important to accurately model
loads. In this dissertation, loads are modelled as constant power, which means
that it is assumed that control systems try to restore reference values of the active
and reactive power consumptions of the loads, if the actual consumptions change

2.3. POWER SYSTEM STABILITY

27

following a disturbance. This is a widely used load model, representing the actions
of load tap changers6 .

2.3.2

Loadability limits

The three causes of long-term voltage instability given above indicate that critical
limits in the value of system parameters (i.e. λ in Equation 2.1) exist beyond which
voltage instability issues occur.
Definition 2.4 (Loadability limits)
Loadability limits are points in the system parameter space (i.e. the space λ =
[uT ζ T ]T ) at which the system becomes unstable or beyond which operating limits
are violated.
Four fundamental types of loadability limits can be encountered when considering long-term voltage stability and other operating limits [46].
Definition 2.5 (Saddle-node bifurcation (SNB) points)
SNB points are points at which the steady-state equilibrium disappears due to a
continuous change in the system parameters, e.g. following a sustained load increase.
Definition 2.6 (Switching loadability limit (SLL) points)
SLL points are points at which the steady-state equilibrium suddenly disappears
due to some discrete events, e.g. when the reactive power limit of a generator is
reached. These points are sometimes referred to as limit-induced bifurcations.
Note that SLL are breaking points (BPs), see Definition 2.1, but not all BPs are
SLL.
Definition 2.7 (Hopf bifurcation (HB) points)
Hopf bifurcation (HB) points are points at which the system starts experiencing
oscillatory instabilities. At these points, equilibria still exist but the system loses
small-signal stability.
Definition 2.8 (Operating loadability limit (OL) points)
Operating loadability limit (OL) points are points beyond which operating limits
are violated.
Loadability limits are sometimes called stability limits when referring to SNB,
SLL or HB. A loadability limit can be a combination of these four fundamental
types. Such loadability limits are called corner points [45], [46].
6 Load tap changers are transformers which can very their ratio between the high and low
voltage sides to maintain the low voltage side constant. Voltage-dependant loads on the low
voltage side will thus behave as constant power loads seen from the high voltage side.
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Definition 2.9 (Corner points (CPs))
Corner points (CPs) are loadability limits at which at least two fundamental types
of stability limits (including several of the same type) are simultaneously encountered.
Methods to find loadability limits are given in Section 2.3.4.

2.3.3

PV curves

PV curves trace the steady-state bus voltages at equilibrium (2.2) as some parameters change. The chosen parameter usually represents a loading increase, possibly
spread over several locations in the system.
Definition 2.10 (System state)
The current system state is characterized by the current state of the switching
devices. The system state changes when a switching device switches to another
mode. For example, if a generator reaches its reactive power limits, the system
state changes. However, load increases or changes in the active power output of
generators do not change the system state.
For a given system state, there is a set of PV curves representing the voltages
at all nodes as the chosen parameter changes. If the loading increase is sustained,
one of the loadability limits presented in Section 2.3.2 will be reached. During
the studied parameter increase, generators may reach their reactive power limits,
which changes the system state and, therefore, the valid set of PV curves. Changes
in the system state correspond to breaking points in the set of PV curves, hence
Definition 2.1. Contingencies such as line tripping or disconnection of generators
cause discrete changes in the set of PV curves.
Figure 2.4 illustrates what happens at SNB and SLL. When the loading P
increases, a SNB is characterized by a nose on the PV curve, see Figure 2.4a. A
SLL is characterized by a new set of PV curves (of which one is shown as a dashed
curve in Figure 2.4b), on which the equilibrium is unstable. Note that, as discussed
in Section 2.3.1, voltage stability depends on the type of load model that is used. In
this dissertation, constant power load models are used, which is why the loadability
limit coincides with the “nose” of the curves in Figure 2.4. The assumption behind
constant power load models is that they aggregate the behaviour of loads behind
load tap changers. The control systems in these load tap changers also entail that
the lower parts of the PV curves correspond to unstable operating conditions, see
[45, Section 7.3.5].
When passing through a breaking point that is not an SLL (harmless breaking
point), the set of steady-state equilibria continues to exist. The bus voltages are
traced on a new set of PV curves. Figure 2.5 illustrates a system in which a harmless
breaking point is first encountered, making the system follow a new set of PV curves
(dashed curve), before encountering a SNB on this new set.
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V

SLL

SNB

P
(a) SNB.

P
(b) SLL.

Figure 2.4: PV curves for different types of loadability limits. V is a voltage bus
and P represents the loading.

V

Harmless
breaking point
SNB

P
Figure 2.5: Breaking point that is not a SLL.

When a contingency occurs, the set of valid PV curves also changes. It is
illustrated in Figure 2.6 where the loading has increased until point A, at which a
contingency occurs. After the contingency, the new PV curve is the dashed one,
and the new equilibrium is B. The loading can increase until the SNB on the postcontingency PV curve. It can be seen that the maximum loading that can be
reached is smaller than that of the pre-contingency system.
When the loadability limit is a Hopf bifurcation (HB) or an operating loadability
limit (OL) point, the trajectory on the PV curve will stop before reaching the SNB
point of that curve.
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V
Before contingency
After contingency

A
B

SNB1
SNB2
P
Figure 2.6: Two different SNB for the pre-contingency system (solid PV curve)
and the post-contingency system (dashed PV-curve). B is the post-contingency
equilibrium after a contingency occurs at point A.

2.3.4

Finding loadability limits

From Definition 2.4, loadability limits are limits in the system parameter space
beyond which instability occurs or operating limits are violated. Loadability limits
occur as the system parameter λ ∈ Rnl change and can by found be considering
an increase in parameters λ ∈ Rnl in a certain direction d ∈ Rnl from a base case
point λ0 . For all types of loadability limits except Hopf bifurcations, it amounts to
solving the following problem [45]
max s

(2.9a)

x,y,s

s.t. λ = λ0 + sd

(2.9b)

ψ(x, y, λ) = 0

(2.9c)

fia (x, y, λ) · fib (x, y, λ) = 0, i = 1, . . . , ns

(2.9d)

fia (x, y, λ) ≥ 0, i = 1, . . . , ns

(2.9e)

fib (x, y, λ)

(2.9f)

≥ 0, i = 1, . . . , ns

h(x, y, λ) ≤ 0, i = 1, . . . , ns

(2.9g)

where the constraints are the power system model with ns switching devices from
(2.8) and the operating limits in (2.4). The optimal solution s∗ gives the maximum
increase in parameter in direction d that the system can sustain while satisfying
all operating constraints. The corresponding value of the system parameters λ∗ =
λ0 + s∗ d is the loadability limit in that direction.
The optimisation problem can be solved by any appropriate solver or by running
a continuation power flow (CPF), which is an iterative predictor/corrector method
to trace the set of steady-state equilibria as the loading parameter s increases,
[52]. These two methods lead to the same results with proper handling of the
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complementarity constraint in (2.9d), [46], [53], [54]. CPF is widely used in industry
because it also provides the set of steady-state equilibria that is traced by the system
all the way to the loadability limit, including the PV curves [55].
In [53], conditions are given to determine the type of the loadability limit λ∗ .
Specifically, one of the three possible situations can arise.
1. The operating limits in (2.9g) are not satisfied just beyond λ∗ , which means
that an infinitesimal increase in s∗ would violate the operating limits. In this
case λ∗ is an OL point.
2. The operating limits are satisfied just beyond λ∗ and no generator i is such
that both fia and fib are active (i.e. equal to zero). In this case, λ∗ is a SNB
point.
3. the operating limits are satisfied just beyond λ∗ and there is exist at least
one generator i for which both fia and fib are active. In this case, λ∗ is a HB
point.
Hopf bifurcations cannot be found by solving the above optimization problem.
Continuation power flows can be used if Hopf bifurcations are of interest. However,
finding relevant Hopf bifurcations require having a precise knowledge of the load
dynamics, which are difficult to model [56], [57]. Therefore, Hopf bifurcations are
not studied unless load dynamics can be appropriately modelled.
In the following example, voltage instability issues are illustrated in a small
power system.

2.3.5

Voltage instability illustrated

We consider the power system in Figure 2.7, from [46]. Generators 1 and 3 are
conventional generators. Generator 1 is the slack bus, which changes its active
power production to maintain the active power balance in the system. Generator 3
is a PV bus with reactive power limits as in Example 2.1. Generator 2 is assumed
to be a wind farm with power factor equal to one.
Pg2
2

Pg1

1

5

6

7

4

Load
B
3

Pg3

Figure 2.7: Power system
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Bus voltages [kV]
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Gen. 3
hits Q limit

(a) PV curves.

SNB
500

Reactive power generation [MVAr]

Let us first assume that generator 3 produces 120 MW and the wind farm 250
MW. For these active power productions, we run a continuation power flow (CPF),
presented in Section 2.3.4, to find the loadability limit, i.e. the maximum value of
the load that can be served. The results of the CPF are plotted in Figure 2.8.
Figure 2.8a shows the PV curves at all buses, where the loading s is as defined in
the objective function (2.9a). Figure 2.8b shows the reactive power production in
generator 3. It can be seen that as the loading increases so does the reactive power
production in generator 3. At a loading of about 440 MW, generator 3 reaches its
reactive power limit of 300 MVAr. It can be seen from Figure 2.8a that before this
loading threshold, the voltage at bus 3 (red curve) where generator 3 is connected
is maintained at 1 per unit by the voltage regulator. After the switching occurs,
generator 3 becomes a PQ node and its the reactive power generation is kept at its
limit of 300 MVAr and the voltage decreases. Therefore, a harmless breaking point
occurs at a loading of 440 MW. After this breaking point, the voltages decrease
strongly along the new set of PV curves and a SNB is reached at a loading of about
460 MW. The situation in this system is thus similar to the illustration in Figure
2.5.

300
Limit hit
200

100

0
0

200
400
Loading s [MW]

(b) Reactive power generation in
generator 3.

Figure 2.8: Results from continuation power flow.

2.3.6

Stability boundary

Let C be a set of studied contingencies, including the pre-contingency case. The
stable operation domain Di of a pre- or post-contingency system i ∈ C is the set of
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all system parameters for which all operating constraints are satisfied. It is bounded
by the stability boundary, which therefore is the set of all loadability limits of any
of the types presented in Section 2.3.2. The stability boundary of a pre- or postcontingency system i ∈ C is denoted Σi . It bounds the stable feasible domain Di
of a given pre- or post-contingency system Recall from Section 2.2 that the system
parameters are λ = [uT ζ T ]T , where u are the controllable system parameters and
ζ are the stochastic system parameters (loads and wind power productions). It will
be convenient in the following to consider the stability boundary in the ζ space only,
given a value for u. This restriction is denoted Σi (u) and bounds the restriction
Di (u) of the feasible domain to the space of stochastic system parameters ζ.
Figure 2.9 shows, for a fictitious system, a conceptual illustration of the stability
boundary in the system parameter space and its restriction in the space of stochastic
system parameters.

ζ2

u

ζ2

ζ1

Plane u = u0

(a) Stability boundary in parameter space.
Intersection by the plane u = u0 marked by
the thick black curve.

ζ1
(b) Stability boundary in space of stochastic system parameters, for u = u0 , corresponding to the thick black curve in Figure 2.9a.

Figure 2.9: Stability boundary in parameter space, and restricted to the space of
stochastic system parameters for a given value u0 .
A point on the stability boundary can be found by solving (2.9), i.e. by finding
the loadability limit in a given direction d. Solving (2.9) for different directions
d yields a collection of points on the stability boundary. The stability boundary
can thus be mapped. This process is, however, too computationally demanding
when the number of system parameters in λ becomes large as is the case in power
systems.
The loadability limits (each point on the stability boundary) can be of different
types as presented in Section 2.3.2. Therefore, the stability boundaries Σi consist
of different smooth parts, each characterized by one stability issue and a particular
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state of the switching devices. For example, there can exist a smooth part corresponding to SNB with specific states of the system devices and another smooth
part also corresponding to SNB but for different states of the system devices. These
smooth parts are denoted Σij , j ∈ Ji where Ji is a set indexing the smooth parts
of Σi .
Example 2.3 (Stability boundary)
In this example, we consider once again the power system in Figure 2.7. Generator 3 is assumed to be controllable and generator 2 is a wind farm. The controllable system parameter is u = Pg3 and the stochastic system parameters are
ζ = [Pg2 Pload ]T , where Pg2 is the production of the wind farm and Pload the load
consumption.
In Figure 2.10, the stability boundary is plotted for the pre-contingency system
and in the post-contingency system after a fault on the line from bus 5 to bus 6
has doubled the impedance of this line. In Figure 2.10c, it can be seen that the
post-contingency stability boundary is under the pre-contingency one, which shows
that the stable operation domain has shrinked following the contingency.

(a) Pre-contingency system.

(b) Post-contingency system.

(c) Pre- and post-contingency systems.

Figure 2.10: Stability boundaries of the pre- and post-contingency systems.
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The different smooth parts of the stability boundaries are represented by different colors. As explained above, each smooth part is characterized by one type
of stability issue and specific states of the switching devices. In this power system,
switching devices are the automatic voltage regulators and overexcitation limiters
at each generator, as modelled in Example 2.2. Table 2.3 gives the type of loadability limits and states of the switching devices (AVR or OXL) characterizing each
smooth part.
Table 2.3: Smooth parts of the stability boundary of the pre-contingency system.
Color

Type

Generators on AVR

Generators under OXL

Pre-contingency system
Orange
Green
Dark blue
Yellow
Light blue

SLL
SLL
SNB
SLL
SNB

1,2
2
2
2,3
2,3

2,3
1,2,3
1,3
1,3
1

Post-contingency system
Dark blue
Light blue
Yellow

2.4
2.4.1

SLL
SLL
SLL

1,2
1,2
1,2,3

2,3
1,3
1

Power system operations
Operating states and N-1 criterion

During power system operations, system operators are responsible for securely delivering electricity to end consumers. Doing so requires security assessment and
enhancement of power systems. Security assessment aims at analyzing the current
or latest operating state of power systems and foreseeing the impacts of contingencies. Based on the results of security assessment, decisions concerning preventive or
corrective actions are taken in security enhancement (also called security control).
The operating state of power systems can be one of the following five [58]:
1. The normal state is the state in which the power system is stable and within
all operating limits and can remain so following a contingency.
2. The power system is in the alert state if some operating limits can be violated
if a contingency occurs, in which case the power system enters the emergency
state, unless system operators take adequate preventive actions to bring back
the system to the normal state.
3. In the emergency state, some operating limits are violated. The system can
be brought back to the alert state if adequate emergency control actions are
taken. If not, the system may be driven further into the in extremis state.
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4. In the in extremis state, some operating limits are violated and stability is lost
leading to a collapse of the system and the loss of some of its parts. Emergency
control actions must be taken to keep as many parts of the system as possible
in operation. Once the collapse has been stopped, the system enters the
restorative state.
5. In the restorative state, actions are taken to recover the parts of the system
that have been lost during the ongoing collapse in the in extremis state. If
these actions are successful, the system is brought back to either the normal
or the alert state.

The definition of the operating states above is consistent with the widely used
N-1 criterion that states that power systems must remain stable and within their
operating limits should any single critical contingency occur. What is understood
by “single critical contingency” depends on the specifics of every power system,
but it is typically the loss of a large generation unit or transmission line. Today’s
security assessment and control are focused on ensuring that the N-1 criterion is
fulfilled.

2.4.2

Security assessment

Security assessment consists in three consecutive steps [58].
State estimation The state of the system, mainly in terms of voltages and flows
on the transmission lines, is estimated from online measurements. These
measurements have historically been obtained by the supervisory control and
data acquisition (SCADA) system through remote terminal units (RTUs).
Recently, the use of phasor measurement units (PMUs) have enabled system
operators to have more accurate and up-to-date measurements.
Contingency selection There is a huge number of possible contingencies. Analysing the impact of all of them is obviously not tractable. Therefore, a list of
relevant contingencies whose impact should be studied is selected. Several
methods, based on ranking indices or contingency screening, have been designed and used in practice to obtain this list [59]. Due to integration of
power systems and electricity markets, the set of contingencies of interest to
study has increased in size. Research is ongoing in this area [60], [61].
Contingency analysis Using the latest state estimation, analyses are performed
to assess whether stability and operating limits are satisfied following any
of the contingencies in the list. This analysis involves, for voltage stability
purposes, solving power flow problems to check the post-contingency flows and
voltages, running continuation power flows to determine the voltage stability
margin (i.e. the optimal solution to (2.9)) and performing eigenvalue analysis
to identify small-signal stability issues. Other analysis tools for other types
of stability must also be used in this step, see for example [62] for a more
detailed discussion. In the scope of this dissertation, contingency analysis
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corresponds to the determination of the pre- and post-contingency stability
boundaries presented in Section 2.3.6.

2.4.3

Security enhancement

Security enhancement (or control) is the process in which system operators determine preventive control actions so as to bring the system from the alert state back
to the normal state before any violation of the operating limits occurs, or corrective
actions to remove violations and bring back the system to the alert or normal state.
The set of possible actions available to system operators depend on the time
available to compute and enforce these actions. Corrective actions in the in extremis state, for example, must be computed and enforced fast to prevent any
further developement of a collapse. On the other hand, more time is available for
computation and enforcement of preventive actions. Examples of control actions
are generation re-dispatch, changes in the settings of phase-shifting transformers
and load shedding.
In the scope of this dissertation, only preventive actions in the form of generation re-dispatch are considered. Determining optimal preventive actions to ensure
system stability is an optimization problem known as security-constrained optimal
power flow (SCOPF), which is generalization of optimal power flows (OPFs) to
consider post-contingency constraints [63].

2.4.4

Optimal power flows

Optimal power flows (OPFs) look for the cheapest setting of active power ouputs so
that, for a given pre- or post-contingency system, operating constraints are fulfilled.
OPF are formulated as [64]
min C(x, y, ζ, u)
u

(2.10a)

s.t. f (x, y, ζ, u) = 0,

(2.10b)

g(x, y, ζ, u) = 0,

(2.10c)

h(x, y, ζ, u) ≤ 0,

(2.10d)

where function C : Rnx × Rny × Rnl → R is the objective function to be minimized
and other symbols have been introduced in (2.1). OPFs were studied as early as
1962 by Carpentier in [65]. In the context of generation re-dispatch, the objective
function is the overall operating costs associated with the generation re-dispatch.
Note that the constraints in (2.10) amount to constraining the parameters λ =
[uT ζ T ]T to lie in the stable feasible domain D, i.e. inside the stability boundary
of the considered system configuration. Therefore, the OPF problem (2.10) can
equivalently be restated as
min C(ζ, u)
u

s.t. ζ ∈ D(u)

(2.11a)
(2.11b)
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In the following sections, different variations of the OPF problem are examined.

2.4.5

Security-constrained optimal power flows

Security-constrained optimal power flow (SCOPF) are OPFs whose solutions are
feasible for a set of selected contingencies [63]. The optimal solution ensures that
the system satisfies the so-called N − k criterion, where k is the number of simultaneous contingencies that the system must be able to survive. Examples of
contingencies are tripping of major transmission lines or loss of large generation
units. The SCOPFs are either preventive [63] or corrective [66]. In the preventive
case, the optimal setting of the control variables remains unchanged in the postcontingency systems, and ensures that the system survives the contingencies. In
the corrective case, the optimal setting of the control variables can be different in
the post-contingency systems. The corrective SCOPF takes into account the fact
that even though the constraints are violated with the setting of control variables
for the pre-contingency system, actions can be taken after contingencies occur to
eliminate the constraint violations, if the actions can be completed fast enough.
An example of such actions is generation re-dispatching, which can be done if the
generators respond quickly to re-dispatching orders.
Let C be the set of considered contingencies, including the pre-contingency case.
The preventive SCOPF can be formulated as follows:
min C(x0 , y0 , ζ0 , u0 )
u

s.t. fi (xi , yi , ζi , u0 ) = 0,

i ∈ C,

gi (xi , yi , ζi , u0 ) = 0,

i ∈ C,

hi (xi , yi , ζi , u0 ) ≤ 0,

i ∈ C,

where, compared to the OPF formulation in (2.10), the equality and inequality
constraints must hold for each contingency i ∈ C. The objective function is to
minimize the operating costs in the pre-contingency system. Automatic actions such
as primary and secondary control and transformers’ actions to maintain voltages
can be included in the preventive SCOPF. The optimal preventive actions are given
by the optimal solution u∗0 .
The corrective SCOPF includes other actions that are taken by the system
operator after contingencies happen. Manual generation re-scheduling is an example
of a post-contingency corrective action [67]. Corrective SCOPF can be formulated
as follows:
min C(x0 , y0 , ζ0 , u0 )

(2.13a)

u

s.t. fi (xi , yi , ζi , ui ) = 0,

i ∈ C,

(2.13b)

qi (xi , yi , ζi , ui ) = 0,

i ∈ C,

(2.13c)

hi (xi , yi , ζi , ui ) ≤ 0,

i ∈ C,

(2.13d)

kui − u0 k ≤

∆umax
,
i

i ∈ C,

(2.13e)
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where the two differences with preventive SCOPF are that, first, there is one optimal
setting u∗i of the control variables for each contingency and, second, that coupling
constraints (2.13e) are added between the base case control actions and each of
the post-contingency control actions. These constraints account for the fact that
the post-contingency control actions must be taken quickly enough in order to
ensure system stability and, thus, the amount of post-contingency control actions
kui − u0 k is limited by the rate of change of the control actions (e.g. generators
have maximum ramp rates which limit post-contingency generation re-scheduling).
In [67], these coupling constraints are taken as


du
, i ∈ C,
kui − u0 k ≤ Ti
dt max
where Ti is the time horizon allowed for post-contingency control actions to restore
feasibility after contingency i, and ( du/ dt)max is the maximum rate of change
of control actions. The objective function for corrective SCOPF is the same as
for preventive SCOPF. Additional constraints to ensure that the post-contingency
state is feasible in the short term, i.e. before the system operator has time to take
corrective control actions, can be added [68]:
fis (xi , yi , ζi , u0 ) = 0,

i ∈ C,

gis (xi , yi , ζi , u0 )
hsi (xi , yi , ζi , u0 )

= 0,

i ∈ C,

≤ 0,

i ∈ C,

(2.14)

where fis , gis and hsi , of same dimensions as f , g and h before, are the short-term
post-contingency equality and inequality constraints, and we see that u0 appears
in the constraints since the corrective actions ui have not yet been enforced.
Equivalently, the SCOPF problem can be formulated in terms of the stable
feasible domains Di of the pre- and post-contingency systems:
min C(x0 , y0 , ζ0 , u0 )

(2.15a)

u

s.t. ζi ∈ Di (ui ),

i ∈ C,

kui − u0 k ≤

∆umax
,
i

(2.15b)
i ∈ C,

(2.15c)

Since the post-contingency control actions can be taken in the case of corrective
SCOPF, the requirements on the base-case control actions u0 are less restrictive
than in the case of preventive SCOPF. Hence, the optimal value of the objective
function for corrective SCOPF is never higher than that of preventive SCOPF [69].
Since solving preventive and corrective SCOPF is computationally demanding,
a need to reduce the complexity of the problem has arisen. A possible solution
is to filter out non binding contingencies (the contingencies for which the binding
constraints are the same in the post-contingency system as in the pre-contingency
system, entailing that no corrective actions are necessary) [60], [67], [70].
Several variations and improvements to the SCOPF have been proposed, see
[71]–[73].
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2.4.6

Frequency control

As discussed in Section 2.1, system operators are responsible for maintaining the
real-time balance between production and consumption during the operating period. Frequency control schemes are used to this purpose. Production is scheduled
ahead of the operating period to meet the expected load on average during the
operating period7 . The latter is estimated with forecasts. Forecasts are also used
to estimate how much wind power plants can produce. The offers submitted by the
market participants depend on these forecasts. During the actual operating period,
deviations between the actual load and the planned production occur resulting in
imbalances between production and consumption.
For example, the influence of load forecast errors is illustrated in Figure 2.11: the
actual load (thick line) is larger than the forecasted one (dashed line). Due to the
deviations described above, the production plan (horizontal line) is not optimally
adapted to the actual load. The striped and dotted areas are the deviation between
the production plan and forecasted or actual load, respectively. The difference
between these two deviations corresponds to the additional use of frequency control
schemes due to forecast errors. The effect of wind forecast errors is similar.

Actual load
Market clearing:
production planned
according to forecasts
Intra-day trading
for adjustments

Production plan
Forecasted load

End of dayahead planning

0

T
Operating period
(one hour or less)

Figure 2.11: Influence of load forecast errors on frequency control schemes: the
production is not planned optimally.
These deviations result in a change in frequency, which is undesirable for a secure
and reliable operation because power systems are designed to work at a nominal
frequency (e.g. 50 Hz in Europe and 60 Hz in the U.S.) [74]. Hence, the frequency
should be kept within certain limits, and frequency control reserves are assigned to
meet these deviations. Frequency control reserves are power reserves kept in participating power plants. Some frequency control reserves are continuously controlled
7 On average means that the planned production covers the load on an energy basis, but not
on a power basis.
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so as to quickly respond to changes in the system, while some others correspond
to discrete actions taken by the system operator who can ask power producers to
manually increase or decrease the production levels of some of their power plants.
The former are controlled by the so-called primary and secondary frequency control
schemes, while the latter are controlled by the so-called tertiary frequency control
schemes. Each of these layers has a specific role and acts within a certain time
frame.
In response to an event such as a load change or the loss of a generation unit, the
frequency will change [74]. The inertial response of the synchronously connected
generators (or of the non synchronously connected generators equipped with a dedicated control loop) will limit the rate of change of frequency. Then, the reserves
dedicated to primary control will be automatically activated within a few seconds
(and fully activated within less than two to three minutes) in order to stabilize
the frequency at a new value, which results in a steady-state frequency deviation
from the nominal value. The secondary control reserves will automatically react
to this steady-state frequency deviation, and be activated in order to bring back
the frequency to zero and refill the primary control reserves. In the Nordic system,
secondary control has been introduced in 2013 [75]. In some systems, secondary
control also controls the generation to restore the tie-line interchanges to their contracted value. Finally, the tertiary control will act in order to relieve the secondary
control reserves.
Figure 2.12 illustrates the different layers of frequency control schemes. Note
that the time scales for the different layers are the ones defined by the Union for
the Coordination of the Transmission of Electricity (UCTE)8 . In Nordel, tertiary
control acts on the same time scale as secondary control in UCTE (within 15 minutes). The inertial response is strictly speaking not part of the frequency control
schemes, but its role is important in the study of frequency stability. ENTSO-E
now uses the terms frequency containment reserves, frequency restoration reserve
and replacement reserve to denote primary, secondary and tertiary control reserves,
respectively [76].
In this dissertation, primary control is considered in the choice of the slack bus
in the models presented in Section 2.2. The choice of the slack bus is an important
parameter when performing security assessment and control with the models presented in Section 2.2 [49]. A single slack bus model has been used throughout this
thesis. In practice, synchronous generators are equipped with turbine governors
which enable them to participate in primary control. Therefore, a more appropriate model for primary control would be a distributed slack bus model [49, Chapter
4]. The use of a distributed slack bus model is left as future work. Secondary
control has not been considered in the power system models used in this dissertation. Its implementation in the methods used in this thesis is left at future work.
8 UCTE represents 29 transmission system operators of continental Europe. Since 2009, both
UCTE and Nordel are part of ENTSO-E, but the sets of rules which apply in Nordel and UCTE
are still different

42

CHAPTER 2. BACKGROUND

Frequency
deviation |∆f |

Primary control
Secondary control

Tertiary control

Sec.

Minutes

Hours

Time

Figure 2.12: The different layers of frequency control schemes, inspired by [77].

Tertiary control is the manual activation of dedicated reserves and is therefore a
re-dispatch of the participating generators. This re-dispatch can be performed by
using the methods developed in this thesis to solve Problem 3, see Section 1.3. The
next section presents how tertiary control reserves are used in Sweden for security
management.

2.4.7

Security management in Sweden

The way in which the Swedish power system is operated is described in detail in
[78]. A summary of this reference is given here.
The Swedish power system is characterized by large power transfers from the
North, where large generation capacities exist, to the South, where most of the load
centers are. As the power transfer across the grid becomes larger – either because
of an increase in the load or because a contingency has occurred and put additional
stress to the grid – the bus voltages decrease [79]. Beyond a certain loadability limit,
a voltage collapse will occur characterized by falling voltages, possibly resulting in
blackouts if no corrective actions are taken, as explained in Section 2.3.
The Swedish system is divided in four bidding areas. Each bidding area has its
own area price for electricity. If there is no line congestion in the electrical grid,
the four price areas have the same price; otherwise, they are different. The three
cuts separating the areas are called bottlenecks, and correspond to critical corridors
for power transmission. The Swedish power system, its bidding areas and three
bottlenecks are shown in Figure 2.13.
A voltage security assessment is performed every 15 minutes by the so-called
SPICA system to compute, for each of the three bottlenecks, loadability limits
– corresponding to transmission limits – beyond which voltage instability arises.
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Bidding area SE1

Bidding area SE2
Bottlenecks

Bidding area SE3

Bidding area SE4
Figure 2.13: The Swedish power system, the four bidding areas and the three
bottlenecks from [80].

The power system must be able to satisfy the N − 1 criterion, that is, to remain
stable after one of some selected severe contingencies has occurred. Each bottleneck
corresponds to a job in SPICA, and each job contains contingencies. For each job,
and each contingency in the job, the power transfer across the bottleneck from the
production area to the load area is increased until the loadability limit is found. The
way the power transfer is increased is determined by an increasing pattern spread
among the loads and generators on both sides of the bottleneck. This increasing
pattern is defined by the system operator. It corresponds to solving problem (2.9)
for one particular direction d (the increasing pattern) of change in the system
parameters.
Consider Figure 2.14a where the transmission limit from the production area to
the load area is to be calculated. The power transfer across the bottleneck is increased by changing the production in a certain way at certain buses (corresponding
to ∆P Ga , . . . , ∆P Ge in the figure) to meet a certain load increase at certain buses
(corresponding to ∆P La , . . . , ∆P Ld in the figure). When the loadability limits
are found, an operational margin called transmission reliability margin (TRM) is
subtracted from it to get the transmission limits. The TRM is meant to cope with
uncertainties arising from (quoted from [81])
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1. Unintended deviations of physical flows during operations due to
physical functioning of load-frequency regulation,
2. Emergency exchanges between TSOs to cope with unexpected unbalanced situations in real time,
3. Inaccuracies, e.g. in data collection and measurements.

The system operator monitors the transfer across the bottlenecks, and can decide to re-dispatch the generation (i.e. to activate regulating bids via tertiary control) if the transfers come close to the limits computed by the SPICA system. This
is illustrated in Figure 2.14b which shows the information displayed in the control
room. The bottommost curve is the time variation of the actual transfer across a
particular bottleneck. All other curves are the transmission limits for all considered contingencies computed by SPICA. At 8 a.m., all computed limits dropped
following a disturbance. At 10 a.m., the disturbance is removed and the computed
limits increase again. As the power transfer comes close to the transmission limit
at 8 a.m., the system operator must take measures to prevent violations of the
transmission limits. In Sweden, this is done by activating some bids for tertiary
frequency control.

(a) Computation of transmission limits
across one bottleneck.

(b) Monitoring the power transfers
across one bottleneck. x-axis: hours of
the current day; y-axis: power transfers
and transmission limits in MW.

Figure 2.14: Using SPICA to compute the transmission limits and monitor the
power transfers, from [78].

2.4. POWER SYSTEM OPERATIONS

45

With larger amounts of wind power, the uncertainty faced by the system operator increases due to the larger unpredictibility of wind power, see Section 1.1.1. In
Sweden, considering directly the uncertainties in security management, for example
by using the methods developed in this thesis, would enable the system operator
to lower the operational margin TRM described above. Therefore, it would allow
for a more flexible and efficient use of the system resources.

Chapter 3

Wind power forecast errors and
security management under
uncertainty
This chapter introduces a model for the wind power forecast errors. The shortcomings of the N-1 criterion for considering uncertainty are discussed. A state-of-theart of methods proposed in the literature for security management under uncertainty
is performed.

3.1
3.1.1

Model for probability distributions of forecast errors
Forecast error distributions

In the scope of this dissertation, the stochastic system parameters ζ introduced in
Section 2.2 are the wind power productions and the load consumptions. Together
with the probabilities of occurrence of contingencies, these stochastic system parameters constitute the uncertainty that is dealt with in this dissertation. Therefore,
it is important to introduce appropriate models for the forecast errors arising from
these stochastic system parameters.
Let nw be the number of wind power plants in the system and let wi be the
wind power production at power plant i, i ∈ W = {1, . . . , nw }. The stochastic
system parameters are ζ = [wT pT ]T , where w is the vector of all wind power
productions and p the vector of all loads. It is assumed that forecast errors on ζ are
modelled by probability distributions that are provided by probabilistic forecasts.
Probabilistic forecasts are assumed to give the marginal cumulative distribution
functions (CDFs) of the forecast error distributions as well as a measure of the
correlation between the stochastic system parameters. This measure of correlation
will be detailed in Section 3.1.2.
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Remark 3.1 (Forecast error distributions and expected values)
Probabilistic forecasts give, in addition to expected values, a cumulative distribution function (CDF) of the forecast error distributions around the expected values.
The stochastic system parameters considered in this thesis are the sum of the
expected values and the forecast error distributions. The stochastic system parameters therefore have the same CDF as the forecast error distributions, but centered
on the expected values. In the following, we sometimes use “wind power forecast
error distribution” and “wind power distribution” interchangeably.
Loads are assumed to be Gaussian distributed, as is common practice. Wind
power forecast errors, however, are not Gaussian distributed [82], [83]. An appropriate distribution for wind power must consider the following requirements [84],
[85]:
1. The distribution is bounded by zero from below and by the wind power plant’s
installed capacity from above.
2. The distribution is in fact a distribution conditional on the expected value,
since the statistics of the distribution change with the expected value. For
example, if a wind power plant is forecast to produce close to zero or close
to its installed capacity, probability mass accumulates on the bounds and the
distribution will be highly skewed. On the other hand, if a wind power plant
is forecast to produce at half its installed capacity, the distribution will be
more symmetric.
3. The shape of the distribution changes with the time horizon of interest.
Several distributions have been proposed in the literature to model wind power
forecast errors: beta distributions [83], [86], hyperbolic distributions [82], Cauchy
distributions [87], mixtures of Laplace and Gaussian distributions [88], parametric
distributions [84], [85], mixtures of Laplace and Dirac distributions [89].
The model introduced below for the stochastic system parameters requires that
the marginal cumulative distribution functions (CDFs) and their inverse exist and
can be evaluated numerically. In addition, the methods introduced in the subsequent chapters require that the marginal probability distribution functions (PDFs)
and their first- and second-order derivatives exist and can be evaluated numerically.
All the distributions proposed in the literature, except the mixture of Laplace and
Dirac distributions, meet these requirements.
As discussed above, the wind power distribution is typically not Gaussian. However, for both security assessment and control, computationally efficient methods
and tools could be developed if the stochastic system parameters were Gaussian
distributed. In addition, drawing correlated samples of the stochastic system parameters, which is useful for example for probabilistic security assessment, is not
straightforward for nonstandard joint probability distributions such as the ones describing wind power forecast errors. To reconcile these two contradicting facts, we
propose to use Gaussian copulas to model wind power distributions.
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Gaussian copulas have been used widely in the literature [86], [90], [91] to obtain correlated samples of wind power forecast errors modelled by non Gaussian
distrutions. The contribution of this dissertation is the use of Gaussian copulas to
develop computationally efficient methods and tools for security assessment as will
be presented in subsequent chapters.
In [91], the use of Gaussian copulas to model wind power distributions is explained extensively. In the remainder of this section, a summary on Gaussian
copulas inspired by [91] will be given, applied to the wind power productions wi ,
i ∈ W. As will be seen, the main advantage of using Copulas is the separation of
the marginal distributions of the wi and their dependence structure capturing their
correlation.
Remark 3.2 (Use of Gaussian copulas)
Using Gaussian copulas is not equivalent to assuming that the wind power productions w are Gaussian distributed. Assuming the latter would mean that w is
Gaussian distributed. Instead, we propose to use Gaussian copulas that will enable
us to express w as a function of a multivariate Gaussian random variable Y .

3.1.2

Gaussian copulas

We start by stating a useful general result.
Theorem 3.1 (Transformation to uniform random variables)
Let Z be a univariate random variable with CDF FZ . Then
U = FZ (Z)
is uniformly distributed on [0, 1]. Futhermore, if FZ is invertible, Z = FZ−1 (U ). ♦
Let now Y = [y1 . . . ynw ] be a multivariate Gaussian random variable with
zero mean and correlation matrix Σw (with as many univariate random variables
as number of wind power plants). All yi , i ∈ W, are assumed to be N (0, 1);
therefore, the diagonal of Σw contains only ones. Let Φ0,Σw be the CDF of Y and
let Φ be the univariate standard CDF.
Applying Theorem 3.1 to yi , we obtain that the variables vi , i ∈ W, defined by
vi = Φ(yi )

(3.1)

are all uniformly distributed on [0, 1]. A Gaussian copula C of Y is a joint multivariate CDF of v = [v1 , . . . , vnw ] that is defined by
C(v1 , . . . , vnw ) = Φ0,Σw (y1 , . . . , ynw ).
Since yi = Φ−1 (vi ), the Gaussian copula C is given by
C(v1 , . . . , vnw ) = Φ0,Σw (Φ−1 (v1 ), . . . , Φ−1 (vnw )).
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Pearson’s and Spearman’s correlation coefficients
Pearson’s product-moment coefficient ρ(yi , yj ) is the usual correlation coefficient
between two variables yi and yj and is defined as
ρ(yi , yj ) =

Cov(yi , yj )
,
σi σj

where σi is the standard deviation of yi and Cov(yi , yj ) is the covariance between the
two variables. Let now ρr (yi , yj ) be Spearman’s rank correlation coefficient, which
is defined as Pearson’s correlation coefficient between vi = Φ(yi ) and vj = Φ(yj ):
ρr (yi , yj ) = ρ(vi , vj ) = ρ(Φ(yi ), Φ(yj )).
An important result on the Gaussian copula is that Spearman’s correlation coefficient and Pearson correlation coefficient are linked by the following relationships

π

π
ρr (yi , yj ) = 2 sin
ρ(vi , vj )
ρ(yi , yj ) = 2 sin
6
6 

6
ρ(yi , yj )
(3.2)
ρ(vi , vj ) = ρr (yi , yj ) = arcsin
π
2

3.1.3

Joint Normal Transform

Let us now come back to the w-space of the wind power productions. Let Fwi
be the marginal CDF of the wind power production in wind power plant i ∈ W,
and observe, from Theorem 3.1, that the random variables Fwi (wi ), i ∈ W, are all
uniformly distributed on [0, 1]. Conversely, for any uniformly distributed random
variable vi , wi is given by
wi = Fw−1
(vi ).
i

(3.3)

Using the Gaussian copula defined above in (3.1), we can therefore write
wi = Fw−1
(vi ) = Fw−1
(Φ(yi )),
i
i

∀i ∈ W.

(3.4)

Let us now assume that the pairwise Spearman’s correlation coefficients ρij
r between
the wind power productions in the wind power plants i and j are known for all
i, j ∈ W, as given by the probabilistic forecasts.
By definition of Spearman’s correlation coefficient
ρij
r = ρr (wi , wj ) = ρ(vi , vj ).
Using (3.2), we get


6
ρ(yi , yj )
= arcsin
π
2
π 
ρ(yi , yj ) = 2 sin
ρij
6 r
ρij
r

(3.5)
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Recall that all yi have standard deviation equal to 1, and that Y = [y1 . . . ynw ] is
N (0, Σw ). Using (3.5) and the known ρij
r given by the probabilistic forecasts, the
covariance matrix Σw of Y is given by
(
1, i = j,

(3.6)
Cov(yi , yj ) =
ρ(yi , yj ) = 2 sin π6 ρij
r , i 6= j.
The wind power productions wi , i ∈ W, can be expressed as functions of
Gaussian random variables yi using (3.4). The multivariate random variable w =
[w1 . . . wnw ] can therefore by expressed as a function γ w of the multivariate Gaussian random variable Y = [y1 . . . ynw ]:
w = γ w (Y ),
wi =

γiw (yi )

(3.7)
=

Fw−1
(Φ(yi )).
i

The covariance matrix Σw of Y is given by (3.6) from the known Spearman’s correlation cofficients ρij
r between the wind power productions wi . The use of a Gaussian
copula combined with the inverse CDF transformation in (3.3) is called the joint
Normal transform (JNT), [91].
Summary
We assume in the following that probabilistic forecasts provide
1. the marginal distributions Fwi of all wind power productions wi , i ∈ W,
2. the pairwise Spearman’s correlation coefficients ρij
r between any pair (wi , wj )
of wind power productions.
Algorithm 1 summarizes the steps to use the JNT. The JNT separates
1. the dependence structure between the wind power productions, represented
by Σw ;
2. the marginal distributions of the wind power productions, captured in (3.7).
In practice, it also allows for expressing the non-Gaussian distributed wind power
productions as a function of the multivariate Gaussian random variable Y through
(3.7).

3.1.4

Stochastic system parameters as functions of Gaussian
random variables

Let
X = [Y T pT ]T ,

(3.8)
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Algorithm 1: Joint Normal technique
inputs : Marginal distributions Fwi of all wind power productions wi ,
i∈W
Pairwise Spearman’s correlation coefficients ρij
r between any pair
(wi , wj ) of wind power productions.
outputs: Multivariate Gaussian random variable Y ∼ N (0, Σw )
Function γ w , such that w = γ w (Y )
Define the covariance matrix of Y :
for i ∈ W do
for j ∈ W, j < i do

Σw (i, j) = 2 sin π6 ρij
r ;
Σw (j, i) = Σ(i, j);
end
Σw (i, i) = 1;
end
Define the function γ:
for i ∈ W do
◦ Φ;
γiw = Fw−1
i
end
γ w = [γ1w . . . γnww ], γ w : Rnw → Rnw ;

where Y is the obtained by the JNT presented above. Recall that the load consumptions p are assumed to be Gaussian distributed N (mp , Σp ). The vector X is
therefore N (mX , ΣX )-distributed, with
mX = [0 mp ]


Σw Σwp
ΣX =
,
ΣTwp Σp
where Σwp is nonzero only if the wind power productions and load consumptions
are correlated.
The stochastic system parameters ζ = [wT pT ] can be expressed as a function
of X:
ζ = γ(X) = [γ w (Y )T pT ].

3.1.5

(3.9)

Using the joint Normal transform

Using the JNT, any quantity in the ζ-space of stochastic system parameters can
be transformed into the X-space using (3.9). The resulting multivariate Gaussian
random variable X will be used in two different ways in this dissertation:
1. To draw correlated samples of the stochastic system parameters ζ as in [86],
[90], [91]. Sampling directly in the ζ-space while taking correlations into ac-
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count is not possible, since the joint probability distribution of wind power
productions is usually not given by any parametric multivariate distributions.
Instead, the marginal distributions and the dependence structure are separated and used in the JNT. Correlated samples are then drawn from the
multivariate Gaussian distributed random variable X, defined in (3.8), and
transformed in the ζ space by applying (3.9).
2. To develop computationally efficient methods for using the operating risk in
security assessment and control, as will be seen in subsequent chapters. This
is a contribution of this dissertation and builds upon the mapping between
the ζ-space and the X-space.
We now turn to the shortcomings of the widely used N-1 criterion to consider
uncertainty coming from the occurrence of contingencies and the load and wind
power forecast errors.

3.2

Shortcomings of the N-1 criterion

System operators have been routinely using different versions of the tools OPF and
SCOPF presented in Section 2.4, for quantifying and ensuring a security level based
on the N-1 criterion. Two shortcomings of the N-1 criterion have been identified
[17], [36], [92]–[94].
1. The N-1 criterion is deterministic in the sense that it does not consider uncertainties due to
a) the probability of occurrence of contingencies. The security level is therefore the same if operating limits are satisfied following a very unlikely
contingency or a much more likely contingency1 .
b) the forecast errors in load and generation. The security level is determined from expected values or worst-case scenarios of the future load
and wind power production without considering the likelihood of these
situations and disregarding all possible other outcomes due to forecast
errors. With large-scale integration of wind power, uncertainty due to
forecast errors is increasing and the validity of the N-1 criterion is more
and more questionable.
2. The N-1 criterion is binary in that it only classifies an operating state as
secure or insecure. In particular, the extent or severity of the violations are
not considered.
To illustrate the issue with disregarding forecast errors due to wind power,
Figure 3.1 shows the probability distribution function (PDF) of hourly forecast
errors in Denmark’s two price areas DK1 and DK 2 during 2014. It can be seen
1 The probabilities of occurrence of contingencies is used to a certain extent today by some
system operators for selecting the contingencies to be studied.
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that the forecast errors can be substantial. The larger amounts of wind power
in power systems, the more important it becomes to consider these forecast error
PDFs to ensure a reliable security management.
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Figure 3.1: Hourly forecast errors in Denmark’s two price areas DK1 and DK2,
data from 2014 [95].
Today, system operators hedge against risks associated with uncertainty usually
by having some operational margins and larger reserve capacity [48], [96]. Considering uncertainties directly in security management would allow a more flexible
and efficient use of the system resources. In Sweden, it would enable the system
operator to lower the operational margin TRM described in Section 2.4.7.
The identification of the two shortcomings above have triggered research to
develop alternative or complementary criteria for security management methods.
In the literature, these new criteria are at the chore of new frameworks for security
management under uncertainty. These frameworks are usually called probabilistic
security management if they consider probabilities of occurrence of contingencies or
renewable forecast errors, and risk-based security management if also the severity of
the violations of operating limits is considered. The next section presents a review
of proposed approaches and tools to consider uncertainty in security management.

3.3

State-of-the-art of security management under
uncertainty

Remark 3.3
In all formulations of OPF and SCOPF in Section 2.4, the stochastic system parameters ζ, representing loads and wind power productions, were assumed to be deterministic. From here on, ζ is assumed to be a random vector in Rnp , whose probability distribution function (PDF) is typically given by probabilistic forecasts.

3.3.1

Probabilistic power flows and optimal power flows

In probabilistic power flows (PPFs), forecast errors of the stochastic system parameters ζ are considered by assuming that describing statistics such as moments
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or probability distribution function (PDF) are available. Having this information,
PPFs seek at obtaining the PDF of some system variables (outputs) such as voltages
and line transfers [97]. PPFs are usually solved in two steps:
1. The cumulants2 of the outputs whose PDF is sought are computed from the
known PDF or moments of the forecast errors of stochastic system parameters.
2. A series expansion method, such as Gram-Charlier, Cornish-Fisher or Edgeworth expansions, is used to approximate the CDF or PDF of the outputs
from their cumulants obtained in step one.
The proposed methods to solve PPF mainly differ in step one. To obtain the
cumulants of the outputs from known statistics on the stochastic system parameters,
one of the following methods can be used:
1. Establish a linearized relationship using first-order sensitivities between the
outputs and the stochastic system parameters [97]–[100].
2. Sample the stochastic system parameters from their known PDF and obtain
the corresponding values of the outputs by solving one power flow problem
per sample of the stochastic system parameters, [101], [102].
PPFs can be used in probabilistic security assessment to measure the extent of
probability of violations of operational constraints. Similar methods, called probabilistic optimal power flows (P-OPFs), have been used for security control where
statistics of some quantity are minimized. For example, in [97], a P-OPF is proposed where the variance of active power variation at the slack bus is minimized.

3.3.2

Chance-constrained optimal power flows

Formulations
A straightforward way to include the uncertainty due to forecast errors of the
stochastic system parameters in security enhancement is to formulate a OPF or
a SCOPF in which the constraints must be satisfied for any realization of the
stochastic system parameters. This is a robust optimization approach [103]. Such
an approach suffers from two drawbacks [104], [105]:
1. Enforcing the constraints for any realization of the stochastic system parameters may be very convervative and, therefore, expensive because the corresponding optimal actions may be determined by very unlikely events (deviations from the expected values of the forecasts), for which large control
actions are required to satisfy all constraints.
2. The robust optimization problem may be infeasible, in case the range of available control actions is not sufficient to satisfy the constraints for all realization.
2 Cumulants are alternative quantities to moments. They can be obtained from moments, and,
inversely, moments can be obtained from cumulants.
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Instead of resorting to a robust optimization approach, the deterministic constraints
of OPFs or SCOPFs can be turned into chance constraints. Chance constraints are
constraints that must hold with a certain probability. When some knowledge of
the PDF of the uncertainty is known, chance-constrained optimization is generally
preferred to robust optimization [104], [105].
A general formulation of a chance-constrained optimal power flow (CCOPF)
problem is
min E [C(x, y, ζ, u)]
u

s.t. Prob { ∃ (x, y) | f (x, y, ζ, u) = 0, g(x, y, ζ, u) = 0,
h(x, y, ζ, u) ≤ 0} ≥ 1 − α,

(3.10a)
(3.10b)

where α > 0 is small. Constraint (3.10b) is called a chance constraint. The probability in the chance constraint is computed from the PDF of the forecast errors
on ζ, which is assumed to be known and given by, e.g., probabilistic forecasts.
The formulation above has a single joint chance constraint. Other formulations
of CCOPF have separate chance constraints or combinations of joint and separate
chance-constraints and deterministic constraints, for example,
min E [C(x, y, ζ, u)]
u

s.t. f (x, y, ζ, u) = 0,

(3.11a)
(3.11b)

g(x, y, ζ, u) = 0,

Prob hk (x, y, ζ, u) ≤ 0 ≥ 1 − αk , k ∈ O,

(3.11d)

hk (x, y, ζ, u) ≤ 0, k ∈
/ O,

(3.11e)

(3.11c)

where O is the set of operational constraints with probabilistic constraints. In
the formulation above, the power flow and state equations f and g hold for any
realization of the operating conditions ζ, whereas separate chance constraints are
set for some of the operating limits.
Remark 3.4
In the CCOPF in (3.11), the constraints (3.11b), (3.11c) and (3.11e) should be
understood as robust chance constraints that must hold for any realisation of ζ.
Solving CCOPF
Let us first consider one chance constraint of the form

Prob aT u ≤ b ≥ 1 − α,

(3.12)

where a is a random vector with mean µ and covariance matrix Σ. If a is Gaussian
distributed, this chance constraint can be recast as the following second-order cone
constraint [106]
µT u + Φ−1 (1 − α)kΣ1/2 uk ≤ b,
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where Φ is the cumulative distribution function (CDF) of the standard normal distribution. Therefore, chance-constrained optimization problems with only separate
chance constraints of the form in (3.12) can be recast as second-order cone programs
and solved efficiently. Other general chance constraints do not admit closed-form
analytical expressions. Different methods exist to solve chance-constrained optimization problems with more general chance constraints:
• Scenario approach: samples of the stochastic system parameters are drawn
and the chance constraints are replaced by their deterministic counterparts,
one per drawn sample. In [107], [108], a lower bound on the number of
scenarios is derived, which ensures with a chosen probability that the optimal
solution of the resulting deterministic optimization problem is feasible to the
chance-constrained problem. Several improvements have been made to reduce
the lower bound, [109], [110].
• Analytical approximations: the chance constraints are approximated by analytical expressions to make the optimization problem tractable, see for example [111], [112].
Research works on CCOPF
In [93], a CCOPF was formulated to maximize power transfers over a set of buses
(so-called flowgates) given uncertainty in the net power injections. This formulation is therefore able to consider forecast errors of load and wind power. Single
chance constraints for the power transfer across each flowgate are implemented.
Power transfers as functions of the net power injections are linearized using power
transfer distribution factors (PTDFs). These chance constraints are then reformulated into deterministic constraints using Cornish-Fisher expansions which allows
to map any random variable (in this case the power transfer across each flowgate)
to a Gaussian random variable. The Cornish-Fisher expansion makes the chance
constraints tractable.
In [113], a CCOPF is proposed to consider uncertainty in wind forecast. Chance
constraints are joint chance constraints on the limits of generating units and transmission lines. The approach uses a DC power flow3 together with a two-step
method, adapted from the scenario approach from [107], [108], where first a hyperrectangle in the space of wind power productions is determined that guarantees
that the chance constraint holds with a certain confidence level and, second, the
robust version of the CCOPF is solved with wind power constrained in this hyperrectangle4 . In [114], the approach is extended by using an AC power flow model and
taking a single chance constraint over all resulting constraints. The same two-step
3 DC power flows are linear approximations of the full AC power flow equations, obtained by
neglecting resistance on lines and assuming all voltage magnitudes equal to one. The resulting
formulation is linear in terms of voltage angles.
4 The robust version of the problem looks for a solution for which all constraints are satisfied
for any outcome of wind power in this hyperrectangle
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approach is used to solve the resulting CCOPF, whose robust version is made convex by using the semidefinite relaxations of AC power flow equations developed in
[115]–[117]. In [118], the chance constrained DC optimal power flow with corrective
actions from HVDC links is studied. New compared to the previous work is that
a sampling-and-discard step from [110] is added to the scenario approach, allowing
for fewer needed scenarios and a less conservative robust optimization problem. In
[119], reserve scheduling is considered in the CCOPF with DC equations developed
in [113]. A new quantile-based approach is compared to the scenario approach. It
leads to less conservative results, and, therefore, lower costs. It is however not able
to capture the time correlation of wind power forecast errors, while the scenario
approach can.
In [48], [120], the formulation of a probabilistic security management framework
emphasizing the use of up-to-date information is presented. The problem of reliably
delivering electricity is coordinated from the day-ahead decisions all the way to the
real-time operations through intraday markets, and decisions are taken when new
information is available. At each time step, generation re-dispatch or interruptible
load orders are called upon so that the probability of delivering the aggregated demand at the time of delivery is very high, and accounting for the fact that further
recourse or emergency actions will be available at a later time. Since only aggregated demand is considered, the network equations and stability and operational
limits are disregarded.
In [121], a CCOPF formulation for scheduling of spinning reserves and storage
units under uncertainty from load and wind power forecast errors is proposed.
Separate chance constraints consider the power balance at each bus. It relies on DC
power flow equations and the forecast errors are assumed to be Gaussian distributed.
These two approximations (independent Gaussian forecast errors and DC power
flow equations) enable the authors to reformulate the optimisation problem as a
tractable second-order cone program following [106].
In [122], a CCOPF is formulated to maintain the probability of line overloads
very small. Separate chance constraints for each line are used. The forecast errors
of load and wind power at different injection points are assumed to be independent
Gaussian and DC power flow equations are used, enabling the authors to recast
the CCOPF as a second-order cone program as in [121] above. A cutting plane
algorithm is proposed to make the second-order cone program tractable in large
systems. Out-of-sample tests are run to study the consequences of the Gaussian
assumption. In addition, a robust version of the optimization problem is formulated
to take into account uncertainty in the forecast error distributions. In [123], the
approach proposed in [122] is extended to include nonlinear effects to capture angle
separation across lines. A formulation of the resulting optimization problem is
presented that can be solved efficiently in large-scale power systems.
In [104], two methods to solve CCOPF with AC power equations and chance constraints on operational limits is proposed. Chance constraints on stability limits are
not considered. Load forecast errors assumed to be Gaussian distributed and correlated are considered. The first method is a back-mapping approach where, at each
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iteration of the solver, quantities (line transfers for example) whose probabilities appear in one of the chance constraints are linearized in terms of the stochastic system
parameters to identify the parameter having the strongest monotonic relationship
with the quantity of interest. Using this relationship, the chance constraints on the
operational limits are reformulated (back-mapped) to chance constraints on one of
the stochastic parameters. The probabilities and their gradients with respect to the
control parameters are then computed using multivariate integration. The second
method uses the linearization to approximate the probability distribution function
(PDF) of the quantities of interest as Gaussian distributions to avoid multivariate
integration. This leads to a much faster but less accurate algorithm.
In [124], separate chance constraints are considered on the power production
at the slack bus and on bus voltages. The probabilities appearing in the chance
constraints are reformulated as expected values of indicator functions. These indicator functions are then approximated by continuous functions, and the resulting
probability integrals are computed by multivariate integration. This method is able
to handle separate chance constraints with non-Gaussian uncertainty. In [112], the
approach proposed in [124] is given theoretical grounds, where it is proven that a
sequence of tractable optimisation problems obtained by varying a parameter of
the continuous functions approximating the indicator functions converges towards
a local optimal of the original CCOPF. In [125], the approximating continuous
functions proposed in [112] are compared to other functions proposed in [111] and
[126]. The latter two provide convex approximations of chance constraints while
the former provides non-convex but tighter approximations.
In [127], a multi-stage CCOPF based on DC power flow equations is proposed.
Separate chance constraints on the probability of violation of line transfer limits
are considered. As in [112], [125] above, the chance constraints are handled by
approximating the indicator functions by continuous functions. Two approximating continuous functions that provide convex conservative approximations of the
CCOPF following [111] are compared. One gives an analytical, closed-form version
of the chance constraints while the second one replaces the chance constraints by
expected values that are evaluated by sampling the stochastic system parameters.
The former is computationally more attractive but also more conservative than the
latter.

3.3.3

Risk-based security management

Definitions of risk
Risk-based approaches to security management consider both the probability and
the severity of events causing violations. In contrast, the chance-constrained approaches presented in the previous section put a threshold on the probability of
violation, but did not consider the severity (or extent) of the violations. These
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risk-based approaches rely on a definition of risk usually formulated as follows:
Risk(u, ζ) =

X

qc Sev(u, ζ, c),

(3.13)

c∈C

where qc are the probabilities of occurrence of the pre- and post-contingency cases
c ∈ C, and Sev(u, ζ, c) is a severity measure in the pre- or post-contingency system c
depending on the controllable parameters u and the forecast error probability distribution function (PDF) of ζ. The different formulations of risks differ by what
severity measure is considered. Sometimes, forecast errors are not considered, in
which case ζ in (3.13) should not be considered as a random vector but as equal to
its expected (forecasted) value.
For system composite risk assessment, it is possible to define either a systemwide risk measure or individual risks for different components, similarly to considering separate or joint chance constraints in the formulations (3.10) and (3.11) of
CCOPF presented above. Examples of severity measures are the expected overloads
on some lines, voltage limit violations or the load not served due to load shedding.
Risk-based optimal power flows
In the optimization problem in security enhancement, the defined risk criteria can
be embedded in a risk-based optimal power flow (RBOPF) as
• additional terms in the objective function that weigh the cost of preventive
or corrective actions,
• risk constraints with upper bounds,
• chance constraints setting an upper bound to the probability of violation of
the risk constraint; the results RBOPF thus becomes a CCOPF.
Research works
In [128], [129], the approach from [113] reviewed in Section 3.3.2 is extended by
considering the severity of line overloads following contingencies, thus leading to
a risk-based approach. One risk measure per line is considered. In a first step,
PDFs of forecast errors of system stochastic parameters are not considered and
the risk constraints for individual lines only consider probabilities of occurrence
of contingencies. In a second step, these PDFs are considered by using a joint
chance constraint for the probability of all constraints to hold, including the risk
constraints for all individual lines. Stability limits are not considered.
In [130], [131], a variation of SCOPF was developed. It is a corrective securityconstrained optimal power flow (SCOPF) (see Section 2.4.5) in the sense that the
optimal setting of post-contingency control variables is allowed to be different from
that of the pre-contingency control variables. The difference with the classical corrective SCOPF formulation in (2.13) is that the proposed formulation includes the
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probabilities of occurrence of the studied contingencies and the costs of the corrective actions in the objective function. It does not, however, consider uncertainties
due to forecast errors in load or wind power.
In [132], risk-based security management is considered where the system operator optimally chooses some preventive control actions considering contingencies and
their probabilities of occurrence, and possible corrective actions and their possible
failure. A risk measure is designed by considering, following a contingency and the
application or the failure of corrective actions, the load not served and the disconnection of generators necessary to restore balance between load and production.
The resulting optimization problem is a risk-based optimal power flow (RBOPF)
with a chance constraint on the probability of the risk. It is formulated as a mixed
integer linear programming problem using DC power flow equations. The objective
function includes the cost of preventive actions, the expected costs of corrective
actions and the expected costs of emergency actions.
In [133], [134], the risk is defined as the expected costs due to load shedding and
corrective actions. Monte-Carlo simulations (MCSs) sped up by dagger sampling
and rotation sampling are used to compute this risk that can then be used in
security assessment. The novelty of the paper is that the model considers simplified
modelling of time-dependent phenomena, namely, cascading tripping, sympathetic
tripping due to hidden failures in protection systems and transient stability. In
[135], the authors argue for the use of expected energy not served (EENS) as a risk
measure because it reflects the costs of failures for the end consumers and varies
continuously with the level of system security, in contrast to the N-1 criterion that
categorises operating situations as either secure or insecure. It is suggested that
this new indicator could be used together with the deterministic N-1 criterion to
give further information to system operators. For on-line security applications, it is
illustrated how the indicator can be computed by comparing operating conditions
with a set of reference cases for which the indicator value has been calculated offline. In [92], the EENS is taken as a risk measure and used to plot risk contours
in the space of control variables. The risk contour plots take into account the
probability of occurrence of contingencies and possible cascading trippings due to
line overloads. This probabilistic approach to security assessment is compared to
the deterministic security region based on the N-1 criterion and it is shown that
the latter does not reflect the risk of interruption faced by the end users. Forecast
errors are not considered in [92], [133]–[135].
In [36], a risk-based optimal power flow (RBOPF) is developed and compared to
optimal power flow (OPF) and security-constrained optimal power flow (SCOPF).
It has the same constraints as OPF (pre-contingency constraints) but the objective function is the sum of expected operating costs (due to re-dispatch in postcontingency systems) and expected interruption costs (due to load shedding), in
contrast to OPF and SCOPF that only include pre-contingency operating cost.
Similary to [130], [131] reviewed above, the risk is therefore captured in the objective function which puts a cost on the corrective action needed in post-contingency
states to recover stability or relieve violations of operating limits. The resulting

62

CHAPTER 3. WIND POWER FORECAST ERRORS AND SECURITY
MANAGEMENT UNDER UNCERTAINTY

optimization problem is solved by a particle swarm algorithm. Forecast errors are
not considered.
In [136], a RBOPF is presented where thermal line constraints and bus voltage constraints are replaced by risk constraints computed from the likelihood and
severity of events associated with contingencies and load forecast errors. Three
formulations are proposed with either separate risk constraints for the two aspects
(thermal line constraints and bus voltage constraints), overall risk constraints or
an addition cost for the risk constraints in the objective function. The resulting
optimization problem is solved using a successive linear programming algorithm.
Power flow equations are linearised at each iteration allowing for computing the
probability distribution of bus voltages and line flows, similarly to the method used
in [104] reviewed in Section 3.3.2.
In [137], probabilistic risk measures for online risk-based security assessment are
designed and compared. Uncertainty in both the occurrence of contingencies and
load forecast errors is considered. The risk measures capture line overloads, low
voltages, voltage instability and cascading overload events. Severity functions are
designed to capture the risk associated with the events. In [138], implementation
of these risk measures for online security assessment is described. Computational
enhancement and heuristics are described to speed up the computations. Visualisation is also considered with the development of a user friendly program that
displays the risk measures and allows the user to zoom in on particular problems
from an overall risk index. In [32], a risk-based security management framework is
proposed and compared to the deterministic N-1 criterion in two examples. The
framework is based on the risk measures from [137] capturing the probability and
severity of line overloads and low voltages. In the two examples, it is shown that the
risk varies substantially along the deterministic security boundary obtained from
the N-1 criterion, therefore drawing similar conclusions on the inappropriateness of
the N-1 criterion as in [92] reviewed above.
In [37], a risk-based security management framework for both assessment and
control is presented. For security assessment, the same indices as in [137] are used
but a new visualisation method, called security diagram, is introduced. For security
control, a multi-objective RBOPF is proposed and solved by an evolutionary algorithm which provides the Pareto set of the problem, i.e. the set of all dominating
solutions in terms of cost and risk. Speed-up heuristics are used for solving the
problem in appropriate time. The method is illustrated and compared to SCOPF
in [139].
In [140], the RBOPF using DC power flow equations with risk constraints for
line overloads from [137] is compared to a SCOPF with DC power flow equations
during one year of operation. To make the comparison fair, two indices, independent
from the risk measure used as a constraint in RBOPF, are used: the cascading expectation index capturing the severity of cascading events and the angle separation
index capturing the expected magnitudes of angle separations across all lines. In
the case studies, it is shown that RBOPF consistently outperforms the DC SCOPF
in terms of operational costs, risk and the two independent indices.
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In [141], a RBOPF is proposed as a risk-aware version of the improved SCOPF
in (2.14). The proposed RBOPF is solved using Benders decomposition. A case
study compare the RBOPF to different versions of SCOPF. In [142], [143], a socalled risk-based security-constrained optimal power flow (RB-SCOPF) is proposed
which generalizes both SCOPF and RBOPF by weighing the constraints of both. A
reformulation of the severity of line overloads allows for efficent algorithms based on
Benders decomposition, allowing for solving the risk-based SCOPF in large systems.
In [144], the effect of weights of the SCOPF constraints and risk constraints in the
RBOPF are studied. Indications are given for proper selection of weights according
to different operating conditions. In [145], the risk-based SCOPF from [142], [143] is
shown to outperform SCOPF in terms of voltage stability, measured as the reactive
power reserved from QV curves.
In [101], a risk-based security assessment framework is proposed. It considers
the probabilities of occurrence of contingencies and the resulting severities in terms
of loss of load due to load shedding and violations of line current limits and bus
voltage limits. Load or wind power forecast errors are not considered. For decision
making, a linear RBOPF based on first-order derivatives of the severity functions
and on generation shift factors is formulated that trades off changes in production
with risk.

3.3.4

Worst-case considerations

In [146], a framework for security management under uncertainty from day-ahead
planning to intraday operation is proposed. Uncertainty in operating conditions and
contingencies is taken into account by solving feasibility problems which identify
worst-case scenarios and whether preventive and corrective actions are available for
ensuring operating constraints in these worst-case scenarios. The resulting problem
is not tractable and simplifications including the use of DC power flow equations are
used to formulate it as a tractable mixed integer linear programming problem. The
solution gives an indication on whether, given day-ahead planning schedules, a set of
contingencies and ranges for the uncertainties, controllable resources are sufficient
to maintain security in all possible scenarios and all post-contingency systems. In
[147], the method from [146] is further developed with the use of AC power flow
equations. The resulting problem is decomposed into a series of sequential OPF /
SCOPF to make it tractable. As in [146], the method gives worst-case scenario for
a given day-ahead schedule of the generation. If the possible range of preventive
and corrective actions available from the day-ahead schedule cannot ensure that all
operating constraints are satisfied in the worst-case scenarios, changes in day-ahead
schedule would be required. In [17], a toolbox for security management for twoday ahead to real-time operation based partly on [146] was described. It combines
off-line studies with online security management. In [148], the work from [146]
and [147] is further developed to also include the problem of computing day-ahead
decisions in the form of start-up of new generators if needed to ensure security in all
scenarios and all contingencies. The resulting problem is a mixed integer nonlinear
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problem that is solved approximatively by a combination of mixed integer linear
programming problems and nonlinear problems. It is shown in a large 1200 bus
system that the method meets computational requirements for application in dayahead planning.

3.3.5

Stochastic control

Formulation
Most of the methods above give an optimal generation re-dispatch for one point in
time only. However, since the system operator is responsible for maintaining the
balance between production and consumption within the operating period, it seeks
at optimizing power system operation not only at one point in time but throughout
the whole operating period. Stochastic control can be used to address this issue.
In some power systems in which also the power schedules for each operating hour is
decided by the system operators, stochastic control approaches enable these system
operators to optimise power delivery from the day-ahead decisions until the actual
delivery time.
Stochastic control problems are formulated either in continuous time
"Z
min
µt ,t∈[0,T ]

#

T

J =E

ct (ut , ζt )dt + CT (ζT ) ,

(3.14)

0

or in discrete time,
min

µ0 ,...,µT −1

J =E

"T −1
X

#
ct (ut , ζt ) + CT (ζT ) ,

(3.15)

t=0

where t represents time and, in the discrete case, T time stages t = 0, . . . , T are
considered. The functions ct are stage costs and CT is a terminal cost. The minimization is done over a set of policies µt (µ0 , . . . , µT −1 in the discrete case) that
are functions of the stochastic parameters up to time t. The control actions ut are
the actual decisions taken according to these policies after the stochastic system
parameters have been observed, i.e., ut = µt (ζt ). Stage costs represent, for example, the cost of making a decision ut at time t. The terminal cost measures the
deviation from a criteria. In the context of security management under uncertainty,
this terminal cost can for example be defined as the value of lost load at time T .
The problem is solved at the beginning of the period [0, T ] to obtain the optimal set
of policies µ∗t . During the period, the stochastic system parameters are observed
at time t, and the corresponding optimal decision u∗t = µt (ζt ) is taken. While the
approaches presented before modelled the uncertainty in ζ with the PDF of the
forecast errors for the time of interest, ζt in (3.14) and (3.15) is modelled by a
stochastic process.
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Reseach works
In [149], [150], a stochastic control problem is proposed based on the formulation in
[48], [120], reviewed above in Section 3.3.2. Compared with [48], [120], a terminal
cost reflecting either the probability of not meeting the aggregated demand or the
value of lost load (VOLL) is used as terminal cost in the objective function, and
the problem of calling upon generation or interruptible load bids is thus recast
as a stochastic control problem. The authors propose the introduction of more
markets to make use of the flexibility of different types of generating units and
interruptible loads that can respond in different times to new information. Explicit
solution is given as a threshold rule when the forecast errors in the aggregated
net deficit is assumed Gaussian. Since the aggregated demand is considered, the
network constraints in the form of DC or AC power flow equations are not taken
into account. In [151], the approach in [149], [150] is extended to include multi-area
models with limited transmission capacities between the areas.
A stochastic control approach considering network constraints is presented in
[152], [153]. First, the expected costs of system failure for different values of the
control variables are estimated for a list of selected contingencies using Monte-Carlo
simulation (MCS). Then, just before the operating period, stochastic processes are
chosen to model the uncertain parameters such as load and wind power. Finally,
stochastic control is used to obtain optimal dispatch strategies for the whole operating period. The author indicates that more research is needed to study how the
method behaves in large power systems.

3.3.6

Research gap

In the scope of this dissertation, we consider security management under uncertainty, where steady-state voltage stability and operational constraints are considered. Uncertainty comes from the probabilities of occurrence of contingencies and
from load and wind power forecast errors. More precisely, the approach taken here
relies on the operating risk defined in Definition 1.1. This operating risk is defined
as the probability of violation of stability and operational constraints in any of the
pre- and post-contingency systems.
Therefore, the tools for security assessment and control under uncertainty developed in this dissertation must fulfil two main requirements:
1. Capture steady-state voltage instability. This type of instability arises because of the highly nonlinear nature of power systems, and cannot be captured
by linearized formulations based on DC power flow equations or power transfer distribution factors (PTDFs), which disregard reactive power and voltage
variations in the electrical network. In comparison, line transfers have been
shown in several of the studies reviewed above to be well approximated when
using one of these two linearization techniques.
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2. Consider non-Gaussian forecast error probability distribution functions (PDFs).
Indeed, wind power forecast errors have been shown not to be appropriately
captured by Gaussian distributions as discussed in Section 3.1.

These two requirements entail challenges for using the proposed operating risk in
security assessment and enhancement.
Security assessment Exceeding steady-state voltage stability limits can lead to
blackouts. Power systems are therefore typically operated with high margins
to these stability limits (as opposed to line transfer limits, for example, which
may be exceeded for some time without severe consequences). The probability of violation of these stability limits, if not zero, should be kept very low.
Consequently, in security assessment considering these stability limits, system operators must be equipped with tools that are able to accurately and in
moderate time estimate the probability of violations of stability limits. Such
probabilities can in general be estimated by Monte-Carlo simulation (MCS).
However, the fact that the probabilities to be estimated are very small precludes the use of naive Monte-Carlo simulation (MCS), which would require
a very large number of samples.
Security enhancement In security enhancement, the challenge is to formulate
a tractable optimization problem that can be used by system operators to
take decisions that weigh the costs of actions against the operating risk. As
discussed above, considering steady-state voltage stability limits bring about
considerable computational complexity. Including stability limits is already
challenging for the deterministic SCOPF in large-scale power systems [72].
To overcome this intractability, recent advances in semidefinite relaxations of
OPF can be used and incorporated in the formulation of chance constraints,
as in [114]. Another possibility is to develop approximations of the stability
limits, as was done in [137], [138]. The latter is the approach taken in this
thesis.
In the literature reviewed above, only a few publications consider violations of
steady-state voltage stability limits in security management. More specifically, in
security assessment, these publications are:
• [133]–[135], steady-state voltage stability limits are considered in a risk measure capturing load shedding actions necessary to restore equilibrium. Forecast errors in load and wind power are not considered.
• [137], [138], steady-state voltage stability limits are considered by first solving
a continuation power flow (CPF) to find one such stability limit for a given
pattern of load increase (see Section 2.3.4) and, second, using first-order sensitivites of the distance to this stability limit with respect to the load. Assuming
Gaussian distributed forecast errors for the loads then allows the authors to
approximate the distance to the steady-state voltage stability limit as Gaussian. The approach cannot be extended to forecast errors due to wind power,
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however, since they are typically not Gaussian distributed. In addition, the
linearization of the distance to the stability limit is performed around one
stability limit point found in one specific direction of load increase. This
linearization may fail to accurately approximate the actual probability of violations of steady-state voltage stability limits. The accuracy of the proposed
approximation is not reported in [137], [138].
In security enhancement, these publications are:
• In [36], [37], [141], steady-state voltage stability limits are captured by using
AC power flow equations. These publications consider only probabilities of
occurrence of contingencies but do not consider load or wind power forecast
errors.
• In [146], steady-state voltage stability limits and uncertainties from both contingencies and forecast errors are captured, but the emphasis is on adequacy
and not on optimal security control.
• In [152], steady-state voltage stability limits are captured in a stochastic control framework. The approach is however computationally demanding.
• In [114], steady-state voltage stability is captured by using the semidefinite
relaxation of the AC power equations. A unique joint chance constraint on all
stability and operational limits is used and a violation threshold of 10 % is set.
With this threshold, the scenario approach was used and tractable to handle
the chance constraint. Based on the discussion above about the much more
severe consequences of exceeding stability limits compared to line transfer
limits, a threshold of 10 % seems too high. Recall from the introduction in
Figure 1.5, reproduced here in Figure 3.2, that the threshold for the violations
of stability constraints would instead need to be set much lower, around 10−5
if no more than one interruption per year over the coming 15 minutes is
admissible. The number of scenarios grows inversely with this threshold. The
scenario approach would therefore be very computationally demanding if used
to solve a CCOPF with this threshold.
Although other approaches reviewed above do not consider explicitly stability
limits, it is worth noting that the approaches based on limiting the risk associated
with or the probability of violations of line transfer limits implicitly also reduce the
probability of exceeding stability limits as shown in [140], [145]. However, explicitly
capturing stability issues is still very valuable for system operators.

3.4

Summary

We have identified in the previous section two requirements for the tools developed
within the scope of this thesis: the consideration of steady-state voltage stability
limits and of non-Gaussian forecast error probability distribution function (PDF)
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Figure 3.2: Allowed operating risk in the coming fifteen minutes as a function of
number of allowed interruptions over 10 years.

for modelling wind power forecast errors. The review of existing publications revealed that none of them provides satisfactory tools fulfilling these two requirements
for both security assessment and enhancement.

Security assessment (Q2)

Problem 2
Evaluation of the
operating risk

Security enhancement (Q3)

Problem 1
Parametrized
approximation of the
stable feasible domain

Problem 3
Obtaining the
optimal preventive
control actions
(CCOPF)

Figure 3.3: Proposed framework and relation of the three defined problems to each
other and to research questions Q2 and Q3 in Section 1.2.
The approach taken in this dissertation to address these two issues has been
described in Section 1.3. It is a two step approach that first proposes an analytical
characterization to approximate the stable feasible domain considering steady-state
voltage stability limits, and, second, uses this analytical characterization for either
security asessement or enhancement, see the corresponding three problems in Figure
3.3. The following chapters describe the proposed tools to address these three
problems.

Chapter 4

Second-order approximations of
stability boundaries
Security assessment (Q2)

Problem 2
Evaluation of the
operating risk

Security enhancement (Q3)

Problem 1
Parametrized
approximation of the
stable feasible domain

Problem 3
Obtaining the
optimal preventive
control actions
(CCOPF)

This chapter introduces the method that solves Problem 1 to characterize the
stable feasible domain. The method relies on second-order approximations of the
stability boundary that bounds the stable feasible domain.

The problem addressed in this chapter is Problem 1 recalled below.
Problem 1 (Parametrized approximation of the stable feasible domain)
Develop a parametrized approximation of the stable feasible domain, considering
steady-state voltage stability and operational constraints.
As discussed in Section 1.3.1, tools to solve this problem can be repeatedly run
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offline to build a database of parametrized approximations of the stable feasible
domains, see Figure 4.1.

Operating period
(one hour or less)
t0

t+δ

t

Time
Problem 1: Compute parametrized
approximations
of the stable
feasible domains

Problem 2: Given
forecasts F for
t + δ and dispatch
u0 , RF,C (u0 ) ≤ α?
No
Problem 3:
Determine redispatch u such
that RF,C (u) ≤ α

Preventive
actions enforced

Send orders
to generators

Figure 4.1: Problem 1 during power system operation.

Solving Problem 1 is the cornerstone in the proposed framework since the
characterization of the stable feasible domain will then be used to solve Problem
2 and Problem 3 in subsequent chapters.

4.1

Stable feasible domain

The stable feasible domain is the set of all system parameters for which stability
and operational constraints are fulfilled. Mathematically, it is defined as


D=

[uT ζ T ]T ∈ Rl

∃ (x, y) such that

f (x, y, u, ζ) = 0, g(x, y, u, ζ) = 0, h(x, y, u, ζ) ≤ 0 ,

where all symbols were introduced in Section 2.2. If the control parameters u are set
to a value u0 , the restriction of the stable feasible domain to the space of stochastic
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system parameters ζ is

D(u0 ) = ζ ∈ Rp ∃ (x, y) such that

f (x, y, u0 , ζ) = 0, g(x, y, u0 , ζ) = 0, h(x, y, u0 , ζ) ≤ 0 ,
If a contingency occurs in the system, the operating constraints f , g and h will
change; therefore, the stable feasible domain will also change. In the following, a
subscript i is appended to D to indicate that Di refers to the stable feasible domain
of the pre- or post-contingency system i.
In security assessment and control, system operators operate the system so that
it remains inside the stable feasible domains of the pre-contingency system and the
considered post-contingency systems. The considered post-contingency systems i
are the ones identified by system operators as critical. In the following, C denotes the
set of the considered pre- and post-contingency systems. The system is therefore
operated so that it remains in the intersection of all pre- and post-contingency
systems i, i ∈ C.
The stable feasible domain Di is bounded by the stability boundary Σi , ∀i ∈
C. Their restrictions Di (u) to the ζ-space when control parameters u are set are
bounded by the stability boundaries Σi (u). Some illustrations were given in Section
2.3.6. The boundary of the intersections of all considered stable feasible domains
is called the security boundary [73].

4.2

Need for approximations of the stability boundary

There is no known analytical parametrization of the stable feasible domain. For a
given point [uT ζ T ]T ∈ Rl , one can check whether it belongs to D by
1. Find whether there exist x and y such there is a steady-state equilibrium
(2.2) (this is done by solving a power flow problem1 ). This requires solving a
possibly large system of nonlinear equations.
2. If a steady-state equilibrium exists, check whether it satisfies the operating
limits h(x, y, u, ζ) ≤ 0.
It is computationally demanding to use the exact stable feasible domain in security
assessment and enhancement. Therefore, as stated in [55],
There is a need of an analytical description and/or approximation of the
boundary. The analytical description usually means the use of linear or
nonlinear inequalities applied to a certain number of critical parameters
1 A power flow problem is the problem in which the values of all state and algebraic variables x
and y are obtained given other values such as the production at the generators and the consumption
of the loads. In particular, voltage magnitudes and angles at all buses are obtained.
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such as power flows, load levels, voltage magnitudes, etc.; if all inequalities are satisfied, the analyzed operating point is considered to be inside
the security region; if any of the inequalities is violated, the point is
considered to be outside the security region.

Furthermore, in [55], a survey among system operators was performed from which it
appears that system operators are interested in using approximations of the stability
boundary that would give them more detailed knowledge of the loadability limits
in their systems.
An analytical approximation following these guidelines have been developed in
this dissertation, and is described in the next sections. The proposed approximation
is a second-order approximation of the stability boundary.

4.3

Review of existing approximations of the stability
boundary

In [154], [155], the stability boundary consisting of thermal limits, voltage stability, transient stability and small-signal stability is approximated by hyperplanes
from the inside, so that the approximation is conservative whenever the stability
region is strictly convex. Examples are given where the approximations are used
for assessing security margins. In [156], first- and second-order approximations of
the small-signal stability boundary are presented. The authors of [156] use the implicit function theorem to express the relationship between the parameters on the
stability boundary. In [73], the steady-state security boundary is approximated by
a second-order approximation obtained by a neural network. The neural network
is trained with loadability limits which can be found by using one of the methods
presented in Section 2.3.4. In [157], [158], the normal to and the curvature tensor
of the stability boundary are used to express second-order approximations of the
voltage stability boundary, thus giving an intuitive, geometrical expression of the
second-order approximations.
The approximation of the stability boundary proposed in this chapter is a
second-order approximation. Compared to [154], [155], the higher order of the
approximation allows for a better accuracy. While only small-signal stability was
dealt with in [156], we develop further the approximations from [157], [158], and
take into account voltage, small-signal and thermal stability. Compared to [73],
there is no need to train a neural network, a procedure which has been recognized
to be difficult [55]. Furthermore, we present a new method that, given probabilistic
forecasts, searches for the most likely point on the stability boundary at which the
approximation can be calculated. Finally, also new in our approach, the important case of intersections of the different smooth parts of the stability boundary is
treated carefully.
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4.4
4.4.1

Second-order approximations of stability boundaries
Geometry of stability boundaries

In Section 2.3.6, we introduced the notion of smooth parts of the stability boundary.
The smooths parts capture the fact that the stability boundary is a collection of
loadability limits reached at different settings of the switching devices and arising
from the different types of stability described in Section 2.3.2. The switching devices
considered in this dissertation are the generator models and their control systems
introduced in the two examples of Section 2.2.2. Depending on the state of the
switching devices, generators equipped with their control systems can be grouped
in two sets Ga and Gb :
Model 1 The first model considers the reactive power limit of generators by assuming that the generators switch from voltage control to constant reactive
power production after reaching their reactive power limit, see Example 2.1.
• The set Ga contains all generators under voltage control.
• The set Gb contains all generators producing at their limit of reactive
power.
Model 2 The second considers a more detailed model by explicitly modelling the
automatic voltage regulator (AVR) and overexcitation limiter (OXL) of the
generators, see Example 2.2. When the field voltage of a generator reaches its
limit, the generator switches from voltage control (under AVR) to constant
field voltage (under OXL).
• The set Ga contains all generators under AVR.
• The set Gb contains all generators under OXL.
Model 1 is a widely used approximation of Model 2. A smooth part of the stability
boundary is therefore a collection of loadability limits that all share
1. common sets Ga and Gb ,
2. a common type of loadability limit2 , which can be saddle-node bifurcation
(SNB), switching loadability limit (SLL), Hopf bifurcation (HB) or operating
loadability limit (OL).
Examples of pre- and post-contingency stability boundaries and their smooth parts
were given in Example 2.3. The smooth parts j of stability boundary Σi are denoted
Σij . Prior to any investigation it is not clear what different smooth parts the
stability boundary consists of. The next section describes the algorithm proposed
in Publication A to find smooth parts and approximate them with second-order
approximations.
2 Note that for one type of loadability limit, different subtypes exist. For example, For SNB
which is characterized by a zero eigenvalue at the bifurcation point, different subtypes would be
due to different eigenvalues becoming zero. For SLL, different subtypes would be due to different
generators reaching their limits. “Common type” should therefore here be understood as a specific
subtype.
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Second-order approximations of smooth parts of the
stability boundary

Algorithm 2 describes the proposed method to find and approximate the smooth
parts of the stability boundaries of all considered pre- and post-contingency systems.
The following sections explain the algorithm in more detail.
Algorithm 2: Algorithm for approximating the stability boundaries.
inputs : Set C of pre- and post-contingency systems
Set S of load increases
Joint probability distribution function fζ of the stochastic system
parameters ζ
Set point uc for the controllable system parameters
Base case value ζ0 for the stochastic system parameters
outputs: Sets Ai of smooth parts Σij of the stability boundaries Σi , i ∈ C
Sets Ji indexing the sets Ai
Most likely point ζcij on all Σij (uc )
Normal vector nij to and Weingarten map dNij of all Σij at
λc = [uTc (ζcij )T ]T
for i ∈ C do
j = 1;
for k ∈ {1, . . . , |S|} do
Step 1a: Find the stability limit ζs on Σi (uc ) in the direction dk ∈ S
from ζ0 ;
Step 1b: Identify the smooth part Σij (uc ) on which ζs lies;
while Σij ∈
/ Ai do
Step 2: From ζs , find ζcij , the most likely point on Σij (uc )
according to fζ ;
Step 3: Compute the normal nij to and the Weingarten map
T
ij T T
dNij of Σij at λij
c = [uc (ζc ) ] ;
Ai ← Ai ∪ {Σij };
Ji ← Ji ∪ {j};
j ← j + 1;
if ζcij is at the intersection between Σij and another smooth
part Σil then
Σij ← Σil ;
ζs ← ζcij ;
end
end
end
end
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4.4.3

Inputs and outputs

Inputs
• C: it is the set of all considered pre- and post-contingency systems.
• S: a set of load increases, used in Step 1b, see Section 4.4.4 for more detail.
• fζ : the joint probability distribution function (PDF) of the stochastic system
parameters ζ. It is given by probabilistic forecasts and describes the load and
wind power forecast errors.
• uc : a set value for the controllable parameters. Step 1 and Step 2 are performed on the restriction Σij (uc ) of Σij to the space of stochastic parameters
for u = uc while Step 3 is performed considering Σij in the space of system
parameters.
• ζ0 : a base case value for the stochastic system parameters, used in Step 1a,
see Section 4.4.4 for more detail.
Outputs
• Ai , i ∈ C: sets of all smooth parts Σij of Σi , i ∈ C, discovered during
the course of the algorithm. This set is updated by the algorithm when
new smooth parts are encountered. The smooth parts in Ai are indexed by
Ji = {1, . . . , |Ai |}.
• ζcij , j ∈ Ji , i ∈ C: the most likely points, according to fζ , on Σij (uc ), found
in Step 2, see Section 4.4.5.
• Normal vector nij to and Weingarten map3 dNij of all Σij , computed at
λc = [uTc (ζcij )T ]T in Step 3, see Section 4.4.6.
Remark 4.1
The searches towards the most likely points are performed in the ζ space, but the
normals and curvatures are computed in the λ = [uT ζ T ]T space. This is because
the probabilistic forecasts are available in the ζ space, allowing for searching for
the most likely points, according to these forecasts, on the stability boundary.
However, the second-order approximations must be computed in the λ space since
they will be used in security enhancement to determine the optimal value of the
controllable parameters u. In [159], the algorithm was further developed to search
the most likely points in the λ space, by approximating the controllable parameters
as Gaussian random variables correlated with the stochastic system parameters.

4.4.4

Algorithm 2, Step 1

In Step 1a, the loadability limit ζs on Σi (uc ) in the direction dk is found by solving
the optimization problem (2.9) in Section 2.3.4 with u = uc and d = dk . Model 1,
respectively Model 2, from Section 4.4.1 can be used to represent the generators
3 The Weingarten map gives the derivatives of the normal vector along the basis vectors of the
tangent plane. The eigenvalues of the Weingarten map are the principal curvatures of Σij at λij
c .
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with reactive power limits, respectively with AVR and OXL. The choice of Model
1 or 2 will determine the set of equations to include when solving (2.9). In Step
1b, the smooth part of Σi (uc ) on which the loadability limit lies is identified by
building the sets Ga and Gb , see Section 4.4.1, and identifying which of the four
types of loadability limits presented in Section 2.3.2 is encountered at ζs . The
characterization of each type of loadability limit is described in Publication A.
If the identified smooth part is already in Ai , then it has already been encountered previously during the course of the algorithm, in which case the algorithm
goes on to finding the loadability limit in the next direction of load increase, or to
dealing with the next pre- or post-contingency system.

4.4.5

Algorithm 2, Step 2

In Step 2, the most likely point on the smooth part Σij (uc ) is found by tracing
Σij (uc ) from an initial point ζs on the smooth part. This step corresponds to
solving the following optimization problem
max fζ (z)
z

s.t. z ∈ Σij (uc )
Previous work
In [160], this optimization problem was solved by an iterative method in the case
when Σij (uc ) corresponds to saddle-node bifurcations (SNBs). Starting from a
point ζk ∈ Σij , the gradient of the PDF fζ at this point can be projected on the
tangent hyperplane:
np −1

r=

X

hci , ∇ζ fζ (ζk )i ci ,

(4.1)

i=1

where {c1 , . . . , cnl −1 } is the basis of the tangent hyperplane to Σij (uc ) at ζk . This
defines a direction of search in the tangent hyperplane. Then a step is taken to
get a new point ζkp = ζk + δr in the tangent hyperplane, where δ can be chosen
to tune the length of the step. The new point ζkp does not belong anymore to the
smooth part Σij (uc ), and therefore needs to be corrected. In [160], the correction
step is done by running a continuation power flow (CPF) in the direction of ζkp . The
method is then iterated until the norm of the projection of the gradient becomes
sufficiently small. It is a predictor-corrector method.
In [161], another predictor-corrector method was given to explore a SNB smooth
part, where the prediction direction was chosen arbitrarily in the tangent hyperplane, and the corrector step is a Newton-Raphson method using equations describing the SNB smooth part to project the predicted point onto the surface orthogonally to the tangent hyperplane. The predictor-corrector method is illustrated in
Figure 4.2.
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Figure 4.2: Predictor-correction method.

Contributions
Here, we will use the prediction step from [160], and a correction step similar to the
one in [161] to find ζcij . Compared to [160], [161], we further develop the method to
trace smooth parts of any of the four types described in Section 2.3.2. The method
is outlined Algorithm 3.
Algorithm 3: Predictor-corrector method
inputs : Initial point ζ0 on Σij (uc )
Joint PDF fζ of the stochastic system parameters ζ
output: Most likely point ζcij on Σij (uc )
Initialization:
k = 0;
Σ = Σij ;
while stopping condition not reached do
k ← k + 1;
Compute normal nk to Σ(uc ) at ζk ;
Compute a basis C k = [c1 . . . cnl −1 ] of the tangent hyperplane to Σ(uc )
at ζk by using the Gram-Schmidt producedure initialized with nk ;
Compute the projection rk of the gradient of fζ onto the tangent
hyperplane, see (4.1);
Predictor step: ζkp = ζk + δrk ;
Corrector step: Get a corrected point ζk+1 on Σij (uc ) from ζkp ;
if ζk+1 lies beyond another smooth part Σil then
Σ ← Σij ∩ Σil
end
end
During the course of Algorithm 3, it may happen that another smooth part
is encountered. In this case, the search for the most likely point on Σij should
continue on the intersection W between Σij and the new smooth part Σil since Σij
is not a binding smooth part of Σi beyond Σil . The intersection W is a set of corner
points (CPs), which are points at which at least two types of loadability limits are
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encountered, see Definition 2.9. This is illustrated in Figure 4.3. If, at a later step of
the algorithm, yet another smooth part is encountered, the algorithm continues on
the intersection of Σij with this newly encountered smooth part. Therefore, during
the course of algorithm 3, a set Σ is updated to deal with the possible intersections.
The set Σ is initialized to be Σij and updated to be the intersection of Σij and the
latest encountered smooth part.

Σil

←W
ζkp
ζk−1

Σij

ζk
ζk+1

0

ζk

Figure 4.3: Continuing the search for the most likely point on Σij along the intersection W of two smooth parts Σij and Σil : Starting from ζk−1 , the predicted
0
point is ζkp from which the correction step gives ζk which is beyond Σij so the search
continues along the set W of CPs with ζk and ζk+1 .
A basis of the tangent hyperplane at the corrected points ζk must be computed in
each step, which can be done using the Gram-Schmidt procedure initialized with the
normal vector to Σ(uc ) at ζk . The algorithm must be able to handle smooth parts
of any type of loadability limit as well as sets of corner points (CPs) corresponding
to intersections between smooth parts of any type of loadability limits. Therefore,
formulas for the normal vector for all these types of manifolds are needed. These
formulas can be found in Publication A.
The method stops when the gain by moving towards the projection of the negative gradient onto the tangent hyperplane becomes sufficiently small. For example,
we can stop when after a certain step k
Pnl −1
hci , ∇ζ fζ (ζk )i ci k
k i=1
< ,
kfζ k
for some small . The most likely point ζcij on Σij is then ζk . If ζk is on the
intersection between Σij and another smooth part Σil , Algorithm 2 continues on
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this second smooth part Σil with ζk as starting point (which is the if condition in
Algorithm 2).

4.4.6

Algorithm 2, Step 3

At the end of Step 2, the most likely point ζcij on smooth part Σij has been located
using Algorithm 3. At this point, the normal vector to and the Weingarten map of
Σij are computed. The Weingarten map gives the derivatives of the normal vectors
along the basis vector of the tangent plane. The eigenvalues of the Weingarten map
are the principal curvatures of Σij at λij
c .
Formulas for the normal vectors to and Weingarten maps of smooth parts of any
of the four types of loadability limits can be found in Publication A. All formulas
are given in the λ space, whereas Step 1 and Step 2 were performed in the ζ space,
as explained in Remark 4.1.
In addition, as will be explained in Section 4.7, the normal vectors to and
Weingarten maps of intersections between smooth parts of type SNB and of type
SLL are also required. These formulas are also given in Publication A.

4.4.7

Second-order approximations

At the end of Algorithm 2, collections Ai of smooth parts Σij , j ∈ Ji , of each
stability boundary Σi have been found. the most likely point ζcij has been found
for each found smooth part Σij (u). At these most likey points, the normal nij to
and the Weingarten map dNij of Σij were computed in the λ space.
Let us now consider one smooth part Σij . From the Weingarten map, the socalled second fundamental form can be defined as follows [162]
IIij (xc ) = −xTc dNij xc ,
where xc is a displacement in the tangent plane to Σij at λij
c . Given the normal
vector and the second fundamental form, a second-order approximation Σaij of the
smooth part Σij is given by the following function
1
Γλijc (xc ) = λij
c + Cij xc + IIij (xc )nij ,
2

(4.2)

where the columns of matrix Cij are the vectors of a basis of the tangent plane
to Σij at λij
c , and xc is the displacement in the tangent plane in the coordinate
system defined by Cij . A basis of the tangent plane can be obtained by using the
Gram-Schmidt procedure from the normal vector nij .
Remark 4.2 (Choice of the most likely points)
Algorithm 2 can be used to trace the stability boundary towards arbitrary directions. It is proposed to search for the most likely points according to the probabilistic forecast at hand. Another interesting search direction can be towards the
closest points in the Euclidean norm, which was used in Publication A.
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4.5

Distances to the second-order approximations

The distance to the second-order approximation in the direction of the normal
vector at the most likely point λij
c is given by

dij (λ) = −

(λij
c



1
T
ij
− λ) nij + IIij Cij (λ − λc ) .
2
T

(4.3)

T
ij
The term Cij
(λ − λij
c ) is the projection of (λ − λc ) onto the tangent plane. Figure
4.4 illustrates the different terms in the expression of the distance. Note that the
distance function is a signed function whose sign is defined by the direction of the
normal vector. The normal vector is here directed towards the unstable side of the
stability boundary. The minus sign is used so that the distance function is negative
if a point λ is on the stable side of the second-order approximation and positive if
it is on the unstable part.

n

C T (λc − λ)

λc
Σ

a

1
2 II


C T (λc − λ) n



T
(λc − λ) n n

−d(λ)n

λ
Figure 4.4: Distance to the second-order approximation of one smooth part.

The distance functions can also be expressed as follows. Let

1
(M )11
T
M = − Cij dNij Cij
=
(M )21
2


(M )12
.
(M )22

Let also ∆u = uij
c − u. The distance functions can be written as
1
dij (u, ζ) = aij (u) + bij (u)T ζ + ζ T cij ζ,
2

(4.4)
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where


T
T
aij (u) = (nij )1 ∆u + ∆uT (M )11 ∆u + (nij )2 + 2∆uT (M )12 ζc + ζcT (M )22 ζc ,
T

bij (u) = − (nij )2 − 2(M )21 ∆u − 2(M )22 ζc ,
cij = 2(M )22 ,
and (nij )1 and (nij )2 are the two components of nij corresponding to u and ζ parameters, respectively, and similarly for (M )11 , . . . , (M )22 . The distance functions
are therefore quadratic functions of the stochastic system parameters. Note that
the second-order coefficients cij do not depend on u.

4.6

Approximation of the stable feasible domains

Using the distance functions to all encountered smooth parts, the stable feasible
domain of a pre- or post-contingency system i can now be approximated by

Dia = λ = [uT ζ T ]T dij (λ) ≤ 0, ∀j ∈ Ji
(4.5)
This approximation meets the need identified in [55] for approximations of the
stability boundary and introduced in Section 4.2.

4.7

SNB-SLL intersections

Corner points (CPs) at the intersection between SNB and SLL smooth parts need
special attention, because the intersection is tangential while other smooth parts
intersect transversally [157]. We adopt here the terminology from [157] and denote
the points at SNB-SLL intersections tangential intersection points (TIPs).

4.7.1

Illustration

Figure 4.5 shows a two-dimensional ζ-space where a SNB smooth part and a SLL
smooth part intersect in a TIP. Suppose that a loadability limit is sought in direction d1 from ζ0 . As shown in Figure 4.5, the loadability limit will be on the
SLL smooth part, to the left of the TIP. Conversely, a loadability limit sought in
direction d2 from ζ0 will be on the SNB smooth part. To the left (respectively to
the right) of the TIP, the binding smooth part is therefore the SLL (respectively
SNB) smooth part.
Recall from Section 2.3.2 that breaking points (BPs) are points at which a
generator switches from set Ga to set Gb (see also Section 4.4.1 for the definition of
these sets). At these points, the system can lose stability instantaneously, in which
case these BPs are SLL, or maintain a stable operation, in which case these BPs
are harmless.
In Figure 4.5, the set of BPs to the left of the TIP (solid line) are SLL points,
whereas the set of BPs to the right of the TIP (dashed line) are harmless BPs.
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Both sets belong to the same smooth manifold. This smooth manifold intersects
the SNB smooth part tangentially at the TIP. Observe that the SNB smooth part
is always beyond the set of breaking points.
SNB beyond SLL

Dividing
surface H

ζ2

nH
SNB

SLL
TIP

d1
ζ0

d2

Harmless
breaking points
ζ1

Figure 4.5: SNB and SLL smooth parts intersect tangentially at a tangential intersection point (TIP).

When second-order approximations of SNB and SLL smooth parts are computed
in Step 3 (Section 4.4.6) at a TIP, it is therefore necessary to take into account the
fact that these second-order approximations cease to exist on one side of the TIP.
Otherwise, the second-order approximation of the SLL smooth part would be on
the inside of the second-order approximation of the SNB part in the entire space.
This in turn would result in conservative assessment of the stability margins of the
system.
To take into account that the second-order approximations of SLL and SNB
smooth parts should not be binding on one side of the TIP, we proceed as follows.
Let G be the surface that contains the TIPs and all points lying in the direction
of the normal vector to the two surfaces from the TIPs4 . In Publication A,
formulas for the normal and Weingarten map of the surface G were given. Using
these, second-order approximations H of the surfaces G can be computed using
(4.2). The surface H is called the dividing surface.
The normal nH is chosen to be pointing towards the SLL side of the TIP, as
depicted in Figure 4.5. The distance function dH to H in the direction of nH is
defined as in (4.3). It is is negative on the SNB side and positive on the SLL side.

4 The

two surfaces have the same normal at the TIP since they meet tangentially.
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Changes in the approximation of the stable feasible
domain

For all pre- and post-contingency systems i ∈ C, let Ti be a {0, 1}|Ji | × {0, 1}|Ji |
matrix with Ti (j, k) = 1 if Σij and Σik intersects tangentially and Ti (j, k) = 0 othi
erwise. The corresponding dividing surfaces are denoted Hjk
. These are computed
during the course of Algorithm 2 when intersections between SNB and SLL smooth
parts are encountered.
Going back to the approximation of the stable feasible domain in (4.5), the distance functions corresponding to SNB smooth parts should be changed. Distance
functions to the second-order approximations of SNB (respectively SLL) smooth
parts must not be strictly positive on the SLL (respectively SNB) side of the corresponding dividing surface. It would otherwise lead to inaccurrate estimation of
the system stability.
These distance functions can therefore be replaced, in the case of SNB, by






dij (u, ζ) ← dij (u, ζ) · 
−∞ · 

[

k=∈Ji
Ti (j,k)=1

and, for the SLL smooth parts, by


n
o
i (u, ζ) > 0  ,
1 dHjk









dij (u, ζ) ← dij (u, ζ) · 
−∞ · 

(4.6)

[

k=∈Ji
Ti (j,k)=1

n
o
i (u, ζ) < 0  ,
1 dHjk


(4.7)

where 1 {·} is the indicator function. These expressions ensure that the distance is
negative on the side of the dividing surface for which the corresponding second-order
approximation is not binding.

4.7.3

Approximation of the stability boundary in the X-space

In Section 3.1.4, it was seen that the stochastic system parameters ζ can be written
ζ = γ(X) = [γ w (Y )T pT ],
where X is a multivariate Gaussian random variable with mean mX and covariance
matrix ΣX , obtained from the joint Normal transform (JNT). It will be convenient
for the methods introduced in the subsequent chapter to define the approximation
of the stability boundary introduced above in the X-space.
In the following, quantities with the superscript ˜· denote quantities in the Xspace. The stable feasible domains can be expressed in the X-space as follows:
D̃c (u) = {x ∈ Rnp | ζ = γ(x) ∈ Dc (u)} .
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The stability boundaries Σc (u) can be expressed in the X-space as follows:
Σ̃c (u) = {x ∈ Rnp | ζ = γ(x) ∈ Σc (u)} .

(4.8)

The second-order approximations of all smooth parts Σ̃cj of the stability boundaries Σ̃c can be expressed in the X-space. Formulas to adapt the second-order
approximations in the ζ-space given in Section 4.4 into the X-space by taking into
account the transformation (3.9) are given in Publication E. Similarly as the
distance functions in the ζ-space in (4.4), distance functions to the second-order
approximations in the X-space are given by:
1
d˜cj (u, X) = ãcj (u) + b̃cj (u)T X + X T c̃cj X.
2

(4.9)

The approximations (4.5) in the ζ-space of the stable feasible domains become, in
the X-space,
n
o
D̃ca = [uT xT ]T d˜cj (u, x) ≤ 0, ∀j ∈ Jc .
(4.10)

4.8

Accuracy of the approximation of the stable feasible
domain

The accuracy of the approximation (4.5) of the stable feasible domain depends on
the following factors
1. the number of smooth parts that have been found when running Algorithm 2.
It is not possible to know for sure that all smooth parts of the stability
boundaries have been found. Using a large number of directions of load
increase (Set S in Algorithm 2) can allow us to find more smooth parts. In
addition, if the most likely points of a smooth part lies on an intersection with
another smooth part, the search towards the most likely points continues on
the second smooth part. Therefore, several smooth parts can be found from
one initial direction of load increase.
2. the number of tangential intersections found between SNB and SLL smooth
parts. It can happen that although all SNB and SLL smooth parts have been
found, some SNB-SLL intersections have not been found during the course of
Algorithm 2. Note that SNB and SLL smooth parts that intersect tangentially
share the same sets Ga and Gb . Therefore, after completion of Algorithm 2,
a processing step could be added to go through all pairs of SNB and SLL
that share the same sets Ga and Gb but whose set of tangential intersection
point (TIP) has not been found. This has not been considered in this thesis,
however, but can be the subject of future work.
3. the accuracy of the second-order approximations of the smooth parts and of the
dividing surfaces for the tangential intersections. The accuracy of the secondorder approximations depend on the magnitude of the third and higher order
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terms in the series expansions of the smooth parts. Furthermore, since the
second-order approximations are local approximations5 , the accuracy depends
on the distance to the most likely points.

4.9
4.9.1

Results
Illustration of the method to search for the most likely
point

In this section, some results from the case study in Publication A are summarized.
In this case study, the method for tracing the smooth parts of the stability boundary
towards the most likely points is applied in the system in Figure 4.6.
The system has three generators at buses 1, 2 and 3, and three loads at buses
5, 6 and 8. Generator 1 provides primary frequency control. The generators are
modelled with their one-axis model, and equipped with AVR and OXL, see Section
4.4.1. The base power is 100 MW.

Figure 4.6: IEEE 9 bus system.
Figure 4.7 illustrates the search towards the most likely points. The stochastic
system parameters are the three loads: ζ = [P5 P6 P8 ]. In this example, the most
likely points are defined as the points closest to ζ0 = [P50 P60 P80 ] = [1.25 0.9 1] in the
sense of the Euclidean norm. In order to illustrate the search, the actual stability
boundary in the parameter space for positive values of the loads was obtained by
running 10 000 continuation power flows. Table 4.1 shows what type of stability
limit the different colors correspond to.
The black circles in Figure 4.7 correspond to stability limits which are found
by running continuation power flows from ζ0 in particular directions. From these
stability limits, the black lines depict the searches for the most likely points on each
5 in

the sense that they are computed at the most likely points, λij
c in (4.2).
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Figure 4.7: Searches to the most important points on these smooth parts (black
lines) from different start points (black circles). All searches on the same smooth
part converge to the same closest point (white circles).

Table 4.1: The different stability limits in the IEEE 9 bus system.
Color

Stability limit

Comments

Set Ga

Set Gb

Green

SLL

{1,2}

{2,3}

Dark blue
Light blue

HB
HB

{1,2,3}
{1,2}

∅
{3}

Orange

OL

{1,2,3}

∅

Red

OL

{1,2}

{3}

Yellow

OL

This SLL is due to the AVR in generator 2 reaching its limit.
See comment for the light blue case.
Same pair of complex eigenvalues
reaching the imaginary axis as in the
dark blue case, but the sets Ga and
Gb are different.
The active power limit has been
reached on line 2.
The active power limit has been
reached on line 2. Compared to the
orange smooth part, the sets Ga and
Gb are different.
The active power limit has been
reached on line 4.

{1,2}

{3}

smooth part. The most likely points are represented by white circles. Two different
stability limits were computed on each smooth part (the two black circles for each
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smooth path in Figure 4.7). It can be observed that, as it should be, searches
starting on the same smooth part converge to the same most likely point.
The most likely point for the whole stability boundary is located on the light
blue part. It corresponds to the closest point to ζ0 , under the Euclidean norm.
All other most likely points lie on the edge between two smooth parts. From the
searches on the dark blue, orange, red and yellow parts, it can be observed that the
search is able to follow the intersections between two smooth parts.
In Figure 4.7, the search was stopped at each most likely point. The general
method presented in Algorithm 3 would continue from the most likely points located
at intersections onto the next smooth part, so that all searches would eventually
converge to the most likely point on the light blue part.

4.9.2

Illustration of second-order approximations

In this section, some results from Publication A are summarized. Using the
results of the search from the previous section, the second-order approximations
of each smooth part can be computed from the most likely points. For example,
Figure 4.8 shows the actual stability boundary and the second-order approximation
of the light blue part in gray. The approximation point is the white circle on this
smooth part in Figure 4.7.

(a) View from the outside

(b) View from the inside with the base case
loading ζ0 (red circle).

Figure 4.8: The stability boundary and the second-order approximations of the
light blue part (in gray).
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Other results

The second-order approximations and the algorithm to trace the stability boundaries are also studied in the following appended publications.
Publication A The method to trace the stability boundary towards the most
likely point is illustrated in the IEEE 9 bus system. In this same system, the
accuracy of the second-order approximations of the smooth parts is computed
as the distance from the approximations to the actual stability boundary.
Publication B The second-order approximations together with other approximations that will be presented in Chapter 7, are used to solve a CCOPF. The
overall method, including all approximations, is shown to have a good accuracy.
Publication C The accuracy of the second-order approximations is computed in
a small system.
Publicationd E-F The second-order approximations are used together with other
approximations presented in Chapter 6 to estimate the operating risk. The
accuracy of each separate approximation is assessed.

Chapter 5

Monte-Carlo methods for evaluating
the operating risk
Security assessment (Q2)

Problem 2
Evaluation of the
operating risk

Security enhancement (Q3)

Problem 1
Parametrized
approximation of the
stable feasible domain

Problem 3
Obtaining the
optimal preventive
control actions
(CCOPF)

This chapter introduces three Monte-Carlo methods to solve Problem 2. One
relies on tractable approximations of the operating risk. The other two use importance sampling to speed up Monte-Carlo simulations.

The problem addressed in this chapter is Problem 2 recalled below.
Problem 2 (Evaluation of operating risk)
Given a dispatch of the controllable generators, probabilistic forecasts for load and
wind power and occurrence probabilities of contingencies, estimate the operating
risk.
89
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As discussed in Section 1.3.1, tools to solve this problem can be integrated in
power system operations to monitor the operating risk, see Figure 5.1.

Operating period
(one hour or less)
t0

t+δ

t

Time
Problem 1: Compute parametrized
approximations
of the stable
feasible domains

Problem 2: Given
forecasts F for
t + δ and dispatch
u0 , RF,C (u0 ) ≤ α?
No
Problem 3:
Determine redispatch u such
that RF,C (u) ≤ α

Preventive
actions enforced

Send orders
to generators

Figure 5.1: Problem 2 during power system operation.

5.1

Operating risk

The proposed definition (Definition 1.1) of the operating risk is recalled below:
Definition 5.1 (Operating risk)
Let T be the particular time of interest in the future, typically 1 min to 1 hour
ahead from now. Assume that the following information is available for this time
T:
• F: Probabilistic forecasts for the load and wind power.
• C: A set of considered contingencies.
• qc , c ∈ C: Probabilities of occurrence of the considered contingencies.
The operating risk given this information is a function of controllable parameters
u and denoted RF,C (u). It is defined as
RF,C (u) =

X
c∈C

qc Prob {Operating constraints violated at T in system c}
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The probabilities of violations depend on the load and wind power distribution
functions given by the probabilistic forecasts. The term “system c” refers to the
pre- or post-contingency system c, c ∈ C.
In the following, for ease of notation, we will drop the superscripts F and C
from RF,C (u). In terms of the power system model introduced in Section 2.2.1, the
probabilities of violations in the pre- or post-contingency system c can be expressed
as
Prob {Operating constraints violated at T in system c} =
1 − Prob { ∃ (x, y) | fc (x, y, ζ, u) = 0, gc (x, y, ζ, u) = 0, hc (x, y, ζ, u) ≤ 0} ,
Furthermore, the probability of violation can be expressed in terms of the stable
feasible domains as follows
Prob {Operating constraints violated at T in system c} = Prob {λ ∈
/ Dc } .
The operating risk can therefore be expressed as follows
R(u) =

X

qc Prob {λ ∈
/ Dc } =

c∈C

X

qc Prob {ζ ∈
/ Dc (u)} ,

(5.1)

c∈C

depending on whether the stable feasible domains in the λ or in the ζ space are
used.
In Section 3.1.4, it was seen that the stochastic system parameters ζ can be
written
ζ = γ(X) = [γ w (Y )T pT ],

(5.2)

where X is a multivariate Gaussian random variable with mean mX and covariance
matrix ΣX , obtained from the joint Normal transform (JNT). It will be convenient
for the methods introduced in the subsequent chapter to define the operating risk
in the X-space.
The operating risk in (5.1) can be expressed in the X-space as
R̃(u) =

X

n
o
qc Prob X ∈
/ D̃c (u) ,

c∈C

where the stable feasible domains D̃c (u) in the X-space were introduced in Section
4.7.3. Note that the function γ in (5.2) is a bijection between the ζ-space and the
X-space. Therefore,
n
o X
X
R̃(u) =
qc Prob X ∈
/ D̃c (u) =
qc Prob {ζ ∈
/ Dc (u)} = R(u).
c∈C

c∈C
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The pre- and post-contingency probabilities of violation can be expressed as a
multidimensional integral as follows:
Z
Prob {ζ ∈
/ Dc (u)} =
fζ (z) dz.
z∈Dc (u)

The joint distribution of the stochastic system parameters ζ is in general not known.
Instead, as discussed in Section 3.1.1, the marginal distributions of all stochastic
system parameters in ζ and a measure of their correlation is available through
probabilistic forecast. Using the joint Normal transform in (5.2), the pre- and
post-contingency probabilities of violations can be expressed as follows
Z
Prob {ζ ∈
/ Dc (u)} =
fX (x) dx
(5.3)
γ(x)∈Dc (u)
Z
n
o
=
fX (x) dx = Prob X ∈
/ D̃c (u) ,
x∈D̃c (u)

where fX is the probability distribution function (PDF) of X in (5.2).
Solving Problem 2 requires methods and tools to compute the pre- and postcontingency probabilities of violations in a computationally efficient way.

5.2

A naive Monte-Carlo approach

Given the probabilistic forecasts of load and wind power, a naive Monte-Carlo
approach would procede as presented in Algorithm 4.
For each pre- or post-contingency system, the probability of violation of the operating constraints is estimated by first sampling the stochastic system parameters;
second, running an AC power flow with this sample; and, third, checking whether
the operating constraints hold (feasibility of the AC power flow and of the operating
limits).
The samples in the ζ-space are generated using the joint Normal transform
(JNT) by drawing samples of X and transforming them into the ζ-space, as described in Section 3.1.5 and apparent from (5.3). This step is necessary to capture
the correlation between the stochastic system parameters.
The variable Vk in Algorithm 4 is equal to 1 if all operating constraints are
satisfied for sample ζk and 0 otherwise. Equivalently, we have Vk = 0 if ζk ∈
/ Dc (u0 )
and Vk = 1 if ζk ∈ Dc (u0 ). Note that, in Algorithm 4, the estimate pc of the
probability of violation of operating constraints in the pre- or post-contingency
system c can therefore also be written
pc =

N
1 X
1 {ζk ∈
/ Dc (u0 )} ,
N
k=1

where 1 {·} is the indicator function.

(5.4)
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Algorithm 4: Naive Monte-Carlo method
inputs : Set C of considered pre- and post-contingency systems
Multivariate Gaussian random variable X ∼ N (mX , ΣX ) with PDF
f obtained through the joint Normal transform (JNT) of the wind
power and load probabilistic forecasts
Set value u0 of the controllable parameters u
output: Estimate RMC of the operating risk
for c ∈ C do
i = 0;
while Stopping criteria not reached do
i ← i + 1;
Draw a sample Xi from f and transform it into the ζ-space
using (3.9): ζi = γ(Xi );
Perform an AC power flow with the stochastic system parameters set
at ζi and the controllable system parameters set at u0 ;
if AC power flow feasible then
xc,i , yc,i ← solution of the power flow (state and algebraic
variables);
if hc (xc,i , yc,i , ζi , u0 ) ≤ 0 then
Vi = 1;
else
Vi = 0;
end
else
Vi = 0;
end
end
N = i;
PN
pc = k=1 (1 − Vk )/N ;
end
P
RMC = c∈C qc pc ;

The stopping criteria for Monte-Carlo simulations is typically either a maximum
number of samples or an upper bound on the relative empirical error of the estimate
[163]. In the case of Algorithm 4, this error is expressed as
σc,emp
≤ ,
pc

(5.5)

where σc,emp is the standard deviation of pc . Let now σc be the standard deviation
of 1 {ζ ∈
/ Dc (u0 )}, so
σc,emp = σc /N.
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Therefore, the stopping criteria (5.5) can be written
σc
√ ≤ .
pc N

(5.6)

Since 1 {ζ ∈
/ Dc (u0 )} has a Bernouilli distribution, its standard deviation, given the
estimate pc , can be approximated by
p
σc = pc (1 − pc )
so that (5.6) becomes
√
1 − pc
√
≤ .
N pc

(5.7)

Recall now the discussion in Section 1.3 about solving Problem 2. Power
systems must be operated so that electricity is delivered reliably to the customers.
Therefore, the probability of violations of operating constraints must be maintained
very low, especially the violations of stability limits because, as also noted in Section
3.3.6, such violations may lead to interruption of delivery for some customers and, in
the worst case, to blackouts. Therefore, the probability of violation to be estimated
will typically be very small. For example, as illustrated in Figure 3.2, if system
operators strive to limit the number of interruptions to a few times in ten years,
the operating risk must be of an order of magnitude of 10−5 . In this case pc above
will be very low and, therefore, 1 − pc ≈ 1, so that (5.7) becomes
√

1
≤ .
N pc

The upper bound  is often chosen to reflect a certain confidence on the estimate.
For example, choosing  = wr /1.96 corresponds to ensuring that the estimate pc
lies in the interval [pc (1 − wr ); pc (1 + wr )] with 95% confidence, see [163]. A typical
value for wr is 0.2 [163]. With these values, estimating a probability of violation of
the order of magnitude of 10−5 would require the following number of samples N
N=

1.962
1.962
1
=
=
≈ 10 000 000.
2 p c
wr2 pc
0.22 10−5

(5.8)

Therefore, one would need to solve about ten million AC power flow problems
to estimate the probability of violation with the desired accuracy, and repeat the
procedure for all considered pre- and post-contingency systems. In the Matlab
Toolbox MATPOWER [164], one AC power flow in a 3000 bus system is run in
about 0.01 second. Estimating the probability of violation in such a system would
therefore require 25 hours, a prohibitive computational time.
From the discussion above, the naive Monte-Carlo approach is prohibited for
estimating the operating risk proposed in Definition (5.1). To address the shortcomings of the naive approach, two approaches can be considered
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1. Reduce the computation time per sample, which is the time necessary to solve
one power flow problem in the naive method.
2. Use variance reduction methods to speed up the Monte-Carlo simulation
(MCS).
3. Develop sample-free analytical approximations that can be evaluated much
faster than Monte-Carlo methods.
In Chapter 6, two analytical approximations will be developed. In this chapter,
three approximations are presented. The first one uses approximations to reduce the
computation time per sample and the other two are importance sampling techniques
to speed up MCS.

5.3

Monte-Carlo estimate 1

We now come back to the problem of estimating the probabilities of violations
appearing in the definition of the operating risk. In the ζ-space, these probabilities can be written as Prob {ζ ∈
/ Dc (u)}, for c ∈ C. As was discussed in Section
5.2, a naive Monte-Carlo approach would be too computationally demanding for
estimating these probabilities.
Recall now the expression of the approximation Dca of the stable feasible domain
Dc introduced in Section 4.6:

Dca = λ = [uT ζ T ]T dcj (λ) ≤ 0, ∀j ∈ Jc ,
(5.9)
where Jc is the set indexing the smooth parts Σcj of Σc , and, for j ∈ Jc , dcj is the
signed distance to the second-order approximation of the smooth parts Σcj . Note
that, for SNB and SLL smooth parts, the distance functions are the ones defined
in (4.6) and (4.7). Using these approximations of the stable feasible domains,
Algorithm 4 can be changed to Algorithm 5, where the estimator (5.4) of the
probabilities of violations has been changed to
N
1 X
1 {ζk ∈
/ Dca (u0 )}
N
k=1


N
1 X
=
1 max dcj (u0 , ζk ) > 0
j∈Jc
N

pdist
=
c

k=1

The estimator of the operating risk based on approximations of the stable feasible
domains in (5.9) is then
X
dist
RMC
=
qc pdist
c .
c∈C
dist
depends on the following:
The accuracy of the estimate RMC
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Algorithm 5: Monte-Carlo method based on the distances to the secondorder approximations.
inputs : Set C of considered pre- and post-contingency systems
Multivariate Gaussian random variable X obtained through the
joint Normal transform (JNT) of the wind power and load
probabilistic forecasts
Set value u0 of the controllable parameters u
Distance functions dcj to smooth parts Σcj , j ∈ Jc , of the stability
boundaries Σc , c ∈ C
output: Estimate R1 of the operating risk
for c ∈ C do
i = 0;
while Stopping criteria not reached do
i ← i + 1;
Draw a sample Xi of X and transform it into the ζ-space using (3.9):
ζi = γ(Xi );
Vi = 1 {dcj (ζi , u0 ) ≤ 0, ∀j ∈ Jc };
end
N = i;
PN
= k=1 (1 − Vk )/N ;
pdist
c
end
P|C|
dist
RMC
= c=1 qc pdist
c ;

1. the accuracy of the approximation of the stable feasible domain, which was
discussed in Section 4.8.
2. the accuracy of the Monte-Carlo estimate, which was studied in Section 5.2
for the naive Monte-Carlo approach. It was seen that the accuracy increases
with the number of samples and that the stopping criteria can be designed to
reach a certain confidence on the Monte-Carlo estimate.

Compared to the naive Monte-Carlo approach, using the approximation of the
stable feasible domain allows for using simple inequalities instead of solving AC
power flow problems, which can lead to substantial computational gains in large
systems. However, the distance functions dij must be provided as inputs to Algorithm 5. These distance functions are found by running Algorithm 2 presented in
Chapter 4. Algorithm 2 can be run repeatedly and independently of Algorithm 5,
when new probabilistic forecasts become available. Algorithm 5 would then use the
latest results available from Algorithm 2.

5.4. MONTE-CARLO ESTIMATE 2, WITH IMPORTANCE SAMPLING

5.4
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Monte-Carlo estimate 2, with importance sampling

The Monte-Carlo estimate presented in this section uses importance sampling technique to speed up the Monte-Carlo simulations (MCSs) of the naive approach.
Compared to the estimate from the previous section, the final estimate does not
involve other approximations than the one due to the limited number of samples
in the MCS. The design of the importance sampling technique uses points on the
stability boundaries.
Recall from Section 5.2 that the Monte-Carlo estimate of the naive approach is,
performed in the ζ-space:
X
RMC =
qc pc
i∈C
Nc
1 X
1 {ζk ∈
/ Dc (u0 )} .
pc =
Nc
k=1

The samples in the ζ-space are generated using the joint Normal transform (JNT)
by drawing samples of X and transforming them into the ζ-space, as described in
Section 3.1.5. It can be equivalently performed directly in the X-space with
X
RMC =
qc p̃c
i∈C
Nc
n
o
1 X
1 Xk ∈
/ D̃c (u0 ) .
p̃c =
Nc
k=1

The naive approach is computationally expensive due to the fact that for the
Monte-Carlo estimates p̃c to be within the 95% confidence interval [p̃c (1−wr ); p̃c (1+
wr )], the required number of samples is
Nc = 1.962

σc2
,
w2 p˜2

(5.10)

r c

which can be very large
of violations, see (5.8). In (5.10), σc2
n for small probabilities
o
is the variance of 1 Xk ∈
/ D̃c (u0 ) .

5.4.1

Importance sampling

In the following, f denotes the PDF of X which is N (mX , ΣX ) distributed, see
Section 3.1.4. Therefore, f is given by
f (x) =

1
(2π)np /2

1

p

|ΣX |

T

e 2 (x−mX )

Σ−1
X (x−mX )

.

(5.11)
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Importance sampling (IS) techniques are variance reduction methods that use samples from another PDF g as follows. Note that the probabilities of violation can be
written
n
o
h n
oi
µc = Prob X ∈
/ D̃c (u) = E 1 X ∈
/ D̃c (u) ,
(5.12)
or, equivalently,
h n
o
i
µc = Eg 1 X ∈
/ D̃c (u) f (X)/g(X) ,
where
o the expectation with respect to g, and g is defined to be nonzero
n Eg [·] denotes
/ D̃c (u) . The ratio f (X)/g(X) is called the likelihood ratio. An imporon x x ∈
tance sampling (IS) estimator for µc is then defined by
pIS
c =

N
o
1 X n
/ D̃c (u) f (X̃i )/g(X̃i ),
1 X̃i ∈
N i=1

(5.13)

where the samples X̃i are drawn from g. The number of Monte-Carlo (MC) runs
IS
with IS necessary to achieve
wr is given
n
o by (5.10) where σc is replaced by σc , the
IS
standard deviation of 1 X ∈
/ D̃c (u) f (X)/g(X) under g. If σc < σc , MCS with
IS will result in decreased computational effort compared to the naive approach.
The efficiency gains by using IS depends on the choice of the IS distribution g.
An inappropriate choice of g can result in decreased computational efficiency compared to the naive approach. The choice of g is very much problem specific [163],
[165]. The estimation of the pre- and post-contingency probabilities of violations
µc in (5.12) belongs to the class of rare-event simulations, the class of problems for
which a very small probability is to be estimated. In [166] and more comprehensively in [163], an efficient IS technique was developed for this class of problems.
The theory in the subsequent sections is from [163].

5.4.2

Efficiency of IS distributions

We begin by making precise what is considered an efficient IS distribution. The
variance of the IS estimator pIS
c in (5.13) can be written
Var(pIS
c )=

1
(Fg − µ2c ),
N

with
Fg = Eg

 n
o
2 
1 X∈
/ D̃c (u) f (X)/g(X)
.

2
Since Var(pis
c ) ≥ 0, it implies that Fg ≥ µc .

(5.14)
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The notion of efficient IS distribution as defined in [163] is based on the asymptotic rate of Fg as compared to µ2c . The asymptotic rates can be expressed as
follows. Let us assume that there exists a parameter η such that
1
log µc (η) = −I,
η
1
lim log Fg (η) = −R.
η→∞ η
lim

η→∞

(5.15)
(5.16)

The limit in (5.15) implies that µc (η) follows a large-deviation principle, i.e. that
its exponential rate of decay is I when η becomes large. In the context of wind
power and load forecast errors, the parameter η can be understood as the accuracy
of the forecasts, for example by taking
η=

1
,
max ΣX

where max ΣX is the largest term in the covariance matrix ΣX . As the forecasts
become more accurate, η goes to ∞. In this case, the distribution of X will concentrate around the expected value and µc will go to zero if this expected value is
inside the stable feasible domain D̃c (u). The asymptotic rate in (5.15) indicates
how fast µc goes to zero as forecasts improve.
Since Fg ≥ µ2c , it implies that the asymptotic rates in (5.15) and (5.16) are such
that R ≤ 2I. In [163], an IS distribution is defined to be efficient if R = 2I. In this
case, it is asymptotically optimal since it leads to the fastest convergence to zero
of the variance in (5.14) as µc becomes small.
As noted in [163], with this definition of efficiency,
we can concern ourselves with maximizing the estimator variance rate
to zero instead of minimizing the actual estimator variance itself. The
mathematics of maximizing the variance rate is almost always far simpler than trying to minimize the actual variance over some class of
simulation distributions.
Remark 5.1
Note that, in practice, forecasts are inaccurate and, therefore, the efficiency of an
asymptotically efficient IS distribution is not optimal for estimating the probabilites
of violations µc in (5.12). However, the gains obtained in practice when using
asymptotically efficient IS can be substantial.

5.4.3

Asymptotically efficient IS distributions

In the following, we denote by Ẽc (u) the unstable domain which is the complement
of the stable feasible domain:
Ẽc (u) = {x ∈ Rnp | x ∈
/ D̃c (u)}.
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The pre- and post-contingency probabilities of violations µc appearing in the definition of the operating risk can be expressed as
n
o
µc = Prob X ∈ Ẽc (u) .
The key idea in designing asymptotically efficient IS probability densities is to
identify so called minimum rate points associated with the original density f and
the set of interest Ẽc (u). Before defining what a minimum rate point is, the large
deviation rate function I(x) is defined for all x ∈ Rnp as
I(x) = sup θT x − ψ(θ)
θ∈Rnp

where ψ(θ) = log E [exp(θX)] is the cumulant generating function of X under f .
Recall that X ∼ N (mX , ΣX ). In this case, the large deviation rate function is
given by
I(x) =

1
(x − mX )T Σ−1
X (x − mX ).
2

The PDF of X in (5.11) can thus be written:
f (x) = (2π)−np /2 |ΣX |−1/2 exp(−I(x))
Let now I(Ẽc ) be defined as
I(Ẽc ) = min I(x) = I(x∗ ),
x∈Ẽc (u)

x∗ = arg min I(x) = arg max f (x).
x∈Ẽc (u)

x∈Ẽc (u)

We are now ready to give the definition of minimum rate points.
Definition 5.2
A point ν ∈ Ẽc (u) is a minimum rate point of Ẽc (u) if I(ν) = I(Ẽc ).
Therefore, ν is a minimum rate point if it is a point in the unstable domain Ẽc (u)
which maximizes the probability density f .
Definition 5.3
ν is a dominating point of the set Ẽc (u) if ν is a unique point such that
1. ν is on the boundary of Ẽc ,
2. Ẽc (u) ⊂ H(ν) = {x | θνT (x − ν) ≥ 0}, where
θν = Σ−1
X (νX − m) = ∇I(ν)
is tangent to {x | I(x) = I(ν)} and to the corresponding level curve {x | f (x) =
f (ν) = exp(−I(ν))} of f at ν.
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Remark 5.2
Since Ẽc (u) is the complement of stable feasible domain D̃c (u), the boundary of
Ẽc (u) is the stability boundary Σ̃c (u) in the X-space, see (4.8).
A dominating point ν is a minimum rate point such that all points in Ẽc lie in
the half space H(ν). Once a dominating point ν has been identified, if it exists,
then an asymptotically efficient importance sampling distribution is the result of
the following exponential tilting [163]
T

g(x) = f (x)eθν x−ψ(θν ) ,

(5.17)

where ψ is the cumulant generating function of X ∼ N (mX , ΣX ). It can be shown
that g is then the PDF of a N (ν, ΣX )-distributed random variables, and that,
under g, the asymptotic rate R in (5.16) is R = 2I, i.e. g is asymptotically optimal.
Therefore, an efficient importance sampling distribution is a Gaussian distribution
with the same covariance matrix ΣX as X but centered on the dominating point ν.
Remark 5.3
In the derivation above, the two main difficulties are to find a minimum rate point
ν of Ẽc (u) and to prove that this minimum rate point is a dominating point, i.e.
that it lies on the boundary of Ẽc (u) and that Ẽc (u) is contained in the half space
H(ν) defined above.
To find a minimum rate point ν, Algorithm 3 from Section 4.4.5 can be used.
Because of the involved shape of the stability boundary, it is, however, not possible
to prove that minimum rate points are dominating points. In [163], counterexamples
are given in which using g in (5.17) centered on minimum rate points that are not
dominating points leads to decreased computational efficiency compared to the
naive MC approach. The issue in this case is that for some samples X̃i from g, the
original density f is much higher than the IS density g, i.e. f (X̃i ) >> g(X̃i ). The
empirical variance of the IS estimator in (5.13) is given by
2
σcIS

N
o
1 X n
=
1 X̃i ∈
/ D̃c (u)
N − 1 i=1

f (X̃i )
g(X̃i )

!2
.

Therefore, due to samples X̃i ∈
/ D̃c (u) for which f (X̃i ) >> g(X̃i ), the empirical
variance will experience large jumps, which slows down the convergence to the
stopping criteria of the Monte-Carlo simulation (MCS). This issue does not occur
if ν is a dominating point thanks to condition 2 in Definition 5.3 that ensures that
f (X̃i ) < g(X̃i ) for all samples X̃i ∈
/ D̃c (u).
In practice, therefore, it is reasonable to design an IS distribution whose mean
is shifted from mX (the mean of X with PDF f ) towards ν, which would produce
samples in the unstable region Ẽc more often. However, shifting the mean all the
way to ν may result in the aforementioned jumps in the empirical variance of the
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IS estimator if the unstable domains Ẽc (u) are not contained on one side of the
tangent hyperplane at ν (condition 2 in Definition 5.3).
We propose therefore to use g ∼ N (m(s), ΣX ), where s ∈ [0, 1] and the mean
m(s) is given by
g(x) = mX + s(ν − mX ).
Taking s = 1 gives the IS distribution in (5.17). Taking s = 0 gives the original
PDF f . Different values of s are studied in Publication G, where it is shown that
better performance is obtained when s < 1.

5.4.4

Summary

Algorithm 6 outlines how to estimate the operating risk with the IS distribution
based on the theory presented above. The resulting estimate is denoted RIS-1 . The
theory of the IS technique used to construct RIS-1 is fully developed in [166] and
[163]. Our contribution lies in the application of this technique to the estimation
of the pre- and post-contingency probabilities of violation. In particular, building
the IS distribution requires finding minimum rate points, which we propose to do
by using Algorithm 3, presented earlier in Section 4.4.5.
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Algorithm 6: Monte-Carlo method with importance sampling based on minimum rate points.
inputs : Set C of considered pre- and post-contingency systems
Multivariate Gaussian random variable X ∼ N (mX , ΣX ) with PDF
f obtained through the joint Normal transform (JNT) of the wind
power and load probabilistic forecasts
Set value u0 of the controllable parameters u
output: Estimate RIS-1 of the operating risk
Build the IS distributions:
for c ∈ C do
Look for the most likely point νc on the stability boundary Σ̃c (u0 )
using Algorithm 3;
Define the IS distribution gc ∼ N (m(s), ΣX ), with
m(s) = mX + s(νc − mX );
end
Perform MCS:
for c ∈ C do
i = 0;
while Stopping criteria not reached do
i ← i + 1;
Draw a sample X̃i from gc and transform it into the ζ-space
using (3.9): ζi = γ(X̃i );
wi = f (X̃i )/g(X̃i );
Perform an AC power flow with the stochastic system parameters
set at ζi and the controllable system parameters set at u0 ;
if AC power flow feasible then
xc,i , yc,i ← solution of the power flow (state and algebraic
variables);
if hc (xc,i , yc,i , ζi , u0 ) ≤ 0 then
Vi = 1;
else
Vi = 0;
end
else
Vi = 0;
end
end
N = i;
PN
pIS
c =
k=1 (1 − Vk )wk /N ;
end
P
RIS-1 = c∈C qc pIS
c ;
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Monte-Carlo estimate 3, with importance sampling

In this section, another IS technique will be used to speed up the MCS for estimating the operating risk. When developing RIS-1 in the previous section, IS
distributions are centered on minimum rate points, which are points on the stability boundary that maximize the PDF of the stochastic system parameters. As was
discussed in Section 5.4.3, the efficiency of the resulting method depends on the
shape of the stable feasible domains. More specifically, it depends on whether the
unstable domain is contained in the half space limited by the tangent hyperplane
at the minimum rate points. To develop RIS-1 , therefore, the only information
about the stability boundary that is used are the minimum rate points. In the
estimate presented in this section, the second-order approximations of the stability
boundaries developed in Chapter 4 will be used to improve RIS-1 . In particular,
the second-order approximations capture the curvatures of the stability boundary
which can be used to better tune the IS distribution.
An efficient IS method was developed to speed up the estimation of the risk of
high losses in portfolio subject to uncertainty in portfolio value in [167], [168], in
the field of mathematic finance. The method relies on second-order approximations
of the losses, so-called delta-gamma approximations in mathematical finance.
In this section, the method from [167], [168] is adapted to the estimation of
the pre- and post-contingency probability of violations. It is a two-step method in
which, first, one distance function is used to approximate the stable feasible domain
with one second-order approximation and, second, the method from [167], [168] is
used to build an efficient IS estimator of the pre- or post-contingency probabilities
of violations based on the second-order approximation of the stable feasible domain.

5.5.1

Monte-Carlo estimate 3, Step 1

In the following, a pre- or post-contingency system i, i ∈ C is considered. Let x∗i
be the point on Σ̃i such that
x∗i = arg maxfX (x)

(5.18)

x∈Σ̃i

where X ∼ N (mX , ΣX ), fX is the PDF of X and Σ̃i is the pre- or post-contingency
stability boundary in the X-space in (4.8). In the terms of the theory presented
in Section 5.4, x∗i is a minimum rate point on the stability boundary, and can be
found using Algorithm 3.
Let d˜i be the distance function to the second-order approximation of Σ̃i at x∗i
in the X-space. It can be written, see (4.9),
1
d˜i (u, X) = ai (u) + bi (u)T X + X T ci X.
2

(5.19)

Recall that X ∼ N (mX , ΣX ), and let ΣX = M M T be the Cholesky factorization of
ΣX . Let also U i Λi (U i )T = M T ci M be the eigendecomposition of M T ci M , where
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ci is the second-order coefficient of d˜i in (5.19), Λi is the diagonal matrix with
eigenvalues λi1 , . . . , λinp and the columns of U i are the corresponding eigenvectors.
We can write
X = mX + M U i Z,

(5.20)

with Z ∼ N (0, I). Then, the distance function in (5.19) can be written as
d˜i (u, X) = dˆi (u, Z) = αi (u) + β i (u)Z + Z T Λi Z,

(5.21)

with
αi (u) = ai (u) + bi (u)T mX + mTX ci mX ,

β i (u) = bi (u)T M + 2mTX ci M U i .
As was done in the X-space in Section 3.1.5, the stable feasible domains can be
expressed in the Z-space as
n
o
D̂i (u) = z x = M U i z ∈ D̃i (u) .
Using the distance function in (5.19), the stable feasible domains in the Z-space
can be approximated by
n
o
D̂ia (u) = z dˆi (u, z) ≤ 0 .
(5.22)
Remark 5.4
In this section, the stable feasible domain is approximated by using only the distance
function to the smooth part that contains the most likely point, as opposed to using
distance functions to all found smooth parts as in Section 4.6 for the ζ-space and
Section 4.7.3 for the X-space.

5.5.2

Monte-Carlo estimate 3, Step 2

In [167], [168], efficient IS distributions for estimating the probability of large portfolio losses are given. The obtained IS distributions are actually efficient for secondorder approximations of the losses. The efficiency to estimate the actual losses
depends on the accuracy of the second-order approximations of the losses.
Similary, when applied to the estimation of the operating risk, the resulting
IS distributions are efficient for estimating the probabilities µ̂i of violations of the
second-order approximations of the stable feasible domain given by (5.22), where
µ̂i , i ∈ C, are given by
n
o
n
o
µ̂i = Prob Z ∈
/ D̂ia (u) = Prob dˆi (u, Z) > 0 .
(5.23)
The efficiency for estimating the actual probabilities of violations depends on the
accuracy of the second-order approximations D̂ia (u) of the stable feasible domain
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D̂ia . This is studied in Publication H. In the rest of the section, the method from
[167], [168] to design efficient IS distributions for estimating (5.23) is reviewed.
Exponential tilted distributions g θ of the following form are considered as candidates for IS distributions:
ˆ

i

g θ (z) = fZ (z)eθdi (z)−ψd (θ) ,

(5.24)

for some θ ∈ R, and where fZ is the PDF of the multivariate standard normal
random variable Z ∼ N (0, Inp ) with Inp the Rnp ×np identity matrix and ψdi is
the cumulant generating function of dˆi . By focusing on this class of functions, the
problem of finding efficient IS distributions reduces to finding the optimal parameter
θ for tilting the original PDF fZ .
As discussed in Section 5.4.1, designing efficient IS distributions g θ aims at
minimizing the variance σcIS of the random variable Yi defined by
n
o
Yi = 1 dˆi (u, Z) > 0 fZ (Z)/g θ (Z).
Its variance can be expressed under g or fZ as follows
 n
o
2 
h n
o
i
Egθ 1 dˆi (u, Z) > 0 fZ (Z)/g θ (Z)
= EfZ 1 dˆi (u, Z) > 0 fZ (Z)/g θ (Z) .
(5.25)
Using the expression of g θ in (5.24), the likelihood ration can be written:
ˆ

i

fZ (Z)/g θ (Z) = e−θdi (Z)+ψd (θ) ,
so that (5.25) becomes
h n
o
i
h n
o
i
i
i
ˆ
ˆ
Egθ 1 dˆi (u, Z) > 0 e−2θdi (x)+2ψd (θ) = EfZ 1 dˆi (u, Z) > 0 e−θdi (X)+ψd (θ) .

The variance under fZ can be upper bounded as follows
h n
o
i
i
i
ˆ
EfZ 1 dˆi (u, Z) > 0 e−θdi (X)+ψd (θ) ≤ eψd (θ) , ∀θ ≥ 0.

(5.26)

Instead of directly minimizing the variance, the optimal tilting parameter θ is
obtained by minimizing the upper bound. It is proven in [168] that this also leads
to an asymptotically optimal IS distribution for estimating (5.23). Minimizing the
upper bound therefore gives
θ∗ = arg min ψdi (θ).
θ
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This is a convex optimization problem since the cumulant generating function ψdi
is convex. Therefore, θ∗ minimizes ψdi is
d i ∗
ψ (θ ) = 0.
dθ d

(5.27)

In [168], the expression of the derivative of ψdi is given. Using these derivatives,
Equation (5.27) can be solved numerically to obtain θ∗ .
∗
The optimal IS distribution is now defined as g θ and it can be shown that it is
i
i
the PDF of a N (m (θ), Σ (θ))-distributed random variable, with
mi (θ∗ ) = [mi1 . . . minp ]T ,
mij
i ∗

=

Σ (θ ) =

(5.28)

∗

βj (u)θ /(1 − 2λij θ∗ ),
diag(σ1i . . . σni p ),

q
σji = 1/ 1 − 2λij θ∗ .
Remark 5.5
A property of the exponential tilting defined in (5.24) is that under the IS distribud i
tion g θ , the expected value of dˆi is dθ
ψd (θ). Therefore, under the asymptotically
optimal IS distribution, the expected value of dˆi is 0, see (5.27), so that the event
dˆi > 0 is no longer rare.

5.5.3

Summary

Algorithm 7 outlines how to estimate the operating risk with the IS distribution
based on the theory presented above. The resulting estimate is denoted RIS-2 .
The theory of the IS technique used to construct RIS-2 is fully developed in
[167] and [168]. Our contribution lies in the application of this technique to the
estimation of the pre- and post-contingency probabilities of violation. In particular,
building the IS distribution requires using second-order approximations of the stable
feasible domains. These approximations were developed in Chapter 4.
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Algorithm 7: Monte-Carlo method with importance sampling based on distances to second-order approximations of the stability boundary.
inputs : Set C of considered pre- and post-contingency systems
Multivariate Gaussian random variable X ∼ N (mX , ΣX ) obtained
through the joint Normal transform (JNT) of the wind power and
load probabilistic forecasts
Set value u0 of the controllable parameters u
PDF fZ of multivariate standard normal distribution in Rnp
output: Estimate RIS-2 of the operating risk
Build the IS distributions:
for c ∈ C do
Look for the most likely point x∗i in (5.18) using Algorithm 3;
Build the distance function to the second-order approximation of the
stability boundary at x∗i in the X-space, see (5.19);
Compute M and U i in (5.20);
Build the distance function in the Z-space, see (5.21);
Compute the optimal tilting parameter θ∗ , see (5.27);
Define the IS distribution gc ∼ N (mc (θ∗ ), Σc (θ∗ ), see (5.28);
end
Perform MCS:
for c ∈ C do
i = 0;
while Stopping criteria not reached do
i ← i + 1;
Draw a sample Z̃i from gc and transform it into the X-space
using (3.9): Xi = mX + M U i Z̃i ;
Transform Xi to the ζ-space using (3.9): ζi = γ(Xi );
wi = f (Z̃i )/gc (Z̃i );
Perform an AC power flow with the stochastic system parameters
set at ζi and the controllable system parameters set at u0 ;
if AC power flow feasible then
xc,i , yc,i ← solution of the power flow (state and algebraic
variables);
if hc (xc,i , yc,i , ζi , u0 ) ≤ 0 then
Vi = 1;
else
Vi = 0;
end
else
Vi = 0;
end
end
N = i;
PN
pIS
c =
k=1 (1 − Vk )wk /N ;
end
P
RIS-2 = c∈C qc pIS
c ;
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Remark 5.6 (Differences between RIS-1 and RIS-2 )
For building both importance sampling estimators, the first step is to perform a
search for the most likely point on the pre- and post-contingency stability boundaries. For RIS-1 , the asymptotically optimal IS distribution is built by shifting the
expected value of the original distribution to this most likely point. The resulting
IS distribution is optimal for estimating the probability of being outside the firstorder approximation of the stability boundary at this most likely point (condition 2
in Definition 5.3). For RIS-2 , the asymptotically optimal IS distribution is built so
that it is optimal for estimating the probability of being outside the second-order
approximation of the stability boundary at this most likely point.
The difference between the two estimators is therefore that, in RIS-1 , first-order
information about the stability boundaries around the most likely point is considered whereas for RIS-2 , also second-order information is considered.
Both importance sampling estimators are thus similar in the principles by which
IS distributions are designed, although the methods used to build the IS distributions are different. For RIS-1 , the method relies on minimizing the asymptotical rate
R in (5.16). For RIS-2 , the method relies on minimizing the upper bound in (5.26).
In fact, RIS-2 can be equivalently obtained by using the theory used to build RIS-1
applied to the distance function d(X), which shows the large similarity between
the two approximations. These approximations differ therefore only by the order
of the local information around the most likely point that is considered.

5.6

Summary of the proposed Monte-Carlo estimates

Table 5.1 summarizes the three Monte-Carlo estimates developed in this chapter for
estimating the operating risk in (5.1). In the table, FOA and SOA stand for firstand second-order approximations, respectively. “Inaccuracies” refers to the error in
the final estimations of the operating risk. “Efficiency” refers to the convergence to
the stopping criteria in Monte-Carlo simulation (MCS), which is the relative error
defined in (5.5). As discussed in Section 5.4.3, using wrongly designed IS can lead
to jumps in the relative empirical error which slows down the convergence of the
MCS. This applies only to RIS-1 and RIS-2 that are based on importance sampling
(IS).

5.7

Results

The three approximations were developed and studied in the following appended
publications.
Publication C The accuracy of the second-order approximations of the smooth
parts of the stability boundaries was studied in a small power system. As
seen in Section 5.3, this accuracy conditions the accuracy of the Monte-Carlo
dist
estimate RMC
. In addition, it conditions the efficiency of the IS estimates
RIS-2 .
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Table 5.1: Comparison between the three approximations. Accuracy refers to the
accuracy of the final estimates. Efficiency refers to the convergence to the stopping
criteria in Monte-Carlo simulation (MCS).
dist
RMC

RIS-1

RIS-2

Method

MC based on
SOA

IS based on
most likely
points

IS based on
SOA

Inaccuracies

SOA + MC
stopping criteria

MC stopping
criteria

MC stopping
criteria

Errors due to
FOA

Errors due to
SOA

Efficiency losses
in IS

dist
Publications E and F The accuracy of the Monte-Carlo estimate RMC
is studied
in the same small power system as in Publication C.
Publication G The Monte-Carlo estimate RIS-1 is introduced and assessed in the
IEEE 39 bus system. Following the discussion at the end of Section 5.4.3,
several values of s are compared. Several case studies are run, for different
forecast error distributions. In all case studies but one, significant reductions
in computational time can be achieved. In one case study, however, jumps
in the empirical error slowed down the convergence to the stopping criteria,
as discussed in Section 5.4.3. In this case study, the performance of the IS
distribution was on a par with that of the naive MC approach.
Publication H The Monte-Carlo estimate RIS-2 is introduced and assessed in the
IEEE 39 and 118 bus systems. In all case studies, using RIS-2 allows for
significant reductions in computational time, up to three orders of magnitude,
including in the case study where the other IS estimate RIS-1 was only on a
par with the naive approach.

Chapter 6

Analytical approximations for
evaluating the operating risk
Security assessment (Q2)

Problem 2
Evaluation of the
operating risk

Security enhancement (Q3)

Problem 1
Parametrized
approximation of the
stable feasible domain

Problem 3
Obtaining the
optimal preventive
control actions
(CCOPF)

This chapter introduces two analytical approximations of the operating risk to
solve Problem 2.

The problem addressed in this chapter is Problem 2 recalled below.
Problem 2 (Evaluation of operating risk)
Given a dispatch of the controllable generators, probabilistic forecasts for load and
wind power and occurrence probabilities of contingencies, estimate the operating
risk.
As discussed in Section 1.3.1, tools to solve Problem 2 can be integrated in
power system operations to monitor the operating risk, see Figure 6.1.
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Operating period
(one hour or less)
t0

t+δ

t

Time
Problem 1: Compute parametrized
approximations
of the stable
feasible domains

Problem 2: Given
forecasts F for
t + δ and dispatch
u0 , RF,C (u0 ) ≤ α?
No
Problem 3:
Determine redispatch u such
that RF,C (u) ≤ α

Preventive
actions enforced

Send orders
to generators

Figure 6.1: Problem 2 during power system operation.

The two analytical approximations developed in this chapter are sample-free1
methods to estimate the pre- and post-contingency probabilities of violation appearing in the definition of the operating risk, see Section 5.1:
n
o
X
R(u) =
qc Prob X ∈
/ D̃c (u) .
c∈C

Both approximations are three-step methods that use the approximation of the
stable feasible domain in the X-space developed in Section 4.7.3.

6.1
6.1.1

Analytical approximation 1
Analytical approximation 1, step 1

Using the approximations (4.10) of the stable feasible domain in the X-space, the
pre- and post-contingency probabilities of violations can be approximated by
n
o
n
o
n
o
Prob X ∈
/ D̃i ≈ Prob X ∈
/ D̃ia = 1 − Prob d˜ij (u, X) ≤ 0, ∀j ∈ Ji ,


(6.1)
= Prob max d˜ij (u, X) > 0 ,
j∈Ji

1 In

contrast to the sample-based Monte-Carlo methods presented in Chapter 5.
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where the distance functions are quadratic functions in X given by (4.9).
There is no general result to compute the probabilities of violations by the
approximation in (6.1) using the distance functions in (4.9). The difficulty stems
from the fact that the probability of violation depends on the joint cumulative
distribution function (CDF) Fd˜, d˜ = [d˜i1 . . . d˜i|Ji | ], evaluated at zero, of the
distance functions:
n
o
1 − Prob d˜ij (u, X) ≤ 0, ∀j ∈ Ji = 1 − Fd˜(0).
However, the joint probability distribution of the distance functions is not known.
Using the expressions of the distance functions in the Z-space defined in (5.19), it
can be shown that the distance functions have noncentral chi-square distributions.
The computation of the joint probability of violations requires multidimensional
integration and, therefore, sample-based methods such as MCS. The dimension of
the integration domain is equal to the number of stochastic system parameters,
which can become very large in large power systems. Consequently using directly
(6.1) is not tractable.
The expression in (6.1) is further approximated in Step 2 and Step 3 as follows
Step 2 An inclusion-exclusion method is used to approximate the joint probability
of violation of |Ji | constraints as a sum of CDF of single and pairs of distance
functions, and,
Step 3 These univariate and bivariate CDF are approximated using Edgeworth
expansions.

6.1.2

Analytical approximation 1, step 2

In what follows, pij (u), respectively pijk (u), will denote the probabilities that the
distance function d˜ij (u, X) is positive, respectively that both distance functions
d˜ij (u, X) and d˜ik (u, X) are positive, i.e. for all u ∈ U , i ∈ C and j, k ∈ Ji , j 6= k:
n
o
n
o
pij (u) = Prob d˜ij (u, X) > 0 = Prob −d˜ij (u, X) ≤ 0 = F−d˜ij (0), (6.2)
n
o
pijk (u) = Prob d˜ij (u, X) > 0, d˜ik (u, X) > 0 = F−d˜ij ,−d˜ik (0, 0),
(6.3)
where F−d˜ij and F−d˜ij ,−d˜ik are univariate and bivariate CDF of the negations of
the distance functions. The approximation (6.1) of the probability of violation from
Step 1 is further approximated by using the Hunter-Worsley upper bound for joint
probabilities. The Hunter-Worsley bound is [169]

 X
X
˜
Prob max dij (u, X) > 0 ≤
pij (u) −
pijk (u),
(6.4)
j∈Ji

j∈Ji

(j,k)∈Ti

where Ti is a maximum spanning tree for the graph (Vi , Ei , Wi ) with vertices Vi =
Ji , edges Ei = {(j, k), ∀j, k ∈ Ji , j 6= k} with weights Wi = {pijk , ∀j, k ∈ Ji , j 6= k}.
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This upper bound can be used as an approximation, which allows for having
to only handle univariate and bivariate CDFs instead of general |Ji | multivariate
CDFs as was the case in (6.1). This means that the approximation (6.1) can be
further approximated by


n
o
˜
Prob X ∈
/ D̃i ≈Prob max dij (u, X) > 0 ,
(Step 1)
j∈Ji
X
X
pij (u) −
pijk (u).
(Step 2)
(6.5)
≈
j∈Ji

(j,k)∈Ti

As noted in Section 6.1.1, the marginal CDFs in pij (u) and bivariate CDFs in
are not known. Therefore, in Step 3, a further approximation of (6.5) is
proposed to obtain closed forms of pij and pijk that do not require multidimensional
integration.
pijk (u)

6.1.3

Analytical approximation 1, step 3

Edgeworth approximations can be used in order to approximate the univariate and
bivariate probabilities pij (u) and pijk (u).
Theorem 6.1 (Edgeworth expansions, [170])
Let Z be a multivariate random variable with mean µ and covariance matrix Σ, and
consider the cumulative distribution function Φ of a multivariate normal random
variable with the same mean and covariance matrix as Z. Then, the cumulative
distribution function FZ of Z can be approximated in z by
FZ (z) ≈ Φ(z) + κi,j,k Fijk (z)/3! + κi,j,k,l Fijkl (z)/4!
+ κi,j,k κl,m,n Fijklmn (z)/72,

(6.6)

where the tensor notation (sum over repeated indices) has been adopted,
∂ 3 Φ(z)
,
∂z i ∂z j ∂z k
4
∂ Φ(z)
Fijkl (z) = (−1)4 i j k l ,
∂z ∂z ∂z ∂x
Fijk (z) = (−1)3

and similarly for Fijklmn , and κi,j,k , κi,j,k,l , . . . are the cumulants of Z.

♦

The univariate and bivariate probabilities pij (u) and pijk (u) can be approximated
by using the Edgeworth expansions (6.6). To do so, the cumulants up to the fourth
order of all single and pairs of distance functions are needed. The distance functions
in the X-space are quadratic functions of the multivariate Gaussian random variable X, see (4.9). In [171, Section 3.3], cumulants of single and pairs of quadratic
functions in Gaussian random variable are given as functions of the mean and the
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covariance matrix of this random variable. These formulas are reproduced in Publication E. The derivatives of the univariate and bivariate Gaussian cumulative
distribution function (CDF) Φ in the Edgeworth expansions (6.6) can be computed
using the formulas in [159].
The formulas of cumulants given in Publication E simplify greatly when considering centralized random variables (whose expected value is zero). Let therefore
δij (u, X) = −d˜ij (u, X) − µij (u),
where µij is the expected value of −d˜ij , which depends on the controllable parameters u. Equations (6.2) and (6.3) can be written,
pij (u) = Prob {δij ≤ −µij (u)} = Fδij (−µij (u)),

(6.7)

pijk (u) = Prob {δij ≤ −µij (u), δik ≤ −µik (u)} = Fδij ,δik (−µij (u), −µik (u)). (6.8)
The Edgeworth approximations from Theorem 6.1 of pij and pijk are performed for
the CDF appearing on the right-hand side of (6.7) and (6.8). Since the random
variables δij have mean zero, the multivariate Gaussian cumulative distribution
functions (CDFs) Φ in the Edgeworth expansions (6.6) have also mean zero. The
variance of Φ (respectively covariance matrix in the bivariate case) is the variance
(respectively covariance matrix) of δij (respectively δij and δjk ).
i,E
Let now πji,E (u) and πjk
(u) be the Edgeworth approximations of pij (u) and
i
pjk (u), respectively, where the subscript “E” stands for “Edgeworth”. The pre- and
post-contingency probabilities of violations can be further approximated from (6.5)
as


n
o
Prob X ∈
/ D̃i ≈Prob max d˜ij (u, X) > 0 ,
(Step 1)
j∈Ji
X
X
≈
pij (u) −
pijk (u),
(Step 2)
k∈Ji

≈π

i,E

(u) =

(j,k)∈Ti

X

πji,E (u) −

j

X

i,E
πjk
(u).

(Step 3)

(j,k)∈Ti

The maximum spanning tree Ti is computed on the graph (Vi , Ei , W̃i ), where Vi and
Ei are as defined in Section 6.1.2 and the weights W̃i are the bivariate Edgeworth
i,E
i,E
expansions πjk
(u). Before computing the maximum spanning tree, all πjk
(u),
j, k ∈ Ji , k < j must therefore be computed.

6.1.4

Summary

Using the approximation of the probabilities of violations obtained through Steps
1 – 3, the operating risk can now be approximated by


X
X
X i,E
X
i,E
R(u) ≈ RAA-1 (u) =
qi π i,E (u) =
qi 
πj (u) −
πjk (u) .(6.9)
i∈C

i∈C

j

(j,k)∈Ti
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The accuracy of the approximation RAA-1 depends on
1. the accuracy of the approximation of the stable feasible domain, which was
discussed in Section 4.8.
2. the accuracy of the Edgeworth expansions, which is assessed in Publication C and Publication F.
Remark 6.1 (Use of the X-space)
The approximation RAA-1 of the operating risk has been obtained from the expression of the operating risk in the X-space. It is possible to obtain a similar
approximation by using the distance functions to the second-order approximations
in the ζ-space. In this case, the method will be similar for Step 1 and Step 2.
Step 3, however, will be different, because, in the ζ-space, the distance functions
are quadratic functions of ζ which is not a multivariate Gaussian random variable,
see Section 3.1. Consequently, the formulas from [171, Section 3.3] to obtain the
cumulants of the distance functions cannot be used, because these formulas were
specific to quadratic forms in Gaussian random variables. Instead, one has to resort
to more general formulas that can be found in [170, Chapter 3] and reproduced in
Publication E. In these more general formulas, large tensors for the cumulants of
ζ appear, which make the method computationally demanding. A comparison, in
terms of computational demand, between using the ζ-space and using the X-space
is performed in Publication F.

6.2

Analytical approximation 2

Developing the second analytical approximation presented in this chapter is also a
three-step method. The first two steps are the ones used in Sections 6.1.1 and 6.1.2.
Recall that the expression of the operating risk in the X-space is
n
o
X
X
R(u) =
qi Prob {ζ ∈
/ Di (u)} =
qi Prob X ∈
/ D̃i (u) .
i∈C

i∈C

At the end of Step 2 in Section 6.1.2, the pre- and post-contingency probabilities
of violations are approximated by
n
o X
X
Prob X ∈
/ D̃i ≈
pij (u) −
pijk (u),
j∈Ji

(j,k)∈Ti

where pij (u) and pijk (u) are the univariate and bivariate CDF of the negations of
the distance functions to the second-order approximations of the smooth parts of
the stability boundary, as defined in (6.2) and (6.3). In Section 6.1.3, these CDF
were approximated by Edgeworth expansions for developing the first analytical approximation RAA-1 . Here, it is proposed to use Cornish-Fisher expansions that
transform an arbitrary random variable into a normally distributed random variable. The Cornish-Fisher expansions are defined by the following theorem.
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Theorem 6.2 (Cornish-Fisher)
For any random variable Z, let κi (Z) be its i-th cumulant. Let d˜ be one of the
˜ κ2 (d)
˜ be its expected value
negation of one of the distance functions and κ1 (d),
s
˜
and standard deviation, respectively. Let d be the standardized distance function
obtained by
˜
d˜ − κ1 (d)
.
d˜s = q
˜
κ2 (d)
Now, let the function td˜ be defined by



1 2
1
1
z̃ − 1 κ3 (d˜s ) −
z̃ 3 − 3z̃ κ4 (d˜s ) +
4z̃ 3 − 7z̃ κ23 (d˜s )
6
24
36
(6.10)
+ higher order terms,
q
˜ Let Y ∼ N (0, 1). Then, when the series converges,
˜
κ2 (d).
where z̃ = (z − κ1 (d))/
td˜(z) =z̃ −

h
i


P d˜ ≤ z = P Y ≤ td˜(z) .
Hence,
d
˜ =
td˜(d)
Y,

(6.11)

d

where = denotes equality in distribution. Note that, in (6.10), the cumulants of the
standardized distance functions are used.
♦
Using Cornish-Fisher expansions of the distance functions, the univariate CDF
pij (u) can therefore be approximated by
n
o
pij (u) = Prob −d˜ij (u, X) ≤ 0 ≈ πji,CF (u) = Φ(tu−d˜ (0)),
(6.12)
ij

where Φ is the CDF of the standard normal distribution N (0, 1), and the functions
tu−d˜ are the functions defined in (6.10) applied to the negations of the distance funcij
tions. The subscripts u in these functions denote the fact that they are parametrized
by the controllable parameters u since the distance functions, and therefore their
cumulants, depend on u. The subscript “CF” in π stands for “Cornish-Fisher” and is
used to differentiate the approximation πji,CF from the ones obtained by Edgeworth
expansions, πji,E in Section 6.1.3. The cumulants of the distance functions can be
computed from the formulas in Publication E, as indicated in Section 6.1.3.
Consider now the bivariate CDF pijk (u) in (6.3) defined by
n
o
pijk (u) = Prob −d˜ij (u, X) ≤ 0, −d˜ik (u, X) ≤ 0 ,

(6.13)
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and define, from (6.11),
Yji (u) = tu−d˜ (−d˜ij (u, X)),
ij

Yki (u) = tu−d˜ (−d˜ik (u, X)).
ik

Both Yji (u) and Yki (u) are N (0, 1)-distributed from Theorem 6.2. Then, pijk (u) in
(6.13) can be approximated by
n
o
pijk (u) ≈ Prob Yji (u) ≤ tu−d˜ (0), Yki (u) ≤ tu−d˜ (0) .
(6.14)
ij

Yji (u)

ik

Yki (u)

and
both have standard normal distributions, their
Note that although
joint distribution is not known. Therefore, [Yji (u) Yki (u)] is further approximated
by
i
[Yji (u) Yki (u)] ≈ Vjk
(u) = [Vji (u) Vki (u)],

(6.15)

i
with Vjk
(u) ∼ N (0, ΣiV (u)), where

ΣiV (u) =


1
ρijk (u)
ρijk (u)
1,



where ρijk (u) is the correlation between Yji (u) and Yki (u). In Publication B,
formulas for obtaining these correlation coefficients are given.
Therefore, pijk in (6.14) can be approximated by
n
o
i,CF
pijk (u) ≈ πjk
= Prob Vji (u) ≤ tu−d˜ (0), Vki (u) ≤ tu−d˜ (0)
ij
ik
(6.16)
= ΦΣiV (u) (tu−d˜ (0), tu−d˜ (0)),
ij

ik

i
where ΦΣiV (u) is the bivariate Gaussian CDF of Vjk
(u).

6.2.1

Summary

Using the approximations in (6.12) and (6.16), the operating risk can be approximated by


X
X
i,CF 
R(u) ≈ RAA-2 (u) =
qi πji,CF (u) −
,
(6.17)
πjk
i∈C

(j,k)∈Ti

which is a closed form in u.
The accuracy of the approximation RAA-2 depends on
1. the accuracy of the approximation of the stable feasible domain, which was
discussed in Section 4.8.
2. the accuracy of the Cornish-Fisher expansions.
3. the accuracy of the approximation in (6.15).
The accuracy of the approximation RAA-2 is assessed in Publication B.

6.3. COMPARISON BETWEEN THE TWO ANALYTICAL
APPROXIMATIONS

6.3
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Comparison between the two analytical approximations

The two analytical approximations introduced in this chapter differ only by the
series expansions used in Step 3 to approximate the CDFs appearing at the end of
Step 2. The Edgeworth expansions in (6.1) approximate the CDF of the random
variable of interest in terms of the CDF of a Gaussian random variable and its
derivatives. The Cornish-Fisher expansions can in fact be obtained by inverting
the Edgeworth expansions as is done in [172, Chapter 3].
Note that the Edgeworth expansions are multivariate expansions whereas CornishFisher are univariate expansions, which is the reason why a further approximation,
in (6.15), was needed to use Cornish-Fisher expansions in the bivariate case.
In practice, the Edgeworth expansions are more computationally demanding
because they involve high-order derivatives of the bivariate Gaussian CDF, which
are cumbersome to compute (see the formulas in [159]). Using the Cornish-Fisher
expansions and the further approximation in (6.15) involve only univariate and
bivariate Gaussian CDF, but none of their derivatives.
Algorithm 8 outlines the procedure to estimate the operating risk using either
one of the analytical approximations. From the computational complexity standi
point, the most demanding step is the computation of all bivariate expansions πjk
,
j, k ∈ Ji , k < j, to define the graph (Vi , Ei , Wi ). This graph is needed to obtain a
maximum spanning tree that is used in the approximation from the Hunter-Worsley
upper bound in (6.4).

6.4

Results

The two analytical approximations were developed and studied in the following
appended publications.
Publication B The analytical approximation RAA-2 based on Cornish-Fisher expansions was developed and used to solve a chance-constrained optimal power
flow (CCOPF), as will be explained in Chapter 7. Its accuracy to solve this
CCOPF was assessed in the IEEE 39 bus system.
Publication C The analytical approximation RAA-1 based on Edgeworth expansions was developed. The total error due to using RAA-1 is broken down in
its two main components described in Section 6.1.4. These two error terms
as well as the total error are assessed in a small power system.
Publications E and F The total error due to using RAA-1 is assessed in the IEEE
39 bus system, where it is shown that RAA-1 gives accurate estimates of
operating risks, even for very low orders of magnitudes.
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Algorithm 8: Estimating the operating risk with the analytical approximations
inputs : Set C of considered pre- and post-contingency systems
Sets Di = {d˜ij , j ∈ Ji } of the distance functions to the second-order
approximations of smooth parts Σ̃ij , j ∈ Ji of the stability
boundaries Σ̃i , i ∈ C, in the X-space, obtained by Algorithm 2
Multivariate Gaussian random variable X ∼ N (mX , ΣX ) obtained
through the joint Normal transform (JNT) of the wind power and
load probabilistic forecasts
Set value u0 of the controllable parameters u
output: Estimate RAA-1 or RAA-2 of the operating risk
for c ∈ C do
Compute the cumulants of all single distance functions d˜ij , j ∈ Ji and
pairs of distance functions [d˜ij d˜ik ], j, k ∈ Ji , k < j, from the mean mX
and covariance matrix ΣX , see Section 6.1.3;
Choose a series expansion to use: Edgeworth or Cornish-Fisher;
i,E/CF

i,E/CF

Compute all πj
(u), j ∈ Ji and all πjk
(u), j, k ∈ Ji , k < j from
the chosen series expansion, see Sections 6.1.3 and 6.2;
Define the graph (Vi , Ei , W̃i ), see Sections 6.1.3 and 6.2;
Compute a maximum spanning tree Ti ;
P
P
i,E/CF
i,E/CF
π i (u) = j∈Ji πj
(u) − (j,k)∈Ti πjk
(u);
end
P
RAA = i∈C qi π i (u);

Chapter 7

Chance-constrained optimal power
flow
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Problem 2
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optimal preventive
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(CCOPF)

This chapter introduces two methods to solve Problem 3, the proposed chance
constrained optimal power flow (CCOPF), to determine the most economical preventive generation re-dispatch that ensures that the operating risk stays below a
given bound.

In this chapter, tools will be proposed to solve Problem 3, which is recalled
below.
Problem 3 (Chance-constrained optimal power flow – CCOPF)
Given probabilistic forecasts F for the wind power production and the load, and
probabilities of occurrence qc of the considered contingencies c ∈ C, determine the
optimal production of online generators so that the operating risk remains below a
121
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very small given threshold at a minimal cost. Formally, the problem is formulated
as
min C(u)
u∈U

subject to RF,C (u) ≤ α,
where C(u) is the production cost of production u ∈ U , where U is a set of admissible productions for the participating generators. The pre-defined threshold
is α.
As discussed in Section 1.3.1, tools to solve Problem 3 can be integrated in
power system operations to control the operating risk, see Figure 7.1.

Operating period
(one hour or less)
t0

t+δ

t

Time
Problem 1: Compute parametrized
approximations
of the stable
feasible domains

Problem 2: Given
forecasts F for
t + δ and dispatch
u0 , RF,C (u0 ) ≤ α?
No
Problem 3:
Determine redispatch u such
that RF,C (u) ≤ α

Preventive
actions enforced

Send orders
to generators

Figure 7.1: Problem 3 during power system operation.
In the following, for notational simplicity, the subscripts F and C will be dropped
in R. Recall now the definition of the operating risk R in (5.1):
R(u) =

X
c∈C

qc Prob {λ ∈
/ Dc } =

X

qc Prob {ζ ∈
/ Dc (u)} ,

c∈C

where Dc (u) is the pre- or post-contingency stable feasible domain in the ζ space.
Problem 3 is intractable due to the intricacy of the operating constraints defining
the stable feasible domains, see Section 4.1.
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Instead of solving Problem 3, it is therefore propose to solve the following approximation
min C(u)

(7.1)

u∈U

subject to Ra (u) ≤ α,
where Ra (u) is an approximation of the operating risk. To solve this optimization
problem efficiently, the approximation Ra (u) of the operating risk and its derivative
with respect to the control variable u must be given as closed forms in u.
In Chapters 5 and 6, approximations of the operating risks were given. The
three Monte-Carlo estimates of the operating risk from Chapter 5 are sample-based
estimates and do not provide closed forms in u. The two analytical approximations
from Chapter 6 on the other hand do provide closed forms in u. In the following
sections, formulas for the derivatives of these two approximations will be given.

7.1

Using analytical approximation 1 in CCOPF

The first analytical approximation, RAA-1 (u), is given by, see (6.9)
X
RAA-1 (u) =
qi π i,E (u),
i∈C
i

π (u) =

X

πji,E (u) −

j

X

i,E
πjk
(u),

(j,k)∈Ti

i,E
and the terms πji,E (u) and πjk
(u) are univariate and bivariate Edgeworth expansions of the CDF of single or pairs of random variables δij = −d˜ij (u, X) − µij (u).
Recall that d˜ij is the distance function to the second-order approximation of one of
the smooth part of the stability boundary, and µij (u) is the expected value of −d˜ij ,
see Section 6.1.3 for more detail. In the following, δ denotes either a single δij or a
pair [δij δik ] and Σδ denotes the corresponding variance or covariance matrix.
The univariate and bivariate Edgeworth expansions take the form π E (u), where
E
π (u) is given by, see (6.6),
i,j,k,l
π E (u) =ΦΣδ (u) (−µd (u)) + κi,j,k (u)Φi,j,k
(u)Φi,j,k,l
Σδ (u) (−µd (u))/3! + κ
Σδ (u) (−µd (u))/4!

+ κi,j,k (u)κl,m,n (u)Φi,j,k,l,m
Σδ (u) (−µd (u))/72,
(7.2)
where the tensor notation (sum over repeated indices) has been adopted, ΦΣδ (u)
is the CDF of a Gaussian random variable N (0, Σδ (u)), κi,j,k , κi,j,k,l , . . . are the
cumulants of δ, and
ΦsΣδ (u) (x) = (−1)n

∂ n ΦΣδ (u) (x)
∂xi1 . . . ∂xin

(7.3)

124

CHAPTER 7. CHANCE-CONSTRAINED OPTIMAL POWER FLOW

is the n-th order derivative of ΦsΣδ (u) , n ≥ 0, where s = i1 , . . . , in .
In order to efficienctly use RAA-1 (u) in the CCOPF defined in (7.1), its derivatives with respect to the controllable parameters u are needed. Therefore, the
derivatives of π E (u) are required. The derivatives of the terms (7.3) are given by
∇u ΦsΣδ (u) (−µd (u)) = − Φs,i
Σδ (u) (−µd (u))∇u (µd (u))i
+ ∇Σδ (u) ΦsΣδ (u) (−µd (u))∇u (Σδ (u))i,j .

(7.4)

The derivatives with respect to the covariance matrix are
∇Σδ (u) ΦsΣδ (u) (−µd (u)) = Φs,i,j
Σδ (u) (−µd (u)),
where we used the fact that if ΦΣ is the CDF of a N (0, Σ)-distributed random
variable with Σ = (ρi,j ), then
∂ 2 ΦΣ (x)
∂ΦΣ (x)
=
.
∂ρi,j
∂xi ∂xj
Therefore, (7.4) becomes
∇u ΦsΣδ (u) (−µd (u)) = − Φs,i
Σδ (u) (−µd (u))∇u (µd (u))i

(7.5)

+ Φs,i,j
Σδ (u) (−µd (u))∇u (Σδ (u))i,j .

The derivatives of Φ can be computed using the formulas given in [159]. The
covariance matrix Σδ (u) and cumulants κ of δ are all linear functions of the cumulants of the distance functions d˜ij , which are quadratic functions in the stochastic
system parameters. Formulas for the cumulants of these distance functions in terms
of the cumulants of the stochastic system parameters are given in [171, Section 3.3],
and repeated in Publication E. From these formulas, it can be seen that the cumulants of the distance functions are polynomial in u. Therefore, the covariance
matrix Σδ (u) and cumulants κ of δ can all be expressed as polynomials in u. Their
derivatives with respect to u are then easily computed. The derivatives of the
Edgeworth expansions (7.2) can thus be computed. Consequently, the derivatives
of RAA-1 (u) can be obtained and provided to a solver to solve (7.1). Note also
that, if the solver requires second-order derivatives, these can be obtained by differentiating one more time the expressions above with respect to u. Finally, the
computations can be sped up by computing the probabilities of violations in the
pre- and post-contingency systems in parallel. The optimization problem resulting
from using RAA-1 is a nonconvex nonlinear optimization problem.

7.2

Using analytical approximation 2 in CCOPF

The second analytical approximation, RAA-2 (u), is given by (6.17)


X
X
X
RAA-2 (u) =
qi 
Φ(tu−d˜ (0)) −
ΦΣiV (u) (tu−d˜ (0), tu−d˜ (0)) ,
ij

i∈C

j∈Ji

ij

(j,k)∈Ti

ik
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where the functions tu−d˜ are the Cornish-Fisher expansions in (6.10), ΣiV (u) is the
ij
covariance matrix of tu−d˜ and tu−d˜ , Φ is the univariate standard normal CDF and
ij

ik

ΦΣiV (u) is the bivariate Gaussian CDF with mean 0 and covariance matrix ΣiV (u).
Differentiating RAA-2 (u) with respect to u requires differentiating these univariate and bivariate Gaussian CDF, which can be done using (7.5). The derivatives
of the functions tu−d˜ are also needed. From their definition in (6.10), it can be
ij
seen that these functions depend on u through the cumulants of the distance functions. As noted in the previous section, the cumulants of the distance functions are
polynomials in u. Therefore, the derivatives of the functions tu−d˜ and, thus, the
ij
derivatives of RAA-2 with respect to u can be obtained. As for the first analytical
approximation, the computations can be sped up by computing the probabilities of
violations in the pre- and post-contingency systems in parallel. The optimization
problem resulting from using RAA-2 is a nonconvex nonlinear optimization problem.

7.3

Results

The chance-constrained optimal power flow (CCOPF) problem was developed and
studied in the following appended publications.
Publication B The solution method based on using RAA-2 to solve CCOPF is
developed. The accuracy is tested for different forecast error distributions and
thresholds α. In all studied cases, the optimal settings obtained by solving
(7.1) with RAA-2 fulfil the threshold α with a relative error of less than 3 %.
Publications C, E and F The solution method based on using RAA-1 to solve
CCOPF is developed. The errors due to the approximations involved in RAA-1
are assessed separately. It is shown that the approximation contributing the
most to the total error is the use of second-order approximations of the smooth
parts of the stability boundary.
Publication D The value of using a CCOPF instead of a conventional securityconstrained optimal power flow (SCOPF) is determined by solving a CCOPF
with the threshold α set to the operating risk given by the optimal solution
to the SCOPF. A grid method is used to solve the CCOPF.

Chapter 8

Closure
This chapter concludes the dissertation and proposes possible future research directions.

8.1

Conclusion

In this thesis, a comprehensive framework for security management under uncertainty has been presented. In the scope of this thesis, uncertainty is understood as
the occurrence of contingencies and load and wind power forecast errors. The need
for such a framework is motivated by the gap between the deterministic tools used
in power system operations today and the probabilistic nature of the uncertainty.
This gap is addressed today by having transmission margins or larger amounts of
standby reserves to protect the system against situations not considered in deterministic security management. These two measures are costly and do not allow
system operators to trade off the risk of an event and the actions to remedy the
consequences of these events.
The methods developed in this thesis build on a proposed definition of an operating risk. This operating risk is defined as the sum of the pre- and post-contingency
probabilities of violation of the system’s operating constraints, given the load and
wind power forecast errors, weighted by the probabilities of occurrence of the considered contingencies. To include the proposed operating risk in security management, tools are developed for security assessment, on the one hand, and for security
enhancement, on the other hand.
In security assessment, the difficulty stems from the fact that the probabilities of violation appearing in the operating risk cannot be computed by the usual
Monte-Carlo approach which would be too computationally demanding. Therefore,
speed-up methods for Monte-Carlo simulations, based on importance sampling, and
sample-free analytical approximations are developed to quickly estimate the operating risk.
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In security enhancement, an optimization problem is formulated to determine
the cheapest setting of the controllable variables that ensures that the operating
risk remains below a pre-defined threshold. The controllable variables are in this
dissertation the power production levels in the controllable generators. The difficulty in solving this optimization problem is the same as in security assessment,
namely to obtain tractable expressions of the operating risk. In addition, these
tractable expressions must be embedded in an optimization problem. To efficiently
solve this optimization problem, these expressions should be closed forms in the
controllable variables. The analytical approximations used in security assessment
fulfil these requirements and can be used for security enhancement.

8.2

Future work

Below are some suggestions for improving and further developing the methods and
tools proposed in this thesis.
Speeding up the computations of the analytical approximations
For both analytical approximations, the most time consuming step is to compute the
expansions of all bivariate probabilities for building a graph of which a maximum
spanning tree is found to be used in the Hunter-Worlsey upper bound, as discussed
in Section 6.3. This step could be sped up by using some approximations instead
of the bivariate probabilities for the weights of the graph, for example by using the
covariances of all pairs of distance functions.
Separate risk measures
The operating risk defined in this thesis is a system-wide measure. It could be
complemented with additional risk measures specific to each contingency or to each
type of loadability limit.
For differentiating the types of loadability limit, different stability boundaries
could be computed, for example one for all stability limits and one per type of other
operational limit (voltage limits, line transfer limits, . . . ). For operational limits,
individual operating risks would, from the system operators’ standpoint, be more
legitimate. In this case, separate operating risks per line, for line transfer limits,
and per bus, for voltage limits, could be defined. All these risks could then be
aggregated into a system-wide risk, very much in the spirit of what was proposed
in [138].
Capture the consequences of the violations
The operating risk defined in this dissertation only captures the probabilities of
violation of the operating constraints. The defined operating risk does not capture
the extent of the consequences of the violations. As such it is similar to value-at-risk
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measures. Value-at-risk measures are not coherent risk measures and thus suffer
from a few shortcomings because they may give the wrong incentives [173, Chapter
6]. One of these shortcomings is that the worst-case events are not captured since
the notion of worst case relies on the extent of the violations.
In the context of security management, considering the extent of the violations
can be measured by the amount of corrective actions (such as load shedding) that
would be necessary to bring back the system within the stable feasible domain
should any contingency occur. The distance functions defined in this dissertation
could be used to measure these violations by considering not only whether or not
an operating point is stable but also how far it is from the stable feasible domain.
Considering the extent of the violations would lead to using conditional valueat-risk types of measures, which are coherent risk measures.
Provide guarantees on the accuracy
The analytical approximations have been shown in all case studies in the appended
publications to be accurate, even for very low operating risks. However, their accuracy is difficult to determine theoretically. The approximation using the HunterWorsley upper bound is conservative but this conservativeness may be lost when
further approximating with the Edgeworth or Cornish-Fisher expansions. In fact,
the Edgeworth series expansions may not even converge in some cases [174]. Developing other approximations that would give guarantees in the sense of being
conservative is a direction of future work.
Another possibility would be to develop separate approximations that overand underestimate the operating risks, thus providing a bounded interval. These
approximations could be obtained by using inner and outer approximations of the
stable feasible domains, similarly to what is proposed in [55].
Nonconvexity and nonlinearity of CCOPF
When using either one of the two analytical approximations, the proposed chanceconstrained optimal power flow (CCOPF) for security enhancement is a nonconvex
nonlinear optimization problem. This makes it difficult to solve and does not give
any guarantee that global optimal solutions are found.
The methods from [111] or [112] could be applied to convexify the chance constraints. As a byproduct, these convexification methods transform the value-at-risk
measures into conditional value-at-risk measures. However, the resulting conditional value-at-risk measures require sample-based methods to be computed, which
would slow down the solution method compared to using analytical approximations
such as the ones presented in this thesis.
Research in other fields
Probabilities of violations of the operating constraints have counterparts in other
fields. In structural reliability, for example, the probability of failure of structures

130

CHAPTER 8. CLOSURE

is captured by a margin to failure, called the failure surface or limit-state function.
Failure occurs for negative margins and the boundary between the failure and secure
states is called the limit state. The problem of interest is then to compute the
probability that the margin is negative, for analysis of structures, and to design
structures such that this probability is kept very low. This problem is strikingly
similar to the one formulated in this thesis where margin to failure is captured by
the distance functions to the stability boundary.
In structural reliability, a comprehensive set of methods have been developed
to compute such probabilities. A nice overview of these methods is presented in
[175]. Many of these methods build on finding a point, so-called design point, that
is the most likely point on the limit state. Similarly to the methods developed
in Chapter 6, analytical approximations, known as first-order reliability methods
(FORMs) and second-order reliability methods (SORMs), approximate the margin
to failure by using hyperplane and quadratic surface, respectively, to approximate
the limit state around the design point. Similary to the first importance sampling
estimator in Chapter 5, importance sampling methods have been developed that
shift the original distribution to the design point.
The methods in this dissertation are therefore very similar in principle to the
methods developed within the field of structural reliability, which would undoubtedly be worth studying in more detail. It is also worth mentioning that in structural
reliability some of the above methods are used in the industry and mature software
packages, such as FERUM [176] and OpenSees [177], are available.
Mathematical finance and telecommunication are other fields in which similar
problems are encountered. In fact, the importance sampling estimators presented
in Chapter 6 were first proposed in the context of telecommunication and mathematical finance, respectively. A thorough review of the methods developed in these
fields and other fields in which security assessment and reliability-based design are
of concern would also give interesting future research directions.
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