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Abstract

In this work we suggest a deconvolution method, based
on a convex optimization problem, to calculate the cancer
amount from heterogeneous cell type gene expression pro-
files generated in silico.

Expression profiling is a technique for identifying global
expression patterns within cellular groups, its multiple pur-
poses may include the identification of disease biomarkers
and the basic understanding of cellular processes. Given the
necessity for understanding complex biological processes
such as development and carcinogenesis, it is of main im-
portance to distinguish between contributions to gene ex-
pression profiles from either regulation processes or abun-
dance of cellular groups. Unfortunately, many biological
samples contain mixtures of cell-types. This severely limits
the conclusions that can be made about the specificity of
gene expression in the cell-type of interest.

We describe a model to estimate the proportions of cell
types in a given test data set based on a gene expression
profile derived from transcriptomics. Our model is based
on least squares estimation and the solution of a convex
optimization problem. The technical aim is to solve an un-
determined system of linear equations, which must satisfy
several constraints and under a particular sparsity assump-
tion.

Cell type mixtures were simulated in silico using a spe-
cial procedure based on mean and standard deviations.
Variable selection was performed by Analysis of Variance
(ANOVA) using “cell type” as main factor and genes were
ranked by F-statistics. We tested our model in breast and
liver tissues, employing four cell types (three normal and
one cancerous). We also performed a bootstrap procedure
to test the robustness of our method concluding that our
method is stable and accurate enough to estimate cancer
portions of at least 10%.





Referat
In silico dekonvolutionsmetod för bestämning
av halten cancerceller genom transkriptomik
I denna studie föreslås en in silico dekonvolutionsmetod ba-
serad på ett konvext optimeringsproblem för att bestäm-
ma mängden cancerceller genom genuttrycksprofilering av
en heterogen blandning av celltyper. Profilering av genut-
tryck är en metod som används for identifieringen av genut-
trycksmönster inom olika cellgrupper. Metoden kan till ex-
empel användas för att identifiera biomarkörer för sjukdo-
mar och för att studera cellprocesser. En svårighet är att
biologiska prover innehåller många olika celltyper, vilket
har hittills begränsat metodens användbarhet för att stu-
dera genuttryck i en specifik celltyp.

För att uppskatta mängden av olika celltyper från test
data föreslås en modell baserat på transkriptomik. I model-
len används minsta kvadratmetoden och lösningen av ett
konvext optimeringsproblem för att lösa ett underbestämt
system av linjära ekvationer. Test data med blandade cell-
typer simulerats in silico, baserat på medelvärden och stan-
dardavvikelser. Selektion av variabler gjordes med hjälp av
variansanalys (ANOVA), och F-statistik användes för att
ordna av gener. Modellen tillämpades på simulerade väv-
nadsprover från bröst och lever, innehållande tre normala
celltyper och en typ av cancercell. Modellens tillförlitlighet
testades med hjälp av en bootstrapping metod. Vi fann att
den föreslagna modellen är stabil och tillräckligt noggrann
för att bestämma cancerhalt av minst 10%.
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Chapter 1

Introduction

In 1953 the discovery of the DNA structure and, subsequently, the conclusion of
the Human Genome Project (1990-2000), established the basis of what nowadays
is called Molecular Biomedicine. Currently, medical research and clinical practice
supported by molecular medicine provide novel insights into the understanding of
disease pathogenesis. As a consequence, new methods for diseases-prognosis, ther-
apies to prevent or treat important and common human disorders are starting to
emerge.

Cancer is the cause of considerable morbidity and mortality all around the world.
There is therefore a major incentive trying to identify genes that could be reliable
for early diagnostic and prognostic, biomarkers and therapeutic targets.

It is well known that tumours are complex entities composed of malignant cells
mixed and interacting with nonmalignant cells such as parenchyma cells, stromal
cells, and cells from other supporting structures interspersed within the tissue [1].
Each cell type has a specific gene expression profile [2]. Thus, gene expression dif-
ferences derived from categorically labeled, tumour and non-tumour, tissue samples
may reflect varying proportions of cell types within the sample [1].

In this work we suggest a deconvolution method, based on convex optimization
problem solution, to estimate the cancer amount based on heterogeneous cell type
gene expression profiles generated in silico.

1.1 Biological Background

This section contains some basic terminology that is helpful to understand the
biology behind out model and the kind of datasets that were used for the analysis.

1.1.1 Genome and Transcriptome

The genome is the genetic material of an organism and is composed by small regions
named genes. Genes are encoded either in DNA or, for many types of viruses, in
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CHAPTER 1. INTRODUCTION

RNA. A gene is “a locatable region of genomic sequence, corresponding to a unit
of inheritance, which is associated with regulatory regions, transcribed regions, and
or other functional sequence regions” [3]. The gene collection consists of around
20.000 genes, although its relatively small size, analysing the intricate relationships
and functions of these genes, is a nontrivial task and basic knowledge about the
function of approximately 98% of the genome is now starting to be explored.

The transcriptome is the total set of all RNA molecules (transcripts) in a given
organism or a cell and their quantity for a specific developmental stage or physio-
logical condition. The transcriptome includes the mRNA, rRNA, tRNA, and other
non-coding RNA produced in a population of cells. Unlike the genome, which is
roughly fixed for a given cell line, the transcriptome can vary with external envi-
ronmental conditions. The transcriptome reflects the genes that are being actively
expressed at any given time. The study of the transcriptome is referred as tran-
scriptomics or expression profiling. Understanding the transcriptome is essential
for interpreting the functional elements of the genome and revealing the molecular
constituents of cells and tissues, and also for understanding the development of any
disease.

1.1.2 Gene Expression Profiles

Expression profiling is a well-established technique for identifying global expres-
sion patterns within cells. Its multiple purposes may include the identification of
disease biomarkers and the basic understanding of cellular processes [4] [5]. The
information contained in a gene expression profile is quite complex. Specifically,
observed changes in gene expression profiles may result from changes in regulation
processes within a given cellular group, or from changes in the relative abundance of
expressing cell types within the tissue as a whole. As a consequence, changes in cell
type abundance may be mistaken for the intracellular regulation of gene expression.
Conversely, genuine regulation within a given cell type may not be detected due
to changes in the abundance of cellular groups, that mask its contribution to the
tissue as a whole [6].

Given the necessity for understanding complex biological processes such as de-
velopment and carcinogenesis within the context of intact tissues, it is of main im-
portance to distinguish between contributions to gene expression profiles from either
regulation processes or abundance of cellular groups. Unfortunately, many biologi-
cal samples contain mixtures of cell-types. This severely limits the conclusions that
can be made about the specificity of gene expression in the cell-type of interest [7].
For instance, tissue samples used in cancer studies are usually composed of multi-
ple cell types and the non-cancerous portions in the sample can significantly affect
expression profiles. If the contribution to gene expression profiles due to abundance
of cell types could be disregarded, then, it would be easy to analyse differentially
expressed genes due to regulatory functions [6].
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1.1. BIOLOGICAL BACKGROUND

1.1.3 Biomarkers
There are cell-type specific genes, which may be helpful to identify the contributions
to gene expression profiles due to the abundance of cellular groups. Nonetheless the
identification of these genes is a nontrivial task since, after identifying the relevant
constituent cell types within a tissue, it is then necessary to identify robust sets of
reference genes whose expression is specific to a given cell type and remains relatively
unaffected by different physiological and experimental conditions. Consequently, it
requires a large collection of data from reference populations under a sufficiently
diverse set of biological conditions in order to select those genes with consistent
expression under a variety of biological situations [6].

1.1.4 Microarrays and RNA-Seq
A DNA microarray is a collection of microscopic DNA sequences, e.g. genes, at-
tached to a solid surface. Microarrays are used to measure the expression level of
large numbers of genes simultaneously and have been used to discover genes differen-
tially expressed between two or more groups of interest in a variety of applications,
namely biomarkers and disease prognostication [10]. However, while such method
can be used to directly infer intracellular regulation within homogeneous cell popu-
lations, interpretation of in vivo gene expression data derived from complex organs
composed of multiple cell types is more problematic [6].

In contrast, RNA-Seq is the use of next-generation sequencing technology to ap-
proach the transcriptome profiling at the nucleotide level. RNA-Seq provides both,
the sequence and frequency of RNA molecules that are present at any particular
time in a specific cell type, tissue or organ. One particularly powerful advantage of
RNA-Seq is that it can capture transcriptome dynamics across different tissues or
conditions without sophisticated normalization of data sets as it is required for mi-
croarrays [11] [12]. RNA-Seq, compared to microarrays, produces count data having
low background noise and hence allows to detect transcripts even at low expression
levels and provides a large dynamic range [13] [14]. Furthermore, RNA-Seq can de-
tect and quantify alternative splicing and previously unknown transcripts [15]-[18].
Lately, the decreasing cost of sequencing technology due to technical improvements,
has made RNA sequencing a popular choice for gene expression studies. RNA-seq
has become an attractive alternative to microarrays for the identification of differ-
entially expressed genes between several conditions or tissues, as it allows for high
coverage of the genome and enables detection of weakly expressed genes. Therefore,
RNA-Seq is on its way to replace the microarray technology, which has been widely
used in the last decades.

1.1.5 Cancer
Cancer is a complex disease resulting from the deregulation of multiple pathways
that govern cell growth and survival. Each of these pathways contributes variably to
the overall disease manifestation. Theses contributions depends on different facts,
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CHAPTER 1. INTRODUCTION

ranging from nucleotide variants to larger structural variants present within the
tumours.

Over the past decade, tumours have increasingly been recognized as organs
whose complexity approaches, and may even exceed, that of normal healthy tissues.
When viewed from this perspective, the biology of cancer can only be understood
by studying the individual specialized cell types within it, as well as the tumour
microenvironment that they construct during the course of tumorigenesis. This
interpretation contrasts starkly with the earlier, reductionist view of a tumour as a
collection of relatively homogeneous cancer cells. Figure 1.1 shows a scheme of the
heterogeneous mixture of cell types within a tumour.

Cancer	  Stem	  Cell	  

Cancer	  Cell	  

Immune	  
Inflammatory	  
Cells	  

Cancer	  associated	  
Fibroblast	  

Endothelial	  Cells	  

Pericyte	  

Bone-‐Marrow	  Stromal	  Stem	  &	  
progenitor	  cells	  

Figure 1.1. The biology of a tumour contains several individual specialized
cell types. The image corresponds to Bone-Marrow tissue.

1.2 Literature review

Distinguish between contributions to gene expression profiles from either regulation
processes or abundance of cellular groups is of main interest for a better under-
standing of complex biological processes. Consequently, several approaches have
been taken to the problem of expression deconvolution and each approach depends
on access to different types of information, different statistical assumptions and dif-
ferent objectives. Most of the previous studies were based on microarrays profiles.
Here we briefly mention some of them.

If there are genes known to be expressed exclusively in one tissue type, then these
genes can be used to estimate the proportion of expression coming from that tissue.
For example, the program deconvolute (Lu et al., 2003)[33] uses simulated annealing
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and genes expressed only during specific cell cycles to identify the proportion of
cells in each cycle from an asynchronous cellular sample. These methods depend on
previously known tissue- or cell-specific genes. We do not assume knowledge of cell-
or tissue-specific genes in our method, although such knowledge may be available,
particularly for samples from xenograft studies, in which the tissues of interest are
from different organs and organisms.

Due to the complexity in gene expression profiles analysis, Clarke et.al. approach
the cell type deconvolution problem using microarrays expression profiles from two
cell types, not just from different tissues, but also from different organisms: breast-
cancer-human cells (MDA231 and MCF7 cell lines) and normal mouse lung cells
(T- and B-cells), a xenograft study [7].

Gosink et.al. (2007) use expression data from a single cell type to determine
the proportion of each cellular group in a heterogeneous mixture. They described
an algorithmic approach to estimate the expression profile of the cell-type of inter-
est, from the profile of a mixture consisting of two cellular types. Their approach
depends on the estimation of the “minimum of a proportion”, a minimum that pro-
vides a good estimate in ‘noiseless” or simulated data. Their method electronically
subtracts the profile of one cell type from the expression profile of the mixture, and
thus revealing the profile of the second component [9].

Wang et al. (2006) use a method similar to that of Lu et al. (2003), mentioned
above, to determine the proportions of cell types in a mixture. This method gen-
erates estimates by obtaining solutions to linear equations via simulated annealing.
This approach depends on having expression data from a purified reference sample
for each cellular type, which may not be always available.

Another approach, Stuart et al. (2004), used proportions of each cell type as-
sessed by pathologists, to establish either tissue-specific expression or differential
expression between mixed and control samples. In this approach, linear regression
models and regressing expression on fractional content of tumour (or stroma), were
used to estimate the expected cell-type expression as the regression coefficient.

In the present work, we approach the cell type deconvolution problem, with no
previous knowledge of cell-type specific genes. In comparison to the previous stud-
ies, we use transcriptomics data from Cap Analysis of Gene Expression (CAGE)
technology [19], which contains much more information than that in microarrays.
Additionally, our mathematical set up is based on a training matrix that is inher-
ently sparse and the constraints used to set our problem make it more stable and
robust when recovering proportions of cancer cell types, which are normally difficult
to be diagnosed.

5



CHAPTER 1. INTRODUCTION

1.3 Mathematical Background
This section contains some definitions that are used for the construction of our
model, which will be detailed in chapter 2.

Definition 1. Optimization problem

An optimization problem has the form:

minimize f0(x)
subject to fi(x) ≤ 0, i ∈ {1, . . . ,m}.

hi(x) = 0, i ∈ {1, . . . , p}.
(1.1)

where f0(x) : Rn → R is called the objective function, the vector x ∈ Rn is the
optimization variable, the inequalities fi ≤ 0, i ∈ {1, . . . ,m} are called inequality
constraints, the functions fi : Rn → R, are called inequality constraint functions,
the equations hi(x) = 0, i ∈ {1, . . . , p} are called the equality constraints and the
functions hi : Rn → R, are called equality constraint functions.

If there are no constraints (i.e., m = p = 0) we say the problem (1.1) is uncon-
strained.

The set of points for which the objective and all constraint functions are defined,

D =
m⋂

i=0
domfi ∩

p⋂
i=0
domhi

is called the domain of the optimization problem (1.1). A point x ∈ D is feasible
if it satisfies the constraints fi(x) ≤ 0, i ∈ {1, ...,m}, and hi(x) = 0, i ∈ {1, ..., p}.
The problem (1.1) is said to be feasible if there exists at least one feasible point,
and infeasible otherwise. The set of all feasible points is called the feasible set or
the constraint set.

The optimal value p∗ of the problem (1.1) is defined as

p∗ = inf{f0(x)|fi(x) ≤ 0, i ∈ {1, ...,m}, hi(x) = 0, i ∈ {1, ..., p}.

We allow p∗ to take on the extended values ±∞. If the problem is infeasible, we
have p∗ =∞ (following the standard convention that the infimum of the empty set
is ∞). If there are feasible points xk with f0(xk)→ −∞ as k →∞, then p∗ = −∞,
and we say the problem (1.1) is unbounded below [28].

We say x∗ is an optimal point, or solves the problem (1.1), if x∗ is feasible and
f0(x∗) = p∗. The set of all optimal points is the optimal set, denoted

Xopt = {x|fi(x) ≤ 0, i ∈ {1, ...,m}, hi(x) = 0, i ∈ {1, ..., p}, f0(x) = p∗}.

If there exists an optimal point for the problem (1.1), we say the optimal value
is attained or achieved, and the problem is solvable. If Xopt is empty, we say the
optimal value is not attained or not achieved. (This always occurs when the problem
is unbounded below.)
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1.3. MATHEMATICAL BACKGROUND

Definition 2. Line segment

Suppose x1 6= x2 are two points in Rn . Points of the form y = θx1 + (1− θ)x2,
where θ ∈ R, form the line passing through x1 and x2. The parameter value θ = 0
corresponds to y = x2, and the parameter value θ = 1 corresponds to y = x1.
Values of the parameter θ between 0 and 1 correspond to the (closed) line segment
between x1 and x2.

Definition 3. Convex Set

A set C is convex if the line segment between any two points in C lies in C, i.e.,
if for any x1, x2 ∈ C and any θ with 0 ≤ θ ≤ 1, we have θx1 + (1− θ)x2 ∈ C.

Roughly speaking, a set is convex if every point in the set can be seen by every
other point, along an unobstructed straight path between them, where unobstructed
means lying in the set.

Definition 4. Convex Function

A function f : Rn → R is convex if domf is a convex set and if for all x, y ∈
domf , and θ with 0 ≤ θ ≤ 1, the next inequality is satisfied

f(θx+ (1− θ)y) ≤ θf(x) + (1− θ)f(y) (1.2)

A function f is strictly convex if strict inequality holds in equation (1.2) when-
ever x 6= y and 0 < θ < 1. We say f is concave if −f is convex, and strictly concave
if −f is strictly convex [28].

For an affine function we always have equality in 1.2, so all affine (and therefore
also linear) functions are both convex and concave. Conversely, any function that
is convex and concave is affine.

A function is convex if and only if it is convex when restricted to any line that
intersects its domain. In other words f is convex if and only if for all x ∈ domf and
all v, the function g(t) = f(x + tv) is convex (on its domain, {t|x + tv ∈ domf}).
This property is very useful, since it allows us to check whether a function is convex
by restricting it to a line.

Definition 5. Least-Squares Problem

A least-squares problem is an optimization problem with no constraints (i.e.
m = p = 0) and an objective function, which is the sum of squares of terms of the
form aT

i x− bi. The problem is

minimize f0(x) = ‖Ax− b‖22 = ∑k
i=1(aT

i x− bi)2 (1.3)

Where A ∈ Rk×n, k ≥ n, aT
i are the rows of A, and the vector x ∈ Rn is the

optimization variable [28].
The solution of the least-squares problem (1.3) for a non-singular system can

be reduced to solving a set of linear equations:

(ATA)x = AT b

7
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Hence, the analytical solution is: x = (ATA)−1AT b.

For least-squares problems we have good algorithms for solving the problem to
high accuracy, with very high reliability. In many cases we can solve large least-
squares problems, by exploiting some special structure in the coefficient matrix A.
Suppose, for example, that the matrix A is sparse, which means that it has far
fewer than k ∗ n nonzero entries. By exploiting sparsity, it is possible to solve the
least-squares problem faster. Sparcity is a characteristic used in the mathematical
set up of our problem.

Definition 6. Convex Optimization Problem

We consider a convex optimization problem in the standard form:

Minimize : f0(x)
Subject to : fi(x) ≤ 0, i ∈ {1, . . . ,m}.

aT
i x = bi, i ∈ {1, ..., p}

(1.4)

where f0, . . . , fm, are convex functions. Comparing to the optimization problem in
standard form (1.1), a convex problem must satisfy additionally: a) the objective
function must be convex, b) the inequality constraints functions must be convex
and c) the equality constraint functions hj(x) = aT

i (x)− bi must be affine.
An important property of a convex optimization problem is that the feasible

set of a convex optimization problem is convex. Since it is the intersection of the
domain of the problem

D =
m⋂

i=0
domfi,

which is a convex set, withm (convex) sublevel sets {x|fi(x) ≤ 0} and p hyperplanes
{x|aT

i x = bi}. (We can assume without loss of generality that ai 6= 0: if ai = 0 and
bi = 0 for some i, then the ith equality constraint can be deleted; if ai = 0 and
bi 6= 0, the ith equality constraint is inconsistent, and the problem is infeasible.)
Thus, in a convex optimization problem, we minimize a convex objective function
over a convex set.

A fundamental property of convex optimization problems is that any locally
optimal point is also (globally) optimal[28].

Algorithms for solving convex optimization problems include namely Newton
method, interior-point methods, quasi-Newton, conjugate-gradient, bundle, and
cutting-plane algorithms. In this work, we used the Matlab toolbox cvx [24] [25],
which employs the Self-Dual-Minimization (SeDuMi) technique [27] and SDPT3
[26], which is an implementation of infeasible primal-dual path-following algorithms
[28].
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Chapter 2

The Model

In this chapter we describe a model to estimate the proportions of cell types in a
given test data set based on a gene expression profile derived from transcriptomics.

Our model is based on least squares estimation and the solution of a convex op-
timization problem. The technical aim is to solve an undetermined system of linear
equations, which must satisfy several constraints and under a particular sparsity
assumption.

In section 2.1 we describe the notation used in this work, the mathematical
set up of our model and the mathematical problem to be solved. Subsequently, in
section 2.2 we describe; first, how cell types mixtures were simulated in silico using
a special procedure based on mean and standard deviations; secondly, how gene
selection (variables selection) was performed, and finally, we describe the metric
used to evaluate the performance of our model.

2.1 Construction of the linear system
Each cell type group can be characterized by a specific gene expression profile. The
level of expression of different groups of genes within the profile determine the cell
type. Hence, the ’raw’ material for our system consists in gene expression profiles
from different cell types groups, normal and cancer types. Using these specific-
cell-type-profiles we constructed a training matrix to estimate the proportion of
different cell type groups within a heterogeneous mixture of cells. The specific-cell-
type-profiles are denoted in this work as fk

i and will be explained section 2.1.1 in
which they are used to construct the training matrix.

All the information we have about the mixture of cell types is its expression
profile. The expression profile from the mixture of cells was simulated in silico and
is denoted in this work as f t. It will be explained in detail in section 2.2.1.

General notation

From now on, the superindex k will denote a certain cell-type-group. The set C
include all the cell types groups present in a mixture. Hence C = {1, 2, ..., k, ...K},

9



CHAPTER 2. THE MODEL

k ∈ C. A gene expression profile consists of a set of L gene expression measurements.
We denoted as G the set of all genes in a profile, hence G = {1, 2, ..., j, ..., L}. When
the profile belongs to a specific cell type group k it is called a feature vector or
replicate and is denoted as fk

i . For each cell-type-group k, there is a certain number
Nk of replicates. Observe that for different cell types k there is a different number
of replicates. The ith replicate of the cell type group k is denoted as fk

i ∈ RL, such
that, i ∈ {1, 2, ..., Nk} and fk

i ∈ {fk
1 , f

k
2 , . . . , f

k
Nk
}. Each entry in fk

i represents the
expression level of a certain gene j, denoted as fk

ij , such that j ∈ {1, 2, . . . , L} and
fk

i = (fk
i,1, . . . , f

k
ij , . . . , f

k
i,L).

The expression profile of the heterogeneous mixture of cell types from which we
want to estimate the proportions of cell types is referred in this work as test feature
vector and will be denoted by f t ∈ RL. Note that the superindex t comes from test.

Once that we have introduced the notation, we proceed to explain the mathe-
matical set up.

2.1.1 Training Matrix

At this step, an input database D of gene expression profiles from different cell types
groups, is converted into a training matrix. The expression profiles from different cell
types groups were obtained from the FANTOM5 [19] database of transcriptomics
data. All the information we use to construct our model consists in these expression
profiles.

We define fk as the characteristic cell type profile of a specific cell type group
k. We assume that it is possible to write each entry j of fk as a linear combination
of the respective j entries of the corresponding cell type replicates fk

i , such as

fk
j =

Nk∑
i=1

αk
ijf

k
ij , ∀j ∈ G, ∀k ∈ C (2.1)

where the coefficients αk
ij must satisfy:

Nk∑
i=1

αij = 1, 0 ≤ αij ∀j ∈ G,∀k ∈ C (2.2)

The αk
ij coefficients may be interpreted as follows. Assuming that each cell type

replicate fk
i (same cellular group k) belongs to a different biological individual (e.g.

different human being), it is likely to assume that, there may be some differences
between them. We assume that these differences may vary in a different degree
from one specific gene j to another gene j′, (j, j′) ∈ G. Hence, the αk

ij coefficients
represents a biological likelihood or a degree in which, the jth gene in the the char-
acteristic cell type profile fk, resembles each ot the corresponding genes j in their

10



2.1. CONSTRUCTION OF THE LINEAR SYSTEM

respective replicates fk
i . This is, as larger is the αk

ij coefficient as larger is the
similitud to that specific gene j in the corresponding replicate. Note that, here we
assumed that for different genes j 6= j′, (j, j′) ∈ G, we may have that αk

ij 6=αk
ij′ .

Now, regarding the mixture of cell types represented by the test feature vector
f t: we denote as Pk the true proportion of a specific cell type group k present in
the mixture. Accordingly, we denote as P = (P1, P2, ..., Pk, ..., PK) the vector of
proportions of all cell types present in the mixture. The sum of the proportions
of all cell types present in the mixture must be equal to 100%. Defining P as a
probability vector, it must satisfy the following properties:

K∑
k=1

Pk = 1

0 ≤ Pk ≤ 1, ∀k ∈ C
(2.3)

where 1 represents the 100% of the mixture.

Assuming that it is possible to write the jth entry of the test feature vector f t

as a linear combination of the respective jth entries of the characteristic cell type
groups profiles fk from all the cell types k ∈ C, we have that:

f t
j =

K∑
k=1

Pkf
k
j , ∀j ∈ G (2.4)

Now, using equation (2.1) in (2.4) it is possible to write:

f t
j =

K∑
k=1

Pk

Nk∑
i=1

αk
ijf

k
ij (2.5)

Defining N as the total number of feature vectors from all cell types: N = ∑K
k=1Nk,

it is possible to introduce a new variable γ ∈ R(N∗L), such that each element γk
ij ,

can be written as:

γk
ij = Pkα

k
ij (2.6)

Note that, by definition 0 ≤ γk
ij , because 0 ≤ Pk and 0 ≤ αij .

Then, it is possible to write:

Nk∑
i=1

γk
ij = Pk

Nk∑
i=1

αk
ij = Pk (2.7)

for all k ∈ C and ∀j ∈ G. The last equality follows from equation (2.2). It is
important to note that equation (2.7) must hold for each gene independently. For
instance, for a couple of genes j 6= j′, (j, j′) ∈ G we have:
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CHAPTER 2. THE MODEL

Nk∑
i=1

γk
ij =

Nk∑
i=1

γk
ij′ = Pk

for all k ∈ C. Hence, the coefficients αij and αij′ in (2.7) may be different.

Additionally, using (2.7), considering that 0 ≤ γk
ij , and the fact that ∑K

k=1 Pk =
1, each γk

ij must satisfy the following constraint:

K∑
k=1

(Pk) =
K∑

k=1

 Nk∑
i=1

γk
ij

 = ‖γj‖1 = 1 (2.8)

for all j ∈ G, and therefore, must also satisfy
L∑

j=1
‖γj‖1 = L (2.9)

In which, for instance, for a certain gene j′ ∈ G the vector γj′ ∈ RN can be written
as:

γj′ = (γ1
ij′ ,γ2

ij′ , ...,γk′
ij′ , ...,γK

Nj′)

where γk′
ij′ ∈ RNk′ can be written as γk′

ij′ = (γk′
1j′ , ...,γk′

Nk′ j′),∀k′ ∈ C.

Now, denoting C as the total number of constraints, from which (K ∗ L) con-
straints are derived from equation (2.7), L constraints are derived from equation
(2.8) and one more constraint is derived from equation (2.9). The total number of
constraints is C = (K ∗ L) + L+ 1.

In accordance with the previous statements, it is possible to write a linear system
of the form:

Fγ = f t

where F ∈ R(L+C)×(N∗L) will be called the training matrix and f t ∈ R(L+C) is the
test feature vector including corresponding entries for C constraints. The vector
γ ∈ R(N∗L) is a vector, from which, using equation 2.7, it is possible to derive the
proportion Pk of each cell type k in the mixture, which is represented by the test
feature vector f t.

Remark: Note that f t ∈ RL and f t ∈ R(L+C).

Now, denoting the constraint matrix as C ∈ RC×(N∗L), the full training matrix
F ∈ R(L+C)×(N∗L) can be written as:

F =
[
F̂
C

]
where the matrix F̂ ∈ RL×(N∗L) has the following form:

12



2.1. CONSTRUCTION OF THE LINEAR SYSTEM

F̂ =



fk
i,1 0 . . . . . . 0
0 fk

i,2 0 . . . 0
... 0 fk

ij . . . 0
...

...
... . . . 0

0 0 0 . . . fk
i,L


In which, for a specific gene j′ ∈ G, the vector fkij′ ∈ RN can be written as

fk
ij′ = (f1

1j′ , ..., f1
N1j′ , f2

1j′ , ..., f2
N2j′ , ..., fK

1j′ , ..., fK
NKj′ = fK

Nj′)

As it can be noticed, the matrix F is a sparse matrix, which numerically is easier
to manipulate to solve the linear system, than non-sparse matrices.

Observe that, in general, the absence of any constraints leads to infinitely many
solutions.The constraints C on γ result in a feasible set of solutions that is convex
and can be used to find a unique solution.

Remark: The main interest is to estimate the proportions Pk for each cell type
k, which will be derived by the estimation of γ. Using equation (2.7) it is possible
to write: ∑Nk

i=1 γ
k
ij = Pk, ∀k ∈ C and ∀j ∈ G. For instance, for a certain k′ ∈ C, the

proportion Pk′ can be obtained using:

Pk′ =
Nk′∑
1=1

γk′
ij = γk′

1j + γk′
2j + ...+ γk′

Nk′ j , ∀j ∈ G

Hence γ represents an auxiliary variable in this model.

Remark: According to the stablished constraints, specially the equation (2.3)
(∑K

k=1 Pk = 1), we assumed that all the cell types present in the test feature vector,
which represents the mixture of cells, were contained in the training matrix.

2.1.2 The Optimization problem
The aim of the present work was to estimate the cell type ratios (Pk) from a hetero-
geneous mixture of cellular groups simulated in silico. The “raw” material for this
purpose consisted in a certain number (Nk) of gene expression profiles or replicates,
denoted as fk

i , from different cellular groups, indicated by the subindex k. We used
these cell-specific expression profiles to simulate a mixture of cellular groups, de-
noted as f t. Each of these replicates and the mixture of cells consists in a set of
L gene expression measurements, such that fk

i ∈ RL and f t ∈ RL. The expression
profiles fk

i were also used to construct a sparse training matrix, denoted as F . We
designed some constraints C, such that, an undetermined linear system could be
solved uniquely and satisfied the requirements of a convex optimization problem.

13
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Then, according to what was described in section 1.3, the convex optimization
problem to be solved in order to estimate the cell types proportions Pk from the
mixture f t was:

γ̂ = arg min
γ

‖f t − Fγ‖2 (2.10)

where F ∈ R(L+C)×(N∗L),f t ∈ RL+C and γ ∈ R(N∗L).
Subjet to the constraints:

‖γ‖1 = L

‖γj‖1 = 1, ∀j ∈ G
‖γk

j ‖1 = ‖γk
j′‖1, ∀j 6= j′, (j, j′) ∈ G,∀k ∈ C

0 ≤ γkij , ∀j ∈ G, ∀i ∈ {1, ..., Nk}, ∀k ∈ C

(2.11)

The variable γ represents an auxiliary one from which, using equation (2.7), it is
possible to estimate the proportions Pk of cellular groups.

The problem (2.10)-(2.11), is a constrained least squares problem and a quadratic
program solvable by convex optimization tools. In this work the cvx[24] [25] [26]
[27] convex optimization toolbox from Matlab was used to solve the system.

2.2 The Method
All calculations were run on a computer with the following characteristics: Proces-
sor: Intel Core i5, 2.5 GHz , Operating system: OS X 10.9.3 (13D65)(64-bit), 8GB
RAM (2x4GB) 1600MHz DDR3.

2.2.1 Simulated Data
In order to test our method, the ideal case would be to use gene expression profiles
obtained directly from real-world cell mixtures. Unfortunately, we did not have
these data available, hence we generated cell mixtures in silico using a special pro-
cedure based on the mean and the standard deviation. Each simulated mixture is
referred in this work as test feature vector, and is denoted by f t. In this section we
describe how these mixtures were generated.

In order to simulate a mixture of cell types, we used gene expression profiles form
different cellular groups. These profiles were obtained from the Fantom database
[19].

Now, retaking the notation used in this work, each of these profiles from the Fan-
tom database is named as a feature vector or replicate and is denoted by fk

i , f
k
i ∈

RL, where L is the total number of genes in each replicate. The cell type index

14



2.2. THE METHOD

k, k ∈ C = {1, 2, . . . ,K}, is used to distinguish between cellular groups. For each
cellular group k, there is a specific number Nk of replicates fk

i , which are distin-
guished by the subindex i, such that, i ∈ {1, 2, ..., Nk}, ∀k ∈ C.

For each cell type k ∈ C and for each gene j ∈ G = {1, 2, . . . , L}, the mean µ and
the standard deviation σ, from the Nk available replicates fk

i ∈ {fk
1 , f

k
2 , . . . , f

k
Nk
},

were calculated as:
µjk = µ(fk

i,j , ..., f
k
Nk,j)

σjk = σ(fk
i,j , ..., f

k
Nk,j)

(2.12)

Then, a specific test feature vector f t, containing a mixture of k ∈ {1, 2, . . . ,K}
cell types, and certain portions Pk ∈ {P1, P2, . . . , PK} was simulated as follows:

f t = (P1 ∗ µj1 + σR
j1) + (P2 ∗ µj2 + σR

j2) + · · ·+ (Pk ∗ µjK + σR
jK) (2.13)

for all j ∈ G.

Remember from section 2.1.1, that Pk denotes the true proportion of the cell
type k, since it is the one used to generate the test feature vector. Remember
as well that, and the vector P = (P1, ..., Pk, ..., PK) is a probability vector, i.e.,∑K

k=1 Pk = 1, 0 ≤ Pk. The super index R in σR
jk is used to indicate that the standard

deviation was selected from a set of normally distributed pseudorandom numbers.
This procedure allowed to generate a set of normally distributed test feature vectors.

Remark: Using the procedure in (2.13), up to m test feature vectors were gener-
ated for each experiment using the same cell types k and true proportions Pk. We
will call this group of m test feature vectors a set of equivalent test feature vectors.

Remark: Note that, this set of m vectors is composed by the same cell types
and proportions but individually consists of different gene expression levels.

2.2.2 Gene Selection
We wanted to reduce the number of genes (variables) used to solve the linear sys-
tem, but always employ more significant, informative ones. To identify such, we
performed the analysis of variance (ANOVA) on the “cell type” as main factor
using the anova1() function from Matlab. The genes were then ranked by the F-
statistic from ANOVA. A subset consisting in Ntop (Ntop ≤ L) genes of such ranking
were then used in the linear system. Subsequently, we employed smaller subsets of
genes ls ∈ {2, . . . , Ntop}, which were most discriminative or informative in regard of
the transcriptional difference between cellular groups.

2.2.3 Reconstruction Metrics
To evaluate the performance of the model, we employed the Mean Absolute Error
(MAE) and theMean Relative Error (MRE). To calculate these metrics, we denoted
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as P̂k the proportion calculated or estimated by the solver, and as Pk the true
portion, both corresponding to the kth cell type.

The Absolute Error is defined as ∆Pk =| Pk − P̂k |. Hence, the MAE for each
cell-type portion within each test feature vector f t was calculated using:

MAE = 1
m

m∑
l=1

∆(Pk)l (2.14)

where m is the number of test feature vectors used in each particular experiment.
To calculate the Relative Error (RE) we used that RE = ∆Pk/ | Pk |. Hence,

the MRE was calculated using:

MRE = 1
m

m∑
l=1

∆(Pk)l

| (Pk)l |
(2.15)

A useful hint to interpret easily the meaning of the Relative Error is to remem-
ber that, the Percentage Error is defined as PE = RE ∗ 100%.

Remark: It was decided to measure the error for each cell type, in order to
observe clearly the performance of the method to estimate the proportion of, specif-
ically, cancer cells compared to normal cell types.

Remark: As we use the word accuracy several times to describe our results, we
want to emphasise the sense of this word when used in the present report; accuracy
is a measure of how close the result of an experiment comes to the true value.
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Chapter 3

Results and Discussion

In order to analyse the performance of the model for different cell types, a large
variety of experiments were conduced using distinct sets of equivalent test feature
vectors. We mainly focussed in two different organs: Breast and Liver. Several
sets of test feature vectors f t were simulated from available transcriptomes of four
cell types, one cancer and three normal cell types for each organ. The portions of
cancer cells ranged from 0% to 90%, while the ratios of the normal cell types also
varied considering that the proportions of all cell types in each test feature vector
must sum up to 1, that is equivalent to the 100% of the mixture, as it was stated
in equation (2.3). The proportions of each cell type were then recovered using the
mathematical set up described in Chapter 2 and the Matlab toolbox cvx [24] [25].

3.1 Reconstruction of Breast Cancer Portions

First, we wanted to investigate the accuracy of our method to calculate breast-cancer
cell type portions. The breast cell types used for these experiments were Adipocyte,
Breast-Cancer (MCF7 cell line), Mammary-Epithelial and Preadipocyte. Several
sets of 10 equivalent test feature vectors were generated. We varied systematically
proportions of the cancer cell type between each set of test feature vectors in ranges
of 0%, 0.2%, 0.8%, 2%, 8%, 10% and 90%. The gene selection by anova ranked by
F-statistics was performed. Then, we solved for each test feature vector using ls
genes at a time (for an explanation about ls see section 2.2.2). Consequently, for
each equivalent test feature vector we obtained 10 estimates of P̂k for breast-cancer,
from which we calculate the mean.

The MAE and MRE for the cancer ratios 0.9%, 8% and 90%, are shown in
Figures 3.1 and 3.3 respectively. Figure 3.2 shows cancer ratios for 0% and 0.9%.
The x axis shows the number of genes ls used to solve the linear system.

In table 3.1 is possible to observe the numerical values of the recovered propor-
tions for certain number of genes. The first column shows the number of genes ls
used to solve the system, the first row show the true cancer proportions TP and
the rest of the rows shows the recovered proportions according to the number of
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CHAPTER 3. RESULTS AND DISCUSSION

genes ls. Notice that proportions of 0.9%, 8%, 90% are denoted as 0.009, 0.08, 0.9
respectively. Observe that the closest value to the true proportion occurs for ls = 6
genes.
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Figure 3.1. Mean absolute error for different breast cancer ratios. Top: the x-axis
shows the number of genes used to solve ls ∈ {2, . . . , 200}. Bottom: a close up shows
that up to 6 genes are enough to recover the true breast cancer cells portions.

Note in Figures 3.1 and 3.2 that the MAE for all four cancer ratios -0%, 0.9%,
8% and 90%- behave similar according to the number of genes used to solve the
linear system. The MAE reaches a minimum for 6 genes then it rises and remains
approximately stable between 8 and 110 genes. Considering that the mean absolute
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Figure 3.2. Mean absolute error for breast cancer ratios of 0% and 0.2% to 0.9%.
Bottom: a close up. Notice that in the top Figure, for more than ls = 110 genes used
to solve, the MAE for the cancer ratio of 0% becomes basically zero.

error for the breast-cancer cell type remains constant in the whole interval of genes
from 8 to 110, we conclude that proportions for this cell type are being recovered
properly, with a constant error, independent of the amount of cancer or normal
cells. The minimum on the MAE reached for 6 genes indicate that the specific
genes used to solve the linear system are characteristic for breast-cancer cells, i.e.
the level of expression of these genes can properly distinguish between breast-cancer
and normal cells. We will retake this point later.
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Figure 3.3. Mean Relative Error for different breast cancer ratios. Bottom: a close
up.

It called particularly our attention that in Figure 3.2 (top) for a cancer ratio
of 0% the MAE decreased to basically zero, a value 2.2113e-08 in table 3.1 when
solving the system for 120 genes. Here we want to remark that, the test feature
vector for this specific cancer ratio contained only normal cell types since the true
cancer ratio was 0%. Hence, this experiment illustrate how does the model responds
when a specific -cancer- cell type is not present in the test feature vector. However,
the number of variables considered in the system to reach this value was much
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3.1. RECONSTRUCTION OF BREAST CANCER PORTIONS

Table 3.1. Numerical values for distinct recovered portions of breast cancer. TP
indicates the true cancer ratio. ls is the number of genes used to solve the system,
ranked by anova F-statistics among four cell types.

ls TP:0.0 TP:0.009 TP:0.08 TP:0.9
2 0.0028147 0.011815 0.082816 0.90277
4 0.0020684 0.011055 0.081946 0.90058
6 0.00010089 0.0091142 0.080219 0.89956
8 0.025983 0.034905 0.10528 0.91811
10 0.025979 0.0349 0.10528 0.91811
20 0.024917 0.03428 0.10442 0.9181
30 0.025059 0.034418 0.10456 0.92788
50 0.024939 0.033952 0.10442 0.92203
100 0.024579 0.033521 0.10422 0.91808
110 0.024082 0.033031 0.10373 0.9178
120 2.2113e-08 3.3255e-09 0.030926 0.84115

larger than the 6 top ranked by F-statistics. In the same Figure 3.2 (top), the
MAE also decreased for a cancer ratio of 0.2%-0.9%. These are relevant results for
cancer diagnosis. Most of the times the cancer is diagnosed at an advanced stage
of the illness and as a consequence the treatment becomes unsuccessful than if the
diagnosis would be done in early stages. Hence, if it would be possible to detect
cancer in small amounts it would result in a early diagnosis and then, in higher
probabilities of a successful treatment.

In Figure 3.3 the mean relative error (MRE) allows to have a better idea of how
big is the error compared to the true cancer portions. Recalling that the percentage
error is 100% times the relative error, a MRE of 0.02 means a percentage error of
2%. In Figure 3.3 (bottom), we noted that the MRE for cancer rations of 8% and
90% are particularly low up to 6 genes. The level of expression of these 6 genes may
be due to cellular groups abundance, while the expression level of other genes may
be related to specific cellular processes. This may be a reason for this minimum in
the MRE. Besides that, the higher MRE for cancer ratios of 0.9% could be explained
numerically, as this cancer ratio is very small (numerically when solving the linear
system, it is equal to 0.009), hence, due to roundoff error it is easier to get bigger
relative errors. In the third column (TP:0.009) of table 3.1 it is possible to observe
this fact clearly.

We observe also in Figure 3.3 (top), that when solving from 8 and up to 110
genes for a cancer ratio of 8% the MRE is around 0.25, a percentage error of 25%,
i.e. for a small amount of cancer, the relative error is small enough. For larger
cancer ratios is obvious that the MRE decreased considerably.

Thereafter, we wanted to investigate whether the recovered proportions of the
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Figure 3.4. MAE of different breast cancer ratios (A) compared to MAE of normal
cell types (B).The ratios or normal cell types varied randomly in the test feature
vector.

cancer cell type depends on the normal cell types ratios or not. Figures 3.4 and 3.5
show the MAE for different breast-cancer ratios (A) compared to normal cell types
(B).The ranges for the cancer cell in each set of 10 equivalent test feature vectors
were 0%, 0.1%, 0.9%, 1%, 9%, 10% and 90%, while the true normal cell types ratios
varied randomly. We observe that there is a minimum region in the MAE at the
beginning of the x-axis for up to 6 genes that holds for all cancer ranges and is also
independent of normal cell types ratios. This means that some genes can deter-
mine specifically the presence and amount of cancer, and thus appear as potential
biomarkers, i.e. they are entirely switched on or off just in the cancer cells. The
gene-ID for the first 6 genes that may be considered as biomarkers are: ’RAB40A’,
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Figure 3.5. MAE of different breast cancer ratios (A) compared to MAE of normal
cell types (B).The ratios or normal cell types varied randomly in the test feature
vector.

’BATF’, ’SLC16A6’, ’SYT10’, ’HMGCLL1’ and ’DCDC2’. Based on the expression
level of these genes it was possible to determine not just the presence of cancer but
also the cancer amount.

Although, for normal cells, (B) in Figures 3.4 and 3.5, the MAE was not as
constant or stable as for cancer cells and it was generally larger compared to that
for cancer cells, suggesting that either the transcriptome differences between the
normal cells were more subtle or some information was lacking in the model. This
also indicates that while some genes can determine specifically the presence of can-
cer, there were other genes in normal cell types whose level of expression varied to
different extent and might also depend on other, individual conditions of the biolog-
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ical replicates (human donors). As a consequence, we carried out more experiments
to further investigate the accuracy for normal cell types ratios, these are presented
below, in section 3.1.2.

3.1.1 Accuracy for Small Breast-Cancer Ratios. Bootstrap.
One specific point of interest of this work was to investigate the performance of the
model recovering cancer portions of 10%. Accordingly, we investigated further the
robustness of our method for this cancer ratio using a bootstrap procedure. For these
experiments we use four breast cancer cells mentioned above (three normal and one
cancer) and the same set of equivalent test feature vectors. Anova was performed on
these four cell types, but for these experiments we took only the Ntop = 300 genes
based on F-statistics. Then, we used a simple bootstrap resampling procedure [52]
to generate standard errors for our estimates P̂k of breast-cancer.

Stated as psuedo-code for clarity, our procedure was as follows:

1. Anova was performed on the full set of genes G = {1, 2, ..., j, ..., L}, and genes
were ranked by F-statistics. Then, we selected the Ntop = 300 genes.

2. To solve the linear system, each time a different subset ls of genes was em-
ployed:

• A subset ls of genes was selected at random with replacement from those
Ntop = 300 genes.

• The number genes included in each random subset ls used to solve the
system was ls ∈ {2, 4, 6, 10, 20, 30, 50, 100, 200}.

3. For each test feature vector f t we obtained n = 15 estimates of P̂k, for each
different subset ls.

4. For a set of m = 5 equivalent test feature vectors, we obtained T = m ∗ n =
5 ∗ 15 = 75 estimates of P̂k.

5. We calculate the mean and standard deviation form these T estimates.
Note: The standard deviation of these estimates was taken as the standard
error of our estimate of P̂k.

The results of our bootstrap procedure are shown in Figure 3.6 for a breast-
cancer ratio of 0.1 = 10%. We note that the estimates P̂k were accurate enough. For
this small cancer portion the true cancer ratio is always contained in the confidence
intervals.

We conclude that, the gene ranking by ANOVA allowed to achieve a efficient
solution, based on sparse selection of variables (ls), which estimated properly cancer
cell types ratios in relation to normal cell types.
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Figure 3.6. Bootstrap estimates for 10% Breast-Cancer. Vertical lines indicate
95% confidence intervals, the marker ’x’ indicates the mean point estimates; the red
horizontal line indicate the true value of Breast-Cancer (0.1=10%). The x-axis shows
the number of genes used to solve the linear system by subsampling from Ntop = 300
genes.

3.1.2 Accuracy for Breast Normal Cell Types.

In order to investigate the accuracy of our method to calculate breast normal cell
types, several sets of 10 equivalent test feature vectors were generated. For these
experiments we employed only normal cell types: Adipocyte, Mammary-Epithelial
and Preadipocyte. We varied systematically proportions of one of the normal cell
types -Adipocyte- between each set of equivalent test feature vectors in ranges of
PA ∈ {0%, 0.2%, 0.8%, 2%, 8%, 10% , 90%}. The true ratios for Mammary-
Epithelial and Predipocyte were (1 − PA) ∗ (0.2) and (1 − PA) ∗ (0.8) respectively.
Gene selection by anova ranked by F-statistics was performed again, but this time
only on normal cell types. Then we solved using ls genes at a time. Hence, for
each equivalent test feature vector we obtained 10 estimates of P̂k, from which we
calculate the mean.

Figure 3.7 shows the mean relative error for Adipocyte ratios of 8%, 10% and
80%. Figure 3.8 shows the same Adipocyte ratios but together with the other two
normal cell types.

In comparison to the cancer cell type we noted in Figure 3.8 that the MAE
for Mammary-Epithelial and Preadipocyte reached a minimum in top and middle
Figures, when up to 7 genes were used to calculate the portions. In this experiment
the true ratio of these two cell types in the test feature vector were larger than the
one for Adipocyte. Nonetheless, the MAE in Figure 3.8 generally shows that the
calculated portions for normal cells have fluctuations depending on the number of
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genes used to solve the system, which compared to the MAE of the cancer type in
Figures of section 3.1, it was constant or more stable for some interval of genes.
This fact suggests that normal cell types are not properly characterised.

0 5 10 15 20 25 30
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Number of genes

R
el

at
iv

e 
E

rr
or

Relative error for different portions
Adipocyte

 

 

8% −Adipocyte−True−prop.

10% −Adipocyte−True−prop.

80% −Adipocyte−True−prop.

Figure 3.7. Mean relative error for three ratios of Adipocyte (normal breast cell
type).

From this experiments we reasoned that the anova gene selection was not good
enough to distinguish between normal cell types but further research in to the litera-
ture lead us to other considerations. For instance, the mammary gland contains two
major cellular groups -epithelial and stromal- that are themselves composed of mul-
tiple cell types, and may be further subdivided based on lineage (luminal vs. alveolar
vs. myoepithelial cells) or are distinct only in its differentiation status (preadipocyte
vs mature adipocyte). Additionally, it worth mention that during mammary gland
development as well as through the process of tumorigenesis, marked changes are
induced in expression profiles of other cellular groups. In the words of Wang et.
al “...in the case of the mammary gland, identification and accurate representation
of the multiple cellular groups present is nontrivial” [6]. As a consequence, and
in order to characterise correctly normal cell types a further analysis is required
involving only normal cell types under a wide variety of biological conditions.
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Figure 3.8. Mean relative error for three ratios of Adipocyte in comparison to other
two normal breast cell types.
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3.2 Reconstruction of Liver Cancer Portions
As it was previously mentioned, the suitability of the model was also tested to re-
construct small cancer portions on liver cell types. These cell types were: Sinusoidal
Endothelial, Lipocyte, Hepatocyte and Hepatocellular Carcinoma (cell line HepG2).
We conduced the same analyses as that for breast cell types. Carcinoma ratios for
these experiments were: 0%, 0.2%, 0.8%, 2%, 8%, 10% and 90%. The MAE and
MRE for the cancer ratios 0.9%, 8% and 90%, are shown in Figures 3.9 and 3.11
respectively. Figure 3.10 shows cancer ratios for 0% and 0.2% to 0.9%. The x axis
shows the number of genes ls used to solve the linear system.

In table 3.2 is possible to observe the numerical values of the recovered propor-
tions for certain number of genes. The first column shows the number of genes ls
used to solve the system, the first row show the true cancer proportions TP and the
rest of the rows shows the recovered proportions according to the number of genes
ls.

Table 3.2. Numerical values for distinct recovered portions of hepatocellular car-
cinoma. TP indicates the true cancer ratio. ls is the number of genes used to solve
the system, ranked by anova F-statistics among four cell types.

ls TP:0.0 TP:0.009 TP:0.08 TP:0.9
2 1.5608e-10 3.7244e-11 0.065986 0.8846
4 3.5823e-11 8.327e-12 0.068243 0.88785
6 6.8404e-10 0.0072166 0.079829 0.90298
8 3.9447e-10 0.0040479 0.076602 0.90089
10 1.5154e-11 0.0036997 0.076388 0.90086
20 0.050212 0.0573 0.1276 0.93723
30 0.051043 0.058149 0.12845 0.94313
50 0.049509 0.05686 0.12696 0.93718
100 0.11301 0.12363 0.19504 0.99994

We tried to compare most of the results on this section to those from section
3.1 in order to investigate if the facts observed for breast cells can be generalised to
liver cells, specifically regarding the cancer cell type ratios.

In comparison to Figure 3.1 for breast cancer ratios, we observe that in Figure 3.9
(bottom) the number of top genes that could be considered as potentially biomarkers
is not clear enough, it is easy to observe it in Figure 3.10. For up to 6 genes in
Figure 3.9 (bottom) there is a minimum in the MAE for cancer ratios of 0.9%,8%
and 90%, but for a carcinoma ratio of 0% in Figure 3.10 the interval of zero MAE
holds for up to 16 genes, while it conserves relatively small for carcinoma ratios
0.2% to 0.9%. In comparison to breast cancer in Figure 3.2, in the case of liver
carcinoma the genes used to solve the system that are enough to recover accurately
carcinoma ratios of 0% are the first 16 genes ranked by F-statistics.

In Figure 3.11 it is also possible to note this minimum in the MRE. The MRE
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Figure 3.9. Mean absolute error for different Hepatocellular Carcinoma ratios. Top:
the x-axis shows the number of genes used to solve ls ∈ {2, . . . , 200}. Bottom: a close
up

for a carcinoma ratio of 8% is about 0.015 - a percentage error of 1.5% - when
solving using the first top 6 genes ranked by anova F-statistics. This result is as
good as the one obtained for breast-cancer in Figure 3.3.
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Figure 3.10. Mean absolute error for liver carcinoma ratios of 0% and 0.2% to 0.9%.
Bottom: a close up shows that up to 10 genes are enough to recover a true carcinoma
ratio of 0% with basically zero error.
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Figure 3.11. Mean Relative Error for different liver carcinoma ratios. Bottom: a
close up.
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In the next experiments, as in the case for breast cancer, we wanted to investigate
whether the recovered proportions of the cancer cell type depends on the normal
cell types ratios or not. Figures 3.12 and 3.13 show the MAE for different liver-
carcinoma ratios (A) compared to normal cell types (B).The ranges for the liver-
carcinoma were 0%, 0.1% to 0.9%, 1% to 9% and 10% to 90%, while true normal
cell types ratios varied randomly.
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Figure 3.12. MAE comparison between carcinoma (A) and normal cell types (B)
in liver for distinct cancer portions. True normal cell types ratios varied randomly.

In comparison to the breast cell types analysis, we observe that there is a
minimum region in the MAE at the beginning of the x-axis for up to 16 genes
that holds for all cancer ranges and is also independent of normal cell types ra-
tios. Once again these genes may be considered as biomarkers. The gene-ID
for these Ntop 16 genes are: ’SLC30A10’, ’C1orf64’, ’HMSD’, ’IGDCC3’, ’NO-
TUM’, ’TIGD3’, ’EPCAM’, ’NRARP’, ’DUSP9’ and ’COL2A1’, ’GPHA2’, ’NAGS’,
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3.2. RECONSTRUCTION OF LIVER CANCER PORTIONS

’CLDN19’, ’ASGR1’, ’SLCO1B1’ and ’SCFD1’. For the liver-carcinoma is also pos-
sible to calculate cancer ratios using the first 16 genes ranked by anova F-statistics,
with a known degree of accuracy.
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Figure 3.13. MAE comparison between carcinoma (A) and normal cell types (B)
in liver for distinct cancer portions. True normal cell types ratios varied randomly.

3.2.1 Accuracy for Small Liver-Cancer Ratios. Bootstrap.

In these experiments we use four liver cancer cells -three normal and one cancer-
and the same set of equivalent test feature vectors used in section 3.2. Anova was
performed on these four cell types and genes ranked by F-statistics. The Ntop =
300 genes were selected to perform the same bootstrapping procedure described in
section 3.1.1 to generate standard errors of estimates P̂k of liver-carcinoma.
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The results of our bootstrap procedure are shown in Figure 3.14 for a liver-
carcinoma ratio of 0.1=10%.
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Figure 3.14. Bootstrap estimates for 10% Hepatocellular Carcinoma. Vertical lines
indicate 95% confidence intervals, the marker ’x’ indicates the mean point estimates;
the red horizontal line indicate the true value of Hepatocellular Carcinoma (0.1=10%).
The x-axis shows the number of genes used to solve the linear system by subsampling
from Ntop = 300 genes.

We note that the estimates P̂k were accurate enough as in the case of breast
cancer. For this small cancer portion the true cancer ratio is also contained in the
confidence intervals.

We conclude that, the gene ranking by ANOVA allowed to achieve a efficient
solution, based on sparse selection of variables (ls), which estimated properly cancer
cell types ratios in relation to normal cell types.

3.2.2 Accuracy for Liver Normal Cell Types.

We investigate the accuracy of our method to reconstruct liver normal cell types
portions. For these experiments we employed only normal cell types: Hep. Sinu-
soidal Endothelial, Hep. Lipocyte and Hepatocyte. Several sets of 10 equivalent test
feature vectors were generated. We varied systematically proportions of one of the
normal cell types -Hep. S. Endothelial- between each set of equivalent test feature
vectors in ranges of PE = {0%, 0.2%, 0.8%, 2%, 8%, 10% , 90%}. The true ratios for
Hep. Lipocyte and Hepatocyte were (1−PE)∗(0.2) and (1−PE)∗(0.8) respectively.
Gene selection by anova ranked by F-statistics was performed again, but this time
only on normal cell types. Then we solved using ls genes at a time. We obtained
10 estimates of P̂k for each test feature vector, from which we calculate the mean.
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Figure 3.15 shows the mean relative error for Hep. S. Endothelial ratios of 8%,
10% and 80%, while Figure 3.16 shows the same Hep. S. Endothelial ratios but
together with the other two normal cell types.
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Figure 3.15. Mean relative error for three ratios of Hep. Sinusoidal Endothelial
(normal liver cell type).

We note in these Figures that the MAE for liver normal cell types is more stable
that the one of breast normal types showed in Figure 3.8. We reasoned that liver is
not a complex tissue as it is breast tissue. We use complex in the sense of overcoming
morphological and functional changes during the life of a human, which are reflected
in the expression profiles.

Observe in Figure 3.16 bottom, that the MRE for Hep. Lipocyte is higher
compared to other cell types. This is because the true ratio for this cell type in this
experiment is (1− PE) ∗ (0.2) = 0.04 and hence is logical to expect a higher MRE.
Once explained this point it is possible to conclude that the ratios for liver normal
cell types larger than 10% were calculated with a MRE approximately of 0.2, or a
percentage error of 20%, when solving the system for up to 12 top genes ranked by
anova F-statistic.
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Figure 3.16. Mean relative error for three ratios of Hep. Sinusoidal Endothelial in
comparison to other two normal liver cell types.
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Chapter 4

Conclusion and Future Work

The model showed stability to calculate cancer ratios of at least 10% independently
of the tissue where it was tested, breast or liver. The gene selection method based
on F-statistics is able to select potential cancer biomarkers and based on them
recover accurate proportions of cancer. In order to confirm these genes to be cancer
biomarkers further, extensive and exhaustive, researching is needed. The bootstrap
procedure showed the robustness of our model for a cancer ratio of 10% in both
tissues used to test it. A relevant feature in our model is its ability to accurately
determine the non-existence of cancer, at least for expression profiles simulated in
silico .

In relation to breast normal cell types, the mean relative error showed that
the calculated proportions of these cell types were not recovered as accurate as
breast cancer cell types. The inaccuracy may be explained due to a wide variety
of biological conditions or developmental stages that are reflected in the expression
profiles and that were not considered in the model. Close similitudes between normal
cell types from the same tissue as well as a wide variety of biological conditions may
complicate the accurate characterisation of these cells, specially due to the reduced
number of replicates used to train the model and the lack of information behind
these replicates. These kind of variations were not reflected in the expression profiles
of cancer cell types. This fact suggests that a larger data collection of expression
profiles from breast normal cell types is needed in order characterise properly each
cellular group. Hence, it would be possible to identify cell-type-specific genes and
disregard genes that may be related to specific conditions such as human donors,
cell stage of development or others. In relation to liver normal cell types, the MRE
showed a more stable behaviour compared to that of breast normal cell types. Ratios
of non-cancer liver cell types of at least 10% can be calculated with a percentage
error of approximately 20%.

Regarding the robustness of our method, the bootstrap procedure employed to-
gether with gene ranking by anova F-statistics allowed to achieve a efficient solution,
based on sparse selection of variables (ls), which estimated properly cancer cell types
ratios of at least 10% in relation to normal cell types in both breast and liver tissues.
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We want to remark that this study may represent just a first stage in a large
term study in which using a larger data collection would be possible to include
some differential terms in the mathematical set up. Such terms would improve
the accuracy to calculate specifically normal cell type ratios, which impact on the
expression profile is related to specific biological conditions different from cancer.

In a future work we would like to to test our model using real mixture profiles
from known portions of the cancer cell type. We want to further investigate if
the small number of potentially biomarkers holds for other tissues, as well as a
method to establish the minimum number of these genes needed to calculate and
trust small cancer ratios. We would like to train our model properly so it can be
able to calculate cell type ratios accurately and independently of other biological
conditions.
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