Post-Correction of
Analog-to-Digital Converters
Henrik Lundin

TRITA–S3–SB–0324
ISSN 1103-8039
ISRN KTH/SB/R - - 03/24 - - SE

Signal Processing
Department of Signals, Sensors and Systems
Royal Institute of Technology
Stockholm, Sweden, 2003

Submitted to the School of Electrical Engineering, Royal Institute of
Technology, in partial fulﬁllment of the requirements for the degree of
Technical Licentiate.

c Henrik Lundin, 2003
Copyright 
Post-Correction of Analog-to-Digital Converters
Signal Processing Group
Department of Signals, Sensors and Systems
Royal Institute of Technology (KTH)
SE-100 44 Stockholm, Sweden
Tel. +46 8 790 6000, Fax. +46 8 790 7260
http://www.s3.kth.se

Abstract
This thesis deals with digital post-correction of analog-to-digital converters (ADCs). The performance of practical ADCs is deteriorated by nonidealities and ﬂaws in the converter. Methods for mitigating these errors
by applying digital signal processing to the output of the converter have
been proposed in the past. These methods are often referred to as postcorrection methods. This work is mainly concerned with post-correction
methods based on look-up tables.
Practical ADCs often exhibit dynamical error behavior, meaning that
the error is dependent on the dynamics of the input signal. In this thesis
an extension of previously proposed post-correction methods is proposed.
The method uses the present sample in conjunction with a number of
past samples to form the table index. In order to reduce the number
of index bits, and thereby the size of the table, the method comprises a
‘bit mask’, which selects a subset of the available bits to be used in the
index. Evaluations using experimental ADC data show that the proposed
method improves the converter performance, but also that the choice of
index bits has a signiﬁcant impact on the outcome of the correction.
The incorporation of a bit mask enables an analysis of the eﬀect of
diﬀerent bit masks. The analysis results in a framework for comparing
diﬀerent correction tables.
The framework is then applied in an optimization problem. The goal
is to ﬁnd the best allocation of a ﬁxed number of index bits. Two diﬀerent criterions are applied: minimization of the total harmonic distortion
and maximization of the signal-to-noise and distortion ratio. The results
of the optimization, performed with experimental data, show that the
optimal bit allocation is diﬀerent depending on which criterion is used.
Moreover, the performance of a correction scheme deteriorates only slowly
with decreasing table size, if appropriate index bits are selected.
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Chapter 1

Introduction
This work deals with the subject of digital post-correction of analog-todigital converters. The fundamental observation, upon which this work
is motivated, is that practical analog-to-digital converters are prone to
produce errors, i.e., deviations from the ideal operation. The term ‘postcorrection’ indicates that the correction methods considered in this work
are applied after the converter, thus operating on the digital signal provided from the output. One of the constraints for this work is therefore
that the internal signals and states of the analog-to-digital converter under consideration are unavailable to us. The goal of the correction is,
naturally, to make the corrected output from the converter more true to
the ideal output, in some sense; as we will see later on, there are many
ways to measure the performance of a converter.
This chapter introduces the analog-to-digital converter, henceforth
also referred to as A/D converter or simply ADC. First, the properties
and theory of operation of the ideal ADC is introduced in Section 1.1,
where also some common non-idealities encountered in practical ADCs
are discussed. In Section 1.2, three frequently used ADC implementations
are brieﬂy described; these are successive approximation, (pipelined) ﬂash
and sigma-delta type ADCs. In Section 1.3, some performance measures
that will be used throughout this thesis are deﬁned.
The remaining chapters of the thesis are outlined in Section 1.4. Finally, Sections 1.5 and 1.6 list some of the notations and acronyms used
in this work.

2

1.1

1 Introduction

The Analog-to-Digital Converter

In this section, the theory of operation of an ADC is described, starting
with the ideal ADC.

1.1.1

Ideal Converter

An A/D-converter is an intricate electronic device. The theory of operation for an ideal b-bit converter is nevertheless straightforward to explain.
The converter has a continuous-time input signal, say s(t). This signal
can assume any real value, possibly conﬁned to be within some limits, i.e.,
s(t) is continuous in amplitude as well. The analog-to-digital conversion
is then a quantization in time and amplitude, such that for every time
instant n Ts , where Ts is the sampling period and n is the running sam−1
ple index (integer), an output xi from a ﬁnite set {xj }M
j=0 is produced.
b
Here, M = 2 is the number of quantization levels or possible output
codes. The A/D-converted version of the input s(t) can be represented
−1
with the discrete-time signal x(n) ∈ {xj }M
j=0 . It is common to divide the
ideal ADC device into two parts: an ideal sample-and-hold device and an
ideal quantizer, see Figure 1.1. This structure is not only mathematically
convenient, it is also consistent with some practical ADC architectures
(cf. Section 1.2).
ADC
quantizer
s(t)

s(n)

{Sj }

i(n)

{xj }

x(n)

fs
Figure 1.1: A model for the ideal AD converter.
The ideal sample-and-hold (S/H) device is merely a device that samples the input signal at given time instants. Usually these time instants
occur periodically at rate fs Hz, i.e., with interval Ts = 1/fs s, thus sampling the input at time n Ts for all integers n. The output from the S/H
is s(n Ts ) for n Ts ≤ t < (n + 1) Ts , until the next sampling instant, when

1.1 The Analog-to-Digital Converter

3

it changes to the new value s((n + 1) Ts ). The output can be represented
by a discrete-time signal1 s(n)  s(n Ts ). The operation of an ideal S/H
is illustrated in Figure 1.2. The well-known mathematical theory of sampling [PM96, OWN97], including the sampling theorem and the concept
of aliasing, applies to the ideal S/H device.

t
(a)

n
(b)

Figure 1.2: The operation of an ideal S/H device (left). The value of the
input signal s(t) (dashed) at the sampling instant is held until the next
sampling instant, producing a piecewise constant output signal (solid).
The output signal can be represented with a discrete-time signal s(n)
(right).
Figure 1.3 illustrates the operation of an ideal quantizer, in this case
a 3-bit quantizer. In general, b-bit quantization is often represented as
a two-step mapping, as shown in Figure 1.1. In the ﬁrst step the sampled signal value s(n) is mapped through a noninvertible mapping into
an index i ∈ {0, 1, . . . , M − 1}. The index production is deﬁned by a
−1
partition of the real line into disjoint sets {Sj }M
j=0 , or quantization regions, and if the input signal s(n Ts ) falls into the region Si , then the
index i is produced. The vast majority of practical ADCs are designed
to have quantization regions of equal size. These quantizers are referred
to as uniform or linear. The boundary between two adjacent regions is
called a code transition level and the width of a region, i.e., the diﬀerence
between two neighboring code transition levels, is denoted the code bin
1 It can be argued that this notation is ambiguous; does ‘s(n)’ mean s(t) for t = n T
s
or t = n? Alternative notations exist, including square brackets or subscript indices
for discrete-time signals. However, throughout this thesis we will use the notation
introduced here, and it should be clear from the context whether continuous-time or
discrete-time signals are considered.
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Figure 1.3: Ideal 3-bit quantizer.
width ∆. In the second step the index i is mapped through an invertible
−1
M −1
mapping to an output value xi ∈ {xj }M
j=0 , where {xj }j=0 is the set
of all possible output values. Sometimes the output value xi is denoted
reconstruction level and {xj } the codebook.
It is convenient to denote the b-bit quantization operation with the
operator Qb [·]. The operator can be deﬁned as s ∈ Si ⇒ Qb [s] = xi , with
the notation introduced above. Using this operator, the ADC output
signal can be written in a compact manner as x(n) = Qb [s(n Ts )].
Quantization Error
In an ideal A/D converter, the only error in the output signal is the
quantization error, here denoted eq (n). The quantization error is deﬁned
as
(1.1)
eq (n) = x(n) − s(n) = Qb [s(n)] − s(n).
When analyzing the quantization error it is common to regard the error
as random [PM96, WKL96, Wal99, Gra90]. In general the quantization
error is correlated with the quantizer input s(n), especially when s(n) is
constant or slowly varying. However, under certain conditions eq (n) will
assume more tractable properties.
In [PM96] it is claimed (but not proved) that when the code bin width
is small and when the input sequence s(n) traverses several quantization
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levels between two successive samples, then the following properties apply:
1. eq (n) is uniformly distributed over (−∆/2, ∆/2), thus having zero
mean and variance ∆2 /12.
2. The error sequence {eq (n)} is a stationary white sequence, i.e.,
E{eq (n)eq (m)} = 0 for n = m.
3. eq (n) is uncorrelated with the signal s(n).
On the other hand, in [Gra90] it is argued that, for a random input s(n)
with probability density function (PDF) fs (s), the approximation that
eq (n) is uniform and white is valid only when:
1. The signal is uniformly distributed.
2. The signal is kept within the full-scale range of the quantizer.
3. The number of quantization levels is large.
4. The code bin width is small.
5. The PDF fs (s) is smooth.
In [WKL96], yet alternative conditions are stated. These conditions
are based on the PDF fs (s) of the input s(n) and the characteristic
function (CF) Φs (u) = F{fs (s)}. It is shown2 that the quantization
noise eq (n) is exactly uniform, with zero mean and variance ∆2 /12, if
the CF is ‘band-limited’ so that Φs (u) = 0 for u > π/∆. Also, when
the same condition is met, the quantization noise is uncorrelated with
the input. The results are further developed to a pseudo quantization
noise model, where quantization is approximated with addition of an
independent uniformly distributed noise epqn (n) (again with zero mean
and variance ∆2 /12); these two models are not equal, but under the above
condition it can be shown that all moments and joint moments correspond
exactly for Qb [s(n)] and s(n) + epqn (n). The ideal b-bit quantizer is
contrasted with the pseudo quantization noise model in Figure 1.4.
Regarding the whiteness of the quantization error it is shown in
[WKL96] that when the joint CF of s(0), s(1), . . . , s(N − 1),
Φs(0), s(1), ..., s(N −1) (s0 , s1 , . . . , sN −1 ),
2 An

alternative, but closely related, condition is also given in [WKL96].
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Qb [s(n)]

s(n)
Qb
(a)

s(n)

s(n) + epqn (n)

epqn (n)
(b)

Figure 1.4: A statistical model for quantization. The ideal b-bit quantizer (top ﬁgure) is contrasted with the pseudo quantization noise model
(bottom ﬁgure). The noise epqn (n) is uniformly distributed, white and
zero-mean with variance ∆2 /12, and is independent of s(n). The two
models are not equal, but under some conditions all moments and joint
moments correspond exactly.

is ‘band-limited’, i.e., zero when |sk | > π/∆ for all 0 ≤ k ≤ N − 1,
the samples of eq (n) are independent of each other over time. Hence, the
quantization error is a uniformly distributed, white, random process with
zero mean and variance ∆2 /12, independent of the input process.
The quantization noise eq (n) is in general not statistically independent of the input signal s(n), since the (ideal) quantizer provides a deterministic mapping from s(n) to x(n), and thus also to eq (n). However,
in [Gra90] it is proved that when an independent, identically distributed
process w(n) is added to a quasi-stationary 3 input process before quantization, then the error eq (n) is indeed independent of the input signal
s(n).
In addition to the approaches mentioned above, a deterministic derivation is possible [PM96], at least for sinusoid inputs. The calculations
conclude that the root-mean-square (rms) of the quantization error is
∆2 /12, which is consistent with the probabilistic results above.
3 See

e.g., [Gra90] for definition. The class of quasi-stationary processes includes
both deterministic processes with convergent and bounded sample means and autocorrelations, as well as stationary random processes.
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Coding
In practical A/D converters, the output from the quantizer, xi , is coded
in some way. The process of coding assigns a unique binary number to
each possible output state of the quantizer. It is in the coding process
that the actual ‘bits’ of the converter comes in. For a converter with
M = 2b quantization levels, we need (at least) a b-bit binary number to
associate each level with a unique code. A number of diﬀerent binary
coding systems exists [PM96], e.g. sign-magnitude, one’s and two’s complement, etc. In this thesis we will not deal with coding of the quantized
samples, except for Chapter 3 where bit-allocation is analyzed and binary
coding and bits comes in naturally. Elsewhere it suﬃces for our purposes
to consider the quantized values {xj }.

1.1.2

Non-Ideal Converters

Practical converters are of course impaired by various types of errors and
ﬂaws. The sources of errors are numerous, and only a subset is mentioned
here.
The ﬁrst, and perhaps most obvious error is erroneous code transition levels, e.g., when a quantizer designed to be uniform becomes nonuniform. This is illustrated in Figure 1.5. Transition level errors often
occur in converters utilizing a resistance ladder (e.g., ﬂash converters, see
Section 1.2) when the resistances are mismatched.
For converters incorporating an S/H device, this can be an origin of
errors. The ideal S/H device is assumed to have zero switching time,
i.e., the signal is sampled during an inﬁnitely short sampling instant.
However, practical circuits always have a certain switching time, over
which the input signal is averaged. This is referred to as the aperture
time. Also related to the S/H device is the aperture uncertainty, also
known as timing jitter. This is the random deviation of the sampling
instant from the nominal time. Let us assume that the sampling instant
deviates from the nominal instant ts by some (small) time δ, and that we
are sampling a sine wave with amplitude A and frequency f . Then, our
sample, before quantization, will be
s = A sin(2πf (ts + δ))
= A sin(2πf ts ) cos(2πf δ) +A cos(2πf ts ) sin(2πf δ)
  
  
≈1

≈ A sin(2πf ts ) + 2πf δA cos(2πf ts ).

≈2πf δ

(1.2)

1 Introduction
OUTPUT DIGITAL LEVEL

8

7
6
5
4

-1

1
ANALOG INPUT
2
1
0

Figure 1.5: A 3-bit quantizer with non-uniform code bins.

Thus, the eﬀect of timing jitter will be a signal dependent noise, increasing in amplitude with the signal frequency f .
Other examples of error sources in A/D converters are distortion in
the analog signal path, charge injection from the switch transistors [Jes01]
and comparator thermal storage of signal history [WKN75].
Another way of classifying errors in the ADC output is to designate
them as either systematic or random. Systematic errors are those that
are deterministic or deterministically correlated to, for instance, the input
signal, while an example of random errors is thermal noise.

1.2

ADC Architectures

In this section a brief description of three widespread ADC types is given.
These are the successive approximation, the ﬂash and the sigma-delta
converters. The following descriptions are only intended as introductory
examples to the ﬁeld of A/D converters, and are in no way comprehensive;
the reader should turn to the literature for an exhaustive theory, e.g.,
[Jes01, PM96, vdP94, Jon00, NST97]. The theory given here is however
more than suﬃcient for the material to be presented in the following
chapters.

1.2 ADC Architectures

1.2.1

9

Successive Approximation

Successive approximation converters (SA-ADC) determine the digital
output through the successive approximation algorithm. Figure 1.6 shows
the layout of an SA-ADC consisting of a sample-and-hold circuit, a comparator, a slave D/A converter and control logic. The control logic alters
the output code, starting with the most signiﬁcant bit (msb) and continuing through to the least signiﬁcant bit (lsb), so that the diﬀerence
between the output of the slave DAC and the analog input is minimized.
In each clock cycle one more output bit is determined. Thus, a b-bit
SA-ADC requires b clock cycles to complete the conversion. Under the
assumption of an ideal comparator, the performances of the SA-ADC are
identical to those of the DAC [Jes01].
Variations of the successive approximation converter exists, including
the subranging SA-ADC and pipelined SA-ADC [Elb01].
Vin

S/H
Comp.

Logic
b

b-bit output

ADC
Figure 1.6: Typical successive approximation ADC.

1.2.2

Flash and Pipelined Flash Converters

The ﬂash converter is the only converter that truly operates in one clock
cycle. In Figure 1.7 a fully parallel ﬂash converter structure is shown.
The converter consists of a resistance ladder, an array of 2b − 1 comparators and an encoder. The endpoints of the resistance ladder deﬁnes the
input range of the ADC, while the intermediate points deﬁne the code
transition levels. The input voltage Vin is simultaneously compared with
all code transition levels in the comparators array. If Vin exceeds the k-th
transition level, the k-th comparator output will be ‘1’ (high, set, etc.),
else it will be ‘0’. In the ideal case, i.e., when the resistance ladder and
comparators array is without ﬂaws, the output from the comparators will
be thermometer-coded [Jes01] in 2b bits. Finally, the encoder maps the
highly redundant thermometer code to a b-bit binary-coded word.
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Vref+

Vin

R
R
Encoder

R

b-bit output

R
R

Comparators
array

Vref–
Figure 1.7: Flash converter.
Flash converters can be made to work very fast; sample rates up to
8 giga-samples per second (GSPS) have been reported [BJBW96,Wal99].
The major drawback, on the other hand, is that the number of comparators grow exponentially with the number of bits b. This implies an
exponential growth on both chip area and power consumption, putting a
practical constraint on pure ﬂash converters at about 10-bits.
Several ways to mitigate this problem have been proposed, of which
probably the most common is the pipelined ﬂash architecture, depicted
in Figure 1.8. The pipelined ﬂash ADC is formed by several ﬂash ADCs
in cascade, each having a rather low resolution. The quantized output
from each stage is digital-to-analog converted back to an analog voltage,
and the residue is formed. This residue is ampliﬁed and passed on to the
next pipeline stage. Since each stage begins with a S/H device the data
is propagated one stage every clock period. Hence, the conversion time
is longer than for a fully parallel ﬂash, but, the sample rate is the same;
every clock cycle a new sample is produced. Pipeline converters of 14
bits and 80 MSPS (e.g., [AD6645–02]) are commercially available today.
In the non-ideal case, imperfections in the internal ADC stages, DAC
stages or interstage gain will result in diﬀerent kinds of error characteristics. Due to the recursive structure of a pipelined converter, the transfer
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Stage 1
Vin

−

S/H

ADC

Stage 2

Stage K

b2

bK

b1
+ 2

DAC

b1
Correction logic

b-bit output
Figure 1.8: A K-stage pipelined ﬂash converter with correction logic.
function can display repetitive error patterns and shifted regions. It is
common to implement pipelined converters with internal correction. By
extending the range of the internal ADCs and DACs, mismatch errors in
the ADC stages are intercepted. The output bits of the internal stages
are augmented with overlapping bits; a 10-bit converter can for example be implemented as 4–3–3–3, i.e., using four stages with four bits in
the ﬁrst and three bits in the subsequent stages. Refer to [Jes01] for an
elaborate discussion on error behavior and internal correction strategies.

1.2.3

Sigma-Delta Converters

A special form of ADC converters are sigma-delta converters. Figure 1.9
shows an outline of a generic sigma-delta converter. This special type of
ADCs work with oversampling so that the bandwidth of the input signal
is (much) less than fs /2. In its most basic form, the sigma-delta converter
contains a one-bit ADC and DAC. The decimator then produces a higherresolution digital output word by averaging several one-bit samples, in
addition to reducing the data rate. The loop ﬁlter provides ‘noise shaping’
and can be used to improve stability of the feedback loop. Thorough
descriptions and analyses are found in the literature, e.g., [NST97] and
[Jes01].
Sigma-delta converters are highly linear converters but applications
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Vin
+

−

Loop
ﬁlter

b-bit
output
A/D

Decimator

D/A
fs
Figure 1.9: A generic sigma-delta ADC. The A/D and D/A converters
are in the simplest form of sigma-delta converters implemented as one-bit
converters.
are limited to rather narrow-band signals, owing to the oversampling.

1.3

Characterizing A/D Converter Performance

In order to be able to tell how “good” an ADC is, we must have measures and ﬁgures of merit. We are mainly concerned with the linearity of
the ADC. At ﬁrst glance it seems reasonable to believe that it suﬃces to
consider the error introduced by the sampling and quantization, i.e., to
look at x(n) − s(nTs ), or some function thereof. This is the case when
calculating the signal-to-noise and distortion ratio (SINAD). However,
other characteristics can be more important, depending on the application, converter architecture, etc.
The IEEE Standard 1241, “Standard for Terminology and Test Methods for Analog-to-Digital Converters”, [Std1241–00], provides a consistent set of terms, deﬁnitions and test methods for ADCs. The standard
is intended to be applied when specifying, characterizing and evaluating
ADCs. The measures below are all deﬁned in the standard.
In the deﬁnitions below we will use the following notation:
s(t) Continuous-time input to the ADC. This will typically be a spectrally pure, large amplitude (near full-scale) sine wave, s(t) =
A sin(2πf0 t + φ) + C, with C and A chosen so that the signal is
centered within and spans a major part of the ADC input range
(FSR). The phase φ is arbitrary.
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x(n) The output sequence from the ADC under test. This sequence will
often be assumed to be of ﬁnite length N , so that we have a data
batch x(0), x(1), . . . , x(N − 1).
š(n) A least-squares sine wave ﬁt to the data x(n). This is our estimate
of the actual input signal. (Standardized sine-wave ﬁtting methods
are described in the literature [Std1241–00, Std1057–94, Hän00].)
X(fd ) The discrete Fourier transform (DFT) of the ADC output x(n)
for n = 0, 1, . . . , N − 1. 4
Figure 1.10 shows a typical ADC output spectrum. The spectrum
is based on experimental data from an Analog Devices AD876, 10-bit,
20 MSPS pipelined ﬂash converter [AD876–97], exercised with a 3.57 MHz
sine-wave input. The measures pointed out in the ﬁgure will be described
below.

1.3.1

Signal-to-Noise and Distortion Ratio (SINAD)

The signal-to-noise and distortion ratio is the ratio of the root-meansquare (rms) signal amplitude to the rms noise. Thus, with

Pnoise =

N −1
1 
(x(n) − š(n))2
N n=0

1/2
(1.3)

being the rms noise, we have
SINAD = 20 log10 √

A
2Pnoise

[dB].

(1.4)

For an ideal ADC, the only origin of noise is the amplitude quantization. We saw in Subsection 1.1.1 that for a uniform quantizer the
quantization noise can (under certain conditions) be modeled as a uniformly distributed random process
with power ∆2 /12, so that the ideal
√
rms quantization error is ∆/ 12. Inserting this into (1.4), the SINAD
for an ideal uniform ADC is
√
√
6A 2b
6A
= 20 log10
[dB].
(1.5)
SINADideal = 20 log10
∆
FSR
4 In [Std1241–00] the quantity X
avm (fd ) is used, and denotes the average magnitude
of the DFT at the discrete frequency fd . The averaging is performed by taking several
N -point data records, under the same test conditions, and taking the average of the
magnitude of the DFT at fd , that is |X(fd )|.
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fs=20.48 MHz, f0=3.57 MHz
SFDR = 69.3 dB
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Figure 1.10: Typical output spectrum of an ADC, this being from an
Analog Devices AD876. The fundamental frequency f0 and the nine ﬁrst
harmonics (after aliasing) are labeled. Various performance measures are
also stated in the ﬁgure.

In the last equality, the relation ∆ = FSR/2b was used, where FSR
denotes the full-scale range of the ADC. From (1.5) it is apparent that
every additional bit increases the SINAD of an ideal ADC by 20 log10 2 ≈
6 dB, which is a well known rule of thumb [Wal99, Wep95].

1.3.2

Eﬀective Number of Bits (ENOB)

The eﬀective number of bits is related to the SINAD of the ADC. In
(1.5) the relation between the number of bits b and the SINAD of an
ideal ADC was given. For a practical converter the SINAD will be lower.
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Thus, by solving for b in (1.5), we get
ENOB =

log2 10
FSR
SINAD + log2 √ .
20
6A

(1.6)

The eﬀective number of bits should be interpreted as the number of bits
required in an ideal converter to achieve a certain SINAD.

1.3.3

Spurious Free Dynamic Range (SFDR)

While the ﬁrst two performance measures have been related to the total
noise, the last two will be related to certain spectral components of the
ADC output signal. The converter under test is still supposed to be
exercised with a spectrally pure, large amplitude sine wave. Furthermore,
the fundamental frequency f0 of the test signal is now supposed to align
with a DFT bin frequency and to be concurrent with the conditions for
coherent sampling. These are given in [Std1241–00, §4.1.4.5] as
f0 =

J
fs ,
N

(1.7)

where J is an integer which is relatively prime to the record size N . The
condition of J and N being relatively prime means that J and N have
no common factors; when N is a power of 2, then any odd J meets this
condition.
The spurious free dynamic range is the ratio of the magnitude of the
DFT at the fundamental signal frequency and the magnitude of the DFT
at the largest harmonic or spurious signal component observed over the
full Nyquist range, that is,
SFDR = 20 log10

|X(f0 /fs )|
max |X(fd )|

[dB].

(1.8)

fd =f0 /fs

The SFDR is in most practical cases dependent on both signal frequency
and amplitude as well as sampling frequency. Therefore, these parameters
should be speciﬁed along with the SFDR. Spurious free dynamic range
indicates the usable dynamic range of an ADC. In the likely scenario
of detecting two (or more) separate signals of diﬀerent amplitude, the
SFDR indicates the maximum feasible ratio between the stronger and
the weaker signal; with a ratio grater than the SFDR the weaker signal
will probably be lost in the spurs generated by the converter itself.
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Total Harmonic Distortion (THD)

The total harmonic distortion is deﬁned as
 
1
THD =
|X(f )|2
N

(1.9)

f ∈{fk }

where {fk } is the set of the H ﬁrst harmonics to f0 . The harmonic
frequencies should be aliased so that fk ∈ [0, 0.5], which is described
in [Std1241–00]. As with SFDR, the THD is dependent on the input
signal parameters and possibly also on the sampling frequency, wherefore
these should be speciﬁed.

1.4

Outline and Contributions

This thesis is organized into six chapters, which are here brieﬂy summarized.
Chapter 1 Introduction gives an introduction to analog-to-digital
converters. The operation of an ideal ADC is described and a few widely
used practical converter types are introduced in brief. The chapter also
introduces some performance measures from the IEEE Standard 1241
[Std1241–00], which are used to evaluate the forthcoming methods.
Chapter 2 Post-correction of A/D Converters describes the stateof-the-art of ADC post-correction. The focus of the chapter is on look-up
table methods. In this chapter, the look-up table methods presented in
the literature are generalized in a novel multidimensional look-up table
correction scheme. In the context of the proposed method, the concept of
bit-masking is introduced; bit masks are fundamental for the subsequent
analysis of correction results. Also, the optimal values for the correction
table entries are derived, based on the work of Lloyd [Llo82]. The performance of the method is illustrated with experimental ADC data for a
few exemplary cases.
Chapter 3 Bit Allocation Analysis is dedicated to the derivation of
an analysis framework for the generalized correction method proposed in
Chapter 2. The derivations are based on the Hadamard transform, which
is also described in the chapter. It is shown that the outcome of many
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diﬀerent correction schemes can be compared through matrix relations.
In particular, a special reduction matrix is introduced in the chapter.
Chapter 4 Applications of the Reduction Matrix illustrates the
applicability of the analysis framework – in particular the reduction matrix – derived earlier. The reduction matrix is employed in an optimization problem where the objective is to ﬁnd the best allocation of a limited
number of bits in the bit mask associated with an ADC correction system.
Two diﬀerent criterions are applied, viz. SINAD and THD.
Chapter 5 Post-correction using Frequency Selective Tables –
An Alternative Approach for Narrow-band Signals proposes another structure for look-up table correction schemes. In the proposed
method, the frequency of a supposedly narrow-band signal is estimated
using a frequency estimator based on look-up tables. The estimate is
then used to decide which correction table to use to correct an ADC.
Chapter 6 Conclusions contains the conclusions drawn and also some
hints for future work in the area.

1.4.1

Publications

The work of Chapters 2, 3 and 4 was (partly) published in:
[LSH01] Henrik Lundin, Mikael Skoglund, and Peter Händel. On external calibration of analog-to-digital converters. In IEEE Workshop
on Statistical Signal Processing, Singapore, August 2001.
[LSH02] Henrik Lundin, Mikael Skoglund, and Peter Händel. A framework for external dynamic compensation of AD converters. In Proceedings 7th European Workshop on ADC Modelling and Testing,
Prague, Czech Republic, June 2002.
[LSH03b] Henrik Lundin, Mikael Skoglund, and Peter Händel. Optimal index-bit allocation for dynamic post-correction of analog-todigital converters. Submitted to IEEE Transactions on Circuits
and Systems—Part I: Fundamental Theory and Applications, January 2003.
[LSH03c] Henrik Lundin, Mikael Skoglund, and Peter Händel. Optimizing Dynamic Post-Correction of AD Converters. Accepted for
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publication in IEEE Instrumentation and Measurement Technology
Conference, Vail, Colorado, USA, May 2003.

[LSH03a] Henrik Lundin, Mikael Skoglund, and Peter Händel. Minimal
Total Harmonic Distortion Post-Correction of ADCs. Accepted for
publication in International Workshop on ADC Modelling and Testing, Perugia, Italy, September 2003.
The work presented in Chapter 5 was published in:
[LASH02a] Henrik Lundin, Tomas Andersson, Mikael Skoglund, and
Peter Händel. Analog-to-digital converter error correction using
frequency selective tables. In RadioVetenskap och Kommunikation
(RVK), Stockholm, Sweden, June 2002.
[LASH02b] Henrik Lundin, Tomas Andersson, Mikael Skoglund, and
Peter Händel. Analog-to-digital converter error correction using
frequency selective tables. Submitted to IEEE Transactions on
Circuits and Systems – II: Analog and Digital Signal Processing,
December 2002.
Parts of this work have also contributed to one patent and one patent
application:
[LHSP02] Henrik Lundin, Peter Händel, Mikael Skoglund, and Mikael
Pettersson. Adaptively calibrating analog-to-digital conversion.
U.S. Patent 6.445.317, September 2002.
[LHS01] Henrik Lundin, Peter Händel, and Mikael Skoglund. Dynamic
calibration of analog-to-digital converters. U.S. Patent Application
09/965.540, September 2001.

1.5

Notation

R The real numbers.
Rk The k-dimensional real space.
Bk = {0, 1}k The k-dimensional binary space.
A A matrix.
a A column vector.
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ai The i-th element of the vector a. The notation [a]i is used to avoid
ambiguities.
AT , aT The transpose of a matrix and a vector, respectively.
A∗ , a∗ The complex conjugate transpose, or Hermitian adjoint, of a matrix and a vector, respectively.
A−1 The matrix inverse of A.
diag{A} The vector consisting of the main diagonal elements of the matrix A.
diag{a} The diagonal matrix with the elements of the vector a on the
main diagonal.
Tr{A} The trace of a matrix, i.e., the sum of the elements on the main
diagonal.
vec{A} The columns of A stacked in a vector.
A ⊗ B The Kronecker matrix product (see Sec. 3.1 for a deﬁnition).
IN The N -by-N identity matrix.
1, 1k A column vector of all ones, in the second case with length k
speciﬁed.
0, 0k A column vector of all zeros, in the second case with length k
speciﬁed.
∆ The code bin width of the quantizer. For a uniform quantizer the
relation ∆ = FSR/2b holds, i.e., the full range of the ADC is divided
into 2b bins of equal width.
q

I−
→ J Mapping of an integer I through a ‘bit mask’ q to produce the
integer J (see Sec. 2.2.3).
F The Fourier transform operator.
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Abbreviations

CF Characteristic function. The Fourier transform of a PDF.
dBFS dB ratio with respect to full scale.
GSPS Giga-samples per second; billion samples per second.
FSR Full-scale range. The diﬀerence between the most positive and
most negative analog inputs of a converter’s operating range.
lsb Least signiﬁcant bit.
msb Most signiﬁcant bit.
MSPS Mega-samples per second; million samples per second.
PDF Probability density function.
PMF Probability mass function.
rms Root-mean-square.

Chapter 2

Post-correction of A/D
Converters
Error correction of ADCs has received increasing attention during the
last two decades. Several methods have been proposed and evaluated
during this time, e.g., [HSP00, LASH02a, IHK91, Mou89, TL97, Hum02,
RI87, Iro86]. These methods have in common that the ADC to be corrected is treated as a closed entity, i.e., internal signals and states of the
ADC are not available, and the calibration and correction methods must
operate outside of the converter. Moreover, the correction is dependent
on the output signal x(n) of the ADC to be corrected. That is, the
correction is an operation incorporated after the ADC, hence the name
post-correction.
In this chapter we will ﬁrst review some of the ADC post-correction
methods that have been proposed in the past. This will then lead to the
introduction of a generalized post-correction method.
We are mainly concerned with look-up table correction methods.
These are, as the name suggests, methods that produce a corrected ADC
output value through the use of a look-up table (or possibly several tables – see Chapter 5 for a scheme incorporating two look-up tables),
where pre-calculated values are stored. A distinction between static and
dynamic correction is made. If the correction for a sample x(n) is a function only of the value x(n), i.e., not depending on past or future samples,
signal derivatives, signal frequency, etc., then the correction is said to be
static. Else, it is said to be dynamic.
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Static Correction

The basic assumption behind static correction is that the quantization
performed in the ADC is inaccurate in the sense that the quantization
−1
regions {Sj }M
j=0 deviate from the ideal regions. In a uniform quantizer
this corresponds to the quantization regions failing to be of equal size.
A static look-up table correction scheme would then map every possible
output state xi into a corrected state si through the use of an M -size
table. An alternative equivalent structure is to let the table contain
−1
correction terms {εj }M
j=0 , which are added to the output to form si =
xi + εi . This is also a more practical way to implement a correction table,
since the word length of the table is utilized more eﬃciently. The two
alternatives are depicted in Figure 2.1(a) and Figure 2.1(b), respectively.
The table is said to be addressed, or indexed, with the present sample xi
only.
s(t)

ADC

x(n)

ŝ(n)

{sj }

xi

si

(a)

s(t)

ADC

x(n)

{εj }

xi

εi

ŝ(n)
si

(b)

Figure 2.1: Two types of static correction tables. In 2.1(a) the ADC
output x(n) = xi is replaced by the table entry si , while in 2.1(b) the
corrected output is produced by adding a correction term εi to the ADC
output xi .
It is obvious that this scheme will produce the same corrected value
si for a given ADC output xi regardless of the signal dynamics (e.g.,
regardless of signal history). Thus, it is of signiﬁcant importance that the
quantization regions S stay constant in the intended range of operation
for the ADC.
This is the method proposed, for example, in [Iro86] and [HSP00]. In
the latter it was demonstrated that static correction may improve perfor-
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mance for some frequencies, while deteriorating it for other frequencies.
This can be interpreted as the quantization regions changing with signal
frequency, hence making the correction table useless for signal frequencies
where the regions have changed.

2.2

Dynamic Correction

Since the error behavior of practical ADCs is dynamic in general, successful error correction over a wider frequency range depends on the correction scheme being dynamic as well.

2.2.1

State-Space Structures

One way to introduce dynamics into the correction scheme is to adopt a
state-space structure. The look-up table is extended to two dimensions,
as illustrated in Figure 2.2. The current sample, x(n), and the previous
sample, x(n−1), are used to address the table so that the ADC operation
becomes (x(n) = xi , x(n − 1) = xj ) ⇒ ŝ(n) = xi + εi, j . This method
is referred to as state-space correction and is proposed in, for example,
[IHK91] and [TL97]. The correction is undoubtedly dependent on signal
dynamics, since the corrected value for a sample x(n) = xi is potentially
diﬀerent for diﬀerent values of the previous sample x(n − 1).

s(t)

ADC

εi1 , i2

x(n)
xi1
Delay

x(n − 1)
xi2

ŝ(n)

{εj1 , j2 }

Figure 2.2: Two-dimensional state-space correction table.

2.2.2

Phase-Plane Structures

As an alternative to state-space correction, the phase-plane correction,
described in, for example, [RI87] and [Mou89], can be used. Similar to the
state-space case, the correction is in this case based on a two-dimensional
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ADC

x(n)
xi

εi, j

Digital
ﬁlter

ˆ
ẋ(n)

ŝ(n)

{εp, q }

ˆj
ẋ

Figure 2.3: Two-dimensional phase-plane correction table. The ﬁlter
calculates an estimate of the signal slope for each sample. The estimate
ˆj of ﬁnite precision (say b2 bits, not
is represented with a binary word ẋ
necessarily equal to b) and is used as part of the table index.
correction table, but now it is addressed with the present sample x(n)
and (an estimate of) the derivative of the ADC output, ẋ(n). This is
depicted in Figure 2.3. Addressing with higher order derivatives has also
been reported [DVBS92].

2.2.3

A Generalized Approach

The method proposed in this thesis is a generalized extension of the
look-up table correction methods listed above. The correction system is
outlined in Figure 2.4. Previous work has alluded to the possibility of
extending the look-up table to more than two dimensions, e.g. [RI87],
[DVBS92] and [Tsi95]. In the state-space method above, the present and
one-step delayed samples are used to address a two-dimensional table.
Here, the present sample, x(n), is used together with K delayed samples,
x(n − 1) through x(n − K), to address a (K + 1)-dimensional table.
This is illustrated in Figure 2.4 with the K + 1 address samples being
concatenated together to form the table index I of size B = K b + b bits.
With more table dimensions, a better estimate of the present error can
be produced. One major drawback, also identiﬁed in the previous work
where multidimensional tables have been suggested, is that the size of the
table, equating to 2B , quickly grows out of hand with increasing K. The
proposed countermeasure is to reduce the address space by using only a
subset of the b available bits in each sample. One way to accomplish this
is to apply further quantization to the delayed samples, so that they are
represented with less than b bits resolution (similar to the method used
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ŝ(n)

x(n)

ADC

ẽI˜
error
bit mask table ẽ
on
I˜
on

Delay
x(n − 1)

b

Delay
x(n − K)

concatenate bits

b

oﬀ
on

B

β

I
oﬀ

b
q

Figure 2.4: Dynamic post-correction system outline. Since the ADC
errors sought to mitigate are dependent on signal history, the correction
is also history dependent through the use of K delay elements. In order
to reduce the index size (and thereby the memory requirements), a subset
of β samples are selected to address the table ẽ. The bit mask vector q is
a mathematical construct included to facilitate the performance analysis.

in [RI87] and [DVBS92] in the context of phase-plane correction). Here,
this approach is generalized to say that a number less than or equal to b
bits are used from the sample x(n − k) (for k ∈ {0, 1, . . . , K}). However,
these are not necessarily the most signiﬁcant bits but can be selected from
all b bits of x(n − k). That is, some of the bits in the sample x(n − k)
are masked away, and the remaining bits are used for addressing. This
is illustrated in Figure 2.4 with the B-bit concatenated address I being
˜ where β is an integer less than (or
bit-masked into a β-bit address I,
equal to) B. In the bit-masking process the (column) vector q ∈ {0, 1}B
is introduced. It has exactly β ones and the remaining B − β entries
are zero. A ‘1’ in the i-th position dictates that the i-th bit of I should
˜ while a ‘0’ implies that the
be propagated to the reduced-size index I,
corresponding bit should be masked out. This is illustrated in Figure 2.4
q
with ‘on’ and ‘oﬀ’ in the bit mask block. The notation I −
→ I˜ will be
used to denote the mapping from I to I˜ through the bit mask q. The
proposed method reduces the memory size by using only a subset of the
available bits for addressing, but still takes information from K delayed
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samples into account.
The production of the concatenate index I can be described in a
framework similar to that of vector quantization (e.g., [GG92]). Assume
that the ADC is ideal, thus operating as described in Section 1.1.1. Deﬁne
the (K + 1)-dimensional vector of input samples
s(n) = [s(n) s(n − 1) . . . s(n − K)]T .

(2.1)

Now, the production of the index I in Figures 2.4 and 2.5 can be described
using a partition of the (K+1)-dimensional real space into disjoint sets
B
−1
{S J }2J=0
. The partition is such that the index I is produced if s ∈ S I ,
where I is the concatenation of the b-bit quantized values1 x(n) through
x(n − K). This description is a straightforward extension into higher
dimension of the ﬁrst step in the quantizer of Figure 1.1, i.e., the mapping
2b −1
from s to i where the index i is decided based on the sets {Sj }j=0
.
q
→ I˜ is simply the
In the light of this framework, the bit-masking I −
result of merging the sets S J into larger, and obviously fewer, sets and
˜ This will be thoroughly discussed in
assigning them a new index I.
Chapter 3, where also the higher-dimension representation introduced
here will become useful.
Selecting a “good” bit mask q for a given delay K and a ﬁxed table
size 2β is a non-trivial problem, indeed. A solution to this problem is one
of the main contributions in Chapter 3. It should be made clear at this
point that the bit mask vector q is a mathematical construct included
to facilitate the performance analysis. It is likely that in a typical implementation of the correction structure, the address bit selection would be
hardwired, after deciding upon a beneﬁcial conﬁguration.

2.3

Calibration

Prior to ﬁrst use the correction table must be calibrated. The calibration procedure proposed here is based on the expression for the optimal
reconstruction levels {xj }, as derived by Lloyd [Llo82]. The ADC under
test is calibrated experimentally, i.e., a signal is fed to the input of the
1 In order to follow the presentation of the ideal quantizer in Section 1.1.1, and
Figure 1.1 in particular, the integer index I should be the concatenation of the intermediate quantization indices i(n) through i(n − K). However, since the mapping
from i(n) to x(n) = xi is uniquely invertible it does not matter which notation we use.
We can simply assume that the output samples x(n) are represented as b-bit binary
values.
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error
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oﬀ
on

β

bit mask
Delay
x(n − 1)

b

Delay
x(n − K)
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on

B
I

oﬀ

b
q

Figure 2.5: Outline of calibration system. The table is built by exercising the ADC with a calibration signal and compare a reference measurement or an estimate of the calibration signal, sref (n) with the output
x(n).

ADC and the transfer characteristics of the ADC are determined from
the outcome. In order to be able to calibrate the table a reference signal
must be available in the digital domain, this being the signal that the
actual output of the ADC is compared with. This reference signal is in
the ideal case a perfect, inﬁnite resolution, sampled version of the signal
applied to the ADC under test. In a practical situation, the reference
signal must be estimated in some way. This can be accomplished by incorporating auxiliary devices such as a reference ADC, sampling the same
signal as the ADC under test but with higher precision, or a DAC feeding a digitally generated calibration signal to the ADC under test [TL97].
Another alternative is to estimate the reference signal by applying signal
processing methods to the output of the ADC under test. Special cases
of this exist; in [Elb01] methods for blind calibration, assuming only a
smooth but otherwise unknown probability density function for the reference signal, are presented, while [HSP00] proposes sine-wave reference
signals in conjunction with optimal ﬁltering techniques to extract an estimate of the reference signal. The latter method was further developed
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in [LSH01, Lun00] to include adaptive ﬁltering techniques, adapting to
a calibration signal that is switching between a number of frequencies.
Figure 2.5, depicts the calibration structure for the look-up table method
introduced in Sec. 2.2.3. The index building structure is identical to that
used in the correction system of Figure 2.4. In Figure 2.5 the acquiring of the reference signal sref (n) is omitted. How the reference signal is
acquired is not of signiﬁcant importance here.

2.3.1

Optimal Correction Values

Optimal correction values for minimizing the mean-square error E[(ŝ(n)−
s(n))2 ] have been derived in [Llo82] (E[·] is the expected value operator
taken with respect to s(n), noting that ŝ(n) is a function of s(n)). We
will brieﬂy review the key results and their implications.
In [Llo82] a quantizer operating on a value s is considered; the setup
is equivalent to the ‘quantizer’ part of Figure 1.1. The value s = s(n) is
regarded to be drawn from a wide sense stationary stochastic process with
a probability density function (PDF) fs (s). If the quantization regions
{Sj } are assumed ﬁxed, then it is proved that the optimal reconstruction
values2 {xj }, in the mean-squared sense, are given by
xj, opt = arg min E[(x − s)2 |s ∈ Sj ] =
x

s∈Sj

s fs (s) ds

s∈Sj

fs (s) ds

,

(2.2)

i.e., the optimal reconstruction value for each region is the “center of
mass” of the region.
In the context of ADC calibration, neither the regions {Sj } nor the
PDF fs (s) is known, forcing us to a more practical method. Assume
that the signal used to calibrate the ADC results in a set C of N samples
collected at the output of the sample-and-hold circuit. For simplicity
we assume that the S/H is ideal so that the entire error behavior is
captured in the quantizer. Every sample in C belongs to one, and only
one, quantization region Sj . Hence, we can split C into M = 2b subsets,
−1
{Cj }M
j=0 , such that s ∈ Ci ⇒ s ∈ Si . That is, Ci contains all samples in C
that result in the index i being produced in the quantizer (cf. Figure 1.1).
M −1
Each subset Cj has Nj samples, and naturally j=0 Nj = N .
Since the actual PDF fs (s) is unknown, we assign to each sample in
C the probability 1/N , i.e., all samples in C are equally probable, and the
2 In

[Llo82] the reconstruction values are denoted ‘quanta’.
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probabilities sum up to one. Now we can approximate the integrals in
(2.2) with
s fs (s) ds ≈
s∈Sj



s

s∈Cj

fs (s) ds ≈
s∈Sj

1 
1
Nj ¯
=
Cj
s=
N
N
N

(2.3)

s∈Cj

 1
Nj
=
,
N
N

(2.4)

s∈Cj

so that
xj, opt ≈ C¯j ,

(2.5)

where C¯j is the mean value of all samples in Cj .
The results above can now be applied to the calibration structure of
Figure 2.5. In this case we are interested in ﬁnding the optimal correction
values instead of the optimal reconstruction values. The results (2.5) are
derived for a quantizer without memory, i.e., where the produced index
i at sample time n depends only on the present sample s(n), but they
are readily extended to the case where the table index I˜ is a function of
present and past samples, as in Figure 2.5. Thus, every table entry ẽI˜
should be set equal to the mean of all errors ε(n) = s(n) − x(n) produced
˜
when the β-bit index was I.
˜
The calibration of the I-th
table entry can be implemented as a run˜ when
ning average: Let ẽI˜ be assigned the initial value zero for all I;
no calibration information is available it makes sense to estimate the error with zero. Let the calibration signal scal (t) and an estimate thereof,
sref (n), be available for n ≥ 0. Deﬁne aI˜(m) as the number of times the
index has been equal to I˜ for 0 ≤ n < m. Then, assuming that the index
is I˜ at time n, update
ẽI˜ →

aI˜(n) ẽI˜ + ε(n)
.
aI˜(n) + 1

(2.6)

After calibration is completed, the vector a will represent the distribution,
or ‘hit-rate’, of the calibration signal over the correction table. Using the
notation introduced above we can conclude that the i-th element ai will
be the number of elements in the set Ci , i.e., ai = Ni .
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Exemplary Results

In this section the generalized post-correction method presented in Section 2.2.3 is evaluated. The evaluation is performed using experimental
ADC data from an Analog Devices AD876 commercially available converter. The converter is a 10-bit pipelined ﬂash converter designed to
operate at 20 MSPS. The ADC data was acquired using a test bed which
is described in Appendix A, and the properties of the recorded data is
described in Appendix B.

2.4.1

Fixed-Point Representation of Table Entries

Naturally, the precision with which the correction table entries are represented will aﬀect the performance of the correction. Therefore, the
SINAD and SFDR of a post-corrected ADC has been evaluated for diﬀerent ﬁxed-point table resolutions. Three static tables and one state-space
table (cf. Sections 2.1 and 2.2.1, respectively) has been used. In each case
the table was calibrated using one single sine-wave. The performance was
then evaluated using a sine-wave with the same frequency. The experiment was repeated for table entry resolutions ranging from 1 to 16 bits.
The results are plotted in Figure 2.6.
We see from the results that the improvements saturate quite rapidly.
The conclusion drawn from this is that in this case it suﬃces to use an
8-bit representation for the correction values. This is the resolution that
will be used in the forthcoming results throughout this work.

2.4.2

Correction Results

In this section, some results of the correction method presented in Section 2.2.3 is presented. The vast amount of diﬀerent conﬁguration possibilities when varying the number of delay elements K and the bit mask
q makes it virtually impossible to make an exhaustive evaluation. Moreover, the results of the various conﬁgurations are most certainly diﬀerent
for diﬀerent ADC models. Therefore, only a few exemplary conﬁgurations
have been evaluated. For each conﬁguration tested the table ẽ has been
calibrated according to the structure in Figure 2.5, using several near
full-scale sine-wave calibration signals at diﬀerent frequencies. Then, the
performance was evaluated with near full-scale sine-waves at several frequencies, separate from those used for calibration in order to evaluate
the wide-band performance of the converter. Three performance mea-
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Figure 2.6: SINAD and SFDR versus the precision of the table entries,
in bits. The results are obtained for a static correction table calibrated
and evaluated at 2.02 MHz (solid), 4.20 MHz (dashed) and 6.01 MHz
(dash-doted), and also for a state-space table calibrated and evaluated at
2.02 MHz (o).
sures have been used: SFDR, SINAD and THD (see Section 5.3). The
results are presented in Table 2.1.
The ﬁrst conﬁguration is a standard static table, using all 10 bits
in x(n) and no delay elements. The second conﬁguration is a statespace table, i.e., one delay element and 20 index bits. Conﬁgurations
3–8 also utilize one delay element, but select only a subset out of the 20
available bits in x(n) and x(n − 1). Finally, conﬁgurations 9 and 10 are
higher order tables with four delay elements and 10 and 18 index bits,
respectively. When considering the 10-bit tables (1, 3, 5, 7 and 9) we see
that the performance can be improved from that of a static correction
without increasing the index size, i.e., without increasing the memory
size. The SFDR is in fact increased with up to 3 dB. Conﬁguration 10
is outstanding in all three measures; in this conﬁguration the 18 bits are
distributed over x(n) through x(n − 4), selecting all 10 bits from x(n)
and the two most signiﬁcant bits from the delayed samples.
Another observation is that the improvement in SINAD is less than
the improvement in SFDR and THD (note that increasing performance
corresponds to decreasing THD). This is likely an eﬀect of the SINAD
being more dependent on stochastic errors (noise) than the SFDR and
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Table 2.1: Correction results for some exemplary conﬁgurations. The
results are presented as mean improvement over the entire Nyquist range.
Each conﬁguration represent a unique bit mask.
Conﬁguration
Improvement [dB]
SFDR SINAD THD
1
K = 0, 10-bit index
10.6
4.2 −10.0
2
K = 1, 20-bit index
12.4
2.6
−9.5
3
K = 1, 10-bit index
13.6
4.4 −10.6
4
K = 1, 5-bit index
11.3
4.1
−9.6
5
K = 1, 10-bit index
11.1
4.0
−9.8
6
K = 1, 5-bit index
10.6
3.9
−9.4
7
K = 1, 10-bit index
11.9
4.1
−9.7
8
K = 1, 5-bit index
10.5
3.8
−8.7
9
K = 4, 10-bit index
12.9
3.9
−9.3
10 K = 4, 18-bit index
20.3
5.4 −17.9

THD, since the latter two measure harmonic distortion and spurs often
resulting from deterministic errors. This conclusion motivates the theoretical analysis to be performed in Chapter 3.
From the results in Table 2.1 we can conclude that the conﬁguration
employed has a signiﬁcant impact on the performance of the corrected
ADC, and that the allocation of bits in the bit mask is a non-trivial
problem (even though one skilled in the art may have a partial intuition
on the topic).

Chapter 3

Bit Allocation Analysis
In this chapter we focus our attention on the generalized correction
scheme for ADCs presented in Sec. 2.2.3. We saw in the exemplary results of Section 2.4 that the actual choice of the number of delay elements
and bit mask greatly inﬂuenced on the performance after correction. In
this chapter, an analysis of the eﬀect of a speciﬁc bit mask is derived.
The analysis is based on the Hadamard transform of a vector, which is
introduced in Section 3.1. In Section 3.2, the analysis is performed, and
Section 3.3 concludes the chapter by explaining how the analysis tool is
utilized in the correction table problem.

3.1

The Hadamard Transform

We begin this chapter by reviewing the Hadamard transform of a vector.
The transform is useful because it provides an eﬃcient means of analyzing
the inﬂuence of a single bit in the vector index.
First, we introduce the Hadamard matrix (see e.g. [YH97, Lüt96]):
Deﬁnition 1 (Hadamard matrix). The Sylvester-type Hadamard matrix of order B is recursively deﬁned through
HB = H1 ⊗ HB−1 ,
H1 =

+1
+1

B > 1,

+1
,
−1

where ⊗ is the Kronecker matrix product.

(3.1)
(3.2)
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The Kronecker product of two matrices A and B, where A is of size
m-by-n with elements aij and B of size p-by-q, is an mp-by-nq matrix
deﬁned as (see e.g. [Lüt96, HJ91])


a1 1 B a1 2 B · · · a1 n B
 a2 1 B a2 2 B · · · a2 n B 


(3.3)
A⊗B .
..
..  .
..
 ..
.
.
. 
am 1 B

am 2 B · · ·

am n B

Accordingly, the matrix HB in (3.1) is M -by-M square and symmetric,
consisting of only ±1. Furthermore, any two columns hi and hj , i = j,
T
are orthogonal, i.e., the inner product hT
i hj = 0, and hi hi = M . This
results in HB HB = M IM , which implies that the inverse of HB is
1
H−1
B = M HB .
Another useful feature of the Sylvester-type Hadamard matrix is that
each column hi of the matrix can be explicitly calculated from the column
index i. To make this to work out properly, the integer index i ∈ [0, M −1]
must be represented in a special binary format. Let the ‘standard’ binary
(base-two) representation of i be (iB , iB−1 , . . . , i1 ), with all ij either 0
B
or 1. The lsb is i1 and the msb is iB so that i = j=1 ij 2j−1 . Now,
deﬁne an alternative binary representation (ı̄B , ı̄B−1 , . . . , ı̄1 ) of i, where
we let

1,
ij = 0,
ı̄j = 1 − 2ij =
(3.4)
−1, ij = 1.
That is, logical ‘zero’ is represented by +1 and logical ‘one’ is represented by −1. This is nothing but a re-mapping of the standard 0/1
binary representation to a ±1 representation. With this special binary
representation, the following relationship, easily proven by veriﬁcation,
between i and the column hi holds:
Lemma 1. Let (ı̄B , ı̄B−1 , . . . , ı̄1 ) be the special ±1-representation of the
integer i ∈ [0, M − 1], such that
2B − 1  j−2
−
ı̄j 2 .
2
j=1
B

i=

(3.5)

Let HB be the Hadamard matrix of order B with columns denoted hi ; h0
is the ﬁrst column and hM −1 is the last. Then,
hi =

1
1
1
⊗
⊗ ··· ⊗
.
ı̄B
ı̄B−1
ı̄1

(3.6)

3.1 The Hadamard Transform

35

We are now ready to deﬁne the Hadamard transform:
Deﬁnition 2 (Hadamard transform of a vector). Let e be a column
vector of size M = 2B . The Hadamard transform of e is deﬁned as
t

1
HB e.
M

(3.7)

Straightforward calculations of the Hadamard transform (3.7) requires
O(22B ) = O(M 2 ) arithmetic operations (not counting those required to
build the matrix HB ). However, there are faster methods for calculating
(3.7), requiring only O(B 2B ) = O(M log M ) arithmetic operations, e.g.,
[YH97].
It follows directly from the properties of the Hadamard matrix HB
that upon pre-multiplying the transform (3.7) with HB we get the vector
e back. Breaking it down to a single vector element, we have that
ei = hT
i t,

i = 0, 1, . . . , M − 1.

(3.8)

Thus, if we represent the vector index i with the special binary representation above, we can write ei = hT
i t, with hi as in (3.6). This is in fact
ei written as a (nonlinear) function of the bits in i. To see how it works,
we consider a small example.
Simple Example of Hadamard Transform Let e = [e0 e1 e2 e3 ]T
be a vector of length M = 4 (implies B = 2), say e = [6 0 10 − 4]T .
From (3.1) we obtain


1 1
1
1
1 −1 1 −1

H2 = 
(3.9)
1 1 −1 −1 .
1 −1 −1 1
Then, using (3.7), we have t = [3 5 0 − 2]T . We would now like to
calculate the element e2 (the third element) from t. Thus, i = 2 with
the corresponding standard binary representation (1, 0) mapping through
(3.4) to the special binary representation (−1, +1). From (3.6) we have
 
1
1
1
1

h2 =
⊗
=
(3.10)
−1
−1
1
−1
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(indeed equal to the third column of H2 ) and upon inserting this and
our t in (3.8) we obtain e2 = 3 + 5 − 0 − (−2) = 10, which is the correct
value.
From this small example it might seem as if the Hadamard transform
is merely a cumbersome method for extracting an element from a vector.
On the contrary, the transform will prove itself useful in the remainder of
this chapter, when it is applied in the analysis of bit mask assignments.
Just as the discrete Fourier transform can be used to transform a vector
to the frequency domain, perform manipulations and transform it back
again, we will use the Hadamard transform to manipulate vectors in the
‘bit domain’.

3.2

Allocating the Index Bits

It is clear from the results presented in Section 2.4 that the choice of
bit mask conﬁguration, i.e., the allocation of ones and zeros in q, has a
signiﬁcant eﬀect on the corrected ADC performance. In this section we
will derive a mathematical analysis tool, based on Hadamard transforms,
for the bit allocation problem.
The analysis below will have its starting point in a calibrated correction table e, indexed with a B-bit index I, thus having 2B entries. This
table is then reduced by deselecting index bits from I.

3.2.1

Correction Table Hadamard Representation

Consider again the setup of Figure 2.4. Assume that K delay elements
are used, and that no bit-masking is performed; this is of course the
same as assigning a transparent bit mask q = 1. Accordingly, the table
is indexed with B = K b + b bits, resulting in a table size M = 2B .
Denote this table e and let it be represented as a column vector. The
table entry corresponding to an index I is denoted eI , and the vector e
consists, thus, of entries e0 through eM −1 .
Using (3.7), the Hadamard transform t of e is readily calculated.
Recall also that a certain table entry eI can be calculated from the bits
of I through (3.6) and (3.8).

3.2.2

Deselecting Index Bits

Let us now employ a bit mask on the index I to deselect bits so that only
β bits remain (0 ≤ β ≤ B). As in Chapter 2, we use a bit mask vector
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q to deﬁne which bits from (the binary representation of) the index I
˜ The vector q contains ones and zeros
to propagate to the β-bit index I.
with a ‘1’ in the j-th position dictating that the j-th bit Ij should be
q
˜ The notation I −
→ I˜ is used to denote that the index
propagated to I.
β
˜
I ∈ [0, 2 − 1] is constructed from the β bits in I selected by the bit
mask q. We can deﬁne a new table, ẽ, of length 2β , which is indexed
˜ Naturally, the table ẽ will diﬀer with the choice of bit mask q,
with I.
even if exactly the same calibration signal is applied. Consequently, the
performance of the corrected ADC will also depend on the choice of q.
The problem of interest is which β bits to select from I. This is of
course dependent on which ﬁgure of merit we choose; diﬀerent ﬁgures
of merit will be discussed and evaluated in Chapter 4. In this chapter,
we derive a framework to compare the outcome of diﬀerent bit masks.
Below, two diﬀerent derivations are presented – one probabilistic and one
deterministic – yielding the same result.
Probabilistic Derivation
Assume, as above, that a correction table e of length M = 2B has been
calibrated. Furthermore, assume that the calibration signal applied is
such that the calibration samples are distributed over all possible indices
I according to some probability mass function (PMF), say pI (i). Thus,
we can say that the probability of the index I being equal to i is pI (i).
A straightforward estimate of pI (i) is to use the counter aI introduced
in the calibration scheme in Section 2.3; simply set
p̂I (i) =

ai
.
j aj

(3.11)

This is in fact the maximum-likelihood estimate if the samples used for
calibration are considered independent and identically distributed.
Next, a set QI˜ of indices is deﬁned in order to simplify the notation
in the forthcoming derivations:
Deﬁnition 3. Let q be a bit mask, consisting of the elements qk , k =
q
1, 2, . . . , B. The bit mask deﬁnes a mapping I −
→ I˜ such that I˜ consists
of β bits from I, viz. those Ik for which qk = 1. Then, deﬁne the set
q
˜
QI˜(q) = {I : I −
→ I},

(3.12)

that is, the set of all indices I which map to the same I˜ through the bit
mask deﬁned by q.
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Each choice of q deﬁnes 2β diﬀerent sets. It is easy to see that all sets
will have exactly 2B−β members and that all sets are disjoint. In fact, the
q
operation −
→ deﬁnes an equivalence relation on the set of B-bit integers
{0, 1, . . . , 2B −1}. Two integers I1 and I2 are said to be equivalent (with
q
q
q
˜ Hence, the set of B-bit integers is
respect to −
→) if I1 −
→ I˜ and I2 −
→ I.
partitioned into disjoint equivalence classes. Each class is the set of all
q
B-bit integers mapping to the same β-bit integer through −
→, leading to
the conclusion that QI˜(q) is an equivalence class.
The aim is now to ﬁnd a good correction value, given that the bit
masked index is a speciﬁc integer I˜ ∈ [0, 2β − 1]. The starting point is
Lloyd’s optimal value for the reconstruction values (Section 2.3.1). By incorporating the multidimensional description of quantization introduced
in Section 2.2.3, it is possible to express the optimal value for the correction table entry eI . From (2.2) we have that the optimal replacement
value in the one-dimensional case is given by
ŝj, opt =

s∈Sj

s fs (s) ds

s∈Sj

fs (s) ds

.

(3.13)

It is straightforward to extend this expression to the multidimensional
case. Let fs (s) be the joint probability density function for the (K + 1)dimensional vector s(n) = [s(n) s(n − 1) . . . s(n − K)]T . It is here
assumed that the underlying signal is such that the joint PDF is independent of n; consequently, the n is omitted. Since the aim is to ﬁnd the
correction value – as opposed to the replacement values obtained from
(3.13) (Figures 2.1(a) and 2.1(b) illustrate the diﬀerence) – the function
e(s) (from RK+1 to R) is introduced. The function is the error produced
by the ADC, s(n) − x(n), when s(n) = s. Ideally, this error is only the
the quantization error, but in a practical ADC it is more involved. These
extensions to (3.13) result in the equation
eI, opt =

s∈S I

e(s) fs (s) ds

s∈S I

fs (s) ds

(3.14)

for the optimal table entries. Recall from Section 2.2.3 that the disjoint
−1
K+1
.
sets {S J }M
J=0 deﬁne the mapping s → I by partitioning the space R
Moving on to ﬁnd the optimal value for ẽI˜, we can express this in a
similar fashion as (3.14) if the range of integration is extended from S I
to the union of all sets S J such that J ∈ QI˜(q). The fact that all sets
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are disjoint will be utilized. Thus, we have
ẽI,
˜ opt =
=

s∈{∪S J : J∈QĨ }

e(s) fs (s) ds

s∈{∪S J : J∈QĨ }
J∈QĨ

s∈S J

J∈QĨ

fs (s) ds

e(s) fs (s) ds

s∈S J

fs (s) ds

= /all sets S J are disjoint/
(3.15)

.

Rearranging (3.14), we have

s∈S I

e(s) fs (s) ds = eI, opt

s∈S I

fs (s) ds.

(3.16)

Furthermore, we observe that the integral on the right-hand side of (3.16),
and hence the integral in the denominator of (3.14) and (3.15), is in fact
the probability of the index I, i.e., s∈S I fs (s) ds = pI (I). Inserting this
and (3.16) into (3.15) yields
ẽI˜ =

J∈QĨ

pI (J) eJ

J∈QĨ

pI (J)

,

(3.17)

provided that the denominator is non-zero; if not, the probability of
the index I˜ being produced is zero and we let ẽI˜ = 0. We have now
in (3.17) a relation between the entries of e and the entries of ẽ. For
notational simplicity, the explicit dependence of the set QI˜ upon q is
omitted. Furthermore, the subscript ‘opt’ has been removed, indicating
that (3.17) will be used also when merging table entries resulting from an
experimental calibration, and thus not being equal to the optimal value
of (3.14). Under the assumption that pI (I) is constant for all I ∈ QI˜,
(3.17) reduces to
1 
eI .
(3.18)
ẽI˜ = B−β
2
I∈QĨ

q
→ I˜
That is, the value for ẽI˜ is the arithmetic mean of all eI for which I −
when all eI have equal probability.
We are now interested in comparing the original correction table e (of
size 2B ) with the reduced-size table ẽ (of size 2β ) resulting from (3.17).
However, these two tables, represented as vectors, are of diﬀerent sizes
(except for the trivial case of β = B), so a direct, one-to-one comparison
is not possible. Instead, we would like to construct a new table, say f , of
q
˜ It
the same size as e, but with the special property that fI = ẽI˜ if I −
→ I.
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will become clear in Section 3.3 why this property is desirable. In order
to facilitate the bit-allocation analysis, the table f should have an explicit
relationship to e and the bit mask q. First, however, a special vector and
matrix must be introduced:
Deﬁnition 4. Let q be a vector consisting of the elements qk , k =
1, 2, . . . , B. We deﬁne the vector
g

1
1
1
⊗
⊗ ··· ⊗
qB
qB−1
q1

(3.19)

of length M = 2B , and the matrix
G  diag{g} =

1
0

0
1
0
1 0
⊗
⊗ ··· ⊗
qB
0 qB−1
0 q1

(3.20)

of size M -by-M .
Now, an expression for the table (vector) f as a function of e and q is
to be derived, ﬁrst in the case of equal probability, but later generalizing
to arbitrary probabilities. In the equal-probability case, we have that
q
˜ The following lemma provides
→ I.
fI = ẽI˜ with ẽI˜ as in (3.18) when I −
an explicit relationship between f and e in this case:
Lemma 2 (Projection matrix P(q)). Let e = [e0 e1 . . . eM −1 ]T be
a column vector of length M = 2B , were B is a positive integer. Let the
integer I ∈ [0, M − 1] be represented using a B-bit binary representation
(IB , IB−1 , . . . , I1 ). Let I˜ be an integer resulting from selecting β bits
q
from I, where 0 ≤ β ≤ B. Denote this operation I −
→ I˜ and deﬁne the
set QI˜(q) as in (3.12). Then, the vector
f = P(q) e

(3.21)

is of length M , with the I-th entry (I ∈ [0, M − 1])
fI =

1
2B−β



eJ ,

(3.22)

J∈QĨ

if the M -by-M matrix P(q) is
P(q) =

1
HB G HB .
M

The matrix G is deﬁned in (3.20).

(3.23)
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The proof is provided in Appendix 3.A, but an intuitive explanation is
that e is transformed to the ‘bit domain’, where G nulls out the deselected
bits, after which the inverse transform is applied. The matrix P(q) is in
fact an orthogonal projection matrix, since
P(q)2 =

1
1
HB G
HB G HB HB G HB =
G HB = P(q) (3.24)
2




M
M
G

MI

and P(q)T = P(q).
Moving on to the case of arbitrary probabilities pI (i), the entry fI
should be set equal to ẽI˜ of (3.17). Collect all probabilities in the column
vector p = [pI (0) pI (1) . . . pI (M − 1)]T . The numerator of (3.17) can
then be written


eJ pI (J) =
eJ pJ = /(3.21) and (3.22)/
J∈QĨ
J∈QĨ
(3.25)
= 2B−β [P(q) diag{p} e]I ,
and the denominator can be written in a similar fashion as

pI (J) = 2B−β [P(q) p]I .

(3.26)

J∈QĨ

The fact that element-wise multiplication of two column vectors x and y
can be written diag{x} y has been used in both the preceding formulas.
The vector f is the element-wise division of the vectors P(q) diag{p} e
and P(q) p (factors 2B−β cancel), except where the denominator has
a zero element, in which case the corresponding element in f is set to
zero. This can be written using the Moore-Penrose pseudoinverse (see
e.g. [GL96]), here denoted † , since D† , where D is a diagonal matrix, is
simply the nonzero elements replaced by their reciprocals. The following
lemma concludes this discussion:
Lemma 3 (Reduction matrix R(q, p)). Let e = [e0 e1 . . . eM −1 ]T
and p = [p0 p1 . . . pM −1 ]T be column vectors of length M = 2B , were B
is a positive integer. Let the integer I ∈ [0, M − 1] be represented using
a B-bit binary representation (IB , IB−1 , . . . , I1 ). Let I˜ be an integer
resulting from selecting β bits from I, where 0 ≤ β ≤ B. Denote this
q
operation I −
→ I˜ and deﬁne the set QI˜(q) as in (3.12). Then, the vector
f = R(q, p) e

(3.27)
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is of length M , with the I-th entry (I ∈ [0, M − 1])

e p (I)

 I∈QĨ I I

,
I  ∈QĨ pI (I ) = 0,
)
p
(I
fI =

I
I ∈QĨ


0,
otherwise,

(3.28)

if the M -by-M matrix R(q, p) is
R(q, p) = diag{P(q) p}† P(q) diag{p}.

(3.29)

The proof is in the discussion above. Note that the matrix R(q, p)
does not change when the vector p is scaled with a constant. Moreover,
upon inserting a uniformly distributed p in (3.29), R(q, p) reduces to
P(q), i.e.,
R(q, α1) = P(q),
(3.30)
where α = 0. We conclude that the matrix R(q, p) in (3.29) provides a
linear relation between e and f , although the matrix is dependent on q
in a non-linear way.
Deterministic Derivation
In this section, an alternative derivation of the results in the previous
section is presented. The same results, in brief Lemmas 2 and 3, are
obtained.
Let the table e be calibrated according to Section 2.3 with a transparent bit mask (all qi = 1), using a speciﬁc set of N calibration samples.
Assume that the calibration samples are such that all entries in e are
calibrated with the same (integer) number of samples N/M , i.e., the
calibration samples are equally distributed over all possible indices I.
Hence, all aI  aI (N ) are equal. This can be accomplished by using
a uniformly distributed noise; the uniformity constraint will be relaxed
later on. Assume now that one of the bits in the index I, say the j-th bit,
is deselected through bit-masking (cf Figure 2.4) to produce a (B − 1)-bit
˜ With B bits it is possible to produce 2B diﬀerent indices I,
index I.
while with B − 1 bits we can only construct 2B−1 = 2B /2 indices. Hence,
˜ we have two possible B-bit indices, say I1
given a (B − 1)-bit index I,
q
˜ i.e., both I1 −
and I2 , that will map through q to the same I,
→ I˜ and
q
I2 −
→ I˜ holds. Following the calibration scheme of Section 2.3, samples
that would have been used to update either eI1 or eI2 , will now all be
used to update ẽI˜. The outcome will be that ẽI˜ equals the arithmetic
mean of eI1 and eI2 . A short example is suitable here.
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Bit Reduction Example Consider a table e of M = 8 entries, i.e.,
indexed with a 3-bit index I ∈ {0, 1, . . . , 7}. Assume that the table has
been calibrated, in accordance with the method described in Section 2.3,
with a set of N calibration samples such that all entries in e are updated
with the same number of samples (N/8). Suppose now that a second
table ẽ is calibrated using the same set of samples, but this time with
the second bit deselected, i.e., applying a bit mask q = [1 0 1]T used to
q
˜ The new table has 4 entries and I˜ is hence a 2-bit index.
map I −
→ I.
Then, both I = 0 and I = 2 map into I˜ = 0, since apart from the second
bit they are both equal. In the same way, 1 and 3 map to 1, 4 and 6
map to 2, and 5 and 7 map to 3. The outcome is that ẽ0 will be updated
with those samples previously used to update both e0 and e2 , so that
ẽ0 = (e0 + e2 )/2, and so on.
We are now interested in ﬁnding a table f – of the same size as e,
q
but with fI = ẽI˜ when I −
→ I˜ – and an explicit relationship between f
and the original e. From the discussion above we learn that those table
entries whose indices cannot be distinguished without the j-th bit, are
to be replaced by their averages. Returning to the 3-bit example, this
implies f0 = f2 ≡ (e0 + e2 )/2, and so forth.
The discussion can be extended to the case of more than one bit
q
˜ then fI should equal the
being removed. The result is still that if I −
→ I,
q
˜ This is precisely the
arithmetic mean of all entries eJ for which J −
→ I.
result of Lemma 2.
The next step is to generalize the result above to the case when the set
of calibration samples is arbitrarily distributed over all possible indices I,
i.e., all aI are nonnegative integers summing up to N but otherwise arbitrary. In this case, the averaging above should be replaced by a weighted
averaging, to conform with the calibration strategy of Section 2.3. That
is, in the 3-bit example above, ẽ0 would equal (a0 e0 + a2 e2 )/(a0 + a2 )
after completed calibration. Consequently, both f0 and f2 should equal
(a0 e0 + a2 e2 )/(a0 + a2 ).
Again, the methods can be extended to the case of more than one
bit being deselected. The weighted averaging is extended to weighted
arithmetic mean of all those entries whose indices cannot be distinguished
without the deselected bits. This agrees with the result of Lemma 3 if
we set p = a.
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Post-Correction Equivalents

The reduction matrix R(q, a) can now be used to evaluate the eﬀects
of a speciﬁc bit allocation in the bit mask q of Figure 2.4. Sustain
the assumptions on the table e being calibrated using the structure of
Figure 2.5, employing K delay elements and a transparent bit mask, i.e.,
selecting all B = K b + b bits. Still, e is of size M = 2B and is indexed
with a B-bit index I. The table has been calibrated with a speciﬁc set of
calibration samples applied to the ADC under test, possibly resulting in
nonuniformly distributed elements in a. We could also say that the table
has been calibrated with a calibration signal resulting in a speciﬁc index
PMF pI (i).
Also, a second table ẽ has been calibrated with the same set of calibration samples (or a signal with the same statistical properties), still
employing K delay elements, but this time with a non-transparent bit
mask q selecting β < B bits from I. The table ẽ is thus of size 2β and
˜ Since e and ẽ are calibrated with the
is indexed with a β-bit index I.
same set of calibration samples, the relations of Lemma 3 apply so that
the entry ẽI˜ equals the weighted average of all entries eI whose indices
I map into I˜ through the bit mask q.
The performance of the ADC after correction will naturally diﬀer
depending on which correction table, e or ẽ, is being used. Clearly,
it would be of great beneﬁt if the outcome of a speciﬁc choice of bit
mask could be calculated without having to re-calibrate the table. The
reduction matrix R(q, a) is the key to relating the results of diﬀerent
bit masks to each other. From (3.29) we have f = R(q, a) e, which
is a table of size 2B . However, through the averaging operation of the
matrix R(q, a), the table f has a 2B−β -fold redundancy, i.e., f has only
2β unique entries. The unique entries are exactly those of the 2β -size
table ẽ. Since every index I addresses an entry in f which is equal to the
q
˜ we have that
weighted average of all entries eI such that I −
→ I,
ẽI˜ = fI = [R(q, a) e]I .

(3.31)

In other words, f and e share the same address space, but f addressed
q
˜ Figure 3.1
with I yields the same values as ẽ addressed with I˜ if I −
→ I.
illustrates this relationship in a signal ﬂowchart.
Bit Reduction Example (continued) Returning once more to the
simple 3-bit example in Section 3.2.2, it is clear that both e and f are of
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f
I

fI

bit mask
on
on

oﬀ
on

equal
ẽI˜
error
table ẽ
I˜

oﬀ

q
Figure 3.1: An illustration of the relationship between the 2B -size table
f and and the 2β -size table ẽ.
size 8, while ẽ is of size 4. The table f has, however, a 2-fold redundancy,
since f0 = f2 = (a0 e0 + a2 e2 )/(a0 + a2 ) = ẽ0 because both I = 0 and
I = 2 maps to I˜ = 0.
The observation above can now be used to evaluate the outcome of
diﬀerent bit mask settings without re-calibrating a new correction table.
For example, if a state-space table e (that is, K = 1 and B = 2b) has
been calibrated, we can now mimic a static table simply by setting the b
bits in q corresponding to the ‘previous sample’ x(n − 1) to zero in (3.29)
T T
and (3.31). In other words, set q = [1T
b 0b ] .
In the next chapter we will give two examples of how to use the
reduction matrix in order to optimize the bit mask.
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Appendix 3.A

Proof of Lemma 2

In order to simplify the notation, deﬁne the iterated Kronecker products
K


Ak  A1 ⊗ A2 ⊗ · · · ⊗ AK

(3.32)

k=1

of the matrices A1 through AK of suitable dimensions.
Note
1 that the
K
A
=

Kronecker product is not commutative, e.g.,
k
k=1
k=K Ak in
general.
Assume now that one bit, say the j-th bit, is deselected in the B-bit
index I, using a bit mask q (cf Figure 2.4), i.e.,

0, p = j,
(3.33)
qp =
1, otherwise.
Let e be a vector of size M = 2B with a Hadamard transform t. With
B bits, M diﬀerent indices I ∈ {0, . . . , M − 1} exist, but with one bit
deselected the indices will be partitioned into pairs; both indices in one
pair are indistinguishable when the j-th bit is masked, that is, one pair
q
˜ Denote one such pair
consists of the two indices I such that I −
→ I.
¯
{J1 , J2 }. Furthermore, let Jk be the ±1-representation (cf (3.4)) of Jk .
Then, the average of the two table entries eJ1 and eJ2 is
fJ1 = f J2 =

1
1
(eJ1 + eJ2 ) = /(3.8)/ =
(hT + hT
J2 ) t,
2
2M J1

(3.34)

where we get
hJ1 + hJ2 =

=

2





k=1
j+1


p=B

1


p=B

 

1 
¯
¯
=
[J1 ]p = [J2 ]p , p = j
[J¯k ]p


1 
⊗
[J¯1 ]p

1
1
+ ¯
[J¯1 ]j
[J2 ]j


=

=

j+1

p=B

!


⊗



1

p=j−1

[J¯1 ]j + [J¯2 ]j = 0




1 
2
⊗
⊗
[J¯1 ]p
0

1


p=j−1


1 
[J¯1 ]p


1 
[J¯1 ]p
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j+1

p=B
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1 
1
⊗
⊗
[J¯1 ]p
0

1


1
=2
qp [J¯1 ]p

1

p=j−1


1 
[J¯1 ]p

1


1 0
1
= /(3.33)/ = 2
0 qp [J¯1 ]p
p=B
p=B
"
"
= A C ⊗ B D = (A ⊗ B)(C ⊗ D)



1
1


1 0 
1 
= 2
0 qp
[J¯1 ]p
p=B

!

p=B

= /(3.20) and (3.6)/ = 2G hJ1 = 2G hJ2 . (3.35)
The last equality comes from the fact that the only diﬀerence between
hJ1 and hJ2 lies in the bit masked away by q. Inserting (3.35) in (3.34),
we have
T
(3.36)
fJ1 = fJ2 = hT
J1 G t = hJ2 G t,
and thus for the entire table, i.e., for all I ∈ {0, . . . , M − 1}, we obtain
f = HB G t =

1
HB G HB e  P(q) e.
M

(3.37)

This result is easily generalized to a bit mask where  bits have been
deselected. Through repeated use of (3.37) with bit masks deselecting
one bit each, and utilizing the fact that HB HB = M I, it can be shown
that (3.37) holds for bit masks deselecting an arbitrary number of bits
 ∈ [0, B].

Chapter 4

Applications of the
Reduction Matrix
In the previous chapters, a correction method comprising bit-masking
was introduced. Also, an analysis tool for analyzing the eﬀect on the
correction table of a speciﬁc bit mask was derived. The reduction matrix
R(q, a) in particular was found to be a crucial part of the analysis. In
this chapter, the analysis framework is going to be used to optimize the
bit mask. Two diﬀerent criterions will be applied – the total harmonic
distortion (THD) and the signal-to-noise and distortion ratio (SINAD).
The derivations and results for these are presented in Sections 4.2 and
4.3, respectively. Since the fundamental setup for both criterions is the
same, the common ground is laid down in Section 4.1.

4.1

General Quadratic Cost Function

Consider the generalized correction method described in Section 2.2.3,
with correction and calibration structures depicted in Figures 2.4 and
2.5, respectively. In agreement with the analysis of Chapter 3, let the
table e be a table calibrated using the structure of Figure 2.5 and a
speciﬁc set of calibration samples. Assume that K delay elements are
used and that the bit mask is transparent (q = 1), implying that that
the table is addressed with B = K b + b bits. Since the bit mask is
transparent, I˜ = I, and we say that the table e is addressed with the
integer index I ∈ [0, M − 1], where M = 2B . Thus, the table is a column
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vector e = [e0 e1 . . . eM −1 ]T .
The general problem posed in this chapter is to ﬁnd the optimal bit
mask q, selecting β < B bits out of the B bits in I. That is, if we were
restricted to use a look-up table ẽ of size 2β < M , but still employing
K delay elements and the same calibration samples, which β bits out
˜
of the B bits available to us in I should be used to form the index I?
The concept of optimality must of course come with a measure, or a cost
function, for which we are interested to ﬁnd an extremum. As indicated
above, we will employ two diﬀerent measures in this chapter, THD and
SINAD, both leading to a special form of quadratic cost functions, viz.
V (q) = (R(q, a) e + c)∗ B(R(q, a) e + c).

(4.1)

Here, c is a column vector of length M , B is a Hermitian M -by-M matrix
and ∗ denotes complex conjugate transpose. The matrix and vector B
and c is determined explicitly by which measure is selected, and also on
other parameters related to the particular problem. In both cases we will
also have the constraint that q must select exactly β bits. This can be
written as

B

 
qi = 1T q = β
(4.2)

 i=1
qi ∈ {0, 1} i = 1, 2, . . . , B.

4.2

Minimizing THD

The total harmonic distortion (THD) is deﬁned in Section 1.3. There it
is stated that the ADC under test should be exercised with a spectrally
pure, large amplitude (near full-scale) sine wave, s(t) = A sin(2πf0 t+φ)+
C, with C and A chosen so that the signal is centered within and spans a
major part of the ADC’s analog input range. The fundamental frequency
f0 is in [0, fs /2] and the initial phase φ is arbitrary. A record of N
successive samples are collected in a vector x = [x(0) x(1) . . . x(N −1)]T .
The THD is then deﬁned as
#
$H

1$
2
|X(fh )| ,
(4.3)
THD = %
N
h=2

where X(fh ) is the discrete Fourier transform (DFT) of the vector x,
evaluated at the h-th harmonic of the fundamental frequency f0 . That
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is,
X(fh ) =

N
−1


x(n) e−

j2πnfh
fs

.

(4.4)

n=0

In order to avoid spectral leakage in the DFT, f0 should be selected to
coincide with a bin frequency k fs /N , k = 0, 1, . . . , N/2 − 1, so that
also the harmonics line up with a DFT bin. Normally the lowest nine
harmonics are considered (H = 10), and the aliased counterpart of those
are added in (4.3). An equation for calculating the aliased harmonics
is [Std1241–00]
fh = (h f0 + N fs ) mod fs ,

h = ±{2, 3, . . . , H},

(4.5)

although this does not have to be used explicitly in the forthcoming
derivations.
We aim at ﬁnding a cost function of the form (4.1). Therefore, the
THD is expressed in a matrix notation. Let the row vector wh be
f0

wh = [e−j2πh fs

0

f0

e−j2πh fs

1

f0

. . . e−j2πh fs

(N −1)

],

(4.6)

and form a matrix W as
∗ ∗
W  [w2∗ w3∗ . . . wH
] .

(4.7)

Then, we can write the Fourier transform (4.4) as X(fh ) = wh x, and
the squared magnitude as
|X(fh )| = |wh x| = x∗ wh∗ wh x.
2

2

(4.8)

The sum in (4.3) can then be written as a quadratic form with W, and
we obtain the expression
#
$H

1$
1√ ∗ ∗
THD = %
x∗ wh∗ wh x =
x W W x.
(4.9)
N
N
h=2

This is the THD of the uncorrected ADC at the frequency f0 .
Assume now that a correction table e has been calibrated as described
in Section 4.1, i.e., employing K delay elements and a transparent bit
mask. The sequence of correction terms for the recorded output x can
also be described with a matrix notation. Let I(n) be the table index
produced at time n. Furthermore, let Sx be a selection matrix of size
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N -by-2B . Each row n of Sx corresponds to a sample time index n − 1,
and each column I corresponds to a correction table entry eI−1 (row and
column indices of Sx start at 1 while the ﬁrst sample is at time n = 0
and the ﬁrst table entry is e0 ). If the table index for the time index n is
I, then the element [Sx ]n+1, I+1 is set to one and the remaining entries
in the same row are zero:

1, I(n) = I,
(4.10)
[Sx ]n+1, I+1 =
0, otherwise.
The correction term at time n is eI(n) and, by construction, the (n+1)-th
row of Sx sifts out eI(n) when post-multiplied with e. Hence, the matrix
Sx selects the appropriate correction term from the table e for each time
n, and the correction for the entire sequence x can be written Sx e.
In order to obtain a description for the sample vector x conforming
with the selection matrix notation above, a column vector r of size 2B is
introduced. Since the employed bit mask is transparent, each index I is
uniquely decodable to an ADC output level xj . In fact, when backtracking the index building part of Figure 2.4, it is evident that xj is simply
the b ﬁrst bits in I. Thus, if the index I corresponds to the non-delayed
sample x(n) being equal to xj , then let rI = xj so that the vector x
can be written x = Sx r. An example is appropriate here. If e is a static
table, i.e., K = 0, then r is just the vector of all possible ADC output levels, from x0 to x2b −1 , without repetitions. In the state-space case, when
K = 1, then r is still composed of all ADC output levels. This time, each
level is repeated 2b times, so that for all indices I corresponding to the
‘present sample’ being equal to xj it holds that rI = xj .
Now, we can write the corrected ADC output y(n) corresponding to
the record x in a new vector y = [y(0) y(1) . . . y(N − 1)]T as
y = x + Sx e = Sx r + Sx e = Sx (r + e).

(4.11)

The THD after correction is obtained by inserting (4.11) into (4.9), resulting in the expression
1& ∗ ∗
y W Wy
N
1&
=
(r + e)∗ S∗x W∗ W Sx (r + e).
N

THDy =

(4.12)

Having established a matrix expression for the THD after correction
with a (K + 1)-dimensional, B-bit indexed correction table e, we are now
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interested in how the THD is aﬀected when a non-transparent bit mask q
q
˜ then every occurrence of eI in
is employed. If the bit mask maps I −
→ I,
(4.12) should be replaced with ẽI˜ in order to get the resulting THD after
correction with the table ẽ. Using the results of Section 3.3, the vector e
in (4.12) should be replaced with the vector f = R(q, a) e, with R(q, a)
deﬁned in (3.29), in order to evaluate the eﬀect of reducing the address
space. That is, the THD after correction with a table ẽ – calibrated with
the same set of calibration signals as e and with the same K, but this
time with a speciﬁc bit mask q – is
THDỹ =

1&
(r + R(q, a) e)∗ S∗x W∗ W Sx (r + R(q, a) e).
N

(4.13)

For example, we can evaluate the resulting THD after correction with a
state-space (K = 1, q = 1) table e versus that of a static table, simply by
T T
setting the appropriate bit mask q in (4.13), in this case q = [1T
b 0b ] ,
i.e., a vector of b ones and b zeros.
The function in (4.13) is the cost function to minimize. The expression within the square root of (4.13) is in fact a vector norm, and is
thus nonnegative. Moreover, the square root function is monotonically
increasing for nonnegative arguments. Minimizing THDỹ is therefore the
same as minimizing the square THD2ỹ , which is indeed a cost function
of the form (4.1) (the normalization with N 2 does not change the minimization problem). The constraint is that a bit mask q of β ones and
B − β zeros is the only allowed solution, which was speciﬁed (4.2). The
optimization problem for minimizing the THD then becomes


(r + R(q, a) e)∗ S∗x W∗ W Sx (r + R(q, a) e)
 min
q

(4.14)
s.t.
qi = β and qi ∈ {0, 1}, i = 1, 2, . . . , B.


i

The above expression is the optimization problem for ﬁnding the optimal
β-bit bit mask such that the THD is minimized, given that the address
bits must be taken from the samples x(n) through x(n − K).

4.2.1

Results

The optimization problem (4.14) has been solved and evaluated for an
exemplary scenario. The same experimental ADC data that was used in
Section 2.4 has been used here (see Appendix B). A state-space table
is considered in this example. The table, denoted e, is indexed using
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lsb msb x(n − 1) lsb

Figure 4.1: Exemplary optimization results for THD. Each row corresponds to a speciﬁc choice of β, and the dots indicates which positions
in the bit mask q should be set to ‘1’. The results are obtained for
f0 = 3.01 MHz.

an index building structure with one delay element (i.e., K = 1) and
a transparent bit mask (cf. Figure 2.4). Hence, the index I is B = 20
bits long and e consists of M = 220 = 1 048 576 entries. The table
is calibrated with a large number of diﬀerent signals, all near full-scale
sine-waves but each with a unique frequency. The vector a represents the
number of times each entry in e was updated during the calibration (cf.
Section 2.3).
Next, an optimization frequency f0 is selected and a near full-scale
sine-wave record x of N = 16 384 samples is taken; in the results below
the frequency f0 = 3 007 273 Hz is chosen. The matrices Sx and W
are formed and the optimization problem (4.14) is solved for all integers
β ∈ [1, 19] (the solutions for β = 0 and β = 20 are trivial, viz. q set
to all zeros and all ones, respectively). Figure 4.1 illustrates the optimal
bit masks for diﬀerent choices of β: each row corresponds to a speciﬁc β
and the dots indicates which of the positions in the bit mask q should be
˜ For
set to ‘1’, or, which of the original 20 bits to use in a β-bit index I.
example, if a 10-bit index is desired, Figure 4.1 suggests that the 6 most
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Figure 4.2: Resulting THD after correction, optimized for and evaluated
at f0 = 3.01 MHz, as a function of table index size β.

signiﬁcant bits from the present sample x(n) should be selected, together
with bits 8, 7, 5 and 4 from the previous sample x(n − 1), with 10 being
the msb. These 10 bits form the index I˜ used to address the table ẽ of
size 210 = 1024 entries. Note that Figure 4.1 illustrates the results for a
speciﬁc ADC at a speciﬁc frequency f0 , and should not be taken to be
optimal in general.
In Figure 4.2 the resulting THD after correction with a β-bit table
is plotted. For each β the optimal choice of index bits, as suggested in
Figure 4.1, was used to index the correction table. The THD is evaluated
at the frequency f0 , i.e., the same frequency as the one for which the
index was optimized. Somewhat surprisingly, the THD is not minimal
at β = 20 bits, but rather at 15 bits. This phenomenon is most likely
due to the fact that in our experiment the amount of calibration data
is constant, so that a smaller table will have more calibration data per
table entry. For example, a table indexed with 15 bits, thus having 215
entries, will have 32 times more calibration data per entry compared
with a table of size 220 . The conclusion is that given the ﬁxed amount
of calibration data, Figure 4.2 suggests that the performance in terms of
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Figure 4.3: THD for the uncorrected ADC (‘+’), THD after correction
with a static 10-bit table (dotted), and THD after correction with a 10-bit
table optimized for the frequency f0 = 3.01 MHz (solid).
THD at f0 = 3.01 MHz increases when β is reduced from 20 to 15, but
then decreases as β is further reduced.
In Figure 4.3, the evaluation frequency is altered. The three curves
show THD for the uncorrected ADC, THD after correction with a static
10-bit table, and THD after correction with a 10-bit table optimized
for the frequency f0 = 3.01 MHz. We see that near the optimization
frequency the optimized table outperforms the static table, while this is
not the case over the entire range. Thus, by clever selection of the index
bits, we can gain a few dB in THD, without increasing the table size.

4.3

Maximizing SINAD

The signal-to-noise and distortion ratio (SINAD) is also deﬁned in Section 1.3. Just as in the case of THD above, the deﬁnition stipulates that
the ADC under test should be exercised with a spectrally pure, large
amplitude (near full-scale) sine wave, s(t) = A sin(2πf0 t + φ) + C, with
C and A chosen so that the signal is centered within and spans a major
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part of the ADC’s analog input range. This time, however, the fundamental frequency f0 does not have to line up with a DFT bin frequency.
A record of N successive samples x(0), x(1), . . . , x(N − 1) is taken from
the ADC output. The basic requirement for the SINAD test method is
that the input sine-wave is pure enough so that noise input to the ADC
is negligible. Then, the output from the ADC can be modeled as a sinewave plus a term containing all the distortion and noise in the output
signal. The distortion and noise can be assumed to be a product of the
non-idealities in the converter only, since the input was a pure sine-wave.
The SINAD is then the ratio of the rms signal to the rms distortion.
The sine-wave part of the output signal x(n) is found by calculating a
sine-wave least-squares ﬁt, say š(n), to the ADC data x(n). Standardized
methods for sine-wave ﬁtting are described in [Std1241–00, §4.1.4]. The
SINAD is then deﬁned as
SINAD =

RMSsig
,
RMSnoise

(4.15)

where
A
RMSsig = √
2

(4.16)

and

RMSnoise =

N −1
1 
2
(x(n) − š(n))
N n=0

 12
.

(4.17)

This is the SINAD for the uncorrected ADC at frequency f0 .
Let a correction system of the type described in Section 2.2.3 be applied to the ADC under test. Assume once again that a correction table e
has been calibrated as described in Section 4.1, i.e., employing K delay elements and a transparent bit mask. The index building will then produce
an index I for every sample time n. Denote the indices associated with the
N −1
. Thus, when calculating the SINAD
calibration samples with {I(n)}n=0
for the corrected ADC, x(n) should be replaced by y(n) = x(n) + eI(n)
in (4.17), so that

RMSnoise, y =

N −1
(2
1 '
x(n) + eI(n) − š(n)
N n=0

 12
.

(4.18)
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The aim is now to ﬁnd an alternative expression for the SINAD which
is independent of the sample time n. Since RMSsig in (4.16) is already
independent of n, RMSnoise is the only one that must be rewritten. Therefore, assume that there exists a reference table e0 , the same size as e, but
with entries such that we can write
š(n) = x(n) + e0I(n) .

(4.19)

That is, the table e0 is such that when correcting the ADC output (obtained with s(t) applied to the input) with e0 , the result is approximately
equal to a sine-wave ﬁt to the output signal. Inserting (4.19) in (4.18)
results in


RMSnoise, y

N −1
**2
)
1 )
x(n) + eI(n) − x(n) + e0I(n)
=
N n=0
 N −1
1
*2 2
1 )
eI(n) − e0I(n)
=
.
N n=0

 12
(4.20)

N −1
Counting the occurrences of diﬀerent indices I in {I(n)}n=0
gives the
distribution of the sampled evaluation signal over the tables e and e0 .
Thus, let a0I be the number of occurrences of the speciﬁc index I in
N −1
, i.e., the number of times eI and e0I is used in the sum (4.20).
{I(n)}n=0
Note that the vector a0 is not to be confused with a; the former is the
distribution of the evaluation samples over the table, while the latter is
the distribution of the calibration samples. Denote A0 = diag{a0 }, then
(4.20) can be written as

! 12

RMSnoise, y =

(T
'
(
1 '
e − e0 A0 e − e0
N

,

(4.21)

which, together with (4.15) and (4.16), is a matrix expression, independent of n, for the SINAD of the ADC corrected with a B-bit indexed
table.
Once again we are interested in investigating the eﬀects of reducing
the index size from B bits to β bits. Using the same arguments that lead
to (4.13) in the minimization of THD, the table e should be replaced
with f = R(q, a) e. As before, q is the considered bit mask and a is the
distribution of the calibration samples over e. Inserting this into (4.21),
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the root-mean-square noise can be written
RMSnoise, ỹ =

(T
'
(
1 '
R(q, a) e − e0 A0 R(q, a) e − e0
N

! 12
. (4.22)

Thus, the RMS noise is expressed as the weighted RMS diﬀerence between
tables f and e0 . The weighting emphasizes each table entry according to
the entry’s signiﬁcance to the SINAD, that is, how many times it is used
in the sum in (4.20). For example, in the static case (K = 0) this results in
the table entries corresponding to quantization levels near the sine-wave
endpoints C ±A being emphasized, since the evaluation signal s(t) spends
most time in those regions. Furthermore, a0 can be extended to represent
the distribution of several sine-wave signals at diﬀerent frequencies by
simply adding the individual distribution of each frequency. The eﬀect
will then be that the mean SINAD over those frequencies is optimized.
Since the amplitude A in (4.16) is independent of the bit mask q, maximizing the SINAD (4.15) is equivalent to minimizing the noise (4.22).
Omitting the square root (monotonically increasing) and the normalization with N , we end up with a cost function of the form (4.1) again. The
constraint (4.2) still applies, since we still want to ﬁnd a bit mask that
sifts out β bits. The following minimization problem can be posed:


(R(q, a) e − e0 )T A0 (R(q, a) e − e0 )
 min
q

(4.23)
qi = β and qi ∈ {0, 1}, i = 1, 2, . . . , B.

 s.t.
i

That is, minimize the weighted noise power with respect to the bit mask
q consisting of β entries set to 1 and the remaining entries 0.
The choice of reference table e0 naturally impacts on the optimization
results. The reference table should be such that x(n) + e0I(n) matches a
sine-wave ﬁt to the output as closely as possible and for all frequencies for
which the performance shall be optimized. The restriction is that e0 must
be the same size as e, viz. 2B entries. If the e0 is calibrated according
to the method in Section 2.3, i.e., using Lloyd’s optimal reconstruction
levels, it minimizes the mean-squared error diﬀerence between the input
and output during calibration, calculated over all calibration samples.
Accordingly, the best reference table is that which is calibrated, using the
methods of Section 2.3, for exactly those frequencies for which we want
to optimize (4.23). Thus, if we calibrate the table e for our frequencies of
interest, the best we can do is to let e0 = e and a0 = a. The immediate
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interpretation of the cost function in (4.23) is then that the weighted
diﬀerence between the original table e0 = e and the reduced size table ẽ
(represented by R(q, a) e) should be minimized.

4.3.1

Results

The optimization problem (4.23) has also been solved and evaluated for
a scenario with experimental ADC data. The ADC data is the same as
in the results presented in the previous sections (Sections 2.4 and 4.2).
A state-space table e, addressed as before with K = 1 delay element
and a transparent bit mask, is calibrated using several large amplitude
sine-waves at diﬀerent frequencies over the Nyquist range. The vector a
is the corresponding distribution vector, i.e., the number of times each
table entry was updated during calibration. The calibrated table e is also
used for reference, i.e., we let e0 = e. Furthermore, a0 is set equal to a.
This corresponds to evaluating the average SINAD over all frequencies
for which the table e was calibrated, so that the SINAD is optimized
over the same frequency range. The purpose of this is to achieve an

0

5

β 10

15

20
msb

x(n)

lsb msb x(n − 1) lsb

Figure 4.4: Exemplary optimization results for SINAD. Each row corresponds to a speciﬁc choice of β, and the dots indicates which positions
in the bit mask q should be set to ‘1’.
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Figure 4.5: Resulting SINAD after correction, evaluated at f =
3.01 MHz, as a function of table index size β.

optimization valid in a wide frequency range. The optimization problem
(4.23) is solved for all integers β ∈ [1, 19] (as before, the solutions for
β = 0 and β = 20 are trivial). The optimal bit masks are illustrated in
Figure 4.4. The plot should be interpreted the same way as Figure 4.1:
each row corresponds to a speciﬁc choice of β and the dots indicate which
˜ A basic observation is that the results in
bits to use in a β-bit index I.
Figure 4.1 and Figure 4.4 are similar, but not equal. Hence, the optimal
bit allocations are diﬀerent depending on which optimality criterion –
THD or SINAD – is applied.
Next, the resulting SINAD after correction with a 2β -size table ẽ was
evaluated. The SINAD was evaluated at the frequency f = 3.01 MHz
for diﬀerent values of β. For each value β, the index bits were selected
according to the results of Figure 4.4. In Figure 4.5 we see that the
performance only deteriorates slightly when β is reduced as low as 3.
However, part of this can again be an eﬀect of the constant number of
calibration samples, as discussed i Section 4.2.1.
Finally, Figure 4.6 shows the SINAD after correction with an optimized 10-bit table, compared with the SINAD after correction with a
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Figure 4.6: SINAD for the uncorrected ADC (‘+’), SINAD after correction with a static 10-bit table (dotted), and SINAD after correction
with a 10-bit optimized table (solid).
10-bit static table and the uncorrected SINAD. It is clear from the results
that in the higher frequencies, the optimized table performs better than
the static table, and the diﬀerence is signiﬁcant (approximately 2 dB).
We also see that the optimized table does not deteriorate the ADC performance for frequencies close to 10 MHz, which the static table does. In
the lower frequencies (except between 1 MHz and 1.5 MHz), on the other
hand, the static table actually outperforms the 10-bit optimized table,
but the diﬀerence is small (less than 1 dB).

4.4

Simpliﬁcations of the Cost Function

Both the optimization problems above ended up in rather complicated
cost functions, viz. (4.14) and (4.23). It has already been identiﬁed that
both cost functions are of the general form (4.1). When considering
the special case of the calibration samples being uniformly distributed
over the table e, some simpliﬁcations can be done. It is reasonable to
assume that a uniform distribution over the table e is achieved by using
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independent identically distributed calibration samples with a uniform
distribution over the full-scale range of the ADC. A uniform distribution
corresponds to the vector a being a = α1. In this case, the following
lemma applies.
Lemma 4 (Cost function for uniform distribution). Let V (q) be
the cost function (4.1), i.e., V (q) = (R(q, a) e + c)∗ B(R(q, a) e + c)
where B is a Hermitian M -by-M matrix and c and e are real column
vectors of length M . Let R(q, a) be the reduction matrix (3.29). Assume
that a = α1 (α = 0). Then
V (q) = gT F g + cT B c,

(4.24)

where g is deﬁned in (3.19) and the matrix F is
F

(
2
1 '
(H e eT H) ◦ (H B H) +
diag{diag{HB B c eT HB }}.
2
M
M
(4.25)

The proof is provided in Appendix 4.A. Since the second term in
(4.24) is constant, optimizing V (q) is equivalent to optimizing V  (q) =
gT F g. This is a quadratic function in g. The constraints for optimization
should be that g depends on q as in (3.19) in addition to the constraints
on q already stated in (4.2).
It is in fact possible to rewrite the function V  (q) as a linear function.
From matrix analysis, e.g. [HJ91] or [Lüt96], we know that for matrices
X, Y and Z of suitable dimensions
vec{X Y Z} = (ZT ⊗ X) vec{Y},

(4.26)

where vec is the vectorization operator, stacking the columns of a matrix
in one single column vector. The vectorization of a scalar is simply the
scalar itself, so
V  (q) = vec{V  (q)} = vec{gT F g} = (gT ⊗ gT ) vec{F}
= vec{F}T (g ⊗ g).

(4.27)

Deﬁning
ξ = g ⊗ g,

(4.28)

we can write an equivalent optimization problem using the cost function
V  (ξ) = vec{F}T ξ

(4.29)
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and the constraints

1
1
1
1


ξ=
⊗ ··· ⊗
⊗
⊗ ··· ⊗


q
q
q
q

B
1
B
1

B

qi = 1T q = β





 i=1
qi ∈ {0, 1} i = 1, 2, . . . , B.

(4.30)

The optimization problem has been transformed from the rather complicated form (4.1) in B binary variables to the linear form (4.29) in 22B
binary variables. The transformation was made possible by constraining
the distribution to be uniform, i.e., a = α1. It is of course a signiﬁcant
simpliﬁcation to reduce the problem to a linear program, while the increase in the number of variables can make the form (4.29) infeasible; in
the examples of Sections 4.2.1 and 4.3.1, M is 220 and the transformation
to (4.29) would render a problem in M 2 = 240 variables.

4.4.1

Avoiding the Kronecker-Type Constraint

Although the new cost function (4.29) is linear, the constraints (4.30) are
still nonlinear because of the Kronecker-type constraint
ξ=

1
1
1
1
⊗ ··· ⊗
⊗
⊗ ··· ⊗
qB
q1
qB
q1

(4.31)

This constraint descends from the deﬁnition of g in (3.19), i.e.,
g=

1
1
1
⊗
⊗ ··· ⊗
.
qB
qB−1
q1

(4.32)

However, it is possible to reformulate this constraint in a linear matrix
equality constraint, which will be shown in the sequel.
Let us start by deﬁning a vector
γ (i)⊥ =

1
1
1
1
1
⊗ ··· ⊗
⊗
⊗
⊗ ··· ⊗
1
1
0
1
1
B

i+1

i

i−1

(4.33)

1

which, by construction, has zeros where qi contributes to g, and ones
elsewhere. That is, if position j in g depends on qi through (4.32), then
(i)⊥
the j-th element γ j
is 0, otherwise it is 1. Let γ (i) = 1 − γ (i)⊥ which
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now, of course, has ones where qi contributes to g. This vector possesses
some properties that will be useful.
Consider the scalar product γ (i)T g. Assume that q has exactly β ones
and B − β zeros. From the deﬁnitions of γ (i) and g we have
γ (i)T g = (1 − γ (i)⊥ )T g = 1T g − γ (i)⊥T g.

(4.34)

The one-vector 1 of 2B ones can be written as an iterated Kronecker
product with B factors
1=

1
1
⊗ ··· ⊗
,
1
1

(4.35)

and, using the property of the Kronecker product that A C ⊗ B D =
(A ⊗ B)(C ⊗ D), we can write
!T
!
1
1
1
1
1
⊗ ··· ⊗
⊗
⊗ ··· ⊗
1
1
qB
qB−1
q1
!
!
+
, 1
+
, 1
1 1
⊗ ··· ⊗ 1 1
qB
q1

1T g =
=
=

(4.36)

B
B
+
, 1
1 1
(1 + qk ) = 2β .
=
qk

k=1

k=1

The last equality comes from the fact that q has β elements equal to one,
so that β factors in the product are equal to 2 and the rest of the factors
are unity. In a similar fashion we can calculate γ (i)⊥T g as
γ

(i)⊥T

g=

1
1
1
1
1
⊗ ··· ⊗
⊗
⊗
⊗ ··· ⊗
1
1
0
1
1
i+1

B

=

-

i

i−1

1
1
1
⊗
⊗ ··· ⊗
qB
qB−1
q1

!

!T
×

1

(4.37)

(1 + qk ).

k=i

The outcome will be one out of two possible numbers, depending on
wether the vector element qi is one or zero. If qi = 1, the product in
the last equality of (4.37) will be over β − 1 factors with value 2. Else, if
qi = 0, (4.37) is a product over β factors with value 2. Hence, γ (i)⊥T g is
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2β or 2β−1 when qi is 0 or 1, respectively. To summarize the discussion,
we conclude that

2β − 2β = 0,
qi = 0
(i)T
γ
g=
(4.38)
2β − 2β−1 = 2β−1 , qi = 1,
or
γ (i)T g = 2β−1 qi

(4.39)

The relation (4.39) can be used to formulate an alternative to the
Kronecker-type constraint on ξ in (4.30). Since ξ = g ⊗ g we deﬁne the
vector γ̄ (i) = γ (i) ⊗ γ (i) and observe that
γ̄ (i)T ξ = (γ (i) ⊗ γ (i) )T (g ⊗ g) = (γ (i)T g) ⊗ (γ (i)T g) = (γ (i)T g)2
.
.
= (2β−1 qi )2 = qi ∈ {0, 1} → q2i = qi = 22β−2 qi ,
(4.40)
where the relation (4.39) was used. Stacking the vectors γ̄ (B)T through
γ̄ (1)T in a matrix Γ̄, we can form the linear matrix equality constraint
 (B)T 
γ̄
γ̄ (B−1)T 


(4.41)
Γ̄ ξ = 
 ξ = 22β−2 q.
..


.
γ̄ (1)T
Finally, this can be used to formulate a new set of constraints, replacing
(4.30). The new constraints are

Γ̄ ξ = 22β−2 q



B
 


qi = 1T q = β
(4.42)
 i=1



 qi ∈ {0, 1} i = 1, 2, . . . , B

ξ j ∈ {0, 1} j = 1, 2, . . . , 2B .
We have in this section shown that it is possible to reformulate the
general optimization problem (4.1) with constraints (4.2) into a linear
binary optimization problem (4.29) with linear constraints (4.42). The
transformation of the cost function depended on the assumption that the
calibration samples where uniformly distributed over the table e, i.e.,
a = α1.

4.A Proof of Lemma 4

Appendix 4.A
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Proof of Lemma 4

Let V (q) be the cost function (4.1), i.e.,
V (q) = (R(q, a) e + c)∗ B(R(q, a) e + c).
When a = α1 with α = 0, we have from (3.29) that
R(q, α1) = diag{P(q) α1}† P(q) diag{α1}
1
1
HB G HB diag{α1}
= diag{ HB G HB α1}†
M
M
= diag{HB G HB 1}† HB G HB I.

(4.43)

The matrix G is deﬁned in (3.20). Now, since 1 = h0 , i.e., the ﬁrst
column of HB , we have that the ﬁrst factor is
diag{HB G HB HB u1 }† = /HB HB = M I/ = diag{M HB G u1 }†
= /G u1 = u1 / = diag{M HB u1 }† = M −1 diag{1}†
= M −1 I† = M −1 I. (4.44)
Thus, we have that
R(q, α1) =

1
HB G HB
M

(4.45)

which in fact is equal to P(q) in Lemma 2.
Expanding the quadratic form in V (q) and inserting a = α1 we have
!∗
!
1
1
V (q) =
HB G HB e + c B
HB G HB e + c
M
M
1
1 ∗
= 2 e∗ HB G HB B HB G HB e +
e HB G HB B c
M
M
1 ∗
c HB G HB B e + c∗ B c
+
M
.
.
= c and e real ⇒ c∗ = cT , e∗ = eT
1
2 T
e HB G HB B c + cT B c
= 2 eT HB G HB B HB G HB e +
M
M
(4.46)
The trace of a matrix product X Y has the property that Tr{X Y} =
Tr{Y X}. Also, the trace of a scalar a is Tr{a} = a. We also know
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that for two vectors, x and y, and two matrices, X and Y, it holds that
Tr{diag{x} X diag{y} YT } = yT (X ◦ Y)x, where ◦ is the Hadamard
product1 (see e.g. [HJ91, Lüt96]). Using these relations, the ﬁrst term in
(4.46) can be written as
1 T
e HB G HB B HB G HB e
M2
1
= 2 Tr{G HB e eT H G H B H}
M
'
(
1
= 2 gT (H e eT H) ◦ (H B H)T g
M
'
(
1
= 2 gT (H e eT H) ◦ (H B H) g, (4.47)
M
and the second term becomes
2 T
2
e HB G HB B c =
Tr{1eT HB G HB B c}
M
M
(
'
= 1 (eT HB ) ◦ (HB B c)T g = diag{HB B c eT HB }T g, (4.48)
where diag{g} = G (see (3.20)) has been used. Now the cost function
V (q) can be expressed as

V (q) =

(
1 T'
g (H e eT H) ◦ (H B H) g
2
M
2
diag{HB B c eT HB }T g + cT B c. (4.49)
+
M

Since g consists of only zeros and ones (g ∈ BM ), we can write the scalar
product between a vector x and g as

xT g =

M

m=1

xm gm =

M


2
xm gm
= gT diag{x} g.

(4.50)

m=1

1 The Hadamard product, also known as the Schur product, is the entrywise multiplication of the elements in two matrices of the same size.
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Inserting this into (4.49) we have
(
1 T'
g (H e eT H) ◦ (H B H) g
2
M
+ gT diag{diag{HB B c eT HB }} g + cT B c
(
1 '
(H e eT H) ◦ (H B H) +
= gT
M2
!
2
T
diag{diag{HB B c e HB }} g + cT B c.
M

V (q) =

(4.51)

Chapter 5

Post-correction using
Frequency Selective
Tables – An Alternative
Approach for
Narrow-band Signals
So far, we have tried to incorporate dynamic behaviour into the correction
of ADCs by employing a state-space indexing of the correction table.
When narrow-band signals are considered, one might think of the error
of the ADC to be frequency dependent. A correction scheme which is
explicitly dependent on the instantaneous signal frequency is a desirable
countermeasure.
The correction scheme presented in this chapter utilizes a frequency
selective correction table. This is accomplished by extending the usual
one-dimensional correction table of classical look-up table correction (cf.
Section 2.1) to a two-dimensional table, using both the present ADC
output x(n) = xj and the present frequency region estimate F̂ (n) =
F ∈ {F1 , . . . , FL } for addressing. The correction system is depicted in
Figure 5.1. The frequency region estimate is updated for each sample
x(n). This method can also be interpreted as selecting a speciﬁc onedimensional correction table for each frequency region estimate F . Thus,
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x(n)

s(t)
ADC

b

ADC
correction
table set

ŝ(n)

msb
N-bit shift register

F̂ (n)
i
N

frequency
region
est. tbl

frequency region estimator
Figure 5.1: Correction system outline.
the corrected output ŝ(n) is the table entry ŝj,  associated with xj and
F .

5.1

Frequency Region Estimator

A traditional way of constructing frequency estimators is by optimizing
some criterion related to the frequency. The perhaps most commonly
used method is the method of maximum likelihood, or approximate variants thereof. In common for most frequency estimation methods is that
the output frequency estimate is a continuous variable. Here, on the
other hand, we consider the problem of ﬁnding the most probable region
to hold the unknown frequency, out of a ﬁnite (small) set of regions.
It has been illustrated [ASH00] that there exists a high-performance
frequency estimator of low complexity employing only 1-bit of the input
signal. The use of 1-bit data also has the advantage that the estimator
does not depend on the power of the input signal, i.e., no gain control
is needed. Here, we are not limited to use 1-bit data but the resulting
structure with a table look-up procedure is tractable since it supports
the demand of a fast estimator of low complexity.
The frequency estimator input z(n) is given by the most signiﬁcant
bit (msb) of x(n), z(n) = sign(s(n)), where sign(x) = 1 for x ≥ 0 and
sign(x) = −1 for x < 0 (we can assume, without loss of generality, that
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the full-scale input range of the ADC is symmetric around zero). By
collecting N successive binary samples at each time instant n we can
uniquely map one input sequence onto an integer i ∈ {0, . . . , 2N − 1}.
The index i is then used as a pointer to an entry in a frequency region
estimation table, see Figure 5.1. Finally, the i-th table entry contains a
region estimate F̂ (n) ∈ {F1 , . . . , FL }, indicating that the instantaneous
signal frequency is within the -th frequency region. The frequency regions F are determined by the region center frequencies {f }L
=1 through
the deﬁnition
F = {f ∈ [0, 1/2) : |f − f | ≤ |f − fp |, p = 1, . . . , L}

(5.1)

where  = 1, . . . , L. The center frequencies {f } can be chosen arbitrarily,
but the size and location of the regions {F } is of course dependent on
the actual choice.
As a frequency region estimate we choose the region that maximizes
the probability of including the unknown frequency f0 given the N 1-bit
samples z(n) through z(n − N + 1), that is
F̂ (n) = arg max Pr{f0 ∈ F |z(n), . . . , z(n − N + 1)},
∀F

(5.2)

where Pr{·} is the probability function. Since z(n) through z(n − N + 1)
are binary variables (±1) there is a ﬁnite number of possible combinations, viz. 2N combinations. This observation makes it possible to precalculate an estimate F̂ = F for each combination and store these in
a table. A straightforward way to obtain the table is to use a training
approach [ASH00].

5.2

Correction Table

During ADC operation with correction engaged, the ADC output sample,
x(n), is mapped through the ADC correction table to a compensated
output value ŝ(n). The correction is determined by the present ADC
output together with the current frequency region estimate, as depicted
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in Figure 5.1. Thus, the correction becomes1
s(t) → (xj , F ) → ŝj,  = ŝ(n)
ŝj,  ∈

(M −1, L)
{ŝi, p }(i, p)=(0, 1)

(5.3)

.

With this structure, the compensation is made dynamic, with table indexing depending on the frequency contents of the signal.
The table entries
ŝj,( should be selected such that the resulting con'
version s(t) → xj , F → ŝj,  = ŝ(n) is “better” than without correction. The employed design criterion is again to minimize the mean
squared error, E[(ŝ(n) − s(n))2 ]. Since the selection of ŝ(n) = ŝj,  depends on the ADC output x(n) and the frequency region estimate F̂ (n),
the criterion becomes
/
,
+
(5.4)
ŝj,  = arg min E (ŝ − s(n))2 / x(n) = xj , F̂ (n) = F
ŝ

Once more we can refer to Section 2.3 and [Llo82] for guidance. In order
to minimize the criterion (5.4), ŝ/j,  should be set to the mean value
of all input samples, s(n) = s(t)/t=n Ts , that were quantized into the
value xj while the frequency region estimate was equal to F . Obviously,
an estimate of the calibration signal input to the ADC under test is
needed, and several methods have been proposed earlier; some of these
have already been dealt with in Section 2.3.

5.3

Performance

Once again, the experimental ADC data described in Appendix B was
used to evaluate the proposed method. The ADC correction table was
calibrated using sinusoid calibration signals at several diﬀerent frequencies. The calibration signal estimate ŝ(n) was obtained using the optimal
ﬁltering method proposed in [HSP00].
Spurious-free dynamic range (SFDR) and signal-to-noise and distortion ratio (SINAD) are used to evaluate the method, and the results are
presented in Figures 5.2 and 5.3, respectively. The results for static correction (K = 0) and for the uncompensated ADC are also presented in
the ﬁgures.
1 The correction table is here described as a replacement table such that the ADC
output x(n) is replaced with the new value ŝ(n). It can, however, just as well be
described as a table of correction terms added to the ADC output, so that ŝ(n) =
x(n) + ε(n) (cf. Figure 2.1(a) and Figure 2.1(b)).

5.3 Performance
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Figure 5.2: SFDR for frequency-selective correction with L = 8 (solid)
and L = 16 (dash-dot) compared to static correction (dotted) and uncompensated ADC (dashed).
The frequency-selective correction was evaluated for two test cases:
the ﬁrst case involving 8 frequency regions (L = 8) and the second case
having 16 regions (L = 16). In both cases N was set to 16 and the
L region center frequencies were distributed uniformly over the Nyquist
range, resulting in uniform frequency regions. The results indicate that
the frequency-selective correction method is superior to the frequencystatic method in general, but also that increasing the number of frequency
ranges L from 8 to 16 does not give any signiﬁcant improvement. We
see from the plots that the SFDR is improved with between zero and
7 dB, while the SINAD in general is improved with less than 1 dB, both
compared to the results obtained using static correction. Furthermore,
it is interesting to see that the static correction yields deterioration of
the ADC performance at frequencies near the Nyquist rate, while for the
frequency selective correction methods this is not the case.
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Figure 5.3: SINAD for frequency-selective correction with L = 8 (solid)
and L = 16 (dash-dot) compared to static correction (dotted) and uncompensated ADC (dashed).

Chapter 6

Conclusions
6.1

Summary

In this thesis the topic of post-correction of ADCs has been discussed.
The work has focused on correction methods based on look-up tables.
After reviewing the state-of-the-art in look-up table correction, a generalized approach for ADC correction based on multidimensional tables
was proposed. The correction method used several subsequent samples
from the ADC to form the address, or index, to the table. The rationale for introducing an index dependent not only on the ‘present sample’,
but also on the signal history, was that ADC errors in general exhibit a
dynamic behavior. That is, the errors that the correction scheme is to
mitigate are dependent on the dynamics of the signal, e.g. signal history.
However, the table size grows exponentially with the number of samples
incorporated into the index, which has been pointed out before. Therefore, the novel generalized scheme also comprises bit-masking in order to
reduce the address space, and thereby the table size. The bit-masking
operation selects a subset of the available bits. Through the use of a bit
mask, the memory requirements are reduced while the correction remains
dynamic, at least to some extent.
The experimental results showed that a correction scheme that uses
multidimensional indexing can outperform a static correction, in terms of
SFDR, SINAD and THD. It was also shown that signiﬁcant performance
improvements can be achieved even without increasing the actual size of
the look-up table, simply by letting some of the index bits come from
delayed samples.
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When introducing the bit-masking concept, the question of which
bits to select in the table index arises. One of the major contributions of
this work is an analysis framework for analyzing the eﬀect of diﬀerent bit
allocations. It has been shown that a correction table indexed with all bits
from the present sample and a speciﬁc number (K) of delayed samples,
can be used to ‘mimic’ any correction scheme with a more restrictive bit
mask, i.e., a table indexed with any subset of the bits used to index the
original table. The relationship between the original table and the new
table was derived, and was shown to be linear. The derivation of the
analysis framework was based on the Hadamard transform.
The analysis framework was then applied in an optimization problem.
The problem consisted of allocating a speciﬁc number (β) of index bits.
Two diﬀerent ﬁgures of merit where used, viz. THD and SINAD. In both
cases, the optimization problem was the following: which β bits, selected
from all bits of the present sample and K previous samples, should be
used in order to maximize the performance of the corrected ADC in terms
of THD or SINAD? Both problems could be explicitly posed using the
previously derived analysis framework.
Experimental ADC data was used to illustrate the optimization problems. The results revealed two important facts. First, the optimal bit
allocation depends on which ﬁgure of merit – THD or SINAD – is applied. Second, the number of bits to allocate, β can be signiﬁcantly
reduced without crippling the correction scheme.
Finally, an alternative approach was proposed for correcting ADCs
when the input signal is assumed to be narrow-banded. Instead of using a multidimensional table indexed with present and delayed samples,
the frequency selective correction method utilized a frequency estimator.
The correction table used was two-dimensional with the present sample
indexing one dimension and an instantaneous frequency estimate indexing the other dimension. Thus, the correction scheme selected diﬀerent
static correction tables depending on which frequency the sampled signal
was, or more precise, which frequency region it was estimated to reside
in. The results showed that a frequency selective table was superior to a
static table, especially in the highest frequencies.

6.2

Future Work

The performed work identiﬁes a number of problems yet to be solved and
points out possible future work.

6.2 Future Work
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Calibration Signals In the exemplary results presented in this work,
the correction tables were calibrated using sinusoid calibration signals.
The advantage of using sine-waves as calibration signals is that they are
fairly easy to generate with a satisfactory quality. The disadvantage is
that they provide poor excitation of multidimensional tables. Consequently, sine-waves at a large number of diﬀerent frequencies must be
applied in order to calibrate a multidimensional table.
Therefore, it is interesting to investigate the possibility of using other
classes of calibration signals. These should be signals that provide a
higher degree of excitation for the multidimensional tables, hopefully
leading to faster and more accurate calibration of the correction tables.
Precision of Table Entries In Section 2.4.1 the eﬀects of ﬁxed-point
representation of the table entries where brieﬂy examined through experiments. This is a problem that would be interesting to examine from a
theoretical point of view.
Memory Issues One problem with the analysis framework proposed
in Chapter 3 is the memory requirements. Let us assume that we want
to investigate diﬀerent 10-bit index conﬁgurations, where the bits can be
selected from the present sample and, say, four delayed samples (K = 4
using the notation of Chapter 2). Then, in order to use the analysis
framework we must start with a table that is addressed using all bits in
the present sample and the four delayed samples. Hence, this table is of
size 25b which in the case of a 10-bit converter and one byte (eight bits)
per table entry would require a memory of 1 pebibyte = 1 048 576 Gibyte.
Not only is this memory size practically infeasible (today) but the time
and amount of data required to calibrate such a table is also huge.
In the light of the above observations, it is clear that some approximations and simpliﬁcations must be done in order to enable the analysis
of such high-dimension tables.
Optimization Algorithms Related to the problem of memory size is
the complexity of solving the optimization problems posed in Chapter 4.
The optimization problems are allocation problems of the type where
we are to ﬁnd the best way of selecting β items (bits) out of B items.
Finding a solution
' ( through exhaustive search is not feasible in general,
since there are B
β possible combinations; there are for example 184 756
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ways to select 10 bits out of 20, and 30 045 015 ways to select 10 bits out
of 30. Because of this, a more eﬀective solution algorithm is desirable.

Appendix A

ADC Test Bed

Synchronization

The experimental ADC data used to evaluate the theories and methods described in this work was acquired using an ADC test bed. The
test setup follows closely the recommendations in IEEE standard 1241
[Std1241–00, §4.1.1.1], and the block schematics are provided in Figure A.1.
Clock
generator

Sine-wave
generator

10
DUT

FIFO
buﬀer

10
Computer

Remote frequency selection
Figure A.1: Test bed block schematics. The frequency generators are
synchronized to enable coherent sampling without drifting. The ﬁrstin ﬁrst-out (FIFO) buﬀer is used as a temporary storage between the
high-speed ADC and the computer.
The diﬀerent parts of the test bed are brieﬂy described in the sequel.
DUT (Device under test) The ADC under test is an Analog Devices
AD876 evaluation board. The AD876 is a 10-bit pipelined ﬂash converter
operating at a maximum sampling rate of 20 MSPS. The evaluation board
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provides easy access to input, clock and output signals. See [AD876–97]
for details.
Signal generators The input sine-wave signal and the clock signal are
generated by two Marconi Instruments MI 2024 tone generators. The
input signal is directly connected to the evaluation board (appropriate
DC bias is added on the evaluation board). The clock signal, on the other
hand, must be a 0–5 V square wave, so the tone generator is connected
to a pulse shaping circuit (custom built), converting the sine wave to a
square wave of the same frequency. The two generators are synchronized
so that they both utilize one and the same reference oscillator. This is
to ensure that the clock and the test signal are phase-locked.
FIFO-buﬀer Since the computer, which is used to ﬁnally store the
sampled data, is unable to read the data coming from the ADC at the
sampling rate, an intermediate memory is used to store one batch of
samples, viz. 16 384 samples. The samples are stored in a ﬁrst-in ﬁrstout (FIFO) type memory. When the memory is full, the sampling is
stopped and the data is retrieved to the computer at a lower rate.
Computer A standard PC equipped with a digital input/output board
is used to read the sample sequences from the FIFO board and store them
to a ﬁle. The computer is also used to control the test bed hardware.

Appendix B

Experimental ADC Data
All the data used to illustrate and evaluate the methods proposed in this
work has been acquired using the test bed described in Appendix A. The
data was collected using coherent sampling, as described in [Std1241–
00, §4.1.4.5 and §4.1.5.1] and also in Section 1.3.3. In order to facilitate
subsequent Fourier analysis of the data, the test signal frequency should
also line up with a discrete Fourier transform bin frequency. Thus, the
input signal frequency f0 must satisfy two criteria:
1. The frequency must coincide exactly with a DFT bin, i.e.,
f0 =

m
fs ,
N

m = 0, 1, . . . ,

N
− 1.
2

(B.1)

2. The frequency must satisfy
f0 =

J
fs ,
N

(B.2)

where the integer J and the record length N are relatively prime,
i.e., have no common factors. Thus, GCF(m, N ) = 1.
We immediately see from the two above equations that this implies that
m and N must be relatively prime. When N is a power of 2, which is
the case of the test bed used here, any odd integer m will satisfy the
above condition 2. Additionally, the standard stipulates that the number
of samples N in a batch record should be at least π2b , where b is the
number of bits in the ADC under test, in order to ensure a sample of
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every code bin; the test bed is designed for N = 16 384 samples, which
is suﬃcient.
The data used in this work has the following characteristics:
Sampling frequency
fs = 19 972 096 Hz
Input frequency
1 000 799 ≤ f0 ≤ 9 984 829 MHz
Record size
N = 16 384 samples
Number of bits
b = 10
Sine-wave amplitude −0.45 dBFS, or approx. 95% of full-scale
The SINAD, SFDR, THD and ENOB of the experimental data vary
over the frequency range according to Figures B.1, B.2, B.3 and B.4,
respectively.
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Figure B.1: The SINAD of the experimental data.
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Figure B.2: The SFDR of the experimental data.
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Figure B.3: The THD of the experimental data.

10

86

B Experimental ADC Data

9

ENOB [bits]

8.8
8.6
8.4
8.2
8

0

2

4

6

8

f [MHz]
Figure B.4: The ENOB of the experimental data.

10

Bibliography
[AD6645–02] Analog Devices, www.analog.com.
AD6645: 14-Bit,
80 MSPS A/D Converter Data Sheet, June 2002. Rev.
A.
[AD876–97]

Analog Devices, www.analog.com.
AD876: 10-Bit,
20 MSPS 160 mW CMOS A/D Converter Data Sheet, December 1997. Rev. B.

[ASH00]

Tomas Andersson, Mikael Skoglund, and Peter Händel.
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