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Kungliga Tekniska Högskolan, Osquars Backe 14, Stockholm.
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Control and estimation of wall bounded flow systems

Jérôme Hœpffner 2004
KTH Mechanics
SE-100 44 Stockholm, Sweden.
Abstract
This thesis focuses on the application of linear feedback control and estimation
to channel flow. Both the initial stage of the transition and the low Reynolds
number turbulent cases are studied. From sensors at the wall, the state of the
flow is estimated, using a stochastic description of the flow disturbances. The
estimated state is in turn fed back to the flow system in order to achieve a
control objective. This model based scheme uses the linearised Navier–Stokes
equations as a dynamic model for the flow evolution. The emphasis is here
put on the estimation procedure, that was so far the limiting factor for the
overall control performance. We show that the estimation performance rely on
a correct description of the flow disturbances. We apply model reduction on the
controller, and show that we can maintain the control performance even with a
highly truncated system. We then introduce a representation of the feedback by
means of transfer functions, and discuss the implication of the transfer function
for the interpretation of the feedback, and for possible implementation of the
control loop.

Descriptors: Control, estimation, transient growth, optimisation, feedback,
transition to turbulence, model reduction.



Preface

This thesis considers the application of linear feedback control to wall bounded
flow systems. The first part is a summary of the research presented in the
second part.

Paper 1. Hœpffner, J., Chevalier, M., Bewley, T., & Henningson,

D. S. 2003 State estimation in wall-bounded flow systems. Part I : laminar
flow. Submitted to Journal of Fluid Mechanics (with minor modifications).

Paper 2. Chevalier, M., Hœpffner, J., Bewley, T., & Henningson,

D. S. 2004 State estimation in wall-bounded flow systems. Part II : turbulent
flow. To be submitted .

Paper 3. Hœpffner, J., & Henningson, D. S. 2004 Model reduction ap-
plied to control of wall-bounded flow systems. Internal report .

Paper 4. Hœpffner, J., & Henningson, D. S. 2004 Coupling sensors to
actuator in flow control. Internal report .
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Summary





CHAPTER 1

Introduction

1.1. Background

As the traditional field of transition in fluid mechanics aims at understanding
and model the evolution of flow systems, flow control aims at using this knowl-
edge to affect the evolution of a flow. For example postpone the transition to
turbulence on an aeroplane wing to reduce the friction drag, prevent the sepa-
ration in an air intake to increase the flux, or trigger turbulence to increase the
mixing in a chemical reaction. In this work we focus on hindering the growth
or sustainment of flow fluctuations.

The field of control became prominent in engineering applications as fast
computers became available and efficient theory were developed. Most of the
effort in control theory converged to the formulation of the LQG feedback
control, also known as H2 control. It embraces and unites the apparently dis-
connected fields of dynamical systems, filtering, control, and optimisation. The
name LQG stands for Linear, Quadratic, Gaussian, meaning that the dynamic
model is a linear system, that the disturbances to the state are Gaussian, and
that the control objective is quadratic. Gaussian disturbances can be com-
pletely described by their mean and covariance, so that the disturbance model
will be formulated in terms of covariance, and energy is a typical objective that
takes the form of a quadratic function of the state. The feedback law is then
optimised to accommodate flow disturbances and sensor noise on one hand,
and control objective and control cost1 on the other hand.

It is common practice in the fields of transition and turbulence to decom-
pose the flow into mean and fluctuating parts. In transition typically, the
stability of the laminar mean flow will affect the potential for growth of small
fluctuations. Minute external disturbances are thus fed from the kinetic en-
ergy stored in the mean flow profile. For instance, a boundary layer with an
inflection point can be unstable to a range of waves that will grow and possibly
disrupt the mean profile. In a turbulent flow the picture is different. The mean
profile is not a solution to the Navier–Stokes equations, and cannot be sustained
without the mixing effect of large amplitude fluctuations. Linear growth and
nonlinear recycling of the energy is operated through the interaction of the
fluctuating and mean components of the flow.

1The cost of the control is the energy spent for the actuation, it should be low compared to
the energy gained when the control is applied.

2



1.2. FLOW CONTROL USING FEEDBACK 3

There are two basic strategies for flow control. The first one is to act on
the mean flow. For instance the wall suction in the asymptotic suction bound-
ary layer affects the shape factor that further stabilises the flow. This goal
can as well be sought by fluctuating devices as periodic blowing and suction.
Another strategy is to affect the dynamics of the perturbations themselves by
use of a reactive, or feedback control scheme. In a transitional flow case, If
we can hinder the growth of small perturbations, we can prevent them from
disrupting the mean flow. In a turbulent flow, the opposition to the energy
feeding mechanism by action on the perturbation to the mean flow can also
lead to mean flow changes (relaminarisation for instance).

This work aims at a control effect orders of magnitudes greater than the
control effort. In the case of transition from a laminar flow, we thus target
the fluctuations and disturbances at the early stages of growth, just when they
emerge from the background noise. If the flow is already turbulent, we aim to
target the energy feeding and sustaining mechanisms. We thus use a feedback
scheme.

By the word disturbances we mean all the processes that affects the evolu-
tion of the system once modelled. It includes the initial condition, the volume
forcing due to external sources, and volume forcing due to model error. Indeed
the initial condition is assumed to be unknown, also there may be incoming
waves from out of the system, and the modeling (use of linear equations, etc
...) induces an error in the dynamics that can be seen as a forcing to the state.

The method of investigation and experimentation is the numerical tool.
Many fundamental issues about modeling and formulation should be under-
stood before it become meaningful or even feasible to test this type of control
in a wind tunnel.

In §1.2 we present the previous research that lead to the present thesis.
In §1.3 and §1.4 we briefly recall the main ideas of transition to turbulence
in shear flows and the control technique. In chapter two, we see how we can
use the knowledge from the physical system in the framework of the optimal
control.

1.2. Flow control using feedback

The first steps towards feedback control schemes using the knowledge from
control theory in flow control were made by Hu & Bau (1994), Joshi et al.
(1995) and Joslin et al. (1997). In these works the eigenvalues of the closed loop
transition problem are stabilised in a closed loop framework. The technique
used were a proportional controller, where the measurement is directly fed back
to the actuation through a gain, as well as proportional-integral controller ( i.e.
a controller with both proportional and integral term) and also LQG. Joshi
et al. (1995) already apply model reduction by truncating the problem to the
nine least stable modes. Bewley & Liu (1998) studied separately the control
and estimation in a H2 and H∞ (robust) procedure, and introduced transfer
functions to assess the performance of the controller for isolated Fourier modes.
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A review of the challenges of feedback control can be found in Bewley (2001).
A formal treatment of the distributed nature of the present problem is given
in Bamieh (1997).

The control was then applied to larger problem through direct numerical
simulation (DNS), in Högberg et al. (2003) where threshold for transition are
examined with control and estimation. It was applied to relaminarisation of a
turbulent channel flow by Högberg et al. (2003a) using full state information.
It was as well extended to non-parallel flow in Högberg & Henningson (2002) by
a spatial windowing method, leveraging the spatial localisation of the feedback
law. A further application to non-parallel flow can be found in Cathalifaud &
Bewley (2004a) and Cathalifaud & Bewley (2004b) where a non-causal frame-
work is used in the spatial direction (instead of the temporal) with use of the
Parabolized stability equations (PSE). At the same time, further effort were
made towards the reduction of skin friction in turbulent channel flow. A review
of such efforts can be found in Kim (2003).

Much useful understanding was gathered in numerical simulations where
full state information is assumed to be known. The estimation part on the other
hand remains the limiting factor of the overall closed loop performance. This
may be a consequence of the underlying stochastic framework, not familiar to
the fluid mechanics community.

1.3. Knowledge from fluid mechanics

Understanding of the mechanisms of transition and turbulence is central to
tune the controller to its applications. This is done through the choice of
the dynamic model, the design of the disturbance model and the choice of
the objective function. The knowledge of the flow is also useful to assess a
performance measure for the controller. For further details, see e.g Schmid &
Henningson (2001).

The transition process in shear flows begins with the receptivity stage in
which external disturbances interact with the system. Depending on the type
of disturbances present in the environment, and the way they are filtered when
penetrating the system, the actual disturbance that will further evolve can be
of a variety of types. Then follow different routes, depending on the type of
instability triggered by the disturbances. Typical external disturbances in a
shear flow can be acoustic waves, free stream turbulence or wall roughness.

In the case of wall-bounded flows (boundary layer, channel flow, etc...), if
the system is linearly unstable, exponentially growing waves may appear. This
is the modal instability mechanism, and appear for Reynolds numbers above the
critical value, or flows with inflectional profile as separated and nearly separated
boundary layers, or Falkner–Skan–Cooke boundary layers. In the case of shear
flows, initial disturbances in the shape of streamwise elongated vortices may lift
up low momentum fluid from the wall, thus generating streamwise elongated
streaks that grow algebraically. This is the nonmodal mechanism, related to
the nonnormal nature of the governing operator, and is of importance in flows
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Figure 1.1. The plant P and the closed loop controller K,
with measurement y and control u.

subjected to high amplitude disturbances as in the boundary layers subject to
free-stream turbulence.

When the disturbances reach an amplitude of the order of magnitude of
the free stream velocity, nonlinear interactions occur and harmonics of the
growing waves are generated. This may lead to a new saturated state, that is
a more complex, but still laminar flow. Eventually, instability of the new flow,
will trigger the growth of high frequency waves evolving to turbulent spots,
merging further to turbulence.

Turbulence is then sustained by extraction of energy from the mean profile
in the near wall region. Coherent structures in the form of streamwise elongated
streaks and their instabilities play a central role in this process.

1.4. Optimal feedback control

In this section, we discuss the main features of the feedback method, introduc-
ing the plant and the estimator.

There is only a limited amount of information one can extract from the
system (or the plant), this is the measurement vector y. If q(t) is the state, and
C is the measurement operator, then y = Cq. Similarly, one is restricted in
the action on the system. The control signal u is input in the system through
the input operator B2.

The plant can be written in state space form{
q̇ = Aq + B1f + B2u, q(0) = q0,

y = Cq + g.
(1.1)

The state q follows the dynamics due to the linear operator A, and is forced by
external disturbance f through B1 and can be regulated by a control u through
B2. The measurement y is extracted from the state by the measurement oper-
ator C, and affected by the sensor noise g. The disturbances q0, f and g are
assumed to be stochastic quantities and can be described by their covariance

cov(q0) = S0, cov(f) = R, cov(g) = G.

1.4.1. Linear response

We seek a controller, that by use of all the available information (the measure-
ment history), will give the best control towards an objective. See figure 1.1
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for the diagram of the closed loop. The control is linear in the sense that the
control signal is a linear mapping of the measurement history. Such a linear
operator can be represented in state space{

˙̂q = M1q̂ + M2y,

u = M3q̂,
(1.2)

where q̂ is the state of the controller and Mj are operators to be constructed.
Such a linear mapping can equivalently be represented as a transfer function
(see e.g. Kailath (1980))

u(t) =
∫ ∞

0

M3e
M1τM2︸ ︷︷ ︸

G(τ)

y(t − τ)dτ. (1.3)

Note that in (1.3), u(t) is explicitly dependent on all the measurement history,
whereas this dependence is implicit in (1.2).

1.4.2. Control and estimation

The general optimisation problem formulated as above is complicated and has
many local minima. An easier path is to consider it as the union of a filtering
problem and a control problem. If the system is subject to state disturbances
and sensor noise, how can we optimally estimate the state? This estimation
problem, solved in Kalman & Bucy (1960) is the celebrated Kalman filter. We
build an estimator system analogous to the plant (1.1)


˙̂q = Aq̂ + B2u − v, q̂0 = 0,

ŷ = Cq̂,

v = L(y − ŷ).

(1.4)

The estimator state q̂ follow the same dynamics A as the flow state q and is
forced by a feedback v of the measurement error ỹ = y − ŷ. The measurement
error is better known as the innovation process. The modeled dynamics of the
system is used as a filter for the measurement noise. Since the estimator should
deal with uncertainty, it is a stochastic problem and the optimisation is done
in the stochastic framework. The second problem is a deterministic one: how
can we apply control in order to minimise a chosen performance index, using
full state information. The control u is obtained by feedback of the flow state

u = Kq̂, (1.5)

through the control feedback gain K. The controller that assumes the state
to be known is called full information controller, or LQR for Linear Quadratic
Regulator. If only the measurement is known, the state has to be estimated,
this is the measurement feedback controller, also known as compensator. In
the following, we use the measurement feedback controller.

The separation principle (Green & Limebeer (1995)) formally proves that
the optimal measurement feedback controller is the optimal full information
controller that uses the state estimate from the Kalman filter.



1.4. OPTIMAL FEEDBACK CONTROL 7

1.4.3. Optimality

The optimal estimation problem without sensor noise is ill posed. If an exact
measurement is available, and if all the eigenmodes of the system are detectable
from the measurement (the system is observable) then the estimator can con-
verge arbitrarily fast, with corresponding arbitrary high amplitude estimation
gains. The optimality comes from the balance of sensor signal and sensor noise.
This ratio defines the quality of the signal, and a useful signal (relatively low
sensor noise) will lead to high gain and rapid convergence due to the confidence
in the provided information. Similarly the control problem without introduc-
tion of a control cost is ill-posed. Indeed, if all the eigenmodes of the system
can be affected by the actuation (the system is controllable) then the objective
can be reached arbitrarily fast, with control gains of arbitrarily high amplitude.
But the optimisation seeks to minimise a weighted sum of the objective and
the cost. The relative weighting of objective and cost will thus determine the
allowed amplitude range for the control signal.



CHAPTER 2

From the mathematical framework to the physical
system

The mathematical formulation of the LQG controller leaves many degrees of
freedom for the application to a specific physical problem. We will see in
this chapter how fluid mechanics knowledge can be input to the optimisation
problem.

2.1. Linear dynamics

The dynamic model is the Navier–Stokes equations, Fourier transformed in
the two homogeneous directions. We lump both the nonlinear terms and
the external disturbance into an external forcing function, thereby restrict-
ing the flow model to the linear terms. The dynamic model is thus the Orr–
Sommerfeld/Squire equation for each wave number pair (kx, kz), where kx stand
for the streamwise wave number and kz for the spanwise wave number.

If the amplitude of the disturbances is small, nonlinear effects can be ne-
glected altogether. For higher amplitude, the nonlinear effects redistribute the
energy in Fourier space (introducing a coupling between Fourier modes). For
intermediate amplitudes of the disturbances, we can consider this effect to be
slower than the reaction of the controller, thus accounting for the nonlinear
effect as a stochastic forcing can be justified. When new instabilities appear
due to the deformation of the mean flow, we cannot claim that the stochastic
term captures the effect of the nonlinearity. In this case, encountered in the
estimation of turbulent flow and of the late stages of transition, our hope relies
on the linearity of the driving energy processes, with the main role of the non-
linearity seen as the recycling of a linearly generated energy (for a discussion
on this topic, see Waleffe (1995), Henningson (1996) and references therein).

2.2. Sensing and actuation

We measure at the wall the two components of the skin friction and the pres-
sure. The streamwise component of the skin friction will be a good measure-
ment for flow cases associated with the transient growth. Indeed, streamwise
elongated vortices generate strong streamwise elongated streaks on the stream-
wise velocity component by interaction with the mean shear. Those structures
have a clear wall footprint of streamwise skin friction. Equivalently, the span-
wise component of the skin friction gives information on spanwise elongated

8
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structures. There is no central mechanism involving such structures, so that
this measurement will play a minor role in the control performance. The pres-
sure measurement gives information on fluctuations further away from the walls
(Bewley & Protas (2003)). It is seen that an initial disturbance that is located
in the centre of the channel will be detected early at the wall from pressure
fluctuations.

The actuation is done by zero-net flux blowing and suction at the wall. The
wall normal velocity can interact with the mean shear to have a large effect on
the flow. For example in a context of streaks generated by streamwise vortices,
the wall normal component of the velocity can directly counteract the vortices.

We assume here that we have a continuous distribution of sensors and
actuators, to be able to decouple the problem in Fourier space.

2.3. Model reduction

Computational time and closed loop complexity depend on the number of de-
grees of freedom in the controller. In order to lighten this burden, one can chose
to reduce the order (size of the matrices) of the dynamic model. The optimal
feedback gains should be computed using the full dynamic operator since an
optimisation carried on this operator with a small reduction error could lead
to a large error in the gains themselves. Nevertheless, we can use a reduced
version of the dynamic operator for the estimation.

The model reduction method used here is based on truncation of eigen-
modes of the flow model, i.e. modal truncation. An eigenmode that does
not appear at the measurement is said to be unobservable. Equivalently, an
eigenmode that is not accessible to the actuation is said to be uncontrollable.
Those eigenmodes will be immaterial to the closed loop performance. Poorly
observable and controllable eigenmodes can be progressively discarded with
progressive degradation of the closed loop performance.

We apply here a simple model reduction technique on the controller once
computed, i.e. we do not take the closed loop performance into account when
reducing. Method for controller reduction are being developed (see e.g. Obi-
nata & Anderson (2001)), that explicitely account for the complete closed loop
system. Such method seek to maintain closed loop performance, and can pro-
vide guarantees on closed loop stability.

2.4. Quadratic objective

In the present work we seek to minimise the energy density of the disturbance
to the mean flow. For the optimisation problem to be well posed, and to have
a knob on the desired amplitude range of the feedback, we add to the objective
function a term accounting for the cost of the control.

Postponing the transition to turbulence is a common control objective.
Such a general objective is however out of the scope of a linear controller.
Indeed a disturbance with higher energy may be potentially less destructive
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than another disturbance, so that the quadratic function described above fails
to seek the optimal controller. Insight into transition in specific flow cases
should be used in the future to design quadratic objective that target the central
destabilisation mechanisms. Even though the destabilisation mechanism itself
may be nonlinear, there is possibility for correctly targeted linear controller to
prevent transition, beyond the short-sighted goal of keeping the disturbances
low.

2.5. Gaussian disturbances

Both transitional and turbulent flows are composed of a mean and fluctuating
part. The energy of the fluctuations that we want to estimate originates from
initial condition and forcing from external sources. We account for both of them
as disturbances. The better the knowledge about those sources, the better we
can follow the evolution of the resulting flow.

We represent the disturbances by their covariance, and assume a zero mean.
The model for the disturbances used in previous work reflected little of the real
flow processes that trigger the instability mechanisms. Previously used model
assumed zero correlation in space and time for the disturbances. By introducing
a finite correlation length scale, we had a model that would converge upon grid
refinement. Furthermore, the zero correlation in space introduced singularities
in the optimisation so that the wall measurements using derivatives of the flow
states would not lead to well resolved gains.

The forcing on two points in the flow will be as uncorrelated as they are
far from each other. We still assume that the disturbances are uncorrelated
in time. Introducing a correlation in time can be done by a noise colouring
method (see e.g. Lewis & Syrmos (1995)), but we did not find this necessary.
We deal with each wavenumber pair separately, so that the forcing on two
different wave number pairs is uncorrelated by construction. We then distribute
the disturbance energy in the Fourier plane. This way, we can specify the
type of flow disturbances by locating energy peaks in the power spectra of the
disturbances.

Introduction of the covariance for the initial conditions implies that the
flow statistics evolve in time before reaching a steady state where the flow is
exclusively driven by the disturbances. Thus, the optimal estimation gains are
time-varying and eventually reach a steady state.

In the case of estimation of a turbulent flow, the main disturbance on the
modeled system comes from the neglection of the nonlinear dynamic effects.
In this case too, we can build a covariance model. We run a DNS of the full
Navier–Stokes equations and store statistics of the spatial covariance of the
nonlinear term for each wave number pair, and use it for R in the computation
of the estimator.

The more specific the real flow disturbances and initial conditions are, the
better the estimation performance if those disturbances are accounted for in
the covariance model. For instance one may expect Tollmien–Schlichting waves
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to arise from linear instability of the boundary layer over an aeroplane wing.
The shape of those disturbance is known, only their phase and amplitude has
to be recovered by the estimator. The covariance model is a way to target
flow cases, and the specificity of the central flow mechanism is thus a great
advantage for the estimation.

2.6. Optimisation

Once the stochastic input to the system are defined, one can derive the equa-
tion for the covariance of the resulting flow. This is the Lyapunov equation.
Equivalently, one can write a Lyapunov equation for the estimation error with
an arbitrary estimation gain. A Lagrange multiplier technique is then used to
find the gain that minimises this error. The result of this optimisation can
be extracted from the solution of a Riccati equation. Similarly, one can use
a Lagrange multiplier technique to derive the control gain that minimises the
objective function for arbitrary disturbances. Once again, the optimal control
gain is to be extracted from the solution of a Riccati equation.



CHAPTER 3

Summary of the papers

Paper 1
This paper is devoted to the estimation problem. We introduce the covariance
model for both initial conditions and volume forcing due to external sources.
We compute time varying estimation kernels for the estimation of localised
perturbations in channel flow. It is shown that by using a spatially correlated
covariance model for the disturbance, we can compute well resolved estimation
kernels for all the desired wall measurement, i.e. the streamwise and span-
wise skin friction and the pressure. We show that a proper description of the
disturbance can help to improve the estimator’s performance.

Paper 2
We apply here the ideas from paper 1 to a low Reynolds number turbulent
channel flow. The covariance model for the volume forcing is obtained through
a DNS of a turbulent flow. This covariance data is in turn used for the compu-
tation of the optimal linear estimator. We show here that the performance of
the estimation can be improved when using the proper covariance model. The
turbulent flow is well estimated close to the walls.

Paper 3
In this paper we investigate the performance of a reduced order controller in
a laminar channel flow. The reduction technique is modal truncation. The
adjoint of the controller’s dynamic operator is used for the projection of the
controller on the basis of its eigenmodes, in which states are truncated. It is
shown that a controller with moderate strength can be highly truncated with
retained performance.

Paper 4
The state space formulation of the controller used in the previous papers do not
show explicitly the relation between sensors and actuators in the closed loop
setting. We introduce a transfer function representation, mapping the sensor
signal history over the walls and the actuation over the walls.

12



CHAPTER 4

Conclusion and outlook

In the discussion of the thesis of Markus Högberg (Högberg (2001)), it is said
“If the flow near the wall can be estimated with faster convergence, the com-
pensator performance could be improved. Also further development by in-
corporation of more measurements and knowledge about flow properties could
improve the present results”. The first result of the present thesis was to obtain
estimation feedback kernels for additional measurements: the two components
of skin friction and pressure. This was possible by introducing a spatially cor-
related stochastic model for the external disturbances. We showed that this
model is the place where to input the “knowledge about flow properties”. We
developed this idea in a laminar flow case, and applied it in a low Reynolds
turbulent flow.

The idea of knowledge about flow properties should be applied in a system-
atic study on objective functions as well. The model for the external disturban-
ces accounts for flow behaviours that cannot be incorporated in a dynamical
description of the system. For instance, incoming acoustic waves cannot be
included in the dynamic model, since we would need a larger computational
domain to account for their generation and propagation, wall roughness would
induce complex boundary conditions, nonlinear effects would require a nonlin-
ear optimisation, a spatially developing base flow would increase the dimension
of the system, rendering the control problem intractable in the present formu-
lation etc... Similarly, the exact mechanisms of transition to turbulence cannot
be accounted for in a quadratic norm and decoupled in Fourier space. We thus
have to use the field of knowledge from stability, transition, and turbulence
to design proper objectives for a linear controller. That way, it is possible to
think the controller design as a well defined linear “brick” in the design of a
controller for complex systems.

A large amount of data has to be treated while controlling the flow in the
present formulation. This is a result of the large number of degree of freedom
of the flow systems at hand. Firstly, we use all the wall information, using
dense arrays of sensor and actuators. Secondly, estimating requires a linear flow
simulation on the side of the flow system during the control. The assumption of
linearity of the dynamics may be thought as a strong limitation for this control
method. The amount of data to be treated prevents even more strongly from a
real implementation in wind tunnel and further industrial applications. On the
other hand, many complex flows exhibit low-dimensionality, and the typical

13
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mechanisms do not necessarily involve all the degrees of freedom of the system.
This means that we do not necessarily need sensors everywhere to detect the
waves that may trigger the transition. This comment holds as well for the
actuation, and we showed in paper 3 an equivalent result for the dynamic
model. Our understanding from the idealised setting in this thesis should help
us to achieve this reduction, being thus able to reduce a most general controller
(sensing, actuation and feedback computation) to specific cases of application,
making use of the specificity (low dimensionality) of the involved processes.
The controller once fit to a particular case could be broken down to a simple
feedback scheme without significant loss of performance.
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