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Abstract

In this paper turning point predictions are being compared using business cycle data.
The probability model is a common model to predict business cycle turning points.
However, as the predictions are expressed as probabilities they cannot be compared
with many time series models, since predictions often are point forecasts. A comparison
has though been made possible by using a classification system. The comparison is
carried out by analyzing the turning points of growth cycles, which means a business
cycle series is separated from its long-term trend by a detrending filter. Three models
are included in the comparison: the Probit model (representing the probability models),
the Markov Switching model and the ARIMA model. The results show that the
ARIMA model is the superior turning points predictor. The Probit model’s performance
are however still competitive if an autoregressive term is included.
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1 INTRODUCTION

1 Introduction

1.1 Background

Business cycles are normally described as fluctuations in the aggregated economic
activity that moves in a cyclical pattern with varying periodicity and amplitude.
They have two turning points, a peak and a through, as well as two phases, an
expansion and a recession, that link them together. See Burns and Mitchell (1946).
Much of the cycle’s behavior, both in terms of duration and timing revolves around
the points in time where the turning points are taking place. This is one of the
reasons why so much effort is put in to finding the specific dates where the turning
points are located. Being able to in advance predict when the turning point is
going to happen can be a great advantage. For the producer this knowledge could
mean the difference between over- or under-producing. The consumer would be
able to plan future expenditures and the policy maker or central banker would be
able to better time big policy decisions and interest rate changes.

Because of the dichotomy between the up- and downward phases a commonly used
model to predict business cycle turning points is the probability model. Whenever
the variable to predict is consisting of only two values, it can be called a binary
response variable. Probability models have the quality of being able to predict
the probability for such a binary outcome, which in this case would mean the
probability for a turning point. Most time series models can however only make
point forecasts, which are not directly comparable with probability forecasts. A
point forecast is a prediction of a future (economic) value, whereas a probability
forecast is more a prediction of the point in time of an event. When it comes to
probability forecasts, even though most of the information content of the cycle is
stored within the turning points, some of it is left out. A binary series of turning
points excludes a lot of vital information, such as the amplitude, the slope or the
curve as well as the asymmetries in the up- and downwards phases.

Predicting turning points is in fact a two step problem. Before any predictions
can be made the issue of defining and dating the turning points has to be dealt
with. The methods for dating turning points vary both in complexity and form.
Special committees or institutes such as the NBER dating committee (the National
Bureau of Economic Research) and ECRI (Economic Cycle Research Institute)
have specialized in dating the turning point chronology by analyzing a set of
different economic indicators. The methods they use are not based on a fixed
set of rules and can be partly based on subjective judgments. However, for dating
turning points, there are more mechanical methods to be found that originates
from the same theory. One such example is the computerized algorithm of Bry
and Boschan (1971), which approximates the NBER turning point chronology in an
automatic fashion. The Markov Switching model of Hamilton (1989) is sometimes
used as a complementary method to date turning points. Although it is rather
a method of statistical inference in the same category as Neftci (1982) and Kim
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1.1 Background 1 INTRODUCTION

and Nelson (1998). In some cases far less complicated methods are employed.
For example, Rudebusch and Williams (2009) and Croushore and Marsten (2014)
defined declining quarters of GDP as recessions and converted the quarterly GDP
growth series into a binary series by the plus and minus signs. What this means is
that the turning points occur when the sign change happens. Obviously a turning
point definition like this will most likely result in a very different turning point
chronology than the one that NBER presents. An interesting feature with this
definition is that the series has a binary format in terms of the plus/minus signs,
which is where the turning points can be observed, at the same time as the original
series is kept intact. A result of this is that to predict turning points (recessions),
there is actually no need to convert the series into a binary series. The turning
points can be evaluated in point forecasts from a normal time series model by the
sign change of the predicted values and compared with the sign change from the
original series. This makes it possible to compare point forecasts with probability
forecasts by, for example, using a threshold of fifty percent to classify the predicted
probabilities into recessions.

Comparisons of different probability models prediction performances can be found
in a number of studies. See ,e.g., Koskinen and Öller (2004) and Kauppi and
Saikkonen (2008). Numerous examples can also be found of comparisons of Markov
switching models and other time series models. See for example Krolzig (2000) and
Buss (2010). However, not as many are comparing the probability models with
Markov switching models and other time series models. Layton and Katsuura
(2001b) compared business cycle forecasts for a Markov switching model and
a Logit and a Probit model using US business cycle data from ECRI for the
period 1949 - 1999. They found the Markov switching model performing slightly
better. Fritsche and Kuzin (2005) compared turning points prediction performance
between Probit and Markov switching models in Germany for the period of 1978
- 2002 and found that the two models gave similar results. Both of the two
latter studies did, however, use pre-dated turning point chronologies as well as
employing the predicted regime probabilities from the Markov switching model
for the comparison. Hence, it was not the point forecast of the Markov switching
model but the probabilities of latent regime variable that was being compared.

The objective of this thesis is to compare the prediction performances of probability
models with other time series models. As an attempt to achieve a more realistic
turning point chronology, a smoothing and a detrending filter is applied to the
GDP series. Utilizing a detrending filter implies that the dependent variable is
measured as a deviation from the long-term trend, which is the reason it is called
a deviation cycle or a growth cycle. One motive for this is that comparisons
become more informative because growth cycles are known to have shorter periods
than classical business cycles. As a limitation for this thesis, a few models that
are representative for the probability models or time series models and somehow
related to the field of business cycle are selected. The included models are the
Probit model, the Markov switching model and the ARIMA model.
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2 THEORY

The outline for this paper is the following: Chapter 2 points out some of the
theoretical aspects behind the included models and methods. Chapter 3 specifies
the practicalities of the method, such as data material, filtering and detrending.
The results are presented and analyzed in chapter 4 and in chapter 5 follows a
discussion with some concluding remarks.

2 Theory

2.1 Probablity models

The model types based on binary response variables comes from the class of limited
dependent variable models which are founded on dependent variables that are
discrete or only have a few possible outcomes. The two most common models for
binary variables are the Logit and the Probit. They are founded on the idea of
modeling the probability for a certain binary outcome given a set of explanatory
variables. Consider a model of the type:

P (y = 1 | x) = F (x′β).

where F is some function and β stands for the parameters to be estimated. The
challenge lies in how to model the F function. Expressing it according to the
linear regression specification, F (x′β) = x′β , results in, what is called, the Linear
probability model. It has been criticized for, among other things, producing values
for x′ that are bigger or smaller than zero. The specification of F therefore needs
to be of the continuous type, such as the Logit and the Probit models provide.
The Probit uses the standard normal distribution whereas the Logit, the logistic
distribution. See Greene (2012). Ever since Estrella and Mishkin (1998) used the
Probit model to predict to the NBER turning points the Logit and Probit models
have frequently been utilized in studies about business cycle turning points. The
two models are very similar in their specifications except for some differences in the
distributions. For this thesis the Probit specification is chosen since it is somewhat
more common in the field of business cycles.

2.1.1 Probit models

Consider a random binary variable yt that only takes on values of zeros or ones
with probability pt. Let Ft be the information from all the earlier observations up
to time t, so that Ft = {yt, yt−1, ..., yt−T , xt, xt−1, ..., xt−T}, where xt represents a
set of explanatory variables. The yt is Bernoulli distributed conditional on Ft−1:

yt | Ft−1 ∼ B(pt).

The idea is to model the conditional probability pt given Ft−1 so that the relation
between pt and yt can be described as:

E(yt | Ft−1) = P (yt = 1 | Ft−1) = pt, (1)
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2.1 Probablity models 2 THEORY

where pt refers to the standard normal cumulative distribution function. Let πt
be a set of the explanatory variables and φ be the standard normal distribution
function, then:

φ(πt) = πt

∫ πt

−∞

1√
2π
e
−
z2

2 dz.

The simple Probit model can then be written as:

P (yt = 1 | Ft−1) = φ(πt) = φ(ω + βxt−k), (2)

where xt is the explanatory variables included in the information set. According to
Kauppi and Saikkonen (2008) πt can be specified in a variety of ways, for example
by including different lags of explanatory variables and autoregressive terms. The
parameter-set is estimated by maximizing the log-likelihood function:

L(y, ω, β) =
T∑
t=1

[
yt log(φ(ω + βxt−k)) + (1− yt)log(1− φ(ω + βxt−k))

]
.

2.1.2 Forecasting with Probit models

The forecast of the Probit model is based on the conditional expectation of yt
given the information from time t− h:

E(yt | Ft−h) = P (yt = 1 | Ft−h).

From the Law of iterated conditional expectations and by using equation (1) and
(2) we get:

E(yt | Ft−h) = E(P (yt = 1 | Ft−1) | Ft−h) = E(φ(πt) | Ft−h),

where πt being the specification of explanatory variables with respective parameters.

Forecasting with the Simple Probit model

For the simple Probit model with a parameter-set like:

πt = ω + βxt−1,

the conditional probably is given by:

P (yt = 1 | Ft−1) = φ(ω + βxt−h),

where h is the forecast horizon. This means that the lags of the explanatory
variables are tailored to match the forecast horizon so that the forecast is only
based on known values and no forecasted values. The multi-period-ahead forecast
can thus only stretch so far in time as the explanatory variables are lagged.
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2 THEORY 2.1 Probablity models

Forecasting with the AR-Probit model

For the autoregressive Probit model the forecast procedure becomes a little bit
more complicated. To see this, let us look at the conditional probability:

P (yt =| Ft−1) = φ(ω + δyt−1 + βxt−1),

which is the same as for the simple Probit specification in the first forecast period.
However, for the following periods the problem arises of not having any more
known values of yt to predict, that is, unless the AR-terms are matched with the
forecast horizon. Kauppi and Saikkonen (2008) suggested two solutions for this
issue. One solution is to use a specification of the type:

E(yt | Ft−h) = E(φ(ω + δyt−1 + βxt−h | Ft−h)),

which means that for cases when h > 1, E(yt | Ft−h) is a weighted sum of the
conditional probabilities for the two states. For the two-period scenario:

E(yt | Ft−2) =
∑

yt−1∈[0,1]

P (yt−1 | Ft−2)(φ(ω + δyt−1 + βxt−2))

and

P (yt−1 | Ft−2) = φ(ω + δyt−2 + βxt−3)
yt−1 [1− φ(ω + δyt−2 + βxt−3)]

1−yt−1 .

Another possibility is to replace the lagged observation of yt with the predicted
probability:

P (yt = 1 | Ft−1) = φ(ω + απt−1 + βxt−h),

where πt = ω + δyt−1 + βxt−h. For the h-step-ahead forecast, by evaluating:

E(yt | Ft−h) = E(φ(ω + απt−1 + βxt−h) | Ft−h)

and using that:

πt = ω + απt−1 + βxt−h,

we can by repeated substitution get:

E(yt | Ft−h) = E
(
φ
(
αhπt−h +

h∑
j=1

αj−1(ω + βxt−h+1−j)
)
| Ft−h

)
= φ(αhπt−h +

h∑
j=1

αj−1(ω + βxt−h+1−j)).

For simplistic reasons the latter specification will be employed in this study.
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2.2 Markov Switching models 2 THEORY

2.2 Markov Switching models

The Markov switching model introduced by Hamilton (1989) is a popular model in
business cycles analysis. It is based on a latent state variable that switches value
between states, which is convenient for the cyclical behavior of business cycles. It
can be used to make point forecasts but is sometimes also used as a complementary
method for dating turning points. Since its close link to business cycles it seems
like an obvious model to include in a study like this. Markov switching models
are a form of Finite mixture of distributions, which can occur whenever several
populations are compressed together.

For such cases it is possible to assume that one of the distributions belongs to an
underlying regime variable. As the estimation process of an underlying variable
of such type is by no means straightforward, it could become more feasible by
assuming the realization of the regime variable comes from a stochastic process
with known or partially known distributions. For instance, if there is a known
dependence between the observations of the regime variable, such as for a Markov
chain. See Lindgren (1978). In the next section follows some basic theory about
Markov chains and a brief introduction to the estimation process of the Markov
switching model.

2.2.1 Markov chains

Consider a random regime variable st that can take on integer values of {1, 2, ..., N}.
Assume the probability that st takes on some value j only depends on the most
recent value of st−1. The process is called a N -state Markov chain and can be
described as:

P (st = j | st−1 = i, st−2 = k, ..., tt−1, tt−2, ...) = P (st = j | st−1 = i) = pij.

The transition matrix P is showing the transition probabilities {pij}i,j=1,2,...,N ,
which are stating the probability that state i will be followed by state j:

P =


p11 p21 . . . pN1

p12 p22 . . . pN2
...

...
. . .

...
p1N p2N . . . pNN

 . (3)

The diagonal elements, for example p11, p22, ... are representing the probabilities of
staying in the same state next time-period. Note that pi1 + pi2 + ...+ piN = 1. Let
ξt represent a vector of the different states of st. The conditional expectation of ξt
for the next period, given st = i, can then be described by the probabilities pij as:

E(ξt+1 | st = i) =


pi1
pi2
...
piN

 .
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2 THEORY 2.2 Markov Switching models

This means that the state in period t+1 is determined by the transition probabilities
in period t,

E(ξt+1 | st = i) = Pξt, (4)

where P is the matrix for the transition probabilities in equation (3). The Markov
property says that the present state is only determined by the preceding state,
which implies:

E(ξt+1 | ξt, ξt−1, ...) = Pξt.

As a result, the state of the Markov chain can then be expressed as:

ξt+1 = Pξt + vt+1,

where vt has average zero so the 1-period-ahead forecast of the Markov chain
becomes:

ξt+1 = Pξt. (5)

For the h-period-ahead forecast, P is just multiplied by itself h times:

E(ξt+h | ξt, ξt−1, ...) = Phξt. (6)

When the probabilities in Ph converge to a fixed limit they are called the ergodic
probabilities or the steady state probabilities. They can also be interpreted as the
unconditional probabilities:

π = E(ξt).

Now consider an observed variable yt, that has mixture distributions N(µ1, σ1
2)

and N(µ2, σ2
2), which are depending on a state variable st = 1, 2, ..., N . Then

conditional on the state st the density of yt is given by:

f(yt | st = j, θ),

where θ is a vector of parameters. Combined with f(yt; θ) - the unconditional
density of yt and the unconditional probabilities πj it is possible to calculate the
conditional probabilities for the state variable st:

P (st | yt; θ) =
P (yt, st = j; θ)

f(yt; θ)
=
πjf(yt | st = j; θ)

f(yt; θ)
.

If the parameter vector θ was known it would be possible to calculate these
probabilities for each value of yt. Combined with the formula in equation (5)
for the forecasted probabilities and by using an iterative method, the estimated
values of ξ̂t+h and ξ̂t can be calculated for each point in time by maximizing the
log likelihood function:

L(θ) =
T∑
t=1

logf(yt; θ),
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2.3 ARIMA models 2 THEORY

which can be done by for example using the EM Algorithm. See Hamilton (1994).
It is of course possible to let the process of yt be specified in a variety of ways,
for example with different variations of explanatory variables or autoregressive
terms. Other popular forms of Markov switching models are different kinds of
vector-autoregressions. See, e.g., Krolzig (1997). There is one form where the
transition probabilities are not static and instead assumed to vary with some kind
of probability regressors, called time varying probability models. See ,e.g., Layton
and Katsuura (2001a).

2.2.2 Forecasting with Markov switching models

Forecasting with Markov switching models is done in two steps. The first step is to
forecast the regime probabilities and the second step is to calculate the conditional
expectation of yt+h. The optimal forecast of the conditional regime probability for
the forecast period h is given by:

E(ξt+h | yt) = Ph(ξt | yt),

given the information at time t, also written as:

ξ̂t+h = Phξ̂t,

which refers to equations (4) to (6). The forecasted probabilities can be calculated
from the smoothed probabilities from the estimation of the Markov chain. For
the second step we need the conditional expectation of yt+h with respect to the
parameters and explanatory variables. If we use for example a specification with
an autoregressive term yt−1 and an explanatory variable xt:

yt = ω + δstyt−1 + βstxt + εt,

the expected value of yt+h, conditional of the earlier values of xt, yt and the
parameter set θ, is given by:

E(yt+h | st+h, xt+h, yt, θ) = ω + δstyt−1 + βstxt.

Finally for the point forecast ŷt+h, the conditional expectation of yt+h is multiplied
by the forecasted regime probabilities ξ̂t+h:

ŷt+h =
N∑
j=1

Phξ̂tE(yt+h | st+h, xt+h, yt, θ)

and summed up over the number of states. See Hamilton (1994).

2.3 ARIMA models

ARIMA is short for Autoregressive Integrated Moving Average and is in fact a mix
of three models. In time series analysis the ARIMA model is a very useful tool,
especially for making predictions. The model does not include any explanatory
variables, it is a based on operations only on the times series it self and its lags.
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2 THEORY 2.3 ARIMA models

It can be useful for cases whenever there is dependence (called autocorrelation)
between the observations. Autocorrelation is defined as:

ρt,s = Corr(yt, ys) for t, s = 0,±1,±2, ...

and is based on the autocovariance function: γt,s = Cov(yt, ys) for t, s = 0,±1,±2, ...
so that:

Corr(yt, ys) =
Cov(yt, ys)√
V ar(yt)V ar(ys)

.

An ARIMA(p, d, q) model, which is said to have the order (s), where q is the
autoregressive part, is basically a time series regressed on its own lags. An AR(q)
model is written as:

yt = ω + φyt−1 + φyt−2 + ...+ φyt−q + et,

where et is assumed to be white noise. While the AR(q) can be seen as a linear
combination of past values, the MA(p) part (the moving average) is instead a
linear combination of past error terms, et, and is written as:

yt = c0 + et + θet−1 + θet−2 + ...+ θet−p,

where c0 is a constant and et is white noise. The integrated part in the ARIMA is
for cases where the model has been differenced and the order d states how many
times. For example when d is equal to one the process becomes:

∆yt = yt − yt−1,

which is also representing the first difference. The choice of order for the ARIMA
models is normally determined by the shape of the autocorrelation function or by
using Akaikes Information Criterion (AIC), which is defined as:

AIC = −2logL+ 2k,

where L is the maximized value from the likelihood-function and k = p + q
given from the order of the ARIMA model. AIC serves as a penalty function for
adding more parameters and is useful when choosing the number of parameters to
estimate.

2.3.1 Forecasting with ARIMA models

Forecasting ARIMA models is relatively straight forward. Starting with the AR(p)
model:

yt = ω + φ1yt−1 + φ2yt−2 + ...+ φpyt−p + et.

Taking expectations conditional on Ft, that is, all information up until time t,
gives the 1-step-ahead forecast:

ŷt+1 = E(yt+1 | Ft) = ω +

p∑
i=1

φiyt+1−i

9
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and the h-step-ahead forecast:

ŷt+h = E(yt+h | Ft+h−1) = ω +

p∑
i=1

φiyt+h−i.

For forecasting the moving average we start with the specification of the MA(q)
model:

yt = c0 + θ1et−1 + θ2et−2 + ...+ θqet−q + et,

where c0 is a constant. Taking conditional expectation given the information Ft
gives the 1-step-ahead forecast:

ŷt+1 = E(yt+1 | Ft) = c0 +

q∑
i=1

θiet+1−i.

However, as mentioned in Tsay (2010), the multistep-ahead forecast of an MA(q)
will converge to the unconditional mean, meaning that:

ŷt+h = c0.

For more details about the ARIMA forecast procedure, see Cryer and Chan (2008).

2.4 Business cycles, growth cycles and detrending

An ongoing debate in the business cycle literature has been whether to distinguish
between the concepts - growth cycles and business cycles. The classical view of a
business cycle is to a large extent based on the book Measuring Business cycles by
Burns and Mitchell (1946), in which the cycle duration is said to vary from one
up to ten or twelve years whereas growth cycles are known to have substantially
shorter periods. Growth cycles can be seen as fluctuations in the macroeconomic
activity that varies while the long term growth factors, such as output and demand
still steady increases. See ,e.g., Zarnowitz and Ozyildirim (2006). However, lately
the difference between these concepts has faded. See, for example, Bonenkamp, et
al (2001), Canova (1994).

Measuring a growth cycle includes separating a cyclical component from a long-term
trend. This is why it is also referred to as a deviation cycle. If the long-term trend
is believed to be linear, the series can be regressed against time so that the cyclical
component can be seen as residuals from the trend, which is called linear filtering.
This is however only statistically valid if the long-term trend is linear. There
has been a large debate whether the GDP is trend- or difference-stationary. As a
result, more models based on the existence of a non-linear trend have lately become
more fashionable. Baxter and King (1999) argued that in order to measure and
analyze business cycles as the ones described in Burns and Mitchell (1946) the
series needs to be trend-stationary and decomposed into its long-term trend and
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2 THEORY 2.4 Business cycles, growth cycles and detrending

cyclical component. Examples of such operations are moving-averages, first-order
differencing, linear detrending or detrending filters, such as the the Hodrick-
Prescott filter. Hodrick and Prescott (1997) argued that cyclical factors, with
shorter fluctuations, can be separated from the main factors that determine the
secular growth. Their claim was based on observations and comparisons of the
co-movements of the long-term growth-components and the short-term components,
such as cyclical unemployment etc. Baxter and King (1999) later constructed
a filter that, based on the frequency domain, could filter out long and short
frequencies to match the suggested cycle durations from Burns and Mitchell (1946),
called the Band-Pass filter.

Examples of separating the trend and the cyclical component can also be found in
the field of dating business cycles turning points. Canova (1994) compared different
detrending methods ability to replicate the NBER turning point chronology. They
found that turning points can vary substantially depending on both detrending
method and classification rules and that The Hodrick- Prescott filter was one of the
top contenders. Bonemkamp, et al (2001) compared the NBER and other business
cycle dating procedures with detrending methods such as the Band-Pass filter and
the Hodrick- Prescott filter. They found that the methods gave similar result but
that detrending could generate marginally shorter cycle-periods than the NBER
approach. They also gave some criticism for the Hodrick-Prescott filter, partly for
having some end-point problems as well as for generating spurious cycles. Harding
and Pagan (2002) argued that the trend and the cyclical component should not
be separated, just because of the influence they have on each other.

2.4.1 The Hodrick-Prescott filter

The main idea behind the Hodrick-Prescott filter is that a time series yt can be
viewed as the sum of a trend component gt and a cyclical component ct:

yt = gt + ct, for t = 1, 2, ..., T,

with the assumption that the trend component varies smoothly. Setting the square
of the second difference of gt as a measure of smoothness for the path of gt, will
lead to the following minimization problem:

Min
{gt}Tt=−1

{ T∑
t=1

c2t + λ

T∑
t=1

[(gt − gt−1)− (gt−1 − gt−2)]2
}
,

where ct = yt − gt and λ is the smoothness-parameter that penalizes variance in
gt. If λ = 0 there is no adjustment and if λ→∞ the trend is linear. The choice of
λ can be somewhat ambiguous but Hodrick and Prescott (1997) recommended a
value of λ = 1600 when using quarterly data, which they based on examinations of
relative changes of the standard deviation and autocorrelation for different values
of λ.
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3 METHOD

3 Method

3.1 Data

The dependent variable for this study is based on the Swedish Gross Domestic
Product from the seasonally adjusted real GDP series (OECD database). All time
series included in the study consist of quarterly data from the first quarter of 1970
to the last quarter of 2013. Three explanatory variables are chosen: The first is the
Composite leading indicator series from the OECD database, a composite index
based on survey data, weighted and aggregated from main key economic indicators
such as industry production, retail sale, labor indicators etc. Leading indicators
are often considered to be reflecting the movement of the general economy and
are frequently used as explanatory variables for GDP. The second variable is the
Confidence indicator for manufacturing industry, which is a survey based index,
produced by The Swedish National Institute for Economic Research and is a part
of the nationwide Swedish Economic tendency survey. The third variable is the
OECD Industrial production index. Even though it to some extent is included in
the composite leading index and may also be reflected in the Confidence indicator,
it is still of interest as a sole explanatory variable.

It should be noted that an otherwise interesting explanatory variable to include in
a study like this is the yield spread between the long- and short-term interest rate.
The yield spread is frequently used as a predictor for business cycles and is often
seen in the business cycle turning points literature. See for example Estrella and
Mishkin (1998) and Rudebusch and Williams (2009). Unfortunately, the available
data for this variable did only cover a short time-period. The industrial production
index seemed to be non-stationary and to be containing a strong trend and is
therefore expressed in its log difference. The other explanatory variables are just
scaled in logarithmic scales. GDP is expressed in log difference and smoothed
by a simple one-sided moving average of four quarters and is detrended by the
Hodrick-Prescott filter.1 All statistical analysis is conducted in the Software R.

3.2 Smoothing, detrending and turning points

Non-parametric methods for dating turning points are based on basic mathematical
concepts for finding extremes in a continuous process by setting the first derivative
to zero and see if the second derivative is negative (positive) for a maximum
(minimum).2 As economic time series mainly are presented in discrete measures,
approximating the derivatives is necessary, which usually is done by differencing.
For example, if the definition of a turning point, as mentioned earlier, is when the
first difference is negative a turning point within the sign change could be seen as
a local maximum if we assume that the first difference is an approximation of the
first derivative. Since the first difference is defined as: ∆yt = yt − yt−1 and when

1. A one-sided 4-point moving average is defined as: for time t, zt = (zt + zt−1 + zt−2 + zt−3)/4,
where zt being the new smoothed variable.

2. The Bry-Boschan algorithm is an example of a non-parametric turning point dating method.
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∆yt = 0 the curve is flat, so that when +∆yt → −∆yt it can be interpreted as the
second derivative is negative and is going through ∆yt = 0, implying that the sign
change can be seen as a local maxima.

For the Bry-Boschan algorithm a peak is defined as when ∆2 yt > 0,∆yt >
0,∆yt+1 < 0 and ∆2 yt+2 < 0, which ensures a local maximum within two time
intervals on either side, see Harding and Pagan (2002). When using turning point
rules like these the chance of obtaining a larger amount of turnings points than
what it would normally be in a classical business cycle is high. The reason is that
short-term fluctuations will also fall under the definition of a turning point. For
such cases it is common to apply different types of censoring rules or smoothing
filters. An example of such a case is illustrated in Figure 1. Classified recessions
are defined as the periods when the first difference of log GDP is negative and are
marked as the shaded areas.
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Figure 1: Classified recessions from the first difference of log GDP

The short-term fluctuations are resulting in a lot of short-period phases. In
contrast, as illustrated in Figure 2, when a 4-point moving average is applied to the
log GDP series most of the short-term fluctuations are removed. Some noise still
remains since the curve is far from perfectly smooth and since the pre-differenced
series had such a strong trend most of the short-term fluctuations are not going
below the zero line.
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Figure 2: Classified recessions from the first difference of the moving average of log GDP

As we can see, only the major declines are classified as recessions. Unless censoring
rules like minimum-period-per-phase or other types of smoothing filters are applied
the short-term fluctuations are not easy to get rid of. The pattern in Figure 2
reminds a bit of the business cycle turning point pattern that ECRI publishes on
their website, illustrated in Figure 3.
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Figure 3: The Turning points chronology from ECRIs business cycle

In the period after the middle of the 1980s only two recessions took place, one in
the early 1990s and a second during the financial crisis in 2008. This means that
only one recession occurs in the extent of the prediction period. A decision was
therefore made to carry out the analysis using deviation cycles, which generally
have more turning points than business cycles. A comparison becomes for that
reason more informative in terms having more turning points to compare. As
deviation cycles are defined as deviations from the long-term trend, the first step
is to estimate the trend, which is done according to the procedure in chapter
2.4. Figure 4 illustrates how the long-run trend from the Hodrick-Prescott filter is
followed by the movement of the log GDP series.
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Figure 4: Log GDP and the long-term trend

The residual from when log GDP deviates from the trend is what is called the
cyclical component, also representing the deviation cycle, illustrated in Figure 5.
Negative values of the differenced cyclical component are classified as recessions,
which is reflected in Figure 5 where the curve is downward sloping.
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Figure 5: The deviation/growth cycle from the Hodrick-Prescott filter

Compared to the first difference of the smoothed log GDP series in Figure 2, the
curve is now centered on zero, making more of the intermediate declines in GDP
to be classified as recessions. Figure 6 shows how the first difference of the cyclical
component classifies all negative values as recessions.
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Figure 6: The first difference of the cyclical component

The short-term fluctuations are causing some short-period recessions, yet the
overall pattern of recessions/expansions seems to be captured fairly well. In Figure
7 the pattern is compared to the growth cycle turning point chronology presented
by ECRI.
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Figure 7: The ECRI growth cycle and the deviation cycle from the Hodrick-Prescott filter

The pattern matches better with the growth cycle chronology from ECRI than
with their business cycle chronology in Figure 3, although it appears to be some
delay.

3.3 Included models

This section summarizes the exact model specifications and explanatory variables
that are included in the comparison. Regarding the ARIMA models, there are a
lot of different combinations to choose from and selecting the order of ARIMA
models is somewhat of an art form. Fitting the best model ex post for achieving
the best prediction result is not realistic for a real-time scenario. Therefore the
order is chosen using a method of minimizing the value of AIC. This method is
often used when fitting ARIMA models. The procedure is a function executed by
the software and is included in most statistical software packages. This function is
only utilized up until the point when the prediction periods start, as would be the
case in a real-time scenario. Moreover, since an Autoregressive Markov Switching
model of the order AR(2)-MS is estimated, a standard AR(2) is also included to
see if the hidden Markov chain is improving the predictions.

3.3.1 AR(1)-Markov switching regression model

The AR(1)-MS model based on one explanatory variable and one autoregressive
term. It is written as:

yt = ωst + δstyt−1 + βstxt + εt εt | st ∼ N(0, σ2
st).
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The st ∈ {1, 2} is the underlying regime variable. All parameters are set to be
affected by the st, including the variance according to:

βst =

{
β1 if st = 1

β2 if st = 0
δst =

{
δ1 if st = 1

δ2 if st = 0
σst =

{
σ1 if st = 1

σ2 if st = 0
.

The st is assumed to follow a 2-state Markov chain. The yt is the smoothed first
difference of the cyclical component and xt is the explanatory variable.

3.3.2 AR(2)-Markov switching model

The AR(2)-MS model does not include any explanatory variables, just two auto-
regressive terms. It is written as:

yt = ωst + δ1,styt−1 + δ2,styt−2 + εt εt | st ∼ N(0, σ2
st).

3.3.3 Simple Probit model

For the Probit models the dependent variable yt is converted into a binary variable.
This means the cyclical component of the Hodrick-Prescott filter is differenced and
assigned a value of one or zero according to:

yt =

{
1 if first difference is positive

0 if first difference is negative
.

The simple Probit model then takes the form:

P (yt = 1 | Ft−1) = φ(ω + βxt−h).

3.3.4 AR-Probit model

The AR-Probit models include an autoregressive term, which is in this case the
lagged binary dependent variable:

P (yt = 1 | Ft−1) = φ(ω + δyt−1 + βxt−h).

3.3.5 ARIMA models

Among the ARIMA models an ARIMA(2,0,0), also called an AR(2),is first fitted
to compare with the analogous AR(2)-MS model, it is defined as:

yt = ω + θyt−1 + θyt−2 + et,

Thereafter an ARIMA (q, d, p) will be estimated where the order is chosen by the
smallest AIC value.
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3.4 Forecast evaluation

The forecast horizon h is set to cover three quarters into the future. It is of course
possible to use longer horizons, which can be interesting, partly for economic
purposes but also for comparing model performance. The downside is however
a drastically dropping precision when the horizon is expanded. The ARIMA
models have to base later predictions on already predicted values and the Probit
models need longer lags of the explanatory variables, for which it can be difficult
to find good predictors. A so called expanding window will be employed for the
out-of-sample forecast and will be covering a period of forty quarters. This means
the model is first estimated at time t, using all available information up to time t,
producing three forecast for t+h, where h being the forecast horizon for h = 1, 2, 3.
In the next time period, t+1, the models are re-estimated and three new forecasts
are generated for time t + 1 + h. The process is then repeated until the forecast
period of t + 40 is over. To evaluate the forecast performances two performance
measures will be used. The first measure is called Mean Square Error (MSE),
which is a common measure for prediction performance. MSE is defined as:

MSE =
1

T

T∑
t=1

(ŷt − yt)2,

where yt is the observed value and ŷt is the predicted value. The MSE-measure
is however only good for comparing predictions within the same class, since as
mentioned before, probability forecasts are not comparable with point forecasts.
The measure of interest will be Percent Correct Classifications (PCC), since it is
meant as an indicator of the models general ability to predict recessions as well as a
measure of forecast precision. It is normally presented in a contingency table with
the amount of right and wrong predicted values for each class. In this paper it will
only be presented as a percentage. In addition, the percentage correct classified
phases (recessions or expansions) is also be presented. PCC is defined as:

PCC =
1

T

T∑
t=1

(ŷt | ŷt = yt),

where ŷt is the forecasted value and yt is the actual value. For the Probit models
the forecasted values are classified into a binary format by a threshold of fifty
percent and compared with the already binary dependent variable. For the Markov
switching and the ARIMA models both the forecasted values and the actual
values are classified into binary format from their sign. As a measure of overall
performance an average is calculated for all three forecast periods for each model.

4 Results

In this chapter the results is first be presented in tables. Thereafter follows some
graphical illustrations. To simplify the analysis the Industrial production index
will hereafter be referred to as IP, Composite leading indicator as CLI and the
Confidence indicator as CI.
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4.1 Tables

Table 1: Simple Probit

Variable: time t+h PCC MSE Coef Std.er Pseudo Rˆ2/AIC

Indudstrial h=1 0,538 0,250 intercept 0,058 0,096 0,001
production h=2 0,553 0,250 X1 1,032 1,834 242

h=3 0,595 0,249
average 0,562 0,250

Composite h=1 0,590 0,230 intercept -94,941 29,669 0,046
leading h=2 0,605 0,231 X1 20,630 6,443 231

indicator h=3 0,568 0,232
average 0,588 0,231

Confidence h=1 0,692 0,224 intercept -26,572 5,005 0,138
index h=2 0,684 0,226 X1 5,800 1,089 209

h=3 0,676 0,228
average 0,684 0,226

Class average 0,611 0,236

From the results in Table 1 the simple Probit does not appear to be very good for
predicting recessions according to the classification criteria. IP is showing closer
to fifty percent correct predictions, making it not much better than a randomized
predictor. CI has the best precision in the class, yet the average MSE is higher
than for CLI, suggesting that the forecast errors are not always consistent with the
number of correct classifications. The precision does not differ much between the
first and the later periods for any of the variables. IP’s precision is even higher for
the last two periods, which might be a sign that the variable has some predictive
power into the future and can work as an early indicator for turning points.

Table 2: AR-Probit

Variable: time t+h PCC MSE Coef Std.er Pseudo Rˆ2/AIC

Industrial h=1 0,744 0,196 intercept -0,528 0,146
production h=2 0,632 0,233 AR-term 1,135 0,205 0,136

h=3 0,595 0,240 X1 2,376 1,933 212
average 0,657 0,223

Composite h=1 0,744 0,186 intercept -73,668 30,818 0,153
leading h=2 0,737 0,216 AR-term 1,024 0,207 208

indicator h=3 0,622 0,227 X1 15,896 6,696
average 0,701 0,210

confidence h=1 0,718 0,199 intercept -18,772 5,560 0,179
indicator h=2 0,632 0,232 AR-term 0,725 0,232 202

h=3 0,622 0,242 X1 4,020 1,222
average 0,657 0,224

Class average 0,671 0,219
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If we compare Table 1 and 2 we can see that the predictions are improved for the
Probit models where an AR-term is included. The autoregressive terms seem to
be helping to improve the predictions particularly in the first forecast period. The
precision declines somewhat in later periods though. A possible explanation could
be the fact that the autoregressive term is based on predicted values for the last
time period.3

Table 3: AR(1)-Markov swtiching regression

time t+h PCC MSE Regime 1 Coef Std.er Regime 2 Coef Std.er TProb

Industrial h=1 0,718 0,00005 intercept 0,000 0,001 intercept 0,000 0,000 p11 0,660
production h=2 0,632 0,00009 AR(1) 0,351 0,104 AR(1) 0,982 0,066 p22 0,621

h=3 0,459 0,00012 X1 0,018 0,008 X1 -0,027 0,010 Loglik -727
average 0,603 0,00008 Rˆ2 0,212 Rˆ2 0,850 AIC -1438

Composite h=1 0,744 0,00004 intercept -0,074 0,043 intercept -0,558 0,040 p11 0,816
leading h=2 0,632 0,00005 AR(1) 0,952 0,076 AR(1) 0,051 0,104 p22 0,779

indicator h=3 0,595 0,00007 X1 0,016 0,009 X1 0,121 0,009 Loglik -727
average 0,657 0,00005 Rˆ2 0,760 Rˆ2 0,290 AIC -1436

Confidence h=1 0,744 0,00004 intercept -0,066 0,025 intercept 0,030 0,044 p11 0,792
indicator h=2 0,632 0,00006 AR(1) 0,137 0,134 AR(1) 1,033 0,132 p22 0,725

h=3 0,595 0,00008 X1 0,014 0,005 X1 -0,006 0,010 Loglik -724
average 0,657 0,00006 Rˆ2 0,286 Rˆ2 0,738 AIC -1432

Class average 0,639 0,00007

In Table 3 the Markov switching regression shows similar result to the AR- Probit
models except a somewhat dropping precision in the later periods. IP’s predictions
are less than fifty percent correct in the last period, which makes the average class
performance slightly poorer than the AR-Probit, although it is still better than
the simple Probit. The precision is in general higher in the earlier time periods.

Table 4: AR(2)-Markov switching

time t+h PCC MSE Regime 1 Coef Std.er Regime 2 Coef Std.er TranProb

h=1 0,718 0,00005 intercept 0,000 0,001 intercept 0,000 0,000 p11 0,922
h=2 0,684 0,00006 AR(1) 1,346 0,141 AR(1) 0,292 0,110 p22 0,957
h=3 0,622 0,00008 AR(2) -0,602 0,147 AR(2) 0,234 0,088 Loglik -728

average 0,675 0,00006 Rˆ2 0,801 Rˆ2 0,238 AIC -1440

Table 4 shows the result from the Markov switching model with only autoregressive
terms. The predictions are slightly better than the Markov switching models that
included explanatory variables, displayed in Table 3. The average PCC is higher
because of higher precision in the second and third forecast periods. Precision
drops in the later periods just like for the case of the AR-Probit and the Markov
Switching regression but to a lesser extent. The average PCC is slightly higher

3. See section 2.1.2 - Forecasting with the AR-Probit model
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than the class average of the AR-logit models, yet it is still lower than for CLI in
the same class.

Table 5: ARIMA

Order Time t+h PCC MSE Coef Std.er

ARIMA(2,0,0) h=1 0,769 0,000023 intercept 0,000 0,001
h=2 0,684 0,000048 AR(1) 0,695 0,076
h=3 0,595 0,000068 AR(2) 0,003 0,077

average 0,683 0,000046
AIC -1418

Loglik 713

ARIMA(3,0,0) h=1 0,795 0,000011 AR(1) -0,139 0,111
zero h=2 0,737 0,000025 AR(2) 0,130 0,080

intercept h=3 0,622 0,000044 AR(3) 0,017 0,104
average 0,718 0,000027 MA(1) 0,949 0,085

AIC -1498 MA(2) 0,886 0,080
Loglik 756 MA(3) 0,936 0,035

Class average 0,700 0,000037

In Table 5 we can see that the ARIMA models are clearly the superior model
for predicting the first forecast period. Their precision is dropping in a larger
proportion in the later periods than it does for the other models. The model
average of the AR(2) is lower than it is for CLI from the AR-Probit, which
by the way has the same model average as the class average of the ARIMA
models. Compared to the corresponding Markov switching AR(2), the AR(2)
has similar model averages, except that the Markov switching AR(2) has a more
evenly distributed precision throughout the forecast periods.

After selecting the order of ARIMA by minimizing the AIC-value, an ARIMA(3,0,3)
with zero intercept was estimated. This model turns out to have the highest model
average of all the included models. The high average is resulting from the high
precision in the first forecast period. The two later periods are in fact identical
to those from the CLI in the AR-Probit models. The predictions of ARIMA
models are in general very good in the first periods but declines quite drastically
in the later periods, which is a consistent result for the cases where AR-terms are
included. It should be noted that the model with the highest precision in the last
forecast period is CI from the simple Probit models, which is quite interesting. A
possible explanation could be that it does not include any AR-terms.
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Table 6: Percent correct classifications per phase

Model Variable Time t+h Total Expansions Recessions
Simple Probit Industrial h=1 0,538 0,955 0,000

prodcution h=2 0,553 1,000 0,000
h=3 0,595 1,000 0,118

Composite h=1 0,590 0,773 0,353
leading ind h=2 0,605 0,810 0,353

h=3 0,568 0,800 0,294
Confidence h=1 0,692 1,000 0,294
indicator h=2 0,684 1,000 0,294

h=3 0,676 1,000 0,294
Class average 0,611 0,926 0,222

Probit AR Industrial h=1 0,744 0,773 0,706
prodcution h=2 0,632 0,714 0,529

h=3 0,595 0,800 0,353
Composite h=1 0,744 0,773 0,706
leading ind h=2 0,737 0,905 0,529

h=3 0,622 0,850 0,353
Confidence h=1 0,718 0,818 0,588
indicator h=2 0,632 0,905 0,294

h=3 0,622 0,900 0,294
Class average 0,671 0,826 0,484

MS regression Industrial h=1 0,718 0,773 0,647
prodcution h=2 0,632 0,810 0,412

h=3 0,459 0,550 0,353
Composite h=1 0,744 0,773 0,706
leading ind h=2 0,632 0,714 0,529

h=3 0,595 0,700 0,471
Confidence h=1 0,744 0,864 0,588
indicator h=2 0,632 0,857 0,353

h=3 0,595 0,850 0,294
Class average 0,639 0,766 0,484

MS AR(2) h=1 0,718 0,773 0,647
h=2 0,684 0,714 0,647
h=3 0,622 0,700 0,529

Class average 0,675 0,729 0,608
Arima (2,0,0) h=1 0,769 0,773 0,765

h=2 0,684 0,714 0,647
h=3 0,595 0,650 0,529

(3,0,3) h=1 0,795 0,818 0,765
No intercept h=2 0,737 0,810 0,647

h=3 0,622 0,700 0,529
Class average 0,700 0,744 0,647

In Table 6 the PCC measure is broken down into performance within the specific
phase. The purpose of this measure is to see how well the models can predict
each phase. It is clear that the models are all in general better at predicting
expansions than recessions. We can see an interesting result if we compare the
Markov switching regression with the simple Probit. While the average total
PCC does not differ much, there is a noticeable difference between expansions and
recessions. The Markov switching models are better at predicting recessions whilst
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the simple Probit model is more of a specialist on predicting expansions. It seems
that, for example in the case of IP from the simple Probit, the only phases that are
being predicted are expansions. The explanatory variables do not appear to give
strong enough indications for a recession for the predicted probabilities to go below
the threshold if no autoregressive terms are included. A possible explanation for
this could be related to the characteristics of the variables. For example, if the
variable has a small variation or a strong trend it could lead to that the impact of
a recession is not making the predicted probabilities to go below the threshold so
that there is only one phase that is being classified. However, including AR-terms,
which for Probit models are binary, should intuitively increase the variations in the
predictions. When comparing the ARIMA and the AR-Probit model a somewhat
similar pattern is present. The AR-Probit is better at predicting expansions than
the ARIMA, yet it has a lower total average because of the inferiority at predicting
recessions.

4.2 Graphical illustrations

For a better overview of how the specific turning points (recessions or expansions)
are outlined over the prediction period the predicted values, the actual values and
the classified phases are illustrated in graphs. The purpose of this is just to get an
idea how the models differ in their specific predictions and see how the predictions
are distributed compared to the actual outcome. This is not possible to see with
the overall prediction measures. The precision in later forecast periods was in
general not as good as the first, which is why only the first period is included in
the analysis.
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Figure 8: Included models: (a) Industrial production (b) Composite leading indicator (c)
Confidence indicator.

In Figure 8 we can see some of the weaknesses in the simple Probit models ability to
predict recessions. IP’s predictions lies very close to the threshold. Only one short
recession is predicted, which missed the actual. CL’s and CI’s predictions have a
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somewhat more shifting pattern and do to some extent show correct predictions
for the last two recessions.
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Figure 9: Included models: (a) Industrial production (b) Composite leading indicator (c)
Confidence indicator

In Figure 9 we can see that the autoregressive term is improving the predictions
for the Probit models. The pattern is quite similar for the three models. The
predictions seem to follow the actual outcome but with some delay.

Markov switching models
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Figure 10: Included models: (a) Industrial production (b) Composite leading indicator (c)
Confidence indicator (d) the Markov switching AR(2)
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In Figure 10 we can see that some of the Markov switching models are better at
predicting the early start of the recessions and thereby avoiding the delay. On the
other hand they are predicting a few more spurious recessions, which is suggesting
that the hidden Markov chain can be helpful when it comes to predicting the start
of a recession but is having the drawback of some inconsistency.

ARIMA models
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Figure 11: Included models: (a) AR(2) and (b) ARIMA(3,0,3)-zero intercept

Figure 11 demonstrates some of the superior prediction performances of the ARIMA
models, especially for the 2012 recession. What is more, the ARIMA models are
not far away from correctly predicting the recession in the beginning of 2005, which
seems to be a difficult task since all models missed it.

5 Discussion

This statistical exercise has been carried out with intention to shine some light
on the probability models’ ability to predict turning points relative to other time
series models. The fact that the probability models often are found in studies
about turning point prediction makes them interesting to compare and put into
perspective with other time series models. Such comparisons are however not
very common in the field of business cycles since the predictions are expressed as
probabilities, as opposed to point forecasts. By classifying the predictions into
binary series makes a comparison of such type possible. Three model types were
compared in this study: Probit models, Markov switching models and ARIMA
models. Since no earlier studies were found for a comparison of this particular
type, there were no prior expectations of which model that would stand out. Two
earlier studies comparing probability models with Markov switching models were
found, one with varying result and one finding the Markov switching model slightly
better. It should be mentioned, that they were both using a bit different approach
for comparing predictions.

Even though the results in this study also appeared somewhat varying, some pieces
are nonetheless worth some attention. The ARIMA models had the best average
class performance and also the best predictions for the first forecast period. When
it comes to the Probit models, the AR-Probit had the second best class average
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5 DISCUSSION

whereas the Simple Probit had the poorest. A conclusion of this is that Probit
models are not all worthless for predicting turning points but by no means superior
to other models. The result can be seen as a glimpse of the probability models
relative position as a turning point predictor in respect to other models, which was
partly the purpose of the study. They are neither standing out as remarkably bad
nor remarkably good, in other words, they should not be discarded or taken for
granted in models selections. Overall, distinguishing between model performances
from the results was not clear-cut, in particular between the Probit models and
the Markov switching models. Some models just have really similar prediction
performances. Although, to know this with more certainty would require, for
example, a more extensive comparison, including more data, more model specifi-
cations and more variables. In addition, it may also be helpful with some more
residual analysis and perhaps running Monte Carlo simulations.

Other lessons learned from the results are that autoregressive terms are very
valuable for predicting the first forecast periods. From visual inspections, the
predictions usually seem to come with somewhat of a delay compared to the actual
outcome. Some of the results suggest that the Markov switching models are better
at predicting the early start of a recession (or expansion). This is interesting,
because the quality of being able to predict the starting time of a recession is
in many cases one of the more valuable qualities. For that matter, it would be
interesting to expand the forecast horizon and investigate how the performance is
affected by the predicted regime probabilities. The results further indicate that
explanatory variables are also useful for predicting recessions, e.g., the Composite
leading indicators, especially when autoregressive terms are included. In contrast,
some results suggest that for later forecast periods explanatory variables can
perform better if no autoregressive terms are involved, e.g., the Confidence indicator
in the simple Probit model. Longer horizons would therefore also be interesting to
determine if there is a trade-off between long- and short-period forecast accuracy
for explanatory variables when autoregressive terms are included.

This study has also showed that, by using transformations such as moving averages
and differencing, it is possible to achieve approximations of pre-dated turning point
chronologies. In this regard, an interesting task for future research would be to see
if better approximations could be achieved by other kinds of transformations. The
first difference is just one possible transformation among many others, which for
that matter, also can be applied to other different classification thresholds (other
than zero - the sign change). As already demonstrated, such transformations
combined with classification rules can open up for a wider range of possible models
to use for turning point predictions or prediction comparisons. They can also
have other benefits. For example, in a case of real-time estimation, it would be
convenient to be able to directly update model estimates, classify and analyze
predictions immediately when new observations becomes available. This would
not be the case if the turning point chronology was generated by for example the
Bry-Boschan algorithm or the NBER dating committee.
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