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Nonlinear dynamics of large amplitude modes in a magnetized plasma
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We derive two equations describing the coupling between electromagnetic and electrostatic
oscillations in one-dimensional geometry in a magnetized cold and non-relativistic plasma. The
nonlinear interaction between the wave modes is studied numerically. The effects of the external
magnetic field strength and the initial electromagnetic polarization are of particular interest here.
New results can, thus, be identified. © 2014 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4903326]

I. INTRODUCTION

Large amplitude electron plasma oscillations are in most
cases treated by means of perturbation methods. However,
there are a few particular cases for which exact analytical
solutions can be found, e.g., Ref. 1-5. In such schemes, one
first makes an Ansatz, often by trial and error, on the spatial
behavior of the physical variables, such that the partial dif-
ferential equations (PDE:s) reduce to a system of coupled
nonlinear ordinary differential equations for the temporal
evolutions of the wave amplitudes. Such systems (see also
Refs. 6-8) can be very useful, in particular, in comparisons
with more general, although approximate, PDE:s derived by
other techniques.

Recently, we considered wave propagation in a cold

and
(5

Here, n is the electron number density, ng is the constant ion
number density, v is the electron fluid velocity, E is the electric
field, B is the magnetic field, —e/m is the electron charge to
mass ratio, o is the magnetic vacuum permeability, and c is
the speed of light. Next, we consider one-dimensional spatial
variations in the z-direction, i.e., V. — 20/9z. Furthermore, we
make the Ansatz n=n(t), B=B()X + B,(t)y + Boz, v
= (uy()X + uy(1)y +u-(1)z)z, and E = (e.(1)X + €,(1)y
+ €.(¢)Z)z. Substituting this into Eqgs. (1)—(4), we obtain

plasma.9 In that case, we had, due to mathematical difficul- " — — 1@7 (6)
ties, to assume that the plasma was unmagnetized in its equi- n ot
librium state. In the present paper, we have however been ou. e
able to consider wave propagation in a magnetized plasma E +ul = —%(62 + uxBy — uyBy), (7
for the case, where the waves propagate in the direction of a
constant magnetic field BoZ. In this way, it has been possible Oty 4 B B 3
for us to derive a generalized system of coupled ordinary dif- ot Tl = = m (€x + uyBo — u:By), ®)
ferential equations. The presence of the external magnetic
field leads to a richer dynamics of the coupled system, as is % + 1y, = — < (€y — uxBo + u:By), 9)
shown numerically. or m
OB,
Il. BASIC EQUATIONS AND DERIVATIONS € = 8t’ ) (10)
Let us start from the basic equations for a cold non- OB
relativistic electron plasma. We then have € = ——2 (11)
X at )
on 5
E+V~(nv):0, (D u:s_o%:_s_oaBy (12)
5 Y en Ot en O’
e
(5+V-V>V=—E(E+VXB), ) _803€y_80323X
y=—t =S (13)
5B en Ot en Of
VXE = - o 3) and
VxB= | OF 4 e(n = no)
X B = —eponv + 5 5=, (4) = (14)
Equations (6), (12), and (13) together with (8) and (9)
Ygert.brodin@physics.umu.se yield
1070-664X/2014/21(12)/122301/3/$30.00 21, 122301-1 © 2014 AIP Publishing LLC
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0 ( F() 8 B > < 1(9]’1) ( &0 823y>
. _l’_ - R,
ot en O n ot en Of

e ( OB, & OB, 10n )
—— QW9 Ppg - p 15
m( 8t+en or? 0+n8t Y (15

9 (.g_o 82BX> N ( 1an> (8_0 6ZBX)
Ot \en Or? not) \en Of
e (0B, soaBy 10n )
__%(az T ar B0 e B
Similarly, substituting (6), (12)—(14) into (7) gives
0 (13n> n (1(9n>
S dt\nor n ot

2 [n— : 2 op
:e_lL "°)+8_°(By—aBy+Bx—aB*)], a7

and

(16)

m £ ne? o2 or

where ny is the constant background density.

Next, we introduce normalized variables according to
t—wpt, n—N=n/nyg, and B,,— eB,,/mw, where
W, = (noez/a m)l/ 2. Moreover, we mtroduce a complex mag-
netic field defined by B, =B,+iB,. The three Eqgs.
(15)—(17) can then be rewritten as two coupled equations

9 (18_N) . <18_N)
ot \IN 0Ot N Ot

:(N—1)+—<ImB+M

2
o T ReB. O (ReB.) (ReB”)

or?
(18)

and

B ( 1 82B+)

=\ +

ot \N? 0t
where B, =ReB, +iImB, and the dimensionless quantity
. is given by w. = eBo/mw,. Equation (18) describes elec-
trostatic density oscillations driven by electromagnetic (EM)
modes, and Eq. (19) describes the influence of density per-
turbations on the left- and right-hand polarized modes. In
order to illustrate the electromagnetic polarizations, we let N
— 1 and consider the linearized version of (19). Integrating
the resulting equation once and taking the integration con-
stant as zero, we obtain

& d ) (a . )(a , )
(82—1—1(@& 1|B.= 51+le a—w)R B, (20)

where we have introduced the frequency of the left hand
mode o, =+/1+ w?/4+ w./2 and of the right hand
mode wg = /1 + ®w?/4 — w./2. In the absence of electro-
magnetic fields, B, =0, Eq. (18) has a nonlinear solution
for N

w.PB. D B+>
‘N2 o T 8t< 19

(1+A)

N = 1+ A—Acos(t)’ @h
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FIG. 1. The density N (upper panel) and the (wave field) magnetic energy
density \B+|2 (lower panel) plotted as a function of time for w.=0. The
initial conditions are N=1.04, dN/dt=0, B, =0, dB,/dt=0.02,
d®B_ /df* =0 resulting in linearly polarized electromagnetic fields.

where A is a parameter describing the initial electron density
perturbation, or A=N(0) — 1.7 Furthermore, linearizing Eq.
(18) immediately gives the normalized eigenfrequency o = 1
for the electrostatic mode. The rest of the manuscript is
devoted to a numerical study of the full system (18) and
(19).

lll. NUMERICAL RESULTS

Even for fairly modest initial amplitudes N — 1 ~ 0.04,
the nonlinear behavior becomes apparent when the long time
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FIG. 2. The density N (upper panel) and the (wave field) magnetic energy
density |B+\2 (lower panel) plotted as a function of time for w,.= 0. The ini-
tial conditions are N=1.04, dN/dt=0, B. =0, dB.,/dt=0.02, d*B./
dr* = 0.02i resulting in a time dependent electromagnetic polarization.
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FIG. 3. The density N and the (wave field) magnetic energy density |B. |*
plotted as a function of time for w.=0.05. The initial conditions are
N=1.04,dNJdt=0, B, =0, dB. /dt = 0.02, and d’B., /dr* = 0.02i.
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FIG. 4. The density N and the (wave field) magnetic energy density \B+|2
plotted as a function of time for w.=0.2. The initial conditions are
N=1.04,dN/dt =0, B, =0, dB. /dt =0.02, and d°B., /dr* = 0.02i.

evolution is studied. Starting with the simplest case of no
external magnetic field (w.=0) and initial conditions that
produce only linearly polarized magnetic fields (i.e., B4 —
B, = 0 for all times), we find that the energy oscillates regu-
larly between electrostatic and electromagnetic degrees of
freedom, see Fig. 1. This relative simplicity is dependent on
the absence of an external magnetic field that allows linearly
polarized EM-modes, but also on initial conditions that keep
the polarization fixed. Modifying the initial conditions
slightly such that the EM-polarization is allowed to vary as a
result of the nonlinear interaction, the amplitude oscillations

Phys. Plasmas 21, 122301 (2014)

become significantly more complicated, see Fig. 2. While a
quasi-periodic oscillation between electrostatic and electro-
magnetic modes still can be seen, it is clear that there is
much additional structure present. For example, the peaks in
the electromagnetic energy are complemented by minima
that gradually change shape. The situation is further compli-
cated when the external magnetic field is added. The evolu-
tion for the same initial conditions as in Fig. 2 is plotted in
Fig. 3, with the difference that the external magnetic field is
nonzero, i.e., w.=0.05. As can be seen, this adds several
distinct features to the evolution. For example, the local
maxima of the density oscillations now vary in a highly
irregular manner. Further increase of the external magnetic
field makes the variations in the density oscillations less pro-
nounced (Fig. 4), but the magnetic field evolution is still
highly complex.

IV. SUMMARY AND CONCLUSION

We have here derived Eqgs. (18) and (19) that describe
the nonlinear interaction between arbitrarily polarized elec-
tromagnetic radiation and electrostatic oscillations in a cold
magnetized plasma. The ions are considered as immobile,
and the electron velocity is non-relativistic, but no other am-
plitude restrictions have been applied in the derivation. In
the absence of an external magnetic field, it is shown that the
initial polarization plays an important role for the evolution
of the system, and complexity is added since the electrostatic
mode can give energy to one electromagnetic polarization at
the same time as it gains energy from the other polarization
(see Fig. 2). When adding a non-zero external magnetic field
into the plasma, the left and right hand polarized modes get
different frequencies, which introduces further complexities.
This is seen in the structure of the density oscillations (see
Fig. 3) and in the magnetic field dynamics (see Fig. 4). A
more thorough study of Eqs. (18) and (19) can be a project
for further research. Generalizations to include relativistic
and/or thermal effects could also be of future interest. Thus,
as suggested by the referee, further alternative analytical
work may consider a circularly polarized wave magnetic
field with constant amplitude and constant density. The
resulting nonlinear dispersion relation indicates, then, no
nonlinear frequency shift in our nonrelativistic case.
However, including relativistic effects (e.g., Refs. 10 and 11)
such an approach could lead to interesting effects.
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