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Sammanfattning

Det är egentligen anmärkningsvärt både hur lite och hur mycket vi faktiskt vet
om neutriner. Å ena sidan är neutrinon den näst vanligaste partikeln i vårt uni-
versum. De kan skapas i solen, i supernovor med kärnkollaps, kosmisk strålning,
geologisk bakgrundstrålning, supernovakvarlevor och i Big Bang. Å andra sidan
har de ofattbart små massor och är inte alls angelägna att reagera med sin om-
givning. Eftersom neutriner är så vanliga och eftersom de har visat prov på fysik
bortom standardmodellen för partikelfysik, hoppas man på att de bär på ännu
okänd information om vårt universum. Det lär dock ta både tid och ork att över-
tala neutrinerna att förtälja vad de vet.
Bland det vi inte vet om neutriner har vi värdet på δ-fasen i mixingmatrisen för
neutriner. Om δ är skild från noll bryter neutrinooscillationer mot CP -symmetrin.
Dessutom, om neutrinomassor är introducerade till standardmodellen genom
See-Saw modellen och om leptogenesis visar sig vara en korrekt teori, kan CP -
brott hos neutrinooscillationer förklara varför universum inte innehåller någon
antimateria när lika delar materia och antimateria borde ha skapats vid Big Bang.
I detta examensarbete undersöker vi smakevolutionen hos supernovaneutriner.
Vi presenterar den fullständiga Hamiltonianen för vårt system och identifierar
hur de olika bidragen påverkar evolutionen samt under vilka omständigheter. Vi
presenterar även en teoretisk motivering från [1, 2] gällande hur en nollskiljd δ-
fas påverkar smakevolutionen och det slutgiltiga energispektrat. Den teoretiska
slutsatsen är att den har ingen påverkan under de antaganden vi gör i vår analys.
Alltså kan δ-fasen troligtvis inte mätas med hjälp av supernovaneutriner.
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Abstract

It is astonishing both how little and how much we know about neutrinos. On
one hand, the neutrino is the second most abundant particle in our Universe.
Neutrinos may be created in the Sun, core collapse supernovae, cosmic rays, geo-
logical background radiation, supernova remnants and in the Big Bang. On the
other hand, they have unimaginably small masses and are unwilling to react with
their surroundings. Because of their abundance and their inclination to show us
physics beyond the standard model of particle physics, neutrinos are hoped to
carry yet unknown information of the Universe. However, it will take some effort
and time to persuade the neutrinos to tell us what they know.
Among the things we do not yet know of the neutrinos, is the δ-phase in the
neutrino mixing matrix. If δ is in fact non-zero, neutrino flavour oscillations
violate CP -symmetry. Also, if neutrino masses are introduced in the standard
model through the See-Saw mechanism and if leptogenesis is a valid theory, CP -
violation in neutrino oscillations could help explain why our Universe has no an-
timatter even though equal amounts of matter and antimatter should have been
created at the Big Bang.
In this thesis, we investigate the flavour evolution of supernova neutrinos. We
present the full Hamiltonian in the flavour basis for our system and identify how
the different contributions affect the evolution and in which environment. We
also present a theoretical motivation from [1, 2] as to how a non-zero δ-phase af-
fects the flavour evolution and the final energy spectra. The analytical conclusion
is that it has no impact under the assumptions made in our analysis. Thus, the
δ-phase may not be measurable from supernova neutrinos.
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Preface

Outline

The outline of this thesis is as follows.

Chapter 1: In this chapter, the reader will be introduced to the relevant parts of
the field of neutrino physics in order to understand the thesis work. Concepts
such as neutrino oscillations, CP -violation and especially CP -violation in neu-
trino oscillations will be introduced.

Chapter 2: Here, the basic concepts of a core collapse Supernova (SN) will be
described, where the neutrinos are created, what role they actually might play in
the SN and how one can model these neutrinos propagating through the SN.

Chapter 3: The neutrino flavour density matrix and how its time evolution equa-
tions of motion (EOM) is calculated are introduced in this chapter. The full
Hamiltonian for neutrino oscillations including the effects relevant for supernova
neutrino oscillations is presented. Also, using a Bloch Vector formalism, a classi-
cal analogy is made to better understand the behaviour of neutrino oscillations
in dense neutrino gases.

Chapter 4: Our analysis is presented in this chapter. First, we present the setup
for our numerical analysis and the flavour evolution for δ = 0. We refer to a theo-
retical motivation as to how the value of the δ-phase should affect the evolution.

Chapter 5: The thesis work and the results will be summarised here. Also, the
implications of the results and possible continuations of the project will be dis-
cussed.

Appendix A: Here we list the Gell-Mann matrices which form our eight dimen-
sional basis in Section 3.3.

Appendix B: In this appendix we present some more specific setup details for our
numerical calculations, such as ODE solver, integration method etc.

Appendix C: Here we present a partially completed numerical analysis regarding
the impact of a non-zero δ-phase. We also discuss possible error sources and
improvements for this analysis.

Abbreviations

The abbreviations used in this thesis are listed in Table 1.
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viii Preface

Table 1: List of abbreviations used in this thesis.
Abbreviation Meaning
BSM Beyond Standard Model
CC Charged Current Interaction
CP Charge Conjugation and Parity
CPT Charge Conjugation, Parity and Time Reversal
EM Electromagnetic Force
EOM Equation of Motion
GL Gauss-Legendre Integration Method
MSW Mikheyev-Smirnov-Wolfenstein (matter effects)
NC Neutral Current Interaction
SM Standard Model of Particle Physics
SN Core Collapse Supernova

Notation

Throughout this thesis, natural units are used in which

~ = c = 1.

Unless specified otherwise, Einstein summation is used where repeated indices
are summed over as

aαb
α =

∑
α

aαb
α .

Feynman slash notation is used as

/a ≡ γαaα
where γα are the Dirac matrices with α = 0, 1, 2, 3 and a is a four-vector. We also
use the combined Gamma-matrix

γ5 ≡ iγ0γ1γ2γ3.
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1
Neutrinos

In this chapter, the reader will be introduced to the relevant parts of the field
of neutrino physics in order to understand the thesis work. Concepts such as
neutrino oscillations, CP -violation and especially CP -violation in neutrino oscil-
lations will be introduced.

1.1 Neutrino Hypothesis

The neutrino, assigned with the Greek letter ν, is an electrically neutral elemen-
tary particle. Its first appearance was as a solution to the problem of lack of
energy conservation in β-decay. At the time, β-decay was known to add a proton
to the nucleus and emit an electron. The measured energy of the electron sug-
gested that energy was lost in the process. In an attempt to solve this, Wolfgang
Pauli wrote a letter in 1930 proposing a new, electrically neutral, very low mass
particle, which he named the neutron. This new particle would be emitted in
β-decay, in addition to the electron, and its energy would account for the missing
energy. When the particle that we today call the neutron was discovered with a
much higher mass than Pauli had suggested, the particle emitted in β-decay was
renamed to the neutrino. The proposed neutrino was discovered in 1956 via in-
verse β-decay.
Today we know that there exist two types of β-decay, β− and β+, and that the
corresponding neutrinos are in fact the antielectron neutrino νe and the electron
neutrino νe. In Equation (1.1), the two processes are described where A and Z are
the mass number and atomic number of the nucleus N and e− (e+) is the electron
(positron).

1



2 1 Neutrinos

β− decay : AZN →
A
Z+1 N

′ + e− + νe

β+ decay : AZN →
A
Z−1 N

′ + e+ + νe
(1.1)

1.2 Neutrinos in the Standard Model

Here, we shall introduce the reader to the Standard Model of particle physics
(SM), how it describes the neutrino and what predictions the SM does regarding
the neutrinos.

1.2.1 The Standard Model of Particle Physics

The SM is a collectively achieved model by many particle physicists during the
later half of the 20th century. It is a description of three of the four forces in
Nature: the Electromagnetic (EM), the Weak and the Strong force1. It describes
these forces as quantised fields where the quanta are the force carriers: the gauge
bosons. There are a total of 12 gauge bosons in the SM and they are listed in
Table 1.1.

Table 1.1: List of the force carriers in the SM connected to the EM, the Weak
and the Strong forces.

Force Force carrier(s) Number of bosons
EM Photon A 1
Weak W ± boson, Z boson 3
Strong Gluons g 8

The SM also includes the known elementary particles and describes their interac-
tions with the force carriers. A particle is either a lepton or a quark and belongs
to one of the three flavour generations where each generation consists of two lep-
tons and two quarks. Also, every particle has its corresponding antiparticle with
flipped sign of intrinsic quantum numbers (such as electric charge) but with the
same mass. All elementary particles in the SM are listed in Table 1.2.

Apart from describing the three SM forces, the SM also manages to unify the EM
and the Weak interaction at an energy scale of ∼ 102 GeV. The gauge symmetry
governing the unified Electroweak interaction is spontaneously broken when the
energy decreases below the unification scale, allowing for gauge symmetry vio-
lating terms, such as mass terms for the weak gauge bosons. The symmetry is
spontaneously broken through the Brout-Englert-Higgs (BEH) mechanism [3–5]
which adds a field and the corresponding quantisation of the field, the Higgs bo-
son.

1Gravity, being the fourth force, is yet to be successfully described in the same manner as the other
forces since general relativity and quantum field theory are still not fully compatible.



1.2 Neutrinos in the Standard Model 3

Table 1.2: List of SM particles, which flavour generation they belong to and
which force(s) they interact with

Generation I II III Force(s)

Leptons

e− µ− τ−
EM and Weak

Electron Muon Tau
νe νµ ντ

WeakElectron
neutrino

Muon
neutrino

Tau
neutrino

Quarks

u c t

EM, Weak and Strong
Up Charm Top
d s b

Down Strange Bottom

With the discovery of the Higgs boson, the SM is considered to be complete. How-
ever, the SM is not a complete description of Nature as we know it. The most
prominent reason for this is the lack of gravity. In search of a theory to explain
all of Nature, we must search for physics beyond the SM (BSM). As we shall learn,
evidence for neutrinos with non-zero masses prove the existence of BSM physics
in neutrinos. Therefore, the hope is, that the more we know of neutrinos, the
more we may learn of other BSM phenomena.

1.2.2 Neutrino Interactions

The unified Electroweak interaction [6, 7] is associated with the gauge group
SU (2)L × U (1)Y . The gauge group of a theory specifies under which group of
transformations between possible gauges the theory is invariant. The electroweak
particle content is described as representations of the gauge group explaining in
what way the particles are transformed.
The subscript L of SU (2)L emphasises the experimental observation that the
Weak interaction only interacts with left-handed chiral fermion states. This refers
to the chirality of the particle. For a Dirac spinor χ, the left-handed chiral state
χL and the right-handed chiral state χR are defined as [8]:

χL =
1 − γ5

2
χ, (1.2a)

χR =
1 + γ5

2
χ. (1.2b)

The particle content corresponds to representations of this group and is split into
its right- and left-handed components in order to correctly describe the Weak
interactions. The left-handed components of the quarks and leptons are assigned
to be the SU (2)L doublets



4 1 Neutrinos

QL ≡
(
uL
dL

)
,

(
cL
sL

)
,

(
tL
bL

)
and `L ≡

(
νeL
eL

)
,

(
νµL
µL

)
,

(
ντL
τL

)
(1.3)

meaning that for example the uL and dL transform into each other under an
SU (2) transformation. The right-handed components are assigned to be the SU (2)L
singlets

UR ≡ uR, cR, tR; DR ≡ dR, sR, bR and ER ≡ eR, µR, τR (1.4)

and are invariant under an SU (2) transformation. Before the Electroweak sym-
metry is spontaneously broken, the Lagrangian must be SU (2)L ×U (1)Y gauge in-
variant. The Electroweak Lagrangian including the neutrinos and the four gauge
fields, W k

µ (k ∈ [1, 2, 3]) and Bµ, must therefore be:

LνEW = `Li /D`L, (1.5)

where Dµ is the covariant derivative:

Dµ ≡ ∂µ − igτkW
k
µ − ig ′Y Bµ, (1.6)

where τk are the generators of SU (2)L, Y is the generator of U (1)Y , g is the gauge
coupling constant of SU (2)L and g ′ is the coupling constant of U (1)Y . With the
physical bosons listed in Table 1.1 defined as

W ±µ ≡
1
√

2

(
W 1
µ ∓ iW 2

µ

)
, (1.7a)

(
Zµ
Aµ

)
≡

(
cos θW − sin θW
sin θW cos θW

) (
W 3
µ

Bµ

)
, (1.7b)

where θW is the Weinberg mixing angle, one may identify the possible SM ver-
tices including the neutrinos. These vertices are shown as Feynman diagrams
in Figure 1.1 and are the charged current (CC) and neutral current (NC) interac-
tions. When a neutrino is created through the CC, its flavour is defined to be the
same as the flavour of the associated charged lepton. A neutrino can also be born
through the NC and is then born in a mixed flavour state.
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να(να) `+
α(`−α)

W +(W −)

t να(να) να(να)

Z(Z)

Figure 1.1: SM vertices involving neutrinos: Charged Current interaction -
CC (left) and Neutral Current interaction - NC (right). α ∈ [e, µ, τ], να (ν̄α)
and `−α (`+

α) denote a neutrino (antineutrino) and a charged lepton (antilep-
ton) respectively of flavour α, W ± and Z are the gauge bosons of the Weak
force (see Table 1.1). Antiparticles are depicted as particles going back in
time.

1.2.3 Massless Neutrinos

For the neutrino to have non-zero mass, there must, in the Lagrangian density
which describes the system, exist a term of either one of the types listed in Ta-
ble 1.3.

Table 1.3: Possible mass terms for a neutrino field ν

Term in the Lagrangian Type

LD = −mDνRνL + h.c.2 Dirac mass

LML
= −mL2 ν

c
LνL + h.c. Left handed Majorana mass

LMR
= −mR2 ν

c
RνR + h.c. Right handed Majorana mass

In Table 1.3, the factors mD , mL and mR are the resulting masses of the particle
for the different mass terms, νL/R ≡ ν†L/Rγ

0 and νcL/R ≡ iγ
2ν∗L/R [8].

Right-handed neutrinos are SM singlets, and are therefore not included in the
SM. Thus, the Dirac and the right-handed Majorana mass term in Table 1.3 are
not allowed in the SM. Furthermore, the left-handed Majorana mass term is not
allowed in the SM since it violates the Weak gauge symmetry [9]. In conclusion,
neutrinos must be massless in the SM.

1.3 Neutrino Oscillations

Neutrino oscillations is the name given to the process of neutrino flavour change.
If neutrinos may change flavour during propagation, we shall learn that neutri-

2Hermitian conjugate terms.
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nos must be massive and thus neutrino oscillations are a sign of BSM physics.
In Figure 1.2, the schematics of neutrino flavour change are shown where a neu-
trino is born in a flavour state να and later detected in a different flavour state
νβ .

να νi νβ
`+
α

`+
β

L

Figure 1.2: Schematic picture of neutrino flavour change where a neutrino
may be born in one flavour eigenstate and later detected in another. να/β de-
notes a neutrino of a specific flavour, `+

α/β denotes an antilepton of a specific
flavour, α, β ∈ [e, µ, τ], α , β, νi denotes a neutrino of a specific mass and L
denotes the length which the νi propagates.

Since the mass eigenstate of a particle may not change in vacuum, flavour changes
in vacuum imply that the flavour and mass eigenstates do not coincide. This is
called mixing. Considering a full set of flavour eigenstates να , every mass eigen-
state νi can thus be expressed as a linear combination of να and vice versa. Mix-
ing is described in Equation (1.8) whereU is the mass-flavour mixing matrix with
non-zero off-diagonal elements refered to as the Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) matrix [10–12], α ∈ [e, µ, τ] and i ∈ [1, 2, 3] assuming that there are as
many mass eigenstates as flavour eigenstates.

|να〉 = U ∗αi |νi〉 (1.8a)

|νi〉 = Uαi |να〉 (1.8b)

The dimension of U is

D(U ) = (# of mass eigenstates) × (# of flavour eigenstates) ≡ N × N (1.9)

and assuming unitarity, the most general N × N dimensional matrix can be pa-
rameterised using N (N−1)

2 real parameters and N (N+1)
2 phases. Arbitrarily rotat-

ing the wave functions of the neutrinos - both the mass and flavour eigenstates -
2N − 1 or 2N − 3 phases can be eliminated if the neutrinos are Dirac or Majorana
particles respectively. If the neutrino is a Majorana particle, there exists no dis-
tinction between a neutrino and its antiparticle. This implies that there are more
constraints on how the neutrino wave functions may be rotated and we will be
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left with more physical phases [13].
There are many ways of finally parameterising this matrix. The most common
one is the standard parameterisation:

U =


1 0 0

0 c23 s23

0 −s23 c23




c13 0 s13e

−iδ

0 1 0

−s13e
iδ 0 c13




c12 s12 0

−s12 c12 0

0 0 1




e

iα1
2 0 0

0 e
iα2

2 0

0 0 1

 =

=


c12c13e

iα1
2 s12c13e

iα2
2 s13e

−iδ(
−s12c23 − c12s23s13e

iδ
)
e

iα1
2

(
c12c23 − s12s23s13e

iδ
)
e

iα2
2 s23c13(

s12s23 − c12c23s13e
iδ
)
e

iα1
2

(
−c12s23 − s12c23s13e

iδ
)
e

iα2
2 c23c13



(1.10)

where cij = cos θij and sij = sin θij . The real parameters are the Euler mixing an-
gles θ12, θ13 and θ23 and the phases are the Dirac CP -violating phase δ (which
we will come back to in Section 1.4) and the two Majorana phases α1 and α2. The
Majorana phases only have physical meaning if the neutrinos are Majorana parti-
cles3.
The probability of a neutrino changing into a certain flavour is the squared mod-
ulus of the amplitude. Assuming it takes the time t for the neutrino to travel the
distance L, the amplitude for Figure 1.2 is

A(να → νβ) = 〈νβ |να(t)〉 . (1.11)

According to the Schrödinger equation, the time evolution of the mass eigenstate
of the neutrino is

i
∂
∂t
|νi(t)〉 = H |νi(t)〉 = Ei |νi〉 ⇒ |νi(t)〉 = e−iEi t |νi〉 , (1.12)

where H is the Hamiltonian operator and Ei is the energy of the neutrino mass
eigenstate νi . Assuming the neutrino travels at relativistic speed we have the

3The corresponding mixing matrix for the quark sector, the Cabibbo-Kobayashi-Maskawa (CKM)
matrix, is identically parameterised, apart from the Majorana phases. Since quarks are electrically
charged, quarks cannot be Majorana particles. It is rather interesting however, that the neutrino
mixing angles are that much larger than the quark mixing angles [12].
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approximations:

pi ≈ pj ≈ p, i , j, (1.13a)

p ≈ E, (1.13b)

Ei =
√
~p2
i + m2

i ≈ E +
m2
i

2E
, (1.13c)

L ≈ t, (1.13d)

where E is the energy of one neutrino, assumed to be same for all neutrinos. Thus,
using Equations (1.8) and (1.11) to (1.13) one obtains:

A(να → νβ) = U ∗αie
−i

(
E+

m2
i

2E

)
L
Uβi . (1.14)

The probability for the neutrino to change flavour as in Figure 1.2 is thus:

P (να → νβ) =
∣∣∣A(να → νβ)

∣∣∣2 = U ∗αiUβiUαjU
∗
βje
−i∆m2

ij
L

2E

= δαβ − 4
∑
i>j R

(
U ∗αiUβiUαjU

∗
βj

)
sin2

(
∆m2

ij
L

4E

)
+2

∑
i>j I

(
U ∗αiUβiUαjU

∗
βj

)
sin

(
∆m2

ij
L

2E

) (1.15)

where ∆m2
ij = m2

j − m
2
i and δαβ is the Kronecker delta. The name "Neutrino

Oscillations" comes from the oscillatory behaviour of the probability due to the
exponential term in Equation (1.15). From this probability it is easy to read that
if ∆m2

ij = 0 there will be no oscillations. Thus, experimental evidence of neutrino
oscillations [14–27], implies directly non-zero masses for at least N − 1 neutrino
mass eigenstates, and proof of BSM physics.

1.4 Charge conjugation and Parity violation

The CP -operation is the combined Charge conjugation (changes sign of all in-
trinsic quantum numbers) and Parity operation (flips the sign of the coordinate
system) which transforms a particle into its antiparticle as seen by the forces
in the SM and still maintaining its interacting nature with the weak force. If
the observables of a system change after such an operation, the system violates
CP -symmetry, meaning, that particles and antiparticles behave differently in this
particular system.
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1.4.1 Leptogenesis

Whether or not neutrinos violate CP -symmetry is a burning issue in particle
physics. Apart from simply knowing more about neutrinos, measuring non-zero
CP -violation in the neutrino mass-flavour mixing matrix can help solve another
problem: the absence of detected antimatter in the Universe even though equal
amounts of particles and antiparticles should have been created in the Big Bang.
This idea starts with wanting to allow mass terms for neutrinos.
A straight forward way of allowing neutrinos to have mass terms, is to include
three right-handed neutrinos, νR, to the SM Lagrangian [28]. All six neutrino
mass eigenstates will then be allowed to have both Dirac and right-handed Majo-
rana mass terms4.
The masses of the left- and the right-handed neutrinos are related in the so called
See-saw relation (no summation implied)

U ∗MU† = v2
uY

T
ν M

−1
νR Yν (1.16)

where v2
u depends on the vacuum expectation value of the Higgs field, MνR =

Diag(mR,1, mR,2, mR,3) with mR,i being the masses of the right-handed neutrinos,
M = Diag(m1, m2, m3) and Yν is the Yukawa matrix which governs the reactions
of νR [29]. If the Yukawa matrix is complex, we may generate an asymmetry in
leptons to antileptons through νR decay shortly after the Big Bang. This lepton
asymmetry could, in time, be converted into baryon asymmetry, i.e. matter to
antimatter asymmetry. The amount of generated baryon asymmetry depends on
the masses of the right-handed neutrinos. If the masses are in the correct range,
the CP -violation in right-handed decay rates could account for all the missing
antimatter. This mechanism is called leptogenesis [30].
It is also highly probable, that a complex Yukawa matrix is equivalent to a non-
zero δ-phase in the mixing matrix U [31]. This means, as we shall learn in the
following subsection, that CP -violation in neutrino oscillations could be a sign of
leptogenesis and the solution to the antimatter to matter asymmetry.

1.4.2 CP -violation in Neutrino Oscillations

If neutrino oscillations violate CP -symmetry, the CP -transformed probability
will be different from the original probability, which is expressed as:

P (να → νβ) , P (να → νβ) (1.17)

According to the CPT -theorem5, where T is the time reversal operator, our sys-

4Since the right-handed neutrinos do not interact with the SM weak interaction, terms involving
νR do not have to worry about breaking any Weak gauge symmetries. Thus, the right-handed Majo-
rana mass term is allowed in this extension even though the left-handed is not.

5The CPT -theorem states that if the Lagrangian density of a theory is a Hermitian Lorentz invari-
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tem is CPT invariant. Thus we have the relation:

P (να → νβ) = P (νβ → να) (1.18)

Considering Equation (1.15), we see that doing the change α ↔ β is the same as
changing U ↔ U ∗, thus we have:

P (νβ → να) = P (να → νβ ;U ↔ U ∗) (1.19)

Combining Equations (1.17) to (1.19) one obtains the expression for CP -violation
in neutrino oscillation probabilities as:

P (να → νβ ;U ↔ U ∗) , P (να → νβ) (1.20)

According to Equation (1.20), neutrinos can be identical to their antiparticle
(Majorana particles) and still violate CP -symmetry, since Equation (1.20) is sat-
isfied if the U matrix is complex meaning that at least one of δ, α1 or α2 must
be non-zero. However, the Majorana phases enter the mixing matrix identically
for each column (Equation (1.10)), which means that they will cancel in the os-
cillation probabilities. Thus, the only way for neutrino oscillations to violate
CP -symmetry is if the δ phase is non-zero.
Terrestrial searches for CP -violation have been suggested [33]. However, it is also
essential to explore alternative ways of measuring this δ-phase such as in effects
due to dense environments like in core collapsed supernovae.

ant operator constructed from quantised fields obeying the usual rules of spin and statistics, then the
product of the C, P and T transformations, i.e. CPT , is always a symmetry of the theory. A proof of
the theorem is done in [32].



2
Core Collapse Supernova

Here, the basic concepts of a core collapse Supernova (SN) will be described,
where the neutrinos are created, what role they actually might play in the SN
and how one can model these neutrinos propagating through the SN.

2.1 Dynamics of a SN

To stay alive, a star must cancel the gravitational force wanting to pull all the
atoms into the core. It does this by fusing nuclei together at the core which re-
sults in heavier nuclei and energy. The energy will spread throughout the rest of
the star as heat. This heat transfer creates a pressure wave outwards and thus the
star can reach a steady state. How old the star becomes and what happens when
it dies depends crucially on the size of the gravitational force, or equivalently,
the mass of the star. The heavier the star is, the fiercer the fusion must be and
thus, the heavier the resulting elements will be. Also, the heavier the star is, the
shorter it will live.
In this thesis, the focus will lie on stars which initially have a mass greater than
eight times the mass of our Sun. Such a star is heavy enough to create iron
through fusion in the core. Iron, being the most stable element, cannot pro-
duce heat through fusion and thus the pressure from the core will decrease when
iron has been produced. The gravitational force can take over causing the core
to contract and the temperature of the core to increase. Higher temperature al-
lows for more photodissociation of heavy nuclei and electron capture through
e− +AZ N →

A
Z−1 N

′ + νe. The emitted neutrinos interact weakly with matter, mean-
ing that they may escape the core and carry with them vast amounts of thermal
energy.
As the matter density increases in and around the core, the mean free path for

11
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the neutrinos decreases since the scattering amplitude of neutrinos off nuclei in-
creases. When the matter density reaches values above ρM & 1012 g cm−3, the
neutrinos are trapped and reach thermal equilibrium with their surroundings.
The volume inside which the neutrinos are trapped is called the neutrino sphere
with radius r01.
The density of the iron core eventually reaches nuclear density, ρM ∼ 1014 g cm−3,
and pressure is built up. The matter falling in from the rest of the star bounces
off this very dense iron core creating a shock wave out through the star. First,
physicists thought that this shock wave would make it through the whole star,
explaining the explosion. However, the matter particles still getting pulled in
outside the shock wave, scatter off the matter particles in the shock wave and
stop them before the star manages to explode. This is where the neutrinos come
in. Behind the shock wave, the matter density is decreased. So, when the shock
wave travels from the core, through the neutrino sphere, it lowers the matter den-
sity and the neutrinos are set free. The neutrinos return the favour by scattering
off the particles in the shock wave, transferring most of their kinetic energy to
them. This extra energy lets the shock wave overcome the gravitational collapse
and the star can explode. The dynamics of the SN are described in more detail in
[34].

2.2 SN Neutrino Approximations

The neutrinos emitted from the SN are hoped to carry information both of them-
selves and of the SN. In order to simplify calculations in modelling these neutri-
nos, some assumptions regarding the SN and the neutrino emission are made.

Neutrino Bulb Model

This thesis makes use of the neutrino bulb model [35]. This model does the follow-
ing assumptions:

1. The star emits neutrinos uniformly and isotropically from the surface of the
neutrino sphere.

2. Every physical quantity at any point outside of the neutrino sphere only
depends on the distance r from this point to the center of the star.

3. Neutrinos are emitted from the neutrino sphere in pure flavour eigenstates
with Fermi-Dirac type energy spectra.

1r0 for a neutrino depends on its energy. We shall however use an averaged value of the radius
over all energies in our calculations.
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In this thesis work, the following initial flavour dependent energy spectra are
used [36]

fνα (E, r0) = Lνα
N (ξα)

〈Eνα 〉
2

(
E
〈Eνα 〉

)ξα
e
−(ξα+1) E

〈Eνα 〉 (2.1)

where the parameter ξα = 3 [37], 〈Eνα 〉 is the average energy of all neutrinos
of flavour α, Lνα is the luminosity of a certain neutrino flavour, N (ξα) = (1 +
ξα)1+ξα /Γ (1 + ξα) and Γ is the gamma-function2 so that the spectrum is nor-
malised as

∞∫
0

dE fνα (E, r0) =
Lνα
〈Eνα 〉

. (2.2)

Single Angle Approximation

The first and second points in the neutrino bulb model are also called the single
angle approximation. It is simply the assumption that the evolution of a neutrino
does not depend on the angle with which it was emitted from the neutrino sphere.
This thesis will ignore multi angle effects as in [37] and our representative neu-
trino emission angle, θ~p, will be

cos θ~p =
1
2
. (2.3)

In the single angle approximation, the radial velocity of the neutrinos is thus [38]:

vr =

√
1 −

3r2
0

4r2 (2.4)

Flavour changes in our SN due to collective effects are not significant until r > 4r0,
thus we can assume vr ≈ 1.

Further Assumptions

Furthermore, we consider the steady state which evolves in space, meaning that
all partial derivatives on time will vanish in the equation of flavour evolution.
This leads to no conceptual difficulties as long as the variations in space are slow
enough compared to the energy of the neutrinos. Also, we assume the mass eigen-
states of the neutrinos to travel straight through the SN, meaning that we ignore
all external forces, i.e. d~pdt = 0.

2Γ (m + 1) = mΓ (m), Γ (1) = 1, Γ
(

1
2

)
=
√
π





3
Neutrino Flavour Evolution Through a

Supernova

The neutrino flavour density matrix and how its time evolution equations of mo-
tion (EOM) is calculated are introduced in this chapter. The full Hamiltonian for
neutrino oscillations including the effects relevant for supernova neutrino oscil-
lations is presented. Also, using a Bloch Vector formalism, a classical analogy is
made to better understand the behaviour of neutrino oscillations in dense neu-
trino gases.

3.1 Neutrino Flavour Density Matrix

We describe the neutrino flavour evolution using a density matrix. For nν(~p, ~r, t)
neutrinos, the density matrix is defined as:

ρνανβ (~p, ~r, t) ≡ 1
nν(~p,~r, t)

∑
|ν(~p, ~r, t)〉 〈ν(~p, ~r, t)|αβ (3.1)

where α, β ∈ [e, µ, τ] and the sum is over all neutrinos. Note that we have nor-
malised ρνανβ to have unit trace. The density matrix for neutrinos and antineutri-
nos obey a Heisenberg-like equation of motion:

d
dt
ρ(~p, ~r, t) = −i

[
H(~p,~r, t), ρ(~p, ~r, t)

]
+
∂
∂t
ρ(~p,~r, t) (3.2a)

d
dt
ρ(~p,~r, t) = +i

[
H(~p,~r, t), ρ(~p, ~r, t)

]
+
∂
∂t
ρ(~p,~r, t) (3.2b)

15
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where H is the Hamiltonian for the system and [A, B] = AB − BA is the commuta-
tor.

3.2 The Hamiltonian

In what follows, we will introduce the effects which we include in the Hamilto-
nian for neutrino flavour oscillations through a Supernova.

3.2.1 Vacuum Oscillations

First, we include the previously mentioned vacuum oscillations. To see how the
mixing matrix enters into the Hamiltonian, rotate Equation (1.12) to the flavour
basis.

H |νi(t)〉 = E |νi(t)〉 ⇒ H |να(t)〉 = UEU† |να(t)〉 (3.3)

where E =
√
p2 + m2 ≈ p

(
1 + m2

2p2

)
= p + m2

2p with p and m being the momentum

and the mass of the particle with a certain energy E and we have assumed that
p � m. In our case, we assume three ultra relativistic neutrino mass eigenstates,
with almost equal momentum. One may then express the energy of the three
neutrino mass eigenstates as:

E = pI +
M2

2p
(3.4)

where I is the 3 × 3 identity matrix, p is the momentum of the neutrinos and
M = Diag(m1, m2, m3) with mi being the mass of the neutrino mass eigenstate
νi . When inserting this into our Hamiltonian in flavour space, we reason that
a contribution to the Hamiltonian which is proportional to the identity matrix
does not affect the neutrino oscillations. Therefore, we obtain the Hamiltonian
describing neutrino oscillations in vacuum as1

1We have rotated the flavour basis as in Equation (3.7) which is motivated in Section 3.2.2.
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Hvac(p) = UM2U†
2p = ∆m2

13
2p


s213 0 s13c13e

−iδ

0 0 0

s13c13e
iδ 0 c2

13

+

∆m2
12

2p


s212c

2
13 s12c12c13 −s212s13c13e

−iδ

s12c12c13 c2
12 −s12s13c12e

−iδ

−s212s13c13e
iδ −s12s13c12e

iδ s212s
2
13



(3.5)

3.2.2 Matter Effects

Considering the reactions in the SM in which neutrinos are present, especially
the CC, it is reasonable to assume that neutrino oscillations may be affected by
the lepton density of the medium through which it travels. The first place we
might look for such effects would be ordinary matter where the electron density
is higher than in vacuum. This effect has been studied and is called the Mikheyev-
Smirnov-Wolfenstein (MSW) effect [39, 40], or matter effects. The charged cur-
rent potential from the electrons would affect only the νe and the effect should
be proportional to the Fermi coupling constant GF and the electron density ne− .
Indeed, the contribution to the Hamiltonian due to matter effects is:

HMSW (~r, t) =
√

2GFne−(~r, t)Diag(1, 0, 0). (3.6)

Since we are dealing with ordinary matter, i.e. matter with electrons, there will be
no difference between the potential affecting νµ and ντ up to leading order [41].
It is therefore convenient to work in a modified flavour basis which eliminates
θ23 from the mixing matrix:

νeνx
νy

 = R†23(θ23)

νeνµ
ντ

 =

1 0 0
0 c23 −s23
0 s23 c23


νeνµ
ντ

 . (3.7)

In Equation (3.7), the νx and νy flavours are combinations of the physical νµ and
ντ flavours. It is, occasionally, convenient to rewrite the Hamiltonian in order to
more clearly see how the matter effects actually affect the original vacuum mixing
angles and mass splittings. This is done by calculating effective mass splittings
∆m2

ij,M and mixing angles θM according to:

Hvac(p,∆m2
13,∆m

2
12, θ12, θ13, δ) +HMSW (r, t) ≡

HM (p,∆m2
13,M ,∆m

2
12,M , θ12,M , θ13,M , δ)

(3.8)
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As an instructive example, we present the two-flavour neutrino oscillations ap-
proximation where only one mixing angle is needed, we shall simply call it θ,
we only have one mass squared difference, ∆m2 and no phases are present. The
vacuum oscillations contribute to the Hamiltonian as

Hvac,2 =
∆m2

4p

(
− cos 2θ sin 2θ
sin 2θ cos 2θ

)
, (3.9)

and we define the matter effects as

HMSW,2 ≡
(
A 0
0 0

)
. (3.10)

where A ≡
√

2GFne−(~r, t) is the matter potential. The rewritten Hamiltonian due
to matter effects thus becomes

HM,2 =
∆m2

M

4p

(
− cos 2θM sin 2θM
sin 2θM cos 2θM

)
, (3.11)

where

∆m2
M ≡ ∆m2

√
sin2 2θ +

(
cos 2θ −

2p
∆m2A

)2
(3.12)

and

sin2 2θM ≡
sin2 2θ

sin2 2θ +
(
cos 2θ − 2p

∆m2A
)2 . (3.13)

So, depending on how the MSW-potential is related to the vacuum mass splittings
and mixing angles, matter effects can suppress or enhance flavour oscillations.
For example, the mixing angle θM will be maximal when A = ∆m2

2p cos 2θ, and a
very large A will suppress θM .
In the three-flavour case, we have the vacuum Hamiltonian in Equation (3.5) with
two mass squared splittings. Thus, there are two possible values of the matter
potential which will give rise to oscillation resonances.

3.2.3 Self Interactions

Furthermore, if the neutrino density is high enough, neutrino oscillations could
be affected by the presence of other neutrinos [42, 43]. This potential should, in
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the same manner as the MSW potential, be proportional to GF and to the differ-
ence of neutrino and antineutrino number density nν − nν . In order to take all
neutrinos present into account, one integrates over all neutrino momentum in all
directions. The self interactions of neutrinos contribute to the Hamiltonian as:

Hνν(~p, ~r, t) =
√

2GF

∫
d3~q

(2π)3 κ ~pq (nν(~q, ~r, t)ρ(~q, ~r, t) − nν(~q, ~r, t)ρ(~q, ~r, t)) (3.14)

where κ ~pq = 1 − cos θ ~pq, θ ~pq is the angle between the neutrinos and ρ (ρ̄) is the
density matrix for neutrinos (antineutrinos). In the single-angle approximation
from Section 2.2, this integral is made considerably easier.
Since neutrinos interact very little with their surroundings, one might imagine
that neutrino self interaction would be neglectable unless the neutrinos travel
through an unimaginably dense neutrino gas. In fact, the neutrino density inside
and just outside of the neutrino sphere of a SN is high enough for self interactions
to be non negligible in our SN model.
Self interactions give rise to collective effects where the oscillations actually do
not depend on the energy of the neutrinos. Furthermore, the collective effects
are divided into three subgroups: synchronised oscillations, bipolar oscillations and
spectral split and are described in more detail in Section 3.4. These are easier to
understand once the Bloch Vector formalism (Section 3.3) has been introduced.

3.2.4 Complete Hamiltonian and EOM

Combining vacuum effects, matter effects and self interactions, one obtains the
full Hamiltonian:

H(~p, ~r, t) = Hvac(p) +HMSW (~r, t) +Hνν(~p, ~r, t) (3.15)

Using the assumptions made in Section 2.2, the EOM in Equation (3.2) is reduced
and rewritten to be [37]:

∂rρ(ω, r) = −i [Hvac(ω, h, δ) +HMSW (r) +Hνν(r), ρ(ω, r)] (3.16)

Note that the energy dependence in Equation (3.14) for Hνν is strictly a depen-
dence of the direction of the neutrino momentum. In the single angle approxima-
tion, this dependence vanishes.
Comparing Equation (3.16) with Equation (3.2), we see that there is no more
direction or time dependence in accordance with our assumptions. In Equa-
tion (3.16) we have used the definitions

ω ≡
|∆m2

13|
2E

, h ≡ sign(∆m2
13) (3.17)
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where E ≈ p and the EOM for neutrinos (antineutrinos) is obtained for ω > 0
(ω < 0) and δ (−δ). The sign of ∆m2

13 is included since it is not known how the
masses of the three mass eigenstates are related. They can be related either ac-
cording to the normal or the inverted mass hierarchy as in Figure 3.1. The value
and sign of ∆m2

12 are known and the mass eigenstates are defined where increase
of number corresponds to decrease in mixing with the electron flavour eigenstate.

m2

m2
1

m2
2

m2
3

Normal

∆m2
13 > 0

m2
3

m2
1

m2
2

Inverted

∆m2
13 < 0

Figure 3.1: Graphical depiction of the two possible mass hierarchies: the
normal (left) and the inverted (right). Which of these Nature has chosen is
not yet known, therefore we take both into account.

The radial evolution of the diagonal elements in the density matrix in the mod-
ified flavour basis (see Equation (3.7)) ρνeνe (ω, r), ρνxνx (ω, r) and ρνyνy (ω, r) for
three-flavour neutrino oscillations in vacuum and matter are plotted in Figures 3.2
and 3.3 respectively. The initial conditions are chosen to be pure electron flavour.
Apart from the initial conditions, the mixing angles and mass splittings in Ta-
ble 4.1 are used and are the same values that will be used in the full analysis in
Chapter 4. The different lines in the plots correspond to neutrinos of different
energies.
As can be seen in Figure 3.3, νe ↔ νy oscillations for almost all plotted neutrino
energies are more or less enhanced. The light blue curve has a frequency res-
onating with the matter potential and is thus enhanced the most. For all other
flavours, the matter effects have suppressed the oscillations.
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Figure 3.2: Neutrino oscillations in vacuum with neutrino mixing angles
and mass splittings from Table 4.1, pure electron flavour initially in the in-
verted mass hierarchy. The energy modes (in MeV) of the neutrinos are 51.0
(orange), 17.0 (green), 10.2 (light blue), 7.3 (dark blue) and 5.7 (pink).
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Figure 3.3: Neutrino oscillations in matter with a constant density of λ =
0.5 km−1, neutrino mixing angles and mass splittings from Table 4.1, pure
electron flavour initially in the inverted mass hierarchy. The energy modes
of the neutrinos are the same as for Figure 3.2.



22 3 Neutrino Flavour Evolution Through a Supernova

3.3 Bloch Vector Formalism

To allow for a well understood classical analogy when describing the neutrino
flavour evolution, we make use of the Bloch Vector formalism. We can express
our EOM matrices in a basis of Hermitian matrices. Choosing a basis consisting
of the 3 × 3 identity matrix, I and the 8 Gell-Mann matrices Λa, a ∈ [1, 8] (see ap-
pendix A), one may express any 3×3 Hermitian matrix X using an 8 dimensional
Bloch vector X as [44]:

X =
1
3
X0I +

1
2
X ·Λ (3.18)

where Λ = (Λ1, ...,Λ8) and X0 = Tr(X). Applying this formalism to our EOM,
we may define Bloch vectors for the matrices defined in Equations (3.5), (3.6)
and (3.14) as [37]:

ρ(ω, r) ≡ 1
3
P0I +

1
2
P(ω, r) ·Λ (3.19a)

Hvac(ω, h) ≡
(1

3
B0I +

1
2
B ·Λ

)
hω (3.19b)

HMSW (r) ≡
(1

3
L0I +

1
2
L ·Λ

)
λ(r) (3.19c)

Hνν(r) ≡
(1

3
D0I +

1
2
D(r) ·Λ

)
µ(r) (3.19d)

where

B =



ε sin 2θ12c13
0

s213 − ε
(
c2

12 − s
2
12c

2
13

)(
1 − εs212

)
sin 2θ13 cos δ(

1 − εs212

)
sin 2θ13 sin δ

−ε sin 2θ12s13 cos δ
−ε sin 2θ12s13 sin δ

ε
2
√

3

(
3c2

13 − 1 + 3s213

(
2c2

12 − 1
))

+ 1√
3

(
1 − 3c2

13

)


(3.20a)

L = ê3 +
1
√

3
ê8, (3.20b)

D(r) =
∫

dω f (ω)P(ω, r)sign(ω), (3.20c)
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with ε ≡ ∆m2
12

∆m2
13

and f (ω) is the distribution function which will be specified in

Equation (4.4). λ(r) and µ(r) are the matter and neutrino density profiles of our
SN respectively. From the definition in Equation (3.19d), and doing some calcula-
tions according to the assumptions made in Section 2.2, one obtains the following
expression for µ(r) [37]:

µ(r) =
3
√

2GFΦ

128π4r2
0

·
4r2

0

3r2

1 −

√
1 −

r2
0

r2 −
r2
0

4r2

 (3.21)

where

Φ = Φν + Φν =
∑
α

(
Φνα + Φνα

)
=

∑
α

(
Lνα
〈Eνα 〉

+
Lνα
〈Eνα 〉

)
(3.22)

is the total neutrino flux. λ(r) =
√

2GFne−(r) will be chosen according to a realis-
tic SN matter density profile in Chapter 4.
The flavour content of a neutrino ensemble may be extracted from the polarisa-
tion vector, P. Considering the definition of Equation (3.19a) and that the flavour
content of the density matrix is contained in the diagonal elements ρνeνe , ρνxνx
and ρνyνy , one obtains the flavour content as:

ρνeνe (ω, r) = 1
3 + 1

2

(
P3(ω, r) + 1√

3
P8(ω, r)

)
ρνxνx (ω, r) = 1

3 + 1
2

(
−P3(ω, r) + 1√

3
P8(ω, r)

)
ρνyνy (ω, r) = 1

3 + 1
2

(
− 1√

3
P8(ω, r)

) (3.23)

where Pi(ω, r) is the ith element of P(ω, r). After defining an eight dimensional,
generalised cross-product ×8 using the structure constants fabc from Appendix A
as

A ×8 C ≡
8∑

a,b=1

fabcAaCbêc (3.24)

the EOM in Equation (3.16) can be rewritten as

Ṗ(ω, r) = (hωB + λ(r)L + µ(r)D(r)) ×8 P(ω, r) ≡ H(ω, r) ×8 P(ω, r) (3.25)

where Ṗ ≡ ∂rP.
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3.3.1 Classical Analogy

Consider a magnetic moment, ~M, in the presence of an external magnetic field,
~B, or similarly, a spinning top in a gravitational field. The equation of motion for
such a system is as Equation (3.26) and ~M will precess around the direction of
the external field. The gyromagnetic ratio, g, ensures that only the direction of
~M changes and not the size.

d ~M
dt

= −g ~M × ~B (3.26)

Considering the similarities between Equation (3.26) and Equation (3.25), one
may do an analogy. We can interpret our polarisation vector as the "magnetic
moment" and our Hamiltonian H as an "external magnetic field" with several,
evolving components around which the polarisation vector will precess.
The analogy is actually not strictly equivalent since our generalised cross-product
in Equation (3.24) and the three dimensional proper cross-product differ: the
eight dimensional Bloch vectors cannot be rewritten as a linear combination of
two Bloch vectors and their eight dimensional cross-product as in the three di-
mensional case. However, if assuming neutrino oscillations between only two
flavours, the analogy becomes equivalent. Two-flavour oscillations needs a 2 × 2
dimensional density matrix, a basis of the identity matrix together with the 2 × 2
Pauli matrices is used to define the Bloch vectors and the EOM uses the three
dimensional, proper cross-product.
In the two-flavour approximation, this analogy is depicted in Figure 3.4 for the
polarisation vector in νe ↔ νy oscillations. The Hamiltonian (dashed arrow)
is equivalent to the external magnetic field and as such, the polarisation vector,
which is equivalent to the magnetic moment, will precess around it2.

2Not only is the analogy equivalent in a two-flavour approximation, the three dimensional Bloch
Sphere is considerably easier to draw than the eight dimensional one.
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Flavour axis

pure νy

pure νe
H

P >

Figure 3.4: Bloch Sphere in flavour space with radius 1 of three dimensional
polarisation vector P in the two-flavour approximation. It precesses around
the direction of the Hamiltonian. P starts at the origin, has a fixed length of
1 and the projection of the vector onto the flavour axis is interpreted as the
flavour content. When P is parallel to the flavour axis, the neutrino is in a
pure flavour state.

3.4 Collective Effects

As previously mentioned, in Section 3.2.3, collective effects is a generic name
for effects due to self interactions where neutrinos of many energies oscillate
similarly. Below, the three types of collective effects are described in order of
decreasing strength of self interaction potential in which they are present. The
analogy in Section 3.3.1 is used to understand the oscillatory behaviour. Even
though, as mentioned, the analogy is purely formal when dealing with the full
three dimensional flavour oscillations, the general reasoning done in the follow-
ing subsections holds for the oscillation behaviour in the three-flavour case.

3.4.1 Synchronised Oscillations

Synchronised oscillations require the highest possible neutrino density. The envi-
ronment inside of, and just outside of, the neutrino sphere in our SN model has
high enough neutrino density for synchronised oscillations to occur. Consider
the EOM in Equation (3.25). The self interaction term in the Hamiltonian can
dominate over the other terms if µ(r) is sufficiently large compared to the matter
potential and there exists a large enough asymmetry between the neutrino and
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antineutrino number densities since D(r) is related to Equation (3.14)3. In this
case, the dominant part of the EOM will be

Ṗ(ω, r) ≈ µ(r)D(r) ×8 P(ω, r) (3.27)

which yields an energy independent evolution. Including B and L can be seen as
applying a weak, external magnetic field in the analogy. Since all energy modes
now are coupled together by their strong "internal magnetic fields" [45], it is the
whole ensemble of coupled neutrino modes which precesses around the "external
magnetic field" B + L with a common precession frequency.
However, according to [46], the amplitude of said synchronised oscillations can
be suppressed by both a high matter density, λ(r), and large neutrino flux. Since
a SN both has high matter density and large neutrino flux, the amplitude of these
synchronised oscillations will have vanishingly small amplitude.

3.4.2 Bipolar Oscillations

Considering the analogy between our neutrino oscillations and a spinning top, we
may understand what happens when the self interactions are not strong enough
to keep synchronised oscillations going. If a spinning top has large enough spin,
the top precesses in the force field exerting the torque, analogous to synchronised
oscillations. When the spin of the top decreases, due to friction, it starts to wob-
ble and will eventually turn into a spherical pendulum.
In the analogy, the friction corresponds to the self interaction potential decreas-
ing to be of the same order as the average frequency of the neutrinos.
For inverted mass hierarchy, our polarisation vector will start to act like a spheri-
cal pendulum in flavour space with an unstable starting position. If the hierarchy
is normal, the pendulum starts in a stable position and only oscillates with small
amplitude around its equilibrium. Bipolar oscillations have been studied in a
two-flavour approximation in [47].

3.4.3 Spectral Split

The self interaction potential continues to decrease. If it does so adiabatically
enough [48] in a two flavour approximation, the polarisation vector tends to align
with the Hamiltonian. Numerical simulations of this have shown that not all P
can align. Depending on the energy of the neutrino, the polarisation vector will
either align or anti-align.
In a three-flavour system, the collective effects are dominated by νe ↔ νy oscilla-
tions. This means that a spectral split will be apparent as a swap between νe and
νy energy spectra. The actual swap is not as easy to recognise in the actual flavour
evolution as in the final flavour dependent energy spectra. Comparing the initial

3Note that such an asymmetry is not a CP -violating effect. This asymmetry would simply be due
to the fact that the star is made up of electrons and not positrons.
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and final energy spectra, one can identify at which energy certain flavour spectra
are interchanged. This energy, the critical energy, is determined by lepton number
conservation.





4
Impact of Non-zero δ-phase

Our analysis is presented in this chapter. First, we present the setup for our
numerical analysis and the flavour evolution for δ = 0. We refer to a theoretical
motivation as to how the value of the δ-phase should affect the evolution.

4.1 Setup for Numerical Simulation

The numerical values of neutrino parameters used in the analysis are listed in
Table 4.1. The first four parameters in Table 4.1 are chosen from global best fits
[49, 50]. The average energies, luminosities and r0 are chosen according to the
SN model for neutrinos in [37].

Table 4.1: Table of numerical values of parameters used in the simulations

Parameter Value Unit
∆m2

13 = 2.458 · 10−3 eV2

ε = 0.031
θ12 = 0.58 rad
θ13 = 0.15 rad
〈Eνe〉 = 10 MeV
〈Eνe〉 = 15 MeV
〈Eνx,y ,νx,y 〉 = 20 MeV

Lνe,x,y ,νe,x,y = 1.5 · 1044 J/s

r0 = 10 km

29



30 4 Impact of Non-zero δ-phase

The numerical setup in Table 4.1 together with Equation (3.21) gives the neutrino
density profile for our SN as

µ(r) = 0.45 · 105 4r2
0

3r2

1 −

√
1 −

r2
0

r2 −
r2
0

4r2

 km−1. (4.1)

The matter density profile of our SN is chosen according to [37] for a SN 4 seconds
after the shockwave starts:

λ(r) =
√

2GFne−(r) =
1.84 · 106

r2.4 km−1. (4.2)

The neutrino and matter density profiles are plotted in Figure 4.1.
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Figure 4.1: The neutrino density profile µ(r) (Equation (4.1)) and the matter
density profile λ(r) (Equation (4.2)) chosen for our numerical SN neutrino
analysis.

We write the flavour dependent ω-spectra as

fνα (ω, r) = f (ω)ρνανα (ω, r) (4.3)
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implying that

f (ω) ≡
∑
α

fνα (ω, r0). (4.4)

fνα (ω, r) is normalised as

∞∫
0

dωfνα (ω, r) =
Φνα (r)

Φ
. (4.5)

Using Equation (2.1), and relating the normalisation conditions in Equations (2.2)
and (4.5), we may find the expression for fνα (ω, r). From here, using Equations (3.23)
and (4.3), we may calculate the initial conditions for P.
At this point, we have everything we need to solve the EOM in Equation (3.25).
More precisely how the equations were solved is specified in Appendix B.

4.2 Neutrino Flavour Evolution

First, we will solve Equation (3.25) for δ = 0. We will use this solution as a refer-
ence when searching for possible impact a non-zero δ-phase could have. We shall
solve for both mass hierarchies.

Normal Mass Hierarchy

The evolution of the third and eighth components of the polarisation vector for
normal mass hierarchy are plotted in Figure 4.2. Using the relations in Equa-
tion (3.23), the diagonal elements in the density matrix can be calculated and are
plotted in Figure 4.3. Studying Figure 4.3, we see in fact no collective effects, as
they are expected to occur before r = 100 km (see Inverted Mass Hierarchy).

We observe two MSW resonances. The first, at ∼ 200 km, the matter potential is
just right to allow the larger mass squared splitting ∆m2

13 to resonate. The second
at ∼ 1 000 km is due to resonance of ∆m2

12. The two resonances cause neutrinos
to fully swap νe ↔ νy and antineutrinos to partly swap νe ↔ νx.
In Figure 4.4 we have plotted the initial (thin lines) and final (thick lines) flavour
dependent energy spectra for νe (red, solid lines), νx (green, dashed) and νy (blue,
dotted). The initial νx, νy νx and νy spectra are almost completely covered by the
final lines. Here we see the full and partial spectral swap more clearly.
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Inverted Mass Hierarchy

For inverted mass hierarchy, the evolutions of P3 and P8 are plotted in Figure 4.5
and the flavour content is plotted in Figure 4.6. Unlike for the normal mass hi-
erarchy, we see collective effects for our flavour evolution for both neutrinos and
antineutrinos. Synchronised effects, with zero amplitude, occur when r0 km ≤
r . 40 km. For 40 km . r . 90 km we see the νe ↔ νy bipolar oscillations fol-
lowed by the spectra split. The significant νe ↔ νy flavour swaps at around 200
km for the antineutrinos and the partial νe ↔ νx and νe ↔ νx flavour swap at
∼ 1 000 km for neutrinos is due to an MSW-resonance.
In Figure 4.7 we have plotted the initial (thin lines) and final (thick lines) flavour
dependent energy spectra for νe (red), νx (green) and νy (blue). The initial νy and
νy spectra are almost completely covered by the initial νx and νx. For low energy
neutrinos, the νe and νx spectra have been partially swapped due to MSW effects,
and νy is unchanged. A spectral split between the mixed νe,x and νy occurs at
approximately 8 MeV. For energies higher than this, νe and νy spectra have been
swapped and the νx spectrum is unchanged compared to its initial spectrum.
For antineutrinos, the energy spectra for νe and νy have been swapped due to
MSW effects for low energies. A spectral split at a critical energy slightly lower
than for the neutrinos occurs between νe and νy . For higher energies, νe and νx
are partially swapped due to MSW effects and νy is unchanged compared to its
initial spectrum.
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Figure 4.2: Radial evolution of the third and eighth components of the po-
larisation vector, P, through our SN model in the normal mass hierarchy for
both neutrinos and antineutrinos. The energy modes (in MeV) of the neutri-
nos are (in order of increasing initial values) 49.6, 20.2, 8.2, 4.4, 2.8, 2.0, 1.7,
1.4, 1.2, 1.06, 1.01.
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Figure 4.3: Radial evolution of diagonal elements in flavour density matrix
ρ(ω, r) through our SN model in the normal mass hierarchy for both neutri-
nos and antineutrinos. The energy modes of the neutrinos are the same as
for Figure 4.2.
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Figure 4.4: Initial (thin lines) and final (thick lines) flavour dependent en-
ergy spectra fνα (E, r) ·∆m2

13/2Φ for our SN neutrinos and antineutrinos in
the normal mass hierarchy. The initial spectra are taken at r = r0 and the
final at r = 5 000 km.
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Figure 4.5: Radial evolution of the third and eighth components of the po-
larisation vector, P, through our SN model in the inverted mass hierarchy
for both neutrinos and antineutrinos. The energy modes are the same as for
Figure 4.2.
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Figure 4.6: Radial evolution of diagonal elements in flavour density matrix
ρ(ω, r) through our SN model in the inverted mass hierarchy for both neu-
trinos and antineutrinos. The energy modes of the neutrinos are the same as
for Figure 4.2.
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4.3 Altering the δ-phase

As explained in Section 1.4, CP -violation in neutrino oscillations are solely due
to a non-zero δ-phase in the PMNS mixing matrix in Equation (1.10). Altering
the δ-phase in our neutrino oscillation evolution will determine if the phase has
an impact and is thus in fact measurable from SN neutrinos.
An analytical understanding regarding the impact of a non-zero δ-phase has
been done in [1, 2] for both high matter and neutrino densities. In their analyti-
cal derivation, the flavour basis change in Equation (3.7) is assumed to be valid.
Their aim is to show that the δ-phase is out-factorisable from both the initial con-
ditions and the evolution of the density matrix. If this factorisation is possible
for our Hamiltonian with some matrix S as

H(δ) = S†H(δ = 0)S, (4.6)

it is possible to rotate our Hamiltonian as

H′ = SH(δ)S† (4.7)

such that our EOM is δ independent. Such a rotation is arbitrary and the observ-
ables should not depend on the basis. Thus, if we can rotate our EOM such that
it is independent of δ, the physical quantities must be independent of δ.
In the modified flavour basis, one may factorise out the δ-phase dependence from
the mixing matrix as

U (δ) = S†U (δ = 0)S (4.8)

where

S =

1 0 0
0 1 0
0 0 e−iδ

 . (4.9)

In our Bloch vector formalism, this rotation corresponds to

B(δ) = RB(δ = 0) (4.10)

where



4.3 Altering the δ-phase 37

R =



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 cos δ − sin δ 0 0 0
0 0 0 sin δ cos δ 0 0 0
0 0 0 0 0 cos δ − sin δ 0
0 0 0 0 0 sin δ cos δ 0
0 0 0 0 0 0 0 1


. (4.11)

In [1], they show that this factorisation is possible for a Hamiltonian including
vacuum oscillations and matter effects. In [2], they show that this factorisation
is possible also for the self interacting contribution to our Hamiltonian only if
the initial density matrix is purely diagonal. This is equivalent to having equal
initial νµ and ντ luminosities. Such an assumption is rather intuitive in the SN
environment if one only takes SM interactions at tree-level into account which
is indeed what we assume in our SN model (see Table 4.1). Thus, analytically,
the final flavour dependent energy spectra should not be affected by a non-zero
δ-phase in our SN model. If the phase has no impact on the flavour evolution,
it is not possible for us to measure the δ-phase from SN neutrino oscillations. If
the initial luminosities Lνµ and Lντ are different, the δ-phase will have an impact.
Also, if the EOM experiences chaotic behaviour, the flavour evolution might be
significantly different after one alters the initial conditions. Such an investigation
has been done in [51].
A partially completed numerical analysis regarding the impact of the phase has
been done and is presented in Appendix C.





5
Concluding remarks

The thesis work and the results will be summarised here. Also, the implications
of the results and possible continuations of the project will be discussed.

5.1 Conclusions and Discussions

This thesis has investigated neutrino oscillations for SN neutrinos emitted 4 sec-
onds after matter in the SN has bounced off the core and created a shock wave.
First, we presented the full Hamiltonian in flavour space including vacuum os-
cillations, matter effects and self interactions. We have reasoned how the oscil-
lations should behave due to self interactions and, by solving the full EOM for
both the normal and inverted hierarchy, showed that collective effects are not
present in the normal hierarchy (Figures 4.2 to 4.4). The only visible effect is the
resonance due to matter effects. In the inverted hierarchy, we observe all three
types of collective effects: synchronised oscillations, bipolar oscillations and the
spectral split (Figures 4.5 to 4.7).
The effect the SN environment has on the neutrino flavour spectra has been calcu-
lated and plotted. Both spectral split due to self interactions and spectral swaps
due to matter effects occur in the inverted hierarchy. The difference being that the
matter resonance will affect all energies due to the matter density decreasing in
a manner allowing for all energies to resonate. The spectral split, per definition,
splits the energy spectra at a certain energy, and will affect different neutrinos of
different energies depending on if their energy is above or below a certain critical
energy.
Furthermore, an analytical explanation as to how the CP -violating δ-phase might
have an impact on the SN neutrino oscillations has been presented. Assuming ini-
tial equal luminosities for νµ and ντ , and a diagonal density matrix, the δ-phase
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has no impact on the SN neutrino oscillations in either one of the mass hierar-
chies. Thus, it is not possible to measure the δ-phase from SN neutrinos accord-
ing to the analytical understanding. If the EOM is chaotic, a slight difference in
initial conditions could affect the flavour evolution dramatically. Either way, the
δ-phase does have an impact if Lνµ and Lντ differ.

5.2 Future work

In our analysis, we have made several assumptions regarding symmetries within
the SN and the emission of neutrinos. Whether these are valid assumptions or not
are an ongoing topic, especially the single-angle approximation is questioned [52,
53]. The initial luminosities and average energies are also debatable. The initial
conditions are crucial to the δ-phase impact. The choices of initial luminosities
and average energies depend on the current SN model which changes frequently.
Also, there might exist keV sterile neutrinos, which interact differently with νµ or
ντ and νµ or ντ . Such a distinguishing interaction would cause the luminosities
Lνµ,ντ ,νµ,ντ to be different. These differences could in fact allow for an impact of
the δ-phase.
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A
Gell-Mann Matrices

Here we list the Gell-Mann matrices which form our eight dimensional basis in
Section 3.3.

Λ1 =


0 1 0

1 0 0

0 0 0

 Λ2 =


0 −i 0

i 0 0

0 0 0

 Λ3 =


1 0 0

0 −1 0

0 0 0


Λ4 =


0 0 1

0 0 0

1 0 0

 Λ5 =


0 0 −i

0 0 0

i 0 0

 Λ6 =


0 0 0

0 0 1

0 1 0


Λ7 =


0 0 0

0 0 −i

0 i 0

 Λ8 = 1√
3


1 0 0

0 1 0

0 0 −2



(A.1)

These matrices satisfy the SU (3) Lie algebra

[Λa,Λb] =ifabcΛc (A.2a)

{Λa,Λb} =
4
3
δabI + 2gabcΛc (A.2b)
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where fabc and gabc are the structure constants which are antisymmetric and sym-
metric respectively under any exchange of two indices, [A, B] = AB − BA is the
commutator and {A, B} = AB + BA is the anticommutator. The only non-zero
structure constants are

f123 = 2
f147 = f165 = f246 = f257 = f345 = f376 = 1
f678 = f458 =

√
3

g118 = g228 = g338 = −g888 = 1√
3

g448 = g558 = g668 = g778 = − 1
2
√

3
g146 = g157 = g256 = g344 = g355 = −g247 = −g366 = −g377 = 1

2 .

(A.3)

In Section 3.3.1, when we compare the cross-product defined in a basis of Gell-
Mann matrices with that in the basis of the 2 × 2 Pauli matrices, the crucial differ-
ence lies in their respective anticommutation relations.



B
Numerical Solver

In this appendix we present some more specific setup details for our numerical
calculations, such as ODE solver, integration method etc.

To solve the ODE Equation (3.25), the CVODE package from SUNDIALS was
used1. We used a dense solver without a user specified Jacobian.

For the integration over neutrino energies in Equation (3.20c), both the Simpson’s
rule of integration and the Gauss-Legendre method (GL) were used. Both yielded
similar flavour evolutions. The GL evolution was slightly more accurate. Also,
the Simpson’s rule requires equally spaced frequencies, yielding a poor energy
resolution at high energies. The GL method chose its frequencies as roots of n-th
order Legendre Polynomials. This yields a more evenly spread energy resolution.
The plots presented in this thesis are produced using the Gauss-Legendre method
for integration.

Regarding the tolerance levels for the solver, the relative tolerance level is not
relevant since all eight components in the polarisation vector will have absolute
values no larger than one. The absolute tolerance levels for all the elements in
the polarisation vector were chosen to be 10−10. To generate the final plots, 50
energy bins were used. Solving the EOM with GL for r ∈ [10, 5 000] km on an
Intel Xeon 3.30 GHz Quad-core processor took approximately 24 hours.

1Documentation for CVODE and download can be found at
http://computation.llnl.gov/casc/sundials/main.html.
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C
Numerical Analysis of δ-phase impact

Here we present a partially completed numerical analysis regarding the impact
of a non-zero δ-phase. We also discuss possible error sources and improvements
for this analysis.

We have solved Equation (3.25) but for non-zero values for the CP -violating δ-
phase. We have used the numerical values of Table 4.1 and the setup of Ap-
pendix B. Our numerical results do not confirm the analytical understanding. We
consider the derivation in [1, 2] to be accurate, which is why we do not present
our numerical analysis as part of the results.

C.1 Numerical Analysis

To easily see the impact, the ratio of the final energy spectra was calculated ac-
cording to Equation (C.1). This energy dependent ratio has been plotted for dif-
ferent values for δ.

Rα(E, δ) ≡
fνα (E, r = 5 · 103 km)δ
fνα (E, r = 5 · 103 km)δ=0

(C.1)

The ratios from Equation (C.1) in the normal mass hierarchy for δ-phase values
of 45◦, 90◦, 135◦, 180◦, 235◦, 270◦ and 315◦ are plotted in Figure C.1. For the in-
verted mass hierarchy, these ratios are all plotted in Figure C.2. In the normal
hierarchy, the δ-phase has no impact. The inverted hierarchy is sensitive to the
δ-phase for ∼ 8 MeV for neutrinos and ∼ 5 MeV for antineutrinos.
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C.2 Possible Error Sources and Improvements

The impact of the phase on the final energy spectra seems to affect the critical
energy for the spectral split of the neutrinos. If the analytical understanding is
correct, which we do believe it is, this means that the numerical solution can-
not properly solve our EOM for the collective effects within the setup we have
chosen. We have, at least to our best efforts, eliminated misprints in the code
and misunderstandings in the theoretical framework. Left to examine is the nu-
merical solution where there are a couple of changes one might do to affect the
integration:

Change method to integrate over neutrino energies The analysis has also been
done using the Simpson method which yielded an even larger impact: up to a
ratio of 1.4. The integration method affects the result, but we did not have time to
examine more methods than Simpson’s and Gauss-Legendre. Keep in mind, that
the integration method should have its highest energy resolution at low energies,
yet still have sufficiently high resolution at higher energies.

Increase energy resolution Since the analytical understanding does not require
a perfectly continuous energy distribution, an increase in energy resolution could
perhaps not affect the comparison of solutions with different δ-phase values. Nev-
ertheless, it would improve the independent solutions and is therefore interesting
to alter. Unfortunately, an increase in energy bins does not cause a linear increase
in calculation time. As previously mentioned, solving with 50 energy bins takes
approximately 24 hours. When increasing to 80 energy bins the program needs
approximately 200 hours. Our next step would however be to do the full analysis
using perhaps 100 energy bins (and also find ways to optimise the code).

Change to stronger tolerance levels This might help. At the moment we are
using a tolerance level at 10−10 and the data type used limits us to a strongest
tolerance level of about 10−15. Using a stronger level does not increase calculation
time significantly but could still alter the solution slightly.

Change ODE solver As it is specified in Appendix B, we have been using CVODE
to solve our stiff ODE. Perhaps, if one found another good solver for stiff ODEs,
one could examine if one obtains the same results.
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Figure C.1: Ratios of the final flavour dependent neutrino flux Rα(E, δ) as
in Equation (C.1) in the normal hierarchy for CP -violating δ-phase values
of 45◦, 90◦, 135◦, 180◦, 235◦, 270◦ and 315◦. The final energy spectra is not
sensitive to the δ-phase.
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Figure C.2: Ratios of the final flavour dependent neutrino flux Rα(E, δ) as
in Equation (C.1) in the inverted hierarchy for the same values of the CP -
violating δ-phase as in Figure C.1. The final energy spectra is sensitive to the
value of the δ-phase at the critical energy of the neutrinos and antineutrinos.
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