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“Knowledge would be fatal. It is the uncertainty that charms one. A
mist makes things wonderful.”

∼ Oscar Wilde





Abstract
In the development of advanced signal processing techniques, dealing with both

uncertainties and computational burden is essential. Taking the uncertainties into
consideration is required in order to guarantee a certain level of performance, even
when the system is designed based on imperfect prior knowledge. Addressing the
computational issues is required due to the great popularity of large-scale systems
in recent years, where low-complexity signal processing techniques are not only
desirable but required.

The thesis considers robustness and complexity as two lines of analysis for prob-
lems related to parameter estimation and spatial power distribution. In particular,
the robustness is realized by means of designing transmit signals using optimiza-
tion frameworks which account for uncertainties. The complexity issue, on the other
hand, is addressed by proposing methods to reduce the computational load for the
Bayesian parameter estimation. The common theme throughout the thesis is the use
of array with multiple elements which is applied to different applications: wireless
communication systems, radars and hyperthermia therapy.

The first part of the thesis focuses on the multiple-input multiple-output (MIMO)
channel estimation problem. First, a worst-case robust design framework is intro-
duced to deal with uncertain model parameters. This framework is developed specif-
ically to provide robust training sequences for minimum mean square error (MMSE)
channel estimation in MIMO communication systems. Second, low-complexity es-
timators are proposed for large-scale MIMO systems in order to be applied instead
of the optimal MMSE estimator which suffers from high computational complexity.

The second part of the thesis deals with spatial power distribution using a
multi-element array. The distribution of power in space can be controlled in an
optimal manner thanks to waveform diversity offered by the MIMO technology.
Robust waveforms are designed by using a worst-case robust optimization frame-
work which is tailored specifically for radar and hyperthermia therapy applications,
taking uncertain array steering vectors into account.



Sammanfattning
När man utvecklar avancerade signalbehandlingsalgoritmer, är det viktigt att

hantera b̊ade osäkerheter och beräkningskomplexitet. Att ta hänsyn till osäkerhet är
nödvändigt för att kunna garantera en viss prestandaniv̊a, även d̊a systemet desig-
nas baserat p̊a osäker förkunskap. Att hantera beräkningsaspekterna är nödvändigt
pga intresset för storskaliga system under senare år, där signalbehandlingsmetoder
med l̊ag komplexitet inte bara är önskvärda utan nödvändiga.

Avhandlingen behandlar robusthet och komplexitet som tv̊a analysstrategier,
för problem inom paramaterskattning och spatiell effektfördelning. Speciellt, åstad-
kommes robustheten genom att designa sändsignaler mha optimeringsramverk som
tar hänsyn till osäkerheter. Vad gäller komplexitetsaspekten, å andra sidan, föresl̊as
metoder för att reducera beräkningsbördan för Bayesiansk parameterskattning. Ett
genomg̊aende tema i hela avhandlingen är användningen av multipla element, appli-
cerat p̊a olika tillämpningsomr̊aden: tr̊adlösa kommunikationssystem, radar och
hypertermibehandling.

Första delen av avhandlingen är inriktad p̊a kanalskattning för flerantenns-
system (MIMO). Först introduceras ett ramverk baserat p̊a värsta falls-robusthet,
för att hantera osäkra modellparametrar. Detta ramverk är framtaget specifikt
för att ta fram robusta träningssekvenser för kanalskattning baserat p̊a MMSE i
MIMO-kommunikationssystem. För det andra föresl̊as l̊agkomplexitetsskattare för
storskaliga MIMO-system, som ersättning för den optimala MMSE-skattaren, som
lider av hög beräkningskomplexitet.

Den andra delen av avhandlingen behandlar spatiell effektfördelning mha fler-
elements arrayer. Effektspridningen i rummet kan styras optimalt tack vare v̊agform-
sdiversiteten som erbjuds av MIMO-teknologin. Robusta v̊agformer designas mha
en värsta falls-optimeringsstrategi, skräddarsydd för radar respektive hypertermi-
behandling, genom att ta hänsyn till osäkerheten i array-svaret.
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Chapter 1

Introduction

Signal processing is the enabling technology for the generation, transforma-
tion, extraction, and interpretation of information [IEE]. Signal processing is
an essential part of many modern communication and control systems. As

the technologies in these fields develop, signal processing techniques must adapt
accordingly to improve efficiency and performance. One of these techniques, dis-
cussed in this thesis, is the use of multiple antennas in applications varying from
wireless communication to systems designed for transmitting and distributing power
in space.

Adding more practical constraints, as a direct outcome of employing a system
matched to the needs of the modern real world, results in more complicated mod-
els to study. However, independent of how well we try to model the complicated
systems, the models still might be inaccurate. As George Box says [BD86, p.424]:

“All models are wrong, but some are useful.”

Also, the same argument applies to parameters involved in the models, implying
that the parameters can be erroneous due to imprecise estimation or acquisition.
We therefore need to robustify the system to combat against the model errors as
well as uncertain parameters.

Increased complexity is also another natural result of having more advanced
signal processing technologies where more demands have to be satisfied. In this
thesis, we deal with these challenges in different applications.

In this chapter, we introduce applications and describe perspectives with respect
to which the thesis is written. This chapter is concluded by outlining the contribu-
tions of the thesis chapter-wise, and by mentioning the contributions which are not
included in the thesis.

1.1 Multi-antenna Systems and Applications

Multi-antenna systems are at the core of the research carried out and outlined in
this thesis. Specifically, we consider multi element antenna (MEA) arrays consisting

1



2 Introduction

Tx-1

Tx-N
t

Rx-1

Rx-N
r

   scatterer

scatterer

Figure 1.1: Illustration of a MIMO wireless channel with a transmit array of Nt
antennas and a receive array of Nr antennas where surrounding scatterers cause
multipath propagation.

of several physically-separated antennas [FJRG08]. We can control the individual
signal transmitted from each antenna and extract the individual signal received at
each antenna. Several properties and features of such systems are investigated for
different applications.

The thesis is divided into two main parts. The first part discusses multi-antenna
wireless communication systems whereas the second part treats optimization of spa-
tial power distribution in multi-antenna systems. In addition, two lines of analysis,
namely robustness and complexity, are pursued in the following applications:

• Channel estimation for multiple-input multiple-output (MIMO) communica-
tion systems: A wireless communication link equipped with multiple antennas
at both link ends is considered. The path between each pair of antennas can
be characterized by a coefficient that describes phase-shifts and attenuation,
referred to as channel coefficient. These coefficients stay fixed for a certain
amount of time and knowing their values allows for transferring information
efficiently. A MIMO channel is depicted in Fig. 1.1 where scatterers around
antennas cause multipath propagation. Estimating Nt×Nr number of channel
coefficients with high efficiency and low sensitivity to model errors is our goal
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Transmit Array with M elements

Receive Array

 

 

Figure 1.2: Illustration of a MIMO Radar system with anM -element transmit array
exploited for designing a beampattern.

 Transmitter

Beampattern

     Design

Figure 1.3: Illustration of an ultrasonic array with multiple transducers that heat
up the tumor area in an organ. Waveforms can be design to optimize the power
distribution for the area of interest.



4 Introduction

Table 1.1: Topics investigated in the thesis

Analysis
Application Channel Estimation Radar Hyperthermia therapy

Robustness X X X

Complexity X × ×

in the thesis. We analyze how these unknown wireless channel coefficients can
be estimated as accurate as possible while considering different constraints.
In fact, the optimization of training sequences for MIMO channel estimation
with respect to uncertain prior channel knowledge is investigated. Moreover,
the complexity of channel coefficients estimation for large scale MIMO sys-
tems is also analyzed.

• Power distribution for MIMO radars: A radar system with multiple antennas
is considered and the problem of designing the transmitted beampattern, i.e.,
controlling how power is distributed in the area of interest, is investigated. A
feature known as Waveform diversity in MIMO radar technology is exploited,
translating into more degrees of freedom to shape the beampattern as de-
sired. Fig. 1.2 illustrates a MIMO radar system where we concentrate on the
transmitter side.

• Power distribution for MIMO hyperthermia therapy: An ultrasonic array with
multiple antennas is considered for hyperthermia cancer treatment. Hyper-
thermia therapy is a type of cancer treatments in which the tumor area in
human body is heated up either to kill the cancer cells or to make them more
susceptible to drugs or radiations exploited in the chemotherapy or radio-
therapy, respectively. This process is illustrated in schematic Fig. 1.3 where
a tumor area in the organ at risk is heated up using ultrasonic waves. The
problem of optimal spatial power distribution, which can be achieved upon
designing transmit signals with respect to different practical constraints, is
analyzed.

Table 1.1 clarifies this classification in terms of considered applications and
carried out analysis.

1.2 Robustness Analysis

The more we know a priori how a system behaves, the better we can optimize the
performance. Exploiting prior knowledge of a system has proven to be a source of
performance improvement in many scenarios. However, if this knowledge is relied
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upon without taking into consideration the possibility of errors or deviations the
result can instead be performance degradation. In the thesis, we provide robust
designs for the signals to be emitted from a multi-antenna array by taking into
account uncertainties in the system parameters. By characterizing the possible pa-
rameter uncertainties or errors, the design can combat against severe performance
degradation.

In general design problems, there exists an objective function f(Dv,Sp) where
design variables Dv should be chosen such that f(Dv,Sp), for given system pa-
rameters Sp, is optimized; Moreover a set of constraints over Dv, described by the
set Dv, is also satisfied. Mathematically,

min
Dv

f(Dv,Sp)

s.t. Dv ∈ Dv.
(1.1)

The performance degradation occurs when a physical phenomenon is described by
an erroneous model with (possibly) uncertain system parameters. Time variations
are also important causes of errors. Even if one estimates system characteristics
perfectly, these characteristics will change over time which make the estimates un-
reliable. As a result, signal processing or control schemes are devised under incor-
porating such uncertainties. In practice, some levels of loss are inevitable, where the
performance of a system is evaluated under real-world assumptions, that is using
real parameters which essentially fall away from prior knowledge based on which
the whole processes and designs have taken place.

Here in the thesis, we concentrate on deterministic sets to model the uncer-
tainty. Deterministic uncertainty modeling implies that the true parameter belongs
to an uncertainty region in the neighborhood of the nominal (prior) parameter. In
other words, we assume that every realization of the true parameter belongs to an
uncertainty region having the nominal parameter as its center if the mismatch part
belongs to a symmetric set. The volume of this region shows how uncertain the
parameter of interest is regarding the available prior knowledge.

The counterpart of a deterministic model is a stochastic uncertainty model which
exploits statistical information of existing uncertainties such as the distribution of
uncertain parameters [Pre05], i.e., treating uncertainties probabilistically, and then
the average performance is optimized as a figure of merit. The stochastic modeling
has not been considered in this thesis.

The argument here is how the objective f(Dv,Sp) is affected if the predefined
system parameters Sp are not perfectly known. To illustrate the issue of having
uncertainties E in the system, we provide new optimization problem that should be
addressed under these circumstances. In this new design formulation, we introduce
a minimax optimization problem by following a worst-case robustness philosophy,
where we deal with nominal (prior) knowledge Ŝp of the system parameter Sp, as
the only available information, and the existing uncertainty E belonging to the set
E .
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min
Dv

max
E

f(Dv, Ŝp,E)

s.t. Dv ∈ Dv,E ∈ E .
(1.2)

Robust strategies in order to combat against inevitable uncertainties in the
system parameters are well studied, from classical statistical studies in estimation
theory [Hub64], signal processing [KP85] and application-based works [VP84], e.g.,
in matched filtering [VP83] to more recent works either in robust estimation of
a random vector in the linear observation model [EM04, Eld06,MM10, ZSB+14],
or least square estimation of a binary vector [TJO11]. The subject of robustness
has also attracted a lot of attention in the field of MIMO communication system
designs [PIPPNL06,WP09,VBS09,WP10a,WP10b,WB11,CF11]. These studies are
inspired by the fact that knowledge of the true channel, i.e., having precise MIMO
channel state information (CSI), plays a key role in gaining the full potential of
the MIMO communication systems and lack of such knowledge would degrade the
promising performance of the MIMO systems. Also for sensing systems, for example
in MIMO radar literature, there exist studies such as [YB07,GLV11] where robust
waveforms are derived to reduce the performance loss.

Robustness analysis in the thesis is performed first in lines of answering the
following statement: how to improve the performance of parameter estimation by
designing the transmit signals when the knowledge of the second order statistics of
the parameter to be estimated is imperfect. Second, we try to robustify the problem
of forming spatial power distribution in an area of interest for a multi-antenna array
by using waveform diversity. Therefore, two types of robust transmit signal design
problems are investigated in the thesis. They are basically associated with the two
types of multi-antenna systems considered in the thesis.

In particular, in the first part for wireless channel estimation, the goal is to find
robust training sequences which are known sequences emitted from the transmitter
array for the purpose of channel estimation with respect to a total power con-
straint. The design objective here, i.e., the estimation error, is a function of second
order statistics of the channel, i.e., channel covariance matrix, which is not perfectly
known in practice. In the thesis, the perturbed covariance matrices, as uncertain
system parameters, are dealt with by designing robust transmit signals. Particu-
larly, Chapters 3 and 4 provide robust training signals as solutions to minimax
optimization problems which are formulated by following the worst-case robustness
framework. Following such philosophy means to find the optimal (best) solution
for the least favorable (worst) realizations of the uncertain system parameters. For
our problem of interest, such formulation can be thought of as searching for the
best transmit signals for all the covariance matrices belonging to the pre-defined
deterministic uncertainty set including the worst ones. The worst ones are those
which degrade the performance metric, i.e., the optimization objective, the most.

In the second part, we aim to find robust waveforms for optimal array beampat-
tern design which is to shape and control power distribution in space specifically in
the area of interest where the total transmitted power of waveforms is limited. Here,
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the design objective is a function of the array output model, which is subject to
errors. The erroneous model degrades the transmit beampattern design such that
there is no guarantee to have a certain power level in the area of interest. This
event may translate to serious penalties for some applications. For that reason it
should be avoided by addressing such uncertainties in the design problem before-
hand. Here again existing uncertainty in the system parameters are characterized
deterministically. Chapters 7 and 8 cover the robustness analysis for optimal spatial
power distribution.

1.3 Complexity Analysis

Another topic treated in the thesis is the analysis of computational complexity for
parameter estimation. Specifically, the complexity of channel estimation for massive
MIMO systems, i.e., the systems exploiting hundreds of antennas instead of a hand-
ful of antennas used in contemporary MIMO, is investigated since the computational
complexity is one of the major issues that such systems are facing. Low-complexity
detection, precoding and direction of arrival estimation techniques have been inves-
tigated in [VMCR08,Cho10, ZGMS13,WKN+14,MKBD13,KMBD14,WLZ12] for
large scale MIMO systems. The recent peak in the amount of research carried out
around the topic of complexity for large scale MIMO systems establishes a vivid
flag to emphasize on the need for such investigations.

In general, two types of complexity measures are used to evaluate the efficiency
of an algorithm, namely time complexity and space complexity. Space complexity
specifies the required number of memory cells for an algorithm. Herein we only focus
on time complexity which indicates how much time is required for an algorithm to
run and it is given as a function of the length of the input string [Sip06]. Time
complexity is also referred to as running time. The running time for an algorithm
can be interpreted as the required number of steps to solve a problem, or in other
words, the number of basic operations, e.g., arithmetic floating point operations.
The quantity counting the number of floating point operations (FLOPs) is a measure
used to roughly estimate complexity of an algorithm. The number of FLOPs is given
as a function of the problem dimensions. Besides using FLOP counts to describe the
complexity, it is also common to estimate the running time asymptotically assuming
an input with infinite length where big-O notation is used to describe asymptotic
complexity. This notion is defined as follows:

Big-O notation: We state that f(n) = O(g(n)) if there exist positive integers
n0 and c such that

f(n) ≤ c(g(n)) ∀n ≥ n0 (1.3)
It implies that we only need to keep the highest order term in the polynomial
function representing the number of FLOPs, and discard its coefficient as well as
all the lower order terms, in order to obtain the asymptotic complexity.

Therefore, the complexity analysis in the thesis is summarized as follows:

• Asymptotic computational complexity represented by big-O notation.
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• Exact computational complexity represented in terms of FLOPs.

The estimation problems studied in the thesis have polynomial time complex-
ity. The term polynomial time complexity is used in complexity theory to describe
a certain class of algorithms which has O(nk) complexity where k > 1. It means
that for estimating elements of a vector of size n, it requires at most p(n) number
of operations, i.e., FLOPs, for some polynomial p(·) of order k. The conventional
estimators, which are the focus throughout the thesis, rely on inverting covariance
matrices, which is a matrix operation with cubic complexity in the dimension of the
covariance matrices. That is for a covariance matrix of size M , the complexity scal-
ing of the classical inversion algorithms, such as Gaussian elimination and inversion
based on Cholesky decomposition [BV] is O(M3). Since this is extremely expensive
when there are hundreds of antennas which is the case for massive MIMO systems,
we propose to approximate the inversion by an L-order matrix polynomial. This
scheme is the main concept studied in Chapter 5.

Note that the exponent in the expression O(M3) for matrix inversion can be
reduced to O(M2.8074) by Strassen’s algorithm in [Str69], which is a divide-and-
conquer algorithm that exploits that 2 × 2 matrices can be multiplied efficiently.
Using the complexity expressions in [Str69], it can be shown that the algorithm
is only computationally beneficial for very large matrices (e.g., M & 8000) due to
heavy overhead computations. It also has other drawbacks, such as lower computa-
tional accuracy and that the matrix dimensions must be M = 2k for some integer
k. The exponent can be further reduced to O(M2.373) [Wil12], but at the cost of
even more overhead that pushes the breaking point to even higher values of M .

Chapter 5 analyzes the computational complexity of channel estimation for mas-
sive MIMO systems where we propose new estimators with the complexity scaling
O(M2), which are proved to be beneficial, i.e., less complex than conventional es-
timators, at large but practical M .

1.4 Outline and Contributions

In the following, a brief description of each chapter is provided, also Fig. 1.4 depicts
the dependency graph of the topics investigated in the thesis chapters.

1.4.1 Contributions included in the thesis
Chapter 2

Chapter 2 provides a background to the material discussed and analyzed in Part I
of the thesis, i.e., Chapters 3, 4 and 5. Beside describing essential concepts of
MIMO wireless communication systems, e.g., wireless channels and the importance
of channel information, training-based channel estimation as a common practical
scheme to acquire channel state information is described, in particular. Chapter 2
also includes a mathematical formulation of training-based MIMO channel esti-
mation specifically derived under the thesis statistical assumptions. Moreover, the
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MIMO Wireless Communication 

            Channel Estimation
                           Chap. 2
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Complexity
    Chap. 5

Robustness
 Chap. 7 & 8

Figure 1.4: Dependency graph of the thesis.

challenges, i.e., robustness and complexity, that such estimation is encountering are
discussed.

Chapters 3 and 4

Both Chapters 3 and 4 deal with the problem of robust training sequence design,
i.e., robust transmit signal design, for the purpose of MIMO channel estimation.
In particular, the goal is to minimize the worst-case mean square error (MSE) of
the channel estimates. The worst-case robust problem is formulated as a minimax
optimization problem. In each chapter a different set of assumptions is considered.
These assumptions include statistical properties of channel and noise in the MIMO
communication system, and characterization of existing uncertainties in statistical
parameters.

In Chapter 3, we prove that such a robust design problem admits a globally op-
timal solution by exploiting the convex-concave structure of the objective function,
and propose numerical algorithms to address the robust training design problem.
We proceed the analysis by considering:

- multiple-input single-output (MISO) channels

- certain statistical MIMO channel models
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- unitarily-invariant uncertainty sets

The analysis in Chapter 3 reveals that the robust design problem is diagonalized
under the mentioned assumptions which significantly reduces the dimensionality of
the optimization problem.

Under the assumption of colored disturbance, i.e., the background (receiver)
noise as well as interference, an iterative algorithm is proposed in Chapter 4 which
iterates between inner maximization and outer minimization sub-problems until
convergence to provide solution for the minimax problem. Numerical examples are
provided to illustrate the performance of the proposed algorithm. The new results
on robust transmit signal design for training-based MIMO channel estimation in
Chapters 3 and 4 are based on material included in the following papers:

• [SWB14] N. Shariati, J. Wang and M. Bengtsson, “Robust Training Sequence
Design for Correlated MIMO Channel Estimation,” IEEE Transactions on
Signal Processing, vol. 62, no. 1, pp. 107-120, Jan. 2014.

• [SWB12] N. Shariati, J. Wang and M. Bengtsson, “On Robust Training Se-
quence Design for Correlated MIMO Channel Estimation,” in IEEE Asilomar
Conference on Signals, Systems and Computers, Nov. 2012.

• [SWB13] N. Shariati, J. Wang and M. Bengtsson, “A Robust MISO Training
Sequence Design,” in IEEE International Conference on Acoustics, Speech,
and Signal Processing (ICASSP), May 2013.

• [SB11c] N. Shariati and M. Bengtsson, “Robust training sequence design
for spatially correlated MIMO channels and arbitrary colored disturbance,”
in IEEE Personal Indoor and Mobile Radio Communication (PIMRC), Sep.
2011.

Chapter 5

In Chapter 5, we consider training-based channel estimation in massive MIMO
communication systems. Chapter 5 focuses on addressing the high complexity issue
introduced to the channel estimation for such systems by using the convectional
Bayesian estimator. By approximating the matrix inversion operation, appearing
in the channel estimate expression, by an L-order matrix polynomial, a set of low-
complexity channel estimators, coined Polynomial ExpAnsion CHannel (PEACH)
estimators, are proposed. The coefficients of the polynomials are optimized to yield
small MSE. We show numerically that near-optimal performance is achieved with
low polynomial orders. In practice, the order L can be selected to balance between
complexity and MSE.

We also derive the exact computational complexity of the proposed estimators,
in terms of FLOPs, by which we prove that the proposed estimators outperform
the conventional estimators in large-scale MIMO systems of practical dimensions
while providing reasonable MSEs. Moreover, we show that L needs not scale with
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the system dimensions to maintain a certain normalized MSE. By analyzing dif-
ferent interference scenarios, we observe that the relative MSE loss of using the
low-complexity PEACH estimators is smaller in realistic scenarios with pilot con-
tamination. The impact of imperfect statistical knowledge on the estimation per-
formance is also investigated numerically in Chapter 5. High robustness is achieved
for large-dimensional matrices by using a new covariance estimate which is an affine
function of the sample covariance matrix and a regularization term. The complexity
analysis studied in chapter 5 is based on material published in the following papers:

• [SBBD14] N. Shariati, E. Björnson, M. Bengtsson and M. Debbah, “Low-
Complexity Polynomial Channel Estimation in Large-Scale MIMO with Ar-
bitrary Statistics,” IEEE Journal of Selected Topics in Signal Processing, vol.
8, no. 5, pp. 815-830, Oct 2014.

• [SBBD13] N. Shariati, E. Björnson, M. Bengtsson and M. Debbah, “Low-
Complexity Channel Estimation in Large-Scale MIMO using Polynomial Ex-
pansion,” in IEEE Personal Indoor and Mobile Radio Communication (PIMRC),
Sep. 2013.

Chapter 6

Chapter 6 serves as a background to Part II of the thesis, i.e., Chapters 7 and 8,
dealing with robust design problems where the objective is optimal spatial power
distribution. The notion of waveform diversity is explained as the key enabler, of-
fered by MIMO technology, to improve beampattern design which is the ultimate
goal of the second part of the thesis. Different types of waveform design problems
corresponding to different objectives are also introduced. In particular, minimum
sidelobe beampattern design is investigated by formulating the problem mathe-
matically, and by mentioning the robustness issue that such problem faces under
uncertain system parameters.

Chapter 7

Chapter 7 considers the problem of robust transmit beampattern design for MIMO
radar systems. The objective considered in Chapter 7 is minimization of the beam-
pattern sidelobes, subject to constraints on the transmit power where the waveform
covariance matrix is the optimization variable. Motivated by the fact that the steer-
ing vectors are subject to uncertainties in practice, we propose a worst-case robust
beampattern design where the uncertainties are parameterized by a deterministic
set. It is shown that the resulting non-convex maximin problem can be translated
into a convex problem. Numerical examples are drawn to illustrate that the steer-
ing vector uncertainty yields a severe degradation in the array performance, i.e.,
the transmit beampattern; and also to show that the proposed robust design im-
proves the transmit beampattern by reducing the worst-case sidelobe peak levels.
The material included in Chapter 7 is based on the following published paper:
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• [SZB14] N. Shariati, D. Zachariah and M. Bengtsson, “Minimum Sidelobe
Beampattern Design for MIMO Radar Systems: A Robust Approach,” in
IEEE International Conference on Acoustics, Speech, and Signal Processing
(ICASSP), May 2014.

Chapter 8

Chapter 8 also deals with the problem of optimizing the spatial power distribution
generated by an array of transmitting elements. Herein, however, using ultrasound
hyperthermia cancer treatment as our motivating example, the signal design prob-
lem consists of optimizing the power distribution across the tumor and healthy
tissue regions, respectively, while subject to constraints. The models used in the
optimization problem are, however, invariably subject to errors, and in medical
applications this may result in harmful and unwanted power deposition as well as
inefficient treatment. To combat such unknown model errors, we formulate a ro-
bust signal design framework that can take the uncertainty into account using a
worst-case approach. The semi-infinite programming (SIP) robust design problem
is formulated as a tractable convex problem and has potentially a wider range of
applications. This chapter includes material covered in the following paper:

• [SZKB14] N. Shariati, D. Zachariah, J. Karlsson and M. Bengtsson, “Robust
Optimal Power Distribution for Hyperthermia Cancer Treatment,”
submitted to IEEE Transactions on Signal Processing, Sep. 2014.

1.4.2 Chapter 9

Chapter 9 concludes the thesis and suggests possible directions for future research
on the topics investigated in the thesis.

1.4.3 Contributions outside the thesis

The publications listed below are not included in the thesis.

• [SB11a] N. Shariati and M. Bengtsson, “How far from Kronecker can a MIMO
channel be? Does it matter?,” European Wireless, Apr. 2011.

• [SB11b] N. Shariati and M. Bengtsson, “On the performance of Kronecker
MIMO channel models: A semi-definite relaxation approach,” IEEE WCSP,
Nov. 2011 (Invited Paper).

• [ZSB+14] D. Zachariah, N. Shariati, M. Bengtsson, M. Jansson and S. Chat-
terjee, “Estimation for the Linear Model with Uncertain Covariance Matri-
ces,” IEEE Transactions on Signal Processing, Mar. 2014.
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• [KRB+13] D. Katselis, C. Rojas, M. Bengtsson, E. Björnson, X.J.A. Bombois,
N. Shariati, M. Jonsson and H. Hjalmarsson, “Training Sequence Design for
MIMO Channels: An Application-Oriented Approach,” EURASIP Journal on
Wireless Communications and Networking, vol. 2013, no. 245, 2013.

1.5 Copyright Notice

Some of the results presented in the thesis have already been published in journals
and conferences, and some are under review. Parts of the material presented in this
thesis have been already published by IEEE and some parts are submitted to IEEE.
IEEE hold the copyright of the corresponding published papers and will hold the
copyright of the corresponding submitted papers if they are accepted. Material is
reused in this thesis with permission.

1.6 Notation and Abbreviations

In the following notations and abbreviations used throughout the thesis are listed.
Bold-faced upper case (lower case) characters are used for matrices (vectors), i.e.,
X(x), respectively, and sets are shown by calligraphic letters.

Notation

R,C The sets of real and complex values, respectively.
In×m The n×m rectangular matrix with ones on the main diagonal

and zeros elsewhere.
In Identity matrix of dimension n× n
0n All-zero matrix of dimension n× n
|A| Cardinality of the set A
‖x‖p `p norm of the vector x; (

∑n
i=0 |xi|p)

1
p , (p ≥ 1)

p(x|y) Conditional probability density function of x given y
Tr{X} Trace of the matrix X
vec{X} Column vectorization (column-stacking) of the matrix X

Diag(x1, . . . ,xn) The n× n diagonal matrix with the entries x1, . . . ,xn.
X � 0 The matrix X is positive semidefinite; uHXu ≥ 0,∀u
X � 0 The matrix X is positive definite; uHXu > 0,∀u
X1/2 The square-root of the positive semidefinite matrix X
‖x‖W The weighted norm of x;

√
xHWx where W � 0

λiX or λi(X) The eigenvalues of the n× n matrix X, i = 1, ..., n
λmax(X) Maximum eigenvalue of the matrix X
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XH Hermitian (conjugate transpose) of the matrix X
XT Transpose of the matrix X
X−1 Inverse of the matrix X
X† Pseudo-inverse of the matrix X
‖X‖F Frobenius norm of the matrix X;

√
Tr(XHX)

‖X‖2 Spectral norm of the matrix X;
√
λmax(XHX)

‖X‖∗ Nuclear norm of the matrix X;
∑Nt
i=1 |λiX|

X⊗Y The Kronecker product of X and Y
X � Y X−Y is positive semidefinite.
CN (µ,C) Circularly symmetric complex Gaussian distribution with

mean µ and covariance C
arg max The argument that achieves the maximum
O(·) Big-O notation

Abbreviations

BER Bit Error Rate
CSI Channel State Information
EVD EigenValue Decomposition
LMI Linear Matrix Inequality
MIMO Multiple-Input Multiple-Output
MC-MIMO Multi-cell MIMO
MSE Mean Square Error
MMSE Minimum Mean Square Error
MU-MIMO Multi-user MIMO
MVU Minimum Variance Unbiased
PEACH Polynomial ExpAnsion CHannel Estimator
SDP Semi Definite Program(ming)
SIP Semi Infinite Program(ming)
SINR Signal to Interference plus Noise Ratio
SNR Signal to Noise Ratio
s.t. Subject to
SVD Singular Value Decomposition
WPEACH Weighted PEACH
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Chapter 2

Background

This chapter introduces some fundamental concepts, system models and prob-
lem formulations that serve as a background to facilitate the study of the
problems considered in the first part of the thesis. We will start out with

definitions and descriptions of MIMO wireless communication systems. We then dis-
cuss MIMO channel estimation schemes that can be used to acquire CSI. Among
those, we particularly focus on training-based MIMO channel estimation where we
describe the system model and the problem formulation that is considered through-
out the thesis. Specifically, two main challenges that are addressed in the first part
of the thesis, i.e., designing robust transmit signals and reducing complexity for
MIMO channel estimation, are introduced.

2.1 Introduction to MIMO Communication Systems

Wireless communication systems, as a type of digital communication, have been
evolving extensively in recent years. The newly introduced concept of 5G technol-
ogy, known as the next generation of wireless networks, advocates to combine the
existing wireless standards such as 3G and 4G with new technologies which en-
ables the evolution of the Networked Society where all mobile devices and users are
connected [Eri13]. Having multiple antennas is one of the key features in the exist-
ing and evolving wireless technologies. For instance, the current standards consider
1− 8 antennas at the base stations while the 5G attention is on having many more
antennas (hundreds). Exploiting many antennas at the base stations in a wireless
network is a new multiple antenna technology referred to as massive MIMO or
large-scale MIMO which has attracted a lot of attention and has been mentioned
to be part of the future 5G technology. Therefore, in the next sections we describe
some of the fundamental aspects of a MIMO system which have been the focus of
our study in this thesis.

17
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2.1.1 Key concepts: gains and challenges

Wireless channels

In digital communication [Pro00,BB08], discrete messages are transferred from one
point to another. Whenever this transmission is done without using any wired
infrastructure, it is referred to as wireless communication. The physical medium
through which the messages in the form of radio waves pass is called the wireless
channel. In many cases, wireless communication systems are preferred over their
counterpart, wired communication systems, due to extra flexibility they provide in
terms of users’ movements and wide-area coverage. However, the same features are
Achilles’ heel for wireless systems. This mobility results in time-varying wireless
channels, which as a result, makes it difficult for the transmitter/receiver to track
channels and adapt accordingly. Moreover, different electromagnetic propagation
phenomena such as reflection, diffraction and scattering may occur depending on
what types of surfaces the radio waves imping on. The most important effect of
such phenomena is to enforce the received signal to be a superposition of different
signals coming from different paths since the transmitted electromagnetic waves
interact with different types of objects. This superposition can be either destructive
or constructive depending on the resulting phase shifts. In general, this property
of wireless channels is called multipath propagation and causes fluctuations in the
received signal level and rotations in the phase. These variations are also referred
to as small-scale fading due to their fast-changing nature. On the other hand,
there are other properties of wireless channels, namely path-loss and shadowing,
which model channel variations over a longer period of time, referred to as large-
scale fading. Path-loss describes the decay in channel gain related to the distance
between the antenna pairs at the transmitter/receiver sides, whereas shadowing
refers to the impact of large obstacles, e.g., buildings or hills, blocking the way
between transmitter and receiver. The fading properties of wireless channels, namely
multipath fading and shadow fading, are often mathematically modeled as random
processes following Rayleigh (or Rician, in the case of dominant line-of-sight (LOS)
path) and log-normal distribution, respectively.

Throughout this thesis, we assume that the large-scale fading characteristics of
the channels are known at the receiver side where we study how to estimate the
small-scale fading properties; that is instantaneous channel coefficients. Moreover,
we assume that the instantaneous channel coefficients are constant over a short
period called the channel coherence time.

Cellular networks

Cellular networks or wireless networks have been developed in order to overcome
the decaying issue of the transmit power with distance which is an intrinsic feature
of a wireless communication link. Consequently having cellular networks widen the
area over which the radio coverage is provided for different users. The whole idea is
implemented by dividing a geographical area into different partitions called cells and
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Nr antennas

Nt antennas

Figure 2.1: Illustration of a cell in a wireless network exploiting MIMO technology.
There exist a base station equipped with Nt antennas and several devices equipped
with Nr ≥ 1 antennas. Natural obstacles such as scatterers define multipath fading
and shadowing.

assigning one base station to each cell to serve different mobile (or fixed) users within
the cell. Both base stations and users can be equipped with either single antenna or
multiple antennas where the latter can increase the network performance. There are
also two ways of communication: from base station to user, and reversely from user
to base station which are called downlink and uplink, respectively. In Fig. 2.1, one
cell with a base station and several users in a MIMO wireless network is illustrated.

MIMO

Multiple antennas can be used to exploit the fading property of wireless channels
to provide higher degrees of freedom or spatial multiplexing gain. Moreover, they
can be used to combat against fading by offering diversity. Next, we describe such
multiple antennas systems. It has been shown that having multiple antennas at the
two sides of the communication channel (link ends), known as MIMO communi-
cation systems, can enhance the communication performance [FG98, Tel99]. In a
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flat-fading MIMO system, we deal with a channel matrix where each element of
this matrix is a complex value representing channel gain, i.e., amplitude and phase,
between a transmitter-receiver pair. If the channel matrix is known at the transmit-
ter and the receiver, then independent data streams can be sent using the singular
modes of the MIMO channel matrix.

Performance for a wireless communication system generally is measured in terms
of the number of bits that can be transmitted through a wireless channel over a
certain bandwidth and time with a very low error probability. In information theory,
the tightest upper bound on this measure is called channel capacity.

In other words, such systems increase spectral efficiency, i.e., the information
rate measured in bit per second per Hertz (bit/s/Hz), significantly, due to the
exploitation of the spatial dimensions of the wireless channels which is called mul-
tiplexing gain. Multiplexing gain is acquired when multiple antennas are used to
transmit different signals in parallel exploiting all the spatial dimensions which
results in increased data rates. Beside higher spectral efficiency, more reliable com-
munication and controlled-beams are also among the advantages of a MIMO system
which are referred to as diversity gain and precoding (multi-stream beamforming),
respectively. Diversity gain is achieved by sending the same signal, i.e., conveying
the same information, through different channels each experiencing independent
fading, and consequently having several replicas of the transmitted signal at the
receiver. The achieved diversity enhances transmission reliability.

However, there exists a tradeoff between diversity gain and multiplexing gain, or
analogously, between the error probability and the data rate of a system [Tse-DMT].
Deciding which one of these functionalities of a MIMO system should be preferred
to aim for when choosing a multiple antenna scheme, depends on application and
the availability of the accurate channel knowledge. For example, precoding requires
channel knowledge at both the receiver and the transmitter sides. However, for
multiplexing, channel information is generally asked for at the receiver side, but
if it is used to transmit to multiple receivers simultaneously, e.g., in multi-user
MIMO systems, then channel information at the transmitter is needed for user
scheduling to achieve spatial separability. On the other hand, diversity techniques
can be applied without any information regarding the channel at the transmitter.
There is no doubt that these techniques can be combined to obtain different types
of gains simultaneously in a MIMO system, depending on the channel knowledge at
the link ends, however their maximum cannot be attained at the same time [ZT03].
Moreover, spatial multiplexing is advised to favor over diversity schemes in modern
communication systems where coding schemes are exploited which itself provides
diversity [LJ10].

Massive MIMO

MIMO techniques as described above can bring huge improvements in spectral
efficiency to wireless systems, by increasing the spatial reuse through spatial mul-
tiplexing [LJ10]. While 8 × 8 MIMO transmissions have found its way into recent



2.2. MIMO Channel Estimation 21

communication standards, such as LTE-Advanced [HT12], there is an increasing
interest from academy and industry to equip base stations with much larger arrays
with several hundreds of antenna elements [Mar10, JAMV11, HtBD13, RPL+13,
LTEM14,BDF+13]. Such large-scale MIMO, or “massive MIMO”, techniques can
give unprecedented spatial resolution and array gain, thus enabling a very dense
spatial reuse that potentially can keep up with the rapidly increasing demand for
wireless connectivity and need for high energy efficiency.

The antenna elements in large-scale MIMO can be either co-located in one- or
multi-dimensional arrays or distributed over a larger area (e.g., on the facade or
the windows of buildings) [LTEM14]. Apart from increasing the spectral efficiency
of conventional wireless systems, which operate at carrier frequencies of one or a
few GHz, the use of massive antenna configurations is also a key enabler for high-
rate transmissions in mm-Wave bands, where there is plenty of unused spectrum
today [BDF+13]. In particular, the array gain of large-scale MIMO mitigates the
large propagation losses at such high frequencies and 256 antenna elements with
half-wavelength minimal spacing can be packed into 6×6 cm at 80 GHz [BDF+13].

The majority of previous works on massive MIMO (see [Mar10,JAMV11,HtBD13,
RPL+13,LTEM14] and references therein) considers scenarios where base stations
equipped with many antennas communicate with single-antenna user terminals
(UTs). While this assumption allows for closed-form characterizations of the asymp-
totic throughput (when the number of antennas and UTs grow large), we can expect
practical UTs to be equipped with multiple antennas as well—this is indeed the case
already in LTE-Advanced [HT12]. However, the limited form factor of terminals
typically allows for fewer antennas than at the base stations, but the number might
still be unconventionally large in mm-Wave communications.

In this thesis, we study one of the links in a multi-cell multi-user MIMO network
of arbitrary size by which not only we model a regular MIMO setup but also a large-
scale setup. Fig. 2.1 shows what our focus is in the thesis schematically.

2.2 MIMO Channel Estimation

In this section, we first discuss the importance of having precise MIMO channel
information, namely why we need to acquire channel information and how it can
affect the performance of a MIMO wireless communication system. Then we de-
scribe different channel estimation techniques that can be exploited to provide such
required information.

2.2.1 MIMO channel information
We first introduce different types of channel information that are dealt with in the
thesis:

• Channel state information (CSI) represents instantaneous channel coef-
ficients (the current realization of the stochastic channel) which are complex
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values conveying channel gains and channel phases.

• Channel distribution information (CDI) represents long-term statistics
of the stochastic channel, usually first-order (mean) and/or second-order (co-
variance) moments and possibly also the complete channel distribution.

Most of the promising performance gains of MIMO systems in both single-user
and multiuser scenarios have been reported in [FG98,Tel99,CS03,VT03] under the
ideal assumption of having perfect CSI. Having precise channel information plays
a key role in many MIMO techniques, and is used for resource allocation, equaliza-
tion, spatial user separation (or user selection), multiuser diversity, beamforming,
precoder design, multi-cell coordination, cooperative transmission and many other
purposes.

For example, in order to exploit multiuser diversity, each base station requires
at least partial CSI for user scheduling, i.e., determining users with favorable chan-
nel conditions, or in other words, users with favorable spatial signatures. Then, for
selected users, the signal correlation matrices can be designed to optimize some
system performance measures, e.g., to maximize system’s sum-rate. In the case of
no channel information at the transmitter, it has been shown that the capacity-
achieving transmit strategy is to utilize all the antenna elements to transmit in-
formation symbols [Tel99]. As mentioned earlier, the CSI also can be exploited to
switch between diversity and multiplexing gain for some schemes [FGVW99,ZT03].

Since CDI changes slowly, it can be either tracked using a little feedback over-
head [CHC04], or estimated using a direct reverse link [AFFM98,CHC04,WJ09].
Therefore, in the thesis we assume that the long-term statistics of the MIMO chan-
nel are perfectly known at the receiver, while they have been assumed to be subject
to errors at the transmitter, except in Chapter 4 where in Remark 4.5, we briefly
discuss what happens if the channel covariance matrix is imperfectly known even
at the receiver. On the other hand, CSI should be estimated under the assumption
that it does not vary within a channel coherence time, and the estimation is valid
over this period. This condition is met, for example, for a quasi static block fading
channel model where the fading process in each block is independent of the fading
in another block.

Moreover, in practice, there exist two different operation modes: time-division
duplex (TDD) and frequency-division duplex (FDD). Channel estimation is per-
formed differently depending on which mode has been chosen as the operation
mode of the communication system.

In TDD systems, a single frequency band is used for both transmission and re-
ception, therefore such systems switch between uplink and downlink transmission.
Moreover, channel reciprocity is taken into account which states that the uplink
channel is the same as the downlink channel under the assumption of having per-
fect calibration of the arrays at both link ends. Therefore, in many systems when
working in TDD mode, the uplink channel is estimated and then following the chan-
nel reciprocity property, it is assumed that the downlink channel is known. This
information is used at the base stations for further signal processing.
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In FDD systems, there exist two frequency bands to be used where each of them
is assigned to either uplink transmission or downlink transmission. For FDD sys-
tems, the downlink CSI is estimated by the users, then it is quantized and sent to the
base stations via a feedback link using uplink transmission. In a block fading model,
for both TDD and FDD operation modes, all the procedures including acquiring
CSI at the users and at the base stations, signal processing such as beamforming,
resource allocation, user’s scheduling, and data transmission, are done during the
channel coherence time and are repeated after each channel block is updated.

In large-scale MIMO systems the availability of accurate CSI is also a ma-
jor limiting factor. This is since high spatial resolution can only be exploited if
the propagation environment is precisely known. Here, CSI is typically acquired
by transmitting predefined training signals and estimating the channel coefficients
from the received signals [YGFL13,MVC13,MCV14]. This scheme is explained in
detail later in Section 2.3. The training overhead is proportional to the number of
transmit antennas, thus it is commonly assumed that the training sequences are
sent from the array with the smallest number of antennas and used for transmis-
sion in both directions by exploiting channel reciprocity in TDD mode. While, in
the FDD mode, the inherent spatial correlation of channels in large-scale MIMO
system can be exploited to overcome the increased overhead issue and to provide
reasonably good performance in terms of the achievable sum rate [JMCN14]; or
exploiting the time correlation of the channels resulting in decreasing the required
overhead for CSI estimation [CLK14].

Realizing the fact that techniques such as multiuser transmission, beamforming
and rate adaptation, require accurate channel knowledge in order to offer the poten-
tial benefits of a MIMO system, makes it necessary to exploit a proper estimation
technique to acquire CSI which is varying due to small-scale fading.

2.2.2 Channel estimation techniques

Three main different categories come into play for MIMO channel estimation which
have been studied thoroughly in this field.

• Training-based Channel Estimation
Training-based channel estimation is based on transmitting an a priori known
sequence, training sequence or pilot sequence, to the receiver, and estimating
the instantaneous channel coefficients based on the received signal [KS04,
MYG05,BG06,LWH07,KKT08,BO10].

• Blind Channel Estimation
Blind techniques are built upon exploiting structures of the channel and prop-
erties of the input. In general, they do not consider training symbols (known
input signal) but stochastic or deterministic properties of the system. They
basically are classified into moment-based and maximum-likelihood methods
where each class leads to different framework depending on the input signal
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that is being either stochastic, with (and without) known statistics, or deter-
ministic. For the case of random signals with known statistics, such statistical
knowledge, for example, the input’s distribution can be exploited. Subspace
methods, moment matching, multi-step linear prediction are among blind es-
timation techniques. Blind schemes save spectral efficiency in the expense of
less reliable estimates. A comprehensive review of blind techniques is pro-
vided in [TP98]. See also [LvdV05,NL12,MCV14] for further discussion on
the topic.

• Semi-blind Channel Estimation
Semi-blind channel estimation refers to the blind techniques which exploit
training sequences to further improve the overall performance of the esti-
mation, i.e., to resolve ambiguity resulted from using blind techniques solely
[LvdV05,NL12,MCV14].

Our focus in this thesis is on training-based channel estimation which is a prac-
tically very common and popular scheme. Though training-based estimation is not
the best in terms of spectrum efficiency, it is still the one which is favored over the
others in practice most of the time due to its computational simplicity joined with
high accuracy.

2.3 Training-Based MIMO Channel Estimation

In this section, training-based channel estimation is explained in detail where we
discuss how estimation performance can be further improved by optimizing the
training sequences with respect to a performance criterion.

As mentioned earlier, achieving the potential gains of a MIMO system depends
highly on accurate characteristics of the channel over which the radio propagation
occurs. Therefore, the estimation of the channel coefficients has become a well-
known study area. Extensive amount of research has been carried out in this field
looking at the channel estimation problem from different perspectives where several
techniques have been introduced and investigated consequently. One major classi-
fication of estimation techniques has already been discussed among which we focus
on the training-based channel estimation as a common and practical way to acquire
instantaneous CSI of the MIMO channel.

The training-based channel estimation itself can be realized by using differ-
ent estimators depending on the property of MIMO channel, e.g., deterministic
or stochastic. If the channel is modeled as deterministic or stochastic but with no
statistical knowledge available, then an estimator following one of the classical ap-
proaches such as least-square (LS) estimator, weighted-(LS), maximum likelihood
(ML) estimator or minimum variance unbiased (MVU) estimator can be applied.
Note that there exist statistical conditions on the noise and interference in the
system under which some of these estimators become identical [Kay93].
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On the other hand, if the channel is stochastic, it has been proven that having
precise prior knowledge regarding the statistical model of the channel can improve
the estimation performance. Therefore, by having the statistical knowledge of the
channel, the Bayesian philosophy can be followed where estimators such as maxi-
mum a posteriori (MAP) or minimum mean square error (MMSE) estimator, can be
exploited. For further discussions on different estimators corresponding to different
channel and noise statistical conditions, refer to [Kay93, DU05, BG06]. To evalu-
ate the performance of an estimator, i.e., to quantify the accuracy of an estimation
technique, an average function of estimation error referred to as estimation variance
for classical approaches, and mean square error (MSE) for Bayesian approaches, is
considered as a figure of merit. The commonly-used MSE criterion, for a parameter
x estimated as x̂ given the observation vector y, equals

MSE = Ex,y{‖x− x̂‖2}.

2.3.1 Transmit signal design: optimal training sequences

The training sequences can be chosen in a way to optimize some performance criteria
while keeping the total transmit power fixed. Similar to choosing an estimator based
on the channel model, the design of optimal training sequences for channel estima-
tion also is considered either viewing the MIMO channel as deterministic [BG06,
WP04], or stochastic with known statistics [KS04,MYG05,LWH07,KKT08,BO10].
The instantaneous channel matrix is acquired from the received training signal by
applying an appropriate estimation scheme.

There exist several studies regarding optimization of training sequences un-
der different criteria, e.g., minimizing the MSE of channel estimates [KS04,BG06,
LWH07, KKT08, BO10], or maximizing mutual information between the received
signal and channel [HH03,KS04,MYG05], with respect to a power constraint on
the training sequences.

In practice, not only the MIMO channel statistics are spatially correlated, but
also the disturbance, which is a combination of noise and interference, can in general
be colored due to jamming or co-channel interference. All of these scenarios, namely
noise-limited, interference-limited, colored disturbance come into play in the field
of training design for optimal MIMO channel estimation [HH03, JJZ+08,MYG05,
KS04,LWH07,KKT07,BO10]. In [BO10], the optimal training sequence is given for
a general class of Kronecker-structured Rician fading channels that are corrupted
by colored disturbance, i.e., interference in addition to the thermal background
noise. The authors in [KRB+13] have optimized training sequences with respect to
a performance metric which has been devised application-wise, i.e., a performance
metric related to the certain use (application) of the channel estimate in the MIMO
communication system.

Furthermore, in the development of network MIMO systems such as multi-
user MIMO (MU-MIMO) and multi-cell MIMO (MC-MIMO), it has been shown
that the performance of recently introduced cooperative communication techniques,
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e.g., coordinated multi-point (CoMP) and interference alignment, highly relies on
the accuracy of channel estimation [BZGO10,KJC11,LHA13,FKWS13]. Therefore,
the training design for such scenarios is also an ongoing and promising research
direction. Some preliminary results on the training design for the network systems
have been presented in [CJKR10,FKS14].

Up to this point, we have reviewed some of the key concepts related to MIMO
systems. We have also described the characteristics of MIMO channel, the impor-
tance of CSI, training-based MIMO channel estimation and optimal MSE-minimizing
training design problem. In the next section, we describe the block fading MIMO
system model and the statistical assumptions considered in this thesis where we
proceed with providing mathematical formulations for problems studied herein.

2.4 System Model and Problem Formulation

In this thesis, under the assumptions of stochastic MIMO channels and known
second order moments of channel and noise, we consider the MMSE estimator
to estimate the channel matrix. The MMSE estimator is optimal if the channel
statistics are known, and tractable if the received signal and channel are jointly
Gaussian. Although, the MVU estimator is considered to handle the cases when the
channel statistics are not known at the receiver. The MSE of the channel estimates
is considered as the figure of merit which is a tractable criterion, and represents the
accuracy of the channel estimates. In the following we provide the mathematical
description of the training-based MIMO channel estimation.

We consider a MIMO channel where the receiver and the transmitter are equipped
with Nr and Nt number of antennas, respectively. This can be one of the links in
a multi-cell multi-user network of arbitrary size. The problem of estimating the
instantaneous MIMO channel coefficients for a narrow-band quasi-static flat-fading
channel H ∈ CNr×Nt is investigated.

The channel matrix H with each element hij being the gain of the MIMO
path between receiver i and transmitter j, is modeled as Rician fading in general
with vec(H) ∼ CN (vec(H̄),R) where the non-zero mean matrix H̄ implies that
there might be line-of-sight propagation and the channel covariance matrix R ∈
CNtNr×NtNr is positive semi-definite. Observe that R is generally not a scaled
identity matrix, but describes the spatial propagation environment.

In order to estimate the channel coefficients, we exploit training signals. As
described before, this means that the transmitter sends the columns of a fixed
predefined training matrix P ∈ CNt×B over B channel uses. The integer B is the
length of the training sequence and usually satisfies B ≥ Nt. The optimal value of
B is studied in [Mar99, HH03, SCHL02, BO10]. The condition B ≥ Nt satisfies a
limit for tractability (identifiability) for an estimation of an unknown vector from
a set of measurements. Essentially, it represents the minimum ratio between the
number of unknowns to the number of measurements available. However, training
sequences shorter than Nt are optimal in highly correlated channels if the training
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Figure 2.2: Training phase for a MIMO link happening over a period of B channel
uses with Nt and Nr transmit and receive antennas at link ends, respectively.

matrix P is tailored to the channel and interference statistics [BO10].
The MIMO communication system, with the described flat fading channel H

through which the transmit signal x(t) is transmitted at a symbol time t, is modeled
as

y(t) = Hx(t) + n(t) (2.1)

where y(t) is the received signal and n(t) is Gaussian disturbance (possibly corre-
lated).

During the training signaling, as illustrated at Fig. 2.2, at channel use i where
1 ≤ i ≤ B, the training sequence vector pi is sent as the transmit signal. Collec-
tively, for the whole period of training, i.e., B channel uses, the received matrix
Y , [y(1), · · · ,y(B)] equals

Y = HP + N (2.2)

where the disturbance N ∈ CNr×B is assumed to be circularly-symmetric complex
Gaussian distributed and modeled as vec(N) ∼ CN (vec(N̄),S). Here, N̄ ∈ CNr×B
is the mean disturbance and S ∈ CNrB×NrB is the positive definite covariance ma-
trix. The additive disturbance term describes the receiver noise and the interference
from all other concurrent transmissions, which might involve the same or other re-
ceivers. The latter is commonly referred to as pilot contamination in the large-scale
MIMO literature and can in general have a non-zero line-of-sight component. The
analysis herein holds for any N̄ and S, but some typical special cases are described
and evaluated numerically in different chapters of the thesis.
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Vectorizing the received matrix in (2.2) yields

y = P̃h + n (2.3)

where y = vec(Y), P̃ , (PT⊗ I),h = vec(H) and n = vec(N). This transforms the
matrix estimation in (2.2) into the canonical form of vector estimation in [Kay93]
which enables the use of classical estimation results.

Here, as mentioned earlier, if the channel distribution (or its statistics) is un-
known to the receiver, the classic MVU estimator is applied which is calculated
as [Kay93, Chapter 4]

ĥMVU = vec(ĤMVU) =
(
P̃HS−1P̃

)−1
P̃HS−1(y− n̄). (2.4)

The corresponding performance measure is then the estimation variance which
equals

E{‖H− ĤMVU‖2F } = Tr
{

(P̃HS−1P̃)−1
}
. (2.5)

However, by knowing the channel statistics, minimizing the MSE, averaged over
all the realizations of h and y, leads to the well-known MMSE estimator which is
optimal. In details, the MMSE estimator is the mean of the posterior PDF, i.e.,

ĥMMSE = E{h|y} =
∫

hp(h|y)dh. (2.6)

Therefore, if the channel and disturbance statistics (i.e., H̄,R, N̄ and S) are per-
fectly known at the receiver, the Bayesian MMSE estimator of the MIMO channel
is obtained as

ĥMMSE = vec(ĤMMSE) = h̄ + RP̃H
(
P̃RP̃H + S

)−1
d (2.7)

where h̄ = vec(H̄), n̄ = vec(N̄) and d = y− P̃h̄− n̄.
We measure the performance in terms of the estimation MSE. Using the MMSE

estimator, it follows that

MSE = E{‖H− ĤMMSE‖2F } = Tr
{

(R−1 + P̃HS−1P̃)−1
}
. (2.8)

Note that the mean matrices of the channel and the disturbance have no impact
on the performance with MMSE and MVU estimation. Moreover,

Tr
{

(R−1 + P̃HS−1P̃)−1
}
< Tr

{
(P̃HS−1P̃)−1

}
(2.9)

for any R 6= 0, thus the MMSE estimator achieves a better average estimation
performance than the MVU estimator since it utilizes the channel statistics.
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Recall that we assumed that the statistical parameters H̄,R, N̄, and S of the
channel and disturbance are known at the receiver. Since user mobility and large-
scale fading cause continuous changes in the statistics, this implicitly means that
the receiver can keep track of these changes. Such tracking can, for example, be
achieved by exploiting the training signals on multiple flat-fading subcarriers since
the large-scale fading properties can be transformed between different adjacent
subcarriers [AFFM98,CHC04].

The goal here is to design the matrix P so as to produce an accurate estimate of
the channel coefficients. A common design criterion to quantify this accuracy is the
MSE between the actual h and estimated ĥ channel coefficients. Therefore, in the
literature, the optimal training sequence is typically found by minimizing the MSE
of the channel estimates under a total training power budget constraint PT ≥ 0,
i.e., P ∈ P, where

P =
{

P | Tr
{

PPH
}
≤ PT

}
. (2.10)

This yields the optimization problem

min
P

MSE = f(P,R,S)

s.t. P ∈ P.
(2.11)

This problem has been studied in [KS04,BG06,LWH07,KKT08,BO10], and a
closed form solution is found under certain assumptions on the channel and distur-
bance covariance matrix.

In the following we explicitly describe how the lines of analysis, i.e., robustness
and complexity, already introduced in Chapter 1, are connected to the parameter
estimation problem.

2.4.1 Robustness analysis
In the first part of the thesis, robustness analysis deals with the problem of designing
transmit signals subject to a power constraint such that MMSE estimation of an
unknown parameter (here channel coefficients) is improved. In this formulation,
the second-order statistics of the parameter to be estimated is not perfectly known.
In general, such problems, i.e., robust transmit signal design for optimal MMSE
estimation in a linear observation model, can fit into the following framework.
Consider a linear observation model

r = Ax + w (2.12)

where x ∼ CN (x̄,Cx) is the unknown parameter to be estimated using MMSE
estimator based on having the model matrix A ∈ A which is a function of trans-
mitted signals. A specifies the conditions such as certain structures and/or power
limitations that should be taken into account while designing transmit signals. The
noise (the disturbance) in the system is modeled as w ∼ CN (w̄,Cw).
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Then, MMSE estimate of x and correspondingly the resulting MSE are given
as follows, as discussed earlier:

x̂MMSE = x̄ + CxAH
(
ACxAH + CW

)−1 (r−Ax̄− w̄) (2.13)

and,

MSE
x̂MMSE

= E{‖x− x̂MMSE‖22} = Tr
{

(Cx
−1 + AHCw

−1A)−1} . (2.14)

Upon considering perturbed covariance matrix of the unknown parameter and
modeling it as Cx = Ĉx + E where E ∈ E , the matrix A can be optimized to
improve estimation of x and to guarantee a certain performance, i.e., upper bound
on the MSE, by addressing the following worst-case robust optimization problem:

min
A∈A

max
E∈E

MSE
x̂MMSE

. (2.15)

This framework is studied in Chapters 3 and 4 outlined as follows:

• Chapter 3: E is a general compact convex set, and Cw is a scaled identity
matrix.

• Chapter 4: E is a set bounded by the Frobenius norm, and Cw is an arbitrary
correlated positive definite matrix.

Particularly for MIMO channel estimation, the objective in (2.11) is a function of
the channel covariance matrix R, which in practice, is subject to errors. Such errors
may arise in the estimation process of the covariance matrix, whereas, other types
of potential errors are due to imperfections in the channel coefficients estimates or
quantization errors when the covariance matrix or the channel coefficients are fed
back to the transmitter via a feedback link [EM04,PIPPNL06]. Also, another reason
might be the fact that the statistics have changed from the time of estimation to
the time they are used.

In case the true covariance matrix deviates from the estimated R̂, the MSE
performance by solving (2.11) using R̂ alone may degrade severely. From this per-
spective, robust formulations are useful in providing a more predictable MSE per-
formance.

In this thesis, we explore the merits of a worst-case design approach to robustify
our training sequence design problem. To model the error in the covariance matrix
estimate R̂, we follow a common deterministic imperfect channel covariance model,
i.e., E = R − R̂, where E is a Hermitian covariance mismatch matrix and R̂
is a nominal estimate of the covariance matrix. Fig. 2.3 provides an illustrative
description of the deterministic uncertainty modelling.

Following the worst-case design philosophy, we aim to optimize the worst-case
performance, therefore, the MSE-minimizing robust training sequence design prob-
lem can be formulated as

min
P

max
E

MSE = f(P,E, R̂,S)

s.t. P ∈ P,E ∈ E ,
(2.16)
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Figure 2.3: The nominal covariance matrix R̂ (and its principal axis) is shown in
blue, that is the solid-line ellipse, whereas several realizations of the true covariance
matrix R associated to several mismatch matrix E (and their principal axes) are
shown as the dashed-line ellipses. Here, the mismatch matrix E is defined such that
‖E‖2F = 0.2‖R̂‖2F . Further, R denotes the covariance matrix of two-dimensional
vector [x1 x2]T .

where the uncertainty set E is non-empty, compact and convex; we give typical
examples of such sets in the next chapters. Observe that in the special case of
E = ∅, (2.16) reduces to (2.11) since there is no uncertainty.

By providing a solution to the above minimax optimization problem, we find
the best training sequence for the least favorable covariance matrix in the general
predefined set E .

2.4.2 Complexity analysis
The MMSE and MVU estimators basically solve a linear system of equations, or
equivalently multiply the received training signal with an inverse of the covari-
ance matrices. See (2.4) and (2.7). This is a mathematical operation with cubic
computational complexity in the matrix dimension, which is the product of the
number of antennas at the receiver and the length of the training sequence. Evi-
dently, this operation is extremely computationally expensive in large-scale MIMO
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systems where the number of antennas at the receiver side is of the order of 100 and
the length of the training sequence is of the order of 10. Therefore, the MMSE and
MVU channel estimates cannot be computed within a reasonable period of time
(e.g., the coherence time of a few milliseconds). The high computational complex-
ity can be avoided under propagation conditions where all covariance matrices are
diagonal, but large-scale MIMO channels typically have a distinct spatial channel
correlation due to insufficient antenna spacing and richness of the propagation envi-
ronment [RPL+13]. The spatial correlation decreases the estimation errors [BO10],
but only if an appropriate estimator is applied. Moreover, the necessary training
reuse in cellular networks creates spatially correlated inter-cell interference, known
as pilot contamination, which reduces the estimation performance and spectral ef-
ficiency [JAMV11,HtBD13,RPL+13,YGFL13,MVC13,MCV14].

In this thesis, we introduce a set of low-complexity estimators to be exploited
in large-scale MIMO systems where the arbitrary spatially correlated statistics of
channel and interference are treated. We derive explicitly under what conditions
this estimators lower the computational complexity while providing a reasonable
performance.



Chapter 3

Robust Transmit Signal Design for Channel
Estimation: Correlated Channel and White

Noise

In this chapter, we analyze the problem of robust training sequence design for
MIMO channel estimation. Our goal is to find training sequences which minimize
the worst-case MSE. Note that the MSE depends on the channel covariance ma-
trix which itself has to be estimated and/or quantized if it is fed back to the
transmitter; consequently, these processes introduce errors and makes covariance
matrix be error-prone (approximately known). The imperfect channel covariance
matrix is modeled using a deterministically bounded uncertainty set. As mentioned
earlier in Section 1.2, one approach to combat against uncertainty and to have a
guaranteed certain estimation performance is to exploit a worst-case robust design
framework. By following the worst-case robust approach, we aim to find robust
training sequences which are the best training sequences in the sense of providing
the minimum MSE for the least favorable channel covariance matrix within the
uncertainty set.

The worst-case robust training sequence design problem is formulated as a min-
imax optimization problem. We consider different scenarios of antenna array con-
figurations and spatial correlations such as arbitrarily correlated MIMO channels,
MISO channels and Kronecker structured MIMO channels along with various as-
sumptions of the uncertainty set such as:

- general non-empty compact convex sets;

- unitarily-invariant convex sets;

- sets defined by a matrix norm.

We investigate the problem in detail and provide more insights under each of the
assumptions mentioned above. We also propose numerical algorithms to address

33



34
Robust Transmit Signal Design for Channel Estimation: Correlated Channel and

White Noise

the robust design problem which are different in terms of complexity and imple-
mentation.

We start our study by considering an arbitrary correlated MIMO channel and a
general non-empty compact convex set to model the existing uncertainty whereas
most of the studies in the minimax robust design field are done based on a specific
assumption of the uncertainty set, e.g., sphere or ellipsoid uncertainty set using
the Frobenius norm [PIPPNL06,WP09, VBS09, SB11c, CF11] or a set defined by
the spectral norm [EM04,Eld06,WP10b]. Here, we show that the robust training
design problem is convex and therefore can be addressed efficiently using proposed
numerical algorithms, and admits a globally optimal solution for the general case
of MIMO channel and uncertainty set.

Then, we focus on some other practical scenarios for which the problem of ro-
bust training will be simplified. First, we consider a MISO channel with a convex
unitarily-invariant uncertainty set generalizing the assumptions often used in the
robustness literature. We illustrate that the optimal structure is diagonal, i.e., the
optimization variables are diagonalized with the eigenvectors of the nominal co-
variance matrix which turns the problem to a power allocation problem. Herein,
closed-form solutions are given where the uncertainty set is defined using different
matrix norms, e.g., spectral norm and nuclear norm.

Second, we concentrate on the MIMO Kronecker model which is a popular struc-
tured model for spatially correlated MIMO channel. The Kronecker MIMO channel
along with the assumption of having a convex unitarily-invariant set to model un-
certainty leads to a diagonal structure which provides robustness. Diagonalization
boils down the problem into a power allocation problem which is far easier to tackle
than the original problem in the case of arbitrary correlated MIMO channel, specif-
ically when the antenna arrays are large. We study two different cases based on
which one of the covariance matrices, nominal or true, is Kronecker structured, and
show that for both of them the original problem will be diagonalized. Analytical
results are provided and an approximate solution is given at low SNR where the
minimax problem turns to a single semi-definite programming (SDP) optimization
problem.

3.1 Problem Formulation

We consider a narrowband block fading point-to-point MIMO communication link
equipped with Nt transmit and Nr receive antennas. A Rayleigh fading MIMO
channel is assumed. For notational simplicity here we assume the rows of training
matrix P ∈ CB×Nt or equivalently the columns of PT comprise the training symbols
at each channel use where B ≥ Nt. The training phase, within B channel uses, is
represented by

Y = HPT + N. (3.1)

The matrix N ∈ CNr×B is the noise matrix whose columns consist of spatially and
temporally white Gaussian noise at each channel use, i.e., vec(N) ∼ CN (0, σ2

nINrB).
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After vectorization of the system model (3.1) (which appears in matrix form),
we deal with the following linear system

y = (P⊗ INr )h + n (3.2)

where y = vec(Y), h = vec(H) and n = vec(N).
If R is known at the receiver, the MMSE estimator equals [Kay93, Chapter 10]

ĥMMSE =
(

R−1+ 1
σ2
n

(P⊗ INr )H(P⊗ INr )
)−1 1

σ2
n

(P⊗ INr )Hy, (3.3)

where ĥ , vec(ĤMMSE). The corresponding MSE is

MSE = Tr
{(

R−1 + 1
σ2
n

(P⊗ INr )H(P⊗ INr )
)−1

}
. (3.4)

Now given the fact that the channel covariance matrix R is often not perfectly
known, but subject to some uncertainty, in practice (discussed in Chapter 2), we
follow the worst-case design philosophy where the uncertain MIMO channel co-
variance matrix belongs to a deterministic set, and comprises two parts, nominal
(prior) R̂ and perturbation E. In other words, we aim to optimize the worst-case
MSE performance.

Therefore, the MSE-minimizing robust training sequence design problem can be
formulated as

min
P

max
E

Tr
{[(

R̂ + E
)−1

+ 1
σ2
n

(P⊗ INr )H(P⊗ INr )
]−1

}
s.t. Tr

{
PPH

}
≤ PT ,E ∈ E ,

(3.5)

where the uncertainty set E is non-empty, compact and convex. By providing a
solution to the above minimax optimization problem, we find the best training
sequence for the least favorable covariance matrix in the general predefined set E .

Let us define W , 1
σ2
n
PHP ∈ W where

W , {W ∈ CNt×Nt |WH =W,W � 0,Tr(W) ≤ PT
σ2
n

}. (3.6)

Then, the minimax problem (3.5) can be rewritten as

min
W∈W

max
E∈E

Tr
{((

R̂ + E
)−1

+ W⊗ INr
)−1

}
(3.7)

where (R̂ + E) and W are positive definite and positive semi-definite matrices,
respectively. Note that assuming B ≥ Nt, we are always able to decompose W to
obtain P for example using the Cholesky factorization.



36
Robust Transmit Signal Design for Channel Estimation: Correlated Channel and

White Noise

3.2 Robust Training Signals for Arbitrary Correlated
MIMO Channels

In this section, we study the problem of robust training sequence design for the
general scenario of arbitrarily correlated MIMO channels. Also, to make our study
as general as possible, we assume that the uncertainty set is modeled by a general
compact convex set. In the first subsection, the problem characteristic is analyzed
where we show that the robust training sequence design problem is convex and its
optimal solution is characterized as a saddle point of the objective function in (3.7).
Next, we proceed by proposing different numerical algorithms to address the robust
training design problem in Section 3.2.2.

3.2.1 Theoretical properties
To characterize the robust training sequences for a general convex uncertainty set,
we shall explore inherent structure of the minimax problem (3.7) stated in the
following proposition.

Proposition 3.1. Let W and E be non-empty convex sets, and

f(W,E) , Tr
{(

(R̂ + E)
−1

+ W⊗ INr
)−1

}
(3.8)

The function f(W,E) is a convex-concave function with respect to W and E, i.e.,
it is convex in W for any E ∈ E and is concave in E for any W ∈ W.

Proof. A proof based on finding the Hessian of the objective function is given
in Appendix 3.7.1. However, an alternative proof is shown here by rewriting the
subproblems in (3.7) as equivalent semi-definite programming (SDP) optimization
problems which are convex problems, thus implying that f(W,E) is concave with
respect to E and convex with respect to W. Such analysis is provided here to be
used later when we derive an alternate-iterate algorithm to tackle the problem.

To express the inner maximization problem as an SDP, a Hermitian slack vari-
able X ∈ CNtNr×NtNr is introduced, then the inner maximization, for a given W,
can be written as

max
X,E∈E

Tr{X}

s.t. {(R̂ + E)−1 + W⊗ INr}−1 � X.
(3.9)

Applying the matrix inversion lemma and defining G , R̂ + E and F ,W 1
2 ⊗ INr ,

the constraint in (3.9) is equivalent to G−GFH [FGFH+INtNr ]−1FG � X. Using
a Schur-complement [HJ85], we obtain the equivalent convex SDP

max
X,E∈E

Tr{X}

s.t.
[

FGFH + INtNr FG
GFH G−X

]
� 0.

(3.10)
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Following the same approach, the outer minimization sub-problem in (3.7), for a
given E, is reformulated as

min
X,W∈W

Tr{X}

s.t. {(R̂ + E)−1 + W⊗ INr}−1 � X.
(3.11)

Defining Q ,W⊗ INr , the constraint in (3.11) can be rewritten as

G[G + GQG]−1G � X.

Similarly, using a Schur-complement, the equivalent convex SDP is

min
X,W∈W

Tr{X}

s.t.
[

X G
G G + GQG

]
� 0.

(3.12)

Note that optimization problems (3.10) and (3.12) consisting of a linear objective
function and linear matrix inequality (LMI) constraints, can be solved using an SDP
solver which facilitates the procedure of finding robust training sequences as will
be explained in detail later.

In light of the following lemma, the existence of a globally optimal solution, i.e.,
the saddle point of the objective function in (3.7), is concluded.

Lemma 3.2. [Roc70] Let X and Y be non-empty compact convex sets, and f :
X × Y 7−→ R be a convex-concave function. Then, f has a (global) saddle point
(x?,y?) ∈ (X ,Y) with respect to minimizing over X and maximizing over Y, where
f(x?,y?) = min

x∈X
max
y∈Y

f(x,y) = max
y∈Y

min
x∈X

f(x,y).

This lemma illustrates that the saddle point of a convex-concave function is
the optimal solution to the minimax and maximin optimization problems, simul-
taneously. The compactness is required to guarantee that the minimax equality
holds and the set of saddle points (minima) is non-empty. This assumption along
with the convexity/concavity results in the fact that the minimum over x and the
maximum over y are attained. See the saddle point theorem [BNO03, Section 2.6]
and [Roc70, Corrolary 37.6.2] for more discussions. Note that the minimax problem
(3.7) can be stated as follows

min
W∈W

f?(W) (3.13)

where f?(W) , max
E∈E

f(W,E). This formulation illustrates an approach to deal
with the robust training design problem. Here, f?(W) is convex in W since f(W,E)
is a convex function in W, and maximization preserve convexity. Therefore, the
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robust training sequence design problem is a convex problem which can be solved
efficiently, and the existence of the globally optimal solution is justified by recalling
Proposition 3.1 in which it has been shown that the three conditions mentioned in
Lemma 3.2 are satisfied.

In the following subsection, we propose several numerical algorithms to address
this convex optimization problem and provide optimal robust training sequences.

3.2.2 Numerical algorithms
We introduce three different algorithms: a) Subgradient projection method; b) Bar-
rier method; c) Alternate-iterate algorithm, differentiated by implementation com-
plexity and convergence rate.

Subgradient projection method The subgradient projection method [BNO03]
can be used to solve the minimization problem (3.13). To follow the subgradient
projection method, we need to find a subgradient of f?(W) introduced in (3.13).
Now, we state the following lemma [BNO03, Proposition 4.5.1] which helps us to
find a subgradient of f?(W).

Lemma 3.3. Assume that ψ : X × Y 7→ R is a continuous function where Y is
a compact set and ψ is such that ψ(.,Y) : X 7→ R is convex and differentiable
for each Y ∈ Y. Then, ∇Xψ(X,Y?(X)) is a subgradient of the convex function
f?(X) = maxY∈Yψ(X,Y) at X, where Y?(X) ∈ arg maxY∈Yψ(X,Y) at X.

Note that the continuity of ψ and the compactness of Y are required to ensure
that Y?(X) exists according to the Weierstrass theorem. Now, based on Lemma 3.3,
it can be shown that a subgradient of f?(W), which is named as S(W) ∈ CNt×Nt ,
is given by

vec{S(W)} = −JHvec
{[

(R̂ + E?(W))−1 + W⊗ INr

]−2
}
, (3.14)

where J is the N2
rN

2
t × N2

t matrix such that vec{W⊗ INr} = Jvec{W}, and
E?(W) is the solution to the following convex optimization problem for a fixed W

max
E∈E

f(W,E), (3.15)

which can be solved efficiently using the SDP reformulation (3.10). We initialize
the iterative subgradient projection method with a feasible point W0 ∈ W and at
each iteration, update W as follows

Wk+1 = PW [Wk − αkS(Wk)], (3.16)

where αk denotes the step size and PW [A] represents the projection of a Hermitian
matrix A onto the convex set W.
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In order to find the projection, according to the projection theory, we look for
a matrix in W which is at minimum Euclidean distance (here the Frobenius norm
is the Euclidean norm) from A. Equivalently we solve the following optimization
problem as outlined below

min
PW [A]

‖PW [A]−A‖2F

s.t. PW [A] � 0, Tr{PW [A]} ≤ PT
σ2
n

.

Using Karush-Kuhn-Tucker (KKT) conditions, it can be shown that PW [A] = A−
η
2 I where η > 0 is the Lagrange multiplier which is chosen to satisfy the constraint
Tr{PW [A]} ≤ PTσ2

n
. Taking the eigenvalue decomposition (EVD) of PW [A] and A,

one can readily find that they share the same eigenvectors as A = UΛAUH with
ΛA = diag({λiA}

Nt
i=1) and PW [A] = UΛWUH with ΛW = diag({λiW}

Nt
i=1), where

λiW = max{(λiA −
η
2 ), 0}, and η is chosen so that to fulfill

∑Nt
i=1 λ

i
W = PT

σ2
n

[BV04,
Chapter 8.1.1], [Pal05]. We use max{·, 0} to make sure that the positive semi-
definiteness constraint is satisfied.

There are different step sizes for which it has been shown that the sequence
{Wk} is guaranteed to converge to an optimal solution [BM08,Ned08]. As an ex-
ample, we consider a diminishing step size to define αk, i.e., αk = α0

1+c
k+c with

α0 ∈ (0, 1] and c > 0.
This algorithm is general and can address the problem (3.7) for any convex

uncertainty set E . The convergence is guaranteed, but it is well-known that the
convergence rate is slow for subgradient methods.

Barrier method The second approach to address the problem (3.7) is the ex-
tended barrier method [BV04, probl. 11.12] for convex-concave optimization. The
idea is to add logarithmic barriers for the two constraints. For example, for un-
certainty regions of the form Ef , {E | ‖E‖F = (Tr{EEH}) 1

2 ≤ ε}, we define the
following function

b(W,E, t) = t Tr
{((

R̂ + E
)−1

+ W⊗ INr
)−1

}
−log(PT−Tr[W])+log(ε2−‖E‖2F ),

(3.17)

and use the Newton method to search for stationary points of b(W,E, t) for a
series of increasing values of t. See [BV04] for more details on how to implement
the barrier method.

This algorithm shows the fastest convergence of the three but requires more
implementation work. Furthermore, the algorithm is only applicable to uncertainty
sets (constraints) which are twice differentiable.
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Alternate-iterate algorithm This algorithm is similar to the one proposed in
[CF11], and iterates between the following two steps until convergence

• Fix W, optimize with respect to E using (3.10).

• Fix E, optimize with respect to W using (3.12).

Both (3.10) and (3.12) can be solved using standard convex optimization softwares,
such as CVX [GB11, GB08]. Note that there is no guarantee that the algorithm
converges, it may even diverge for certain parameter values and uncertainty regions,
even though the results of [CF11] seem to indicate general convergence. This has
been observed in our numerical studies, where the algorithm failed to converge, for
example for uncertainty sets defined by the nuclear norm with a small value of ε.
Still, this algorithm is the easiest to implement and converges reasonably fast when
it converges.

After introducing these numerical algorithms to address the general case, we
proceed to investigate some other practical scenarios where the problem of interest
is simplified in the following sections.

3.3 Robust Training Signals for MISO Channels

In this section, we consider the special case of MISO channels, i.e., Nr = 1. We
study this case not only for its practical importance but also for the analytical
tractability which enables us to attain more insights on the optimal structure and
the optimal power allocation of the robust training sequences. The MSE-minimizing
robust training sequence design problem for the MISO channel is formulated as

min
W∈W

max
E∈E

Tr
{[

(R̂ + E)−1 + W
]−1
}
, (3.18)

where R̂ ∈ CNt×Nt is the nominal covariance matrix of the MISO channel. Note
that the algorithms mentioned in Section 3.2 are still applicable here, for a general
assumption of convex uncertainty set, to provide a global optimal solution by ad-
dressing the minimax problem (3.18) as a special case of (3.7). Now, we continue
our study by a new assumption resulting in a more efficient way to obtain the
optimal solution. We assume that the uncertainty set is unitarily-invariant.

Definition 3.4. A set E is called unitarily-invariant if E ∈ E implies that UEUH ∈
E for any arbitrary unitary matrix U.

This assumption is general enough to cover the most popular uncertainty models
used in the literature for robustness analysis (as special cases), e.g., the Frobenius
norm and the spectral norm. Consider the EVD of the nominal covariance matrix
R̂ and W as R̂ = URΛRUH

R and W = UWΛWUH
W, respectively.
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The next theorem states that the robust training design problem for the MISO
channel under a unitarily-invariant uncertainty set is boiled down to a power al-
location problem. As it turns out, the optimal variables W? and E? of the robust
design share their eigenvectors with the nominal covariance matrix R̂.

Theorem 3.5. Let E be a non-empty compact unitarily-invariant convex set, and
W be defined as in (3.6). Then, there exists a solution W? = UW?ΛW?UH

W? to
the minimax problem (3.18) such that UW? = UR, and the diagonal matrix ΛW?

is the solution to the following minimax problem

min
ΛW∈W

max
ΛE∈E

Tr
{[

(ΛR + ΛE)−1 + ΛW
]−1
}
, (3.19)

where ΛE is a diagonal matrix which shares the eigenvalues of the matrix E as its di-
agonal elements, and E? is diagonalized with the eigenvectors of R̂, i.e., UE? = UR.

Proof. See Appendix 3.7.2.

Theorem 3.5 conveys that the optimal directions for the robust training se-
quences are the eigenvectors of the nominal covariance matrix R̂. From Theo-
rem 3.5, it is concluded that the number of variables required to be optimized
reduces after diagonalization, i.e., from (2N2

t ) real-valued variables in (3.18) to
(2Nt) in (3.19). To solve this power allocation problem, as we mentioned earlier,
all the algorithms described in Section 3.2.2 can be exploited. For example, we
can apply the subgradient projection method where a subgradient of f?(ΛW)=
max
ΛE∈E

Tr
{[

(ΛR+ΛE)−1+ΛW
]−1
}
, is given by

S(ΛW) = −
(
[ΛR + Λ?E(ΛW)]−1 + ΛW

)−2
, (3.20)

where Λ?E(ΛW) is a solution to the inner maximization in (3.19), for a fixed ΛW.
The rest of the procedure is the same as the subgradient projection method, previ-
ously, described in Section 3.2.2.

Next, we focus on uncertainty regions defined using two specific matrix norms,
spectral and nuclear norms which are aligned to the assumption of being a unitarily-
invariant convex set. Under these assumptions, we provide closed-form solutions to
the robust design problem (3.19).

3.3.1 Uncertainty regions defined by the spectral norm

In this subsection, we find the robust training sequences in the case that E ∈ Es
where Es , {E | ‖E‖2 , λmax(E) ≤ ε}. Let ΛRm represent the m × m diagonal
matrix which has the m largest eigenvalues of the Nt × Nt diagonal matrix ΛR
(Nt ≥ m) as its diagonal elements. We assume that the eigenvalues of ΛR are
sorted in a descending fashion, i.e., λ1

R≥ ...≥λ
Nt
R .
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Theorem 3.6. For a MISO channel, under the spectral norm constraint, i.e., Es
as the uncertainty set, and having m as the index of the smallest eigenvalue of ΛR

for which c , PT+σ2
nTr{(ΛR+εINt )

−1}
σ2
nNt

> 1
λmR +ε , the solution to the power allocation

problem (3.19) is given by

ΛW? =
[

ΛWm 0Nt−m
0Nt−m 0m

]
(3.21)

where ΛWm = cIm − (ΛRm
+ εIm)−1. Moreover, the worst mismatch matrix E? is

given as E? = εINt .

Proof. See Appendix 3.7.3.

Theorem 3.6 states that we only need to excite m number of transmit antennas
to achieve the minimum worst-case MSE performance under the spectral norm
constraint. In other words the rank of the robust training matrix is m. Based on
Theorem 3.6 and recalling that W = 1

σ2
n
PHP and considering the singular value

decomposition (SVD) of P? as UP?ΛP?VH
P? , it is concluded that UP? can be chosen

arbitrarily, e.g., UP? = IB×Nt , ΛP? = (ΛW?) 1
2 and VP? = UW? = UR. Then,

P? = IB×Nt(ΛW?) 1
2 UH

R .

3.3.2 Uncertainty regions defined by the nuclear norm
Here, we consider the nuclear norm to describe the uncertainty set, i.e., E ∈ En
where En , {E | ‖E‖∗ ,

∑Nt
i=1 |λiE| ≤ ε}.

The following theorem gives the robust training sequences for sufficiently large
ε in closed-form. This extra assumption on ε enables us to know more about the
eigenvalues of the mismatch matrix E which is helpful to obtain the closed-form
solution.

Theorem 3.7. For a MISO channel, under the nuclear norm constraint, i.e., En
as the uncertainty set, and for ε ≥ ε′ , Ntλmax(R̂)−

∑Nt
i=1 λ

i
R, the robust training

sequences P?, the worst mismatch matrix E? and the worst-case MSE at the optimal
point are, respectively, given as:

P? = IB×Nt

√
PT
Nt

UH
R , (3.22)

E? = UR

(
1
Nt

[ε+
Nt∑
i=1

λiR]INt −ΛR

)
UH

R , (3.23)

MSE = 1
1

ε+
∑Nt

i=1
λiR

+ PT
σ2
nN

2
t

. (3.24)
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Proof. The proof is based on the following lemma:

Lemma 3.8. Let E , {E | Tr{E} ≤ ε}, then the saddle-point of the objective
function in (3.19) is given by

(ΛW? ,ΛE?) =
(

PT
σ2
nNt

INt ,
1
Nt

[ε+
Nt∑
i=1

λiR]INt −ΛR

)
. (3.25)

Proof. See Appendix 3.7.4.

The result obtained from Lemma 3.8 provides a solution also for our case of
interest, i.e., the nuclear norm constraint, since for λiE ≥ 0, i = 1, ..., Nt, satisfied
for ε ≥ Ntλmax(R̂) −

∑Nt
i=1 λ

i
R, the predefined uncertainty set E in Lemma 3.8

coincides with the uncertainty set En described by the nuclear norm. Now, similar
to the spectral norm constraint, by comparing the EVD of W with the SVD of
P, we conclude that UP? can be chosen as any arbitrary unitary matrix with the
appropriate size, e.g., UP? = IB×Nt , ΛP? =

√
PT
Nt

INt and VP? = UR. Analogously,
considering the EVD of the Hermitian mismatch matrix E, we form the worst
mismatch matrix E? at the optimum point. Finally, inserting the obtained optimal
solutions ΛW? and ΛE? into the objective function of (3.19), the worst-case MSE
(saddle value) is derived.

As can be seen from Theorem 3.7, the equal power allocation along with UR as
the eigen-direction is the optimal solution that gives the robust training sequences.
Note that in order to obtain the equal power allocation as the optimal solution, the
size of the uncertainty set ε should be greater than or equal to the gap between the
maximum eigenvalue of the nominal covariance matrix λmax(R̂) and its arithmetic

mean
∑Nt

i=1
λiR

Nt
.

3.4 Robust Training Signals for Kronecker MIMO Channels

3.4.1 Kronecker model

One of the most popular structured models for the spatially correlated MIMO
channel is the Kronecker structure model [CTKV02, SFGK00,KSP+02]. This has
been widely used in the literature (see e.g., [BO10,CTKV02,VM01] and [VP06])
because of mathematical tractability. A Kronecker MIMO channel is defined as
follows:

Definition 3.9. A MIMO channel is called Kronecker MIMO channel when the
channel covariance matrix satisfies R = Rt ⊗Rr, where Rt ∈ CNt×Nt and Rr ∈
CNr×Nr are spatial correlation matrices at the transmitter side and receiver side,
respectively.



44
Robust Transmit Signal Design for Channel Estimation: Correlated Channel and

White Noise

This model assumes independent statistics of the spatial properties at both
link ends which implies that the correlation between antennas at one link end is
independent from which antennas are used at the other link end. This feature is
referred to as spatial stationarity [OC07].

Herein, we consider two different scenarios of having the Kronecker structure
for the MIMO channel covariance matrix described as follows.

• In the first scenario, the nominal covariance matrix R̂ follows the Kronecker
structure but not necessarily the true covariance matrix R.

• In the second scenario, the true covariance matrix R follows the Kronecker
structure.

These two scenarios are studied in the following subsections. We show that the
problem of finding robust training sequences is diagonalized in both cases under
the assumption of convex unitarily-invariant uncertainty set which simplifies the
problem significantly compared to the general MIMO case.

3.4.2 Kronecker structured nominal channel covariance matrix
R̂

In this subsection, we assume that the nominal covariance matrix R̂ follows the
Kronecker structure and try to find training sequences which are robust not only
against the estimation and quantization error but also against the possible mismod-
eling imposed by the Kronecker assumption. Such errors are taken into account as a
mismatch term added to the nominal one, i.e., R̂ + E = R̂t ⊗ R̂r + E where E be-
longs to the convex unitarily-invariant uncertainty set E . Then, the robust training
design problem in this scenario is

min
W∈W

max
E∈E

Tr
{((

R̂t ⊗ R̂r + E
)−1

+ W⊗ INr
)−1

}
. (3.26)

Denote the EVD of the spatial covariance matrices at the transmitter and receiver
sides by R̂t = UtΛtUt

H and R̂r = UrΛrUr
H , respectively. Then, we have the

following theorem.

Theorem 3.10. For a MIMO channel with the imperfect covariance matrix where
the nominal covariance matrix is Kronecker structured, i.e., R̂ + E = R̂t ⊗ R̂r + E,
and the non-empty unitarily-invariant convex uncertainty set E, there is a solution
W? = UW?ΛW?UH

W? to the minimax problem (3.26) such that UW? = Ut, and
the diagonal matrix ΛW? is the solution to the following minimax problem:

min
ΛW∈W

max
ΛE∈E

Tr
{(

[Λt ⊗Λr + ΛE)]−1 + ΛW ⊗ INr
)−1

}
. (3.27)

Moreover, the worst mismatch matrix E? is diagonalized by the eigenvector matrix
Ū , Ut ⊗Ur, i.e., UE? = Ū.
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Proof. See Appendix 3.7.5.

It is concluded from Theorem 3.10 that the eigenvectors of the nominal transmit
covariance matrix are the optimal directions for the robust training sequences while
the Kronecker product of the eigenvectors of both nominal covariance matrices rep-
resents the optimal direction for the mismatch matrix. According to Theorem 3.10,
it is concluded that the number of variables required to be optimized reduces from
N2
t (1+N2

r ) real-valued variables in (3.26) toNt(Nr+1) in (3.27). Note that the min-
imax power allocation problem (3.27) inherits the convex-concave structure with
respect to ΛW and ΛE, respectively, and can be solved for any convex unitarily-
invariant uncertainty set by the numerical algorithms proposed in Section 3.2.2.

3.4.3 Kronecker structured true channel covariance matrix R
Now, let us assume that the true MIMO channel covariance matrix follows the
Kronecker structure, i.e., R = (R̂t + Et) ⊗ (R̂r + Er), where Et and Er model
the existing uncertainty due to imperfect estimation of nominal ones and/or the
quantization error as the additive terms to the nominal covariance matrices R̂t and
R̂r, and belong to uncertainty sets Et and Er, respectively. For this scenario, the
robust design problem is formulated as

min
W∈W

max
Et∈Et
Er∈Er

Tr
{[

(R̂t + Et)⊗ (R̂r + Er)
]−1

+ W⊗ INr
}−1

. (3.28)

Note that the objective function in (3.28) is convex in W and concave with
respect to each Et and Er separately, but not jointly concave on (Et,Er). As it
is concluded from the following theorem, for a MIMO channel with the Kronecker
structured true covariance matrix, robustness is achieved when W,Et and Er are
diagonalized with the eigenvectors of the nominal covariance matrices.

Theorem 3.11. For a MIMO channel with the imperfect covariance matrix where
the true covariance matrix is Kronecker structured, i.e., R̂ + E = (R̂t + Et) ⊗
(R̂r + Er), and the non-empty unitarily-invariant convex uncertainty sets Et and
Er, there is a solution W? = UW?ΛW?UH

W? to the minimax problem (3.28) such
that UW? = Ut, and the diagonal matrix ΛW? is the solution to the following min-
imax problem:

min
ΛW∈W

max
ΛEt∈Et
ΛEr∈Er

Tr
{(

[(Λt + ΛEt)⊗ (Λr + ΛEr)]−1 + ΛW ⊗ INr
)−1

}
. (3.29)

The mismatch matrices Et and Er are diagonalized by the same eigenvectors as
those of the nominal covariance matrices at the transmitter and receiver sides, i.e.,
UE?t = Ut and UE?r = Ur, respectively.
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Proof. See Appendix 3.7.6.

Theorem 3.11 states that both the robust training sequences and the transmit
mismatch matrix share the same optimal directions which are the eigenvectors of
the nominal transmit covariance matrix. However, the optimal directions for the
receive mismatch matrix are determined by the eigenvectors of the nominal receive
covariance matrix. Here, the number of real-valued variables needed to be optimized
reduces from (2N2

t+N2
r ) in (3.28) to (2Nt+Nr) in (3.29).

Finding the optimal solution for the minimax problem (3.29) is a difficult task
since there may be several local optima, i.e., local saddle points, for example, due to
the fact that the objective function is not jointly concave in ΛEt and ΛEr . However,
a sub-optimal solution can be provided to the problem (3.29) numerically, e.g., using
an alternate-iterate algorithm, under any compact convex uncertainty set, where
in each iteration two of the variables assumed to be fix and the problem will be
optimized for the third one, then the obtained solution is inserted back to the
objective function and this procedure will be continued until convergence, however
it may fail to converge. For scenarios where one of the nominal covariance matrices
is perfectly known, i.e., either ΛEt = 0 or ΛEr = 0, problem (3.29) turns into a
convex-concave problem where we can exploit the proposed numerical algorithms
in Section 3.2.2 to find the globally optimal solution.

In the following, we include two special cases to further study the robust design
problem.

Special case 1

Consider the problem of finding robust training sequences at low SNR where SNR
, PT

σ2
n
, and when the MIMO channel is spatially correlated at both link ends and

the correlation matrix at the receiver side is perfectly known, i.e., Er = 0. In
practice, such a situation might for example happen in an uplink scenario when
the covariance matrices are outdated and the movements of the mobile primarily
affect the covariance matrix as seen from the mobile station end (the transmit-
ter), but not significantly the covariance matrix as seen from the base station end
(the receiver). Such scenarios have been observed in channel measurements, see
for example [JZOG07] where the decorrelation distance for the large scale fading
parameters (i.e. the covariance matrices) is an order of magnitude larger as seen
from the base station than from the mobile terminal. To model the uncertainty set,
the Frobenius norm constraint is used which is unitarily-invariant, consequently
the minimax problem (3.28) turns to the power allocation problem (3.29). The
Frobenius norm constraint is defined as Ef , {Et | ‖Et‖F = (Tr{EtEH

t })
1
2 ≤ εt}.

Then, at low SNR, Lemma 3.12 states that the minimax problem (3.29) turns into
a maximization SDP problem.

Lemma 3.12. Assume the spatially correlated Kronecker MIMO channel with
ΛEr = 0, then at low SNR and under the Frobenius norm constraint, the mini-
max optimization problem (3.29) is asymptotically equivalent to
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max
ΛW∈W,t,µ>0

t

s.t.
[

αΛW + µINt αΛWθ − β
2 1Nt

αθTΛW − β
2 1TNt αθTΛWθ − t− µε2t

]
� 0

(3.30)

where α , Tr(Λ2
r ), β , Tr(Λr) and θ ∈ RNt×1 is the vector comprising the

eigenvalues of Λt and 1Nt is an all-one column vector of dimension Nt.

Proof. See Appendix 3.7.7.

Having a linear objective function and LMI constraint, problem (3.30) can be
solved efficiently using any SDP solver.

Special case 2

Here, we study the case where there is no correlation at the receiver side, and the
MIMO channel is only spatially correlated at the transmitter side. In a cellular
system, it is more common to ensure sufficient antenna spacing at the base station
rather than the mobile station. This implies that the transmitter side is more prone
to the correlation among antennas. It is assumed that the covariance matrix at the
receiver side is perfectly known, i.e., Er = 0, but at the transmitter side, only the
prior knowledge R̂t is available, thus R = (R̂t + Et)⊗ INr and Et ∈ Et where Et is
a convex unitarily-invariant set. One can see that based on these assumptions, the
minimax problem (3.28) boils down to the minimax problem (3.29) which coincides
with the minimax problem (3.19) for the MISO scenario, except the scaling factor
Nr in the objective function. Indeed, this case can be thought of as Nr parallel
MISO channels. Thus, all the results derived in Theorem 3.6 and Theorem 3.7 are
valid here with the only difference in the worst-case MSE value, e.g. (3.24) turns
to MSE = Nr

1

ε+
∑Nt

i=1
λiRt

+ PT
σ2
nN

2
t

.

3.5 Numerical Results

In this section, simulation results will be presented in order to quantify the per-
formance of the proposed robust training sequence design. In the first three ex-
periments, we investigate the general case of arbitrarily correlated MIMO channel,
i.e., solving (3.7), under an uncertainty region which is modeled using the Frobenius
norm constraint, i.e., E = {E | ‖E‖F ≤ ε}. The nominal covariance matrix R̂ is gen-
erated according to the inverse Wishart distribution, i.e., R̂ ∼ W−1(αΨ, ν) where
Ψ ∈ CNtNr×NtNr is chosen as an arbitrary positive definite matrix, ν > NtNr−1 is
a degree of freedom parameter (e.g., it is set to 6 for 2×2 MIMO channel), and α is
chosen as ν−NtNr−1 so that E{R̂} = Ψ, since E{W−1(Ψ, ν)} = 1

ν−NtNr−1Ψ. To
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Figure 3.1: CDF comparison of the worst-case MSE for the robust and non-robust
training sequence design under arbitrary correlated 2× 2 MIMO channel.

make the results invariant to the scaling of R̂, the results are plotted as a function
of the relative uncertainty parameter s ∈ [0, 1] defined as ε = s‖R̂‖F .

In Figure 3.1, we consider a 2× 2 MIMO channel where the cumulative distri-
bution function (CDF) of the worst-case MSE is plotted for two different schemes,
robust design and non-robust design, based on 100 Monte Carlo simulations. For
the non-robust design, the optimal training sequences for nominal covariance matrix
R̂ are found by, first, solving the outer minimization problem in (3.7) for E = 0,
then, inserting the solution back to the objective function and solving the inner
maximization in (3.7) to find the worst-case covariance matrix, which equivalently
can be done by solving (3.10). As expected from the design strategy, the robust
solution always gives a better worst-case MSE. However, we can also note that the
worst-case MSE variations are much smaller than those of the non-robust solution.
Also, a larger uncertainty region (larger s) results in a bigger difference between
robust and non-robust designs.

Figure 3.2 illustrates the worst-case MSE of a 2 × 2 MIMO channel which is
averaged over 100 realizations of R̂ as a function of the relative uncertainty pa-
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Figure 3.2: Worst-case MSE comparison of three different training sequence designs
for different sizes of the Frobenius norm uncertainty set for arbitrary correlated 2×2
MIMO channel.

rameter s for different training sequence designs. As expected, the robust approach
outperforms the non-robust one. However, almost identical performance as that of
the robust design is attained using equal power allocation scheme, i.e., choosing W
as a scaled identity. This is an interesting observation since it illustrates that the
less complex equal power allocation scheme performs as good as the robust design
under the Frobenius norm constraint.

In Figure 3.3, we consider a 4×4 MIMO channel and plot the worst-case MSE as
a function of training SNR , PT

σ2
n
. In this figure, we compare the robust design and

the non-robust design where the worst-case MSE is averaged over 100 realizations of
the nominal covariance matrix R̂ generated using the inverse Wishart distribution
with ν = 18. As the SNR increases, the gap between the non-robust and robust
designs decreases. At high SNR, the non-robust design performs nearly optimal,
but at the expense of more training power. This happens since at this region the
mismatch matrix contributes less to the overall objective.

Figure 3.4 investigates the performance of the robust design compared to the
non-robust and the equal power allocation schemes for a 4×1 MISO channel where
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Figure 3.3: Worst-case MSE comparison of the non-robust and robust designs as
a function of training SNR , PT
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for arbitrary correlated 4 × 4 MIMO channel at
s = 0.5.

the nominal R̂ is generated according to the exponential model [Loy01] with the
correlation coefficient ρ equal to 0.3. Using this model, the elements of the nominal
covariance matrix r̂ij , for |ρ| ≤ 1, is given by r̂ij = ρj−i for i ≤ j, and r̂ij = r̂∗ji for
i > j. Here, the results are based on a single covariance matrix realization where
SNR is set to 5 dB and ε,s‖R̂‖∗.

As can be concluded from Figure 3.4, for ε ≥ ε′ (correspondingly s ≥ s′ =
ε′

Tr{R̂t}
, e.g., here s′=0.57), the curve representing the equal power allocation scheme

approaches the one representing the robust scheme. To understand why it behaves
like this, refer to Section 3.3 where in Theorem 3.7, it is shown that for ε ≥ ε′

the equal power allocation is the optimal solution for the minimax robust problem
(3.19).

For the next numerical study, we have considered the 4 × 4 Kronecker MIMO
channel, the second scenario in Section 3.4.3, where the nominal spatial covariance
matrices R̂t and R̂r are generated according to the exponential model where the
correlation coefficients at the transmitter and receiver sides are chosen as ρt = 0.35
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Figure 3.4: Worst-case MSE comparison of three different training sequence designs
for different sizes of the nuclear norm uncertainty set for 4× 1 MISO channel.

and ρr = 0.9, respectively. The problem that we deal with is the problem (3.29) un-
der the Frobenius norm constraint and ΛEr = 0. In Figure 3.5, the worst-case MSE
is plotted versus SNR to compare non-robust, exact robust and approximate robust
designs (i.e., solving (3.30)) for s = 0.75. For low and middle range SNR values, the
exact robust design outperforms the non-robust one, although for the higher values
of SNR, these two schemes approach together due to the same reason mentioned
earlier for Figure 3.3. Moreover, at low SNR, the exact and approximate robust
design have an identical behavior which comply with our result from Lemma 3.12.
From a complexity point of view, we can conclude that the goal of having robust
training sequences can be achieved in a less-complex fashion by solving a single
SDP at low SNR, and following the non-robust approach at high SNR.

In order to further illustrate the performance of our design when applied in a
communication link, we have plotted bit error rate (BER) curves for 2×2 and 4×4
MIMO channels versus data SNR in Figure 3.6. In the data transmission phase of
the simulated scenario, the left ŵ and right v̂ hand singular vectors corresponding
to the largest singular value of the estimated channel matrix are used as receive and
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Figure 3.5: Worst-case MSE comparison of the non-robust, exact robust and ap-
proximate robust designs as function of training SNR at s = 0.75 for 4×4 Kronecker
MIMO channel.

transmit beamformers, respectively, normalized to ‖ŵ‖2 = ‖v̂‖2 = 1. Consequently,
the input to the symbol detector is

x̂i = ŵHydi = ŵH(Hv̂xi + ndi),

where the xi are QPSK modulated symbols, nd ∈ CNr×1 is the received noise
and the true channel h , vec(H) is random realization drawn from CN (0,R).
According to the philosophy of worst-case robustness, R is chosen to be the least
favorable covariance matrix. The curves in Figure 3.6 are attained by having R
as the least favorable covariance matrix for the non-robust design, however similar
behaviors have been observed using the least favorable covariance matrix for the
robust design. The data SNR is defined as E(‖x‖2)

E(‖nd‖2) .
The nominal covariance matrix R̂ is generated according to the exponential

model with ρ = 0.9 and the uncertainty parameter s = 0.8 where we consider the
Frobenius norm constraint to bound the mismatch matrix. A stream of 5 × 105

bits are simulated for each channel realization and the BER is averaged over 5000
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Figure 3.6: BER performance of the three different schemes versus data SNR for
2× 2 and 4× 4 MIMO channels when the training SNR= 5dB and s = 0.8.

different channel realizations. In Figure 3.6, three different schemes are compared:
non-robust, robust and true channel. In the two former cases, the channel estimates
are obtained using non-robust and robust training sequences and the SVD of the
resulting channel matrix was used to calculate the beamformers ŵ and v̂, whereas
in the latter case, the true channel was used. Observe that using the robust design, a
better performance (in terms of BER) can be provided compared to the non-robust
design for MIMO channel estimation. Moreover, it can be observed that both the
non-robust and the robust schemes saturate as SNR increases which is due to the
imperfect available CSI, e.g., the estimated channels, while the true channel curves
decay steeply since the perfect CSI is available.

In our final experiment, we demonstrate a complexity comparison among the
numerical algorithms, i.e., the subgradient projection method, the barrier method
and the alternate-iterate algorithm in order to design robust training sequences by
solving (3.7) under the Frobenius norm constraint. The complexity is quantified in
terms of running time using the tic-toc function in MATLAB. To compute the
complexity, the covariance matrix is generated randomly according to the inverse
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Table 3.1: Running time (in seconds) comparison among the numerical algorithms
for different antenna array sizes with Nt = Nr.

Nt 2 3 4 5
Subgradient projection 24.71 56.81 124.62 1573.32
Barrier 0.19 0.28 1.14 9.71
Alternate-iterate 16.49 30.88 – –

Wishart matrix, and the running time is averaged over 50 realizations. The results
are reported in Table 3.1 for different antenna array sizes where we assume that
Nt = Nr, s = 0.5 and SNR = 5 dB.

From Table 3.1, it can be seen that the barrier method is significantly less
complex compared to the other algorithms, while the running time of the Subgra-
dient projection method increases heavily with the increase of Nt. At small antenna
array sizes, the alternate-iterate algorithm converges faster than the Subgradient
projection method. However, in the cases of Nt = 4 and Nr = 5, we have observed
that the alternate-iterate algorithm would not converge under this simulation setup.
Also, note that the solutions obtained by these algorithms lead to the same (global)
saddle point in the case of convergence for the alternate-iterate algorithm.

3.6 Summary

We have considered a minimax robust training sequences design problem in which
the best training sequences are given which minimize the worst-case performance,
i.e., those providing the minimum MSE value for the least favorable covariance
matrix in an uncertainty set. Different assumptions on antenna array configuration
and correlation in addition to various assumptions of uncertainty sets are investi-
gated to gain more insights about the robust training problem. It is shown that such
robust design outperforms the non-robust design where the worst-case MSE is con-
sidered as the performance criterion. Interestingly, we have numerically observed
that, for an arbitrarily correlated MIMO channel with the uncertainty modeled
by the Frobenius norm, the equal power allocation scheme has the performance as
good as that of the robust design. We have simplified the problem of robust training
sequences design for the MISO channel and Kronecker structured MIMO channel
by proving that the diagonal structure is the optimal structure which implies that
we only need to solve a power allocation problem to find the optimal variables.
Analytic results are provided to support our study and to yield more outcomes
considering different scenarios.
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3.7 Appendices

3.7.1 Proof of Proposition 3.1
To prove the convex-concave structure of f(W,E), we show that f(W,E) is a
concave function in E and a convex function in W. For ease of notation, let us
define G , R̂ + E and Q ,W ⊗ INr . It suffices to prove the concavity-convexity
with respect to G and Q, respectively.

To show concavity with respect to G, let us first consider the case where W
(and therefore Q) is fixed and positive definite. Using our definition above and the
matrix inversion lemma, it follows that the function f(W,E) can be equivalently
written as

h(Q,G) = Tr
{

(G−1 + Q)−1}
= Tr

{
Q−1}− Tr

{
(Q + QGQ)−1} . (3.31)

The first term in (3.31) is independent of G, thus, it suffices to show that the
second term is convex in G. Since the argument of Tr{(·)−1} in the second term
is an affine function of G, and also Tr{(·)−1} is convex in its argument, therefore,
the objective function h(Q,G) is concave with respect to G.

To prove the concavity of the objective function h(Q,G) in G for the more
general case where Q is positive semi-definite, we find the Hessian of h with respect
to the variable G and show that it is a negative semi-definite matrix. The function
that we deal with is φ(G) = Tr{(G−1 + Q)−1}. To find the Hessian matrix, we
follow the same approach as that of [HG07], i.e., we first compute the differential
of the function and then apply the result to find the derivative.

The Hessian matrix is found to be

Hφ(G) = 2
{(

G−1(G−1 + Q)−2G−1)T ⊗ ([G−1(G−1 + Q)−1G−1]−G−1)} .
(3.32)

Recalling positive definiteness of G and (G−1+Q) as well as positive semi-definiteness
of Q, the Hessian matrix Hφ(G) is a negative semi-definite matrix since the first
Kronecker tensor in (3.32) is positive definite, and for the second Kronecker tensor
in (3.32), we have

G−1(G−1 + Q)−1 (G−1 − (G−1 + Q)
)

= −G−1(G−1 + Q)−1Q � 0,

which implies that the function h(G,Q) is a concave function in G.
We follow the same way in order to interpret the behavior of the cost function

w.r.t. Q. First, intuitively it can be seen that h(Q,G) is an affine function of Q,
and by a similar argument the objective function is convex in Q.

Again, following the Hessian approach, we denote the function of interest as
ψ(Q) = Tr{(G−1 + Q)−1}.

Using the similar method, the Hessian is obtained as

Hψ(Q) = 2
{

(G−1 + Q)−T ⊗ (G−1 + Q)−2} � 0.
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The positive definitness of the Hessian matrix explains that the objective function
h(G,Q) is convex in Q. It concludes proving that the objective function is a convex-
concave function with respect to W and E, respectively.

3.7.2 Proof of Theorem 3.5
In order to prove Theorem 3.5, we start by explaining that the argument of the trace
in (3.18) can be rewritten as

[
(ΛR + UH

REUR)−1 + UH
RWUR

]−1 which turns the
problem (3.18) into the following optimization problem,

min
W̄∈W

max
Ē∈E

Tr
{[

(ΛR + Ē)−1 + W̄
]−1}

where W̄ = UH

RWUR and Ē = UH

REUR. Then, we state the following lemma
[EM04].

Lemma 3.13. Assume J ∈ RN×N is a diagonal matrix comprising the diagonal
elements of ±1 where J represents the set of all L= 2N such matrices. Then,
for an arbitrary matrix A ∈ CN×N a diagonal matrix DA which shares the same
diagonal values with those of the matrix A, i.e., [DA]ii = [A]ii,∀i, can be defined
as DA = 1

L

∑
J∈J JAJ.

Using the properties of J introduced in Lemma 3.13 which include that J is a
diagonal matrix and J2 = I, further, mentioning that

f?(W̄) , max
Ē∈E

Tr
{[

(ΛR + Ē)−1 + W̄
]−1}

,

we have

f?(JNtW̄JNt) = max
Ē∈E

Tr
{[

(ΛR + Ē)−1 + JNtW̄JNt
]−1}

= max
Ě∈E

Tr
{[

(ΛR + Ě)−1 + W̄
]−1
}

= f?(W̄),

where the second equality follows from the fact that JΛJ = Λ for any diagonal
matrix Λ and Ě , JĒJ ∈ E . Then,

f? (DW̄) (a)= f?( 1
L

∑
JNt∈J

JNtW̄JNt)

(b)
≤ 1
L

∑
JNt∈J

f?
(
JNtW̄JNt

)
= f?

(
W̄
)
, L = 2Nt

where (a) follows from Lemma 3.13, and (b) from the convexity of f?(W̄) in W̄
and exploiting the Jensen inequality.
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Given any feasible W̄, we are able to define DW̄ which is also feasible, and
provides smaller (or at least equal) objective value. Hence, we find a diagonal
structure in the solution set which is provided by setting UW? = UR that results
W̄ = ΛW = DW̄. Then, problem (3.18) translates to

min
ΛW∈W

max
Ē∈E

Tr
{[

(ΛR + Ē)−1 + ΛW
]−1}︸ ︷︷ ︸

,g(Ē)

.

Using a similar procedure, we obtain

g(JNtĒJNt) = Tr
{[

(ΛR + JNtĒJNt)−1 + ΛW
]−1}

= Tr
{[(

JNt(JNtΛRJNt + Ē)JNt
)−1 + ΛW

]−1
}

= Tr
{

JNt
[
(ΛR + Ē)−1 + ΛW

]−1 JNt
}

= g(Ē).

Since g(Ē) is a concave function in Ē by applying the Jensen inequality and
Lemma 3.13, we have

g(Ē) = 1
L

∑
JNt∈J

g(JNtĒJNt)

≤ g( 1
L

∑
JNt∈J

JNtĒJNt) = g(DĒ).

Given any feasible Ē = UH

REUR, the objective function achieves its maximum when
a diagonal structure is found in the solution set which is feasible too. Therefore,
based on the EVD of E, i.e., E = UEΛEUH

E , UE? = UR is the condition that
needs to be satisfied to construct the diagonal solution, so the problem boils down
to (3.19).

3.7.3 Proof of Theorem 3.6
Using the matrix inversion lemma, (3.19) can be rewritten as

min
ΛW∈W

(
Tr{Λ−1

W } − max
ΛE∈Es

Tr{Λ−1
W [ΛR + ΛE + Λ−1

W ]−1Λ−1
W }

)
,

here, we have assumed that ΛW is non-singular (in case of singularity, the inverses
can be replaced by pseudo-inverses). Then, it can be easily seen that the inner
maximization will turn to a minimization problem with the objective function lower
bounded as follows

(ΛW[ΛR + ΛE + Λ−1
W ]ΛW)−1 �

(
[ΛR + εINt ] Λ2

W + ΛW
)−1

,



58
Robust Transmit Signal Design for Channel Estimation: Correlated Channel and

White Noise

where the inequality is derived based on the fact that the spectral norm can be
equivalently stated as ΛE � εINt and positivity of the other matrices involved.
Then, the objective function of the inner subproblem achieves its minimum if ΛE? =
εINt . Inserting this solution back to the objective function in (3.19) we obtain

min
ΛW∈W

Tr
{

Λ−1
W − Λ−1

W [(ΛR + εINt)ΛW + INt ]
−1
}
.

This problem, equivalently, can be translated to

min∑Nt

i=1
λiW≤

PT
σ2
n
,λiW≥0

Nt∑
i=1

λiR + ε

λiW(λiR + ε) + 1
,

which, using Lagrange multiplier approach, results in the following solution as the
optimal power allocation

λiW? = max
{

1
Nt

[
PT
σ2
n

+
Nt∑
i=1

( 1
λiR + ε

)
]
− 1
λiR + ε

, 0
}
.

Now, define c , 1
Nt

[PTσ2
n

+
∑Nt
i=1( 1

λiR+ε )]. If λRm
is the smallest eigenvalue of R̂ for

which c > 1
λmR +ε , then c >

1
λiR+ε for all i = 1, 2, ...,m. This implies that ΛW? can

be stated as the partitioned diagonal matrix described in (3.21) which comprises
the m×m positive diagonal matrix ΛWm mentioned in Theorem 3.6.

3.7.4 Proof of Lemma 3.8
Assume E defined in Lemma 3.8 as the uncertainty set. To find ΛW? , we rewrite the
minimax optimization problem (3.19) in terms of the eigenvalues of the variables,
i.e.,

min∑Nt

i=1
λiW≤

PT
σ2
n

max∑Nt

i=1
λiE≤ε

Nt∑
i=1

1
1

(λiR+λiE) + λiW
. (3.33)

Let λiW be fixed for the inner maximization sub-problem, then exploiting the
Lagrange multiplier method under the uncertainty set E defined in Lemma 3.8, it
yields

λiE =
ε+

∑Nt
i=1 λ

i
R

λiW
∑Nt
j=1

1
λjW

− λiR. (3.34)

Plugging (3.34) back into the objective function in (3.33), the outer minimization
problem in matrix form can be written as

min
ΛW∈W

α Tr
{

Λ−1
W
(
α+ Tr{Λ−1

W}
)−1}

, (3.35)
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where α,ε+Tr{ΛR}. The objective function in (3.35) can be translated into α−
α2

α+Tr{Λ−1
W }

. Therefore, (3.35) equals

min
ΛW∈W

Tr
{
Λ−1

W
}
.

Using Cauchy-Schwartz inequality, it is concluded that ΛW = βINt where β is
obtained by plugging ΛW back into the constraint which yields β= PT

σ2
nNt

. Thus,

ΛW? = PT
σ2
nNt

INt . (3.36)

On the other hand, we are interested in finding the least favorable covariance
matrix R̂ + E? for this optimal sequence. In order to derive ΛE? , we insert the
optimal solution ΛW? (3.36) back into the objective function in (3.33), and solve
the obtained maximization problem as

max∑Nt

i=1
λiE≤ε

Nt∑
i=1

1
1

(λiR+λiE) + PT
σ2
nNt

.

The above problem is solved by employing the Lagrange multiplier method
which results in ΛE? = 1

Nt
[ε +

∑Nt
i=1 λ

i
R]INt−ΛR. Finally, the optimal solutions

ΛW? and ΛE? form the saddle point of the objective function in (3.19).

3.7.5 Proof of Theorem 3.10
Defining Ū = Ut ⊗Ur, the objective function in (3.7) can be rewritten as

f(W̄, Ē) = Tr
{([

Λt ⊗Λr + Ē
]−1 + W̄⊗ INr

)−1
}
, (3.37)

where Ē=ŪHEŪ ∈ E and W̄=UH
t WUt ∈W. To derive (3.37), we use standard

trace identities and the fact that the Kronecker product of two arbitrary unitary
matrices is a unitary matrix.

Let f?(W̄) , max
Ē∈E

Tr
{(

[Λt ⊗Λr + Ē]−1+W̄⊗ INr
)−1}. Following the same

approach as in Appendix 3.7.2, we continue, first, by showing that f?(JNtW̄JNt)
equals

max
Ē∈E

Tr{([Λt ⊗Λr + Ē]−1 + (JNtW̄JNt)⊗ (JNrINrJNr )︸ ︷︷ ︸
=INr

)−1}

= max
Ē∈E

Tr{([Λt ⊗Λr + JN ĒJN︸ ︷︷ ︸
Ě∈E

]−1 + W̄⊗ INr )−1}

= f?(W̄),
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where JN = JNt ⊗ JNr (N = NtNr), second, concluding that f?(DW̄) ≤ f?(W̄)
and searching for the diagonal structure in the set to achieve the minimum of
f?(W̄) which yields choosing Ut as the optimal eigen-direction, i.e., UW? = Ut
(W̄ = ΛW ).

Then, in a similar fashion, inserting the optimal structure of W back into the ob-
jective function, gives a concave function g(Ē) which should be maximized with re-
spect to E where g(Ē) , Tr

{(
[Λt ⊗Λr + Ē]−1 + ΛW ⊗ INr

)−1}. Again, it starts
with showing that g(JN ĒJN ) = g(Ē) which, using the same reasoning as in Ap-
pendix 3.7.2, results in g(Ē) ≤ g(DĒ). This implies that the only condition to have
a optimal diagonal structure is that UE? = Ū = Ut ⊗Ur. Considering these two
optimal structures, we are left with the diagonal matrix variables to be optimized
and the robust design problem turns to (3.27).

3.7.6 Proof of Theorem 3.11
Recalling the EVD of nominal covariance matrices R̂t and R̂r, the objective func-
tion in (3.28) is reformulated as

f(W̄, Ēt, Ēr) = Tr
{([(

Λt + Ēt
)
⊗
(
Λr + Ēr

)]−1 + W̄⊗ INr
)−1

}
, (3.38)

where Ēt = UH
t EtUt, Ēr = UH

r ErUr and W̄ = UH
t WUt. In the derivation of

(3.38), we have exploited similar facts used to derive (3.37). Here,

f?(W̄) , max
Ēt∈Et,Ēr∈Er

f(W̄, Ēt, Ēr).

The proof is similar to the approach used in Appendix 3.7.2 and Appendix 3.7.5
and using those techniques, one easily can show that UW? = Ut. For the second
part, we assume that Er is fixed and define

g(Ēt) , Tr
{(

[(Λt + Ēt)⊗ (Λr + Ēr)]−1 + ΛW ⊗ INr
)−1}

which is a concave function with respect to Ēt and by the same reasoning is maxi-
mized when UE?t = Ut.

Now, let ΛEt be fixed and

κ(Ēr) , Tr
{(

[(Λt + ΛEt)⊗ (Λr+Ēr)]−1 + ΛW ⊗ INr
)−1}

which is a concave function with respect to Ēr, then similarly it is concluded that
choosing UE?r = Ur gives the diagonal structure that maximizes the objective func-
tion, and the problem boils down to (3.29). Observe that similar arguments as
before can be followed to prove the following equalities: f?(JNtW̄JNt) = f?(W̄),
g(JNtĒtJNt) = g(Ēt) and κ(JNr ĒrJNr ) = Ēr.
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3.7.7 Proof of Lemma 3.12
The proof is based on the following lemma,

Lemma 3.14. (S-Lemma [Bec09, Lemma 4.1]): Let fk(x) : Cn → R, k = 0, 1, be
defined as fk(x) = xHAkx + 2Re{bHk x} + ck, where Ak = AH

k ∈ Cn×n,bk ∈ Cn,
and ck ∈ R. Then, the implication f0(x) ≥ 0 for all x ∈ Cn such that f1(x) ≥ 0
holds if and only if there exists β ≥ 0 such that[

A0 b0

bH0 c0

]
− β

[
A1 b1

bH1 c1

]
� 0,

if there exists a point x̂ with f1(x̂) > 0.

Now, consider the objective function in the minimax problem (3.29) where ΛEr=
0, i.e.,

∑Nt
i=1
∑Nr
j=1

1
1

(λit+λiEt
)λjr

+λiW
, where λt and λr are the eigenvalues of Λt and

Λr, respectively.
At low SNR, the objective function can be approximated by neglecting the

higher moments of λiW, i = 1, ..., Nt in its Taylor expansion. Then, the approximate
objective function is

≈
Nt∑
i=1

Nr∑
j=1

[(λit + λiEt
)λjr]− [(λit + λiEt

)λjrλiWλjr(λit + λiEt
)],

= −

 Nt∑
i=1

(λit + λiEt
)2λiW

Nr∑
j=1

(λjr)2 −
Nt∑
i=1

(λit + λiEt
)
Nr∑
j=1

λjr

 ,
Let α ,

∑Nr
j=1(λjr)2 and β ,

∑Nr
j=1 λ

j
r. Then, by introducing a slack variable t

and recalling the Frobenius norm constraint, i.e., Ef , {ΛEt : ‖ΛEt‖F ≤ εt}, the
approximate minimax problem can be reformulated as

max
t,λiW≥0,

∑Nt

i=1
λiW≤

PT
σ2
n

t

s.t. (C2) : α

Nt∑
i=1

(λit + λiEt
)2λiW − β

Nt∑
i=1

λiEt
≥ t

(C1) : ∀λEt :
Nt∑
i=1

(λiEt
)2 ≤ ε2t .

(3.39)

Defining δ ∈ RNt×1 as the vector containing λiEt
for all i = 1, 2, ..., Nt, the con-

straints C1 and C2 can be rewritten as

C1 : −δT INtδ + ε2t ≥ 0
C2 : δT (αΛW)δ + (2θTΛW − β1TNt)δ + αθTΛWθ − t ≥ 0,
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where θ ∈ RNt×1 is a vector comprising λit for i = 1, ..., Nt, and 1Nt is an all-
one vector of dimension Nt. Now, combining C1, C2 and exploiting Lemma 3.14
(S-Lemma), (3.39) translates into (3.30).



Chapter 4

Robust Transmit Signal Design for Channel
Estimation: Correlated Channel and

Disturbance

Following the robust transmit signal design studied in Chapter 3, we generalize the
minimax robust problem by including arbitrarily correlated disturbance in contrast
to the previously-studied case of white disturbance. Although similar deterministic
modeling is used to define uncertain channel covariance matrix, here in this chapter
only uncertainty sets bounded by the Frobenius norm are studied.

Training sequences are designed by taking the least-favorable channel covariance
component into account throughout an iterative algorithm. The performance of the
proposed algorithm is demonstrated and compared with other relevant schemes by
several numerical experiments.

Furthermore, we show that for certain choices of initial points for the iterative
algorithm, closed form solutions can be found for all subproblems, and the numerical
results indicate that these initial points can be used without loss of optimality.

4.1 Problem Formulation

We consider a narrowband block fading MIMO link equipped with Nt transmit
and Nr receive antennas. Let P ∈ CNt×Nt be a matrix whose columns contain the
training symbols at each channel use. Then, the training phase is represented by

Y = HP + N, (4.1)

In contrast to Chapter 3, here the matrix N ∈ CNr×Nt is the disturbance com-
ponent in which each column represents interference plus noise at each channel use,
and it is spatio-temporally correlated, i.e., vec(N) ∼ CN (0,S), where SNtNr×NtNr
is the disturbance covariance matrix. We consider a Rayleigh fading MIMO chan-
nel where the second order statistics of the channel as well as the disturbance are
known.

63
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Motivated by the existence of erroneous channel covariance matrices in practice,
and following similar robustness analysis discussed earlier in Chapters 2 and 3, the
MSE-minimizing robust training sequence design is formulated as the following
minimax problem

min
P

max
E

Tr
{((

R̂ + E
)−1

+ P̃HS−1P̃
)−1

}
s.t. Tr

{
PPH

}
≤ PT , ‖E‖2F ≤ ε, P̃ = PT ⊗ INr ,

(4.2)

where PT is the total training sequence power and ε the maximum covariance
mismatch value.

Observe that the authors in [CF11] have considered a similar problem for su-
perimposed training sequences, however, assuming uncorrelated noise and address-
ing the problem with an iterative algorithm where the uncertainty set similarly is
bounded by the Frobenius norm.

To find the worst-case E, we relax the constraint P̃ = PT ⊗ INr , and introduce
the notation D , S−1/2P̃, where the power constraint corresponds to Tr{P̃P̃H} =
Tr{SDDH} ≤ NrPT . Hence, the optimization formulation in (4.2) translates into
the relaxed problem

min
D

max
E

Tr
{((

R̂ + E
)−1

+ DHD
)−1

}
s.t. Tr

{
SDDH

}
≤ NrPT , ‖E‖2F ≤ ε .

(4.3)

Even with this relaxation, the optimization problem in (4.3) is not jointly convex
in D and E. However, as in [CF10] the minimax problem can be decomposed into
two convex subproblems, and solved iteratively. More specifically, the robust train-
ing sequence design is done in an iterative manner in which the inner maximization
subproblem is solved using standard optimization packages, e.g., CVX [GB11]. A
solution for the outer minimization problem was proposed in [CF10] for the case
S = I. Here, we derive analytic expressions for the optimal P̃ in the general case
S 6= I.

4.2 Iterative Algorithm

We propose to solve (4.3) using alternating optimization, iterating between finding
the worst-case E given D, and the optimal D given E. The convergence criterion is
that at iteration k, |MSE(k)−MSE(k− 1)| is less than a small pre-defined value.

Finally, at the last iteration, in order to recover the training matrix P, we
solve the minimization subproblem in (4.2) for P by exploiting constrained non-
linear programming. The iterative robust training sequence design is summarized
in Algorithm 1.
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Algorithm 1: Iterative design of robust training sequence
1 Set η as a stopping criterion
2 Set an initial training sequence P(0) and mismatch covariance E(0) = 0
3 while |MSE(k)−MSE(k − 1)| > η do
4 Fix D(k), and solve the inner subproblem in (4.3)with respect to E(k);
5 Fix E(k), and solve the outer subproblem in (4.3)with respect to D(k);

We will present numerical and analytic methods to address steps 4 and 5 in
Algorithm 1 in the next section.

4.3 Robust Training Sequence Design

In this section, we first propose an approach to determine the worst-case covariance
matrix by convexifying the inner subproblem. Then, we analytically solve the outer
subproblem in (4.3).

4.3.1 Finding the worst-case covariance matrix

Let us define Dq , DHD. Applying the matrix inversion lemma to the objective
function in (4.3) gives the equivalent formulation

Tr
{
Dq
−1}− Tr

{[
Dq

(
(R̂ + E) + Dq

−1
)

Dq

]−1
}
. (4.4)

Hence, the inner maximization subproblem in (4.3) turns to a minimization
problem as follows

min
E

Tr
{(

Dq + Dq

(
R̂ + E

)
Dq

)−1
}

s.t. ‖E‖2F ≤ ε.
(4.5)

The problem (4.5) is convex with respect to E since the argument of Tr{(·)−1}
is an affine function of E, and also Tr{(·)−1} is convex in its argument. Therefore,
it can be solved using a standard convex solver, e.g., CVX [GB11].

4.3.2 Robust training sequences

To solve the outer minimization subproblem in (4.3), in the case of S = IN , where
N = Nr × Nt, a closed form solution can be derived by applying the approaches
in [KS04]. In order to proceed to solve the outer subproblem in our scenario,
i.e., having an arbitrary disturbance covariance matrix, we propose and prove the
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following theorem. To simplify the notation, let us define the Hermitian matrix
F =

(
R̂ + E

)−1
and the following EVDs

S = USΣSUH
S ,F = UFΣFUH

F . (4.6)

Theorem 4.1. Given the covariance mismatch matrix E and the outer minimiza-
tion problem in (4.3), the optimal P̃ is obtained by

P̃? = USDiag(
√
λ?1σs1 , . . . ,

√
λ?NσsN )UH

F , (4.7)

where λi’s are the eigenvalues of Dq sorted in a descending order and obtained as

λ?i =
NrPT +

∑N
n=1 σsnσfn√

σsi
∑N
n=1
√
σsn

−σfi , i=1, . . . , N. (4.8)

In addition, σfi and σsi are the eigenvalues of F and S, respectively, which are
ordered increasingly.

Proof. Considering the EVD of F and defining W , DUF = S−1
2 P̃UF, the objec-

tive function is equivalent to Tr
{(

ΣF + WHW
)−1
}
. The proof is a generalization

of [WP04, Section III.A] where there is a scaled identity matrix instead of ΣF.
Assuming ΣF + WHW is a positive definite matrix, the objective is minimized
when WHW is diagonal according to the following lemma. Note that the non-zero
eigenvalues of WWH , WHW and Dq are the same.

Lemma 4.2. [OG04, Lemma 1] For an N×N positive-definite matrix A, Tr{A−1} ≥∑N
n=1 1/an,n, where the equality holds if and only if A is diagonal.

Now, in order to convexify the problem with respect to the eigenvalues of WWH ,
we bound the constraint by applying the following lemma. This approach results
in a relaxed problem, but it will be shown that the relaxation does not change the
optimum solution.

Lemma 4.3. [MO68, page 249] Let A and B be two Hermitian N ×N matrices,
whose eigenvalues α1, . . . , αN and β1, . . . , βN are ordered increasingly and decreas-
ingly, respectively. Then, Tr{AB} ≥

∑N
i=1 αiβi.

Exploiting Lemma 4.3 in the constraint of the outer subproblem in (4.3), yields

NrPT ≥ Tr
{
SWWH} ≥ N∑

i=1
σsiλi, (4.9)

where λi (i = 1, . . . , N) are the eigenvalues of WWH in the decreasing order. Now,
if we are able to construct a matrix W for which the right-hand side inequality in
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(4.9) is satisfied with equality, then the solution to the following relaxed problem
is equivalent to that of the original problem.

min
λ

N∑
i=1

(σfi + λi)−1

s.t.
N∑
i=1

σsiλi ≤ NrPT

(4.10)

Solving the KKT conditions of (4.10) for λi, (4.8) is derived.
Note that according to [JB06, Theorem 2.11], this cost function is minimized

when the eigenvalues of ΣF and WHW are summed up in an opposite order. Now,
if there exists a matrix W for which the eigenvalues of WWH are exactly λ?i and
Tr
{

SWWH
}

=
∑N
i=1 λ

?
i σsi , then the relaxed problem is equivalent to the original

one and W is the optimal solution of the outer subproblem. This matrix is given
by

W? = USDiag
(√

λ?1, . . . ,
√
λ?N

)
VH , (4.11)

where V is the N ×N identity matrix since WHW should be of the form of a di-
agonal matrix, and US is the N ×N disturbance covariance matrix whose columns
correspond to the eigenvectors of S associated with its ascending eigenvalues. There-
fore, the optimal Dq and P̃ are obtained as

D?
q = UFDiag(λ?1, . . . , λ?N )UH

F , (4.12)

and
P̃? = USDiag(

√
λ?1σs1 , . . . ,

√
λ?NσsN )UH

F , (4.13)

respectively.

Remark 4.4. If the initial point of the Algorithm 1 is chosen such that UDq equals
the eigenvector of R̂, i.e., Dq = UR̂ΛDqUH

R̂, then the inner maximization problem
can be also solved analytically. Let G , Dq +DqR̂Dq = UGΣGUH

G. By observing
G, it follows that UG = UR̂ and ΣG = ΛDq + Λ2

Dq
ΣR̂, which yields the following

formulation for the inner subproblem (4.5)

min
Ē

Tr
{(

ΣG + ΛDqĒΛDq

)−1}
s.t. Tr{ĒĒH} ≤ ε

(4.14)

where Ē , UH
R̂EUR̂. Since the objective and the constraint are both convex in Ē,

and ΣG and ΛDq are both diagonal matrices, following the similar steps in [WP09,
Theorem 2], we can prove that the solution to this problem is the diagonal matrix
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Ē = Λ−1
Dq

ΓΛ−1
Dq

where Γ is a diagonal matrix. The diagonal entries of Γ, i.e., γi
(i = 1, . . . , N), are determined by solving

min
γ

N∑
i=1

(σgi + γi)−1

s.t.
N∑
i=1

γ2
i

λ4
i

≤ ε

(4.15)

where σgi and λi are the ith diagonal elements of ΣG and ΛDq , respectively. There-
fore, the problem turns to finding the elements γi, (i = 1, ..., N) under the corre-
sponding constraint. Introducing the Lagrange multiplier κ, and writing the KKT
conditions, it follows

γ3
i + 2σgiγ2

i + σ2
giγi −

λ4
i

2κ = 0 (4.16)

It is easy to verify that (4.16) has only one real solution for γi. Substituting the
resulting γi into the constraint

∑N
i=1 λ

−4
i γ2

i = ε gives κ?, and plugging κ? back to
(4.16) gives the optimal γ?i . Finally, it follows that the worst-case mismatch matrix
E is obtained by

E? = UR̂Λ−1
Dq

ΓΛ−1
Dq

UH
R̂

= UR̂Diag(γ
?
1
λ2

1
, . . . ,

γ?N
λ2
N

)UH
R̂ .

Note that the resulting UF = UR̂ implies that (4.12) keeps the eigenstructure
in Dq throughout the iterative algorithm which results in

D? = USDiag (λ?1, . . . , λ?N ) UH
R̂ ,

where λ?i (i=1, . . . , N) is obtained from (4.8).

Remark 4.5. The previous results have been obtained under the assumption that
the receiver knows the true covariance matrix R while estimating the channel ac-
cording to (2.7). If, instead, the same uncertain covariance matrix is used in the
estimation, the outcome of MMSE estimator is given by

vec(Ĥ) =
(
R̂
−1

+ P̃HS−1P̃
)−1

P̃HS−1vec(Y),

and the resulting MSE will be

MSE = Tr
{(

R̂
−1

+P̃HS−1P̃
)−1

+ MEMH

}
, (4.17)

where M =
(
R̂
−1

+ P̃HS−1P̃
)−1

R̂−1, then the inner subproblem turns to

max
‖E‖2

F
≤ε

Tr
{

MEMH
}

= max
‖E‖2

F
≤ε

Tr
{
MHME

}
. (4.18)
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Using that Tr{AB} = vecH(AH)vec(B) for any matrices A and B of matching
dimensions, and introducing the notation e = vec(E), (4.18) can be rewritten as

max
E

vecH(MHM)e

s.t. ‖E‖2F ≤ ε,
(4.19)

which has the optimal solution e = CvecH(MHM), where the constant C is chosen
so that ‖e‖2 = ε. Thus, the solution to (4.18) is given by

E? =
√
ε

‖MHM‖F
MHM. (4.20)

It is worth pointing out that by exploiting the property(
R̂ + E

)−1
= R̂

−1
− R̂

−1
ER̂

−1
+O

(
‖E‖2F

)
,

the objective function in (4.2) can be approximated as:

Tr
{(

R̂
−1
− R̂

−1
ER̂

−1
+ P̃HS−1P̃

)−1
}
≈

Tr
{(

R̂
−1

+ P̃HS−1P̃
)−1

+
(
R̂
−1

+ P̃HS−1P̃
)−1

R̂
−1

ER̂
−1 (

R̂
−1

+ P̃HS−1P̃
)−1

}
(4.21)

in which the right-hand side is equivalent to (4.17).
Unfortunately, the resulting outer subproblem seems difficult to tackle analyti-

cally, so in the numerical examples below we have used general non-linear optimiza-
tion techniques.

4.4 Numerical Results

In this section, we quantify the performance of the proposed algorithm. A 3 ×
3 MIMO channel is considered where the structured covariance matrices at the
transmitter R̂tx ∈ CNt×Nt and the receiver R̂rx ∈ CNr×Nr are represented by the
exponential model [Loy01], where the correlation coefficients at the transmitter and
receiver sides are chosen as ρt = 0.5e−0.83jπ and ρr = 0.65e−0.42jπ, respectively.

The nominal channel covariance matrix R̂ is Kronecker-structured, i.e., R̂ =
R̂
T

tx ⊗ R̂rx, which is one of the well-known statistical models for small antenna
array size. Furthermore, the disturbance covariance matrix is also considered as
Kronecker structure, i.e., the temporal correlation SQ ∈ CNt×Nt and the spatial
correlation at the receiver SR ∈ CNr×Nr are related as S = STQ ⊗ SR. The same
Kronecker model of channel and disturbance for training-based channel estimation
is considered in [LWH07] and [BO10].

In order to have a reasonable robust study, we define a parameter s such that
ε = s‖R̂‖2F so that s is the relative uncertainty with respect to the prior knowledge.
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In addition, the matrices R and S are normalized such that Tr{R} = Tr{S} =
1, therefore, the signal to noise and interference ratio (SINR) is equivalent to
PTTr{R}/Tr{S} = PT .

In the iterative procedure, the stopping criterion is set to η = 10−4. After
the algorithm converges and the worst-case E and optimal P̃ have been found,
we solve (4.2) for P by employing a standard non-linear programming method
(fmincon in MATLAB).

We compare the performance of our proposed design with the designs in [BO10]
and [KKT07]. We also illustrate the performance of using a white training sequence,
i.e., PPH =

√
PT
Nt

I, and the performance of the minimum variance unbiased (MVU)
estimator, using a training sequence optimized for this estimator [WP04]. For all
the different training designs, the worst-case covariance matrix mismatch E was
determined according to Section 4.3.1, and the resulting worst-case MSE is plotted
in Figure 4.1.

Figure 4.1 reports the performance in terms of MSE as a function of the mis-
match factor s for the 3× 3 MIMO channel with PT = 7 dB. The proposed design
and the designs in [BO10] and [KKT07] have better performance than that of the
white training sequence. The MVU estimation is unaware of the channel covari-
ance matrix, therefore, it leads to constant and poor estimation performance. The
performance of the training sequence obtained by the MVU estimator shows that
we can accept even the maximum uncertainty in the channel covariance matrix,
and still have a good performance for the robust training sequence design. As the
channel covariance mismatch increases, the proposed design outperforms the other
schemes. The design in [KKT07] is not aware of the receive covariance matrices of
the channel and disturbance. Taking the receive covariance matrices of the channel
and the disturbance into account will lead to a better performance as shown by
the curves of proposed design and [BO10]. Since the proposed scheme considers the
mismatch model in the iterative design of the training sequence, the performance
dominates the other curves. There are two other curves labeled by Remark 4.4 and
Remark 4.5, associated with the results of Remark 4.4 and Remark 4.5 in Sec-
tion 4.3, respectively, which have almost identical performance as the robust design
curve. The behavior in the former case shows that the initial training sequence in
the iterative algorithm can be chosen with the same eigenvector as that of R̂ with-
out affecting the performance while having less complexity. In the latter one, the
worst-case E is obtained from (4.20), and its behavior can be explained by (4.21).

Other numerical experiments, not included in the figures, show that the MSE
of the design in [BO10] approaches the proposed design at high SINR values.

4.5 Summary

In this chapter, we have proposed a design of optimized MSE-minimizing training
sequences which are robust against uncertainties in the imperfect channel covariance
matrix. Uncertainty is characterized using the Frobenius norm and the case of both
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Figure 4.1: MSE as a function of covariance uncertainty factor s at PT = 7 dB for
a 3× 3 MIMO channel.

channel and disturbance being correlated is addressed in this chapter. The numerical
results show that the proposed algorithm provides significantly better worst-case
performance than existing non-robust training sequence designs.





Chapter 5

Low Complexity Estimators for Massive
MIMO Channel Estimation: Correlated

Channel and Disturbance

This chapter considers training-based channel estimation in large-scale MIMO com-
munication systems, known as “massive MIMO”, where there are hundreds of an-
tennas at one side of the link. Motivated by the fact that computational complexity
is one of the main challenges in such systems, a set of low-complexity Bayesian chan-
nel estimators, coined Polynomial ExpAnsion CHannel (PEACH) estimators, are
introduced for arbitrary channel and interference statistics. While the conventional
MMSE estimator has cubic complexity in the dimension of the covariance matrices,
due to an inversion operation, our proposed estimators significantly reduce this to
square complexity by approximating the inverse by a L-degree matrix polynomial.

In this chapter, we first describe the concept of polynomial expansion, and then a
quantitative picture of the complexity issue for massive MIMO channel estimation is
given. We move on by deriving several low-complexity estimators. MSE-minimizing
optimal weights are calculated in a less complex fashion for the proposed weighted-
PEACH estimator. On the other hand, PEACH estimators are not well suited for
noise-limited scenarios with high training power; therefore, we also introduce the
low-complexity diagonalized estimator that performs well in this regime. We also
study how the estimation performance is affected by having imperfect statistical
knowledge. A new covariance estimate which is an affine function of the sample
covariance matrix and a regularization term is introduced which shows numeri-
cally high robustness to such imperfection. An analysis is carried out to derive
asymptotic and exact computational complexity in terms of FLOPS for all of these
estimators, according to which we prove that the proposed estimators outperform
the conventional estimators in large-scale MIMO systems of practical dimensions
while providing reasonable MSEs. We show numerically that near-optimal MSEs
are achieved with low polynomial degrees.

By analyzing different interference scenarios, we observe that the relative MSE
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Training Signal

Transmitter

(Few antennas)
Receiver

(Very many antennas)

Figure 5.1: Illustration of training signaling in a large-scale Nt×Nr MIMO system,
where typically Nr � Nt. The complexity of conventional channel estimators is
very large in these systems, which calls for low-complexity alternatives.

loss of using the low-complexity PEACH estimators is smaller in realistic scenarios
with pilot contamination. Finally, the analytical and numerical results obtained in
this chapter are summarized.

5.1 Problem Formulation

We consider a MIMO channel where the receiver and the transmitter are equipped
with Nr and Nt number of antennas, respectively. This can be one of the links in
a multi-cell multi-user network of arbitrary size. In order to estimate the channel
coefficients, we apply training-based channel estimation as explained in Chapter 2
where the transmitter sends the columns of a fixed predefined training matrix
P ∈ CNt×B over B channel uses (we assume B ≥ Nt). Fig. 5.1 illustrates the
large-scale MIMO system in the training phase.

During the training signaling, the received matrix Y , [y(1), · · · ,y(B)] equals

Y = HP + N (5.1)

The equation (5.1) represents the system model used for the problem of esti-
mating the instantaneous MIMO channel coefficients for a quasi-static flat-fading
channel H ∈ CNr×Nt . Here, the channel matrix H is modeled as Rician fad-
ing with vec(H) ∼ CN (vec(H̄),R) where the non-zero mean matrix H̄ implies
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that there might be line-of-sight propagation and the channel covariance matrix
R ∈ CNtNr×NtNr is positive semi-definite.

The disturbance N ∈ CNr×B here is assumed to be circularly-symmetric com-
plex Gaussian distributed and modeled as vec(N) ∼ CN (vec(N̄),S). Here, N̄ ∈
CNr×B is the mean disturbance and S ∈ CNrB×NrB is the positive definite covari-
ance matrix. The disturbance matrix N, referred to as pilot contamination in the
massive MIMO literature, similar to the channel matrix H can have a non-zero
line-of-sight component, in general.

If the statistics of the channel and disturbance are perfectly known at the re-
ceiver, the Bayesian MMSE estimator of the MIMO channel is

ĥMMSE = vec(ĤMMSE) = h̄ + RP̃H
(
P̃RP̃H + S

)−1
d (5.2)

where h̄ = vec(H̄), n̄ = vec(N̄) and d = y− P̃h̄− n̄. We measure the performance
in terms of the estimation MSE. Using the MMSE estimator, it follows that

MSE = E{‖H− ĤMMSE‖2F } = Tr
{

(R−1 + P̃HS−1P̃)−1
}
. (5.3)

Alternatively, if the channel distribution is unknown to the receiver, the classic
MVU estimator is [Kay93, Chapter 4]

ĥMVU = vec(ĤMVU) =
(
P̃HS−1P̃

)−1
P̃HS−1(y− n̄). (5.4)

The corresponding performance measure is then the estimation variance E{‖H −
ĤMVU‖2F } = Tr

{
(P̃HS−1P̃)−1

}
.

As mentioned earlier, the performance of MMSE and MVU estimation is inde-
pendent of the mean matrices of the channel and the disturbance.

Remark 5.1 (Arbitrary Statistics). While having Gaussian channels and distur-
bance is a well-accepted assumption in conventional MIMO systems, the channel
modeling for large-scale MIMO is still in its infancy. By increasing the number of
antennas we improve the spatial resolution of the array which eventually may in-
validate the rich-scattering assumption that is behind the use of Gaussian channel
distributions [RPL+13]. However, we stress that the results of this chapter can be
applied and give reasonable performance under any arbitrary statistical distributions
on the channel and disturbance; this is since (5.2) is also the linear MMSE estima-
tor and (5.4) is the best linear unbiased estimator (BLUE) in cases when only the
first two moments of H and/or N are known [Kay93,BO10].

Interestingly, the coherence time of the long-term statistics is relatively short;
the measurements in [VHU02] observe coherence times of 5–23 seconds, depending
on the propagation environment. High user velocity or rapid scheduling decisions
in neighboring systems can further reduce the coherence time. More importantly,
the number of channel realizations within each coherence time of the statistics is
around 13–126, according to [VHU02]. This means that the matrix inversion in the
MMSE estimator has to be recomputed frequently.
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5.1.1 Complexity issues in large-scale MIMO systems

The main computational complexity when computing the MMSE and MVU esti-
mators in (5.2) and (5.4) lies in solving a linear system of equations or, equiva-
lently, in computing the matrix inversions directly. Both approaches have compu-
tational complexities that scale as O(M3), where M , BNr is the matrix dimen-
sion.This complexity is relatively modest in conventional MIMO communication
systems where 2× 2, 4× 4, or 8× 8 are typical configurations.

Recently, there is an increasing interest in large-scale MIMO systems where there
might be hundreds of antennas at one side of the link [Mar10, JAMV11,HtBD13,
RPL+13,LTEM14,BDF+13]. To excite all channel dimensions, the training length
B should be of the same order as Nt. Large-scale MIMO systems are therefore
envisioned to operate in TDD mode and exploit channel reciprocity to always have
Nt < Nr in the channel estimation phase—Nr can even be orders of magnitude
larger than Nt without degrading the estimation performance per antenna element.

Observe that in a potential future large-scale MIMO system with Nr = 200 and
Nt = B = 20, the MMSE and MVU estimators would require inverting matrices
of size 4000 × 4000 (or similarly, solving a linear system of equations with 4000
unknown variables) which has a complexity at the order of 3.4 · 1011 floating-point
operations, see Section 5.2.5 for details. This massive matrix manipulation needs
to be redone every few seconds since R and S change due to mobility. Motivated
by these facts, the purpose of this chapter is to develop alternative channel esti-
mators that allow for balancing between computational/hardware complexity and
estimation performance.

5.1.2 A diagonalization approach to complexity reduction

There is a special case when the computational complexity of MMSE estimation can
be greatly reduced, namely when the matrices R, S, and P are all diagonal matrices.
The matrix P̃RP̃H +S is then also diagonal which allows for computing (P̃RP̃H +
S)−1 by simply inverting each diagonal element. The corresponding complexity is
only 8M − 1 = O(M) FLOPs.

This special case is, unfortunately, of limited practical interest for large-scale
MIMO systems which are prone to non-negligible spatial channel correlation and
pilot contamination. The elements of each column of H are highly correlated due
the insufficient antenna spacing and limited richness of the scattering around the
large array at the receiver. The correlation between the columns depends more on
the scattering and size of the small array at the transmitter, thus the correlation
might be weaker but complete independence is seldom seen in practice. In the ideal
case of exactly independent columns, the covariance matrix P̃RP̃H + S is block-
diagonal which can be exploited for complexity reduction. The complexity scaling
of the MMSE estimation is, however, still cubic in Nr and the proposed estimators
have a computational advantage when Nr is sufficiently large; see Section 5.2.5.

Inspired by this special case, a simple approach to complexity reduction is to
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diagonalize the covariance matrices R and S by replacing all off-diagonal elements
by zero. Let RDiag and SDiag denote the corresponding matrices, assume B = Nt,
and set P =

√
PtI where Pt is the average training power. The MMSE estimator

in (5.2) is approximated as

̂̃h = h̄ +
√
PtRDiag (PtRDiag + SDiag)−1 d (5.5)

where the matrix RDiag (RDiag + SDiag)−1 can be precomputed with a computa-
tional complexity proportional to M . From now on, we refer to (5.5) as the diago-
nalized estimator. It achieves the following MSE.

Theorem 5.2. The diagonalized estimator in (5.5) with P =
√
PtI achieves the

MSE
Tr
{(

R−1
Diag + PtS−1

Diag

)−1
}
. (5.6)

In noise-limited scenarios with S = σ2I, the MSE of the diagonalized estimator
goes to zero as the power Pt →∞.

Proof. The diagonalized estimator in (5.5) estimates each channel element sepa-
rately, thus the MSE is equivalent to that of MMSE estimation with RDiag as
channel covariance matrix and SDiag as disturbance covariance matrix [BO10]. This
gives the MSE expression in (5.6). By letting Pt → ∞ in (5.6), it follows directly
that the MSE approaches zero asymptotically.

This theorem shows that the diagonalized estimator performs well in noise-
limited scenarios with high signal-to-noise ratio (SNR). Unfortunately, the simu-
lations in Section 5.3 reveals that this is the only operating regime where it is
comparable to the MMSE estimator. More precisely, the drawback of the diag-
onalized estimator is that it does not exploit the statistical dependence neither
between the received training signals nor between the channel coefficients. We re-
call from [BO10] that exploiting such dependence (e.g., spatial correlation) can give
great MSE improvements. Therefore, the next section develops a new sophisticated
type of channel estimators that reduces the computational complexity of MMSE es-
timation while retaining the full statistical information. These estimators are great
complements to the diagonalized estimator since they perform particularly well at
low to medium SNRs and under interference.

5.1.3 Polynomial expansion
Polynomial expansion (PE) is a well-known technique to reduce the complexity of
large-dimensional matrix inversions [MKS96]. Similar to classic Taylor series expan-
sions for scalar functions, PE approximates a matrix function by an L-degree matrix
polynomial. PE has a long history in the field of signal processing for multiuser de-
tection/equalization, where both the decorrelating detector and the linear MMSE
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detector involve matrix inversions [MKS96,LL98,MV01,HX01,SJ05,HDK11]. PE-
based detectors are versatile since the structure enables simple multistage/pipelined
hardware implementation [MKS96] using only additions and multiplications. The
degree L basically describes the accuracy to which the inversion of each eigen-
value is approximated, thus the degree needs not scale with the system dimen-
sions to achieve near optimal performance [HX01]. Instead, L is simply selected
to balance between computational complexity and detection performance. A main
problem is to select the coefficients of the polynomial to achieve high performance
at small L; the optimal coefficients are expensive to compute [MKS96], but alter-
natives based on appropriate scalings [LL98, SJ05, JLA08] and asymptotic analy-
sis [MV01,HDK11] exist. Recently, PE has also been used to reduce the precoding
complexity in large-scale MIMO systems [ZGMS13,MKBD13,KMBD14], and high
performance was achieved by optimizing the matrix polynomials using asymptotic
analysis.

Optimization of the polynomial coefficients

The optimization of the polynomial coefficients is the key to high performance when
using PE. Since the system models and performance metrics are fundamentally
different in multiuser detection and precoding, the derivation of optimal and low-
complexity suboptimal coefficients become two very different problems in these
two applications. In this chapter, we consider a new signal processing application
for PE, namely training-based estimation of MIMO channels. We apply the PE
technique to approximate the MMSE estimator and thereby obtain a new set of
low-complexity channel estimators that we coin PEACH estimators. The authors
in [CHH+13] also apply PE to reduce the complexity of MMSE estimation. However,
orthogonal frequency division multiplexing (OFDM) systems with a large number
of subcarriers are considered in [CHH+13], while large-scale single-carrier MIMO
systems are our focus in this chapter.

5.2 Low-Complexity Bayesian PEACH Estimators

In this section, we propose several low-complexity Bayesian channel estimators
based on the concept of polynomial expansion. To understand the main idea, we
first state the following lemma which is easily proved by using standard Taylor
series.

Lemma 5.3. For any Hermitian matrix X ∈ CN×N , with bounded eigenvalues
|λn(X)| < 1 for all n, it holds that

(I−X)−1 =
∞∑
l=0

Xl. (5.7)

Observe that the impact of Xl in (5.7) reduces with l, as λn(X)l for each eigen-
value. It therefore makes sense to consider L-degree polynomial expansions of the
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matrix inverse using only the terms l = 0, . . . , L. In principle, the inverse of each
eigenvalue is then approximated by an L-degree Taylor polynomial, thus L needs
not to scale with the matrix dimension to achieve a certain accuracy per element.
Instead, L can be selected to balance between low approximation error and low
complexity. To verify this independency in the area of estimation, we investigate
the MSE performance of large-scale MIMO systems of different dimensions in Sec-
tion 5.3. We observe an almost identical performance for a fixed L when we vary
the number of antennas. Note that a similar remark was made in [HX01] where the
authors show that their system performance metric does not depend on the system
dimensions but only the filter rank.

In order to apply Lemma 5.3 on matrices with any eigenvalue structure, we
obtain the next result which is similar to [SJ05].

Proposition 5.4. For any positive-definite Hermitian matrix X and any 0 < α <
2

maxn λn(X) , it holds that

X−1 = α
(
I− (I− αX)

)−1 = α

L∑
l=0

(I− αX)l + E (5.8)

where α
∑L
l=0(I−αX)l is an L-degree polynomial approximation and the error term

E is bounded as ‖E‖2 = O
(
‖(I− αX)‖L+1

2
)
. The error vanishes as L→∞.

5.2.1 Unweighted PEACH estimator
Applying the approximation in Proposition 5.4 on the MMSE estimator in (5.2)
gives the low-complexity L-degree Polynomial ExpAnsion CHannel (PEACH) esti-
mator which we denote by ĥPEACH = vec(ĤPEACH) and define as

ĥPEACH , h̄ + RP̃H
L∑
l=0

α
(
I− α(P̃RP̃H + S)

)ld. (5.9)

Note that (5.9) does not involve any inversions. Furthermore, the polynomial struc-
ture

∑L
l=0 Xld lends itself to a recursive computation

L∑
l=0

Xld = d + X
(

d + X
(
d + X

(
d + X(. . .)

)))
(5.10)

where X = I−α(P̃RP̃H+S) for the PEACH estimator. The key property of (5.10)
is that it only involves matrix-vector multiplications, which have a complexity of
O(M2) instead of the cubic complexity of matrix-matrix multiplications [BV]. The
computational complexity of (5.9) is therefore O(LM2) where M , BNr. When-
ever L � M , O(LM2) is a large complexity reduction as compared to O(M3) for
the original MMSE estimator. Furthermore, the recursive structure enables an effi-
cient multistage hardware implementation similar to the detection implementation
illustrated in [MKS96, Fig. 1].
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Theorem 5.5. The PEACH estimator in (5.9) achieves the MSE

Tr
{

R + RP̃HAL(P̃RP̃H + S)AH
L P̃R − 2RP̃HALP̃R

}
(5.11)

where AL =
∑L
l=0 α

(
I− α(P̃RP̃H + S)

)l.
Proof. This theorem follows from direct computation of the MSE using the defini-
tion MSE = E{‖h− ĥPEACH‖2}.

It remains to select the scaling parameter α to satisfy the convergence condition
in Proposition 5.4. From a pure complexity point of view, we can select α to be equal
to 2

Tr{P̃RP̃H+S}
[LL98]. However, the choice of α also determines the convergence

speed of the polynomial expansion. Among the values that satisfy the condition in
Proposition 5.4, the choice

α = 2
maxn λn(P̃RP̃H + S) + minn λn(P̃RP̃H + S)

(5.12)

minimizes the spectral radius of
(
I − α(P̃RP̃H + S)

)
and therefore provides the

fastest asymptotic convergence speed [SJ05]. More specifically, the error term in
Proposition 5.4 is bounded by O

(
‖(I − αX)‖L+1

2
)
. The spectral norm is mini-

mized by making the largest and smallest eigenvalues symmetric around the ori-
gin [SJ05]: maxn λn(I − αX) = −minn λn(I − αX). By solving for α we obtain
α = 2/(maxn λn(X) + minn λn(X)) which becomes (5.12) for the problem at hand.
Although the computation of the extreme eigenvalues is generally quite expensive,
these eigenvalues can be approximated with lower complexity. For example, as men-
tioned earlier, if the convergence speed is not the main concern maxn λn(P̃RP̃H +
S)+minn λn(P̃RP̃H+S) simply can be estimated by Tr{P̃RP̃H+S}. Alternatively,
the smallest eigenvalue can be taken as the noise variance and largest eigenvalue
can be approximated using some upper bound on the training power and on the
average channel attenuation to the receiver. In general, a low-complexity method
to approximate the extreme eigenvalues of any arbitrary covariance matrix was
proposed in [SJ05], based on the Gershgorin circle theorem [Bha97]. This approach
exploits the structure of the matrix imposed by the system setup to improve the
convergence speed. For more details on how to choose α with low-complexity and
compute the extreme eigenvalues we refer to [SJ05].

5.2.2 Weighted PEACH estimator

Although the PEACH estimator (5.9) converges to the MMSE estimator as L→∞,
it is generally not the best L-degree polynomial estimator at any finite L. More
specifically, instead of multiplying each term in the sum with α, we can assign
different weights and optimize these for the specific degree L. In this way, we obtain
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the weighted PEACH estimator which we denote as ĥW-PEACH = vec(ĤW-PEACH)
and define as

ĥW-PEACH , h̄ + RP̃H
L∑
l=0

wlα
l+1
w
(
P̃RP̃H + S

)ld (5.13)

where w = [w0, . . . , wL]T are scalar weighting coefficients.1 Observe that the α-
parameter, now denoted αw, is redundant and can be set to one. For numerical
reasons, it might still be good to select

αw ≤
1

maxn λn(P̃RP̃H + S)
(5.14)

since this makes all the eigenvalues of αl+1
w
(
P̃RP̃H + S

)l smaller than one and
thus prevent them from growing unboundedly as l becomes large. This simplifies
the implementation of the following theorem, which finds the weighting coefficients
that minimize the MSE.

Theorem 5.6. The MSE E{‖h− ĥW-PEACH‖2} is minimized by

wopt = [wopt
0 . . . wopt

L ]T = A−1b (5.15)

where the ijth element of A ∈ CL+1×L+1 and the ith element of b ∈ CL+1 are

[A]ij = αi+jw Tr
{

RP̃H(P̃RP̃H + S)i+j−1P̃R
}
,

[b]i = αiwTr
{

RP̃H(P̃RP̃H + S)i−1P̃R
}
.

(5.16)

The resulting MSE of the W-PEACH estimator is

MSE = Tr{R} − bHA−1b. (5.17)

Also the MSE expression for the W-PEACH estimator with any choice of the weight-
ing coefficients is obtained as

MSE(w) = Tr{R}+ wHAw− bHw−wHb (5.18)

Proof. The proof is given in Appendix 5.5.1.

Observe that the MSE expressions of PEACH and W-PEACH in (5.11) and
(5.17), respectively, are independent of the mean matrices of the channel and the
disturbance. Therefore, the performance is the same as assuming zero-mean channel
and disturbance [SBBD13].

1W-PEACH is obtained by expanding each (I−α(P̃RP̃H +S))l as a binomial series, collecting
terms, and replacing constant factors with weights.
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Remark 5.7 (Weights of the PEACH estimator). The PEACH estimator can also
be expressed as a W-PEACH estimator using certain weights. To find these weights,
we observe that

L∑
l=0

α
(
I− α(P̃RP̃H + S)

)l
=

L∑
l=0

α

l∑
n=0

(
l

n

)
(−α)n(P̃RP̃H + S)nIl−n

=
L∑
l=0

l∑
n=0

(
l

n

)
(−1)nαn+1(P̃RP̃H + S)n.

By gathering all terms that belong to a certain exponent n, we see that

wn = (−1)n
L∑
l=n

(
l

n

)
. (5.19)

Plugging these weights into (5.18) yields an alternative way of computing the MSE
of the PEACH estimator.

Although Theorem 5.6 provides the optimal weights, the computational com-
plexity is O(M3) since it involves pure matrix multiplications of the form Zi.
This means that computing the optimal weights for the W-PEACH estimator has
the same asymptotic complexity scaling as computing the conventional MMSE
estimator. To benefit from the weight optimization we thus need to find an ap-
proximate low-complexity approach to compute the weights, which is done in the
next subsection. Note that the weights cannot be optimized by random matrix
theory (as was done for multiuser detection in [MV01, HDK11] and precoding
in [ZGMS13, MKBD13, KMBD14]) due to lack of randomness in the MMSE es-
timation expression in (5.2).

Remark 5.8 (Low-Complexity Classical PEACH Estimators). Following the same
approach as used to derive low-complexity PEACH estimators for the Bayesian case,
we form the corresponding low-complexity estimators to approximate the classic
MVU estimator in (5.4). Note that if the quality of the channel covariance matrix
estimate is very poor, then the MVU estimator performs better than the MMSE
estimator.

First, we define a regularization factor ε > 0 which in the form of εI is added
to (P̃HS−1P̃). Then, we use the matrix inversion lemma which results in

ĥεMVU =
(
εI + P̃HS−1P̃

)−1
P̃HS−1(y− n̄)

= P̃H
(
P̃P̃H + εS

)−1
(y− n̄) = ĥMVU |ε→0 .

(5.20)
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The approximation in Proposition 5.4 can now be applied. The set of low-complexity
PEACH estimators obtained by this approach are

ĥMVU
PEACH = P̃

L∑
l=0

α
(
I− α(P̃P̃H + εS)l

)
(y− n̄) (5.21)

and

ĥMVU
W-PEACH = P̃

L∑
l=0

wlα
l+1
w (P̃P̃H + εS)l(y− n̄). (5.22)

Observe that the last equality in (5.20) equals to (5.2) if R = 1
ε I, therefore all the

results presented in Theorems 5.5 and 5.6 can be derived for ĥMVU
PEACH and ĥMVU

W-PEACH
in a similar way.

Remark 5.9 (Other PEACH estimators). The PE technique can be applied to any
type of channel estimators that involve matrix inversions. For example, [EM04]
derives a robust estimator, the minimax regret estimator, under certain uncertainty
and statistical assumptions. This estimator has a similar expression as the MMSE
estimator, but involves other matrices. Hence, the PE technique is straightforward
to apply and the weights can be optimized similar to what is described herein.

5.2.3 Low-complexity weights
Next, we propose a low-complexity algorithm to compute weights for the W-PEACH
estimator. We exploit that

(P̃RP̃H + S) = E{vec(Y)vec(Y)H} = lim
T→∞

1
T

T∑
t=1

ytyHt (5.23)

where yt = vec(Y) denotes the received signal at estimation time instant t. This
means that (P̃RP̃H + S) is closely approximated by the sample covariance matrix
1
T

∑T
t=1 ytyHt if the number of samples T is large. Although one generally needs

T � BNr to get a consistent approximation, we can get away with much smaller T
since we only use it to compute traces—this is verified numerically in Section 5.3.

For any fixed T ≥ 1 and i ≥ 1, we now observe that

Tr
{

RP̃H(P̃RP̃H + S)iP̃R
}

(5.24)

≈ Tr
{

RP̃H(P̃RP̃H + S)i−1

(
1
T

T∑
t=1

ytyHt

)
P̃R

}
(5.25)

= 1
T

T∑
t=1

yHt
(
P̃R2P̃H(P̃RP̃H + S)i−1

)
yt. (5.26)
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Algorithm 2: Low-complexity weights for W-PEACH
Input: Polynomial degree L and time window T ;
Input: Current time t;
Input: New and old received signals yt,yt−T ;
Input: Approximations Ãt−1, b̃t−1 at previous time t−1;

1 Set [Ãt]ij = [Ãt−1]ij

+ αi+jw
T

yHt
(
P̃R2P̃H(P̃RP̃H + S)i+j−2

)
yt

− αi+jw
T

yHt−T
(
P̃R2P̃H(P̃RP̃H + S)i+j−2

)
yt−T ∀i, j

2 Set [b̃t]i = [b̃t−1]i

+ αiw
T

yHt
(
P̃R2P̃H(P̃RP̃H + S)i−2

)
yt

− αiw
T

yHt−T
(
P̃R2P̃H(P̃RP̃H + S)i−2

)
yt−T ∀i ≥ 2

3 Set [b̃t]1 = αw
T

∑T
i=1 vHi P̃R2P̃Hvi for vi∼CN (0, I);

4 Compute wapprox,t = Ã−1
t b̃t;

Output: Approximate weights wapprox,t at time t;

Since the elements of A and b in (5.16) are of the form in (5.24), we can
approximate each element using (5.26). Note that b0 = Tr{P̃R2P̃H} needs to be
treated differently since there is no (P̃RP̃H + S) term. In the case when P̃HP̃
is a scaled identity matrix, we only need to compute Tr{R2} which can be done
efficiently since only the diagonal elements of R2 are of interest. Otherwise, one can
select a set of T vectors vi∼CN (0, I) and apply the approximation Tr{P̃R2P̃H} ≈
αw
T

∑T
i=1 vHi P̃R2P̃Hvi. This is the approach included in Algorithm 2.

By computing/updating these approximations over a sliding time window of
length T , we obtain Algorithm 2. At any time instant t, this algorithm com-
putes approximations of A,b, denoted by Ãt, b̃t, by using the received signals
yt, . . . ,yt−T+1. These are used to compute approximate weights wapprox,t. To re-
duce the amount of computations, Ãt, b̃t are obtained from Ãt−1, b̃t−1 by adding
one term per element based on the current received signal yt and removing the im-
pact of the old received signal yt−T (which is now outside the time window). The
algorithm can be initialized in any way; for example, by accumulating T received
signals to fill the time window.

The asymptotic complexity of computing the elements in Ãt and b̃t is O(LM2)
FLOPs per time instant. For each element, we need to compute a series of multi-
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plications between vectors and matrices of complexity O(M2). This is explained in
detail in Section 5.2.5 where we derive the exact computational complexity. Next,
wapprox,t is obtained by solving an L-dimensional system of equations, which has
complexity O(L3). Finally, the W-PEACH estimate is computed in the recursive
manner described in Section 5.2.1 with a complexity of O(LM2). To summarize,
the W-PEACH estimator along with Algorithm 2 has a computational complexity
of O(LM2 + L3).

One additional feature of Algorithm 2 is that it can easily be extended to prac-
tical scenarios where only imperfect estimates of the covariance matrices R and
S are available. Apart from enabling adaptive tracking of the slow variations in
the channel and disturbance statistics, this practical scenario is relevant to under-
stand how sensitive Bayesian channel estimators are to mismatches in the statistical
knowledge. We perform a numerical study in Section 5.3, based on the statistical
estimation described in the next subsection.

5.2.4 Imperfect covariance matrix estimation
Suppose we want to obtain some covariance matrix C fromN observations c1, . . . , cN ,
where C might be R or P̃RP̃H + S. The sample covariance matrix Csample ,
1
N

∑N
i=1 cicHi is conventionally used to estimate C. However, this approach is un-

suitable for large-scale systems where it can be hard to accumulate more samples
than the dimension of C, which is NtNr for the channel covariance matrix R. In
fact, the sample covariance matrix is not even invertible if the number of samples is
smaller than the matrix dimension. Instead of using the pure sample covariance ma-
trix, we suggest to follow a similar approach as in [LW04] and use a new estimator
Ĉ which is an affine function of the sample covariance matrix Csample. In [LW04],
the authors have shown that this estimator is a better fit for large-dimensional
covariance matrices.

Here, different from the diagonal loading approach in [LW04], where they con-
sider an affine combination of the identity matrix and the sample covariance matrix,
we assume Ĉ = κCd + (1− κ)Csample where Cd is the diagonal matrix comprising
the diagonal elements of Csample and κ is chosen to minimize the squared differ-
ence E{‖Ĉ − C‖2F }. The advantage of Ĉ is that the diagonal elements converge
quickly with N to their true values, while the reliance on the off-diagonal elements
is controlled by the parameter κ. The optimal κ is given by the following theorem.

Theorem 5.10. The solution κ? to the optimization problem min
κ

E{‖Ĉ−C‖2},
where Ĉ = κCd + (1− κ)Csample, is

κ? =
Φ(Csample)− 1

2Ψ(Cd,Csample)
Φ(Csample) + Φ(Cd)−Ψ(Cd,Csample) (5.27)

where Φ(Csample) = E{‖Csample−C‖2F }, Φ(Cd) = E{‖Cd−C‖2F } and Ψ(Cd,Csample) =
E{Tr

{
(Cd −C)(Csample −C)

}
}.
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Proof. The objective function can be rewritten as

E{‖κCd + (1− κ)Csample −C− κC + κC‖2F }
= E{‖κ(Cd −C)‖2F }+ E{‖(1− κ)(Csample −C)‖2F }
+ 2κ(1− κ)E{Tr

{
(Cd −C)(Csample −C)

}
}.

Considering Φ(Csample), Φ(Cd), and Ψ(Cd,Csample), the first-order optimality con-
dition is

2κΦ(Cd)− 2(1− κ)Φ(Csample) + (1− 2κ)Ψ(Cd,Csample) = 0,

which yields the optimal solution κ? in (5.27).

Note that as the number of samples N grows large, the optimal κ? will be
smaller which implies that we put larger trust in the sample covariance matrix. In
Section 5.3, we apply this theory to the channel covariance matrix and compare
the estimation performance when using R̂ to performance with the true covariance
matrix R. Interestingly, we observe that the proposed W-PEACH estimator adapts
itself very well to imperfect statistics.

5.2.5 Asymptotic and exact computational complexity
The asymptotic complexity of the conventional estimators, the diagonalized estima-
tor described in Section 5.1.2, and the proposed PEACH estimators are summarized
as follows:

Channel Estimators Computational Complexity
MMSE and MVU O(B3N3

r )
Diagonalized O(BNr)

PEACH O(LB2N2
r )

W-PEACH O(LB2N2
r + L3)

These asymptotic complexity numbers are supported by an exact complexity
analysis below. We note that the cubic complexity scaling in BNr for the conven-
tional MMSE and MVU estimators is reduced to linear complexity in the diagonal-
ized approach and squared complexity for the proposed PEACH estimators. The
degree L of the polynomial expansion has a clear impact on the complexity, but
recall that it needs not scale with BNr [HX01]. This property is illustrated in the
next section, where we also show that small values on L yields good performance.

The high complexity of the conventional estimators is not an issue if the channel
and disturbance statistics are fixed over a very long time horizon; the system can
then simply compute the inverse and then use it over and over again. As described in
Section 5.1.1, the statistics change continuously in practice and it is thus necessary
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to redo the inversion every few seconds. Note that the MMSE estimator can be
implemented recursively [Mat05], which is suitable for tracking variations in the
covariance matrices. The complexity of each recursion is O(M2), but we need more
than M recursions (per long-term statistics coherence time) to obtain a stable
covariance estimate [Mat05]. Hence, the recursive implementation also has a cubic
complexity.

To make a precise and fair comparison, we need to consider the relationship
between the coherence time of the long-term statistics, τs, and the channel coherence
time, denoted by τc. The analysis below reveals how the computational complexity,
in terms of the number of FLOPs, depends on the system dimensions, polynomial
degree L, and the coherence times τs and τc. For the sake of brevity, we consider
complex-valued FLOPs and neglect the computational small complexity of scalar
multiplications and additions of matrices and vectors.

The ratio Q = τs
τc

describes how stationary the channel statistics are [VHU02],
in terms of how many channel realizations that fit into the coherence time of the
statistics. The propagation environment has significant impact on this ratio; for
example, in [VHU02] the authors have shown that Q equals 13, 108 and 126 for
indoor, rural and urban environments, respectively, under their measurement setup.
Smaller number are expected when the transmitter/receiver travel with high veloc-
ity. Similarly, the disturbance statistics can change rapidly if it contains interference
from other systems (particularly if adaptive scheduling is performed) [YBB11]. For
a given total time Ttot, the computational complexity for each of the estimators
consists of two parts: one part which can be precomputed once per coherence time
of the statistics (i.e., ks = Ttot

τs
times) and one part that is computed at channel

realization (i.e., kc = Ttot
τc

). Note that kc = Qks.
We use the notation M = NrB and N = NrNt. For given vectors x,y ∈ CN×1

and matrices A ∈ CM×N and B ∈ CN×P , there are MP (2N − 1), M(2N − 1) and
2N − 1 FLOPs required for the matrix-matrix product AB, matrix-vector product
Ax, and vector-vector product xHy, respectively. In the special case ofM = P and
C = AB being symmetric, only 1

2M(M +1)(2N −1) FLOPs are required to obtain
C. Moreover, the Cholesky factorization of a positive definite matrix A ∈ CM×M is
computed using 1

3M
3 FLOPs. To solve a linear system of equations Ax = b, where

b ∈ CM×1, by exploiting Cholesky factorization and back-substitution, a total of
1
3M

3 + 2M2 FLOPs is needed [BV].
We denote the total computational complexity in FLOPs by χ. For the MMSE

estimator, the two parts UMMSE = RP̃H
(
P̃RP̃H + S

)−1
and v = P̃H h̄ + n̄ are

computed once per τs and the parts d = y− v and h̄+Ud once per τc. It results in
a total computational complexity of χMMSE = kc

[
N(2M − 1)

]
+ ks

[ 1
3M

3 + (3N −
0.5)M2 + (2N2 + 2N − 3

2 )M
]
in FLOPs.

For the MVU estimator, there is UMVU =
(
P̃HS−1P̃

)−1
P̃HS−1 which is com-

puted once per τs, and the parts y− n̄ (neglected) and UMVU(y− n̄) computed
once per τc, yielding to χMVU = kc

[
N(2M − 1)

]
+ ks

[ 1
3M

3 + 2NM2 + (3N2 +
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N)M + 1
3N

3 − 0.5N2 − 0.5N
]
.

For the proposed PEACH and W-PEACH estimators, only v is computed once
per τs. The rest of the computations take place once per τc. As described in (5.10),
the polynomial

∑L
l=0 Xld, where X = I− α(P̃RP̃H + S), is computed recursively.

The first term d is readily available. The second term Xd is computed as a series of
matrix-vector products. First, we compute Sd and P̃Hd. Next, we multiply R with
the resulting vector of (P̃Hd), and then P̃ is multiplied with the vector (RP̃Hd).
The vector d − αP̃RP̃Hd − αSd is then computed. We repeat this procedure L
times and exploit Xld to compute Xl+1d. For the PEACH estimator, the total
computational complexity is χPEACH = kc

[
2LM2 + ((4L + 2)N − 2L)M + 2(L +

1)N2 − 2(L+ 1)N
]

+ ks
[
M(2N − 1)

]
FLOPs.

The polynomial structure of W-PEACH estimator requires the same number of
FLOPs as the PEACH estimator, but there are two additional sources of compu-
tations: solving the linear system of equations A−1b to compute the weight vector
wopt (which requires 1

3 (L+ 1)3 + 2(L+ 1)2 FLOPs) and using Algorithm 2 to find
the approximated elements of A and b. The computational complexity of Algo-
rithm 2 is counted by considering the following: Firstly, we only need to obtain
the elements in Ãt, since all the elements of b̃t can be extracted out from Ãt. In
particular, all the elements contain similar terms Zk with Z = P̃RP̃H + S, where
0 ≤ k ≤ 2L in Ãt and 0 ≤ k ≤ L− 1 in b̃t. Secondly, we exploit the fact that Zkyt
for 0 ≤ k ≤ L has been already computed in the estimator expression

∑L
l=0 Zlyt.

Thirdly, to determine all the elements in Ãt, we first need to compute Zkyt for
L + 1 ≤ k ≤ 2L which results in doing a recursive matrix-vector multiplication L
times (i.e., L[M(2M−1)+N(2M−1)+N(2N−1)+M(2N−1)] FLOPs) and then
compute yt

HP̃R2P̃H . Note that this term can be considered as the multiplication
of yt

HP̃R and RP̃H , where the first term yt
HP̃R has already been computed. This

results in two matrix-vector products (i.e., N(2N−1)+M(2N−1) FLOPs). Finally,
for each element, we have the vector-vector multiplication (yt

HP̃R2P̃H)(Zkyt) re-
sulting in (2L+ 1)(2M − 1) FLOPs. To summarize, for the W-PEACH estimator,
we have χW−PEACH = kc

[
4LM2 + (8L+ 4)MN + (4L+ 4)N2 +M − (4L+ 3)N +

1
3L

3 + 3L2 + 3L+ 4
3
]

+ ks
[
M(2N − 1)

]
FLOPs.

In the following table we summarize the exact total computational complexity
of the different estimators when B = Nt, which makes M = N .

Estimators FLOPs
MMSE kc

[
2M2−M

]
+ks

[ 16
3 M

3+ 3
2M

2− 3
2M

]
MVU kc

[
2M2−M

]
+ks

[ 17
3 M

3+ 1
2M

2− 1
2M

]
PEACH kc

[
(8L+4)M2−(4L+2)M

]
+ks

[
2M2−M

]
W-PEACH kc

[
(16L+8)M2−(4L+2)M

+1
3L

3+3L2+3L+ 4
3
]
+ks

[
2M2−M

]
Now, recalling kc = Qks and comparing the dominating terms of the MMSE

and PEACH estimators, we can obtain a condition (the relation between the values
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L, Q and M) for when the PEACH estimators are less complex than the MMSE
estimator. This condition is

16
3 M ≥ 8QL+ 2Q⇒M ≥ Q

(
3
2L+ 3

8

)
(5.28)

for the PEACH estimator, and

16
3 M ≥ 16QL+ 6Q⇒M ≥ Q

(
3L+ 9

8

)
(5.29)

for the W-PEACH estimator. This implies that only under certain numbers of
the channel stationarity, polynomial degree, and the number of antennas, PEACH
estimators are less complex than the MMSE estimator and will provide reasonable
performance. For the practical values of Q = 50 and L = 2, (5.28) and (5.29) show
that the PEACH and W-PEACH estimators outperform the MMSE estimator in
terms of complexity for M = NtNr ≥ 167 and M ≥ 357, respectively. Hence, the
PEACH estimator is practically useful for setup such as Nt = 2 and Nr = 100 or
Nt = 1 and Nr = 200, similarly the W-PEACH estimator for Nt = 4 and Nr = 100
or Nt = 1 and Nr = 400.

As demonstrated by the complexity analysis, the PEACH estimators are com-
puted using only matrix-vector multiplications. This is a standard operation that
can easily be parallelized and implemented using efficient integrated circuits. On
the contrary, the matrix inversions in the MMSE/MVU estimators are known to
be complicated to implement in hardware [SYA+12]. Consequently, whenever the
PEACH estimators and MMSE/MVU estimators are similar in terms of FLOPs,
the computational delays and energy consumption are probably lower when imple-
menting the proposed PEACH estimators.

5.3 Performance Evaluation

In this section, we analyze and illustrate the performance of the proposed diagonal-
ized, PEACH, and W-PEACH estimators. The analysis so far has been generic with
respect to the disturbance covariance matrix S. Here, we consider two scenarios:
noise-limited and cellular networks with pilot contamination. We describe the latter
scenario in more detail since it is one of the main challenges in the development
of large-scale MIMO systems [RPL+13]. This section provides asymptotic analysis
and numerical results for both scenarios.

5.3.1 Noise-limited scenario
A commonly studied scenario is when there is only uncorrelated receiver noise;
thus S = σ2I where σ2 is the noise variance. As the training power grows large,
the MSE of the MMSE estimator is known to go asymptotically to zero [Kay93,
KS04, LWH07,BO10]. We proved in Theorem 5.2 that the diagonalized estimator
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has the same asymptotically optimal behavior in the high-power regime. Here, in
the following proposition, we derive the asymptotic behavior of the PEACH and
W-PEACH estimators in the noise-limited scenario.

Proposition 5.11. As the training power Pt → ∞ with the training matrix P =√
PtI, the MSEs of the PEACH and W-PEACH estimators converge to the non-zero

MSE floors
Tr
{
R + RBLRBH

LR − 2RBLR
}

(5.30)

and
Tr
{

R − b̃HÃ−1b̃
}

(5.31)

respectively, where

BL = 2
Λ

L∑
l=0

(
I− 2

ΛR
)l

Λ = max
n

λn(R) + min
n
λn(R)

[Ã]ij = αi+jw Tr
{

(R)i+j+1}
[b̃]i = αiwTr

{
(R)i+1} .

Proof. The proof is given in Appendix 5.5.2.

This proposition shows that the MSEs of the PEACH andW-PEACH estimators
exhibit non-zero error floors as the power increases. This reveals that, in order to
reduce complexity, it is better to ignore the spatial channel correlation (as with the
diagonalized estimator) than approximating the full matrix inversion (as with the
PEACH estimators) in the high-power regime of noise-limited scenarios.

5.3.2 Pilot contamination scenario
A scenario that has received much attention in the large-scale MIMO literature is
when there is disturbance from simultaneous reuse of training signals in neighboring
cells [Mar10,JAMV11,HtBD13,RPL+13,LTEM14,YGFL13,MVC13,MCV14]. Such
reuse is often necessary due to the finite channel coherence time (i.e., the time that a
channel estimate can be deemed accurate), but leads to a special form of interference
called pilot contamination. It can be modeled as

N =
∑
i∈I

HiP + Ñ (5.32)

where I is the set of interfering cells, Hi is the channel from the transmitter in the
ith interfering cell to the receiver in the cell under study, and vec(Ñ) ∼ CN (0, σ2I)
is the uncorrelated receiver noise. Cell i can use an arbitrary training matrix Pi, but
only training matrices with overlapping span (i.e., PiPH 6= 0) cause interference
to the desired training signaling. Therefore, the case of a common reused training
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matrix Pi = P ∀i ∈ I is the canonical example, while extensions to partially
overlapping training signals are achieved by removing the non-overlapping parts
(e.g., by considering YPH as the effective received signal). Moreover, it is assumed
in (5.32) that the interfering training signals are synchronized with the desired
training and that the delays between cells are negligible. These are, essentially,
worst-case assumptions and alternative unsynchronized scenarios have recently been
analyzed in [FAM13].

If Hi is Rayleigh fading with vec(Hi) ∼ CN (0,Σi), then

S =
∑
i∈I

P̃ΣiP̃H + σ2I. (5.33)

Note that only the sum covariance matrix
∑
i∈I Σi needs to be known when com-

puting the proposed PEACH estimators. Moreover, only the diagonal elements of
the sum covariance matrix are used by the diagonalized estimator.

When (5.33) is substituted into the PEACH and W-PEACH estimator ex-
pressions in (5.9) and (5.13) we get contaminated disturbance terms of the form
RP̃HP̃ΣiP̃H . These terms are small if R and Σi have very different span, or if
Tr{Σi} is weak altogether—this is easily observed if P̃HP̃ is a scaled identity ma-
trix. Similar observations were recently made in the capacity analysis of [HtBD13]
and when developing a training allocation algorithm in [YGFL13]. Under cer-
tain conditions, the subspaces of the useful channel and training contamination
can be made orthogonal by coordinated allocation of training resources across
cells [YGFL13] or by exploiting both received training and data signals for channel
estimation as in [MVC13,MCV14].

Similar to the noise-limited scenario, we want to understand how the MSE with
different estimators behave as the training power Pt → ∞. We begin with the
MMSE estimator and the proposed diagonalized estimator, for which the MSEs
saturates in the asymptotic regime under pilot contamination.

Proposition 5.12. As the training power Pt → ∞ with the training matrix P =√
PtI, the MSEs with the MMSE estimator and diagonalized estimator converge to

the MSE floors

Tr
{

R −R2(R +
∑
i∈I

Σi)−1

}
(5.34)

and
NtNr∑
j=1

rj −
NtNr∑
j=1

r2
j

rj +
∑
i∈I σi,j

, (5.35)

respectively, where rj and σi,j are the jth elements of Rdiag and Σdiag,i, respectively.
Note that Sdiag = Pt

∑
i∈I Σdiag,i + σ2I.
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Proof. We start by noting that the MSE of the MMSE estimator behaves as

MSE = Tr
{

R −RP̃H(P̃RP̃H + S)−1P̃R
}

= Tr

R −R2

[
(R +

∑
i∈I

Σi) + σ2

Pt
I
]−1


→ Tr

{
R −R2(R +

∑
i∈I

Σi)−1

}
as Pt →∞,

The first expression above is obtained by applying the Woodbury matrix identity
to (5.3). Equivalently, for the diagonalized estimator we only need to consider Rdiag
and Sdiag instead of R and S in the above equations which results in (5.35) as the
MSE floor.

This proposition shows that the MMSE estimator and the diagonalized estima-
tor exhibit non-zero error floors in the high-power regime. The error floors in (5.34)
and (5.35) are characterized by the covariance matrix of the own channel and the
interfering channels. Clearly, the training contamination is the cause of the error
floor, which explains the fundamental difference from the noise-limited case where
the MSEs approached zero asymptotically.

The next proposition shows that the PEACH and W-PEACH estimators also
exhibit MSE floors under training contamination.

Proposition 5.13. As the training power Pt → ∞ with the training matrix P =√
PtI, the MSE of PEACH and W-PEACH estimators converge to the non-zero

MSE floors
Tr
{
R + RBL(R +

∑
i∈I

Σi)BLR − 2RBLR
}

(5.36)

and
Tr
{

R − b̃HÃ−1b̃
}

(5.37)

respectively, where

BL = 2
Λ

L∑
l=0

(
I− 2

Λ(R +
∑
i∈I

Σi)
)l

Λ=max
n

λn(R+
∑
i∈I

Σi) + min
n
λn(R+

∑
i∈I

Σi)

[Ã]ij = αi+jw Tr
{

R2(R +
∑
i∈I

Σi)i+j−1

}

[b̃]i = αiwTr
{

R2(R +
∑
i∈I

Σi)i−1

}
.
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Proof. The proof is given in Appendix 5.5.3.

We conclude that the performance of all of the estimators (i.e., the conven-
tional MMSE and the proposed diagonalized, PEACH and W-PEACH estimators)
saturate as the training power grows large under pilot contamination. This is an ex-
pected result for the PEACH estimators, for which the MSEs saturated also in the
noise-limited case, while the saturation for the MMSE and diagonalized estimators
is completely due to pilot contamination.

5.3.3 Numerical examples
To evaluate the performance of our proposed estimators, we consider a large-scale
MIMO system with Nr = 100 and Nt = 10 antennas and the training length
B = 10. Without loss of generality, we assume zero-mean channel and disturbance,
since the non-zero mean assumption has no impact on the MSE performance as
shown earlier in Section 5.2. We follow the Kronecker model [SFGK00] to describe
correlation among antennas of the desired and disturbance MIMO channels. In the
simulation, the covariance matrix of a MIMO channel is modeled as R = Rt⊗Rr,
where Rt ∈ CNt×Nt and Rr ∈ CNr×Nr are the spatial covariance matrices at the
transmitter and receiver sides, respectively. Following the same modeling, we have
Σi =

√
βiΣti ⊗

√
βiΣri for i ∈ I where the covariance matrices are weakened by

the factor βi ≥ 0. This factor represents how severe the pilot contamination part
is: βi = 0 represents the noise-limited case, while βi = 1 represents the case when
the useful channel and the ith interfering channel are equally strong.

To generate covariance matrices, we use the exponential correlation model from
[Loy01]. All the covariance matrices have diagonal elements equal to one which
results in Tr{R} = NtNr and Tr{Σi} = βiNtNr. We assume that there are two
dominating interfering cells, i = 1, 2. The correlation coefficients for the spatial
covariance matrices Rt, Rr, Σti and Σti where i = 1, 2 are as follows, respectively:

rt = 0.4 · e−j0.9349π, rr = 0.9 · e−j0.9289π,

σt,1 = 0.35 · e−j0.8537π, σr,1 = 0.9 · e−j0.7464π,

σt,2 = 0.4 · e−j0.4583π, σr,2 = 0.9 · e−j0.2649π.

Note that the phases for the correlation coefficients can be chosen randomly, but
describe certain channel directivity. We define the normalized training SNR as
γ = Pt

σ2 where Pt = 1
BTr{PHP} is the average training power.

We use the normalized MSE, defined as MSE
Tr(R) , as the performance measure.

In all the figures, we compare the performance of the proposed estimators with
the conventional MMSE and MVU estimators. The training matrix is P =

√
PtI.

In [SWB14], it has been shown that this choice of training matrix, i.e., the scaled
identity, performs (in the MSE sense) almost identical to the optimally robust
designed training when the channel covariance matrix is uncertain and this uncer-
tainty is bounded by using some norm constraints.
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Figure 5.2: MSE comparison of different estimators as a function of the polynomial
degree L for different interference scenarios: β = 0, Noise-limited scenario.

In Figs. 5.2, 5.3 and 5.4, the MSE has been plotted as a function of the poly-
nomial degree L. The noise-limited scenario is given by β = 0 in Fig. 5.2, while
β = 0.1 and β = 1 (we assume that β1 = β2 = β) represent the scenarios when
the two interfering cells have interfering channels which are 10 dB weaker than
or equally strong as the desired channel, respectively, illustrated in Figs. 5.3 and
5.4. The SNR is γ = 5 dB. As can be seen from these figures, the MSEs of both
PEACH and W-PEACH estimators decrease when increasing L. Interestingly, W-
PEACH approaches the MSE-values of the MMSE estimator very quickly, while
PEACH needs a higher L than W-PEACH to get close to the MMSE curves. The
W-PEACH estimator outperforms the MVU, diagonalized and PEACH estimators
in all interference scenarios for any value of L. Whereas the PEACH estimator
outperforms the MVU and the diagonalized estimators under pilot contamination,
i.e., β 6= 0, and outperforms them for L ≥ 2 and L ≥ 4, respectively, in the noise-
limited case. It is concluded that W-PEACH is near-optimal at quite small L, and
that PEACH and W-PEACH estimators achieve a better performance than the
diagonalized estimator even for small L.
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Figure 5.3: MSE comparison of different estimators as a function of the polynomial
degree L for different interference scenarios: β = 0.1, Pilot contaminated scenario.

In Figs. 5.5, 5.6 and 5.7, we compare different estimators with or without addi-
tional interference from pilot contamination. We consider a fixed L = 10 and vary
the SNR γ. As expected, the MSEs of MMSE, diagonalized and MVU estimators
decay steeply to zero when the γ increases in the noise-limited scenario. However,
as proved in Proposition 5.11, the MSEs of PEACH and W-PEACH saturate to
non-zero error floors. Under pilot contamination (i.e., β 6= 0) the performance of all
these estimators converge to non-zero error floors. This observation comply with
the results stated in Propositions 5.12 and 5.13. This behavior can be interpreted
from another view point. The MSE values are affected by another feature of the
system: signal-to-interference-and-noise ratio (SINR)2. Under pilot contamination,
the SINR converges to a constant as γ increases. More specifically, note that the

2The SINR is intimately connected to the MSE. For example, we have MSE ≥ NtNr
1+SINR in

the special case of P =
√
PtI, R = I, and Σi = βiI. Equality is then achieved by the MMSE

estimator. In general, the SINR needs to grow asymptomatically to infinity if the MSE should
approach zero.
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Figure 5.4: MSE comparison of different estimators as a function of the polynomial
degree L for different interference scenarios: β = 1, Pilot contaminated scenario.

SINR (when B = Nt) is defined as

SINR = E{‖P̃h‖2}
E{‖n‖2} = Pt

σ2 + PtKβ
= γ

1 + γKβ
(5.38)

where K is the number of interferers. As γ increases, the SINR in (5.38) approaches
1
Kβ > 0, thus making the MSEs approach some non-zero limits and become inde-
pendent of the training power Pt.

We observe from Figs. 5.5, 5.6 and 5.7 that pilot contamination only has a small
impact on the PEACH and W-PEACH estimators; in fact, pilot contamination re-
duces the gap to the optimal MMSE estimator; for example, when β = 1 (Fig. 5.7)
the performance of W-PEACH estimator is identical to that of the MMSE esti-
mator. This important result shows that PEACH estimators are near-optimal in
realistic scenarios. The result is explained as follows. For any fixed L, PEACH and
W-PEACH converge to a non-zero MSE when γ increases, due to the bias gener-
ated by the approximation error. Since this also happens for the MMSE and MVU
estimators under pilot contamination, the relative loss of using the proposed low-
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Figure 5.5: MSE comparison of different estimators as a function of SNR γ for
different interference scenarios: β = 0, Noise-limited scenario.

complexity estimators is smaller. Consequently, we can reduce L as β increases and
still achieve near-optimal performance.

In terms of computational complexity, we note that the MVU estimator has the
same low complexity as the proposed diagonalized estimator in the noise-limited
scenario and for the scaled identity training matrix. However, Fig. 5.2 and Fig. 5.3
show that the diagonalized estimator always outperform the MVU estimator. This
is because the diagonalized estimator exploits parts of the channel statistics.

Another interesting observation from Figs. 5.5, 5.6 and 5.7 is how differently the
diagonalized estimator performs in different interference scenarios and SNR ranges.
The MSE tends to zero in the noise-limited scenario. This implies that there is little
loss of using the simple diagonalized estimator at high SNRs since the estimator
does not need the spatial correlation to achieve low MSEs in this SNR regime.
Hence, the PEACH estimators are only useful at low and medium SNRs in the
noise-limited case. However, in the pilot contaminated case the PEACH estimators
have a performance advantage throughout the whole SNR range.

In order to illustrate that the estimation performance of the proposed PEACH
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Figure 5.6: MSE comparison of different estimators as a function of SNR γ for
different interference scenarios: β = 0.1, Pilot contaminated scenario.

estimators does not scale with the number of antennas for fixed L, we plot in Fig. 5.8
the MSE of PEACH and W-PEACH for different number of receive antennas Nr
while Nt is fixed to 10. From Fig. 5.8, we conclude that for a given L, there is a
certain level of approximation accuracy for the matrix inversion and it determines
the MSE performance while there is no clear dependence on the channel dimensions.
This result complies with the reasoning in Section 5.2 related to Lemma 5.3, as
well as the corresponding results in the detection literature [HX01]. This property
is indeed one of the main benefits of the PEACH estimators.

Next, we focus on the low-complexity approach in Algorithm 2 for finding the
weights. First, in Fig. 5.9 we illustrate how the approximate weights compared to the
optimal weights perform when the perfect covariance matrices are available. Then,
in Fig. 5.10 we investigate what happens if we only have an imperfect estimate
R̂ of the channel covariance matrix using some finite number of samples N ≤
NtNr. Fig. 5.9 considers a noise-limited scenario and a time window of length T =
100. Although T � BNr, we observe that the approximate W-PEACH estimator
which exploits the approximate weights from Algorithm 2 gives almost identical
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Figure 5.7: MSE comparison of different estimators as a function of SNR γ for
different interference scenarios: β = 1, Pilot contaminated scenario.

performance as the W-PEACH estimator with optimal weights computed according
to Theorem 5.6. This confirms that the W-PEACH estimator is indeed a low-
complexity channel estimator suitable for large-scale MIMO systems.

All the simulations so far are done under the assumption that the covariance
matrices are perfectly known at the receiver. Next, in Fig. 5.10, we study how imper-
fect statistical information affects the performance of the MMSE and W-PEACH
estimators. For this numerical example, we consider a noise-limited scenario with
Nt = 4, Nr = 100, L = 8, and γ = 5 dB. Note that in large-scale noise-limited
cases, the noise variance σ2 can be easily obtained. However, it is important to
evaluate how sensitive the estimators are to imperfect channel statistics. In this
figure, we compare the different estimators. The curves marked by −est at the end
of their names are based on the estimated covariance matrix R̂ described in Section
5.2.4, where the optimal parameter κ? is obtained using Theorem 5.10. The other
curves are based on the true covariance matrix R. Fig. 5.10 shows that even for
number of samples N smaller than the matrix dimension NtNr, we can achieve a
reasonably good performance using R̂ (recall that it is an affine function of the
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Figure 5.8: Normalized performance of PEACH and W-PEACH estimators for dif-
ferent number of receive antennas.

sample covariance matrix). Moreover, it is shown that the proposed W-PEACH es-
timator, either using its optimal weights from Theorem 5.6 (Exact W-PEACH) or
approximate weights from Algorithm 2 (Approximate W-PEACH), is robust to the
statistical uncertainty and performs close to the MMSE estimator. As expected, it
is also observed that using Algorithm 2, we are able to track the channel’s variations
better which results in a superior performance as compared to MMSE-est and Ex-
act W-PEACH-est. Observe that the W-PEACH estimator clearly outperforms the
diagonalized estimator, implying that we gain from exploiting some of the spatial
correlation even when the channel covariance matrix is not perfectly known.

Finally, in the Figs. 5.11, 5.12, 5.13 and 5.14 we compare the exact compu-
tational complexities of four estimators: MMSE, MVU, PEACH and W-PEACH.
In these figures, we plot the number of FLOPs per second versus the number of
antennas at the receiver side Nr for different vales of Q (i.e., different stationarity
conditions) and different polynomial degrees L. We assume Ttot = τs = 5 sec. As
mentioned in Section 5.2.5, these factors affect the exact computational complexity.
Observe that the presumed value of τs (or τc) change the number of FLOPs but
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Figure 5.9: Comparison of W-PEACH estimator and Approximate W-PEACH es-
timator in a noise-limited scenario (β = 0) for different SNR γ values.

it has no effect on the relative computational complexities of these different esti-
mators. From both figures, we conclude that the PEACH estimator has the lowest
computational complexity, which was also proved analytically.

As can be seen in Figs. 5.11 and 5.12 for L = 2, the W-PEACH estimator has
lower complexity than the MMSE estimator when Nr ≥ 35 for Q = 50 and Nr ≥ 73
for Q = 100. However, by increasing the polynomial degree to L = 4 illustrated in
Figs. 5.13 and 5.14 (i.e., achieving near-optimal MSEs) a higher number of antennas
is needed for W-PEACH estimator: Nr ≥ 135 to outperform the MMSE estimator
in terms of complexity when Q = 100, while it is less complex for Nr ≥ 65 when
Q = 50. Note that from Figs. 5.2, 5.3 and 5.4 it can be concluded that even
with L = 2 and 4, we achieve a reasonably good performance. Also, recall that
all the exact complexity analysis is done under the assumption that S 6= I, i.e.,
pilot contaminated scenario, for which the given values of L provide even better
performance compared to the optimal MMSE estimator.
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5.4 Summary

Large-scale MIMO techniques provide high spatial resolution and array gains, which
can be exploited for greatly improved spectral and/or energy efficiency in wireless
communication systems. However, achieving these potential improvements in prac-
tice relies on acquiring CSI as precisely as possible. On the other hand, enlarging
the array size makes the computational complexity of the signal processing schemes
a key challenge. The conventional training-based MMSE and MVU channel esti-
mators have a computational complexity unsuitable for such real-time systems. In
order to address the complexity issue, we have proposed a set of low-complexity
PEACH estimators which are based on approximating the inversion of covariance
matrices in the MMSE estimator by an L-degree matrix polynomial.

The proposed PEACH estimators converge to the MMSE estimator as L grows
large. By deriving the optimal coefficients in the polynomial for any L, we can
obtain near-optimal MSE performance at small values of L. It is shown that L
does not scale with the system dimensions, but, in practice, the degree L can be
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Figure 5.11: Computational Complexity in FLOPs of different channel stationarity
conditions Q versus number of received antennas Nr when L = 2 and Nt = B = 10:
Number of received antennas (Nr).

selected to balance between complexity and MSE performance. By performing an
exact complexity analysis, we have investigated how the proposed estimator per-
form compared to the MMSE and MVU estimators from complexity point of view
under different assumptions of channel stationarity, the polynomial degree L and
number of antennas. The analysis proves that the proposed estimators are beneficial
for practically large systems. Numerical results are given for noise-limited scenar-
ios as well as under pilot contamination from training reuse in adjacent systems.
Although pilot contamination generally creates an MSE floor, it is actually bene-
ficial from a complexity point of view since the proposed estimators achieve good
performance at smaller L than in noise-limited scenarios. Furthermore, we intro-
duced the lower-complexity diagonalized estimator. It serves as a viable alternative
to PEACH estimators in noise-limited scenarios with high SNRs, whereas PEACH
estimators outperform it in the whole SNR range under pilot contamination. By
using imperfect channel covariance matrices, we have illustrated numerically that
the proposed estimators are robust to statistical uncertainty.
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Figure 5.12: Computational Complexity in FLOPs of different channel stationarity
conditions Q versus number of received antennas Nr when L = 2 and Nt = B = 10:
Number of received antennas (Nr).

5.5 Appendices

5.5.1 Proof of Theorem 5.6

The W-PEACH estimator achieves an MSE of

MSE = E{‖vec(H)− vec(ĤW-PEACH)‖2F }

= Tr
{

R −RP̃H
L∑
l=0

(wl + w∗l )αl+1
w ZlP̃R

+
L∑

l1=0

L∑
l2=0

wl1w
∗
l2α

l1+l2+2
w RP̃HZl1+l2+1P̃R

} (5.39)
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Figure 5.13: Computational Complexity in FLOPs of different channel stationarity
conditions Q versus number of received antennas Nr when L = 4 and Nt = B = 10:
Number of received antennas (Nr).

where Z = P̃RP̃H + S. For a given training matrix P and polynomial degree L,
the coefficients w0, . . . , wL can be selected to minimize the MSE as

minimize
w0,...,wL

MSE. (5.40)

The solution to this unconstrained optimization problem is achieved by computing
the partial derivatives with respect to each coefficient and looking for stationary
points:

∂

∂wl
MSE = −αl+1

w Tr
{

RP̃HZlP̃R
}

+
L∑

l2=0
w∗l2Tr

{
RP̃Hαl1+l2+2

w Zl1+l2+1P̃R
}
.

(5.41)

By equating to zero for each l = 0, . . . , L, we achieve L + 1 linear equations that
involve the L+ 1 unknown coefficients. These are Aw = b with A,b comprised of
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Figure 5.14: Computational Complexity in FLOPs of different channel stationarity
conditions Q versus number of received antennas Nr when L = 4 and Nt = B = 10:
Number of received antennas (Nr).

the following elements

[A]ij = αi+jw Tr
{

RP̃H(P̃RP̃H + S)i+j−1P̃R
}
,

[b]i = αiwTr
{

RP̃H(P̃RP̃H + S)i−1P̃R
}
.

Note that we made a change of variables i = l1 +1 and j = l2 +1 for A and i = l+1
for b, because the sums in (5.41) begin at 0 while the indices of matrices/vectors
usually begin at 1. The MSE minimizing weights are now computed as in (5.15).

Finally, we note that, using A,b from above, the MSE expression in (5.39) can
be expressed as

Tr{R}+ wHAw− bHw−wHb. (5.42)

For optimal weights wopt = A−1b, the minimum MSE becomes (5.17).
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5.5.2 Proof of Proposition 5.11
First, we focus on the PEACH estimator with P =

√
PtI, where the MSE expression

in (5.11) can be rewritten as

Tr
{

R + R(PtAL)
(
R + 1

Pt
S
)
(PtAH

L )R − 2R(PtAL)R
}
. (5.43)

Observe that PtAL =
∑L
l=0 Ptα

(
I − Ptα(R + 1

PtS)
)l = BL as Pt → ∞, because

1
PtS = σ2

Pt I→ 0 and Ptα = 2
maxn λn(R+ 1

Pt
S)+minn λn(R+ 1

Pt
S) →

2
Λ using the expres-

sion of α in (5.12).3 By taking the limit Pt → ∞ in the MSE expression (5.43)
and exploiting the aforementioned limits PtAL → BL and 1

PtS→ 0 we obtain the
non-zero MSE floor (5.30) which is independent of Pt.

Next, for the W-PEACH estimator, the minimum MSE is bHA−1b where
A and b are given in Theorem 5.6. For normalization reasons we define D ,
diag(1, 1

Pt ,
1
P2
t
, . . . , 1

PLt
) and note that bHA−1b = (Db)H(DAD)−1(Db). The limit,

as Pt →∞, of each element of DAD and Db are

[DAD]ij = 1
Pi+jt

αi+jw Tr
{

RP̃H(P̃RP̃H + S)i+j−1P̃R
}

= αi+jw Tr
{

R(R + σ2

Pt
I)i+j−1R

}
→ αi+jw Tr

{
(R)i+j+1}

(5.44)

and

[Db]i = 1
Pit
αiwTr

{
RP̃H(P̃RP̃H + S)i−1P̃R

}
= αiwTr

{
R(R + σ2

Pt
I)i−1R

}
→ αiwTr

{
(R)i+1} ,

(5.45)

under the condition that αw is fixed (recall that for the W-PEACH estimator αw
can be selected arbitrarily). By denoting the limits of DAD and Db as Ã and b̃,
respectively, the MSE expression (5.17) converges to the non-zero floor

Tr
{

R − b̃HÃ−1b̃
}
.

This MSE floor is independent of Pt and is only a function of channel covariance
matrix and its moments. However, by similar justification as that of used for the
PEACH estimator (i.e., having α ∝ P−1

t ) we observe that the MSE expression
(5.17) converges to a non-zero error floor independent of Pt.

3Similar MSE floors for the PEACH estimator are obtained for any way of selecting α, as a
function of Pt, to satisfy the condition in Proposition 5.4.
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5.5.3 Proof of Proposition 5.13
The proof is similar to Proposition 5.11. In this case, the MSE expression in (5.11)
for PEACH is rewritten as

Tr
{
R+R(PtAL)(R+

∑
i∈I

Σi+
σ2

Pt
I)(PtAH

L )R−2R(PtAL)R
}

(5.46)

where PtAL =
∑L
l=0 Ptα

(
I−Ptα(R +

∑
i∈I Σi + σ2

Pt I)
)l → BL. This is due to the

fact that σ2

Pt I → 0 and Ptα → 2
Λ as Pt → ∞, where Λ = maxn λn(R+

∑
i∈I Σi) +

minn λn(R+
∑
i∈I Σi) . By considering all these limits, the MSE in (5.46) converges

to the non-zero MSE floor (5.36).
Also, for W-PEACH, we follow the similar approach where the limits of each

element of DAD and Db as Pt →∞ are given by

[DAD]ij → αi+jw Tr
{
R2(R +

∑
i∈I

Σi)i+j−1} (5.47)

and
[Db]i → αiwTr

{
R2(R +

∑
i∈I

Σi)i−1}. (5.48)

As in Proposition 5.11, it is concluded that DAD and Db converge to Ã and b̃ in
the limit which results in bHA−1b = b̃HÃ−1b̃. Then, it is easily shown that the
MSE expression (5.17) converges to the non-zero floor (5.37), which is a function of
the covariance matrices of the desired and interfering channels, but not the training
power or noise power.
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Chapter 6

Background

This chapter starts with an introduction to MIMO technology used to con-
trol spatial power distribution. Next, we explain the beampattern matching
challenge as one of the main goals to achieve by means of waveform design.

We describe particularly transmit signal design (waveform design) for sidelobe min-
imization using a multi-antenna array. The robust waveform design problem itself
and the motivation behind it are also introduced to facilitate following the rest of
the thesis.

6.1 Introduction to Multi-antenna Systems for Power
Distribution

Optimization of power emitted from a multi-antenna array and its distribution at
the target area of interest is an essential task to accomplish for many applications.
In general, one area of application is wireless energy transmission. This way of
transmitting energy is of high importance for example for biomedical implants or
micro aerial vehicles, when having an interface as a conductor is either impossible
or inconvenient. Different types of methods, i.e., different types of beams, can be
used to transfer energy such as microwave or laser [BE92, SG11]. Another type
of systems for which optimal spatial power distribution is an important challenge
to address are sensing systems. An active sensing system extracts the required
information and desired properties of the targets of interest by transmitting certain
signals toward those targets or area of interest, and by analyzing the signals bounced
back from them. Sensing systems cover a very diverse area of applications such as
communications, medical imaging, radar, sonar, ultrasound systems for biomedical
operations, localization, etc.

In the first part of the thesis, we have investigated the channel estimation for
MIMO communication systems which can be considered as a sensing application.
The second part of the thesis, however, concentrates on the distribution of the power
in space and the challenges faced to accomplish such goal optimally. This has been
tackled since optimal power distribution is a key to achieve the ultimate goal in
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Figure 6.1: Illustration of a MIMO radar system with M -element transmit and N -
element receive antenna array where M (possibly) distinct waveforms are applied
to excite the transmit array. Adapted from Fig.1 in [LS07].

a sensing operation which either is parameter detection or parameter estimation.
Such parameters depending on the applications could be angle of arrival, target
location, temperature or speed.

More than 100 years after introducing a transmitter-receiver system by Christian
Hülsmeyer in 1904, known to be an early form of radar, there still exists ongoing and
progressive research on modern radars used in sensing systems. This all is driven by
the advances in digital signal processing and computationally efficient algorithms
developed in recent years.

In particular, MIMO technology accompanying radar systems, referred to as
MIMO radar systems, has been introduced in [BF03,FHB+04,FBF04,LS09b]. This
results in developing more possibilities to be exploited in various applications. These
applications can be target detection and parameter estimation for biomedical pur-
poses such as medical imaging or thermometry for hyperthermia therapy.

In MIMO radar systems as illustrated in Fig. 6.1, multiple signals that can be
correlated or uncorrelated with each other are transmitted via multiple antennas
of the transmit array.

Due to the similarity of the fundamental idea behind the MIMO technology
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used in communication systems and that exploited in radar systems, many of the
techniques and concepts already developed for MIMO communication systems have
been investigated for the MIMO radar systems in order to realize possibly similar
gains. Among those gains, in the thesis, we focus on diversity offered by MIMO radar
systems. In general, MIMO radar systems can be realized in two different ways
either with colocated antennas or with widely separated (distributed) antennas,
both of which are capable of delivering diversity, however herein we only concentrate
on the former configuration, i.e., MIMO radar with colocated antennas, which offers
waveform diversity. For further analysis related to MIMO radar with separated
antennas refer to [LS09b, chapters 8-10].

Waveform diversity refers to the property that the transmit signals in a MIMO
radar sensing system can be chosen arbitrarily. This translates to extra flexibil-
ity and degrees of freedom. Therefore, the waveform diversity offered by MIMO
radar systems provides substantial advantages over its counterpart, the conventional
phased array. Some of these advantages can be outlined as: improved parameter
identifiability, higher resolution, better interference rejection and extra flexibility
for transmit beampattern design [LS07].

In phased array systems, scaled copies of a single waveform is transmitted via
multiple antennas. This system is illustrated in Fig. 6.2. There exists a weight vector
comprising complex values as phases and amplitudes by which the transmitted
signal is scaled. The weight vector can be optimized to satisfy some constraints
although it is very hard for certain applications given the limited degrees of freedom.
This inferiority is explained in more detail where we describe the system model.

6.2 Waveform Design

Using MIMO technology in sensing systems has called for another look at the
waveform design problem by bringing all the offered flexibilities into the picture
which can be exploited to address more complicated constraints. Although MIMO
techniques are quite powerful, the importance of efficient numerical algorithms
to facilitate practical constraints must not be overlooked [SS12, SS14,DMHP+11,
HLS12].

Waveform design is a method to achieve the following goals [HLS12]:

• Good correlation properties

• Good transmit beampattern properties

Good correlation properties translate to having small sidelobes for the auto-
correlation function of the signals and low cross-correlations which results in per-
formance improvement. Such improvement leads to a better detection for radar
application, or for example, reduced interference from other users in a communi-
cation network. There exists an extensive study on waveforms with good temporal
correlation properties summarized in [GG05,SS12,HLS12].
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Figure 6.2: Illustration of a phased array system with M -element transmit and N -
element receive antenna array where the transmit array elements are excited with
scaled versions of a single waveform x(n). Adapted from Fig.1 in [LS07].

In this thesis we focus on the third goal namely beampattern design where
waveform diversity offered by MIMO technique is applied to have a more flexible
beampattern synthesis as a result [FSA04, SLX07, SLZG07, LS07, FSA08, HLS12].
Although beampattern synthesis itself can be formulated distinctly by consider-
ing different perspectives, it generally deals with designing waveforms to control
spatial power distribution. For this purpose, first the optimal covariance matrix of
the transmit signals is derived, then the signals which are aligned to that optimal
covariance matrix are extracted out.

Herein, we consider narrowband transmit beampattern design whereas there ex-
ists also another case of beampattern design focusing on wideband transmit beam-
pattern synthesis which is out of the scope of thesis. See [HSL11,HLS12] for further
details.

One way to formulate the waveform design problem is to approximate the beam-
pattern to match a desired one. This formulation has been studied in [LS07,HLS12]
where it is referred to as beampattern matching. The problem of beampattern
matching is usually formulated as choosing the waveform covariance matrix un-
der a power constraint where the objective is to have a beampattern as close as
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possible to the desired one while the cross-correlations among reflected waveforms
from targets are minimized. To approximate the beampattern has first been inves-
tigated in [FSA04], and then the cross-correlation minimization has been added
to the objective in [LS07]. That minimization is important since any increase in
the cross-correlation renders a performance loss for an adaptive MIMO radar tech-
nique [XLS06].

Another formulation is minimizing the sidelobe levels in a predefined area. This
formulation is discussed in detail in the following section as our main focus in the
thesis. We show that such formulation can be applied to different applications.

6.3 Sidelobe Minimization Waveform Design

In this section, we first describe the minimum sidelobe beampattern design problem
by clarifying the objectives and constraints, then, we move on by giving examples
of applications where such design is required.

The core of minimum sidelobe beampattern design (in our approach) is choosing
the spatial waveform covariance matrix in order to satisfy certain constraints. In
other words, the desired beampattern is realized first by obtaining the optimal co-
variance matrix of the transmit waveforms. Then, in a second stage, the waveforms
which approximate the optimal covariance matrix are synthesized. In particular, the
minimum sidelobe beampattern design investigates how to choose the covariance
matrix in order to

• minimize the sidelobes in a predetermined area of interest;

• provide a certain power level for another area of interest.

There are different types of application where such goals indeed are of high
importance. A first and natural application is radar when the look direction of the
array is toward θ0 implying that we aim for having the highest power at θ0 while
the peak power level at the sidelobe area, e.g., θ0 ± 20◦, is minimized. Moreover,
a certain 3dB mainbeam width also should be achieved. Note that this 3dB con-
straint is an interpretation of the second constraint mentioned above. To satisfy
all these constraints, a MIMO radar system can be applied where transmit signals
are obtained as the optimal solutions to the minimum sidelobe beampattern design
problem.

Another example is biomedical applications such as local hyperthermia therapy
which is a non-invasive cancer treatment. Here, the goal is to maximize the emitted
power in the tumor area, i.e., the cancerous part of organ at risk, while the power
received at the healthy tissue surrounding the tumor area should be minimized.
Again, similar problem formulation helps us to achieve the prescribed objectives.

The two applications introduced above are described in detail in the thesis in
the following sections where we investigate how uncertain design parameters can
change the spatial power distribution. We propose robust design schemes to tackle
such issues.
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6.4 System Model and Problem Formulation

We consider an array of arbitrary geometry with M transmit transducers. We also
assume that the discrete-time baseband transmitted signals are narrowband and
denoted by x(n), i.e.,

x(n) = [x1(n) x2(n) · · ·xM (n)]T

for n = 1, 2, · · · , N where N is the number of samples for each transmitted probing
signal. Then, the baseband signal at a generic location θ can be stated as

y(θ, n) =
M∑
m=1

am(θ)xm(n), n = 1, · · · , N,

= aH(θ)x(n), n = 1, · · · , N,

(6.1)

where the mth signal is attenuated by a factor am(θ) which depends on the prop-
erties of the transducers, the carrier wave and the propagation medium. Exact
definitions of am(θ) are given in the following chapters 7 and 8 corresponding to
the applications to be investigated therein.

The power of the transmitted signal arrived at a generic location θ, i.e., the
transmit beampattern, is given by

p(θ) = E{y(θ, n)yH(θ, n)} = aH(θ)Ra(θ) (6.2)

where
R = E{x(n)xH(n)}

is the M × M covariance matrix of the probing signal x(n). As equation (6.2)
suggests, the transmit beampattern is dependent on the waveform covariance matrix
R and the array steering vector a(θ).

The minimum sidelobe beampattern design problem is formulated to satisfy the
following goals: (i) maximize the gap between the power (transmit beampattern) at
the main location θ0 and the power at all the points in the sidelobe region ΩS , (ii)
guarantee a certain power level for the points in the mainlobe region ΩM . Observe
that the 3 dB main-beam width constraint can be incorporated as a special case of
the constraint (ii). To achieve these goals, an optimization problem is formulated by
choosing R under a power constraint to maximize the predefined gap. In general,
to model the power constraint over the waveforms, we assume that R ∈ R where
R denotes a set comprising the natural condition of positive semi-definiteness for
any covariance matrix as well as a constraint on diagonal entries of R representing
the constraints on the signal power.

To clarify why phased array systems are inferior to MIMO radar systems in
designing transmit beampattern, it suffices to consider that there exists (M2−M)
number of degrees of freedom to be exploited by a MIMO array to optimize the
beampattern where we deal with M power constraints, i.e., the diagonal elements
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of R equals preassigned values. Whereas for the phased array and under the same
constraints, only (M − 1) number of degrees of freedom is available in order to
shape the spatial power distribution.

We rewrite the optimization problem in [HLS12, Section 13.2.4] where we replace
the 3 dB main-beam width constraint with a condition by which we guarantee a
certain power level PL for points µ within the mainlobe region, i.e., µ ∈ ΩM . As
mentioned earlier, the 3 dB main-beam width constraint can be easily realized by
setting PL = 0.5. Let t denote the gap between the power at θ0 and the power at the
points µ in the sidelobe region ΩS . This optimization problem similar to [SLZG07]
turns into

max
R∈R,t

t

s.t. aH(θ0)Ra(θ0)− aH(µ)Ra(µ) ≥ t, ∀µ ∈ ΩS
(PL − δ)aH(θ0)Ra(θ0) ≤ aH(µ)Ra(µ) ∀µ ∈ ΩM
aH(µ)Ra(µ) ≤ (PL + δ)aH(θ0)Ra(θ0) ∀µ ∈ ΩM

(6.3)

In (6.3), δ is a small value indicating how close the power of the points in ΩM
can be to the preassigned power. ΩS and ΩM denote discrete sets of grid points µ
representing the sidelobe and mainlobe regions, respectively, i.e.,

ΩS = {µ1, · · · ,µNS}
ΩM = {µ1, · · · ,µNM }

(6.4)

where NS and NM denote the cardinality of the sets ΩS and ΩM . This is an SDP
problem which can be solved efficiently in polynomial time using any SDP solver,
e.g., CVX [GB13,GB08].

6.4.1 Robustness analysis
In the second part of the thesis, namely chapters 7 and 8, robustness analysis deals
with the problem of designing transmit signals subject to a power constraint such
that the spatial power distribution of a multi element array is controlled where
the array steering vectors are not perfectly known. The robust waveform design
problem in order to bound the spatial power distribution is summarized in the
following as a general mathematical formulation in (6.6). Here, we start first by
stating the conventional framework of the sidelobe minimization problem.

As seen the minimum sidelobe beampattern design can be stated as follows:

max
R,t

t

s.t. f(a(θ),R) ≥ t, ∀θ ∈ ΩS
gi(a(θ),R) ≥ 0, ∀θ ∈ ΩM , i = 1, 2
R ∈ R

(6.5)
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where the functions f(·) and g(·) denote different functions of the power spectrum
term, i.e., (a(θ)HRa(θ)) representing power at different locations θs.

However, the design criterion and its corresponding solution are based on the
idealistic assumption that the array steering vectors are accurately known. This as-
sumption is not met in many real world situations where there are different sources
of uncertainties, e.g., uncertain propagation conditions, inaccurately specified loca-
tions or calibration errors.

The effect of imperfect prior knowledge of steering vectors on the performance
of an array is investigated in [LSW04,YH08,KMM+08,KVH12] where the optimal
weight vector (beamformer) is obtained by taking the steering vector uncertainty
into account, or in [WOV91] where the authors have derived a robust estimator
for array signal parameter estimation under the assumption of perturbed array
response. Moreover, the authors in [YB07, GLV11] applied the minimax robust
frameworks and proposed robust waveforms for MIMO radar systems, where in
[YB07] the uncertain design parameter was the target power spectral density and in
[GLV11] the spatial correlation of the target response and the disturbance statistics.
All of these studies convey the important conclusion that if the prior information
is not perfectly known, the system performance is degraded.

Following the worst-case robustness methodology to minimize such performance
degradation, we start by parameterizing the uncertain steering vector a(θ), i.e.,
a(θ) = â(θ)+e(θ), as a vector belonging to a deterministically bounded uncertainty
set A that is

A = {â(θ) + e(θ) | ‖e(θ)‖ ≤ ε(θ)}.
Observe that in the above equation â(θ) is the nominal steering vector. Further,
the error vector e(θ) is a function of θ and can vary arbitrarily from location to
location in general.

Then the robust design problem becomes

max
R,t

t

s.t. f(â(θ), e(θ),R) ≥ t, ‖e(θ)‖ ≤ ε(θ), ∀θ ∈ ΩS
gi(â(θ), e(θ),R) ≥ 0, ‖e(θ)‖ ≤ ε(θ), ∀θ ∈ ΩM , i = 1, 2
R ∈ R

(6.6)

Looking into the power spectrum (6.2), i.e., the transmit beampattern derived
for a generic point θ, it is concluded that the functions f(·) and g(·) introduced
to control spatial power distribution are quadratic functions of the steering vector
a(θ).

In the following, we state the S-Lemma which is a strong tool which has been
used to deal with quadratic constraints appearing in many optimization problems
in different areas. See [PT07] which is an extensive survey dedicated to the S-
Lemma. In particular, this lemma is important for us since it translates the difficult
implication of satisfying a quadratic inequality constraint for a set of quadratic
inequalities into satisfying a linear matrix inequality (LMI). In chapters 7 and 8
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we show exactly how the S-Lemma can be used to turn the robust design problem
into a convex tractable problem.

Lemma 6.1. (S-Lemma [Bec09, Lemma 4.1]): Let fk(x) : Cn → R, k = 0, 1, 2, be
defined as fk(x) = xHAkx + 2Re{bHk x} + ck, where Ak = AH

k ∈ Cn×n,bk ∈ Cn,
and ck ∈ R. Then, the implication f0(x) ≥ 0 for all x ∈ Cn such that fk(x) ≥ 0 for
k = 1, 2 holds if and only if there exists β1, β2 ≥ 0 such that1[

A0 b0

bH0 c0

]
− β1

[
A1 b1

bH1 c1

]
− β2

[
A2 b2

bH2 c2

]
� 0,

if there exists a point x̂ with fk(x̂) > 0 for k = 1, 2.

In the next chapters, the framework (6.5) as well as the S-Lemma are used to
derive robust waveforms for radar and hyperthermia therapy just to show some
possible areas of applications. The analysis carried out here can be used wherever
we are dealing with optimal spatial power distribution subject to design parameter
uncertainties.

1Note that the S-Lemma is lossless in complex space for the case of at most two constraints
[J0̈1].





Chapter 7

Robust Beampattern Design for MIMO
Radars

In this chapter, we propose a robust transmit beampattern design for MIMO radar
systems. Waveform diversity as a direct result of having different transmitted wave-
forms offered by MIMO technology is exploited here in order to design the transmit
beampattern. As discussed in chapter 6, this feature offers more degrees of freedom
and flexibility to design a transmit beampattarn as close as possible to the de-
sired one while keeping the total transmit power fixed. This chapter follows the
common approach of optimizing the waveform covariance matrix to approximate
a desired beampattern and then, designing a set of waveforms in a way that they
have the same optimal covariance matrix. Some practical constraints such as con-
stant modulus or low peak-to-average ratio (PAR) constraints can be added to the
waveform design problem to make these waveforms to be a better fit for the real
world problem [SLZG07,FSA08,SS14].

Motivated by the robustness analysis done in the field of array processing, we
follow the worst-case robustness methodology to minimize such performance degra-
dation for the transmit beampattern design problem. In this chapter, we focus on
the minimum sidelobe beampattern design problem where our goal is to maximize
the difference between the power level at the main target location and the power
level at the points in the sidelobe region. We assume that the true steering vectors,
i.e., the nominal steering vectors plus the uncertainty vectors, belong to a deter-
ministically bounded set and we find the optimal covariance matrix which results
in a robust transmit beampattern design. We formulate this robust design problem
as a non-convex maximin optimization problem and show that it can be translated
into a convex semi-definite programming (SDP) problem. We illustrate numerically
how the transmit beampattern is degraded if we ignore the existing error in the
steering vectors and how the robustness will improve the worst-case performance.
We evaluate the performance of the proposed robust design under different power
constraints.
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7.1 System Model and Problem Formulation

We consider an array of arbitrary geometry with M transmit antennas. We also
assume that the discrete-time baseband transmitted signals are narrowband and
denoted by x(n) = [x1(n) x2(n) · · ·xM (n)]T for n = 1, 2, · · · , N where N is the
number of samples of each transmitted probing signal. Then, the baseband signal
at a generic location θ can be stated as

y(θ, n) =
M∑
m=1

e−j2πfcτm(θ)xm(n), n = 1, · · · , N, (7.1)

where fc is the carrier frequency and τm(θ) is the relative time delay between the
antennas, i.e., the difference between the required time for the signal transmitted
by the mth antenna and the signal transmitted by the reference antenna, to arrive
at the target location θ. For example, the relative time τm(θ), for a uniform linear
array (ULA) equals [SM05, Chapter 6]

τm(θ) = (m− 1)d sin(θ)
c

, (7.2)

where c is the waveform speed and d is the space between antennas. Now, consid-
ering the steering vector a(θ) ∈ CM×1

a(θ) =
[
ej2πfcτ1(θ) ej2πfcτ2(θ) · · · ej2πfcτM (θ)

]T
, (7.3)

the baseband signal at location θ, y(θ, n) given in (7.1), can be rewritten in vector
form

y(θ, n) = aH(θ)x(n), 1, · · · , N. (7.4)

The power of the transmitted signal, i.e., the transmit beampattern, at the target
location θ is given by

p(θ) = E{y(θ, n)yH(θ, n)} = aH(θ)Ra(θ) (7.5)

where R = E{x(n)xH(n)} is the covariance matrix of the probing signal x(n).
We follow the idea of exploiting the resulting diversity of having different wave-

forms in MIMO radar system to form the beampattern and make it as close as
possible to the desired one. Indeed, we control how the power is distributed in
space via transmit beampattern design. In this chapter we focus on applications for
which we are interested in minimizing the sidelobe level in a predetermined area.
This problem has been mathematically summarized in (6.3) for a generic set R.
Here, we provide two possible ways of defining R which are used in this chapter. R
is defined as follows and can be either Ru or Rr according to the different power
constraints:
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• Uniform elemental power constraint, i.e., R ∈ Ru where

Ru , {R | R � 0, Rii = γ

M
, i = 1, 2, ...,M}. (7.6)

• Relaxed elemental power constraint, i.e., R ∈ Rr where

Rr = {R | R � 0,Tr{R} = γ, (1− α) γ
M
≤ Rii ≤ (1 + α) γ

M
, i = 1, 2, ...,M},

(7.7)

where Rii is the ith diagonal element of R, γ is the total transmitted power and
α < 1 is a positive scalar. In comparison to (6.3), in this chapter, we consider only
two points in the mainlobe region ΩM to control the width of the mainlobe, i.e.,
ΩM = {θ1,θ2}, while the sidelobe region denoted by ΩS comprises NS points, that
is ΩS = {µ1, . . . ,µNS}, and θ0 denotes the look direction of the array.

However, the whole problem formulation (6.3) and consequently its resulting so-
lution, i.e., the optimal covariance matrix, is a function of the steering vector a(θ).
Note that a(θ) is a known function of θ if there is a perfect calibration of the trans-
mit array. The steering vector uncertainties may arise from uncertain propagation
conditions, estimation errors, imprecise array modeling, element-position perturba-
tions, or other calibration errors, etc [LSW04,YH08,KMM+08,KVH12]. Therefore,
such uncertainty cannot be avoided in practice and it causes beampattern degra-
dation. To address this problem and take the uncertainty into account, we exploit
a worst-case robust optimization framework where a certain level of performance
is guaranteed to be achieved for all steering vectors which belong to a predefined
deterministic uncertainty set. Specifically, we propose a worst-case robust problem
formulation to handle uncertainties in the steering vectors of the sidelobe points µi
and the main location θ0. For tractability reasons, we do not robustify the main-
beam width constraints in (6.3) and for notational simplicity, we assume that these
convex constraints are incorporated into the set R.

Let a(θ) = â(θ) + ã(θ) where â(θ) is the nominal estimate (prior information)
of the steering vector and ã(θ) is the perturbation vector which belongs to the
deterministic set Eθ for any θ. This uncertainty set is defined as

Eθ , {ã(θ) | ‖ã(θ)‖2W = ã(θ)HWã(θ) ≤ εθ}

where W is an M ×M positive-definite weight matrix.
Then the worst-case robust beampattern design is formulated as:

max
R

min
ã(θ0),ã(µi),i

g(θ0,µi,R)

s.t. R ∈ R, ã(θ0) ∈ Eθ0 , ã(µi) ∈ Eµi , ∀µi ∈ ΩS ,
(7.8)

where the objective function equals

g(θ0,µi,R)=
(
â(θ0)+ã(θ0)

)HR
(
â(θ0)+ã(θ0)

)
−
(
â(µi)+ã(µi)

)HR
(
â(µi)+ã(µi)

)
.

(7.9)
In general, εµi can be chosen to be either a constant for all µi ∈ ΩS or a function

of µi, i.e., εµi = f(µi), for each µi ∈ ΩS .
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7.2 Robust Transmit Beampattern Design

The maximin optimization problem (7.8) is not jointly convex in its variables.
Specifically, the inner minimization is not convex in ã(µi) for a given R. In the
following theorem, we reformulate the robust beampattern design problem as a
convex SDP problem.

Theorem 7.1. Let R ∈ R, ã(θ0) ∈ Eθ0 and ã(µi) ∈ Eµi . The worst-case robust
beampattern is given as a solution to the following SDP problem

max
R∈R;t;βi,1≥0;βi,2≥0

t

s.t.
[

Q + βi,1W1 + βi,2W2 Qb̂
b̂
H

Q b̂
H

Qb̂− t− βi,1εθ0 − βi,2εµi

]
� 0, ∀µi,

(7.10)

where b̂ =
[

âH(θ0) âH(µi)
]H

and the Hermitian matrices Q, W1 and W2 are

defined as Q ,
[

R 0M
0M −R

]
, W1 ,

[
W 0M
0M 0M

]
and W2 ,

[
0M 0M
0M W

]
,

respectively.

Proof: First, we define b̃ =
[

ãH(θ0) ãH(µi)
]H

. Given b̂ and b̃, g(θ0,µi,R)
in (7.8) can be stated as

g(θ0,µi,R) = [b̂ + b̃]H
[

R 0
0 −R

]
[b̂ + b̃].

Then, considering the definition of Q, W1 and W2, the optimization problem (7.8)
can be equivalently rewritten as

max
R∈R,t

t

s.t. b̃HQb̃ + 2Re
{

b̂
H

Qb̃
}

+ b̂
H

Qb̂− t ≥ 0,

b̃HW1b̃ ≤ εθ0 ,

b̃HW2b̃ ≤ εµi ,∀µi ∈ ΩS .

(7.11)

Here, we use the S-Lemma described in Lemma 6.1 to reformulate the optimization
problem (7.11).

The constraints in the optimization problem (7.11) can be rewritten as

f0(b̃) = b̃HQb̃ + 2Re
{

b̂
H

Qb̃
}

+ b̂
H

Qb̂− t ≥ 0

f1(b̃) = −b̃HW1b̃ + εθ0 ≥ 0

f2(b̃) = −b̃HW2b̃ + εµi ≥ 0,∀µi ∈ ΩS
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Now, according to the S-Lemma, these three quadratic constraints can be satisfied
simultaneously if we find βi,1, βi,2 ≥ 0 for which the aforementioned linear matrix
inequality (LMI) holds. Thus, the problem boils down to the SDP problem (7.10)
with (2M + 1)× (2M + 1) LMIs as the constraints (one LMI for each point µi in
the sidelobe region). �

Using Theorem 7.1, the infinite number of constraints in (7.11) turn to a single
SDP constraint for each point µi in (7.10). Note that after the optimal R has
been determined, one can synthesize a waveform signal x(n) that has the same
covariance matrix as R. One simple approach is x(n) = R1/2w(n) where w(n) is a
sequence of i.i.d. random vectors with mean zero and covariance matrix I. However,
as we mentioned earlier, more practical constraints, e.g., constant modulus or low
PAR, can be added to the waveform synthesis problem. For detailed discussion
see [SLZG07,FSA08] [HLS12, Chapter 14].

In the next section, first we observe what the cost of uncertainty is in terms
of the loss in the performance, and then we see how the proposed robust scheme
improves the transmit beampattern design. Finally the role of different covariance
matrix sets, i.e., the different power constraints, are investigated.

7.3 Numerical Results

In this section, we illustrate the performance of the proposed robust beampattern
design. We consider a uniform linear array with M = 10 number of antennas and
half wave-length antenna spacing. The main-beam is centered at θ0 = 0◦ and the
sidelobe region is ΩS = [−90◦,−20◦] ∪ [20◦, 90◦]. We consider a grid size of 0.3◦ to
represent each point µi ∈ ΩS . The total power γ is set to 1. Also, we assume that
εθ0 = εµi = ε for all µi ∈ ΩS and W = IM . The size of the uncertainty set ε is
assumed to be 5% of ‖â(θ)‖2 = M which equals 0.5.

For reference, the optimal covariance matrix Rnr, when no uncertainty is taken
into account, is obtained by solving problem (6.3) using the nominal steering vectors
â(θ). The optimal robust covariance matrix, denoted R?, is obtained by solving
(7.10). Recall that the set R includes the main-beam width constraint as described
in (6.3) using nominal steering vectors to control the mainlobe width, otherwise the
width of the mainlobe will increase [YH08]. Two points θ1 = −10◦ and θ2 = 10◦
are chosen in the mainlobe region, i.e., ΩM = {−10◦, 10◦}, for which the power is
guaranteed to be as high as 90% of the power at θ0, i.e., PL = 0.9.

We are interested to study the worst-case performance, which can be thought
of as a lower bound to the achievable performances of all steering vectors which
belong to the deterministic uncertainty set. The worst-case steering vectors for θ0
and µis are obtained from the solution to the inner minimization problem in (7.8),
using the fixed covariance matrices R? and Rnr, respectively. Note that the inner
minimization problem can be decoupled with respect to the variables θ0 and µi.
Therefore, we first solve the convex minimization problem with respect to θ0, i.e.,

min
‖ã(θ0)‖2≤ε

[â(θ0) + ã(θ0)]HR[â(θ0) + ã(θ0)], using CVX [GB13, GB08]. Then, we
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Figure 7.1: Nominal and worst-case performance of the minimum sidelobe beam-
pattern design using Rnr, under the uniform elemental power constraint.

find the local optimum for the non-convex maximization problem with respect to
each µi ∈ ΩS , i.e., max

‖ã(µi)‖2≤ε
[â(µi) + ã(µi)]HR[â(µi) + ã(µi)], using the non-

linear programming method fmincon with interior-point algorithm in MATLAB
with random initialization. We treat the points in the mainlobe region similar to θ0
to find the worst-case steering vectors, i.e., a minimization problem with the same
uncertainty size is solved for each point implying that the worst steering vectors
are the ones which yield the minimum beampattern.

According to the different choices of steering vectors, we introduce the following
two different scenarios: worst and nominal, which are exploited to illustrate the
performance of our proposed robust design. The first scenario, worst, represents the
case where the steering vectors a(θ) = â(θ) + ã(θ) are used. While for the second
scenario, nominal, we assume that the steering vectors are accurately known, i.e.,
ã(θ) ≡ 0.
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Figure 7.2: Performance comparison of the different minimum sidelobe beampat-
terns, i.e., using R? and Rnr, under the uniform elemental power constraint.

In Fig. 7.1, in order to show how steering vector uncertainty will affect the
performance, we compare the transmit beampattern of the nominal scenario when
there is no uncertainty with that of the worst scenario for the non-robust optimal
covariance matrix Rnr. This comparison is performed under the uniform elemental
power constraint, i.e., R = Ru. The latter scenario represents the realistic situation
where the optimal covariance matrix Rnr is obtained by using the prior knowledge,
i.e., nominal steering vectors, but the performance evaluation is done by using the
true steering vectors different from the nominal ones. As can be seen from Fig. 7.1,
deviations from the nominal steering vectors may severely degrade performance.
With only 5% errors of the steering vectors, the peak sidelobe levels differ by ap-
proximately 7.5 dB.

To illustrate the gain we acquire by taking robustness into account, we plot
the transmit beampattern under the uniform elemental power constraint, i.e., R =
Ru, in Fig. 7.2 where we compare the results provided using the robust optimal
covariance matrix R? and the non-robust optimal covariance matrix Rnr. First, we
compare their worst-case performance, i.e., the worst scenario. It can be concluded
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Figure 7.3: Robust minimum sidelobe beampattern design under different power
constraints: uniform elemental and relaxed elemental power constraints.

from Fig. 7.2 that using the robust worst-case design framework makes the gap
between the peak sidelobe level and the power at θ0 be 1.8 dB larger than the
gap provided by the non-robust case. This gap for the robust design approximately
equals 6.1 dB whereas it is 4.3 dB for the non-robust case. In addition to comparing
their worst-case performance, we have also considered the best possible performance
for the points in the mainlobe region to show how uncertainty may increase the
transmit beampattern. Note that the best possible minimum power level for the
sidelobe points can be very low.

Fig. 7.3 illustrates the effect of different power constraints on the robust transmit
beampattern, i.e., using R? for the worst scenario. The different constraints are the
relaxed elemental power constraint, i.e., R = Rr where α = 0.2 and the uniform
elemental power constraint, i.e., R = Ru. In Fig. 7.3, we observe that for the
proposed robust design, the gap between the power level at θ0 and the peak sidelobe
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level is increased when we use the relaxed elemental power constraint thanks to the
extra flexibility. Indeed, this behavior has also been reported in [HLS12] for the
minimum sidelobe beampattern design, i.e., using Rnr for the nominal scenario.

7.4 Summary

We have considered the sidelobe minimization beampattern design problem for
MIMO radar communication systems. In contrast to prior work, we consider un-
certainties in the steering vectors. These uncertainties may arise from miscalibra-
tion, estimation errors, etc. We have proposed a worst-case robust design of the
beampattern, taking into account uncertainties in a deterministic set. The result-
ing non-convex optimization problem has been recast into a set of tractable convex
problems for each point in the sidelobe region, using the S-Lemma. We illustrated
that even moderate deviations from the nominal steering vectors may result in se-
vere degradation of performance. Taking this uncertainty into account and using
the robust design, we showed that a noticeable reduction of the sidelobe peaks is
possible. We also illustrated the potential performance gains from allowing some
variations in the element-wise power levels.





Chapter 8

Robust Spatial Power Distribution for
Hyperthermia Therapy

In this chapter, we consider the problem of optimizing the spatial power distribu-
tion generated by an array of transmitting elements where ultrasound hyperther-
mia cancer treatment is our motivating example. Herein, the signal design problem
consists of optimizing the power distribution across the tumor and healthy tissue
regions, respectively, while subject to constraints. Local hyperthermia is a noninva-
sive technique for cancer treatment in which targeted body tissue is exposed to high
temperatures to damage cancer cells while leaving surrounding tissue unharmed.
This technique is used both to kill off cancer cells in tumors and as a means to
enhance other treatments such as radiotherapy and chemotherapy. Hyperthermia
has the potential to treat many types of cancer, including sarcoma, melanoma, and
cancers of the head and neck, brain, lung, esophagus, breast, bladder, rectum, liver,
appendix, cervix, etc. [FI01,vdZ02,WHS+02].

Hyperthermia treatment planning involves modeling patient-specific tissue, us-
ing medical imaging techniques such as microwave, ultrasound, magnetic resonance
or computed tomography, and calculating the spatial distribution of power de-
posited in the tissue to heat it [PSN+13]. There exist two major techniques to
concentrate the power in a well-defined tumor region: electromagnetic and ultra-
sound, each with its own limitations. The drawback of electromagnetic microwaves
is poor penetration in biological tissue, while for ultrasound the short acoustic
wavelength renders the focal spot very small. Using signal design methods, how-
ever, one can improve the spatial power deposition generated by an array of acoustic
transducers. Specifically, standard phased array techniques do not make use of com-
bining a diversity of signals transmitted at each transducer. When this diversity is
exploited it is possible to dramatically improve the power distribution in the tu-
mor tissue, thus improving the effectiveness of the method and reducing treatment
time [GL08,JM10]. Given a set of spatial coordinates that describe the tumor region
and the healthy tissue, respectively, the transmitted waveforms can be designed to
optimize the spatial power distribution while subject to certain design constraints.

131
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One critical limitation, however, is the assumption of an ideal wave propaga-
tion model from the transducers to a given point in the tissue. Specifically, model
mismatches may arise from hardware imperfections, tissue inhomogeneities, inaccu-
rately specified propagation velocities, etc. Thus the actual power distribution may
differ substantially from the ideal one designed by an assumed model. This results
in suboptimal clinical outcome due to loss of power in the tumor region and safety
issues due to the possible damage of healthy tissue. These considerations motivate
developing robust design schemes that take such unknown errors into account.

Chapter 8 derives a robust optimization method that only assumes the un-
known model errors to be bounded. The power is then optimized with respect
to ‘worst-case’ model errors. By using a worst-case model, we provide an optimal
signal design scheme that takes into account all possible, bounded model errors.
Such a conservative approach is warranted in signal design for medical applications
due to safety and health considerations. Our method further generalizes the ap-
proach in [GL08] by obviating the need to specify a fictitious tumor center point.
The framework developed here has potential use in wider signal design applications
where the resulting transmit power distributions are subject to model inaccuracies.
More specifically, the design problem formulated in this chapter and the proposed
robust scheme can be exploited to robustify the spatial power distribution for ap-
plications that an array equipped with multiple elements is used to emit waveforms
in order to deliver power to an area of interest in a controlled manner.

The core of this study is built upon exploiting waveform diversity which has
been introduced previously in chapter 6. Waveform diversity offered by using mul-
tiple element array later has been applied for local hyperthermia cancer treatment
improvement in [GL08]. In Chapter 7, robustification of the waveform diversity
methodology has been investigated for MIMO radar applications. Here, we focus
on another types of applications where the distribution of power spatially is critical.

For hyperthermia therapy, the need for robust solutions when optimizing for
phase and amplitude of conventional phased array, has been investigated in [dGKC+10]
considering perfusion uncertainties, and in [dGKC+11] considering dielectric un-
certainties. The authors emphasize on the role of uncertainty in such designs (hy-
perthermia planning) since it influences the calculation of power distribution and
correspondingly temperature distribution.

In this chapter after introducing the system model and the relevant variables, the
signal design problem is presented. We describe the state-of-the-art method based
on ‘waveform diversity’ [SLX07,LS09a], then we generalize the design problem by
introducing a deterministic and bounded set of possible model errors which results
in an infinite number of constraints. Importantly we show that this seemingly in-
tractable problem can be equivalently formulated as a tractable convex optimization
problem. We evaluate the performance of the proposed robust power distribution
scheme specifically for local hyperthermia breast cancer treatment. This example
application is motivated by the alarming statistics pointing to breast cancer as
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one of the leading causes of death among women worldwide [Can,Ame, Int]1. The
case of no model mismatch is investigated first, and then the robust design scheme
is applied where its power distribution in the worst-case model is evaluated and
compared to the nonrobust formulation.

8.1 System Model and Problem Formulation

We consider an array of M acoustic transducers to heat target points. These trans-
ducers are located at known positions θm, for m = 1, 2, . . . ,M , around the tissue
at risk, cf. [GL08, SZB14]. We parameterize an arbitrary point in 3D space using
Cartesian coordinates r = [x y z]T .

Let xm(n) denote the baseband representation of narrowband discrete-time sig-
nal transmitted at the mth transducer, at sample n = 1, . . . , N . Then the baseband
signal received at a generic location r equals the superposition of signals from all
M transducers, i.e.,

y(r, n) =
M∑
m=1

am(r)xm(n), n = 1, . . . , N (8.1)

where the mth signal is attenuated by a factor am(r) which depends on the prop-
erties of the transducers, the carrier wave and the tissue. This factor is modeled
as

am(r) = e−j2πfcτm(r)

‖θm − r‖ 1
2
, (8.2)

where fc is the carrier frequency, and

τm(r) = ‖θm − r‖
c

(8.3)

is the required time for any signal to arrive at location r where c is the sound
speed inside the tissue. Note that the root-squared term in the denominator in
(8.2) represents the distance dependent propagation attenuation of the acoustic
waveforms. In (8.1), the narrowband signals are represented in vector form x(n) =
[x1(n) . . . xm(n) . . . xM (n)]T ∈ CM×1 and a(r) , [a1(r) . . . am(r) . . . aM (r)]T ∈
CM×1 is the array steering vector as a function of r.

The transmit beampattern at a location r in the tissue is given by

p(r) = E{|y(r, n)|2} = aH(r)Ra(r), (8.4)

where R , E{x(n)xH(n)} is the M ×M covariance matrix of the signal x(n).

1Breast cancer is the most common cancer in the UK [Can]. The risk of being diagnosed with
breast cancer is 1 in 8 for women in the UK and US [Can,Ame]. Breast cancer is also stated to
be a leading cause of cancer death in the less developed countries [Int].
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In the following we analyze how one can form and control the beampattern by
optimizing the covariance matrix R, so as to heat up the tumor region of the tissue
while keeping the power deposition in the healthy tissue minimal. In this chapter, we
consider schemes which allow for the lowest possible power leakage to the healthy
area. Once an optimal covariance matrix R has been determined, the waveform
signal x(n) can be synthesized accordingly as described earlier. In general, we aim
to control and shape the spatial power distribution at a set of target points while
simultaneously minimizing power leakage in the remaining area. By exploiting a
combination of different waveforms in (8.1), the degrees of freedom increase for
optimizing the beampattern under constraints.

After reviewing the standard waveform diversity approach, we focus on the
practical scenario where the assumed array steering vector model is subject to per-
turbations. It means that the true steering vector a(r) in (8.4) does not exactly
match the model in (8.2) for a host of reasons: array calibration imperfections,
variations in transducing elements, tissue inhomogeneities, inaccurately specified
propagation velocity, etc. This is a significant challenge to be addressed for opti-
mal spatial power distribution. We therefore consider the aforementioned design
problem subject to model uncertainties in the array steering vector at any given
point r. We refer to this approach as robust waveform diversity. In the subsequent
section, a robust technique is proposed and is evaluated by numerical simulations,
comparing the performance with and without robustified solution under perturbed
steering vectors.

8.2 Waveform Diversity Based Ultrasound System

As explained in Chapter 6, sidelobe minimization is a beampattern design problem
that has been addressed by using the waveform diversity methodology. This design
problem can be thought of as an optimization problem which has been mathemati-
cally formulated in (6.3). Similar to (6.3), the waveform-diversity-based scheme for
ultrasound systems has been introduced and explained in detail in [GL08] by fol-
lowing the sidelobe minimization beampattern design framework. The scheme has
specifically been devised to be used for hyperthermia cancer treatment.

In the following we consider the practical power constraint where all array el-
ements have the same power. Therefore, the covariance matrix R belongs to the
following set R:

R , {R | R � 0, Rmm = γ

M
,m = 1, 2, ...,M}, (8.5)

where γ is the total transmitted power and Rmm is the mth diagonal element of
R corresponding to the power emitted by mth transducer. The healthy tissue and
the tumor regions are represented by two sets of discrete control points r:

ΩS = {r1, r2, . . . , rNS}
ΩT = {r1, r2, . . . , rNT },
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where NS and NT denote the number of points in the healthy tissue region and the
tumor regions, respectively. Without loss of generality, let r0 be a representative
point which is taken to be the center of the tumor region ΩT . The objectives for
this optimization problem can be summarized as follows: Design the waveform
covariance matrix R so as to

• maximize the gap between the power at the tumor center r0 and the power
at the control points r in the healthy tissue region ΩS ;

• while guaranteeing a certain power level for control points r in the tumor
region ΩT .

Mathematically, this problem is formulated as (see [GL08])
max
R,t

t

s.t. aH(r0)Ra(r0)− aH(r)Ra(r) ≥ t,∀r ∈ ΩS
aH(r)Ra(r) ≥ (1− δ)aH(r0)Ra(r0),∀r ∈ ΩT
aH(r)Ra(r) ≤ (1 + δ)aH(r0)Ra(r0),∀r ∈ ΩT
R ∈ R

(8.6)

where t denotes the gap between the power at r0 and the power at the control
points r in the healthy region ΩS . The parameter δ is introduced here to control
the required certain power level at the control points in the tumor region. For
instance, if we set δ = 0.1, then we aim for having power at the tumor region ΩT to
be within 10% of p(r0), i.e., the power at the tumor center. This is an semidefinite
program (SDP) problem which can be solved efficiently in polynomial time using
any SDP solver, e.g., CVX [GB13,GB08].

8.3 Robust Waveform Diversity Based Ultrasound System

The convex optimization problem (8.6) and consequently its optimal solution, i.e.,
the optimal covariance matrix R, are functions of the steering vectors a(r). In
practice, however, the assumed steering vector model used to optimize R is inaccu-
rate. Hence using nominal steering vectors â(r) based on an ideal model, in lieu of
the unknown true steering vectors a(r) in (8.6), may result in undesired beampat-
terns with low power at the tumor region and damaging power deposition in the
healthy tissue region. Such health considerations in medical applications motivate
an approach that is robust with respect to the worst-case model uncertainties.

In order to formulate the robust design problem mathematically, we parameter-
ize the steering vector uncertainties as follows. Let the true steering vector for the
transducer array be a(r) = â(r)+ ã(r) where ã(r) is an unknown perturbation from
the nominal steering vector. The deterministic perturbation at any generic point r
belongs to uncertainty set Er that is bounded

Er , {ã(r) | ‖ã(r)‖2W ≤ εr},
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where W is an M ×M positive-definite weight matrix. The weight matrix W can
be derived based on the type of uncertainty. Using W, the set Er indicates an
ellipsoidal region. The bound εr for the set can be a constant or a function of r,
i.e., εr = f(r). This set enables parameterization of element-wise uncertainties in
the nominal steering vector â(r) at each r.

In addition to this consideration, we generalize the problem formulation (8.6)
further by setting a uniform bound P , i.e., a uniform power level, across the whole
tumor region ΩT as an optimization variable to which the power of all the control
points in the healthy region ΩS are compared. This is in contrast to (8.6), where
the power levels of all the healthy grid points ΩS are compared with the power of
only a single reference point at fictitious tumor center r0. In other words, there is
no need to limit our problem to a single point as a reference power level. Rather,
the desired tightness of the power level across ΩT is specified by the parameter
δ ≥ 0.

With both of these considerations in mind, the robust beampattern design prob-
lem can be formulated as

max
R,t,P

t s.t.

P − (â(r)+̃a(r))H R (â(r)+̃a(r)) ≥ t, ∀ã(r) ∈ Er, r ∈ ΩS
(â(r)+̃a(r))H R (â(r)+̃a(r)) ≥ (1− δ)P,∀ã(r) ∈ Er, r ∈ ΩT
(â(r)+̃a(r))H R (â(r)+̃a(r)) ≤ (1 + δ)P,∀ã(r) ∈ Er, r ∈ ΩT

R ∈ R,

(8.7)

where t is the gap between the desired power level set across ΩT and power deposi-
tion in the healthy tissue ΩS , similar to (8.6). Note that we take into account every
possible perturbation ã(r) ∈ Er.

In contrast to the optimization problem (8.6) which is a tractable convex prob-
lem, the robust problem (8.7) is an SIP problem. A class of optimization problems
is referred to as SIP whenever it comprises an infinite number of constraints but a
finite number of variables [HK93]. In the field of array processing, SIP problems are
dealt with, for example, for the antenna array design in [NZC01], or for the robust
beamformer design in [MKB06]. Herein, for a given R in (8.7), there are infinite
number of constraints in terms of ã(r) to satisfy which makes the problem non-
trivial. However, in the following theorem, extending the approach in [SZB14], we
reformulate the robust power deposition problem as a convex SDP problem whose
solution is the optimally robust covariance matrix.

Theorem 8.1. The robust power deposition for an M-element transducer array with
the probing signal covariance matrix R ∈ R and the perturbation vector ã(r) ∈ Er,
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i.e., the solution of (8.7), is given as a solution to the following SDP problem

max
R,t,P,βi,βj,1,βj,2

t s.t.

ΩS:
[
βiW−R −Râ(ri)
−â(ri)HR P − t− â(ri)HRâ(ri)− βiεri

]
� 0,

ΩT :
[
βj,1W + R Râ(rj)
â(rj)HR â(rj)HRâ(rj)−(1− δ)P−βj,1εrj

]
� 0,

ΩT :
[
βj,2W−R −Râ(rj)
−â(rj)HR (1 + δ)P−̂a(rj)HRâ(rj)−βj,2εrj

]
� 0,

R ∈ R, βi, βj,1, βj,2 ≥ 0, i = 1, . . . , NS , j = 1, . . . , NT .

(8.8)

Observe that the notations ΩS and ΩT indicate that the corresponding linear
matrix inequalities (LMIs) should be satisfied for the points ri ∈ ΩS and rj ∈ ΩT ,
respectively.

Proof: See Appendix 8.6.1.
By Theorem 8.1, the infinite number of constraints in (8.7) become finite, i.e.,

2NT + NS SDP constraints, since we have a single SDP constraint for each con-
trol point r.2 Note that other robust problems with similar objectives can also be
addressed using the above approach which are outlined in the following subsection.

8.3.1 Alternative robust formulations

Similar robust problems to that of (8.7) can be formulated in many different ways.
For example, by restricting the power level outside the tumor in a weighted fashion.

min
t,R

t s.t.

(â(r)+̃a(r))HR(â(r)+̃a(r)) ≤ tw(r),∀ã(r) ∈ Er, r ∈ ΩrS

(â(r)+̃a(r))HR(â(r)+̃a(r)) ≥ (1− δ)P,∀ã(r) ∈ Er, r ∈ ΩrT

(â(r)+̃a(r))HR(â(r)+̃a(r)) ≤ (1 + δ)P,∀ã(r) ∈ Er, r ∈ ΩrT

R ∈ R

where P, δ are fixed and w(r) is a weighting function constructed, e.g., so that the
energy bound close to the tumor is less restrictive.

2Note that the SDP in (8.8) in Theorem 8.1 can be solved more efficiently than the SDP
problem in [SZB14] since the matrices R and W in (8.8) have half of the size of the matrices
involved in the latter problem. This occurs due to the generalization of the robust problem by
using the uniform power level as a benchmark.
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One could also construct problems that minimize the sum of the energy in the
non-tumor area where t(r) denotes the energy at r:

min
t(r),R

∑
r∈ΩrS

t(r) s.t.

(â(r)+̃a(r))HR(â(r)+̃a(r)) ≤ t(r),∀ã(r) ∈ Er, r ∈ ΩrS

(â(r)+̃a(r))HR(â(r)+̃a(r)) ≥ (1− δ)P,∀ã(r) ∈ Er, r ∈ ΩrT

(â(r)+̃a(r))HR(â(r)+̃a(r)) ≤ (1 + δ)P,∀ã(r) ∈ Er, r ∈ ΩrT

R ∈ R.

Both of the alternative formulations described above can be addressed following
the steps derived in Appendix 8.6.1 by using S-Lemma since we are still dealing
with quadratic constraints.

In the next section, we illustrate the reference performance of a nominal scenario
where the steering vectors are perfectly known. Then we observe how much power
can leak to the healthy tissue and cause damages when subject to uncertain steering
vectors. Finally, we evaluate the proposed robust scheme in terms of improving the
power deposition along our stated design goals.

8.4 Numerical Results

To illustrate the performance of the proposed robust scheme, we consider a 2D
model of the organ at risk. Here, similar to [GL08], we focus on the ultrasonic
hyperthermia treatment for breast cancer where a 10-cm-diameter semi-circle is
assumed to model breast tissues with a 16-mm-diameter tumor embedded inside.
The tumor center is located at r0 = [0 34]T mm. Fig. 8.1 shows this schematic
model. We consider a curvilinear array with M = 51 acoustic transducers and
half wavelength element spacing. Acoustic waveforms used to excite the array have
the carrier frequency of 500 kHz. The acoustic wave speed for the breast tissue is
considered 1500 m/s.

To characterize (discretize) the healthy tissue region ΩS and the tumor region
ΩT , two grid sets with the spacing 4mm are considered. For optimization, a rect-
angular surface of the dimension 64× 42 in mm is assumed symmetric around the
tumor to model the healthy region ΩS , while the grid points belonging to the cir-
cular tumor region are excluded from this surface and they model ΩT . Overall, 174
and 13 number of control points are considered to characterize ΩS and ΩT in order
to optimize the array beampattern.

The total transmitted power is constrained to γ = 1. For simplicity, the un-
certainty set Er is modeled with W = IM with εr ≡ ε for all r where ε = 0.25.
Furthermore, the tightness of the desired power level in the across tumor region,
δ, is set to 0.7. Note that for the small values of δ and/or large values of ε, the
problem may turn infeasible. In general, the feasibility of the problem depends on
the value of the tightness bound δ relative to the size of the existing uncertainty in
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Figure 8.1: A schematic 2-D breast model with an 16-mm embedded tumor at
(0, 34) as a reference geometry. A curvilinear ultrasonic array with 51 transducers
is located near to the organ at risk. The ultrasonic array is used for hyperthermia
treatment.

the system, i.e., the volume of the uncertainty set ε, and the number of grid points
NS and NT used to control the beampattern at the area of interest. When δ is too
small, the desired power level across ΩT is close to uniform and there may not exist
enough degrees of freedom for the design problem to have a solution.

For reference, the optimal covariance matrix when no uncertainty is taken into
account, Rnr, is obtained by solving problem (8.7) using only nominal steering
vectors â(r), i.e., ã(r) ≡ 0. The optimal robust covariance matrix, denoted R?, is
obtained by solving (8.8) where ã(r) ∈ Er. For performance evaluation, we consider
the power deposition in the tissue under the worst-case perturbations of the steering
vectors. This scenario provides a lower bound to the achievable performances of all
steering vector perturbations ã(r) which belong to the deterministic uncertainty
set Er. In other words, for the points r in the healthy region ΩS , the worst-case
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performance is rendered by the steering vectors which provide the highest power,
whereas for the points r in the tumor region ΩT , those steering vectors which attain
the lowest power are the ones which contribute in the worst-case performance. They
are collectively referred to as the worst steering vectors. Therefore, for a given R,
either Rnr or R?, the worst steering vectors for the control points r in ΩS and
ΩT , are obtained by maximizing and minimizing the transmit beampattern (8.4),
respectively. Observe that finding the worst steering vectors for the points in the
tumor region ΩT equals solving the following convex minimization problem at each
r ∈ ΩT , i.e.,

min
‖ã(r)‖2≤ε

(â(r) + ã(r))HR(â(r) + ã(r))

using CVX [GB13, GB08]. Whereas, for finding the worst steering vectors for the
points in the healthy region ΩS , we obtain a local optimum for the following non-
convex maximization problem at each r ∈ ΩS , i.e.,

max
‖ã(r)‖2≤ε

(â(r) + ã(r))HR(â(r) + ã(r)),

using the non-linear programming method fmincon in Matlab, with the interior-
point algorithm, and using a random initialization.

We evaluate the designed beampatterns (8.4) plotting the spatial power distri-
bution in decibel scale, i.e., 20 log10(p(r)). Two different scenarios are considered,
namely, nominal and perturbed, to evaluate the proposed robust power distribu-
tion scheme for the ultrasonic array. In the first scenario, nominal, we assume that
the array steering vectors are precisely modeled, i.e., ã(r) = 0. In Fig. 8.2, the
beampattern generated by the array is plotted for the nominal scenario. This figure
represents how power is spatially distributed over the organ at risk in an idealis-
tic situation. Here, the covariance matrix of the waveforms is optimized under the
assumption that the steering vectors are accurately modeled by (8.2), and the per-
formance is evaluated using exactly the same steering vectors without any pertur-
bations. The power is noticeably concentrated in the tumor region and importantly
the power in the healthy tissue is several decibels lower.

In the second scenario, perturbed, the idealistic assumptions are relaxed and
model uncertainties and imperfections are taken into account. The second sce-
nario represents the case where the true steering vectors are perturbed versions
of the nominal steering vectors â(r), i.e., the true steering vector equals â(r) + ã(r)
where ã(r) ∈ Er. The perturbation vectors ã(r) are unknown but deterministically
bounded. In the following we illustrate the worst-case performance, i.e., using the
worst steering vectors to calculate the power distribution at each point. We start by
illustrating the beampattern for the non-robust covariance matrix Rnr under the
worst steering vectors. Fig. 8.3 shows how steering vector errors can degrade the
array performance. Notice that in the worst-case, there is a substantial power leak-
age that occurs in the healthy tissue surrounding the tumor compared to Fig. 8.2.
While, in Fig. 8.4, the robust optimal covariance matrix R?, i.e., the solution to
(8.8), is used to calculate the power for the worst steering vectors. Comparing
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Figure 8.2: Power distribution (transmit beampattern in dB) for the nominal sce-
nario, i.e., using Rnr and ã(r) ≡ 0.

Fig. 8.3 and Fig. 8.4, we see that by taking model uncertainties into account it is
possible to obtain a noticeable increase in power in the tumor region for the worst
case, and importantly, dramatic reductions of power deposited in the healthy tissue.

To finalize the numerical analysis, we provide a quantitative description for the
performance of our proposed scheme summarized in Table 8.1. It shows the average
power calculated in dB received at the tumor region ΩT and at the healthy region
ΩS as well as the difference between these values.

Table 8.1: Average power for different regions

Scenarios ΩT ΩS ΩT − ΩS
Nominal, Rnr −16.54 −29.78 13.24
Perturbed, Rnr −36.40 −11.69 −24.71
Perturbed, R? −27.17 −17.43 −9.74
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Figure 8.3: Power distribution (transmit beampattern in dB) for the perturbed
scenario, i.e., using Rnr and ã(r) ∈ Er.

8.5 Summary

The robust transmit signal design for optimizing spatial power distribution of an
multi-antenna array is investigated. A robustness analysis is carried out to combat
against inevitable uncertainty in model parameters which results in performance
degradation. Such degradation occurs in practice quite often due to relying on
imperfect prior and designs based upon them. Particularly, in this chapter, the
transmit signal design is based on exploiting the waveform diversity property but
where errors in the array steering vector are taken into account. These errors are
modeled as belonging to a deterministic set defined by a weighted norm. Then,
the resulting robust signal covariance optimization problem with infinite number
of constraints is translated to a convex problem which can be solved efficiently, by
using the S-Lemma.

Designs that are robust with respect to the worst case are particularly vital in
biomedical applications due to health risks and possible damage. Herein we have
focused on local hyperthermia therapy as one of the cancer treatments to be used
either individually or along with other treatments such as radio/chemotherapy.
Specifically, we consider hyperthermia treatment of breast cancer motivated by
the fact that breast cancer is a major global health concern. The proposed robust
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Figure 8.4: Power distribution (transmit beampattern in dB) for the perturbed
scenario, i.e., using R? and ã(r) ∈ Er.

signal design scheme aims to reduce unwanted power leakage into the healthy tissue
surrounding the tumor while guaranteeing certain power level in the tumor region
itself.

We should emphasize on the fact that the robust design problem formulation and
the analysis carried out herein yielding to the robust waveforms are general enough
to be exploited whenever spatial power distribution is a concern to be addressed in
real world scenarios dealing with uncertainties, e.g., for radar applications.

Numerical examples representing different scenarios are given to illustrate the
performance of the proposed scheme for hyperthermia therapy. We have observed
significant power leakage into the healthy tissue that can occur if the design is based
on uncertain model parameters. Importantly, we have shown how such damaging
power deposition can be avoided using the proposed robust design for optimal
spatial power distribution.
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8.6 Appendices

8.6.1 Proof of Theorem 8.1
The S-Lemma, i.e., Lemma 6.1, helps us to turn the optimization problem (8.7)
with infinitely many quadratic constraints into a convex problem with finite number
of LMIs. In the following we describe how it is done in detail.

The constraints in the optimization problem (8.7) can be rewritten as the fol-
lowing functions of ã(r) for r ∈ ΩS and r ∈ ΩT . For notation simplicity we only
specify the set from which the control points are drawn, and we also drop r.

ΩS :
{
f0 = −ãHRã − 2Re(âHRã)− âHRâ − t+ P ≥ 0
f1 = −ãHWã + εr ≥ 0

ΩT :
{
f0 = ãHRã + 2Re(âHRã) + âHRâ − (1− δ)P ≥ 0
f1 = −ãHWã + εr ≥ 0

ΩT :
{
f0 = −ãHRã − 2Re(âHRã)− âHRâ + (1 + δ)P ≥ 0
f1 = −ãHWã + εr ≥ 0

Now, according to the S-Lemma, each pair of the quadratic constraints above
is replaced with an LMI for each grid points in the pre-defined sets. In other
words, all these quadratic constraints are satisfied simultaneously if we find βi
for i = 1, . . . , NS , βj,1 and βj,2 for j = 1, . . . , NT for which the mentioned LMIs in
Theorem 8.1 holds. Thus, the problem boils down to the SDP problem (8.8) with
2NT +NS LMIs of the size (M + 1)× (M + 1) as the constraints. �



Chapter 9

Conclusions and Future Work

9.1 Conclusions

In this thesis we have investigated the robust design of signals, transmitted from a
multi-antenna array, in order to optimize different performance measures. The com-
putational complexity of estimation techniques dealing with the statistical knowl-
edge of the system is another challenge that has been addressed in the thesis.

The first part of the thesis deals with the channel estimation problem for MIMO
communication systems with arbitrary statistics. In Chapters 3 and 4, the robust
training sequences are given as optimal solutions to minimax optimization prob-
lems. The minimax problem are formulated following the worst-case robust design
framework where the MSE of channel estimates is considered as the performance
measure. We showed that the robust design problem is diagonalized, i.e., the opti-
mal structure is diagonal, when the uncertainty belongs to a unitarily-invariant set
for the MISO and Kronecker MIMO channels. Different mathematical tools such
as the subgradient projection and the barrier methods have been applied in or-
der to tackle the minimax worst-case robust design problems. In Chapter 5, using
the concept of polynomial expansion, a set of low-complexity estimators are pro-
posed to lower the high computational burden of channel estimation for large scale
MIMO systems. The exact and asymptotic complexity analysis are carried out to
prove that the proposed estimators outperform the conventional estimators when
used for large-scale MIMO systems while providing reasonable estimation perfor-
mance. For instance, using the proposed WPEACH estimator, the computational
complexity of channel estimation is reduced by almost 30%, under some practical
conditions, only in the expense of 1 − 2 dB MSE loss compared to the optimal
MMSE estimator.

The second part of the thesis considers the development of robust techniques
to design signals to shape the array beampattern via controlling the spatial power
distribution. To carry out the robustness analysis, different types of optimization
problems, such as SDP and SIP problems, have been investigated. In particular,
the S-Lemma has been used as a mathematical tool to facilitate dealing with the

145
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robust design problems that involve quadratic objectives and/or constraints. The
analytical results derived in this part are supported by numerical examples. They
all illustrated that the proposed robust designs, formulated as convex problems,
make such designs a proper match to the real world situations. This adaptation is
realized by the robust designs which combat against the uncertainties in the design
parameters and/or the modelling errors. The problem of robust signal design for
optimal spatial power distribution is investigated in Chapters 7 and 8 for different
applications. Emitting power to the target point in space for MIMO radar systems
is considered in Chapter 7, and heating the tumor area in a human body, i.e.,
hyperthermia therapy, in Chapter 8.

9.2 Future Work

There is no doubt that there exists other perspectives to look at in order to extend
the results derived in the thesis. Here, some possible directions, that could be fol-
lowed along the lines of analysis carried out in the thesis, are outlined as suggestions
for future research:

• The problem of designing robust training sequences for channel estimation,
investigated in Chapters 3 and 4, can be generalized to include scenarios in
network MIMO systems such as MU-MIMO and MC-MIMO systems. For
example, for MU-MIMO, treating several numbers of uncertain covariance
matrices related to each user’s channel makes the problem even more chal-
lenging. The training design for network MIMO systems is important due to
the recent interest towards the use of such systems in practice, as discussed
in Section 2.3.1. The obtained results in the thesis can provide insights into
solving the design problems related to such systems.

• As explained in Section 2.4.1, the robust transmit signals derived in the thesis
can be considered to improve the MMSE estimation of a parameter in general,
not just limited to the example of the MIMO channel estimation. For example,
similar analysis can be followed to design robust waveforms to estimate the
target impulse response for MIMO radar systems [YB07].

• In Section 5.2.4, we proposed a covariance estimator to be used instead of the
conventional sample covariance matrix specifically when dealing with a large-
dimension covariance matrix is required. Motivated by this fact, a promising
research direction can be acquiring the long term statistics of the channels, i.e.,
deriving covariance estimators, specifically for massive MIMO systems where
the ceratin physical conditions of such systems are taken into consideration.

• Wireless power transmission, as an another interesting example of applica-
tions for which optimal spatial power distribution is critical, is worth to be
investigated following the similar analysis proposed in Chapter 6. Also con-
sidering more than one target point for radar applications (in Chapter 7) or
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equivalently, treating more than one tumor region for hyperthermia therapy
(in Chapter 8), are other challenges requiring further investigation. For hyper-
thermia therapy in Chapter 8, one can make the whole analysis more realistic
by evaluating the temperature distribution in the target area of interest as
the final goal of hyperthermia therapy as well as illustrating the performance
of the proposed robust scheme by using a 3D schematic model. Further, opti-
mization in a distributed manner can be considered as a choice to improve the
efficiency of treatment, where the array, e.g., rectangular array, is partitioned
and each part is optimized individually treating a certain part of the organ
at risk, and all the solutions are combined in a smart way to give a single
optimal solution.
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