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Abstract

This paper treats the current progress in the research of superconducting quantum
bits. It includes background theory in the two distinct fields of superconductivity and
quantum bits and how these two research fields relate. Different designs of superconduct-
ing quantum bits are presented including the derivation of their respective Hamiltonian.
Particular focus is put on the Cooper Pair Box-design and the Transmon-design with
their structure more explained in detail and energy levels numerically calculated. The
paper concludes by comparing the various designs in terms of sensitivity to outer distur-
bances.

Sammanfattning

Denna rapport behandlar forskningsframgångarna inom supraledande kvantbitar. Den
innehåller bakgrundsteori i de två distinkta forskningsområdena supraledning och kvant-
bitar och hur de två relaterar till varandra. Olika varianter av supraledande kvantbitar
presenteras inklusive härledningar av deras respektive Hamiltonianer. Särskild fokus
läggs på Cooper Pair Box-designen och på Transmon-designen då deras strukturer förk-
laras mer i detalj och deras energinivåer beräknas numeriskt. Rapporten avslutas med
en jämförelse mellan de olika varianternas känslighet mot yttre störningar.
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1 Introduction
The famous Nobel prize winning physicist Richard Feynman published a paper in the
early 1980’s in which he discussed the question "Can we simulate a quantum physical
experiment on a classical computer?" [1]. He speculated whether or not we need a new
type of machine, based and constructed upon quantum mechanical principles, to be able
to simulate quantum physics. This paper amongst others stimulated an entirely new re-
search field and since then quantum computing has been a hot area of research. For a long
time it was only considered from a theoretical standpoint but in the past years, consid-
erable experimental progress has been done. For example, in April 2011 researchers from
the University of Innsbruck achieved control over 14 quantum bits in an ion trap leading
to a new world record [2]. More recently (Nov 2013), physicists of the Simon Fraser
University in Canada has showed that quantum information can be stored in quantum
bits for as long as 39 minutes [3]. These examples display that quantum computing is a
real research subject with future possible industrial applications [4].

In an ordinary computer, the computing process relies on data to be encoded in digital
binary bits. These bits are usually represented as being in one of two definite states.
What a quantum computer does is to make use of quantum mechanical phenomena
such as superposition and entanglement to make quantum bits, often shortened "qubits".
These qubits can then be described as being in both of the states that a classical bit has,
at the same time. It is only at the end of the calculation process one reads the output
and the superposition of the states collapses into one definite state.

There are many ways to manufacture a qubit. Amongst the more recognized methods
is one in which the quantized spin of the electron is used. The electron’s spin is described
as a two state system (the spin-up-state and the spin-down-state). When unmeasured,
the electron’s spin can be thought of as being in both of the states at the same time and
this superposition is used to make a qubit. Computing power is achieved if one entangles
several of these electrons into a large system and succeds to keep them entangled during
each calculation. Some other examples like the electron include usage of the polarization
of the photon, the spin of nuclei, energy transitions in atoms or ions etc [5].

The difficult process of keeping the qubits entangled and quantum mechanically coher-
ent is the main obstacle in the realization of quantum computers. External disturbances,
such as electromagnetic waves or temperature, will destroy the intercoupling between
the qubits and cause dissipation in the system. This leads to random excitations in the
system to different energy levels and thus making it impossible to control. For these rea-
sons, the operating temperature of the qubits must be at the sub-Kelvin level. Ultra-low
noise filtering is used to obtain these low temperatures [6].

The example of the electron and its quantized spin amongst other proposals for im-
plementing qubits is based on quantum systems with microscopical degrees of freedom.
However, in this paper, a different way of manufacturing a qubit will be discussed. This
approach involve systems with macroscopic degrees of freedom in contrast to the earlier
mentioned examples. It is based on the notion of quantum integrated circuits in which
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one constructs qubits by the collective electrodynamic modes of the electrical elements
in macroscopic circuits. The benefits of this method are many. For example, these cir-
cuits can easily be constructed by coupling together simple linear electrical elements like
capacitors, inductors and transmission lines [6]. Therefore one needs only to express the
dynamics of the system in terms of macroscopic variables such as magnetic flux, voltage
and currents. We also want these circuits to have zero resistance such that the electronic
signals in the computer does not lose energy when moving from point A to B. This is a
necessary condition for the system to be coherent and it is achieved by using supercon-
ducting material in the elements of the circuits. This is why these types of qubits are
often referred to as "superconducting qubits". Another feature of these circuits is that
that they can maintain quantum coherence better than the microscopic systems [7]. The
electrons in a superconducting material pair up and then condense into a single-level
state. This state can then be exposed to a larger degree of external disturbances because
of its collective mode.

Quantum computers sounds very promising due to their populistic depictions in pop-
ular science and their attribute of unparalleled computation speed. However, if quantum
computers will become an industrial reality, they will most likely not be used as general
purpose computers. Instead, they will rather solve unique problems with more of an
optimization character. This includes for example financial analysis, machine learning,
pattern recognition and anomaly detection. Another application is the factorization of
large numbers which has great implications on future cryptography. Also, as mentioned,
these computers will be able to simulate quantum physics. These simulations will not
only be important to research but also in the process of making nanotechnological devel-
opments [8].

The outline of this paper is as follows. It will begin with introductory theory on
superconducting materials, quantum bits and quantum integrated circuits including the
Josephson junction. The well versed reader may skip this introductory section. Af-
ter this, the main topic of the paper is presented. This includes a thorough review of
three Josephson circuits in which their physical layout, dynamics and energy levels are
explained. These are the Cooper Pair Box, the Flux Qubit and the Transmon. The anal-
ysis will include a physical description of each circuit, a derivation of the Hamiltonian
and a calculation of each system’s energy values. This calculation will be analytical if
possible, otherwise it will be done numerically using a computing programming language
(e.g. MATLAB). A final discussion with conclusions finishes the paper.
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2 Theory of Qubits and Superconducting Materials

2.1 Superconductivity
In every circuit of the electronic devices we use in our daily life there is resistivity in-
volved. That is, the electrons flowing through the wires lose energy as they collide during
the process. However, for many metallic elements, inter-metallic alloys and certain com-
pounds the resistivity of the material becomes zero as the material reach below a certain
critical temperature TC . The critical temperatures vary depending of the material at
hand but critical temperatures as high as 120 K has been recorded [9]. Therefore, once
set in motion, an electrical current in a loop of superconducting material will continue
to flow forever as long as the material has a temperature below its critical one.

2.1.1 The Meissner Effect

Superconductivity is also characterized by something called the Meissner effect. It was
first discovered by Meissner and Ochsenfeld in 1933 when they cooled a bulk supercon-
ductor down to its critical temperature in a magnetic field. They found that the magnetic
field lines were pushed out of the superconductor during the transition (see figure 1). The
specimen behaves as if the magnetic field is zero within itself.

Figure 1: To the left in this picture, the temperature of the material is higher than its
critical temperature. Therefore the material is not in its superconducting state and the
applied magnetic field penetrates the bulk material. To the right, the situation is reversed
and the magnetic field lines is pushed out of the material.

There are in general two types of superconducting materials and they are distinguished
by their response to an external magnetic field. The field can destroy the superconduct-
ing state of the material at a certain magnitude called Bac(T ) which depends on the
temperature. At the transition temperature between normal and superconducting state
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Bac(T ) = 0. The Type I superconductor has only one critical magnitude for the ap-
plied magnetic field. If the field is stronger than this, the material is in its normal state.
The Type II however, allows for a mixed state between two critical magnitudes of the
magnetic field. In this state the Meissner effect is incomplete (see figure 2) [10].

Figure 2: In this plot, the two types of superconductors are presented. M is for magne-
tization and Ba is the applied external magnetic field.

Superconductivity is often considered as a "macroscopic" quantum phenomenon since
it gives apparent macroscopic changes unlike many other quantum effects which primarily
make differences at the atomic level.

2.1.2 The Phenomenological Equations

To explain superconductivity mathematically one cannot simply assume a material with
zero resistivity and then apply Ohm’s law. If the resistivity ρ = 0 in E = ρj while j is
finite then the electric field has to be zero. Combining this with the Maxwell equation
∇ × E = −∂B/∂t gives that ∂B/∂t = 0 inside the superconductor but not necessarily
that B = 0. Rather, to describe the Meissner effect a postulate has to be made. We
postulate that the current density j is directly proportional to the vector potential A of
the local magnetic field in the superconducting state [10]. We may then write

j ≡ − A
µ0λ2

L

⇒ ∇× j = − B
µ0λ2

L

(1)

This is the London equation with the constant of proportionality as − 1
µ0λ2

L
in which

λL is the London penetration depth. By taking the curl of both sides in the Maxwell
equation∇×B = µ0j we achieve −∇2B = µ0∇×j under static conditions. By combining
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this with the London equation (1) we have

∇2B = B
λ2
L

(2)

This equation does not allow any uniform solutions unless the magnetic field is zero. This
is why the London equation describes the Meissner effect inside superconductors. The
gauge of A is chosen to be such that ∇ ·A = 0 and the normal component of A is zero
on any external surface where no external current is fed. These relations is described
analogously for j since it is proportional to the vector potential [11].

2.1.3 Cooper Pairs

The quantum theory of superconducting materials is called the BCS theory [12]. It was
first presented in 1957 by Bardeen, Cooper and Schrieffer, hence the name of the theory.
It is based upon the notion of electron pairs of opposite spin called Cooper pairs. These
are formed by an attractive potential overcoming the repulsive Coulomb interaction of
the two electrons. This attraction is caused by the relation between an electron and its
crystal lattice.

2.2 The Quantum Bit
Quantum bits, or so called qubits, are the building blocks of future quantum computers.
The qubit is a quantum two-state system not much unlike the usual bit used in every
computer nowadays. However, the difference between the two bits is that a qubit can be
in a superpositioned state of the two states. So if the two-state system can be described
by the two states |0〉 and |1〉, the qubit superposition can be written

|ψ〉 = α0 |0〉+ α1 |1〉 (3)

in which α0 and α1 determines the probability, after a measurement, that the qubit is in
each state. This is quite unlike the classical bit in which the bit is either in the |0〉 state
or in the |1〉 state with 100% certainty [5].

2.2.1 Relaxation and Decoherence times

There are in general two characteristic parameters of time for a qubit. These are called
T1 and T2. T1 denotes the average time required for the qubit to relax from it excited
state |1〉 to its ground state |0〉. T2 is a measure of how qubit’s coherence and represents
the time over which the energy levels of the qubit are fixed. These two time parameters
are heavily dependent on the external environment and are hence often used as to classify
how good a qubit is. They are both on the order of a few µs for superconducting circuits
[13],[7].
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2.3 Quantum Integrated Circuits
Now that we are accustomed to the foundations of qubits and superconductivity, we will
introduce the main topic of this paper with a basic example of a quantum integrated
circuit.

Figure 3: A LC-circuit in which L denotes the inductance and C the capacitance of the
circuit.

Let us consider a simple LC circuit shown in figure 3. The classical dynamics of this
circuit is well known with the current and voltage being sinusoidal functions of time.
The energy stored in the capacitor of the circuit can be written UC = CV 2

2 = Q2

2C in which
C, V and Q is the classical entities of capacitance, voltage and charge. Similarly, the
inductor stores energy as UL = LI2

2 = Φ2

2L with similarly L, I and Φ as the inductance,
current and flux of the circuit. This gives the total energy of the system as

U = UC + UL = Q2

2C + Φ2

2L. (4)

However, if we ought to quantize the LC circuit we could use the methods of quantizing
the single harmonic oscillator since they both have a quadratic dependence in terms of
the systems energy. We then achieve a Hamiltonian operator with the same form as (4).

Ĥ = Q̂2

2C + Φ̂2

2L (5)

Here, the charge and flux of the system has taken the role of the momentum and position
respectively in the quantum harmonic oscillator. Therefore, the charge and the flux must
be seen as conjugate operators with the relation [Φ̂, Q̂] = i~. Also, we can define the
charge and flux operators with the creation and annihilators operators analogously to
that of the position and momentum operators

Q̂ = i

√√√√~
2

√
L

C
(â† − â) Φ̂ =

√√√√~
2

√
C

L
(â† + â) (6)
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This procedure of taking two classical entities such as charge and flux and then view them
as conjugate quantum operators is used consistently throughout the theory of quantum
integrated circuits. The energy levels of this system can be easily derived from the
Hamiltonian equation as En = ~ω0(n + 1

2) with ω0 = 1√
LC

and n as the amount of
photons [6].

However, there is a problem with the quantized LC circuit and this is it’s linearity.
To construct a qubit with the two states |0〉 and |1〉 the energy difference between the
two has to be distinguishably different than transition energies between other states, in
particular |1〉 and |2〉. Otherwise, the system may as well transition from the |1〉 state
to the |2〉 state during excitation. For the LC circuit we have

∆E = En+1 − En = ~ω0(n+ 3
2)− ~ω0(n+ 1

2) = ~ω0 (7)

and this is obviously independent of n. To establish nonlinearity we introduce a nonlinear
element into the circuit that disturbs the the parabolic feature of the potential energy of
the system. This element also needs to be non-dissipative to ensure the coherence of the
system [6].

2.3.1 The Josephson Junction

The non-linear elements we will integrate into our circuits is called Josephson elements
or, alternatively, Josephson (tunnel) junctions. In figure 4 below you can see an example
of how such a junction may be implemented. The junction can be seen as two films of

Figure 4: A schematic diagram of a Josephson junction. Cooper pairs are allowed to
tunnel through the insulator.

superconducting material coupled by a weak link which acts as an insulator. The weak
link can be constructed in several different ways but in all acts as a barrier between
the two superconducting materials. However, this barrier needs to be so thin that it
allows discrete charges (i.e. Cooper pairs) to tunnel through the barrier (around 10
atoms thick (∼ 1 nm)). This gives rise to the macroscopic quantum phenomenon called
the Josephson Effect, predicted by the physicist Brian D. Josephson who achieved the
Nobel prize in 1973 for this theoretical work [14].

Let us describe the quantum dynamics of the tunneling effect through a thin barrier
between two superconducting materials in absence of any electromagnetic field (also
called the DC Josephson Effect). In this derivation (which closely follows that of [10])
we will assume that the superconductors are made of the same material and identical in
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any other aspect. To this we add that they both are at zero potential. Let ψ1 = n
1/2
1 eiθ1

and ψ2 = n
1/2
2 eiθ2 be the probability amplitudes of the Cooper pairs on each side of the

barrier. This is such that ψ∗ψ = |ψ|2 = n is the probability of finding n pairs on each
side. We now apply the time-dependent Schrödinger equation to each of the probability
amplitudes

i~
∂ψ1

∂t
= ~Tψ2 ; i~

∂ψ2

∂t
= ~Tψ1 (8)

in which ~T is the Hamiltonian of the equation and represents the interaction across the
insulator. If T, with units of frequency, is zero, no tunneling is happening. So with ψ1
and ψ2 as earlier mentioned we have a system of equation as follows

∂ψ1

∂t
= 1

2n
−1/2
1 eiθ1

∂n1

∂t
+ iψ1

∂θ1

∂t
= −iTψ2 (9)

∂ψ2

∂t
= 1

2n
−1/2
2 eiθ2

∂n2

∂t
+ iψ2

∂θ2

∂t
= −iTψ1 (10)

As we multiply (9) with ψ∗1 and (10) with ψ∗2 and defining the phase difference as δ =
θ2 − θ1 we get

1
2
∂n1

∂t
+ in1

∂θ1

∂t
= −iT (n1n2)1/2eiδ (11)

1
2
∂n2

∂t
+ in2

∂θ2

∂t
= −iT (n1n2)1/2e−iδ (12)

Now we have a system with well defined real and imaginary parts. While these parts
must be equated we remind ourselves that the superconductors are identical. Therefore
the number of Cooper pairs on the both sides of the barrier must be roughly the same,
i.e. n1 ∼= n2.

∂n1

∂t
= 2T (n1n2)1/2 sin δ ; ∂n2

∂t
= −2T (n1n2)1/2 sin δ (13)

∂θ1

∂t
= −T

(
n1

n2

)1/2
cos δ ; ∂θ2

∂t
= −T

(
n1

n2

)1/2
cos δ (14)

Through this we finally obtain that

∂δ

∂t
= ∂

∂t
(θ2 − θ1) = 0 ; ∂n1

∂t
= −∂n2

∂t
(15)

The flow of Cooper pairs from superconductor 1 to superconductor 2 is proportional to
the rate of which the Cooper pairs in superconductor 2 changes with time, i.e. the current
flow is ∝ ∂n2/∂t = −∂n1/∂t. From this conclusion we can use (13) to write the current
as

I = IC sin δ = IC sin(θ2 − θ1). (16)

That is, a nonlinear function only depending on the phase difference across the junction
and in which IC is the critical current of the Josephson element.
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2.3.2 Flux Quantization

We will here describe the flux through a superconducting loop and show that it is quan-
tized. The Cooper pair distribution throughout the loop is assumed to be as a boson gas
since pairs of two fermions with half-integer spin makes particles of integer spin (bosons).
Let ψ(r) denote the probability amplitude of particles i.e. Cooper pairs. We will also
assume that ψ∗ψ = n, the concentration of pairs, is constant. Therefore, as before, we
may write ψ(r) = n1/2eiθ(r).
What we need to achieve with this model is an mathematical explanation to the phe-
nomena associated with superconductivity. The Meissner Effect says that the internal
magnetic field B and the current density j are zero inside a bulk superconductor. There-
fore we seek an expression for j and find that

j = ψ∗qvψ = qψ∗vψ (17)

with
v = 1

m
(p− qA) = 1

m
(−i~∇− qA) (18)

using Hamiltonian mechanics. Therefore, since n is not a function of r, we have that

j = ψ∗qvψ = qψ∗vψ = nq

m
(~∇θ − qA) . (19)

Since the London equation describes the Meissner effect we want to relate (19) to (1).
We take the curl of both sides, assuming θ to be a smooth function. This assumption
corresponds to the absence of any vortices in the material. Thus, we obtain

∇× j = −nq
2

m
∇×A = −nq

2

m
B (20)

since the curl of a gradient always is zero. This is of the same form as (1).
We wanted to show that the flux is quantized so we consider the definition of flux

Φ =
∫
D

B · da =
∮
∂D

A · dl (21)

in which we have used Stokes theorem (D is the area enclosed by the superconducting
loop). Now if the current density is zero inside the superconductor, ~∇θ = qA has to
hold in (19). There for we can form our flux as

Φ = ~
q

∮
∂D
∇θ · dl = ~

q
(θ2 − θ1) = ~δ

q
. (22)

The phase difference must be such that our probability amplitude ψ = n1/2eiθ is single-
valued. Therefore

δ = θ2 − θ1 = 2πm, m ∈ Z. (23)
This shows that the flux is quantized in discrete packages called fluxons [10]. Exper-
iments show that q = −2e since the charges are Cooper pairs. We define the fluxon
as

Φ0 ≡
2π~
2e = π~

e
≈ 2.0678 · 10−15 [tesla ·m2]. (24)
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3 Josephson Circuits
There are some different conventional ways of implementing one or several Josephson
junctions into a quantum integrated circuit. Here I will describe the most common
circuits that uses different sets of charge and flux parameters.

3.1 The Cooper Pair Box
The Cooper Pair Box (CPB) is perhaps the simplest variant of a Josephson circuit. In
this circuit the charge contribution to the energy dominates over the flux and this is why
the CPB is sometimes called a charge qubit. The circuit can be described as in figure
5 with the box as a superconducting island connected to a Josephson junction to the
outside world.

Figure 5: A schematic drawing of the CPB. The big cross denotes the Josephson junction
while Cg and Vg are the capacitance and voltage over the gate, respectively.

The box is driven by a voltage over a capacitance such that the box stores Cooper
pair electrons which can be pushed in or out of the box through tunneling. Therefore the
number of Cooper pairs N has to be treated as an operator with the relation N̂ |N〉 =
N |N〉 with N ∈ Z. We define another operator in this circuit θ̂ such that the two
operators conjugate with the relation [θ̂, N̂ ] = i. We can then interpret θ as the phase
of the Cooper pair condensate over the superconducting island with θ ∈ [0, 2π]. Other
relations that must hold may then be summarized

θ̂ |θ〉 = θ |θ〉 ; N̂ |θ〉 = −i ∂
∂θ
|θ〉 ; θ̂ |N〉 = i

∂

∂N
|N〉 (25)
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with the additional Fourier expansions

|θ〉 =
∑
N∈Z

eiNθ |N〉 ; |N〉 = 1
2π

∫ 2π

0
e−iNθ |θ〉 dθ (26)

We may also form the important uncertainty relation between N̂ and θ̂

∆θ̂∆N̂ ≥ 1
2 | 〈[θ̂, N̂ ]〉 | = 1

2 (27)

The amount of charge on the superconducting box is not conserved since we allow Cooper
pairs to tunnel from the box to the bulk superconductor and vice versa. This means that
∆N̂ = ∞ such that ∆θ̂ ≥ 0 and thus we may fix the phase of the box. Since Q = 2eN
and Φ = ϕ0θ in the CPB we have again constructed a system where two classical entities
is viewed upon in a quantized manner. Here, ϕ0 is a constant with a unit of flux [15].
From this we can construct a Hamiltonian for the CPB using the fact that energy is
power integrated over time and that voltage is the time derivative of the flux:

E =
∫ t

−∞
P (t′)dt′ =

∫ t

−∞
V (t′)I(t′)dt′ =

∫ t

−∞

dΦ
dt′ Ic sin

(
2πΦ
Φ0

)
dt′ = −IC

(
Φ0

2π

)
cos

(
2πΦ
Φ0

)
.

(28)
We also have an electrostatic part of the Hamiltonian from the charge piled up on the
capacitor. The total Hamiltonian can then be written (with θ̂ =

(
2πΦ̂
Φ0

)
)

Ĥ = EC(N̂ −Ng)2 − EJ cos θ̂ (29)

in which EC = (2e)2

2(CJ +Cg) is the charging energy of the box while EJ = ICΦ0
2π is the energy of

the Josephson junction. N̂ here is number operator of the total amount of Cooper pairs
on the superconducting island and Ng = CgVg

2e is the reduced charge over the gate. In this
form it is clear that we have two contributions to the energy of the CPB, an electrical
and one depending on the flux over the island. Thus the energy levels will depend on the
parameters of EC and EJ but also on the charge residual of the gate Ng [6].

It is also possible to derive the Hamiltonian of the CPB using the formality of ana-
lytical mechanics. By choosing our kinetic part of the energy to regard the capacitances,
we have

T = Cg
2 (Φ̇)2 + CJ

2 (Φ̇)2 = C

2 (Φ̇)2 (30)

in which we have chosen C = Cg + CJ to denote the total capacitance of the island and
Φ̇ = dΦ

dt . We will also have a potential energy from the Josephson junction and the gate
source. This may be expressed

U = −EJ cos
(

2πΦ
Φ0

)
− VgCgΦ̇. (31)
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A Lagrangian can now be defined as

L = T − U = C

2 (Φ̇)2 + EJ cos 2πΦ
Φ0

+ VgCgΦ̇ (32)

We now seek a generalized canonical momentum which we define as Q since the general-
ized momentum is a quantity of charge.

Q = ∂L
∂Φ̇

= CΦ̇ + VgCg (33)

According to analytical mechanics we may now define a function H that represents the
energy of the system.

H = QΦ̇− L = C

2 (Φ̇)2 − EJ cos 2πΦ
Φ0

= (Q− VgCg)2

2C − EJ cos 2πΦ
Φ0

(34)

By defining EC = (2e)2

2C , N = Q
2e , Ng = VgCg

2e and θ = 2πΦ
Φ0

we rewrite H in a familiar form

H = EC(N −Ng)2 − EJ cos θ (35)

in which N represents the amount of Cooper pairs on the island and Ng the effective
offset charge. We call the function H the Hamiltonian and introduce the formalism of
quantum mechanics and operators to retrieve (29).

To be able to find the energy eigenstates of the CPB and its eigenvalues it is desirable
to write the Hamiltonian involving only one of the two operators N̂ and θ̂. Noticing that
e±iθ̂ |N〉 = |N ± 1〉 we rewrite the Hamiltonian in the charge basis as follows

Ĥ =
∑
N∈Z

(
EC(N̂ −Ng)2 |N〉 〈N | − EJ

2 (|N〉 〈N + 1|+ |N + 1〉 〈N |)
)
. (36)

This charge representation will be used to calculate the energy values of the CPB nu-
merically. To do this we will have to truncate the infinite sum in (36). However, this
does not raise any difficulties since the main interest is in the lowest energy values. In
the numerical calculation the following band matrix is diagonalized.

EC(−Nmax −Ng)2 −EJ

2 0 · · · · · · · · · 0
−EJ

2 EC(−Nmax + 1−Ng)2 −EJ

2 0 . . . . . . ...
0 −EJ

2
. . . . . . 0 . . . ...

... 0 . . . . . . · · · −EJ

2 0
... . . . 0 ... −EJ

2 EC(Nmax − 1−Ng)2 −EJ

2
0 · · · · · · · · · 0 −EJ

2 EC(Nmax −Ng)2


(37)
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Figure 6: These figures show the energy levels of the CPB. To the left the ratio between
EC and EJ is 5, a typical value for the charge qubit. Similarly to the right the same ratio
is 1.

in which Nmax is the maximum amount of Cooper pairs on the superconducting island
in our truncation. In figure 6 the energy values of the CPB is plotted showing the lowest
energy states of the system for two combinations of the EC

EJ
ratio. Considering the left

picture, when EC = 5EJ , the two lowest lying energy levels are well separated to the
higher ones by a large gap at Ng = 1

2 . For this Ng one may then approximate the system
by a two-level system having the Hamiltonian

Ĥ = EC(Ng −
1
2)σ̂z −

1
2EJ σ̂x (38)

in which σ̂z = |0〉 〈0| − |1〉 〈1| and σ̂x = |0〉 〈1| + |1〉 〈0| are the Pauli spin matrices [7].
Therefore, for this two-level system, the energy values can be found by diagonalizing the
matrix (

EC(Ng − 1
2) −EJ

2
−EJ

2 EC(Ng − 1
2)

)
(39)

such that the energy values become

E± = ±
√
E2
C(Ng −

1
2)2 + E2

J

4 . (40)

These two states represents a system with either zero or one extra pair of electrons on
the superconducting island.

It is also possible to define the number operator as N̂ = |θ〉 ∂
i∂
〈θ| such that a Hamil-

tonian in the phase basis with the Schrödinger equation is obtained as

EC

(
1
i

∂

∂θ
−Ng

)2

ψk(θ)− EJ cos θ̂ ψk(θ) = Ekψk(θ) (41)

with ψk(θ) = 〈θ | k〉 [15]. This phase representation of the Hamiltonian can also be used
to calculate the energy values of the CPB using Mathieu functions.
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3.2 The Flux Qubit
It also possible to implement a qubit where the flux dominates over the charge, in contrast
to the CPB. This qubit is often called the Flux Qubit and one way to implement it is
shown in the figure below.

Figure 7: A schematic picture of the RF-SQUID. The big cross denotes the Josephson
junction while L is the inductance of the loop.

This design is often referred to as the RF-SQUID (Radio Frequency - Superconducting
QUantum Inteference Device) and it is considered to be the magnetic analogue to the
CPB. As seen in the picture, an induced magnetic field from the current driven in the
auxiliary coil pierces the loop. The superconducting loop is then being penetrated by, not
only an magnetic flux Φext from the external fields, but also from the field generated by
the superconducting currents inside loop. Therefore, the total magnetic flux through the
SQUID is Φ = Φext+Φsc and also, due to the fact that the flux through a superconducting
loop is quantized (see section 2.3.2), the currents inside the loop must adjust to the
externally applied flux which does not, in general, have a quantization condition.

Now, since the loop has an inductance L and the Josephson junction has a capacitance
C, the loop can be viewed as an LC-circuit but with the extra term of the Josephson
energy in the Hamiltonian. The Hamiltonian can then be written [6]

Ĥ = Q̂2

2C + Φ̂2

2L − EJ cos
(2e
~

(Φ̂− Φext)
)
. (42)

As in the case of the LC-circuit, the two variables of charge Q and flux Φ are seen
upon as conjugate operators with the commutation relation [Q,Φ] = i~ so we can define
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Q̂ = −i~ ∂
∂Φ to obtain the Hamiltonian

Ĥ = − ~2

2C
∂2

∂Φ2 + Φ̂2

2L − EJ cos
(2e
~

(Φ̂− Φext)
)
. (43)

Worth noting is that we no longer have a phase θ in the Hamiltonian. The phase corre-
sponded to the flux across the Josephson element in the CPB and took its values on a
circle. Φ however, takes its values on a line. Also, the charge operator differs from the
number operator of the CPB since Q̂ takes on continuous eigenvalues while that of N̂
can only be integers.

Figure 8: This diagram shows the potential energy of the RF-SQUID over the magnetic
flux, schematically. Note the two lowest energy values and the two wells of potential
energy. In this picture Φext = π.

In contrast to the CPB, the RF-SQUID does not have any analytical expression for its
energy values. It is however possible to reduce the system to a two-level system, similar
to that of the CPB. The Hamiltonian for this reduced system may then be written [6]

Ĥ = −1
2η
√
EBECJe−ξ

√
EB

ECJ σ̂z + ζ
Φ2

0
2L

(
Φext

Φ0
− 1

2

)2

σ̂x (44)

with η, ξ and ζ determined numerically while EB is the barrier energy between the two
potential wells in the system. Also, ECJ = (2e)2

2CJ
and the σ-operators are Pauli spin

matrices. Therefore, equation (44) is of the same form as (38) so the energy levels will
have the same characteristic appearance as the CPB in equation (40).
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3.3 The Transmon
An introduction to the Transmon (transmission-line shunted plasma oscillation qubit
[16]) is perhaps best put in the context of the CPB and its energy levels. The two lowest
energy levels corresponding to the red and blue lines in figure 9 are the supposed qubit
operating levels for the CPB. Variations of the parameter Ng will however affect the
functionality of the qubit dramatically.

Figure 9: The energy values for the CPB when EC = 5EJ . The gray areas correspond
to potential disturbances in charge (Ng).

As earlier described in subsection 2.3, the energy spacing between the two lowest
energy levels needs to be different than the energy levels between other consecutive
levels (in particular that of |1〉 and |2〉). Otherwise, qubit operations may excite other
transitions in the system and this is undesirable. In the light of this, there is an obvious
"sweet spot" at Ng = 1

2 in figure 6 for EC = 5EJ . For this choice of Ng, EJ and EC , the
CPB is said to have a high anharmonicity. Another reason why Ng = 1

2 is favorable is
because for other Ng, small variations in Ng lead to large variation in energy. External
disturbances in charge may then lead to dephasing. This does not occur for Ng = 1

2 for
disturbances of the first order. In figure 9 this concept is explained with the gray areas.
The idea of the "sweet spot" of the CPB is the underlying motivation for the Transmon.
It is constructed such that every spot is a ’sweet spot’, no matter what value Ng has.

The circuit of the Transmon bears close resemblance to that of the CPB. The Trans-
mon consists of two superconducting islands which, in contrast to the CPB, are electri-
cally isolated from the rest of the system. These islands each have a Josephson junction
coupled through them and these two junctions will be viewed upon as equal for simplicity.
An effective diagram of the Transmon is seen in figure 10 [17].

Although the similarities between the Transmon and the CPB are many, there is an
important distinction regarding the capacitance of the circuits. The modification of the
CPB to the Transmon involves a shunting connection between the two superconductors
via a very large capacitance CB. Similarly, the gate capacitance Cg is also increased.
This has considerable effects on the ratio of the electrostatic charge energy EC and the
Josephson energy EJ .
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Figure 10: A schematic circuit diagram of the Transmon. The crosses denotes the Joseph-
son junctions and the superconducting islands are marked with sky blue.

Since the circuit topology of the Transmon shares that one of the CPB, they also
share the same form of the Hamiltonian. This may again be proved by the concepts
of analytical mechanics. In this derivation we will however dismiss the coupling to the
resonator in the circuit and therefore focus on the superconducting islands. We define
the kinetic energy as

T = Cg
2 (Φ̇J)2 + CJ

2 (Φ̇J)2 + CB
2 (Φ̇J)2 = C

2 (Φ̇J)2 (45)

in which Φ̇J is the effective flux through both of the superconducting islands. The
potential energy term is just the Josephson energy since we have omitted the resonator
term.

U = −EJ cos 2πΦ
Φ0

(46)

The Lagrangian may then be formed

L = T − U = C

2 (Φ̇J)2 + EJ cos 2πΦ
Φ0

(47)

and the generalized canonical momentum

QJ = ∂L
∂Φ̇J

= C(Φ̇J)2. (48)

We define a Hamiltonian function as

H = QJΦ̇J − L = Q2
J

2C − EJ cos 2πΦ
Φ0

. (49)
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But in this Hamiltonian we have no parameter to control. The term which couples QJ

and CgVg is no longer present. This is however a result of the naive model of the circuit.
The resonator, which we have omitted in our derivation, will work as a capacitor at DC
and then add gate voltage at the gate capacitor. It will then have the a similar effect
to the gate voltage in that of the CPB. We must subtract this from QJ and obtain the
Hamiltonian

H = (QJ −Qg)2

2C − EJ cos 2πΦ
Φ0

= EC(N −Ng)2 − EJ cos θ (50)

with the same definitions of EC , N , Ng and θ as before. Although this derivation of the
Hamiltonian may seem simplistic, the same principles apply in a rigourous derivation
[18].

The quantum mechanical Hamiltonian for the Transmon is then written

Ĥ = EC(N̂ −Ng)2 − EJ cos θ̂. (51)

However, N̂ here is the number operator of Coopers pairs transferred between the super-
conducting islands while θ̂ is the phase difference between the two. They are defined as
follows [17]

N̂ = N̂1 − N̂2

2 , N̂tot = N̂1 + N̂2, θ̂ = θ̂1 − θ̂2 (52)

in which the subscripts 1 and 2 correspond to the two superconducting islands. N̂tot is the
total number of Cooper pairs on both islands. From this we can form the commutation
relationships between the operators as follows

[N̂tot, θ̂] = (N̂1 + N̂2)(θ̂1 − θ̂2)− (θ̂1 − θ̂2)(N̂1 + N̂2) =
= [N̂1, θ̂1]− [N̂2, θ̂2]− [N̂1, θ̂2] + [N̂2, θ̂1] = −i+ i+ 0 + 0 = 0 (53)

and

[N̂ , θ̂] = 1
2
(
(N̂1 + N̂2)(θ̂1 − θ̂2)− (θ̂1 − θ̂2)(N̂1 + N̂2)

)
= 1

2([N̂1, θ̂1]+[N̂2, θ̂2]) = −i (54)

From these two commutation relationships we read that the total number of Cooper pairs
on both islands, N̂tot, and the gauge-invariant phase difference between them, θ̂, commute.
The consequence of this is that we can measure these observables simultaneously without
breaking any uncertainty relations such as (27). In contrast to the CPB where the
Cooper pairs could tunnel from the superconducting island to the bulk superconductor,
the Transmon has its total charge conserved between its two superconducting islands.
This does not however make the phase difference between the islands indefinite because
of the commutation relationship between N̂tot and θ̂.

With the Hamiltonian as (51) the energy values of the Transmon can be plotted as
in (36) (see figure 11).

In these energy level diagrams EJ >> EC since the capacitance in the expression
EC = (2e)2

2C , (C = Cg +CJ +CB), is very large. In figure 11 we have now achieved a sweet
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Figure 11: In these two plots the energy values of the Transmon qubit are shown. In the
left diagram EJ

EC
= 50 while in the right diagram EJ

EC
= 100.

spot independent of what value Ng has. The energy levels are therefore almost flat and
this is desirable. Variations in Ng caused by random external disturbances will not affect
the Transmon’s energy values considerably. However, considering the anharmonicity
of the system, the same problem of the LC-circuit has arisen. The energy differences
between energy levels now tend to be equal such that there are no favorable values for
Ng having a large anharmonicity. This means that the Transmon has two opposing
properties for high EJ

EC
ratios i.e. a low anharmonicity and a low charge dispersion.

The relation between these two will now be further discussed.
We may define the charge dispersion, which we denote εm, as the width of the mth

energy level. It may then be written εm ≡ Em(Ng = 1
2)−Em(Ng = 0). This is displayed

in figure 12.

Figure 12: The width of the energy levels defined as the charge dispersion of the system.
This is for EC = 5EJ .

For a given EJ

EC
ratio the lowest energy levels has the lowest charge dispersion which is

advantageous for a good qubit. As the EJ

EC
ratio becomes larger and enters the Transmon-
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regime, research has shown that [16]

εm ' (−1)mEC
24m+5

m!

√
2
π

(
EJ

2EC

)m
2 + 3

4
e−
√

8EJ
EC . (55)

The important feature of this equation is that it decreases ∝ e−
√

8EJ
EC as EJ >> EC .

Therefore it tends to zero exponentially. To compare this exponential decrease with the
decrease of the systems anharmonicity one must define a measure of the latter. We define

αr = E12 − E01

E01
(56)

as the relative anharmonicity in which Eij is the energy difference between the ith and
the jth energy levels. With this measure, it is possible to show that αr ∝ −

(
8EJ

EC

)− 1
2

[16]. This means that the relative anharmonicity tends to zero polynomially. By setting√
8EJ

EC
= x we can conclude that since e−x tends to zero faster than x−1 does, the charge

dispersion tends to zero faster than what the anharmonicity of the Transmon does. Thus,
the Transmon eliminates its charge dispersion making it insensitive to outer charge dis-
turbances while retaining its anharmonicity. In the light of this, it is possible to conclude
that the Transmon is a better superconducting quantum bit than the CPB.

23



4 Summary and Conclusions
Three different designs of superconducting quantum bits has been discussed. The Cooper
Pair Box with its single superconducting island and Josephson junction is a good charge
qubit with its energy values plotted in figure 6. For Ng = 1

2 outer disturbances, such as
molecules, will not affect the energy of the system in the first order. Furthermore, for
this value of Ng the CPB has a large anharmonicity, which is desirable. However, it is
not always possible to keep Ng = 1

2 . Therefore, researchers developed the Transmon. Its
energy levels are plotted in figure 11. The Transmon is designed to to eliminate the effect
of outer charge disturbances in Ng while retaining the anharmonicity of the system. This
is achieved by operating the Transmon in the EJ >> EC regime instead of the Cooper
Pair Box EC > EJ regime. Hence, the Transmon is often referred to as a continuation
of the Cooper Pair Box.

The Flux Qubit (RF-SQUID) has also been discussed. It is often viewed upon as
the magnetic equivalence of the Cooper Pair Box since they share the same basic layout.
However, in the RF-SQUID a superconducting transformer is being used to control the
Hamiltonian instead of a gate capacitor as in the Cooper Pair Box.

As mentioned in the introduction, superconducting qubits is just one way of imple-
menting qubits. It is still too early to say whether or not this particular type will be
the prevailing one in future quantum computing. There is much left to discuss and solve
regarding the problems of decoherence and dissipation in these systems and even if quan-
tum computers never becomes reality with superconducting qubits, this research field
will continue to add to our understanding of fundamental quantum physics in the future.
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