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Abstract
The goal of this master thesis is to investigate the effect of electronelectron interaction on electronic properties of graphene that can be
measured experimentally.
A tight-binding model, which includes up to next-nearest-neighbor
hopping, with parameters fitted to density functional theory calculations, has been used to describe the electronic structure of graphene.
The electron-electron interaction is described by the Hubbard model
using a mean-field approximation.
Based on the analysis of different tight-binding models available in
the literature, we conclude that a next-nearest-neighbor tight-binding
model is in better agreement with density functional theory calculations, especially for the linear dispersion around the Dirac point. The
Fermi velocity in this case is very close to the experimental value,
which was measured by using a variety of techniques.
Interaction-induced modifications of the linear dispersion around
the Dirac point have been obtained. Unlike the non-local Hartree-Fock
calculations, which take into account the long-range electron-electron
interaction and yield logarithmic corrections, in agreement with experiment, we found only linear modifications of the Fermi velocity.
The reasons why one cannot obtain logarithmic corrections using the
mean-field Hubbard model have been discussed in detail.
The remaining part of the thesis is focused on calculations of
the local density of states around a single substitutional impurity in
graphene. This quantity can be directly compared to the results of
the scanning tunneling microscopy in doped graphene. We compare
explicitly non-interacting and interacting cases. In the latter case,
we performed self-consistent calculations, and found that electronelectron interaction has a significant effect on the local density of
states. Furthermore, the band gap at high-symmetry points of the
Brillouin zone of a supercell, triggered by the impurity, is modified by
interactions. We use a perturbative model to explain this effect and
find quantitative agreement with numerical results.
In conclusion, it is expected that the long-range electron-electron
interaction is extremely strong and important in graphene. However,
as this thesis has shown, interactions at the level of the Hubbard
model and mean-field approximation also introduce corrections to the
electronic properties of graphene.
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1

Introduction

Carbon is one of the most important elements in the Universe [1]. It is the
primitive basis for life and all organic chemistry [2]. Carbon-based systems
exhibit a huge number of different properties, which result from the flexibility
of the bonding of carbon. Dimensionality greatly affects these physical properties. Among these systems, a two-dimensional (2D) allotrope of carbon —
graphene, has attracted considerable attention in recent years.
Graphene was first studied by P. R. Wallace in 1946 in order to understand
the band structure of graphite, a three-dimensional (3D) material, made up
of graphene sheets [2]. However, the existence of a pure 2D material was
not anticipated at that time. Landau and Peierls believed that strictly 2D
crystals could not exist [3]. Their opinion was later ensured by Mermin and
proved by many experiments. When the thickness of thin films reduces to
dozens of atomic layers, the melting temperature decreases quickly and thin
films become unstable (segregate into islands or decompose) [3]. Materials
with such thickness can be considered to be 2D because of quantum size
effects [4].
When graphene and other 2D atomic crystals (for example, single-layer
boron nitride) were experimentally discovered in 2004 [3], they became the
object of intense theoretical and experimental research. In particular graphene,
the ultimate flatland, a one-atom thick layer of carbon atoms arranged in a
honeycomb lattice, has become the hottest research topic [4].
Graphene is the building material for all graphitic forms [3] (see Fig. 1.1).
Fullerenes, zero-dimensional (0D) objects with discrete energy levels, can be
thought of as folded graphene. Carbon nanotubes, quasi-one-dimensional
(1D) objects, can be obtained by revolving graphene along a certain direction
and connecting again the carbon bonds. Graphite, a 3D allotrope of carbon,
is made of stacks of individual graphene.
Because of these properties, when one uses a pencil to press against a
sheet of paper, one can obtain graphene stacks, and among these stacks, one
could find single graphene layers [2]. However, the research group at the
University of Manchester did not use paper to isolate graphene; they used
oxidized Si wafer [4]. The rainbow colors reflected by the oxide surface, and
the interference pattern created by layers of graphene on the oxide can afford
a weak but distinguishable contrast (see Fig. 1.2). One can find produced
graphene crystallites in this contrast in a few hours.
As an ideal 2D material, graphene shows extraordinary high crystal and
electronic quality [3]. It is natural to expect new physics from high quality
graphene samples. From a theoretical point of view, it is the sp2 hybridization
and atomic thickness that make graphene so special. This is the reason
1

Figure 1.1: Graphene, mother of all graphitic forms. Different graphene
forms: (a) simple sheet of graphene, (b) 0D Fullerene, (c) 1D carbon nanotube, (d) 3D graphite, made up of graphene sheets. (Figures from Ref. [3])
why graphene has many special properties in strength, electricity and heat
conduction (and many others) [5].
Electronic properties. One of the most important properties of graphene
is that it is a zero-gap semiconductor (with both holes and electrons as charge
carriers), with a very high electrical conductivity [6]. There are six electrons in the carbon atom, two in the inner shell, and four in the outer shell.
These four outer-shell electrons are responsible for chemical bonding. In
graphene, each carbon atom is connected to three other carbon atoms in a
2D plane. The remaining one electron is responsible for the electronic properties of graphene. It causes electronic conduction. These electrons are called
π electrons. Fundamentally, electrical properties of graphene are governed

2

Figure 1.2: Spotting graphene. (a) Different colors in this 300-micro-wide
optical micrograph reveal the presence of graphite flakes with differing thickness rubbed from bulk graphite onto the surface of an oxidized silicon wafer.
Individual atomic planes are hidden in the debris but still can be found by
zooming in and searching for flakes that show the weakest contrast. Force
microscopy is used later to measure the thickness of identified crystallites.
(b) A one-atom-layer single crystal of graphene hangs freely on a scaffold of
gold wires, as seen with a transmission electron microscope. (Figures and
caption are taken from Ref. [4])
by valence and conduction bands formed by these π orbitals.
Another well known electronic property of graphene is that around the
so-called Dirac points, electrons and holes have zero effective mass [1–4].
This is because of the linear dispersion relation near the six corners of the
Brillouin zone (BZ), where electrons and holes are ruled by the Dirac equation
rather than the Shrödinger equation. These electrons and holes are called
Dirac fermions and the six corners are called Dirac points. This special
dispersion relation represents the physics of quantum electrodynamics (QED)
for massless fermions, except that the Dirac fermions in graphene move with
a speed of vF0 (Fermi velocity), which is 300 times smaller than the speed
of light [2]. In this low energy region, electrical conductivity is very low.
However, one can change the Fermi level by doping to achieve conductivity
higher than that of copper at room temperature.
Experiments have shown that electronic mobility of graphene is very
high [7]. One can reach the mobility of 200,000 cm2 V−1 s−1 at electron densities of 2×1011 cm−2 by suspending single-layer graphene. It means that
electrons in graphene are like photons in their mobility because of lack of
mass. Charge carriers can travel sub-micrometer distances in graphene without scattering, which is known as ballistic transport. However, electronic
3

mobility of graphene depends on the quality of the sample and on the substrate that is used. For example, with the silicon dioxide substrate, mobility
is limited to 40,000 cm2 V−1 s−1 .
Mechanical properties. One of the most distinctive properties of
graphene is its inherent strength [8, 9]. Due to its carbon-carbon bonds,
which are 1.42 Å long, graphene is the strongest material in the world. It
can bear 130 GPa tensile strength. Other than that, graphene is very light;
1 m2 of graphene weighs only 0.77 mg, 1000 times lighter than 1 m2 paper.
So one can imagine that one single gram graphene can cover a whole football
field.
Graphene also has elastic properties [9]. It is able to go back to its initial
size after strain. It was shown that single-layer graphene, suspended over
silicon dioxide cavities (with thicknesses of 2-8 nm), have a spring constant
of 1-5 N/m and a Youngs modulus of 0.5 TPa. This shows that, despite being
the thinnest known material, graphene is extremely strong and can sustain
mechanical deformations beyond the linear regime.
Optical properties. The optical absorption of graphene is also a unique
and interesting property [10]. Graphene can absorb 2.3 % of white light,
over the visible spectrum. This is a characteristic property of massless Dirac
fermions. Electrons in graphene behave like massless charge carriers with
extremely high mobility. Due to its excellent optical absorption and abundance, graphene is expected to become a material of choice for transparent
displays, replacing conventional materials like indium-tin-oxides (especially
since indium is becoming scarce and expensive).
Thermal properties. The high thermal conductivity of graphene is
also of great importance [11]. The value at the near-room temperature was
measured between (4.84±0.44)×103 to (5.30±0.48)×103 W/mK from singlelayer graphene. This suggests that graphene can be used to produce carbon
nanotubes with very high conductivity. This property benefits the intended
electronic applications and sets up graphene as an excellent material for
thermal management.
All these properties of graphene are just the tip of the iceberg. More
research is needed to understand what makes graphene so special and to unravel new properties for applications and uses of graphene. In fact, graphene
already has significant potential applications in nanotechnology, ‘beyond silicon’ electronics, biological engineering, optical electronics, ultrafiltration,
composite materials, photovoltaic cells, energy storage, solid-state realization of high-energy physics phenomena and as a prototype membrane that
could revolutionize soft-matter and 2D physics [1].
Most of the electronic properties of graphene that have been studied experimentally can be well described with in a non-interacting electron pic4

ture [12]. However, electron-electron (e-e) interaction in graphene is expected to be very strong [4]. On one hand, the mutual screening of electrons
in graphene is weaker than in metals; on the other hand the dimensionless
coupling constant of graphene αgraphene = e2 /h̄vF ≈1 is much larger than
the same quantity in QED α = e2 /h̄c≈1/137. The large difference predicts
that e-e interaction in graphene would lead to a strong enhancement of the
particle velocity [4].
The most significant interaction effect so far observed experimentally in
single-layer graphene without a magnetic field is the logarithmic correction to
the Fermi velocity near the Dirac point [13]. Theoretically, it has been shown
that the logarithmic enhancement is resulting from the non-local exchange
interactions by a π band lattice-model Hartree-Fock calculation [12]. It also
has been shown that short-range interactions in graphene are quite large [2].
Estimates of the Hubbard U parameter in finite carbon-based molecules suggest U ≈10 eV. Furthermore, the non-local (long-range) part of the Coulomb
interaction is relevant mainly to pristine suspended graphene. When we put
graphene on a substrate, using the dielectric constant of the substrate material, the long-range part of the interaction can be cut off. In other words,
the long-range part of the e-e interaction can be easily modified externally.
However, short-range interactions cannot be easily modified. When shortrange interactions are strong, they can lead to interesting effects. Moreover,
they become crucial in the presence of impurity. Therefore, it is important to
investigate how short-range interactions in graphene affect the linear dispersion near the Dirac point. Such investigation is the subject of this thesis. In
this theoretical work we actually showed that short-range interactions play
an important role in both pristine and doped graphene.
In this thesis, we investigate effects of short-range interactions in graphene
using a Tight-binding (TB) approach. TB approximation is a commonly used
method for calculating the electronic structure of materials, which typically
gives good quantitative and qualitative results. A great advantage of this
method is its computational simplicity, compared to the density functional
theory (DFT). Furthermore, it is a good “platform” for constructing simple
models for interacting systems. The first TB description of graphene was
produced by P. R. Wallace in 1946 [14]. He considered nearest(n)- and nextnearest(nn)- neighbor hopping for the π bands, but he neglected the overlap
between wave functions centered at each atom. TB models currently used
in graphene-related research include this overlap (namely, they use a nonorthogonal orbital basis). An accurate TB description of graphene up to
third-nearest-neighbors hopping, with parameters fitted to DFT calculations,
was studied in Ref. [14].
Below we briefly discuss the organization of the thesis and the main re5

sults. In order to introduce some of the fundamental properties of graphene
and to set a theoretical framework for the following chapters, in Chapter
2 we constructed an improved TB model of graphene up to nn-neighbors
hopping. We followed the steps and parametrization of Ref. [14]. We found
that the overlap plays a crucial role in the band structure of graphene, and
nn-neighbor TB approximation gives the best fit to DFT calculations. In
particular, the overlap renormalizes the Fermi velocity near the Dirac points.
Due to the parametrization of the TB model, only the nn-neighbor overlap
contributes to the Fermi velocity. The corrected Fermi velocity vF = 1.054vF0
is in good agreement with the experimental value measured in graphene,
placed on top of an oxidized Si wafer with a typical electron concentration
of n≈1012 cm−2 . We also discussed the role of the overlap in the TB models.
In Chapter 3, we studied short-range e-e interaction by adding the Hubbard model to the TB description of graphene, developed in the previous
chapter. The Hubbard model is one of the simplest models that takes into
account strong e-e on-site interactions. Yet it has been of fundamental importance in many areas of condensed matter physics. Here we consider the
Hubbard model in the mean-field (MF), as the simplest way of treating the
many-body problem, which would be difficult to solve exactly for our system
of interest.
We add a Hubbard term to our TB model, which has a usual (diagonal)
form in a non-orthogonal basis. On one hand, this allows us to introduce the
effect of e-e interactions at the simplest level. Note that in an orthogonal
basis, the Hubbard term included in the Hamiltonian of an infinite periodic
lattice, will only introduce a trivial rigid shift to the dispersion. On the other
hand, this choice of the form of the Hubbard term has a physical meaning.
We described the repulsion between spin up and spin down electrons on a
given site using the atomic orbitals, associated with this site. Importantly,
realistic atomic orbitals are non-orthogonal. To illustrate the role of the
overlap of atomic wave functions, consider a model of a Hydrogen atom [15].
One can show that energy splitting between the triplet and singlet states is
proportional to the square of the overlap of wave functions. This means that
the direct exchange depends crucially on the overlap.
Using this method, we obtained analytical expressions of the low energy
dispersion of graphene in the presence of e-e interaction. We found that the
short-range e-e interaction described by the MF Hubbard model renormalizes
the Fermi velocity only if the overlap of the atomic wave functions at each
site is included. We also used the extended Hubbard model at the MF level
to account for nn-neighbor interactions. We found that these interactions
are so short-ranged that they contribute to the Fermi velocity only if the
n-neighbor overlap is present. We discussed the issues related to the overlap
6

and the formulation of the Hubbard model in a non-orthogonal basis. There
is a consistency in the results with the Hubbard model for pristine graphene.
Making the Hubbard model more long-ranged, the Fermi velocity is more
strongly modified.
From the numerical analysis, we found a reasonable renormalization of
the Fermi velocity, which can be measured in experiments for electron concentration n > 2×1011 cm−2 . These values are between 1.3vF0 to 1.4vF0 . These
corrections are of the same order of magnitude as in the Hartree-Fock calculation in Ref. [12], but far from the largest experimental value, measured in
Ref. [13]. Furthermore, we could not obtain logarithmic corrections discussed
in the above mentioned works. We explained and explicitly showed why it
is so. In addition, we investigated the role of the second order (quadratic)
correction to the linear dispersion. By expanding the obtained analytical
dispersion relations near the Dirac points, we found that quadratic terms are
so small that they can be neglected in all interacting models. In the extended
Hubbard model which includes nn-neighbor interactions, nn-neighbor overlap
also plays a role and makes the interactions more linear and short-ranged.
In Chapter 4, we studied the effect of e-e interaction on the electronic
properties of doped graphene. Here the short-range interaction is crucial.
We chose a supercell method to study the impurity problem. One can learn
about specific electronic properties of graphene with a certain atomic concentration of dopants using this method. We used numerical self-consistent
calculations to obtain the band structure, the local density of states (LDOS)
at the impurity site and Scanning Tunneling Microscopy (STM) images for
non-interacting and interacting doped graphene. Note that in all calculations
we considered the half-filled case. However, we expect interesting effects away
from half-filling.
We considered both attractive and repulsive impurities, which are introduced in a TB Hamiltonian as a local modification of the on-site potential
(at the impurity site). In the presence of a single impurity, a gap is opened
at the Dirac point in the band structure. When the e-e interaction at the
MF level is included, the gap becomes smaller. This is because, for example,
attractive impurity rearranges the charge in the system, resulting in higher
charge density at the impurity site. It further leads to a positive contribution
to the band gap which we obtained with the non-interacting impurity. The
effects of impurity also can be seen in the simulated STM images that we
extracted from the calculations of the LDOS. Because of the rearrangement
of charge around the impurity, the LDOS is modified when we include e-e interaction at the MF level. We found that impurity peaks in the LDOS are far
away from the Fermi energy. Therefore, they are not crucial for low-energy
physics around the Dirac point. We also found sharp, prominent features
7

in the LDOS close to the Fermi energy, which are related to impurity. This
is where interaction could play an important role and our short-range interaction model is appropriate to study the effects of e-e interaction on these
impurity-induced states close to the Fermi energy.
Finally, we discussed some issues related to the supercell geometry which
is special in graphene. For the pXp supercell, if p = 3q, where q is an integer,
the Dirac points are mapped to Γ point in the BZ, and the analysis around
this point becomes non-trivial. For example, for an attractive impurity, there
is also another small gap, which has repulsive properties to the gap at the K
point. This is caused by the rearrangement of charge at the n-neighbors of
the impurity site.
In addition, we place the mathematical transformation of the Hubbard
model from the non-orthogonal basis to the orthogonal basis and detailed
calculations of the diagonalization of the Hamiltonian in different TB models
in appendices.
All numerical calculations in this thesis were carried out using a computer
code, written in Fortran 90 programming language. We first developed a
Fortran code for numerical calculations of TB band structure of graphene
for both orthogonal and non-orthogonal orbitals. Then in order to obtain
the TB band structure of pristine graphene with interaction, we added the
interaction terms to the previous code. For doped graphene, our code has
been extended to supercell geometry. In the case when both the impurity
and the e-e interactions are included, our Fortran code has been further
augmented by a self-consistent algorithm.

8

2
2.1

Tight-Binding Description of Graphene
Tight-binding method

To form a solid, one could begin with independent atoms, and then bring
them together until the solid is built. In this process, a solid is regarded
as a collection of weakly interacting neutral atoms. Originally the electrons
all belong to specific individual atoms, and during the process an atom feels
the presence of the neighboring atoms. In other words, at the beginning all
electrons are in atomic levels localized at lattice sites. However, when the
interatomic spacing becomes comparable to the spatial extent of atomic wave
functions, wave functions start to overlap [16], as shown in Fig. 2.1.

Figure 2.1: Overlap of atomic wave functions. For atoms apart from each
other, wave functions do not overlap. By bringing atoms together, when the
interatomic spacing reduces to a finite value, wave functions start to overlap.
When the overlap of atomic wave functions is non-negligible, it would
require corrections to the picture of isolated atoms, but not so much as to
render the atomic description entirely immaterial [16]. This approximation is
9

called the tight binding (TB) approximation. The TB approximation is very
beneficial for describing the energy bands that arise from the partially filled dshells of transition metal atoms and the electronic structure of insulators [16].
Now we will briefly look at the energy bands arising from the TB approximation.
Let us take a given atom, which has specific energy levels. When bringing
the atoms together, wave functions of electrons of outer shells are going to
overlap. By bringing them together continuously, inner shell wave functions
overlap. During all these processes, electrons respect the Pauli Exclusion
Principle. As the shells overlap, energy levels split: a single energy level
splits into a number of energy levels above and below the original energy
level. For example, if there are 100 atoms, the energy levels of outer shell
electrons split into 100 states. This process is illustrated in Fig. 2.2.

Figure 2.2: (a) Schematic representation of electronic levels of an individual
atom. (b) The energy levels of N such atoms when we bring them closely
together. (Figure is taken from Ref. [16])

2.2

General formulation

The TB method was originally suggested by Slater and Koster [17]. The
basic idea is to use a modified linear combination of atomic orbitals (LCAO).
Because the approach gives the correct symmetry and dispersion of the energy
10

bands in solids, Slater and Koster also suggested that the parameters could
be fitted by more accurate calculations [17]. The TB parameters can also be
determined from experiments.
The TB formalism is an extension of Bloch’s original LCAO method [17].
The following development of the TB approximation is based on Ref. [16].
Let Hat be the Hamiltonian of a single atom located at a lattice point.
The bound levels of the atomic Hamiltonian are well localized; for an atom
at the origin, Hat satisfies the Schrödinger equation
Hat ϕn = En ϕn ,

(2.1)

where ϕn is the atomic wave function of Hat and En is called on-site energy.
However, when r exceeds the distance of the order of the lattice constant,
ϕn (r) becomes very small. The Hamiltonian begins to differ from Hat . There
is a correction ∆U , which is necessary to generate the full periodic crystal
potential. Then the total Hamiltonian is
H = Hat + ∆U.

(2.2)

∆U vanishes wherever ϕn (r) does not. ϕn (r) would yield N levels in the
periodic potential, with wave functions ϕn (r − R), for each of the N sites in
the lattice. Bloch’s LCAO method suggested that the eigenfunction should
be the N linear combinations of these wave functions
X
ψnk (r) =
eik·R ψn (r − R).
(2.3)
R

However, Eq.(2.3) produces energy bands that have a little structure, even
comparable to atomic levels, regardless of k. Therefore we need to consider
a more realistic situation when ϕn (r) becomes small but not precisely zero
before ∆U becomes appreciable. This suggests that the wave function
X
ϕk (r) =
eik·R φ(r − R),
(2.4)
R

where φ(r − R) can be expanded in a relatively small number of localized
atomic wave functions
X
φ(r − R) =
bn ϕn (r − R).
(2.5)
n

Equation (2.4) satisfies Bloch’s theorem:
X
X
0
0
ϕk (r + R) =
eik·R φ [(r + R0 ) − R0 ] =
eik·R φ [r − (R0 − R)]
R0

R0

11

= eik·R

X

0

eik(R −R) φ [r − (R − R0 )] = eik·R ϕk (r).

(2.6)

0

R

Now the Shrödinger equation for the full Hamiltonian is
Hϕk (r) = (Hat + ∆U (r))ϕk (r) = (k)ϕk (r).

(2.7)

One can solve this equation by multiplying on both sides from the left by
ϕ∗m (r) and integrate; we obtain
Z
Z
Z
∗
∗
ϕm (r)Hat ϕk (r)dr + ϕm (r)∆U ϕk (r)dr = (k) ϕ∗m (r)ϕk (r)dr. (2.8)
Expanding ϕk (r) in terms of Eq.(2.4) and Eq.(2.5), Eq.(2.8) can be rewritten
as
Z
X X
ik·R
bn e
ϕ∗m (r)Hat ϕn (r − R)dr+
n

R

Z
X X
ik·R
bn e
ϕ∗m (r)∆U (r)ϕn (r − R)dr+
n

R

Z
X X
ik·R
= (k) bn e
ϕ∗m (r)ϕn (r − R)dr.
n

(2.9)

R

The first term on the left hand side survives only when m = n and R = 0,
i.e, it is the energy of a single atom located at the original lattice point. In
other words, it is the on-site energy. Then we have
Z
X Z
X X
ik·R
∗
bn ϕ∗n (r)Hat ϕn (r)dr
bn e
ϕm (r)Hat ϕn (r − R)dr =
n

n

R

=

X

Z
bn En

ϕ∗n (r)ϕn (r)dr =

n

Let

X
bn En .

(2.10)

n

Z
Tmn (R) =

and

ϕ∗m (r)∆U (r)ϕn (r − R)dr,
Z

Smn (R) =

ϕ∗m (r)ϕn (r − R)dr.

(2.11)

(2.12)

Tmn (R) is the hopping integral. It represents the probability amplitude with
units of energy (Fermi golden rule) needed for the particle to hop from one
location on the lattice to another. Smn (R) is the overlap integral. It refers to
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the concentration of orbitals on adjacent atoms in the same regions of space,
which can lead to bond formation. Now we can rewrite Eq.(2.9) as
X
X X
X X
bn E n +
bn eik·R Tmn (R) = (k) bn eik·R Smn (R).
(2.13)
n

n

n

R

R

This is the TB secular equation.
In calculations, we usually take into account the n-neighbor and nnneighbor hopping and overlap. In these cases Eq.(2.13) becomes
"
!
! #
X
X
X
(k) bn
eik·R Smn (R) +
eik·R Smn (R)
n

R

"
=

X
n

bn E n +

X

R

n

nn

!
X

bn

n

eik·R Tmn (R)

! #
+

R

X

eik·R Tmn (R)

. (2.14)

R

n

nn

In a compact form
(k)Sϕ = Hϕ,
where

!
S=

X

eik·R Smn (R)

!
X
eik·R Smn (R)

+

R

(2.15)

R

n

X
eik·R Tmn (R)
R

(2.16)

nn

!

!
H = (En ) +

,

+

X

eik·R Tmn (R)

R

n

,

(2.17)

nn

and
ϕ=

X

bn .

(2.18)

n

2.3
2.3.1

Electronic structure of graphene
sp2 hybridization

Carbon, the essential component of graphene, is the 6th element of the periodic table [18]. Its atom is built from six protons, six neutrons (12 C), and six
electrons. In the atomic ground state of graphene, the six electrons are in the
configuration 1s2 , 2s2 and 2p2 . Two electrons fill the inner shell 1s, which
is close to the nucleus and have nothing to do with the chemical reactions;
the remaining four electrons occupy the outer shell of 2s and 2p orbitals.
Because the 2p orbitals (2px , 2py and 2pz ) are approximately 4 eV higher
than the 2s orbital, it is energetically encouraging for electrons to occupy
the 2s and three 2p orbitals (See Fig. 2.3).
13

Figure 2.3: Electron configuration of a carbon atom. Ground state configuration is on the left; excited state configuration is on the right. (Figure is
taken from Ref. [19])
As a result, in the presence of other atoms, such as H, O and other
C atoms, it is propitious to excite one electron from the 2s to the third 2p
orbital, in order to form covalent bonds with other atoms. The gain in energy
should be larger than the 4 eV in the electronic excitation [18]. Because of
the difference in energy of the 2s and 2p levels in carbon, the electronic
wave functions for these four electrons can be mixed with each other. These
orbitals are called hybrid orbitals. In carbon, the mixing of 2s and 2p orbitals
leads to three possible hybridizations, which are sp, sp2 and sp3 , generally
called spn hybridization with n =1, 2, 3 [20]. They play an essential role in
covalent carbon bonds.
Graphene is an allotrope of carbon. Its structure is a one-atom-thick
planar sheet of sp2 bonded carbon atoms [2]. Here we just briefly discuss the
sp2 hybridization.
The superposition of the 2s and two 2p orbitals produces the planar sp2
hybridization. These orbitals are oriented in the xy−plane and have mutual
120◦ angles [20] (See Fig. 2.4). The remaining pz orbital is perpendicular to
the plane.
14

Figure 2.4: Schematic view of sp2 hybridization. The angles between orbitals
are 120◦ . (Figure is taken from Ref. [19])
The three quantum mechanical states are given by [18]
r
3
1
2
|2py i ,
sp1 = √ |2si −
2
3
!
r
√
1
3
3
1
2
sp2 = √ |2si +
|2px i + |2py i ,
2
2
2
3
!
r
√
1
3
3
1
−
|2px i + |2py i .
sp23 = − √ |2si +
2
2
2
3

(2.19)

When carbon atoms make use of sp2 hybrid orbitals for σ bonding, the
three bonds lie in the same plane [20]. The remaining pz orbital of carbon
atoms overlap to form a π bond. In the case of sp2 hybridization, the carbon
atom is a special case. Because the only orbital bonded to the nucleus is 1s,
the size of the atom is small and the resulting bond is considerably strong [20].
Electrons in σ bonds and π bonds are sometimes called σ electrons and π
electrons, respectively [20]. The σ electrons are far away from the Fermi energy level. The π electrons are close to the Fermi energy level and responsible
for the electronic properties at low energies.
In this thesis, we are mainly concerned with the electronic structure of
graphene at low energies. In particular, we will focus on the effects of the e-e
interaction on the energy dispersion of the Dirac cone. Therefore, it would
be sufficient to consider energy bands arising from π electrons within the TB
approximation.
2.3.2

Crystal structure of graphene

Graphene’s structure is a one-atom-thick planar sheet of bonded carbon
atoms that are densely packed in a honeycomb crystal lattice due to their
15

sp2 hybridization. A 2D honeycomb lattice is not a Bravais lattice since two
neighboring sites are not equivalent (they are from A and B sublattices) [18].
It can be described in terms of two triangular sublattices, A and B. So there
are two atoms in each unit cell (See Fig. 2.5). One can see from the figure
that a site on the A(B) sublattice has three n-neighbors of different type,
and six nn-neighbors of the same type.

Figure 2.5: Crystal structure of graphene. Each carbon atom on the site A
sublattice has three n-neighbors of different type B (B1 , B2 , B3 ). (Figure is
modified from Ref. [19])
The carbon-carbon bond length in graphene is a∼
=1.42 Å [8, 9]. The two
unit vectors which connect a site in a unit cell with its n-neighbors’ unit cells
are
!
!
√
√
3 3
3 3
(2.20)
a, a , a2 = −
a, a .
a1 =
2
2
2
2
The six unit vectors which connect a site in a unit cell with its nn-neighbors’
unit cells are ±a1 , ±a2 and ±a3 , where
√

a3 =
3a, 0 .
(2.21)
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Figure 2.6 shows the first BZ (shaded area) of graphene with the highsymmetry points M , K, K 0 , and Γ. b1 and b2 are the reciprocal lattice
vectors




2π 2π
2π 2π
, b2 = − √ ,
.
(2.22)
b1 = √ ,
3a 3a
3a 3a

Figure 2.6: Brillouin zone of the honeycomb lattice. (Figure is taken from
Ref. [21])
Note that K and K 0 are the two inequivalent points in the BZ. The
coordinates of some of these points are
2π 2π
4π
K( √ , 0), K 0 ( √ , ).
3 3a
3 3a 3a
2.3.3

(2.23)

Tight-binding approximation for π bands of graphene

As mentioned before, each unit cell of graphene has two carbon atoms which
form π bonds using pz orbitals. Using Eq.(2.15), on-site energy, hopping and
overlap matrices are obtained as 2×2 matrices for K, K 0 points.
First, we consider the two matrices in Eq.(2.16), which are n-neighbor
and nn-neighbor overlap matrices. According to Fig. 2.5, three n-neighboring
atoms are, (i ) one atom of a different type in the original unit cell, (ii ) two
atoms of the different type in the two n-neighboring unit cells. The overlap
integral is equal to 1 if m = n = A. If m = A, n = B, the overlap integrals
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are no longer equal to 1. We define
Z

(
ϕ∗m (r)ϕn (r)dr =

1
m=n=A
.
s0 m = A, n = B

(2.24)

Three nn-neighboring atoms are in the three n-neighboring unit cells with
the same type of atoms. So overlap integrals between different types of atoms
are zero. We define
(
Z
s1 m = A, n = A0
,
(2.25)
ϕ∗m (r)ϕn (r)dr =
0 m = A, n = B0
where A0 and B0 are the atoms in n-neighboring unit cells, with the same
type as A and B.
Therefore, the two matrices in Eq.(2.16) are
X


 X ik·R0

s1 e
0
1 s0 eik·R




0
R
 X
 + R
 , (2.26)
X
0




s0 e−ik·R
1
0 s1 e−ik·R
R

R0

n

nn

where R = 0, a1 , a2 are the n-neighbors’ unit vectors and R0 = a1 , a2 , a3
are the nn-neighbors’ unit vectors.
Now consider the first term of Eq.(2.17). It is obvious that this matrix is
diagonal
!
En
0
(En ) =
,
(2.27)
0 En
where En = E0 for n-neighbors, and En = E1 for nn-neighbors.
Finally, we consider the hopping integrals. For the n-neighboring atoms,
hopping is between different types of atoms in the upper n-neighboring unit
cells
(
Z
0
m=n=A
ϕ∗m (r)∆U (r)ϕn (r)dr =
(2.28)
t0 m = A, n = B
For the nn-neighbors, hopping is between atoms in the same type three nneighboring unit cells
(
Z
t1 m = A, n = A0
ϕ∗m (r)∆U (r)ϕn (r)dr =
(2.29)
0 m = A, n = B0
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Then, the last two matrices in the Eq.(2.17) are
X


 X ik·R0

t1 e
0
0 t0 eik·R




0
R
 X
 + R

X
0



−ik·R
−ik·R
t0 e
0
0 t1 e
R

R0

n

.

(2.30)

nn

Combining all this information, one can rewrite Eq.(2.15) for the π bands
of graphene as
(k)Sϕ = Hϕ,
(2.31)
where


S=


1 s0

X
R

s0

X

e−ik·R

R

eik·R





s1

X
0
eik·R
R0



 +


1


0


X
−ik·R0 
0 s1 e
R0

n

, (2.32)
nn

X

!
0 t0 eik·R


En
0
R

+
X


−ik·R
0 En
t0 e
0
n(n)


H=

R

n

 X ik·R0

t1 e
0
 R0


+
X
0

0 t1 e−ik·R
R0

and

!
b1
.
b2

ϕ=

2.4
2.4.1

,

(2.33)

nn

(2.34)

Tight-binding parameters
Density functional theory

DFT is an accurate method for calculating the electronic structure of materials. It is applied to various ranges, from atoms, molecules and solids to
nuclei and quantum and classical fluids [22]. It has been successfully used for
graphene. In its original approach, the DFT affords the ground state property of a system. In principle it is an exact account of the many-body wave
function, while in practice it relies on many approximations. The following
derivations are mainly from Ref. [23].
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The starting point of the theory is the observation of Hohenberg and Kohn
(1964) [24] that electron density contains, in principle, all the information
contained in a many-electron wave function. The electronic density of a
many-electron system at point r is defined as
n(r) = hΨ|

N
X

δ(r − rl ) |Ψi

(2.35)

l=1

Z
=N

dr1 ...drN Ψ∗ (r1 ...rN )δ(r − rl )Ψ(r1 ...rN ),

(2.36)

where N is number of electrons, Ψ is the ground state wave function of the
system, and rl is the position of electrons. Hohenberg and Kohn indicated
that if one knows the density of the ground state of the many-electron system,
one can elicit from it the external potential in which the electrons reside, up
to an overall constant. The external parameters are obtained by the electron
density, so one can say that the density fully determines the many-body
problem.
According to this definition one can think of the ground state energy ,
kinetic energy T , the potential U (due to ions), and the Coulomb interaction between electrons Uee as being functionals of the density, satisfying the
following relation
[n] = T [n] + U [n] + Uee [n],
(2.37)
where n means n(r), a function of space.
Hohenberg and Kohn next found out that if one can find the functional
[n], then the true ground state density n(r) minimizes it, subject only to
the constraint that
Z
n(r)dr = N.
(2.38)
The most intriguing feature of this view of the many-body problem is
that one can write the energy functional  as
Z
[n] = n(r)U (r)dr + FHK [n],
(2.39)
where FHK is the sum of kinetic and Coulomb energies
FHK [n] = T [n] + Uee [n].

(2.40)

The functional FHK does not depend upon the potential U (r), and so it
represents a universal functional for all systems of N particles. If one found
this functional, then one would be able to solve all many-body problems for
all external potentials U .
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It is desirable to have a second demonstration of the existence of the
energy functional  for two reasons. First, the discussion given so far depends
crucially on assuming that ground states are nondegenerate. Second, it is
likely to find a charge density n(r) that cannot result from any possible
potential U (r). In this case, the functional [n] is not yet even properly
defined. Both these arguments are answered by defining a functional F [n]
that is the minimum over all wave functions yielding density n(r)
F [n]≡minΨ→n hΨ| T + Uee |Ψi .

(2.41)

This functional F can be defined even if there does not exist a potential U
that would produce density n for some quantum-mechanical ground state.
The process of defining the ground state 0 of a many-body system may
therefore be carried out in the following way:
0 = minΨ hΨ| T + U + Uee |Ψi = minn [minΨ→n hΨ| T + U + Uee |Ψi] .
(2.42)
These two steps minimize all wave functions Ψ that produce density n, and
then minimize over all densities. Because the potential U depends only upon
the density, Eq.(2.42) can be rewritten as


Z
0 = minn minΨ→ n hΨ| T + Uee |Ψi + U (r)n(r)dr


Z

= minn F [n] +


U (r)n(r)dr = minn [n].

(2.43)

Therefore the problems of defining  and obliging degenerate ground states
are solved at one time.
It is important to say that the explicit form of the functional F [n] is not
known. The search for reasonable approximations to this functional is the
major challenge of DFT.
The DFT scheme most frequently used in practice for large numerical
calculations in solids was introduced by Kohn and Sham (1965) [25]. They
proposed to use a set of N single-electron wave functions ψl (r) as the main
ingredients, obtaining the density from them as follows
n(r) =

N
X

|ψl (r)|2 .

(2.44)

l=1

In this case, the kinetic energy term of the energy functional is
T [n] =

X h̄2
l

2m
21

(∇ψl )2 .

(2.45)

The potential energy term of the energy functional is
Z
U [n] = drn(r)U (r).

(2.46)

The exchange and correlation energies are calculated by using results from
the homogeneous electron gas
Z Z
1
n(r1 )n(r2 )
Uee [n] =
dr1 dr2 + xc [n].
(2.47)
2
r12
Then the function F [n] can be written as
FKS [n] = T [n] + Uee [n],

(2.48)

where Uee [n] is given in Eq.(2.47). Then the expression for the energy of the
interacting system is
[n] = T [n] + U [n] + Uee [n],
where T [n] and U [n] are given in Eq.(2.45) and Eq.(2.46).
In order to minimize [n], we now apply the variational principle. One
can vary with respect to the wave function, because one knows the density
as a functional of the wave function [23]. Varying with respect to ψl∗ gives


Z
2
0
∂xc [n]
h̄2 2
0 e n(r )
∇ ψl (r) + U (r) + dr
+
ψl (r) = l ψl (r). (2.49)
−
2m
|r − r0 |
∂n
The only term which is not known is xc in Eq.(2.49). The function
xc is the exchange-correlation energy of the uniform electron gas, which
means that it can be chosen freely in order to ensure that properties of
the uniform electron gas come out correctly. The class of approximations
of the form of Eq.(2.49) is referred to as the local density approximation
(LDA). Calculations called ab initio or first principles are usually based upon
Eq.(2.49), with a given approximation to exchange-correlation functionals.
2.4.2

Fitting tight-binding parameters

As mentioned before, one can use DFT to obtain a correct description of the
electronic band structure of material. The parameters of the TB model can
be obtained by fitting to reference first-principles data.
One way of doing this is to use the numerical fitting algorithms, such as
the multi-dimensional minimization of weighted differences. Let us take a
set of parameters
γ = {γ1 , γ2 , ...} .
(2.50)
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In the n-neighbor model, the elements of this set are E0 , t0 , and s0 . In the
nn-neighbor model, the elements are E1 , t0 , s0 , t1 , and s1 .
Let {(k)} be a set of reference eigenvalues for each k with the elements
k . For a set of TB eigenvalues Ek (γ) for each k and γ, minimization should
satisfy
X
δR = δ αk [Ek (γ) − k ]2 = 0,
(2.51)
k

where αk is the weight associated with a given band. The higher the weight
the better one wants to reproduce a particular band.
Let us linearize Eq.(2.51) around γ = γ0 . First take the divergence with
respect to γ then Eq.(2.51) becomes
X
2 αk [Ek (γ) − k ] ∇γ Ek (γ) = 0.
(2.52)
k

Expanding Ek (γ) around γ = γ0 , we get
Ek (γ)≈Ek (γ0 ) + (γ − γ0 )∇γ Ek (γ0 ),

(2.53)

∇γ Ek (γ)≈∇γ Ek (γ0 ).

(2.54)

and
Substituting Eq.(2.53) and Eq.(2.54) to Eq.(2.52), one obtains
X
αk [Ek (γ0 ) − k + (γ − γ0 )∇γ Ek (γ0 )] ∇γ Ek (γ0 ) = 0.

(2.55)

k

This equation can be rewritten as
(
)
X
X
αk [Ek (γ0 ) − k ] ∇γ Ek (γ0 ) +
(γ − γ0 )∇γ Ek (γ0 )∇γ Ek (γ0 ) = 0,
k

k

(2.56)
or
b + (γ − γ0 )A = 0

(2.57)

γ = γ0 − b·A−1 ,

(2.58)

and then
where
b=

X
αk [Ek (γ0 ) − k ]∇γ Ek (γ0 )

(2.59)

k

and the matrix elements of matrix A are given by
X
Apq =
αk [∇γ Ek (γ0 )]p [∇γ Ek (γ0 )]q .
k
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(2.60)

The only unknown term is ∇γ Ek . The Hellman-Feynman theorem allows
one to calculate it. For
H(k) |k, n, γi = Ek,n |k, n, γi ,

(2.61)

∇γ Ek,n (γ) = hk, n, γ| ∇γ H(k) |k, n, γi .

(2.62)

we have
The Hamiltonian here depends linearly on γ and the derivatives of it can be
calculated numerically via the finite-difference method.
Now one can solve Eq.(2.58). Let us define
∆ = −b·A−1 .

(2.63)

Then Eq.(2.58) can be solved self-consistently
γ s+1 = γ s + ∆,

(2.64)

where s is the step of the calculation.
By using this approach one can obtain sets of parameters for n-neighbor
and nn-neighbor models, which yield good fitting results along given highsymmetry lines. The parameters obtained by fitting to DFT band structures
in Ref. [14] are listed in Table 1.
Neighboring E2p (eV) t0 (eV) t1 (eV)
s0
s1
1st
0.00
-2.97
0
0.073
0
2nd
-0.219
-2.97 -0.073 0.073 0.018
Table 1: Tight-binding parameters
Note that, the on-site energy for the nn-neighbor model of graphene is 0.28 eV in Ref. [14], not -0.219 eV. They claimed that this value gives the best
fitting with DFT calculations. However, according to symmetry properties
of the band structure of graphene, Dirac points should be at zero energy.
This requires E1 = 3t1 in the nn-neighbor model. This is the reason why we
choose this value.

2.5
2.5.1

Different tight-binding models for π bands of graphene
Nearest-neighbor model (orthogonal orbitals)

By applying the Löwdin orthogonalization procedure, we can obtain a set of
orbitals ϕn that are similar to the atomic orbitals, but orthogonal to each
24

other [17]. Then overlap matrices become unit matrices. In other words
s0 = 0. Eq.(2.32) and Eq.(2.33) become
!
1 0
(2.65)
S=
0 1
!
E0 t0 f (k)
,
t0 f ∗ (k)
E0

H=

(2.66)

where f (k) is the phase factor of the n-neighbor model
X
f (k) =
eikR = 1 + eika1 + eika2

(2.67)

R

Then Eq.(2.31) becomes
!
1 0
(k)
0 1

b1
b2

!
=

E0 t0 f (k)
∗
t0 f (k)
E0

!

!
b1
.
b2

(2.68)

One can solve the equation by the method described in Appendix A.1. Thus
one obtains the dispersion relation
(k) = E0 ∓t0 |f (k)|.

(2.69)

Expanding this expression at the Dirac Point [see Eq.(2.23)] in momentum
space, we get
3a
(p) = E0 ∓ t0 p = E0 ±vF0 p,
(2.70)
2h̄
where
3a
(2.71)
vF0 = − t0
2h̄
is the Fermi velocity near the Dirac point. Taking the value of t0 from Table
1, one finds that vF0 = 1×106 m/s. This value is 300 times smaller than the
speed of light c = 3×108 m/s.
The band structure given by Eq.(2.69) is in Fig.2.7. One can see from
the figure that the n-neighbor model with orthogonal orbitals gives two symmetric energy bands below and above zero. The linear dispersion around the
K point is well captured by Eq.(2.70).
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Figure 2.7: Band structure of graphene calculated by using the n-neighbor
model with orthogonal orbitals. Valence and conduction bands are symmetric.
2.5.2

Massless Dirac fermions in graphene1

Let us go back to Eq.(2.66). Since the on-site energy E0 = 0.0 eV, one can
rewrite the equation as
!
0 t0 f (k)
H=
.
(2.72)
t0 f ∗ (k)
0
After expanding the phase factor f (k) and its complex conjugate f ∗ (k) at
the K point, one finds
!
0 px − ipy
3a
t0
.
(2.73)
HK =
2h̄
px + ipy
0
This part is mainly following Ref. [1].
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We make the replacements
px →i

∂
∂
, py →i ,
∂x
∂y

(2.74)

and with Eq.(2.71), the Hamiltonian can be written as
HK = −ivF0 σ·∇,

(2.75)

with Pauli matrices σ = (σx , σy ),
σx =

!
0 1
, σy =
1 0

!
0 i
.
i 0

(2.76)

This is nothing but a Dirac Hamiltonian in 2D for massless fermions. Therefore, electrons near the Dirac points in graphene are called Dirac fermions.
The two component wave function ϕ(r) close to the Dirac point K obeys
the 2D Dirac equation
− ivF0 σ·∇ϕ(r) = Eϕ(r).
In momentum space around the K point, it has the form
!
e−iφk /2
1
ϕ±K (k) = √
,
2 ±eiφk /2

(2.77)

(2.78)

where φk is the polar angle of the vector k. The Hamiltonian Eq.(2.75) in
momentum space is
HK = h̄vF0 σ·k.
(2.79)
Then the corresponding energies are
E = ±h̄vF0 k.
Similarly, for the momentum around K 0 , we have
!
eiφk /2
1
.
ϕ±K 0 (k) = √
2 ±e−iφk /2

(2.80)

(2.81)

Combining Eq.(2.79) and Eq.(2.80), the Schrödinger equation in Eq.(2.77)
in momentum space can be rewritten as
(σ·k) ϕ±K(K 0 ) = ±kϕ±K(K 0 ) .
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(2.82)

We can see that electrons in graphene have a pseudospin direction, originating
from the two sublattices A and B. The pseudospin direction is “locked” to the
direction of momentum. For example, for +k, we have |σ| · |k| ·cos (θ) = +k,
where θ is the angle between the pseudospin and the wave vector k, and
k = |k|. Since |σ| = 1, we have |k| ·cos (θ) = k. The only possible value of θ
is zero. This means that the pseudospin is parallel to k. For −k (correspond
to K 0 ) the pseudospin direction is antiprallel to k. These states (parallel
or anti parallel) are chiral and helical states (see Fig.2.8). These are very
important for ‘relativistic’ effects, such as Klein tunnelling.

Figure 2.8: The pseudospin direction is “locked” to the direction of momentum. (Figure is taken from Ref. [26])

28

2.5.3

Nearest-neighbor model (non-orthogonal orbitals)

Let us next consider non-orthogonal orbitals. We assume that the overlap
of the wave functions is so small that it can be neglected everywhere except
with n-neighbors. Then Eq.(2.32) and Eq.(2.33) become
!
1 s0 f (k)
,
(2.83)
S=
s0 f ∗ (k)
1
H=

!
E0 t0 f (k)
.
t0 f ∗ (k)
E0

Equation (2.31) can be rewritten as
!
!
1 s0 f (k)
b1
(k)
=
s0 f ∗ (k)
1
b2

!
E0 t0 f (k)
t0 f ∗ (k)
E0

(2.84)

!
b1
.
b2

(2.85)

This generalized eigenvalue problem can be solved by the method described
in Appendix A.2. Finally, one obtains the dispersion relation
(k) =

E0 ∓t0 |f (k)|
.
1∓s0 |f (k)|

(2.86)

Expanding this expression at the Dirac Point in Eq.(2.23) in momentum
space, we get
9a2
3a
(2.87)
(p) = E0 ± (E0 s0 − t0 )p − 2 t0 s0 p2 ,
2h̄
4h̄
where
3a
vF =
(E0 s0 − t0 )
(2.88)
2h̄
is the Fermi velocity. One can see that, the overlap between n-neighbor wave
functions renormalizes the Fermi velocity.
The band structure is plotted in Fig.2.9. As a comparison, the band
structure of orthogonal orbitals is also plotted in this figure. One can see
from the figure and Eq.(2.86) that the valence and conduction bands are
no longer symmetric. In the vicinity of the Dirac point (low energies), nneighbor overlap introduces a quadratic term in the dispersion. Due to the
TB parameterization, we take E0 = 0.0 eV. Therefore, the linear term
remains unchanged, namely, the Fermi velocity is the same.
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Figure 2.9: A comparison of the band structure of graphene calculated by
using the nearest-neighbor model with orthogonal and non-orthogonal orbitals. Valence and conduction bands with non-orthogonal orbitals are nonsymmetric.
2.5.4

Next-nearest-neighbor model

Now, we take into account not only the overlap of n-neighbor wave functions,
but also the overlap of nn-neighbor wave functions. We assume that the
overlap for more distant neighbor wave functions is negligible. Then Eq.(2.32)
and Eq.(2.33) become
!
1 + s1 g(k)
s0 f (k)
S=
,
(2.89)
s0 f ∗ (k) 1 + s1 g(k)
!
E1 + t1 g(k)
t0 f (k)
H=
,
(2.90)
t0 f ∗ (k) E1 + t1 g(k)
where g(k) is the phase factor of the nn-neighbor model
g(k) =

0
X

eikR’ = eika1 + eika2 + eika3 + e−ika1 + e−ika2 + e−ika3

R
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= 2cos(ka1 ) + 2cos(ka2 ) + 2cos(ka3 ) =

X

e−ikR = g ∗ (k).

(2.91)

R0

Then Eq.(2.31) can be rewritten as
!
!
b1
1 + s1 g(k)
s0 f (k)
=
(k)
s0 f ∗ (k) 1 + s1 g(k)
b2

!
b1
.
b2
(2.92)
One can solve this generalized eigenvalue problem (see Appendix A.3),
and obtain
E1 + t1 g(k)∓t0 |f (k)|
(k) =
.
(2.93)
1 + s1 g(k)∓s0 |f (k)|
Expanding this expression at a Dirac Point in Eq.(2.23) in momentum space,
we get
(p) = (1 + 3s1 )(E1 − 3t1 )±

!
E1 + t1 g(k)
t0 f (k)
t0 f ∗ (k) E1 + t1 g(k)

3a
[s0 (E1 − 3t1 ) − t0 (1 + 3s1 )]p
2h̄

9a2
+ 2 [s1 (6t1 − E1 ) + t1 − t0 s0 ]p2 ,
4h̄
where
vF =

3a
[s0 (E1 − 3t1 ) − t0 (1 + 3s1 )]
2h̄

(2.94)
(2.95)

is the Fermi velocity.
The band structure of this model and a comparison with the previous
two models is plotted in Fig.2.10. One can see from the figure that the
nn-neighbor model modified the results compared to the previous two cases.
The valence and conduction bands are non-symmetric as well. Also from
Eq.(2.94) one can see that both linear and quadratic terms are modified,
which means the Fermi velocity will change. The additional factor entering
the expression for vF is (1 + 3s1 ), since E1 = 3t1 . This contribution to the
Fermi velocity stems from the overlap of wave functions of the nn-neighbors.
The Fermi velocity in this case is vF = 1.054vF0 = 1.054×106 m/s. This
value is in very good agreement with the experimental value for graphene
placed on top of an oxidized Si wafer and with the typical concentration
n≈1012 cm−2 , determined by using many techniques, including early transport experiments [13].

2.6
2.6.1

Discussion
Density of states

No matter which model we use to describe graphene, it always shows semimetallic behavior with the zero gap band structure. This also can be seen in the
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Figure 2.10: The band structure of the next-nearest-neighbor model and a
comparison with the previous two models. The conduction and valence bands
are not symmetric for this model as well.
density of states (DOS) [2].
Figure 2.11 shows the DOS of graphene in all considered models. Although the DOS of each model is slightly different from each other, we can
see zero-energy states at the neutrality point in all cases. The electron-hole
(e-h) symmetry of the linear spectrum at low energies is apparent around
the neutrality point. One can use the linear dispersion relations to derive
the analytical expression for the DOS around the neutrality point for each
model.
The DOS at a specific energy level means how many states there are
available for occupation. In general, the DOS is an average over the space
and time domains occupied by the system. Then the number of states per
interval of energy [E, E + dE] is given by
Dn (E) =

dΩn (E)
,
dE
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(2.96)

Figure 2.11: The DOS of graphene: semimetallic behavior with zero energy
states at the neutrality point.
where Ωn (E) is the volume, area or length of the system for 3D, 2D or 1D,
respectively.
Numerically, one can use the Dirac delta function to obtain the DOS. For
a specific energy level
Dn (E) = δ(E − Ek ),
(2.97)
where Ek is the dispersion relation. One can generalize this expression for
the whole momentum space to obtain the total DOS
X
D(E) =
δ(E − Ek ).
(2.98)
k

Now we can use Eq.(2.98) to calculate DOS for graphene around the
neutrality point, by writing this equation in integral form
Z ∞
X
4A
δ(E − Ek )2πkdk
DGF (E) =
δ(E − Ek ) =
2
(2π)
0
k
2A
=
π

Z

∞

δ(E − Ek )kdk,
0
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(2.99)

where 4 stands for 2 spin and 2 pseudospin
degrees of freedom, and A is the
√
area of the unit cell, given by A = 3 3a2 /2, where a is the length of the
carbon-carbon bond.
From Eq.(2.70), Eq.(2.87), and Eq.(2.94) we know that
Ek ≈h̄vF k,

(2.100)

where vF is the Fermi velocity, and is given by Eq.(2.71), Eq.(2.88), and
Eq.(2.95) for the n-neighbor model with orthogonal orbitals, the n-neighbor
model with non-orthogonal orbitals and the nn-neighbor model, respectively.
One can use Eq.(2.100) to derive the following equality
Ek ≈h̄vF k⇒dEk = h̄vF dk⇒kdEk = h̄vF kdk⇒kdk =
⇒kdk =

1
·kdEk
h̄vF

h̄vF k
Ek dEk
dE
⇒kdk
=
.
k
(h̄vF )2
(h̄vF )2

We plug Eq.(2.101) into Eq.(2.99), and obtain
Z
2A ∞
Ek
2AE
DGF (E) =
δ(E − Ek )·
dE
=
.
k
π 0
(h̄vF )2
π(h̄vF )2

(2.101)

(2.102)

One can see from the Eq.(2.102) that the DOS around the neutrality point
is proportional to the energy. This linear relation agrees with the observation
in Fig.2.11.
2.6.2

The role of the overlap

We see from the analytical expression derived in the previous section that the
Fermi velocity can be, in principle, renormalized by both the n-neighbor and
the nn-neighbor overlaps. Numerically, the Fermi velocity is only corrected
significantly by the nn-neighbor overlap, which makes it in good agreement
with experimental values. We also know that the nn-neighbor TB model for
π bands of graphene is a better fit to DFT calculations than the other two
models which we previously discussed [14].
Therefore, from the literature review [27, 28], we conclude that
• The non-negligible overlap between the atomic orbitals is crucial in the
TB description of graphene.
• The overlap breaks the e-h symmetry. This significantly affects magnetooptical properties of graphene.
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• The TB model with overlap correctly reproduces the electronic bands
of graphene.
Hence, a model with overlap is preferable in the TB description of graphene.
We need to investigate the role of the overlap in detail. When we take
the overlap of wave functions into account, we need to solve a generalized
eigenvalue problem, as one can see from Appendices A.2 and A.3,
(k)Sϕ = Hϕ.

(2.103)

Multiplying by the inverse overlap matrix S −1 on both sides of the equation
from the left, we obtain
(k)ϕ = S −1 Hϕ.
(2.104)
Let S −1 H = H 0 . We go back to an eigenvalue problem
(k)ϕ = H 0 ϕ.

(2.105)

One can find the matrix elements of this new Hamiltonian H 0 from
Eq.(A.8) and Eq.(A.15) for n-neighbor (non-orthogonal orbitals) and nnneighbor models, respectively. Since the overlap is small, we assume s20 ≈0
and s21 ≈0. Then one can rewrite the new Hamiltonian H 0 for n-neighbor
(non-orthogonal orbitals) as follows
!
2
E
−
t
s
|f
(k)|
(t
−
E
s
)
f
(k)
0
0
0
0
0
0
.
(2.106)
H 0≈
(t0 − E0 s0 ) f ∗ (k) E0 − t0 s0 |f (k)|2
Compared to the Hamiltonian of the n-neighbor model with orthogonal
orbitals, which is given in Eq.(2.66), in the Hamiltonian of the non-orthogonal
orbitals [Eq.(2.106)], both diagonal and off-diagonal terms are modified. The
diagonal matrix elements are similar to the diagonal terms of the nn-neighbor
model. The term in the diagonal matrix elements −t0 s0 |f (k)|2 is equivalent
to the term t1 g(k) in Eq.(2.90). This means that −s0 t0 can be seen as a
hopping amplitude of the “next-nearest-neighbors”. This makes the Hamiltonian of the n-neighbor non-orthogonal orbitals more long-ranged. Since
this modification is k-dependent, it will alter the dispersion.
Let the term in the off-diagonal matrix elements t0 − E0 s0 = t00 . This
can be seen as a modified hopping amplitude. Since the hopping amplitude
changes, the Fermi velocity is modified. This is how the overlap of wave
functions renormalizes the Fermi velocity. Note that the contribution of the
n-neighbor overlap to the new hopping amplitude depends on the on-site
energy E0 .
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The effects of the nn-neighbor overlap are similar, with one exception.
Since the nn-neighbor overlap is added to the overlap matrix as an on-site
term, its contribution to the new hopping amplitude would not depend on
the on-site energy. Since it is coupled with n-neighbor overlap and makes the
expression clumsy, we do not go through it in detail.
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3

Interaction Effects on Linear Dispersion at
the Dirac Point

Electron-electron interaction is expected to be extremely strong in graphene,
because the electrons’ mutual screening in graphene is weaker than in metals
and graphene’s dimensionless coupling constant αGR = e2 /h̄vF ≈1 is much
larger than that of QED—the fine structure constant α = e2 /h̄v≈1/137. So
it should result in great changes in graphene’s linear spectrum [4].

3.1
3.1.1

Quantum mechanics for an interacting system1
Density matrix

In quantum mechanics the expectation value of an observable is given by
hψ| O |ψi ,

(3.1)

where |ψi is a normalized state. One can expand it over a complete set {|ii}
X
X
hψ| O |ψi =
hψ| i i h i |O| j i h j |ψi =
hj| ψ i h ψ |ii hi| O |ji
i,j

i,j

=

X

hj| ρ |ii hi| O |ji = T r(ρO),

(3.2)

i,j

where ρ is the density matrix, defined as
ρ≡ |ψi hψ| .
3.1.2

(3.3)

Second quantization

Wave functions that describe identical particles must be either symmetric,
for bosons, or antisymmetric, for fermions. In order to make the calculations simple, it is useful to use second quantization. Just as its name suggests, there is a simple way to introduce this approach as a quantization of
fields. Electrons are fermions, so here we only discuss second quantization of
fermions.
We define an operator ψ + (r) which creates a fermion in a position eigenstate |ri. With the help of these operators we can construct an antisymmetrized wave function. Its hermitian adjoint is an operator ψ(r), which
annihilates a fermion. These are fermion field operators.
This section is mainly following Ref. [29].
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The vacuum state |0i can be destroyed by ψ(r) operator
ψ(r) |0i = 0.

(3.4)

Acting by a set of these operators on the vacuum state, one can obtain an
antisymmetrized state
1
ψ + (r)ψ + (r0 ) |0i = √ (|ri |r0 i − |r0 i |ri) = |r, r0 i = − |r0 , ri .
2
Field operators satisfy anticommutation relationships
 +
ψ (r), ψ + (r0 ) = 0,
{ψ(r), ψ(r0 )} = 0,

ψ(r), ψ + (r0 ) = δ(r − r0 ).

(3.5)

(3.6)

A key formula for the field operators is the formula for basis change.
Suppose that one has a new complete set of one-particle states {|αi}. Then
we can change the basis as follows
X
|ri =
|αi hα| ri .
(3.7)
α

Similar to this basis change, the field operator ψ + (r) for a fermion in state
|ri is associated to the creation operator c+
α for a fermion in state |αi
X
X
∗
ψ + (r) =
c+
hα|
ri
=
c+
(3.8)
α
α φα (r),
α

where
c+
α

α

Z
=

d3 rψ + (r)φα (r).

Similarly, for operator ψ(r), we have
X
ψ(r) =
cα φα (r),

(3.9)

(3.10)

α

and annihilation operator
Z
cα =

d3 rψ(r)φ∗α (r).

(3.11)

The creation and annihilation operators (with spin) satisfy anticommutation
relationships

ciσ , c+
(3.12)
jσ 0 = δi,j δσ,σ 0 ,
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and have the following property from Eq.(3.4)
ciσ |0i = 0.

(3.13)

If we can determine the matrix elements of an operator in the one-particle
basis, the calculation of an observable can be simplified to the algebra of
creation and annihilation operators. In other words, states and operators
corresponding to observables can be written using creation/annihilation operators. The expression for these operators is the same regardless of the
number of particles and has a resemblance with the calculation of averages
of operators in first quantized notation.
3.1.3

Coulomb interaction between electrons in second quantization

The Coulomb interaction is
Vc (r − r0 ) =

e2
.
r − r0

Then the interaction energy in second quantization is
Z Z
1
el
U =
Vc (r − r0 )[ρ(r)ρ(r0 ) − δ(r − r0 )ρ(r)]d3 rd3 r0
2

(3.14)

(3.15)

where 21 comes from avoiding double-counting and δ(r − r0 )ρ(r) is necessary
not to count the interaction of an electron with itself. Combining Eq.(3.3)
and Eq.(3.7), the density operator (with spin) can be written as
X
ρ(r) =
ψσ+ (r)ψσ (r).
(3.16)
σ

Substituting Eq.(3.16) into Eq.(3.15), we obtain
Z Z
X
1
el
U =
Vc (r − r0 )[ ψσ+ (r)ψσ (r)ψσ+0 (r0 )ψσ0 (r0 )
2
σσ 0
−δ(r − r0 )

X
ψσ+ (r)ψσ (r)]d3 rd3 r0
σ

=

XZ Z

1
2 σσ0

Vc (r − r0 )[ψσ+ (r)ψσ (r)ψσ+0 (r0 )ψσ0 (r0 )

− δ(r − r0 )ψσ+ (r)ψσ (r)]d3 rd3 r0
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(3.17)

Consider a commutator
[ψσ (r), ψσ+0 (r0 )ψσ0 (r0 )] = ψσ (r)ψσ+0 (r0 )ψσ0 (r0 ) − ψσ+0 (r0 )ψσ0 (r0 )ψσ (r)

= ψσ+0 (r0 ), ψσ (r) ψσ0 (r0 ) − ψσ+0 (r0 ) {ψσ0 (r0 ), ψσ (r)}
= δ(r − r0 )δσσ0 ψσ0 (r’),

(3.18)
(3.19)

0

where σ, σ represent spin. From this commutator, one can find
ψσ+0 (r0 )ψσ0 (r0 )ψσ (r) = ψσ (r)ψσ+0 (r0 )ψσ0 (r0 ) − δ(r − r0 )δσσ0 ψσ0 (r0 ).
Using this equality, Eq.(3.17) becomes
Z Z
1X
el
Vc (r − r0 )ψσ+ (r)ψσ+0 (r0 )ψσ0 (r0 )ψσ (r)d3 rd3 r0 .
U =
2 σσ0

(3.20)

(3.21)

We rewrite the field operators in Eq.(3.8), and Eq.(3.10) (with spin) in
terms of creation and annihilation operators
X
∗
ψσ+ (r) =
c+
(3.22)
iσ φiσ (r),
i

ψσ (r) =

X

ciσ φiσ (r).

(3.23)

i

Substituting the above two equations into Eq.(3.21) gives
Z Z
1X X
+
el
∗
∗
0
0
3
3 0
U =
Vc (r − r0 )c+
iσ φiσ (r)cjσ 0 φjσ 0 (r )ckσ 0 φkσ 0 (r )clσ φlσ (r)d rd r .
2 σσ0 i,j,k,l
(3.24)
We define the interaction strength as
Z
Vi,j,k,l = φ∗iσ (r)φ∗jσ0 (r)0 Vc (r − r0 )φkσ0 (r0 )φlσ (r)d3 r0 .

(3.25)

Now Eq.(3.24) becomes
U el =

1X X
+
Vi,j,k,l c+
iσ cjσ 0 ckσ 0 clσ .
2 σσ0 i,j,k,l

(3.26)

This is the well known expression of the Coulomb interaction energy in second
quantization.
However, this interaction term includes many small interactions. They are
always nearly neglected in the calculations. It also includes larger Coulomb
interactions. One possibility is the direct interaction between two electrons
on different sites [30]. Then the interaction term in Eq.(3.26) becomes
1X X
+
Vi,j,k,l c+
(3.27)
U el =
iσ clσ cjσ 0 clσ 0 .
2 σσ0 i,j,k,l
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3.1.4

The Hubbard model

The interaction term in Eq.(3.27) is not easy to solve. A simple model for the
e-e interaction has been introduced by Hubbard, Kanamori and Gutzwiller
in 1964 [30]. They assumed that the interaction term retains only the largest
Coulomb integral. All orbitals are centered on the same site i. This term
describes the interaction between two electrons and these two electrons are
on the same atom. According to the Pauli exclusion principle, the two electrons on the same atom must be in different atomic states. Namely, for a
single orbital state on each atom, the two electrons must have different spin
configurations. If one is spin up, another one has to be spin down.
With this assumption, Eq.(3.27) becomes
U el =

X
1 XX +
+
0 =
U ciσ ciσ c+
c
U c+
0
iσ
iσ ciσ ciσ 0 ciσ 0 ,
iσ
2 σσ0 i
i

(3.28)

where we set U = Vi=j=k=l , and niσ is the local density of electrons with spin
σ.
In calculations, it is convenient to define a number operator niσ , such that
niσ = c+
iσ ciσ .

(3.29)

Then Eq.(3.28) can be written in terms of niσ
X
U el =
U ni↑ ni↓ .

(3.30)

i

This is the widely used form of the Hubbard model.
3.1.5

The extended Hubbard model

There is a way to go beyond the Hubbard model by including the Coulomb
interaction between electrons on neighboring sites. Now electrons can interact with both spin up and spin down electrons. We set Vi=l,j=k = V , then
Eq.(3.27) becomes
X X
+
U el =
V c+
(3.31)
iσ ciσ cjσ 0 cjσ 0 .
σσ 0 i=l,j=k

With the number operators niσ , Eq.(3.31) can be rewritten as
U el =

X X
σσ 0

V niσ njσ0 =

i=l,j=k
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1X
V ni nj ,
2 i,j

(3.32)

where 21 is used to avoid double counting, and ni,j are the local density
operators with ni = ni↑ + ni↓ and nj = nj↑ + nj↓ . Using these relationships,
Eq.(3.32) can be further rewritten as
U el =

=

1X
V (ni↑ + ni↓ ) (nj↑ + nj↓ )
2 i,j

1X
V (ni↑ nj↑ + ni↑ nj↓ + ni↓ nj↑ + ni↓ nj↓ ) .
2 i,j

(3.33)

This is the form of the extended Hubbard model used in our calculations.
3.1.6

Mean-field approximation

A many-body system with interaction such as the one in Eq.(3.30) [and
Eq.(3.33)] is still not easy to deal with. Mean field theory (MFT) can help
us study such systems in a more convenient way.
The basic principle of MFT is to replace all interactions with an average
or effective single-particle potential, known as molecular field [31]. This
transforms the many-body problem into a one-body problem. Interaction
part of the Hamiltonian becomes easier to solve. In MFT, the important
quantity in the Hamiltonian can be rewritten as fluctuations around the
mean value of the field. Therefore, MFT can be associated with a zero-order
term of the expansion of the Hamiltonian in fluctuations. From this point
of view, MFT can be understood as a model in which all interactions are
replaced by a “mean field”.
MFT has been widely used in many situations. It offers the simplest way
of treating the many-body problem and it is taken as a starting point for
more sophisticated calculations.
Therefore, we can use MFT to approximate the Hubbard model and the
extended Hubbard model in a simple way. This is done by expansion of the
number operator around a mean value. One can express the number operator
as an average value plus a deviation from the average
ni,jσ = hni,jσ i − (ni,jσ − hni,jσ i) = hni,jσ i − δni,jσ .

(3.34)

For the interaction between two electrons, the product of two number operators can be expressed as
niσ njσ0 = niσ hnjσ0 i + njσ0 hniσ i − hniσ i hnjσ0 i ,
where we neglected the higher order terms.
42

(3.35)

Using the MFT and neglecting the constant term hniσ i hnjσ0 i, the Hubbard model Eq.(3.30) can be rewritten as
X
U el =
U (ni↑ hni↓ i + ni↓ hni↑ i)
i

=

X


+
U c+
i↑ ci↑ hni↓ i + ci↓ ci↓ hni↑ i ,

(3.36)

i

and the extended Hubbard model in Eq.(3.33) can be rewritten as
U el =

1X
V [(hnj↑ i + hnj↓ i) ni↑ + (hnj↑ i + hnj↓ i) ni↓
2 i,j

+ (hni↑ i + hni↓ i) nj↑ + (hni↑ i + hni↓ i) nj↓ ]
1X
+
=
V [(hnj↑ i + hnj↓ i) c+
i↑ ci↑ + (hnj↑ i + hnj↓ i) ci↓ ci↓
2 i,j
+
+ (hni↑ i + hni↓ i) c+
j↑ cj↑ + (hni↑ i + hni↓ i) cj↓ cj↓ ].

3.2

(3.37)

Coulomb interaction parameters for the Hubbard
model

With the combination of Eq.(2.90), Eq.(3.30) and Eq.(3.32), the Hamiltonian
of the nn-neighbor TB model with the extended Hubbard term can be written
in the second quantization as
H = −t0

X
hi,jiσ

c+
iσ cjσ − t1

X

c+
iσ cjσ + U

hhi,jiiσ

X
1 X
Vj niσ njσ0 , (3.38)
ni↑ ni↓ +
2 i6=j,σσ0
i

where σ stands for spin up and down, U is on-site interaction, Vj are the nneighbor and nn-neighbor interaction parameters, and hi, ji and hhi, jii stand
for the hopping between the n-neighbors and the nn-neighbors, respectively.
The Hamiltonian describes a system of carbon pz electrons that interact via
the effective interactions U and Vj . Now we discuss how to obtain numerical
values of these parameters.
3.2.1

Estimation of interaction parameters for carbon-based molecules

One can estimate the interaction parameters for graphene based on calculations for finite carbon systems [2]. For example, for the benzene molecule, as
the simplest carbon-based system with a hexagonal shape, the value of the
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on-site interaction among π electrons was computed in Ref. [32] U = 16.93
eV. For polyacetylene the value is U ∼
=10 eV [33]. It is reasonable to take U
to be of the same order as for polyacetylene, namely, U ≈10 eV, in graphene.
This value is quite large, so one can say that short-range interaction is important in graphene.
Now let us clarify how U can be estimated for finite carbon-based molecules
[34]. First, one calculates total energies Eiab initio of charge and spin states
of the molecule using accurate ab initio methods (multiconfigurational selfconsistent-field (MCSCF) or density functional theory with good approximation to the exchange-correlation functional). Second, one constructs the
Hubbard model for the finite system, and solves it using advanced numerical methods for a fixed U to obtain EiHubbard , the total energy for the same
charge and spin configurations. By changing the parameters of the Hubbard
model (U , t), one finds such parameters that
v
u N
u1X
2
t
Eiab initio − EiHubbard = min,
(3.39)
N i
where N is the number of charge and spin states. This procedure is very
similar to fitting TB parameters to ab initio results, which is discussed in
subsection 2.4.2.
For the extended Hubbard model, one can use the Ohno interpolating
formula [34] to incorporate the inter-site Coulomb interaction V as
"

2 #−1/2
U
V =U 1+
,
(3.40)
e2 /Rij
where Rij is the distance between i and j sites. Then no additional parameters are needed. One can use the procedure above to obtain the values of
V.
3.2.2

Constrained Random Phase Approximation method

A more advanced approach for calculating effective Coulomb interaction in
graphene is the constrained Random Phase Approximation(cRPA) method [35].
In general, this method is the basis for calculations of interaction parameters
(Hubbard U ) from first-principles, in systems where electron interactions are
important [36].
We will briefly describe the main ideas of the cRPA method. The fully
screened Coulomb interaction in the ordinary RPA approximation is
W = (1 − vP )−1 v,
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(3.41)

where v is the bare Coulomb interaction and P is the non-interacting polarization
occ unocc
X
X
P (r, r0 ; ω) =
ψi (r)ψi∗ (r0 )ψj∗ (r)ψj (r0 )
i


×

j

1
1
−
+
ω − j + i + i0
ω + j − i − i0+


,

(3.42)

where {ψi , i } are one-particle Bloch eigenfunctions and eigenvalues corresponding to the band structure of the system.
Strongly correlated materials (where e-e interactions are important) have
a narrow 3d or 4f band across the Fermi level. One can divide the polarization in two terms
P = Pd + Pr .
(3.43)
Here Pd corresponds to the transitions within the narrow bands; Pr corresponds to the transitions from the narrow band to the rest of the band. It
was shown that the following quantity can be understood as the effective
interaction between electrons in the narrow bands:
U (ω) = [1 − vPr (ω)]−1 v.

(3.44)

Here U is the on-site interaction in the Hubbard model. However, it is not the
bare Coulomb interaction. It is an effective interaction which incorporates
screening by other electrons. U includes only Pr , which is a part of P , namely,
we have constrained the polarization to exclude the transitions within the
narrow bands. This is the reason why we call it constrained random phase
approximation. One can calculate Pr and therefore the Hubbard U , using
the wave functions and eigenvalues computed with DFT.
Hence, the method discussed above allows one, in principle, to calculate
the Hubbard U from first principles. Since the wave functions and eigenvalues calculated with DFT can be used as an input to calculate Pr , this
can be used as a basis for the so-called self-consistent LDA+U approach.
LDA+U is a commonly used exchange-correlation functional, which includes
a Hubbard U correction to the simple LDA approximations. It provides a
better description of systems with localized d− or f − orbitals. For example,
LDA+U would be preferable if one wants to study transition-metal impurities in graphene using DFT. Typically, the Hubbard U is an adjustable
parameter in LDA+U calculations. Combining LDA+U and cRPA one can
calculate U self-consistently [36].
Using this method, the strength of interaction has been determined for
graphene in Ref. [35]. The parameters are given in Table 2.
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Interaction model
On-site interaction (Hubbard U)
N-neighbor interaction V1
Nn-neighbor interaction V2

Strength of interaction (eV)
9.3
5.5
4.1

Table 2: Coulomb interaction parameters.

3.3

Results

One can see from Eq.(3.36) and Eq.(3.37) that the interaction terms should
be added to the on-site energy of the Hamiltonian in orthogonal basis. From
the discussion in Appendix B we know that Eq.(3.36) and Eq.(3.37) can also
be added to the TB Hamiltonian with non-orthogonal basis. The additional
term should be (U + 2V ) hni since we assume hni↑ i = hni↓ i = hni for pristine
graphene, where V = V1 + V2 is the interaction of neighboring electrons up to
nn-neighbors. Furthermore, we should consider the spin degree of freedom.
For convenience let us define
!
f (k)
0
F (k) =
,
(3.45)
0 f (k)
where f (k) is the phase factor of the n-neighbor model in Eq.(2.67), and
remember the identity matrix
!
1 0
I=
.
(3.46)
0 1
3.3.1

Interaction effects to the nearest-neighbor model (orthogonal orbitals)

In this case, the overlap matrix is a unit matrix I. Including spin, the
Hamiltonian matrix in Eq.(2.66) becomes
!
[E0 + (U + 2V ) hni] I
t0 F (k)
H=
.
(3.47)
t0 F ∗ (k) [E0 + (U + 2V ) hni] I
Solving the eigenvalue problem
(k)ϕ = Hϕ,

(3.48)

(k) = E0 + (U + 2V ) hni ∓t0 |f (k)| .

(3.49)

we obtain
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Expanding this expression at the Dirac Point in Eq.(2.23) in momentum
space, we get
(p) = E0 + (U + 2V ) hni ∓

3a
t0 p = E0 + (U + 2V ) hni ±vF0 p,
2h̄

(3.50)

where vF0 is the Fermi velocity
vF0 =

3a
|t0 | .
2h̄

(3.51)

We can see that the Fermi velocity in this case is the same as in Eq.(2.71).
It means that the e-e interaction at the MF level in this case does not affect
the linear dispersion near the Dirac point, and from Eq.(3.49), we can see
that it just introduces a rigid shift to the band structure.
3.3.2

Interaction effects to the nearest-neighbor model (non-orthogonal
orbitals)

In this case, we have the overlap matrix. Including spin, Eq.(2.83) becomes
!
I s0 F (k)
S=
,
(3.52)
s0 F ∗ (k)
I
and the Hamiltonian matrix is same as in Eq.(3.47). Solving the generalized
eigenvalue problem
(k)Sϕ = Hϕ,
(3.53)
we obtain
(k) =

E0 + (U + 2V )hni∓t0 |f (k)|
.
1∓s0 |f (k)|

(3.54)

Expanding this expression at the Dirac Point in Eq.(2.23) in momentum
space, we get
(p) = E0 + (U + 2V )hni±
where
vF =

3a
9a2
{[E0 + (U + 2V )hni] s0 − t0 } p − 2 t0 s0 p2 ,
2h̄
4h̄
(3.55)

3a
{[E0 + (U + 2V )hni] s0 − t0 }
2h̄

(3.56)

is the Fermi velocity.
We can see that the e-e interaction at the MF level affects the dispersion
relation. It gives not only a rigid shift to the dispersion, but also changes
the linear dispersion near the Dirac point. We already know that the overlap
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of wave functions can renormalize the Fermi velocity. Here we see that the
interaction renormalizes the Fermi velocity only if combined with overlap. If
the overlap is zero, contribution of the e-e interaction to the Fermi velocity
vanishes.
The band structure of graphene with MF e-e interaction up to nn-neighbors
is plotted in Fig.3.1. One can see from the figure the effects of e-e interac-

Figure 3.1: Band structure of graphene with and without e-e interaction
(n-neighbor model). All results are for non-orthogonal orbitals.
tion on the band structure. If we include interaction between more distant
neighbors, the band width increases; the slope of the linear dispersion also
increases.
3.3.3

Interaction effects to the next-nearest-neighbor model

Including spin, the overlap matrix in Eq.(2.89) is given by
!
[1 + s1 g(k)] I
s0 F (k)
S=
,
s0 F ∗ (k) [1 + s1 g(k)] I
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(3.57)

and the Hamiltonian matrix Eq.(2.90) becomes
!
[E1 + (U + 2V ) hni + t1 g(k)] I
t0 F (k)
.
H=
t0 F ∗ (k) [E1 + (U + 2V ) hni + t1 g(k)] I
(3.58)
Solving the generalized eigenvalue problem
(k)Sϕ = Hϕ,
we obtain
(k) =

E1 + (U + 2V ) hni + t1 g(k)∓t0 |f (k)|
.
1 + s1 g(k)∓s0 |f (k)|

(3.59)

(3.60)

Expanding this expression at the Dirac Point in Eq.(2.23) in momentum
space, we get
(p) = (1 + 3s1 ) [E1 + (U + 2V ) hni − 3t1 ]
3a
{s0 [E1 + (U + 2V ) hni − 3t1 ] − t0 (1 + 3s1 )} p
2h̄
9a2
+ 2 {s1 [6t1 − E1 − (U + 2V ) hni] + t1 − t0 s0 } p2 ,
4h̄
±

where

(3.61)

3a
{s0 [E1 + (U + 2V ) hni − 3t1 ] − t0 (1 + 3s1 )}
(3.62)
2h̄
is the Fermi velocity of this case.
We already know from subsection 2.5.4 that the nn-neighbor model renormalizes the Fermi velocity both analytically and numerically. With the ee interaction, the Fermi velocity increases dramatically, but only if the nneighbor overlap is present. Nn-neighbor overlap contributes to the quadratic
term of the dispersion as well. Therefore, in this case, the e-e interaction at
the MF level strongly affects the band structure.
The band structure of graphene with MF e-e interaction up to nn-neighbors
is plotted in Fig.3.2. One can see from the figure that the energy scale increases when we include longer ranged interactions.
Comparing the two figures, we can find that the effect of interaction in the
n-neighbor TB model and the nn-neighbor TB model is qualitatively similar.
There are large enhancements in the energy scales of the band structure away
from the K point.
vF =
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Figure 3.2: Band structure of graphene with and without e-e interaction
(nn-neighbor model). All results are for non-orthogonal orbitals.

3.4

Comparison to the π orbital Hartree-Fock approximation

The Hubbard model (and the extended Hubbard model), considered in the
previous sections, essentially describe the short-range interaction. The main
result of this model is the U (V )-dependent renormalization of the Fermi
velocity, which only changes the slope of the linearly-dispersed Dirac-cone
states in graphene [Eq.(3.56) and Eq.(3.62)]. It is known, however, that
unlike the Hubbard model, approaches that take into account the long-range
Coulomb interaction, yield a k-vector-dependent logarithmic correction to
the Fermi velocity.
In this section, we will demonstrate how this logarithmic correction emerges
in the MF Hartree-Fock calculation for graphene, using first order perturbation theory. We also note that this result has been confirmed experimentally [13]. We used Ref. [1] as a main reference in the following derivations.
We start with Eq.(3.21), which gives the expression for the Coulomb
interaction in terms of the field operators. In the Bloch basis and using the
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Wick’s theorem, this equation can be rewritten as
Z Z
1X
el
U =
drdr0 Vc (r − r0 )ψα+ (r)ψα (r)ψβ+ (r0 )ψβ (r0 )
2 α,β
1X
−
2 α,β

Z Z

drdr0 Vc (r − r0 )ψα+ (r)ψβ (r0 )ψβ+ (r0 )ψα (r),

(3.63)

where Vc (r − r0 ) is the Coulomb interaction energy for two electrons as in
Eq.(3.14), and α and β are the intrinsic quantum numbers (for example, a
set of spin-projection, sublattice and valley labels).
In the homogeneous electron gas, the first term, namely, the Hartree term
is canceled by the ionic energy, due to the electroneutrality of the system.
We are left with the second term, namely, the Fock term. Now according to
Eq.(3.3) we introduce the density matrix as
X
ρ(r) =
ψα+ (r)ψα (r) .
(3.64)
α

Now we use a trick similar to what we did for the Hubbard model, namely, we
express the density matrix as an average plus a deviation from the average,
and plug it into the second term of Eq.(3.63). Thus we obtain
XZ Z
hψα+ (r)ψβ (r0 )i ψβ+ (r0 )ψα (r)
el
2
0
.
(3.65)
U = UF = e
drdr
|r − r0 |
α,β
The expectation value in this equation can be calculated by taking the Fourier
transform of the field operators as
X
eik·r ψkα ,
(3.66)
ψα+ (r) =
k

and
ψβ (r0 ) =

X
0
e−ik·r ψkβ .

(3.67)

k

Then
ψα+ (r)ψβ (r0 ) =

X

+
ψkα
ψkβ exp [ik (r − r0 )] =

k

X

ρβα (k) exp [ik (r − r0 )],

k

(3.68)
where
+
ρβα (k) = ψkα
ψkβ

according to the definition of ρ in Eq.(3.64).
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(3.69)

Substituting Eq.(3.66), Eq.(3.67) and Eq.(3.68) into Eq.(3.65), we obtain
P
P
0
0
0
XZ Z
2
0
k0 ρβα exp [ik (r − r )]
k ψkβ ψkα exp [−ik (r − r )]
UF = e
drdr
|r − r0 |
α,β
2

=e

XXZ Z

exp [−i (k − k0 ) (r − r0 )] +
ψβ (k)ρβα (k0 )ψα (k). (3.70)
|r − r0 |

drdr0

α,β k,k0

Next, we take the Fourier transform to r − r0 and rewrite the equation in
appropriate form
UF = e2

α,β k,k

=

XX
k

2π
0
+
0 ψβ (k)ρβα (k )ψα (k)
|k
−
k
|
0

XX

ψβ+ (k)2πe2

k0

α,β

=

XX
k

X ρβα (k0 )
|k − k0 |

ψα (k)

ψβ+ (k)hβα (k)ψβ (k),

(3.71)

α,β

where hβα (k) is defined as
hβα (k) = 2πe2

X ρβα (k0 )
k

0

|k − k0 |

.

(3.72)

If we consider the e-e interaction effects by applying a perturbation theory,
the first-order corrections to the energies of electrons and holes are the matrix
elements of h(k) in the corresponding basis
D
E
K/K 0
K/K 0
0
δEe,h (k) = ψe,h (k) |hβα (k )| ψe,h (k)
(3.73)
2

= 2πe

X
k0

D
E
1
K/K 0
K/K 0
0
ψe,h (k) |ρβα (k )| ψe,h (k) .
|k − k0 |

(3.74)

The basis states corresponding to electrons and holes for valley K are given
in Eq.(2.78), and for valley K 0 in Eq.(2.81). Let us decompose the density
matrix as
ρk = nk Iˆ + mk~σ ,
(3.75)
where Iˆ is the unit 2×2 matrix, ~σ is the Pauli matrices, nk is the charge
density, and mk is the pseudospin density. We have
1
nk = T rρk = 1
2
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(3.76)

for occupied states, and
1
mk = T r~σ ρk = (cosφk , −sinφk ),
2

(3.77)

which is obtained from the condition of diagonalization of the TB Hamiltonian. Then the density matrix for the occupied states is given by
!
0)
1
exp(−iφ
1
k
.
(3.78)
ρβα (k0 ) =
2 exp(−iφk0 )
1
The matrix elements of ρβα (k0 ) can be obtained by
∗(K/K 0 )

hρβα (k0 )i = ψe,h

(K/K 0 )

(k)ρβα (k0 )ψe,h

(k).

(3.79)

Using Eq.(2.78) and Eq.(2.81) and Eq.(3.79), one writes
1
hρβα (k0 )i = (1±cosγ),
2

(3.80)

where the angle γ is the angle between k and k 0 .
Then the corrections to the energies are
X 2πe2 1
δEe,h (k) = ±
(1±cosγ).
|k − k0 | 2
0

(3.81)

k

We rewrite this integral in the polar coordinate system as
Z
2πe2 1
δEe,h (k) = ± dk0
(1±cosγ)
|k − k0 | 2
Z +∞ Z 2π
1
1
2πe2
p
=±
(1±cosγ)k 0 dk 0 dγ.
2
2
02
0
4π
2
k + k − 2kk cosγ
0
0

(3.82)

Let us focus on the integral over k0 in Eq.(3.82). Let us introduce a new
0
integration variable r = kk . Then this part of the integral becomes
Z ∞
rdr
p
k
.
(3.83)
2
r + 1 − 2rcosγ
0
This integral can be solved as
h
i∞
p
p
2
2
1 + r − 2rCos[a] + Cos[a]ln r − Cos[a] + 1 + r − 2rCos[a] .
0

(3.84)
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As one can see the result diverges as ln(r) when r→∞. Therefore we choose
R = kc /k as the upper limit for the integral (where kc is large but finite).
At the lower limit (R = 0) we get a constant. We expand the integrand for
. Neglecting the constant term, we get
large r and obtain 1 + cosγ
r
Z
k
0

R

rdr

Z

p
=k
r2 + 1 − 2rcosγ

1+

cosγ
dr|R = kR + kcosγln(R)
r


= kc + kcosγln

kc
k


.

(3.85)

Neglecting the constant term kc , which is independent of k, Eq.(3.82) becomes
 
Z
e2 2π
kc
δEe,h (k) = ±
kcosγln
(1±cosγ)dγ
4π 0
k
 
e2
kc
= ± ln
k.
(3.86)
4
k
We define the correction to the Fermi velocity as
 
kc
e2
ln
δvF (k) =
.
4h̄
k

(3.87)

Then Eq.(3.86) becomes
δEe,h (k) = ±δvF (k)h̄k.

(3.88)

One can see from Eq.(3.87) that the correction to the Fermi velocity is
logarithmically divergent at k→0. This means that the Dirac cones near the
Dirac points are not exactly cones. Note, however, that at k→0 the energy
is not divergent; it converges to zero


kc
k = 0.
(3.89)
δEe,h (k) = lim ln
k→0
k

3.5
3.5.1

Discussion
The interplay of the overlap and Hubbard U

The slope of the linear dispersion in the electronic band structure of graphene
near the Dirac points is affected by the e-e interaction. In other words, the
Fermi velocity is modified. We can see from Eq.(3.56) and Eq.(3.62) that
the correction is proportional to s0 (U + 2V ) hni for both the n-neighbor and
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Models
N-neighbor model
(orthogonal
orbitals)
-with on-site
interaction
-with n-neighbor
interaction
-with nn-neighbor
interaction
N-neighbor model
(non-orthogonal
orbitals)
-with on-site
interaction
-with n-neighbor
interaction
-with nn-neighbor
interaction
Nn-neighbor model
-with on-site
interaction
-with n-neighbor
interaction
-with nn-neighbor
interaction

The Fermi velocity (m/s)
Analytical
vF =

3a
2h̄

|t0 |

vF = vF0

vF =

3a
2h̄

|t0 |

vF = vF0

vF =

3a
2h̄

|t0 |

vF = vF0

vF =

3a
2h̄

|t0 |

vF = vF0

(E0 s0 + |t0 |)

vF = vF0

[(E0 + U hni) s0 + |t0 |]

vF ≈1.114vF0

vF =
vF =

3a
2h̄

Numerical

3a
2h̄

vF =

3a
2h̄

{[E0 + (U + 2V1 )hni] s0 + |t0 |} vF ≈1.249vF0

vF =

3a
2h̄

{[E0 + (U + 2V )hni] s0 + |t0 |}

3a
vF = 2h̄
[s0 (E1 − 3t1 ) + |t0 | (1 + 3s1 )]
3a
[s0 (E1 + U hni − 3t1 )
vF = 2h̄
+|t0 | (1 + 3s1 )]
3a
vF = 2h̄ {s0 [E1 + (U + 2V1 ) hni − 3t1 ]
+ |t0 | (1 + 3s1 )}
3a
vF = 2h̄ {s0 [E1 + (U + 2V ) hni − 3t1 ]
+ |t0 | (1 + 3s1 )}

vF ≈1.350vF0
vF ≈1.054vF0
vF ≈1.168vF0
vF ≈1.303vF0
vF ≈1.404vF0

Table 3: The Fermi velocity in different TB models with interaction between
up to nn-neighbors.
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nn-neighbor models compared to the non-interacting case. For fixed U and
V , the Fermi velocity increases with increasing hni.
The Fermi velocity for different TB models with interaction between up
to nn-neighbors is listed in Table 3. We also expressed the numerical values
of these corrections in terms of the Fermi velocity in the n-neighbor model
(orthogonal orbitals) vF0 ≈106 m/s in the right column.
One can see from the table that e-e interaction affects the linear dispersion
only when the n-neighbor overlap is not zero. Once the n-neighbor overlap is
zero, electron-electron interaction will not contribute to the energy spectrum,
but only introduces a rigid shift. This can be explained as follows.
We have already seen in subsection 2.6.2 that the overlap of wave functions changes the hopping amplitude. The contribution of the n-neighbor
overlap to the new hopping amplitude depends on the on-site energy, but
the nn-neighbor overlap does not. When we consider the e-e interaction at
the MF level, we add the interaction terms as on-site terms. Therefore, e-e
interaction changes the hopping amplitude further and depends on the nneighbor overlap only. This means that the interaction is short-ranged and
occurs via the n-neighbor overlap.
We expect that the corrections to the linear dispersion of graphene,
brought about by the interplay between overlap of wave functions and on-site
repulsion, can be detected by measuring electronic and magnetic properties
of graphene, for instance, its Landau level spectrum and density of states
around the Dirac point.
3.5.2

Limitations of the mean-field Hubbard model

The most significant interaction effect so far observed in single-layer graphene
without a magnetic field is the logarithmic velocity correction near the Dirac
point [13]. However, in the above calculations all of the corrections are
linear; namely, with the MF Hubbard and extended Hubbard models, one
cannot obtain the logarithmic corrections. One can check these observations
as follows: expand any model at the Dirac point in momentum space [for
example Eq.(2.23)], and compare the linear (first) and quadratic (second)
terms. The comparison of these two terms for different TB models with
the MF Hubbard and the extended Hubbard models are listed in Table 4.
The values are also compared to the linear and logarithmic terms of the
dispersion of the advanced Hartree-Fock approximation with screening [12];
the parameters are the same as in Ref. [12] (pc = 30). All the values are
obtained for k = 0.03 Å−1 .
One can see from the Table 4 that (i ) The linear term of the dispersion
is much larger than the quadratic term in each case as we expected. (ii ) The
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Models
N-neighbor model
(orthogonal orbitals)
-with on-site interaction
-with n-neighbor interaction
-with nn-neighbor interaction
N-neighbor model (nonorthogonal orbitals)
-with on-site interaction
-with n-neighbor interaction
-with nn-neighbor inteaction
Nn-neighbor model
-with on-site interaction
-with n-neighbor interaction
-with nn-neighbor interaction
Hartree-Fock approximation
with screening [12]

Values of dispersion at k = 0.03 Å−1
Linear terms (eV) Quadratic terms (eV)
0.189783

0.000043

0.189783
0.189783
0.189783

0.000043
0.000043
0.000043

0.189783

0.000928

0.211474
0.237130
0.256255
0.200031
0.221722
0.247338
0.266503

0.000928
0.000928
0.000928
0.000614
0.000272
-0.000132
-0.000433

0.197460

0.162353

Table 4: Comparison of the linear and quadratic terms of the dispersion in
different TB models with MF interaction up to nn-neighbors.
linear terms increase when we include the e-e interaction, because the Fermi
velocity increases. (iii ) In the nn-neighbor model, quadratic terms decrease
when we add the e-e interaction. We explain these observations below.
Let us extract the quadratic term from Eq.(3.61). One can see that the
contribution of e-e interaction to the dispersion is introduced by the term
s1 [6t1 −E1 −(U +2V ) hni]. As mentioned before, the MF Hubbard model and
the extended MF Hubbard model describe short-range interaction; namely,
the interaction happens only through the n-neighbor overlap. However, there
is still an overlap between the nn-neighbors. The minus sign in front of the
interaction term might prevent the interaction between nn-neighbors directly.
The consequence is that the quadratic term makes the contribution to the
Fermi velocity more linear and short-ranged.
3.5.3

Experimental correspondence

In an advanced calculation using the Hartree-Fock approximation with screening, the Fermi velocity has a logarithmic k dependence and reaches 1.9vF0 at
a low energy scale at k = 0.03 Å−1 [12]. In our calculations, the largest
57

enhancement of 1.404vF0 is in the nn-neighbor model with nn-neighbor interaction. We can see that our treatment based on the MF Hubbard model
and the extended MF Hubbard model, which takes into account short-range
interactions, gives corrections to the linear dispersion of the same order of
magnitude as the advanced Hartree-Fock calculations. The latter, however,
give a larger correction(1.9vF0 ), which is closer to the maximum correction
observed experimentally (3.0vF0 ) [13].
However, from Ref. [13] one finds that the Fermi velocity can be well described by 1.3vF0 at high carrier concentration (1012 cm−2 ) via the measurement of the cyclotron mass in suspended graphene, and the Fermi velocity is
to be found ≤1.5vF0 for carrier concentration n > 2×1011 cm−2 [13]. It means
that enhancements between 1.3vF0 and 1.5vF0 can be found in experiments for
certain concentrations. In our calculations, in three cases (the n-neighbor
model with nn-neighbor interaction and the nn-neighbor model with both
n-neighbor and nn-neighbor interaction) the enhancements reach the values
between 1.3vF0 to 1.5vF0 (Table 3). Although we do not have logarithmic
corrections to the low energy dispersion, we have dependence on the carrier
concentration in our model (analytical expressions in Table 3). However,
these calculations are done at the half-filling and the magnitude of re-scaling
is quite reasonable quantitatively.
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4

Impurity in Graphene

As we have seen, the low energy spectrum of graphene by the n-neighbor (orthogonal orbitals) TB model is well described as the massless-Dirac-Fermion
picture with spin one-half and an additional pseudospin (sublattice) degree
of freedom. Because of this property (Dirac spectrum), the local electronic
properties of graphene can be strongly affected by impurities, especially when
the Fermi level is near the Dirac point. Therefore, it is important to understand the effect of impurity on the electronic properties of graphene. This is
the reason why these issues have been investigated by several groups, mainly
using DFT techniques [37]. Here we focus on substitutional impurities in
graphene, described by the n-neighbor (orthogonal orbitals) TB model. We
consider both the non-interacting case and the case when interactions are
included at the level of the MF Hubbard model. Our goal is to study the
interplay between the impurity potential and e-e interaction, and its effect
on the low-energy electronic properties of graphene.

4.1

Supercell method

Consider a carbon atom replaced by a substituting atom in the sublattice A
or B. We expect that the impurity strongly affects the electronic properties
of graphene. Since the density of impurities in the system is typically rather
small, the description of these properties based on a unit cell calculation is
usually not realistic.
One can construct an appropriate supercell to represent a relatively realistic impurity problem. A supercell is formed by repeating a unit cell of the
crystal along the lattice vectors. Thus a supercell contains several unit cells.
Then one can replace a carbon atom in the supercell by an impurity. Figure
4.1 shows a honeycomb lattice of graphene with a substitutional impurity in
sublattice A.
We will model the impurity as a modification of the local on-site potential
around the impurity. There are several ways to implement this strategy:
(i ) The on-site energy i of the impurity is changed, (ii ) more realistically,
also the on-site energies of the neighboring sites are changed [37], (one can
use a Gaussian potential centered at the impurity site) and (iii ) include a
non-diagonal perturbation in the Hamiltonian, the hopping energy ti to and
from the impurity site will also be changed [38]. Considering the effect of e-e
interaction, the MF Hubbard model could be added to all three cases. In this
thesis, we use the first method to model the impurity potential; namely, we
change the on-site energy i for the impurity, with e-e interaction described
at the MF level (mean-field interaction term added to all sites).
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Figure 4.1: Honeycomb lattice of graphene with a substitutional impurity.
The substitutional atom is in the sublattice A (marked by a square). (Figure
from Ref. [38])
The atomic concentration of the dopants depends on the size of the supercell [37]: with one impurity in the supercell, we have 1.0% for a 7X7 supercell
and 1.4% for a 6X6 supercell. The hopping and interaction parameters are
the same as in Chapter 2, t0 = −2.97 eV and U = 9.3 eV, respectively. A
realistic value of |Uim | = 10 eV is used for the impurity potential [37].
To observe the effects of the impurity on the electronic properties of
graphene, we can calculate the local density of states. It is a measurable
quantity that one can obtain by STM experiments. However, local density
of states on and around the impurity depends on the supercell size [37]. This
is the reason why we studied both 7X7 and 6X6 supercells.

4.2

Local density of states

Let us start by introducing the DOS. The DOS of a one-particle Hamiltonian
is a very important concept in condensed matter physics.
We have a complete set of orthonormal eigenstates |ϕi and corresponding eigenvalues En of the one-particle TB Hamiltonian of graphene. From
Eq.(2.4) and Eq.(2.5), these states can be written as
X
X X
|ϕk (r)i =
eikR |φ(r − R)i =
bu eikR |ϕu (r − R)i,
(4.1)
u

R
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R

where we use u instead of n to present a shorthand notation of all quantum numbers that specify the wave functions |ϕu (r − R)i, in order to avoid
confusion with the occupation number. bu denotes the linear-combinationof-atomic orbitals (LCAO) coefficients.
The DOS is defined as
1X
ρ(E) =
δ(E − Ek ),
(4.2)
N k
where N is the number Rof k-points in the BZ. The prefactor is chosen in such
+∞
a way that the integral −∞ dEρ(E) equals the mean number of basis orbitals
per atom. This definition provides a set of discrete peaks. For convenience,
this representation is usually transformed into a smooth and continuous DOS
function. Therefore, one typically chooses Gaussian or Lorentzian functions
instead of the Dirac delta function. For example, the Gaussian function is
defined as
2
G(x) = ae(x−x0 )/2σ ,
(4.3)
where a is the amplitude of the Gaussian and σ controls its width. In order
to obtain a better DOS function, σ is chosen in such a way that
σ = Number of atoms in the supercell/Energy mesh.

(4.4)

Let us define a new expansion coefficient buk which has k-vector dependence
X
buk = bu eikR .
(4.5)
R

Then Eq.(4.1) becomes
|ϕk (r)i =

X
buk |ϕu (r − R)i.

(4.6)

u

The new expansion coefficient must satisfy
buk = hϕu (r − R)| ϕk (r)i and

X
|buk |2 = 1.

(4.7)

u

Then a projected DOS on |ϕu (r − R)i can be defined as
ρu (E) =
with

1X
1X
|buk |2 δ(E − Ek ) =
|hϕu (r − R)| ϕk (r)i|2 δ(E − Ek ),
N k
N k
(4.8)
X
ρu (E) = ρ(E).
(4.9)
u
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This projected DOS describes the DOS weighted by the probability of an
electron in eigenstate |ϕk (r)i to reside on orbital |ϕu (r − R)i, so it is also
called the local density of states (LDOS).
The orthogonal orbitals can also be classified according to their orbital
type. If l is an angular quantum number, then an l− type orbital can be
represented by |ϕul (r − R)i. Comparing to Eq.(4.8) and Eq.(4.9), one can
define a partial density of states (PDOS) as
ρl (E) =

=

1 XX
1X
ρul (E) =
|bul |2 δ(E − Ek )
N u
N u k

1 XX
|hϕul (r − R)| ϕk (r)i|2 δ(E − Ek ),
N u k

(4.10)

with
ρ(E) =

X
ρl (E).

(4.11)

l

Note that we consider only one orbital (pz ) in this thesis.

4.3

Self-consistent calculation

In the presence of e-e interaction, described by a MF Hubbard term U hniσ i,
the on-site potential at each site depends on the occupation numbers hniσ i.
When we replace a carbon atom by an impurity, there will be a redistribution
of charges in the system. In order to capture this, one needs to perform a
self-consistent calculation.
Figure 4.2 shows a schematic of the self-consistent procedure. As a first
step, one needs to provide the initial occupation numbers. In order to do
this we perform an impurity calculation for a non-interacting system, without adding the MF Hubbard model. The initial values of spin densities, calculated from the wave functions of the non-interacting system, are plugged
in the Hamiltonian matrix and the self-consistent calculation is started. At
each cycle the Hamiltonian is diagonalized. The solutions (eigenvalues and
eigenvectors) are used to generate the new occupation numbers. The modified occupation numbers are then used as new initial occupation numbers
for the self-consistent calculation, and the procedure is repeated until selfconsistency is achieved.
The criterion for self consistency, which we used in this thesis, is
X
hnsi i − ns−1
< η,
(4.12)
i
i
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Figure 4.2: Algorithm of the self-consistent calculation.
where s is the index of the self-consistent cycle, and η is a small number; we
chose η = 10−6 in this thesis. We used a linear mixing method to reach the
self-consistency. A linear mixing of two previous charge densities
out
out
nin
,
s+1 = (1 − λ) ns−1 + λ ns

(4.13)

where s is the step as before, and λ is the mixing coefficient. The default
value of λ is 0.25, which allowed us to reach self-consistency typically less
than 100 steps.
The occupation numbers (spin density) in the self-consistent calculation
are defined as
occ
1X
hnuσ i =
|bukσ |2 ,
(4.14)
N k
where N is the number of k − points in the BZ and bukσ is the expansion
coefficient defined in Eq.(4.5) for each u and k (and with spin σ). The sum is
over all occupied states, up to the Fermi level. Here we consider the half-filled
case (Fermi level of undoped sample at the Dirac point).
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4.4

Scanning Tunneling Microscopy

STM is used for imaging surfaces at the atomic level. In general, the resolution of STM is about 0.1 nm laterally and 0.01 nm in depth [17]. Since
graphene is a one-atom-layer thick membrane, impurity effects can be studied with atomic resolution and the local spectrum can be obtained by STM
spectroscopy. Therefore, STM could be used to verify theoretical predictions
made in this work. In this section we briefly discuss the principles of STM.
A schematic view of an STM is shown in Fig.4.3. One can put an STM

Figure 4.3: A schematic view of an STM. (Figure from Ref. [17])
tip close to the sample surface and apply a bias voltage between them. There
will be a current flow through the sample because of quantum mechanical
tunneling. This current depends on the bias and on the local density of
states (LDOS) at the surface. One can map out an atomic resolution image
by monitoring the tunneling current as a function of the tip position. Using
piezoelectric elements, one can vary the tip position with great accuracy.
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The tip-to-surface distance is varied in the range of 4 to 7 Å. The STM tip
usually consists of electrochemically etched tungsten [17].
There are two ways to take the surface topographies with STM [17]. First
is the constant-current mode. In this mode, the tunneling current is maintained at a fixed value by varying the tip-to-surface distance. The produced
images provide an insight into the electronic structure at the surface. This
takes a longer time but produces a better resolution than the other method,
which is the constant-height mode. In this mode, the height of the tip is
fixed and variations in the tunneling current are measured.
The tunneling current depends on the voltage difference between the tip
and the sample. If the sample is biased by a positive voltage V , then the
electronic energy levels of the sample will be raised by an energy ∆E. Electrons will tunnel out of the occupied states of the tip into the empty states
of the sample. The tunneling current is proportional to the integral of the
LDOS of the sample up to energy EF + ∆E. By varying the bias voltage V ,
we can map out the LDOS of the sample. In this thesis ∆E is chosen to be
0.25 eV to obtain theoretical estimates of the tunneling current measured by
STM.

4.5
4.5.1

Results
The density of states and the local density of states

Figure 4.4 shows the DOS and the LDOS of the impurity atom with and
without taking into account the e-e interaction (mean-field Hubbard term)
in a 6X6 supercell. The first observation is that, there is a peak appearing in
both cases (attractive and repulsive) with and without e-e interaction, which
we do not have in pristine graphene. These are impurity states. For attractive
(repulsive) potential the peak appeared at the very left (right) of the energy
window, at -12 eV (+12 eV) for a non-interacting impurity and at -6 eV
(+15 eV) for the interacting case. In the latter (interacting) case, the peak
is closer to the pristine (L)DOS. The magnitude of the DOS is the same with
and without the Hubbard model for both attractive and repulsive impurity.
However, e-e interaction slightly decreases the local impurity states, which
can be seen in panels (a) and (d) of Fig.4.4.
By looking at a smaller energy window, we can observe better the difference in the LDOS for attractive and repulsive impurities. As one can see from
panel (b) in Fig.4.4, in the non-interacting case there are two peaks in the
LDOS located around 1.0 eV (-1.0 eV) and 2.0 eV (-2.0 eV) below (above)
zero. With the MF Hubbard model [see panel (e) in Fig.4.4], the magnitude
of these peaks is slightly increased, and the first peak below (above) zero is
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Figure 4.4: The DOS and the LDOS of graphene with attractive and repulsive
impurities at a concentration of one impurity per 6X6 supercell (72 atoms).
Left panels are for U = 0 (non-interacting case), right for U = 9.3 eV. Panels
(b,c) and (e,f) are zoom-in of the smaller energy window of panels (a) and
(d), respectively. The red and blue lines represent the Fermi energies of
doped graphene with attractive and repulsive impurities, respectively.
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Figure 4.5: The DOS and the LDOS of graphene with attractive and repulsive
impurities at a concentration of one impurity per 7X7 supercell (98 atoms).
Left panels are for U = 0 (non-interacting case), right for U = 9.3 eV. Panels
(b,c) and (e,f) are zoom-in of the smaller energy window of panels (a) and
(d), respectively. The red and blue lines represent the Fermi energies of
doped graphene with attractive and repulsive impurities, respectively.
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slightly higher than the next one.
In panels (c) and (f) in Fig.4.4, we plot the DOS and the LDOS in a small
energy window around the Dirac points of pristine graphene. The Fermi levels
for attractive (repulsive) impurities are shown with red (green) lines. In the
non-interacting case, the Fermi level is at -0.05 eV (0.05 eV), and with the
MF Hubbard model, at 4.55 eV (4.75 eV) for attractive (repulsive) impurity.
The most important feature introduced by the impurity is the resonances
close to the Dirac points [see panels (c) and (f) in Fig.4.4].
Another important feature that is already visible in Fig.4.4 (c) and (f) is
the energy gap appearing around zero in the doped case. This gap is present
in both interacting and non-interacting cases. However, it is slightly smaller
in the interacting case. We will discuss this gap in detail in the following
sections.
In the 7X7 supercell, the changes in the LDOS caused by the inclusion
of the e-e interaction are the same as in the case of the 6X6 supercell (the
decrease of impurity states and the increase in the remaining energy window).
However, the multi-peak structure below (above) the Fermi level for the
attractive (repulsive) impurity is totally different from that of the 6X6. This
can be seen in panels (b) and (e) of Fig.4.5. The Fermi level for attractive
(repulsive) potential is at -0.1 eV (0.1 eV). The same quantity with the MF
Hubbard model is at 4.55 eV (4.75 eV) [see panels (c) and (f) in Fig.4.5].
4.5.2

Band structure

The band structure shown in Fig.4.6 provides us with another way of comparing the two supercells with and without the MF Hubbard model. The
7X7 supercell has a direct band gap of 0.20 eV at the K point (Dirac point
of pristine graphene). However, in the 6X6 supercells there is no gap. As
we will show, this is due to the fact that in this case, as well as for any pXp
supercell with p = 3q (p, q integers), the K point is mapped on Γ point.
With the MF Hubbard model, the gap in the 7X7 supercell decreases. However, very interestingly, there is now a small gap opened in the 6X6 supercell.
The gap is about 0.05 eV at the Γ point. The property of the gap (attractive or repulsive) at the Γ point is opposite to that of the gap (attractive or
repulsive) opened in the 7X7 supercell at the K point.
4.5.3

Scanning Tunneling Microscopy image

As mentioned before, the STM tip probes the unoccupied states in the energy
window [EF + ∆E], where a substitutional impurity and the adjacent carbon
atoms have peaks in their LDOS. The increase of the electronic density of
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Figure 4.6: Band structure (both with and without e-e interaction) of 6X6
and 7X7 supercells. Panels (a) and (b) are for the 6X6 supercell (attractive
and repulsive impurity, respectively). Zero energy is at the Γ point in this
case. Panels (c) and (d) are for the 7X7 supercell (attractive and repulsive
impurity, respectively). Zero energy is at the K point in this case.
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states in this energy window gives rise to a bright triangular feature in the
STM image [37]. These images have two possible orientations depending on
the sublattice on which the dopant sits. These two orientations are rotated
by 180◦ with respect to each other.
Figure 4.7 shows a set of TB STM images computed for graphene with
an attractive impurity in interacting and non-interacting cases. The position

Figure 4.7: TB STM image of graphene with an attractive impurity for
6X6 and 7X7 supercells. Panels (a) and (b) are for 6X6 supercells without
and with interaction, respectively. Panels (c) and (d) are for 7X7 supercells
without and with interaction, respectively.
of the impurity in the supercell is shown in the center of the bright triangle.
For the 6X6 supercell [panels (a) and (b) in Fig.4.7] the impurity is located in
the center of the sublattice A; for the 7X7 supercell the impurity is located
in the center of the sublattice B [panels (c) and (d) in Fig.4.7]. For each
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supercell we consider the non-interacting case (left panels) and interacting
case (right panels).
Importantly, there is a noticable difference between non-interacting and
interacting cases. The impurity site is brighter in (b, d) than (a,c). This
is consistent with what we observed in Fig.4.4 and Fig.4.5. The difference
is more pronounced in the 7X7 supercell image. In particular, the adjacent
carbon atoms around the impurity are less bright in the case which includes
the MF Hubbard model.
Similar observations can be made about the calculated STM topographics
for repulsive impurity in Fig.4.8. Note that we consider a different energy

Figure 4.8: TB STM image of graphene with a repulsive impurity for 6X6
and 7X7 superstructures. Panels (a) and (b) are for 6X6 supercells without
and with interaction, respectively. Panels (c) and (d) are for 7X7 supercells
without and with interaction, respectively.
window now. The energy windows chosen for each image are (a) [0.05, 0.25]
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eV; (b) [4.75 ,5.00] eV; (c) [0.10, 0.35] eV; (d) [4.75, 5.00] eV.

4.6
4.6.1

Discussion
The local density of states in doped graphene with and without electron-electron interaction

Let us first look at the DOS and the LDOS of graphene with a single impurity without e-e interaction. Both in 6X6 and 7X7 supercells there are
impurity states appearing far below or above the Fermi level, depending on
the sign of the impurity potential [Fig.4.4 (a) and Fig.4.5 (a)]. Actually, these
states originate from impurity bands. These bands exist only because of the
impurity and they are dispersionless. They depend on the concentration of
impurities. One can see from the figures that the peaks in the LDOS corresponding to these states are smaller in the 7X7 supercell (1.0 % impurity
concentration) than in the 6X6 supercell (1.4 % impurity concentration).
These impurity states decrease and move closer to the Fermi level when we
take the e-e interaction into account [Fig.4.4 (d) and Fig.4.4 (d)]. Apparently,
the e-e interaction at the level of the Hubbard model reduces the effect of the
impurity.This results from the redistribution of charge around the impurity.
Mathematically, this is because each on-site energy is increased by an amount
U hniσ i. The occupation numbers (spin densities) hniσ i are only slightly
different for each site (hniσ i ≈0.5). However, hniσ i is very different on the
impurity site: for the attractive impurity hniσ i ≈0.82 and for the repulsive
impurity hniσ i ≈0.18 [see Fig.4.4 and Fig.4.5 (f), respectively]. Then the
consequence is that the on-site energy at the impurity site (for example
repulsive impurity, U im + 0.18U int ) is increased a smaller amount than other
sites (U im + 0.5U int ). The difference of the on-site energy at the impurity
site with neighboring sites is smaller than the non-interacting case. Thereby
the impurity effect is reduced.
The same reasoning can be used to explain the difference in STM images
with and without e-e interaction shown in Fig.4.7 and Fig.4.8. The images
without interaction appear brighter, especially the bright triangular feature
formed by the atoms around the impurity. One can make an opposite observation in a smaller energy window around the Dirac point. The peaks in the
LDOS increase when we include the e-e interaction. The peaks in panel (e)
are higher than in panel (b) in both Fig.4.4 and Fig.4.5. For single impurity without e-e interaction Ref. [37] claimed that the double-peak structure
(for the 6X6 supercell) and the multi-peak structure (for the 7X7 supercell)
above (below) the Fermi level of the attractive (repulsive) potential is a consequence of the long-range interaction between impurities, placed in adjacent
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supercells. It results from the periodicity of the supercell geometry.
If this is the case, then it is reasonable that the peaks increase when
we consider e-e interaction. Now the impurity atom not only interacts with
other impurities in the neighboring supercells, but also interacts effectively
with neighboring atoms. Thus, the strength of the interaction is enhanced
and as a consequence the peaks in the LDOS increase.
4.6.2

Band gap in doped supercells

A simple but instructive perturbation model [37] can be used to investigate
and explain how the impurity affects the band structure of graphene, and
more importantly how the e-e interaction affects the band structure of doped
graphene.
For orthogonal orbitals, the Hamiltonian in Eq.(2.17) for the n-neighbor
TB model can be written in Dirac’s notation as
X
X
|uituv hv|,
(4.15)
|uiEu hu| +
H=
u,v

u

where |ui is the state on sites u such that ϕ(r − u) = hr| ui. The values of the
TB parameters are the same as in Table 1. Without spin, there are four states
with zero energy, two for each sublattice and two for each nonequivalent
points (K and K 0 ) in the BZ. The corresponding Bloch functions can be
written as
E
X
1
eiK·u |ui,
(4.16)
KA(B) = p
NA(B) u∈A(B)
where K is the vector in reciprocal space, u is the position of site u in real
space, and NA(B) is the number of atoms in the sublattice.
Now we substitute a carbon atom by an impurity. Then the perturbation
brought about by the impurity is
H1 = |uiU im hu|, u∈A(B),

(4.17)

where U im is the impurity potential. The total Hamiltonian can be written
as
X
X
H = H0 + H1 =
|uiEu hu| +
|uituv hv| + |uiU im hu|,
(4.18)
u

u,v

where H0 is the Hamiltonian of pristine graphene in Eq.(4.15).
Let us assume that the impurity is substituted in the sublattice A. Then
the states K B and K 0B will have no amplitudes on sublattice A and these
states are eigenstates of zero energy. But K A and K 0A states need to be
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investigated carefully. We use Eq.(4.16) to calculate the possible energy gap
to lowest order in the perturbation theory caused by the impurity in the band
structure. The corresponding matrix elements are
V1A = K A H1 K A = K 0A H1 K 0A =
V2A = K A H1 K A

0

E

=

U im
U im
= 2 ,
NA
p

1
U im
exp[i(K 0 − K)·u] = 2 δK 0 −K,G ,
NA
p

(4.19)

(4.20)

where NA = p2 , because for pXp supercell, we have N = 2p2 atoms and
NA = NB = p2 atoms for each sublattice.
V2A [see Eq.(4.20)] is not zero only when the vector K 0 − K equals to a
reciprocal lattice vector G. This condition is only true for p divisible by 3,
in other words p = 3q, where q is an integer. Then the possible gap is
V A = V1A + V2A =

U im U im
± 2 δK 0 −K,G .
p2
p

(4.21)

If p = 3q, then the four states with zero energy are mapped onto the Γ
point. When we substitute one atom by an impurity, two states corresponding to B sites remain degenerate at zero energy. One can see the crossing of
the bands at the Dirac energy at Γ in Fig.4.6 (a) and (b). The other two
states, according to Eq.(4.21), have energies V A = 0 and V A = 2U im /p2 , to
lowest order in perturbation. In total, there are two plus one zero energies.
Therefore, no gap can be observed here. For the 6X6 supercell, the values of
four states are
A
V6X6
= 0.0 eV,
B
V6X6 = 0.0 eV,
(4.22)
B
= 0.0 eV,
V6X6
A
= 2·(±10)/62 eV = ±0.56 eV.
V6X6
These coincide with the values in Fig.4.6 (a) and (b).
If p is not divisible by 3, p6=3q, then the degeneracy at K and K 0 points
of the folded zone is lifted. One state remains at zero energy on the B site
( K B or K 0B ). The other states will open a gap, according to Eq.(4.21),
at V A = U im /p2 to lowest order in perturbation. For the 7X7 supercell, the
values of two states are
B
V7X7
= 0.0 eV,
A
V7X7 = ±10/72 eV = ±0.20 eV.

These values are in good agreement with Fig.4.6 (c) and (d).
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(4.23)

After we clarified how the single impurity affects the band structure of
graphene, we can consider the e-e interaction. The perturbation due to e-e
interaction is
X
H2 =
|uiU e−e ·hnuσ ihu|,
(4.24)
u

where u belongs to both A and B sublattices. Then the total Hamiltonian
can be written as
H = H0 + H1 + H2
=

X

|uiEu hu| +

u

X

|uituv hv| + |uiU im hu| +

u,v

X


|ui U e−e ·hnuσ i hu|. (4.25)

u

One can see from Eq.(4.25) that the whole band structure of the system has a
rigid shift. In order to compare the results with the non-interacting case, we
need to subtract the shift. The shift depends on hnuσ i for each site. Let us
assume that it is proportional to a quantity hn̄uσ i (an average occupation).
The energy that needs to be subtracted is U · hn̄uσ i.
We need to find the contribution of the e-e interaction to the energy
dispersion at high-symmetry points. Let us assume that all occupation numbers, except on the impurity site in the A sublattice, are approximately equal
to hn̄uσ i. By using Eq.(4.16), we get
V1A = K A H2 K A = K 0A H2 K 0A =

1 X e−e
U
(hnuσ i − hn̄uσ i)
2NA uσ

1 e−e
U
(hnuσ i − hn̄uσ i) ,
(4.26)
p2
1 X e−e
H2 K 0A =
U
(hnuσ i − hn̄uσ i)δK 0 −K,G
2NA uσ
=

V2A = K A

=

1 e−e
U
(hnuσ i − hn̄uσ i) δK 0 −K,G ,
p2

(4.27)

where 2 in the denominator stands for spin. Then the total contribution of
the e-e interaction to the energy gap caused by states K A and K 0A is
A
Vint
= V1A + V2A =

1 e−e
U
(hnuσ i − hn̄uσ i) (1±δK 0 −K,G ) .
p2

(4.28)

In the non-interacting case, K B and K 0B states have no amplitude
on the sublattice A since the impurities are substituted in the sublattice A.
However, the occupation numbers at each site around the impurity are in
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the sublattice B. The atoms which are most affected by the impurity are
its n-neighbors. So now the e-e interactions at the sublattice B will have
a contribution to the band structure of doped graphene. Let us assume
that the occupation number in sublattice B is different from hn̄uσ i only at
the n-neighbor sites of the impurity. If the impurity potential is attractive
(the occupation number is increased ≈0.82), then the n-neighbor potential
shows repulsive properties (hnuσ i < 0.5), since the occupation number on
the neighboring sites decreases according to charge conservation. We can
expect
that the interactions at these sites will open a gap proportional to
P
u∈n-neighbors of A,σ (hn̄uσ i − hnuσ i), where hnuσ i is the occupation number of
each site, and this gap has repulsive property; in other words, it looks like a
gap opened by repulsive impurity.
Repeating the same procedure that was used to obtain Eq.(4.26) and
Eq.(4.27), we get
V1B = K B H2 K B = K 0B H2 K 0B =

=

X
1 e−e
U
(hn̄uσ i − hnuσ i) ,
p2
u∈n-neighbors of A

V2B = K B H2 K B =
=

1 X e−e
U
(hn̄uσ i − hnuσ i)
2NB uσ
(4.29)

1 X e−e
U
(hn̄uσ i − hnuσ i)δK 0 −K,G
2NB uσ

X
1 e−e
U
(hn̄uσ i − hnuσ i) δK 0 −K,G .
p2
u∈n-neighbors of A

(4.30)

The total contribution of the e-e interaction to the energy gap caused by
states K B and K 0B is
B
Vint
= V1B + V2B =

X
1 e−e
U
(hn̄uσ i − hnuσ i) (1±δK 0 −K,G ) .
p2
u∈n-neighbors of A

(4.31)
For the 6X6 supercell, with the MF Hubbard model, the rigid shift for
attractive (repulsive) impurity is 4.58 eV (4.72 eV). Then the corresponding average occupation number hn̄uσ i is 0.49 (0.51) for attractive (repulsive)
impurity. The occupation number at the impurity site hnuσ i is 0.82 (0.18)
for attractive (repulsive) impurity, and the spin densities at the n-neighbor
sites of sublattice A are 0.46 (0.54) for attractive (repulsive) impurity. Now
we can use Eq.(4.28) and Eq.(4.31) to calculate the contribution of the e-e
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interaction to the band gap
A
Vint
A
Vint
B
Vint
B
Vint

= 0.0 eV,
= ∓0.17 eV,
= 0.0 eV,
= ∓0.054 eV.

(4.32)

Combining this with Eq.(4.22), the possible energy gap is given by
A
A
V6X6
+ Vint
A
A
V6X6 + Vint
B
B
V6X6
+ Vint
B
B
V6X6
+ Vint

= 0.0 eV,
= ±0.56∓0.17 eV = ±0.39 eV,
= 0.0 eV,
= ∓0.054 eV.

(4.33)

Equation (4.33) is the explanation of the result presented in Fig.4.6 (a) and
(b). The last term in Eq.(4.33) is responsible for the small gap opening.
For the 7X7 supercell, with the MF Hubbard model, the energy shift for
attractive (repulsive) impurity is 4.60 eV (4.81 eV). Then the corresponding
average occupation number hn̄uσ i is 0.49 (0.52) for attractive (repulsive) impurity. The occupation numbers on the impurity site and n-neighbor sites are
close to those in the 6X6 supercell. Again we use Eq.(4.28) and Eq.(4.31) to
calculate the contribution of the electron-electron interaction to the energy
gap
A
= 0.0 eV,
Vint
A
= ∓0.06 eV,
Vint
(4.34)
B
Vint = 0.0 eV,
B
Vint
= ∓0.018 eV.
Not all of these interactions contribute to the energy gap. In the 7X7
supercell, the degeneracy at the K and K 0 points of the folded zone is lifted.
The non-zero matrix element on the B sublattice and the zero matrix element
on the A sublattice will contribute to these bands. In fact, in the 7X7
supercell, there is a gap opened at Γ point in the presence of the MF Hubbard
term. However, it is far from the Fermi level. Figure 4.9 shows the energy
gap for attractive (b) and repulsive (a) potentials. The remaining two matrix
elements will contribute to the energy gap around the Fermi level
B
B
V7X7
+ Vint
= 0.0 eV,
A
A
V7X7 + Vint = ±0.20∓0.06 eV = ±0.14 eV.

These values are also in good agreement with Fig.4.6 (c) and (d).
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(4.35)

Figure 4.9: Band gap at Γ point in 7X7 superstructure.
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5

Conclusion

In this thesis, we studied the effects of the electron-electron interaction on the
electronic properties of graphene by using the mean-field (extended) Hubbard
model. As we expected short-range interactions have a great impact on these
properties.
The overlap of wave functions plays a crucial role in the tight-binding
approximation in both the interacting and the non-interacting case, especially
in the linear dispersion around the Dirac points. In the non-interacting case,
the overlap of wave functions modifies the hopping amplitude, which leads
to the renormalization of the Fermi velocity. Both nearest-neighbor and
next-nearest-neighbor overlap contribute to the Fermi velocity. However,
only the contribution of the nearest-neighbor overlap depends on the on-site
energy. Therefore, due to the parametrization of the tight-binding model
(E0 = 0), only the next-nearest-neighbor overlap contributes to the Fermi
velocity numerically.
In the interacting case, since the (extended) Hubbard term is added to
the on-site energy, the contribution of the electron-electron interaction to
the Fermi velocity depends on the nearest-neighbor overlap. If the overlap is
zero (orthogonal orbitals), the electron-electron interaction only introduces a
rigid shift. The contribution of the electron-electron interaction to the Fermi
velocity is of the same order of magnitude as in the long-range HartreeFock approximation and even reaches reasonable values that can be found
in experiment. However, the mean-field Hubbard model could not give the
logarithmic correction obtained in experiment. This can be checked by the
quadratic term of the expansion of the linear dispersion. It is so small that
it can be neglected. The next-nearest-neighbor overlap contributes to the
quadratic term as well. When we take into account the electron-electron
interaction, next-nearest-neighbor overlap plays such a role that prevents
interactions from happening between the next-nearest-neighbors and insures
interactions are short-ranged.
Without the overlap of wave functions, the mean-field Hubbard model can
affect the electronic properties of doped graphene, due to redistribution of the
electronic charge. We found that the electron-electron interaction reduces the
energy gap which opens in doped graphene. For a special supercell geometry
(6X6), a gap also opens due to the redistribution of charge at the sites around
the impurity. The mean-field Hubbard model also affects the local density
of states of the system. The interaction tends to create states that are more
localized around the impurity, both in terms of energy and the spatial extent.
To summarize, in the tight-binding model, with the overlap of wave
functions, short-range interactions affect the electronic properties of pristine
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graphene. Short-range interactions affect the electronic properties of doped
graphene even without overlaps. The effect is quite large and is comparable
to that obtained with the long-range Hartree-Fock approximation.
Several ideas can be further pursued and developed in the study of the
effects of short-range interaction in graphene. For doped graphene we can
consider a more realistic impurity potential (Gaussian). We can also assume
that the hopping is changed by doping. These cases, together with the meanfield Hubbard model, would give some interesting results. Other than that,
it is also valuable to investigate the role of the overlap of wave functions in
the electronic properties of doped graphene with and without interaction.
Furthermore, exploring what happens away from half-filling could be a very
interesting line of research, possibly leading to the discovery to the discovery
of the other non-trivial effects caused by impurities.
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A

Calculation of the Dispersion Relations

A.1

Nearest-neighbor model (orthogonal orbitals)

One can write Eq.(2.68) in a compact form
!
!
E0 t0 f (k)
b1
=
(k)
t0 f ∗ (k)
E0
b2

b1
b2

!
(A.1)

One can solve the eigenvalue problem by calculating the determinant of the
Hamiltonian
(k) = det(H) =

A.2

E0 t0 f (k)
= E0 ∓t0 |f (k)|
t0 f ∗ (k)
E0

(A.2)

Nearest-neighbor model (non-orthogonal orbitals)

We rewrite the Eq.(2.84)
(k)

!
1 s0 f (k)
s0 f ∗ (k)
1

b1
b2

!
=

!
E0 t0 f (k)
t0 f ∗ (k)
E0

b1
b2

!
.

(A.3)

This is a generalized eigenvalue problem
(k)Sϕ = Hϕ.

(A.4)

In order to solve this equation, one has to find the inverse matrix of S,
and then multiply both sides from the left by S −1 , and obtain
(k)ϕ = S −1 Hϕ.

(A.5)

The inverse matrix S −1 obtained by calculations as
(S)−1

1
=
det(S)

!
1 −s0 f (k)
,
−s0 f ∗ (k)
1

(A.6)

where the determinant of matrix S is
det(S) = 1 − s20 |f (k)|2 .

(A.7)

Then the right-hand side of Eq.(A.5) becomes
1
S −1 H =
det(S)

E0 − t0 s0 |f (k)|2

!
(t0 − E0 s0 ) f (k)

(t0 − E0 s0 ) f ∗ (k) E0 − t0 s0 |f (k)|2
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(A.8)

Let us define a new quantity H 0 = S −1 H, then Eq.(A.5) becomes
(k)ϕ = H 0 ϕ.

(A.9)

Then the eigenvalue problem can be solved by calculating the determinant
of the Hamiltonian H 0
(k) = det(H 0 ) = det(S −1 H) =

E0 − t0 s0 |f (k)|2 (t0 − E0 s0 ) f (k)
1
det(S) (t0 − E0 s0 ) f ∗ (k) E0 − t0 s0 |f (k)|2

=

A.3

E0 ∓t0 |f (k)|
1∓s0 |f (k)|

(A.10)

Next-nearest-neighbor model

We rewrite Eq.(2.92)
!
1 + s1 g(k)
s0 f (k)
s0 f ∗ (k) 1 + s1 g(k)

!

!
!
E1 + t1 g(k)
t0 f (k)
b1
(k)
=
.
t0 f ∗ (k) E1 + t1 g(k)
b2
(A.11)
We use the same procedure in subsection A.2 to solve this generalized eigenvalue problem.
First we find the inverse overlap matrix
!
−
[1
+
s
g(k)]
s
f
(k)
1
1
0
,
(A.12)
(S)−1 =
∗
det(S)
s0 f (k) − [1 + s1 g(k)]
b1
b2

where the determinant of the overlap matrix S is
det(S) = s20 |f (k)|2 − [1 + s1 g(k)]2 .

(A.13)

We multiply on both sides of Eq.(A.11) by the inverse matrix, and obtain an
eigenvalue problem as follows
!
!
b1
b
1
(k)
= H0
.
(A.14)
b2
b2
The four matrix elements of H 0 are
1 
− [E1 + t1 g(k)] [1 + s1 g(k)] + s0 t0 |f (k)|2
h1 |H 0 | 1i =
det(S)
1
h1 |H 0 | 2i =
{(s0 E − t0 ) f (k) + (s0 t1 − t0 s1 ) f (k)g(k)}
det(S)
1
h2 |H 0 | 1i =
{(s0 E − t0 ) f ∗ (k) + (s0 t1 − t0 s1 ) f ∗ (k)g(k)}
det(S)
1 
h2 |H 0 | 2i =
− [E1 + t1 g(k)] [1 + s1 g(k)] + s0 t0 |f (k)|2
det(S)
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(A.15)

One can solve the eigenvalue problem Eq.(A.14) by finding the determinant of H 0
E1 + t1 g(k)∓t0 |f (k)|
(k) = det(H 0 ) =
.
(A.16)
1 + s1 g(k)∓s0 |f (k)|
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B

Second Quantization in Non-orthogonal Basis

The second quantization language and the Hubbard model (and the extended
Hubbard model) in an interacting system which we introduced in Section
3.1, are all developed in orthogonal basis. One can see from Eq.(3.36) and
Eq.(3.37) that the interaction term should be added to the on-site energy of
the Hamiltonian in orthogonal basis, and for example, for the Hubbard term,
it has the form U · hniσ i.
However, the overlap of wave functions plays an essential role in the shortrange interaction. Therefore, we need to know how the Hubbard model (and
the extended Hubbard model) should look like in non-orthogonal basis and
how the interaction term should be added to the on-site energy. For this
derivation we used Ref. [39].
Let us consider a TB model with the Hubbard term in second quantization form. We will assume that there are two bases: orthogonal and nonorthogonal, that can be related by the Löwdin transformation. Orthogonal
basis {|ψi i} satisfies
hψi | ψi i = δij .
(B.1)
Non-orthogonal basis {|χi i} satisfies
hχi | χi i = Sij 6=δij .

(B.2)

+
The corresponding creation and annihilation operators are c+
iσ (ciσ ) and aiσ
(aiσ ).
The bases are transformed as follows
X −1/2
|ψi i =
Sil |χl i ,
l

(B.3)

X 1/2
|χl i =
Sli |ψi i .
i

The corresponding creation (annihilation) operators are related as follows
X −1/2
X −1/2
c+
Sli a+
Sil al ,
i =
l , ci =
l

a+
i

l

X 1/2
=
Sil c+
i ,

al =

i

X

1/2

(B.4)

Sli ci .

i

Now let us consider the n-neighbor TB model in non-orthogonal basis.
We know that the eigenvalue problem is
(k)Sϕ = Hϕ.
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(B.5)

We can transform this into an ordinary eigenvalue problem by either multiplying by S −1 or by the Löwdin transformation.
To the first order in s0 (s20 ≈0), the Hamiltonian matrix in Eq.(A.8) becomes
!
2
E
−
t
s
|f
(k)|
(t
−
E
s
)
f
(k)
0
0
0
0
0
0
H0 =
.
(B.6)
(t0 − E0 s0 ) f ∗ (k) E0 − t0 s0 |f (k)|2
It is easy to show that f (k)f ∗ (k) = 3+g(k), where g(k) is the nn-neighbor
TB model phase factor; so we have
!
E
−
3t
s
−
t
s
g(k)
(t
−
E
s
)
f
(k)
0
0 0
0 0
0
0 0
.
(B.7)
H0 =
∗
(t0 − E0 s0 ) f (k) E0 − 3t0 s0 − t0 s0 g(k)
Now the new on-site energy is E 0 = E0 − 3t0 s0 , the new n-neighbor hopping
is t00 = t0 − E0 s0 and the additional nn-neighbor hopping is t1 = −t0 s0 . We
can always write this Hamiltonian in second quantization form
X
X
X
H0 =
E 0 c+
t00 c+
t1 c+
(B.8)
i ci +
i cj +
i ci .
i

hi,ji

hhi,jii

When we introduced our MF Hubbard term, we assumed that we can add
U hni directly to the on-site energy. So in the end we get
X
X
X
+
0
H0 =
(E 0 + U hni) c+
c
+
(t
−
U
hni
s
)
c
c
+
t1 c+
(B.9)
i
0
j
0
i
i
i ci .
i

hi,ji

hhi,jii

Let us now approach the problem from a different angle. Suppose we take
the n-neighbor TB model in orthogonal orbitals, transform it into orthogonal
basis and write it in second quantization form (same step as above)
X
X
X
H̃ =
Ẽ 0 c+
t̃00 c+
t̃1 c+
(B.10)
i ci +
i cj +
i ci .
i

hi,ji

hhi,jii

We write Ẽ 0 , t̃00 and t̃1 since we keep s20 in this case.
Now we use Eq.(B.4). We add an on-site Coulomb term (Hubbard term)
in non-orthogonal orbitals
X
+
(B.11)
U el = U
a+
p↑ ap↓ ap↑ ap↓ .
p

We want to see how this term will be altered when we transform it into
orthogonal basis. First, we do the decoupling
X

+
(B.12)
U el = U
hnp↓ i a+
p↑ ap↑ + hnp↑ i ap↓ ap↓ ,
p
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with hnp↓ i = hnp↓ i = hni. Then we do the Löwdin transform
X 1/2
=
a+
Sip c+
pσ
iσ ,

(B.13)

i

and
apσ =

X 1/2
Spj cjσ .

(B.14)

j

Then Eq.(B.12) becomes
XX 1/2 1/2
X
U el = U hni
Sip Spi c+
c
=
U
hni
Sij c+
jσ
iσ
iσ cjσ .
pσ

ij

(B.15)

σij

P 1/2 1/2
Here we used the fact that Sij = p Sip Spj .
Sij has three possible values

i = j±1

 s0
1
i=j .
Sij =

 0 otherwise

(B.16)

Therefore, we have two terms due to U el . If i = j, then the additional onsite energy is U hni. If the i = j±1, then the additional n-neighbor hopping
amplitude is U hnis0 . This is the same correction as in Eq.(B.9), in which we
assumed s20 ≈0. So to the first order in s0 , the result is the same.
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