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Abstract
We constructed a standalone optical trapping system that was steerable in three
dimensions and allowed for sufficient imaging of one цm particles with a CCD
camera. The motion of the trapped particles was monitored by both a position sensitive
detector as well with the CCD camera. The trap stiffness was evaluated by the power
spectrum method and the equipartition theorem. For calibration of the stiffness of the
trap, we found that the power spectrum method with data assessed by the PSD was
most straightforward and accurate. The equipartition method was compromised by
noise, low resolution and the bandwidth of the detector. With a HeNe laser run at 10
mW output power the trap strength of our system reached ~2 pN/um. The results also
showed a decrease in the trap stiffness and particle's position variance when the size of
trapped particles increased.

Supervisor: Johan Zakrisson
Examiner: Magnus Andersson

June 2011

Table of Contents
1. Introduction ............................................................................ 1
2. Basic Theory ........................................................................... 2
2.1 Theoretical Models .......................................................................................... 2
2.1.1 The Rayleigh Model............................................................................................................... 2
2.1.2 The Ray Optics Model............................................................................................................ 4

2.2 Optical Design .................................................................................................. 4
2.2.1 Requirement for Steerable Trap.............................................................................................. 4
2.2.2 Steerable Trap in Lateral Plane............................................................................................... 5
2.2.3 Steerable Trap in Z Direction................................................................................................. 8

3. Construction of Optical Tweezers ...........................................10
3.1 Basic set-up of the optical tweezers............................................................. 10
3.1.1 Trapping System................................................................................................................... 10
3.1.2 Observing System..................................................................................................................12
3.1.3 Position Sensitive Detector....................................................................................................16

4. Rerult - Calibration ................................................................17
4.1 Power Spectrum Method ...............................................................................17
4.1.1 Power Spectrum of Brownian Motion...................................................................................17
4.1.2 Calibration Based on Power Spectrum ................................................................................ 19
4.1.3 Application of Power Spectrum Method.............................................................................. 21

4.2 Equipartion Theorem ......................................................................................22
4.3 Calibration with a CCD Camera ....................................................................23

5. Discussion ......................................................................26
5.1 Calibration of the PSD Detector..............................................................26
5.2 Calibration of the CCD............................................................................28

6. Conclusions ............................................................................32
7. References...............................................................................33

Appendix
A. Construction Details .............................................................35
A.1 Optical Design using Zemax...................................................................................................35
A.2 Power Spectrum Data Acquisition with Labview....................................................................35
A.3 Image of Particle Using CCD..................................................................................................37
A.4 Snapshots of Experimental Set-up...........................................................................................37

Acknowledgements
Ove Axner - for introducing me to the field of ray optical design using Zemax. I completed for
his graduate optical construction course. I have benefited immensely from his positive influence.
Magnus Andersson- for giving me a lot of help with my thesis and showing great interest about
my work and process. I thank him for introducing me to the field of optical tweezer and sharing
his expertise on optical tweezer design.
Johan Zakrisson - for being a kind and patient supervisor. I thank him for arranging the
equipments for my project and giving me a lot of valuable advices.
Ziliang Wang and Yuqi liu - Thanks for the fruitful collaboration and for all the effort we made
to complete our project.
I thank my many local friends for making me feel welcome during my stay in Umeå. In particular,
I thank my dear parents for supporting me all the time and I thank Nongfei Sheng for giving me
a lot of advices for my presentation and teaching me Swedish.

1. Introduction
The first optical trap and the theory of optical trapping were first demonstrated by
Ashkin in 1970 [1], and later developed for a single-beam gradient trap in 1986 [2].
The trapping mechanism is based on the change of momentum between the laser
beam and the trapped particle. The net force is traditionally decomposed into a
scattering force and a gradient force. These forces can be explained with different
models related to the size of the particle. A stable trap can be achieved when the
gradient force overcomes the scattering force. The optical tweezers consists of a
continuous laser beam and a microscope system with a high numerical aperture (N.A.)
objective that can produce a strong gradient force. This focused beam of light can trap
micron-sized dielectric objects with an index of refraction exceeded that of medium
surrounding them. The optical tweezers also have grown into a powerful tool in
biophysics where it is used to access the physical properties [3] and manipulating
single molecules of DNA [4]. It is used as a noninvasive tool for the study of
individual molecules. It can trap cells or organelles without damage [5].
The calibration of a single trapped particle can be done in a simple and precise
way by studying the Brownian motion or its power spectrum of a trapped particle.
The aim of this work was to construct a fully-steerable trap with a low power HeNe
laser and to calibrate the system based on Brownian motion with both PSD (Position
Sensitive Detector) and CCD (Charge-Couple Device) camera. Power spectrum
method using PSD can give straight forward and accurate results of the trap stiffness.
Determination of the trap stiffness by equipartition theorem requires a CCD to have
sufficient fast sampling rate and an efficient particle tracking program. We used both
methods to calibrate the optical tweezers instrumentation and verified that the size of
trapped particles did matter and followed the theories derived by Ashkin.
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2. Basic Theory
2.1 Theoretical Models
The basic theory for trapping of dielectric particles is based on the size range of
particles. For macroscopic particles, with particle size much larger than the
wavelength of the trapping laser, the theory is described by ray optics, whereas
particles much smaller than the wavelength of light, it is described by Rayleigh theory
[2]. The two theoretical models are briefly reviewed in this paper.

2.1.1 The Ray Optical Model
The ray optical model serves as a simple model to describe the force exerted by a
laser beam. The gradient and scattering forces are defined for beams of complex
shape in the ray optics limit [6]. The model can be explained by the momentum
transfer associated with the redirection of light at a dielectric surface [7]. Refraction
of incident light at a sphere surface corresponds to a change in momentum of the light.
The force on the sphere, according to Newton's Law, is given as the rate of the
changing momentum and the force is therefore proportional to the intensity of light.
When the index of refraction of the particle is larger than that of the surrounding
medium, the optical force is in the direction of the intensity gradient. Fig. 1 shows a
ray with momentum p propagating through a uniform sphere particle.

Fig.1. Schematic drawing a. shows a ray with momentum
→


P propagating through a sphere with index

of refraction higher
than the surrounding medium. P1 is the part of momentum reflected at the first
→
interface and P2 is the momentum after the refraction at the second interface. The portion of light
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→

after reflection at the second interface is much less than P and therefore the internal reflections can
→

be ignored for simplicity. The sketch b. shows momentum change of the ray. PL (purple ray)
represents the change of momentum and according to Newton's third law, the corresponding
→

momentum
change of the sphere is ∆P (red ray) which has same scale but opposite direction of
→
PL .

The internal reflection and polarization effects are ignored in Fig. 1. The effect of
the internal reflection will be added to scattering force and impair the trap [8]. The
scattering force and gradient force of a single ray are described by Ashkin as [9]:

F SC =

n1 P
cos(2θ − 2ϕ ) + R cos 2θ
(1 + R cos 2θ − T 2
c
1 + R 2 + 2 R cos 2ϕ

(1)

Fg =

n1 P
sin( 2θ − 2ϕ ) + R sin 2θ
( R cos 2θ − T 2
)
c
1 + R 2 + 2 R sin 2ϕ

(2)

where P is the power of the laser, θ is the incident angle of the ray and ϕ is the
refracted ray angle. R and T are the Fresnel reflection and transmission coefficient
respectively.
The light beam can be represented as a collection of light rays. In order to create a
stable trap, the light must be focused as illustrated in Fig.2.

Fig. 2 Illustration of a stable trap where the rays of laser light from the beam are shown in red and
forces experienced by the particle are drawn in blue and yellow. The light is focused inside the particle.
The particle experiences an upward gradient force when the ray goes through the particle. Also the
particle undergoes a scattering force that pushes the particle downward. Only when the gradient force
balances the scattering force and the lateral forces balances each other, the system along the
propagation of the light will be stable.

A three-dimensional intensity gradient means that the intensity at the focus will
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be larger than anywhere else. The scattering force near the focus point will increase.
When there is a shift of the location of the particle from the equilibrium position
illustrated in Fig. 2, the imbalanced optical forces will draw it back towards the
equilibrium position again [10]. From ray optic theory, the exact equilibrium position
of the trap is predicted to be 3-5% of the sphere diameter beyond the laser focus [7].

2.1.2 The Rayleigh Model
The Rayleigh regime is derived from electromagnetic field theory by applying
Maxwell's equations and appropriate boundary conditions [11]. The optical force in
this model is traditionally decomposed into two parts: scattering force and gradient
force. The effective scattering force is proportional to the intensity of light I , and the
gradient force is proportional to the intensity gradient ∇I . The scattering force Fsc
and gradient force Fg are described as [12]:

128π 2 r 6 n1 m 2 − 1
Fsc =
( 2
)I
3λ4 c
m −2

(3)

2πr 3n1 m 2 − 1
Fg =
( 2
)∇I
c
m −2

(4)

where r is the radius of the particle, c is the speed of light, m = n p / nm , where n p is
the index of refraction of the particle and nm is the index of refraction of the medium
surrounding the particle.

2.2 Optical Design
2.2.1 Requirements for steerable trap
In order to construct a fully movable optical trap where the focus can move freely, the
laser beam should be centered on the optical axis (where x and y directions are
perpendicular to the optical axis) and remain the same scale as it overfills the entrance
aperture of the microscope objective. This kind of system has been achieved by using
a gimbal-mounted mirror to control x and y direction through an afocal optical system,
and another afocal optical system to make the trap steerable in z direction [13]. In this
work, instead of using a gimbal-mounted mirror to control x and y direction, two
afocal systems are used to achieve a fully steerable trap. The schematic layout is
shown in detail in Fig. 3.
4

Fig. 3. Schematic diagram of the fully steerable optical tweezers system. L1 and L2 form an afocal
system which is used for adjustment in z axis. L3 and L4 are another telescope system that is for
steering in lateral plane. M3 and M4 are mirrors and PBSC1 stands for polarizing beam-splitting cubes.
A 100X Olympus oil-immersion objective is used for the optical trap.

2.2.2 Steerable Trap in Lateral Plane
To achieve a steerable trap in lateral plane, we constructed an afocal telescope system
which consists of two convex lenses. This lens system is schematically showed in Fig.
4.

Fig. 4. This sketch shows the effect of moving the L3 lens. The image at L3 is conjugate to the back
5

aperture of the objective. The upper system shows the system before adjusting. The lower one
demonstrates the change in laser beam after adjustment. The lateral motion hx at L3 leads to the laser
beam enters the objective with an angle θ1 .

The movement of lens L3 in the x or y direction only results in change of the
direction of the laser beam that enters the aperture of the objective. This condition can
be fulfilled if we make the plane at the first surface of lens L3 and image plane at the
objective back aperture to be optically conjugate planes, so that a small change in the
lens L3 will only affect the direction when the laser beam enters the back aperture of
the objective. The position and the size at the conjugate plane will remain the same.
Moreover, a change in direction of the laser beam at the back aperture of the
objective results in the change of the focal point in x and y direction in specimen
plane. Thus, the optical trap at the specimen plane will be fully movable along x and y
direction by the movement of lens L3.
From Fig. 4 we know that the laser beam that enters this system has diameter of
2 h0 . L3 and L4 form an afocal telescope system and the distance between them
is f 3 + f 4 . When adjusting L3 with hx to make it off-axis in lateral plane, there will
be a corresponding change in d 4 O (which is the sum of d4m, dmp and dpo in Fig.
3) , the distance between L4 and back aperture of the objective. The size of the laser
beam at the back aperture is 2 h b . We assume that the lens we use here can be seen as
thin lens. By applying the basic ray tracing theory, the height of the laser beam hb is
related to the incoming laser height h0 by the following expression:

hb = −

f4
( f + f 4 ) f 4 hx
h0 + (d 4O − 3
)
f3
f3
f4

(5)

where f 3 and f 4 are the focal lengths of steerable lens L3 and fixed mounted lens L4,
respectively. hx represents the amount of adjustment in lateral plane.
It is clear from the Eq. 5 that hb can be independent of the steering hx if the
distance d 4O fulfills the condition:

d 4O =

( f3 + f 4 ) f 4
f3

(6)

And the corresponding height at the back aperture can be expressed as:

hb = −

f4
h0
f3

(7)
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The motion hx at L3 leads to a corresponding change of the direction of the
beam θ1 (show in Fig. 4) . This expression is given by:

θ1 = −

hx
f4

(8)

Moreover, the movement r in the specimen plane in both x and y direction can be
related to θ1 by[13]:

r = f EFLθ1

(9)

where the f EFL is the effective focal length of the objective.
The movement r can also be expressed as:

r=−

f EFL
hx
f4

(10)

Since d 4O is a fixed number which is related to certain lenses chosen for the
system, the fully movable optical trap system require another system to be placed in
front of this system only. Otherwise, movement in z axis in specimen plane that
requires the movement of front lens in a telescope system will be impossible.
Then, the incoming light for the lateral steering system can be convergent or
divergent. However, this will not affect the filling of the back aperture of the objective.
For L3 is conjugate to the objective back aperture, as long as the size of laser beam at
L3 remains the same as before, the beam at the back aperture will not change
(illustrated in Fig. 5) .
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Fig. 5 Illustration of a convergent or divergent beam that enters the afocal lens system where L3 is
conjugate to the back aperture of the objective. Thus beam height

h0 and hb will remain the same.

2.2.3 Steerable Trap in the z Direction
Steering of the trap in the z direction has been demonstrated by E. Fällman and O.
Axner's [13]. A schematic of the setup is shown in Fig. 6.

Fig. 6. Illustration of motion of L1 in z direction that affects the focal point of the system. A small
displacement

∆d in z axis leads to a shift of the focal point of L1 by ∆d and corresponding shift

of focal point of L3 by ∆d1 .

The incoming laser beam must be conjugate to the image at L3. Therefore, the
relation between h 1 and h3 is given by:

h3 = −

d 23
(d − f )(d − f )
h1 − 12 1 23 2 h1
f1
f1 f 2

(11)

where d 12 and d 23 are distance between L1 and L2, L2 and L3 respectively (shown
in Fig. 3). When the condition: d 23 = f 2 is met, h3 remains the same regardless of
the displacement between L1 and L2. This means that L3 must be placed at a distance
of f 2 after lens L2 in order to achieve fully movement in z direction by the moving
L1 (also demonstrated in Fig. 6) .
The beam height h3 can be written as:
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h3 = −

f2
h1
f1

(12)

The corresponding change in focus of Lens L3, ∆d1 , with a movement of L1,
∆d , has the relation:

f 32
f
∆d1 = 2
∆d ≈ ( 3 ) 2 ∆d
f 2 − ∆d ⋅ f 3
f2

(13)

According to the equation above, the corresponding change of the focal point of
the objective ∆z can be related to ∆d with:

∆z = (

f EFL 2 f 3 2
) ( ) ∆d
f4
f2

(14)

This equation exactly agrees with the equation derived in E. Fällman and O.
Axner's work.
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3. Construction of Optical Tweezers
3.1 Basic Set-up of the Optical Tweezers
Optical tweezers consists of three major parts, the observing system, and the data
acquisition system. The data acquisition part is non-optical and its function is to
collect data from PSD and CCD camera to the computer for calibration. The
framework of the set-up is shown in Fig. 7.

Fig. 7. Schematic diagram of the set-up of an optical tweezer. M1-5 is mirrors, L1-5 is lenses, and
PBSC1-2 is polarizing beam-splitting cubes. Condenser used in the author's system is a lens with
f=60mm. The sample is fixed on a stage that can move freely in XYZ direction.

3.1.1 Trapping System
The trapping system consists of He-Ne laser, beam expansion system, steering system,
adjustable platform for the sample and the objective to produce the trap.

Laser
We used a JDS Uniphase 1125/P He-Ne laser that was run at 10 mW output power for
10

trapping. The beam diameter of this laser is 0.81 mm whereas the beam divergence is
1.0 mrad. The divergent laser beam is considered in the design of the trapping system.
Mirrors such as M1, M2 and M3 are used to extend the path of the laser to create a
sufficient beam diameter in order to overfill the back aperture of the objective (see Fig.
7).

Beam Expansion System and Steering System
Lens L1-4 serves as beam expansion system and steering system. The
requirement for steering system has been explained in last chapter. Based on the
steering system we designed, we provide some practical values for lenses in Table. 1.
Table.1 Typical Values for optical tweezers system
Parameters

Values(mm)

f1

60

f2

60

f3

150

f4

250

fob

1.8

d12

120

d23

60

d34

400

d4m

250

dmp

350

dpo

66.7

The notation fob is the effective focal length of the objective. In this case,
the objective is an Olympus oil-immersion objective with N.A. 1.3, 100X.

From Eq. 8-9, we have the relation between adjustment in L3 and the
corresponding shift of the focal point in specimen plane. By inserting some practical
values in Table 1, the relation between the motion

hx

and the movement in

specimen plane r is:

r = 7.2 × 10 −3 hx

(15)

Thus, 1 mm change in L3 will result in 7.2 µm change in the specimen plane.
Also, according to Eq. 6, by inserting numbers in Table 1, d 4O for this system is 666.6
mm. The distance is the sum of d4m, dmp and dpo (also referred to Fig. 3) shown in
Table 1. For steering in z direction, according to Eq. 14, 10 mm adjustment in L1
corresponds to 3.2 µm change in the focal position of the objective. The beam
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expansion is done by using a telescope system. L3 and L4 are used for beam
expansion and the laser beam can be expanded to 1.67 times than that of the original
size in this system.
Lens L1-4 should be chosen carefully to have sufficient amount of expansion for
the beam without producing much of the spherical aberration. The spherical
aberration must not exceed quarter of the wavelength of the laser in order to reach the
diffraction limit at the focal point for trapping [10]. In this case, the spherical
aberration is 0.0769 times of the wavelength of HeNe laser which corresponds to
48.66nm.

Adjustable Platform
A stage that controls XYZ direction serves as a platform for holding and moving
the sample. The accuracy of the XYZ stage can reach 10 µm. This accuracy is
sufficient for searching a target bead and moving the trapped bead in our system.

Objective
The objective used in this system is an Olympus oil-immersion objective with
N.A. =1.3. The effective focal length f EFL is 1.8 mm, and magnification is 100X.
One important rule about the objective is that the laser beam should overfill 80 %
of the high numerical aperture objective [14]. This requires the laser beam at the
aperture to have about 8.1 mm in its diameter.

3.1.2 Observing System
Observing system consists of an illumination system, magnification system and CCD
camera for observing the bead.

Illumination System
The light source was a white light source with maximum output of 150 W. The
power of the light source can be changed by a switch. Critical illumination and Köhler
illumination are two ways for the illumination system. The differences between these
two are illustrated in Fig. 8.
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Fig. 8. The schematic drawing shows a. Critical illumination and b. Köhler illumination. In Critical
illumination, lamp filament plane is conjugate to specimen plane which means image of the lamp is
focused directly at the sample; While in Köhler illumination, lamp filament plane and condenser
aperture are conjugate planes. Also the collector and specimen plane are conjugate planes. The real
image of the lamp is at the focal point of the condenser. So the light at the specimen plane is as if light
of the lamp comes from infinity while most power of light is gathered by the collector. Thus, the light
that comes from the lamp will generate a uniformly distribution and strong illumination at the sample.

By comparing critical illumination with Köhler illumination, the Köhler system can
produce extremely even illumination of the sample [15]. This can improve the
contrast of the sample and the illumination source will be invisible in the image at
CCD or eyepoint. However, in our design, we apply the bright field critical
illumination instead of the Köhler illumination. Although critical illumination reduces
the image quality and light at the specimen plane is not uniformly distributed, the
critical illumination can still produce sufficient resolution of the image for 1 µm
polystyrene beads. The power of the illumination can be reduce to a proper value that
will not damage the sample.

Magnification System and CCD Resolution
The total visual magnification of the microscope is the magnification of the
13

objective multiplied by that of the ocular. In our system, the image of the sample will
be received by a CCD camera. This refers to transverse magnification of the whole
system.
The transverse magnification of the objective can be expressed as [16]:

MT = −

L
f1

(16)

where f1 is the effective focal length of the objective and L is the distance between
the back focal plane and the focal plane of the objective.
According to Eq. 11, by plugging in numbers of the system. M T = -100, f1 =1.8
mm , L is 18 0mm which is much larger than the focal length of the objective. This
means that a magnified real image will be formed at 181.8 mm away from the back
aperture of the objective.
The resolution of the system is limited by diffraction limit of the microscope. In
order to determine the pixel size of CCD camera to match the resolution of the optical
system, we can apply the following equations [17]:
Optical resolution R:

R=

1.22λ
( N . A.(objective) + N . A.(condenser))

(17)

Image size on CCD:

I = R ⋅ M T′

(mm)

(18)

where R is the optical resolution and M T′ is the total transverse magnification of the
system.
The optimal sampling for the resolution is theoretically based on Nyquist theorem
[18]. In an airy disk, about half of the intensity of light is confined in a small central
core [19]. Full Width Half Maximum or FWHM defines the radius of the spot when
the intensity drops to half of its maximum value. The airy disk is approximately equal
to the FWHM. The Nyquist theorem is applied as:

ps =

1
FWHM g
2

(19)

where ps stands for maximum pixel size. This equation means that according to
Nyquist sampling theorem, 2 times or more uniform samples can capture and
reconstruct a sine signal.
However, the Nyquist theorem is based on analyzing the sample of a sine wave.
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The width (standard deviation) for sine wave differs from a Gaussian distribution. The
general solution for Gaussian can be rewritten as:

pg =

1
FWHM g
2.355

(20)

where p g stands for maximum pixel size for a Gaussian wave.
For image in 2D plane, the pixel dimension includes both height and width. This
requires the diagonal of the rectangle pixel to match the pixel size derived from Eq.
20 (see Fig. 9).

Fig. 9. Illustration of the maximum size of rectangle pixel used for sampling a spot with radius of
FWHM in 2D plane.

The aspect radio a is defined as:

a=

pixel width
pixel height

(21)

In most cases, a ≥ 1 [20].
Also, the optical resolution is measured as FWHM, which means R=FWHM. So
the FWHM on CCD can be generated from Eq. 14. Thus, the maximum pixel size can
be written as:

p=

M T′ ⋅ R

(22)

2.355( 1 + a 2 )

The sketch of a simple microscope system is shown in Fig. 10.
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Fig. 10. A simple set-up of microscope. The yellow ray represents the light from the illumination.
Critical illumination is used in this case. The condenser focuses the light to the sample plane; the red
line with an arrow at the specimen plane represents the sample that need to be magnified. Image of the
sample follows the dotted blue ray. The sample will be magnified and form a real image at the
intermediate plane behind the objective. L5 is used to convert the real image at intermediate plane to
CCD camera. L5 can be used to increase the magnification of the system. This part is also called bright
field microscope.

By plugging in practical numbers to Eq. 12-16, choosing 580 nm wavelength of
for resolution, N.A (objective) = 1.3, N.A (condenser) = 0.3, M T′ ≈ 200 , the aspect
ratio for the pixel is 1, we get maximum 26.6 µm for the size of the pixel to achieve
the optical resolution of this system. The CCD camera used in our lab has pixel size
of 3.5 µm. This shows that the CCD has good enough resolution for our system.

3.1.3 Position Sensitive Detector
In this work, a fast response, extraordinary resolution, and good linearity PSD
detector is used. This detector can convert light to four currents X (VX+ , Vx− ) and

Y (V y+ , V y− ) , and the current is finally converted to a detector signal [12] :
(V y+ − V y− )
(Vx+ − Vx− )
ψx = +
, ψy = + − .
(Vx + Vx− )
(V y + V y )

(23)

The trapping laser at the specimen plane is collected by the condenser and
focused to the PSD detector (shown in Fig. 7). When a bead is trapped, the motion of
the bead can shift the laser at the PSD detector. Thus, the pattern of movement of bead
can be converted to a voltage signal from the PSD for each dimension.
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4. RESULT - Calibration
In the small-displacement regime, the interaction between particle and trap can be
seen as a particle confined in a harmonic potential [21]. The calibration of the trap is
to identify the force-displacement coefficient called the trap stiffness or, in other
words, the spring constant.

4.1 The Power Spectrum Method
4.1.1 Power Spectrum of Brownian Motion
The particle-trap interaction can be approximated by a harmonic potential. Also a
particle in the trap experiences random forces due to thermal fluctuations. The
equation of the trapped particle is given in the form of the Langevin equation in one
dimension [22].

(24)
where x(t) is the trajectory of the particle, γ 0 is the friction coefficient, m is the mass,

κ is the trap stiffness coefficient, k B is the Boltzmann constant, T is the room
temperature, η (t ) represents Brownian motion of the particle which is a white-noise

random process with 〈η (t )〉 = 0 and 〈η (t )η (t ′)〉 = δ (t − t ′) .
Stock's law for spherical particle can be expressed as:

γ 0 = 6πρνR

(25)

where ρ is the liquid's density, ν is the kinematic viscosity, R is the radius of the
spherical particle. This only applies to low-frequency because the friction coefficient
is frequency dependent [23]. Also the inertial term mɺxɺ(t ) can be neglected for low
sampling rate applied in the experiment [24]. The expression of Eq. 24 can be written
as:

γ 0 xɺ (t ) + κx(t ) = (2k BTγ 0 )1/ 2η (t )

(26)

By giving the notation Fr (t ) = (2k BTγ 0 )1/ 2η (t ) , and by applying the Fourier
transform to Fr , the single-sided power spectrum of (2k BTγ 0 )1/ 2η (t ) can be
calculated as:
17

S r ( f ) = 2 Fr ( f ) Fr∗ ( f ) = 4γ 0 k BT

(27)

where the coefficient 2 originates because the Fourier transform is double-sided [25].
Then the power spectrum for motion of the particle can be expressed by applying the
Fourier transform on both sizes:

Sx =
where f c =

k BT
γ 0π 2 ( f 2 + f c2 )

(28)

κ
, and is representing the corner frequency. A typical data set of a 1
2πγ 0

µm bead is shown in Fig. 11. As seen in Fig. 11 there is some undesirable white
noises present. In order to get precise value of the corner frequency, the power
spectrum can be improved by collecting large amount of samples and performing
averaging. Fig. 12 shows the power spectrum after averaging.

Fig. 11 This figure shows the power spectrum of the Brownian motion of a trapped 1um particle. The x
axis is given in frequency and the y axis is the power spectrum density in

V 2 / Hz . The absolute

value for y axis is not of importance for power spectrum method and the corner frequency is the value
that needs to be determined. In this case, the corner frequency is around 26 Hz.
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Fig. 12 The power spectrum after conducting averaging. The power spectrum is smoothed by averaging.
However, some fluctuations around 50 Hz and 100 Hz are present due to power sources near the
detector. When fitting Eq. 28 to the averaged data, effective data are considered to be frequencies in the
range of 5-40 Hz, 70-85 Hz and 110-700 Hz, in order to limit the influence from power sources around
the detector. The corner frequency for this data set was 27+1 Hz corresponding to a trap stiffness of 1.6
pN/µm.

The trap stiffness can be affected by room temperature T, fluid density ρ , the
viscosity of the fluid ν and the radius of the particle R. In this work, the calculation
is based on the fact that the room temperature is 20 °C. Therefore the fluid density of
water is 998.2071 kg·m-3, and the kinematic viscosity of water at 20 °C is
1.0020 × 10 −6 m2·s−1. The room temperature was in our experiments 293.15 K and the
radius 0.5 µm. Fig. 12 shows the result when corner frequency is 26 Hz , the trap
stiffness of our system for 1um bead is 1.6 pN/µm .

4.1.2 Calibration by the Power Spectrum of Brownian Motion
Calibration of the PSD is based on power spectrum method [26]. In order to
determine the sensitivity of the PSD detector, we first assumed that the coefficient

connecting Volts in PSD and displacement of particle at the specimen plane is α .
Then this relation in spectrum can be expressed as:

Sv ( f ) = α 2 S x ( f )

(29)

By multiplying both sides with f 2 to Eq. 28, and then plugging in Eq. 27, the
formula can be written as:
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Pv = f 2 ⋅ S v ( f ) = α 2 ⋅ f 2 ⋅

k BT
γ 0π 2 ( f 2 + f c2 )

(30)

When we have maximum sampling rate that is much larger than the corner
frequency, we can choose f >> f c . Then Eq. 29 becomes:

Pv ≈ α 2 ⋅

k BT

γ 0π 2

(31)

By choosing Pv , we can easily calculate the coefficient α :

α =(

γ 0π 2 Pv
k BT

)

1
2

(32)

The Fig. 13 shows the determination of Pv .

Pv curve. The x axis represents the frequency in Hertz and y axis is the power
2
spectrum density multiplied by f in V2.Hz . The determination of Pv requires f >> f c . The
corner frequency for 1um particle trapped in our system is around 10-30 Hz. We choose f in the
−4
range [100, 500] Hz. Then the mean value Pv = 7.9575 × 10 and the corresponding coefficient α
5
= 1.35247 × 10 V/m.
Fig. 13 This shows the

The calibration of PSD converts volts signal into the displacement of the particle
at the specimen plane. Since α = 2.27*105 V/m = 0.227 V/µm, voltage change of
0.227 V means that the movement of the particle is 1 µm.
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4.1.3 Application of Power Spectrum Method
The Power spectrum method is a straight forward way to investigate the stiffness of
the optical trap. We tested our trapping system with particles of 1 µm, 2.5 µm and 3.1
µum. By applying the power spectrum method, we found the corner frequency for
each kind of particles and calculated the stiffness of the trap, as shown in Fig. 14.

Fig. 14 Power Spectrum of the Brownian motion of 1um, 2.5 µm and 3.1 µm trapped particles. The
1um particle experienced the strongest trap which was 1.66 pN/µm and the corresponding corner
frequency was 28 Hz. The particle with larger size such as 2.5 µm beads had corner frequency of 10Hz
which was lower than that of the 1 µm bead and the stiffness was 1.48 pN/µm. Particles of 3.1 µm in
diameter were quite difficult to be trapped by our system. The corner frequency was around 6 Hz and
the maximum trapping force was 1.10 pN/µm.

When the size of particle increases, the stiffness of the trap will decrease. This
can roughly be evaluated from Fig. 15.
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Fig. 15 This plot shows the trap stiffness relates to the particle size. The strength of the trap decreases
as the particle inside the trap become larger. This data for this plot is based on the particle size of 1um,
2.5 µm and 3.1 µm in our trapping system.

4.2 The Equipartition Theorem method
For each degree of freedom in the thermal motion, the equipartition method for a
particle fluctuating in a harmonic potential is expressed as:

1
1
k BT = κ 〈 x 2 〉
2
2

(33)

where Boltzmann constant is k B = 1.3807 × 10 −23 JK −1 , T is the absolute temperature
and 〈 x 2 〉 is the variance of the x-axial movement. For the calculation of the trap
stiffness κ , the only variables needed are the temperature and the variance of the
displacement of the particle. The bandwidth of the position detector and the noise can
have certain influences on the result of the trap stiffness.
Variance of displacement of a trapped particle can be obtained by the calibration
method demonstrated in Chapter 4.1.2 using a PSD detector. This is shown in Fig. 16
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Fig. 16 This figure shows the displacement of particles. The stiffness for 1um particle is calculated by
equipartition theorem and the result shows the stiffness to be 1.54 pN/µm.

By comparing the results derived by power spectrum method from Fig. 12, the
stiffness for 1 µm particle is 1.54 pN/µm by the equipartition method and 1.60 pN/µm
by power spectrum method. That is a difference of only 3.4%. In our system, the
environment and the noise can be the reason that caused errors in the result. Noise that
comes from power sources may cause the variance of the displacement signal larger
than the real value. The coefficient α for PSD depends on friction coefficient

γ0

which changes when the sample is heated by trapping laser or illumination. The
friction coefficient will also affect the results in the Power spectrum method. When
applying equipartition theorem based on PSD detector, the equipment should be
well-calibrated and the noises should be controlled carefully in order to get a precise
result.

4.3 Calibration with a CCD Camera
Assessing the Brownian motion through a CCD camera is a challenging task. It
requires calibration of the CCD, tracing the image of a trapped particle and applying
different methods for stiffness determination. The calibration of the CCD camera can
be done by relating the image size with pixel number. With sufficient resolution and
bandwidth, the CCD can be used to derive the trajectory of the particle by specific
software designed for particle tracking. This data can directly be used in the
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equipartition theorem for determination of the trap stiffness.
Calibration of the CCD camera can be done in a simple way. If the size of a
particle is known, also the amount of pixels for the image of this particle on CCD can
be determined by measure the pixel number with a computer, and then we can convert
the vibration of the particle on CCD in unit of pixel number to real displacement in
unit of µm at the specimen plane.
For our set-up, the 3.04 µm particle has a diameter of 95 pixels on CCD camera.
Thus by recording the Brownian motion on the CCD, we can calculate the
corresponding displacement of the particle. In this case, 1 pixel long movement on the
CCD corresponds to 32 nm of the motion of the particle in specimen plane. A typical
example of some data acquired with the CCD is shown in Fig. 17.

Fig. 17. The Brownian motion of 1 µm trapped particle recorded by CCD camera. The CCD camera is
well-calibrated and the trap stiffness is calculated by equipartition theorem. The stiffness is 1.54
pN/µm .

The stiffness calculated by the equipartition method, with images acquired with a
CCD, was 1.54 pN/µm for a 1 µm particle. The noise of the environment has the
influence on the CCD calibration. Also the accuracy is affected by the performance of
particle tracking program. As mentioned above, the noise can make the variance larger.
Thus the trap stiffness is smaller than the real value. The particle tracking program
can sometimes give wrong result so it is important to make sure the distribution of the
displacement is symmetric. The real data is shown in Fig. 18 .
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Fig. 18 The distribution of displacement of trapped particle. The x axis is in unit of pixel size. The
variance of this distribution is 2.57 pixel sizes.
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5. Discussion
5.1 Calibration of the PSD Detector
The calibration of PSD is based on power spectrum method as shown in Eq. 29-32.
We have defined S v and it has the relation:

Sv ∝

1
f 2 + f c2

(34)

In order to determine α , Pv ≡ S v ⋅ f 2 should remain a constant value when the
frequency f >> f c .
In practice, when the corner frequency is large, we have a stable Pv around
frequency 100-500 Hz (shown in Fig. 19)

Fig. 19 This figure shows the
According to coefficient

Pv curve. Pv is chosen to be the mean value of Pv from 100-500 Hz.

α , the stiffness can be calculated with Equipartition method and its value is

around 1.54 pN/µm. This number only differs 3.4% from the value derived by power spectrum method.

For a larger particle in the same system, the trap stiffness is lower than that of the
1um particle and the corresponding corner frequency is smaller. We found that the
model from Eq. 28 does not fit to the raw data very well at high frequencies above
300 Hz (see Fig. 20), And the corresponding Pv curve shows an increase at high
frequencies (see Fig. 21).
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Fig. 20 This plot shows the power spectrum of 2.5 µm trapped particle. Red line represents the
theoretical expectation value and blue dots represent the experimental data.

Fig. 21 The

Pv curve for 2.5 µm particle. Pv is chosen as the mean value from 100 Hz to 500 Hz.

When the particle experience a weak trap, determination of coefficient α can be
difficult. The value Pv will increase as the frequency increases. The coefficient α
can vary in a wide range due to different strategies for choosing Pv . In this case, the
Pv is the mean value from 100 Hz to 500 Hz. By applying equipartition method using
the PSD, we get the trap stiffness κ = 1.2862 pN/µm. This number is 13.1% differs
from the value by power spectrum method. Thus, calibration of the PSD when the
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corner frequency is too low can give huge errors. This means the calibration method
is not practical in this case.

5.2 Calibration of the CCD
The most critical problem using a CCD to determine the stiffness of the trap is the
sampling rate. The CCD used in our lab had 30 fps (frame per second) which is quite
slow. This means that it is hard to determine the trap stiffness by power spectrum
method (see Fig. 22).

Fig. 22 The power spectrum derived from the data collected by CCD. For the fps of the CCD is 30, the
power spectrum can only contain useful information up to 15 Hz according to Nyquist theorem.

The low bandwidth of CCD can make the variance of the displacement 〈 x 2 〉
smaller than the real value. The stiffness κ according to equipartition theorem can
be larger than the real value. This effect is not obvious in our trapping system because
the corner frequency can vary from 9-30 Hz for 1um particle from time to time. When
the corner frequency is below 15Hz, its stiffness can be calculated with sufficient
accuracy.
Besides, the particle tracking program can sometimes give wrong data when the
diffraction pattern is not completely removed by filter. The image of trapped particle
is shown in Fig. 23.
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Fig. 23 This picture shows the image of a trapped particle affected by diffraction pattern.

In our lab, we used a particle tracking program which is based on Image software.
The particle tracking program can provide x and y data that represents the center of
the particle. However, this program is not designed for particle under diffraction
pattern. In our case, the data from the program is shown in Fig. 24.

Fig. 24 The original data from particle tracking program. The left picture shows the displacement of the
particle and the picture on the right shows the histogram of the displacement. It shows the stiffness of
the particle by equipartition method is 0.19 pN/µm .

Apparently from the histogram, we can see that the distribution is not symmetric
and data is centered around two different values. The reason for this is the particle
tracking program give wrong data of the center of the particle. After modifying the
undesirable shift in the displacement by adding up the relative mean value, we get the
figure in Fig. 25.

29

Fig. 25 The modified data. The stiffness is 1.54 pN/µm after the modification. The variance shows 2.57
pixel sizes. The histogram is symmetric and has the form of Bolzman distribution.

When using a stronger trap, the effect of the bandwidth can be huge. We used a
much stronger trap with higher corner frequency and trapping stiffness, and calibrated
it with our CCD with 30 fps. This result is shown in Fig. 32 and Fig. 33 .

Fig. 32 The histogram of Brownian motion of 3.04 µm trapped particle measured by CCD with 30 fps.
Original data from particle tracking program is shown in upper side while the modified data is shown
below the original plot. The variance shows 0.032 pixel size for the modified data. This means this
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distribution is much stiffer than the data from our trapping system.

Fig. 33 The displacement of 3.04 µm particle in the trap. The upper figure shows the original data and
the lower plot is the modified displacement. According to equipartition theorem, it gives the trap
stiffness

κ = 125.08

pN/µm.

The strong trapping system we use has real trap stiffness of 20-30 pN/µm when
trapping the 3.04 µm particle. The data recorded by our CCD provided much smaller
variance 〈 x 2 〉 . By applying the equipartition method, the small variance will led to
the trap stiffness to be κ =125.08 pN/µm which is much larger than the real value.
This means that the bandwidth of the CCD is not sufficient in this case.
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6. Conclusions
We have constructed a steerable optical tweezers system and combined it with a PSD
and a CCD for position detection. Adjustment of certain lenses allows for control of
the focal point of the trapping laser and thereby facilitates movement in the lateral
plane and along the z axis. By moving the Lens denoted L3 (see Fig. 7) 1 mm off axis
leads to a 7.2 µm movement of focus of the trap in lateral plane. Also 10 mm
movement of Lens L1 in z axis can implies a 3.2 µm movement of the focal point.
We determined the trap stiffness by the power spectrum method and the
equipartition method on data acquired with a PSD. We found that the stiffness of the
trap for 1 µm particle was around 1.5-2 pN/µm which is higher than that of larger
sized particles. That is, the strength of the trap reduces as the size of the particle
increases, as expected.
Calibration based upon the equipartition theorem gives a slightly smaller value of
the stiffness than expected. This is due to the fact that we had noise in the system.
Thus, the power spectrum method is a better choice of calibration since it also gives
an indication of the quality of the trap.
We also calibrated the stiffness with a CCD camera. The CCD was run at 30 fps
which can give fine results if the corner frequency of the motion of the trapped
particle is around 5-15Hz. Otherwise, the result is more likely to be affected by noise
and the limited bandwidth of the CCD which can give a sever error of the trap
stiffness.
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Appendix. A. Construction Details
A.1 Optical Design using Zemax
The following simulation was used for construction of a steerable trapping system
by Zemax software version 2007.
Fig. A.1 shows the lenses used in our system and Fig. A.2 shows the layout of ray
path.

Fig. A.1 Table of lens data used in our system.

Fig. A.2 The layout of the lens. In this plot, the rays are only shown from the 2nd surface (Shown in Fig.
A.1) to image surface.

A.2 Power Spectrum Data Acquisition with Labview
Data acquisition is done by using virtual instruments with Labview software
version 2010.
Fig. A.3 shows the Front panel for power spectrum data acquisition and Fig. A.4
shows the block diagram for data acquisition.
35

Fig. A.3 Front panel of power spectrum data acquisition. The left part shows the vibration of the
voltage signal from PSD and the power spectrum in x direction. The right part represents signals in y
direction on the PSD.

Fig. A.4 Block diagram of power spectrum data acquisition.
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A.3 Image of Particle Using CCD
Fig. A.5 shows the 9um bead and 1 µm bead on the CCD. Fig. A.6 shows the
trapped 1 µm bead.

Fig. A.5 The image of 9um bead (left) and 1 µm bead (right)

Fig. A.6 The image of trapped 1 µm bead.

A.4 Snapshot of the Experimental Set-up
The whole system is built on one optical stage (see Fig. A.7). The trapping
system and illumination system are shown in Fig. A.8 and Fig. A.9 respectively.
The sample stage is shown in Fig. A.10.
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Fig. A.7 The layout of the optical tweezers system in our lab.

Fig. A.8 The optical steering system.
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Fig. A.9 The illumination system.

Fig. A.10 The sample stage.
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