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ABSTRACT 
 

Ethernet has become more and more popular in the industrial world. The full-

duplex standard and the arrival of switches have made this protocol competitive 

for real-time purposes. In automation systems, a lot of energy is invested to 

integrate technologies using Ethernet into control systems. Since Ethernet frames 

have an important payload, and control signals a very small size, monopolizing an 

Ethernet frame for a single signal is quite inefficient.  

 

A solution to reduce this overhead is to allow sending several signals into the 

same Ethernet frame. This problem, close to the bin packing problem, is NP-hard. 

With signals having end-to-end deadlines to respect and different periods and 

release times, this problem becomes even more complex. 

 

We propose here to design a communication framework realizing such a frame 

packing. The challenge is to generate near-optimal solutions in terms of 

bandwidth utilization while meeting the different real-time constraints related to 

automation control systems. 
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1 Introduction 
 

1.1 Context 
 

1.1.1 Industrial Context 
 

Over the last few decades, the electronic revolution has been one of the biggest 

challenges of the industrial world. In the beginning, some ECUs (Electronic 

Control Units) were introduced in industrial control systems to manage very 

specific and independent functionalities and had dedicated sensors and actuators. 

This situation has gradually evolved: ECUs have become more and more 

interconnected and the role of software has significantly increased. Software is 

now essential for the development of complex functionalities and to improve 

performance and safety. In many industrial systems, it has become one of the 

major forces of innovation. The example of the automotive industry, described in 

[1], is particularly indicative: in 2006, a premium car could contain around 70 

ECUs and the electronic and software features represented up to 40 % of the 

production cost.  

 

With such a percentage, it is easy to understand why software issues have become 

a fundamental matter of concern in the industrial world. It is necessary to maintain 

reasonable software costs despite the strong demand for new applications. This 

can be achieved in different ways: 

 

 Reaching a high code portability and reusability. It is essential to reduce 

integration and development costs and will, above all, allow maintaining 

several generations of products for a reasonable price.  

 

 Using modeling tools to describe and design software architectures. The 

time spent in designing the architecture is much higher than the time spent 

in coding. 

 

 Improving testing. Designing efficient test techniques is essential to raise 

safety standards while designing quick test techniques is essential to 

reduce testing costs, which represent an important part of the total cost. 

 

One of the solutions found by industry to cope with a large number of software 

applications is to use component-based software architectures. The idea behind it 

is to design a formal software architecture in which every software piece has 

predefined specifications, and can be designed independently from the other 

pieces. This way, the code becomes easier to modify and to test. Several car 

manufacturers have agreed on a common standard named AUTOSAR 

(AUTomotive Open System ARchitecture) to implement this method. Many 

industries and especially the automation industry, which have not yet come up to 

such a standard, are looking forward to establishing one.  

 

Conducted at ABB Corporate Research, this thesis is part of a project aiming at 

designing a standard equivalent to AUTOSAR for the automation technology. 
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1.1.2 Technical Context 
 

Among the different challenges described by Broy [1], the one described in part 

5.3 is particularly relevant to introduce the issues of this thesis:  

 

“The car of the future will certainly have much less ECUs in favor of more 

centralized multi-functional multipurpose hardware, less communication lines and 

less dedicated sensors and actuators. Arriving today at more than 70 ECUs in a 

car, the further development will rather go back to a small number of ECUs by 

keeping only a few dedicated ECUs for highly critical functions and combining 

other functions into a small number of ECUs, which then would be rather not 

special purpose ECUs, but very close to general-purpose processors. Such a 

radically changed hardware would allow for quite different techniques and 

methodologies in software engineering.” 

 

The current method to cope with the explosion of software functionalities is to 

increase the number of ECUs. However, although the number of ECUs in 

automation control systems is still currently increasing, the global trend for the 

upcoming years is slightly different. ECUs will become much more efficient and 

generalistic, among others through the use of multicore processors. As a 

counterpart, it will then be possible to reduce the number of ECUs and, 

consequently, the number of communication lines between them.  

 

Assuming that network traffic will be distributed in a smaller number of lines, the 

future communication lines will require a higher bandwidth. Moreover, we are 

likely to observe an increase in the network traffic in the years to come. New 

applications requiring a lot of computation capacity will appear and will need to 

be deployed among several ECUs, generating additional traffic. Using powerful 

platforms allowing such a deployment over the different units while guaranteeing 

performance and safety will therefore be essential in the future for the automation 

industry. Along the same lines as AUTOSAR, the real-time component-based 

framework FASA (Future Automation Software Architecture), described by Oriol 

et al. [2], was designed with this specific objective.  

 

The role of FASA is to manage the deployment of a distributed control application 

onto different multicore ECUs, and to compute a static time schedule for the 

execution. The different applications are first written independently, without 

taking the hardware into account. In a second stage, the FASA framework 

computes a deployment onto the different control units and a static schedule, with 

the objective to optimize the allocation of the computation resources. This process 

also includes the management of network communication. Specific network tasks 

are created to ensure remote communications and are included in the schedule. 

Since FASA is still a research prototype, additions can be made and new 

algorithms can be developed to make this framework more efficient. Its 

communication part is one of the places where there is room for innovation. This 

thesis, focused on network communication, aims at strengthening it. FASA and its 

communication part are further described in section 2.2.3. 
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There are two major ways of improving communication: changing the hardware 

to get more bandwidth or changing the software to use the bandwidth in a better 

way. The subject of this thesis is to use a software technique, called frame 

packing, to ensure a better use of the network. This optimization is particularly 

useful when the packets used for communication have a large overhead. 

Therefore, hardware issues are not completely out of the scope of the thesis, since 

protocols ensuring high bandwidth communication tend to use packets with a 

large overhead. This thesis can thus be seen as an endeavor to make these new 

high bandwidth hardware solutions more competitive. Because of the growing 

interest in the Ethernet protocol for the automation industry, the frame packing 

framework is designed for architectures using this technology.  
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1.2 Frame Packing 
 

1.2.1 Introduction 
 

A common computational model used in industrial control systems is to have 

multiple networked computer nodes that cooperate in performing a specific task. 

A single feature in the system is typically composed of several software 

components that are allocated to different nodes in the system. These components 

exchange information, e.g., about the movement of a robot axis represented by a 

sensor value. The information sent between two individual components could be 

small. For an axis sensor, we may need to send a 32 bit integer, even though the 

total amount of information sent in the system might be high. 

 

When sending a piece of information (hereafter called signal) from one 

component to another, different strategies can be considered. A straightforward 

approach is to treat each connection between components as a separate 

communication channel and send a network frame with the signal, each time there 

is information available. The drawback with such an approach is that sending a 

small signal, e.g., the 32 bit value, in an Ethernet frame, for which the minimal 

size is 64 bytes, will result in a very poor utilization (a few percent only). On the 

other hand, if a maximum Ethernet frame is completely filled with data, the 

utilization is very high (up to 97%). Hence, there is good potential for 

optimization.   

 

In control systems, many activities are cyclic, i.e., they are repeated with a given 

time period, e.g., reading a sensor, making a calculation and updating the state of 

the controlled process. Therefore different components will execute cyclically 

with different time periods, sending signals to local and remote components. 

Moreover, there are requirements on the latency of different activities, i.e., the 

time for reading a sensor, sending the corresponding signal over the network, 

making a computation and setting an actuator state will have to stay within 

specific bounds.  

 

A possible method for optimizing the network load would be to put several signals 

from different components into one single network frame. The most 

straightforward use would be to put signals that should be sent with the same time 

period into one single frame. However, creating frames for all the time periods is 

often non-optimal. Depending on the time period and size of a signal to be 

transferred, it might be less expensive to let the signal piggy-back into an existing 

frame that is sent with a shorter period than needed.  

 

This approach is called frame packing and its performance can vary, depending on 

the method chosen. Selecting a good method therefore consists in solving an 

optimization problem that involves component cycle times, signal sizes, latency 

requirements, and network load. 
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1.2.2 Related Work 
 

The idea of frame packing has already been expressed in different papers for the 

purpose of real-time communication. These papers describe different approaches, 

which are sometimes implemented with different busses. Due to its popularity in 

embedded systems, Controller Area Network (CAN) has been used several times, 

especially by Sandström et al. [3], Pölzlbauer et al. [4], and Saket et al. [5]. Frame 

packing techniques have also been tried with other busses, like Local Interconnect 

Network (LIN) in [3], or FlexRay by Tanasa et al. [6]. As it was shown in [3], the 

frame packing problem is NP-hard since the bin packing problem, which is known 

to be NP-hard, is a particular case of the frame packing problem. It is possible to 

get an idea of the complexity of such a problem in Part 2.1 of [6]. It is therefore 

impossible to use an exhaustive approach to solve this optimization problem for a 

large amount of signals. It is then necessary to use heuristics to generate solutions. 

Depending on the heuristic used, the generated packing is more or less optimal. 

The challenge is then to find some heuristics that can generate near-optimal 

solutions. In the different solutions proposed, the heuristics can range from very 

simple ([3], and [4], which is an improvement of [3]) to something more complex, 

like the ones described in [6]. 

 

However, all the research papers on this subject do not only present different 

heuristics for a matter of pure performance. The input parameters of the problem 

and the objective pursued are often different. Since frame packing consists in 

sending several signals with one signal frame, the size of the signals to be sent is 

always a fundamental factor. On the other hand, the real-time constraints in which 

the signals have to fit can change and some hypothesis can be made on the 

behavior of the global system. For example, in [3], the heuristic is run on a set of 

signals, which are sorted according to their deadline. In [4], the discriminating 

value is the period. In this case, the hypothesis that the period of a signal is equal 

to its deadline is made. This hypothesis is made in most of the models. Even if 

there is no mention of the signal periods in [3], the problem is fairly equivalent to 

the one studied in [4]. In [6], offsets between signals and between frames are 

considered, causing the problem to be slightly different. The feasibility of the 

packing is studied more carefully in [5] and the priorities of the frames are taken 

into account in the model. 

 

This last example shows that the way a packing solution is evaluated can 

potentially lead to having to reformulate or enlarge the initial problem. It is also 

true for heuristics: a heuristic can be considered as good or bad for two different 

problems, depending on the kind of result expected. The only matter in [3], [4] is 

to generate a solution with the least possible bandwidth utilization. The real-time 

requirements are much stricter in [5] and a feasibility test is included in the 

algorithm. The most singular problem is the one presented in [6] and includes 

some fault model. The situation is here totally different compared with the other 

papers, since the objective is not to reduce the bandwidth utilization as much as 

possible, but to find a tradeoff between utilization and fault tolerance. In this 

thesis, evaluating if a solution meets the real-time constraints (mainly in terms of 

deadlines) is considered to be very important and is therefore integrated into the 

process to generate solutions. 
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1.3 Problem Definition 
 

After having introduced the concept of frame packing, we will now define the 

research problem of the thesis. The system we consider is composed of software 

components, allocated to different nodes and communicating with each other 

during runtime using signals. The communication between nodes is performed 

using Ethernet. We want to optimize network communication by packing several 

signals within the same Ethernet frame. Among the different possibilities to use 

such a technique, we aim at designing a framework that can compute static 

solutions. 

 

In this thesis, we pay attention to the impact of our packing on the transmission 

time of the signals. Meeting real-time constraints and, more specifically, 

deadlines, is a major concern. Therefore, we take them into account during the 

whole process. The first challenge is to find heuristics generating near-optimal 

solutions while allowing the packed signals to meet their deadline. The second 

one is to check the validity of a global packing solution under the constraint of the 

traffic load. The exact definition of these two problems is given in section 3.1. 

 

To describe the architecture of the system we want to optimize, we will work on 

the basis that the software applications are designed according to a component-

based real-time architecture like FASA. Even if such an assumption is not 

compulsory, it will help us clarify the problem. How to define a candidate system 

for the use of frame packing is described in section 3.2. Elements of the 

component model, described in section 2.2, are used in this definition. 

 

As shown in the related work, frame packing can be used in different contexts and 

with different hypotheses. Part 3 mainly consists in explaining why the 

hypotheses we consider are made. Since solving the frame packing problem is 

mainly a question of heuristics, we include a description of popular heuristics in 

section 2.4 and present our own considerations in section 3.4.  

 

As mentioned earlier, the communication protocol we want to use is Ethernet. The 

reasons of this choice have been briefly introduced and will be explained in more 

details in section 2.3. Using Ethernet in real-time systems requiring Quality of 

Service (QoS) is an open research problem. A major objective of this thesis is to 

determine if the solutions proposed by the frame packing framework using 

Ethernet can be compatible with real-time constraints. We describe in section 

2.3.2 the state of the art and the architecture we use. The issue of deadlines is 

included in the design of the solutions and in their evaluation. In part 4, we 

suggest to adjust the response time analysis method, presented in section 2.1.4, to 

networking. 
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1.4 Contributions 
 

With the main objective of designing a real-time frame packing framework, we 

can identify the contributions of the thesis. They cover different subjects:  

 

 The definition of the system in which a frame packing framework has to 

be integrated. The real-time behavior of applications designed according to 

a component-based architecture is relatively predictable. It allows having 

an elaborate model. This model is designed to fit to the problem as 

precisely as possible to reduce pessimism for the timing constraints.   

 

 The development of an algorithm to generate solutions, which meet the 

real time constraints. The procedure consists in generating partial solutions 

for each of the different stations in the network. The different partial 

solutions are then merged to get a global solution.  

 

 The development of a method to verify if a frame packing solution 

correctly meets the real time constraints. A solution consists in a table of 

frames to be sent through the network according to a specific schedule. 

This problem is not directly related to frame packing, but only to the 

generated schedule. This part can therefore be used in other contexts than 

the design of a frame packing framework.   

 

 The implementation of a framework capable of managing the network 

communication using frame packing. It executes according to a packing 

solution, generated by the algorithm described here above. 
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2 Background 
 

In order to accurately define the problem, it is important to introduce certain 

notions. This will allow us to describe the underlying system and to define the 

parameters of the problem. We will also describe different technologies, which 

will be used in the system. We start by presenting real-time systems, of which 

control systems which interest us in this thesis are only a sub-part. We then 

present the component-based model which will be used to describe the 

applications for which our frame-packing framework is designed. We focus in the 

third section on the hardware used in real-time communications. Finally, we 

present common heuristics used for a problem close to ours: the bin-packing 

problem. 

 

2.1 Real Time Systems 
 

2.1.1 Definition 
 

Among the different computer systems, real-time systems have the specificity to 

take time into account. A real-time system can be defined as a system that can act 

in reaction to an event within a restricted period of time. A common mistake when 

talking about real-time systems is to think that real-time is a synonym of 

performance. If a task has to be executed within 10 seconds, it makes no 

difference whether its execution is performed within 1 or within 9 seconds. 

Between two solutions, one that always takes 7 seconds to execute meets the real-

time constraints while  one that usually needs 5 seconds but might sometimes 

need 15 does not. The only concern when developing real-time systems is to react 

within the specified timing constraints.  

 

To illustrate this, we can take as an example a computer program for playing 

chess. Chess games are often played with a limited reflection time for both 

players. The total thinking time can vary between 5 minutes for a blitz and several 

hours for an international competition. In both cases, a program that fits to the 

rules will be considered as real time. The rapidity needed for the reaction of a real 

time system is arbitrary and depends on the constraints of the environment. A non-

real time chess player would be a program whose response time cannot be bound. 

 

To describe real-time systems, we introduce definitions proposed by Liu [7]. A job 

is a unit of work that can be scheduled and executed on the system. Several jobs 

can be combined together to form a task in order to implement a specific 

functionality. Since developing real-time systems is about scheduling jobs, jobs 

are characterized according to time parameters. The release time of a job is the 

instant of time at which the job becomes available for execution. The response 

time of a job is the time period between the release time of a job and the 

completion of its execution. The execution time is the time needed by the job to 

execute on a specific hardware.  
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Real-time constraints can often be translated in terms of response time. The time 

instant before which the execution of a job has to be completed is named deadline. 

This deadline can be expressed as a time period in relation to the release time. We 

speak in this case of a relative deadline. The deadline of a job is met if its 

response time is shorter than its relative deadline. Another solution is to use 

absolute deadlines, which designate a time instant. They are calculated by adding 

the relative deadline to the release time. In part 4, we will use again these notions 

of release time, relative deadline and absolute deadline for network 

communication purposes. Instead of a job to execute, we will have a message to 

transmit.  

 

2.1.2 Hard vs. Soft Real Time 
 

Depending on the work a job executes, the harm caused by missing a deadline is 

more or less critical. To specify this damage, Liu [7] differentiates two types of 

deadlines: hard and soft deadlines. 

 

When failing to meet a deadline has disastrous consequences, the deadline is hard. 

For example, in a rail crossing, the task lowering barriers has hard real time 

constraints. In contrast to hard deadlines, soft deadlines correspond to a situation 

where a deadline miss is unfortunate, but not fatal. In a cruise control system, 

where the acceleration is regularly adjusted, in relation to speed, missing a few 

deadlines might increase energy consumption, but not crash the car. 

 

By extension, depending on the nature of its task’s deadlines, a system can be 

characterized as a hard real-time or a soft-real time system. It is very common to 

have both kinds of deadlines in a real-time system. It often gives the opportunity 

to distinguish critical functionalities from others and to assign them higher 

priorities in the access to the hardware. Control systems in general are considered 

to be hard real time-system. In this thesis, we will consider that we face hard-real 

time constraints. 

 

2.1.3 Worst Case Response Time 
 

As mentioned earlier, the most important concern when developing a real-time 

system is to make sure the deadlines will be met. In this context, testing becomes 

essential. Coding a very efficient program is totally useless if it is impossible to 

prove that this program fits the real-time constraints. Depending on the nature of 

the deadlines, the requirements may vary. For example, proving that the deadline 

is met in 95% of cases can be sufficient for certain soft deadlines. In the case of 

hard deadlines, the objective of the tests is to evaluate how large the response time 

of a job can be, in order to compare it with the deadlines. 

 

When developing a system with hard real-time constraints, we need to have an 

upper bound of the response time of a job to evaluate if its deadline will be met. 

The Worst-Case Response Time (WCRT) of a job is the maximum length the 

response time of this job can reach. Comparing the WCRT with the deadline of a 

job will show if the system meets real-time constraints relative to this particular 

job.  
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For the design of our communication framework, we have to transmit signals, 

produced by real-time applications. From the WCRT of a job producing a signal, 

we can calculate the worst-case release time of this signal. In this document, when 

we define the “release time” or “offset” of a signal, this will always correspond to 

the worst case. Calculating the worst-case release time of a signal is out of the 

scope of this thesis. We will simply consider this to be an input of the problem.  

 

2.1.4 Response Time Analysis 
 

The WCRT of a job depends on its own execution time, but also on the execution 

time of the jobs that are likely to delay its execution. To calculate this WCRT, it is 

common to run a Response Time Analysis (RTA) (Joseph et al. [8]) on the whole 

system. The usual model is to consider jobs with different priorities and to 

evaluate how long a job can be delayed by the other in the worst-case. To evaluate 

the behavior jobs can have in the worst-case, we use the notion of Worst-Case 

Execution Time. 

 

The Worst-Case Execution Time (WCET) of a job is the upper bound of its 

execution time on a specific hardware. Different kinds of tests can be used to 

evaluate this bound, as described by Wilhelm et al. [9]. One possibility is to 

analyze a program statically in order to predict its behavior during execution. 

However, it is not always possible to proceed this way with complex programs. 

Another solution is to perform time measurements on a set of test cases. Even if 

we can only produce an estimation of the WCET with this method, it is often the 

only available solution.  

 

The usual way to perform a response time analysis is to use the following 

equation: 

 

𝑅𝑇𝑖 =  𝐶𝑖 + ∑ ⌈𝑅𝑇𝑖/𝑇𝑗⌉

𝑗,𝜏𝑖<𝜏𝑗

∗ 𝐶𝑗  

 

In this equation, 𝑅𝑇𝑖 is the response time of job 𝑖, 𝑇𝑖 its period, 𝐶𝑖 its cost (which 

corresponds to its WCET) and 𝜏𝑖 its priority. Since 𝑅𝑇𝑖 is present on both sides of 

the equation, the protocol used consists in running an iteration, starting 

from 𝑅𝑇𝑖 =  𝐶𝑖, until a fixed point is found. The value of 𝑅𝑇𝑖 after this iteration is 

then the WCRT of job 𝑖. 
 

When using this method, we suppose that all the jobs can be released at the same 

time. Because it is too pessimistic to analyze certain systems, Tindell suggests in 

[10] a method to take the task release times into account. Along the same lines, 

Maki-Turja suggests in [11], a RTA method with offsets with different task sets. 

Identifying these task sets to frame sets coming from a particular node in the 

network, we propose in part 4 an adaptation of [11] for networking.  
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2.2 Component Based Frameworks 
 

2.2.1 Component Based Software Engineering (CBSE) 
 

In the late 60s, powerful computers became a reality thanks to the gigantic 

progress made in the field of computers. It had become impossible to program 

these machines in a simple way. To solve this problem called “Software Crisis”, 

the idea of “componentizing” the network appeared. The idea was to divide a 

program into software components, which would each implement a specific 

functionality.  

 

The notion of component-based programming has been used in the mean time in 

many different contexts, with different specifications for the structure of 

component. We can give the following definition: a component is a reusable part 

of software, which is independently developed and can be combined with other 

components to build larger units. This definition was proposed by Crnkovic [12], 

with other concurrent definitions. We can summarize here below the major assets 

of component-based software architectures: 

 

 Implementing a single functionality is much easier than designing a whole 

application. This is the initial purpose of CBSE. Along the same lines, it is 

also easier to run tests on individual components rather than on an 

application as a whole. 

 

 A component can be written in different languages since the interactions 

with the other components are made through its interface. A specific 

component can therefore be designed by an external supplier. Some 

components are used in a large number of systems. This allows running 

extensive tests, which gives more reliability to the component.  

 

 It is possible to implement a middleware to manage the communication 

between the different component as well as their execution. This 

encourages inter-operability.  

 

 
Figure 2.1: Standard UML representation of a component  

   
Component 1 

Provided Interface 1 Provided Interface 2 

Required Interface 1 
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2.2.2 Component Based Engineering for Industrial Control Systems 
 

When we take a look at the question of computer controlled systems, the standard 

component model is not sufficient anymore. The main characteristic of embedded 

systems is that every hardware resource is limited. The management of CPU, 

memory, and network bandwidth, is critical. Control systems are also by nature 

real-time systems, and this has to be taken into account. Using a component-based 

model for this purpose therefore requires enlarging the definition of a component 

and including a detailed documentation about its behavior.  

 

To follow these requirements, it is necessary to specify the real-time requirements 

of every component. Intuitively, the CPU consumption is, among the criteria listed 

above, the most critical point to consider for the real-time behavior of the system. 

Calculating the worst-case execution time of the different components is 

necessary to evaluate the schedulability of a whole control system. However, the 

execution time parameter used alone is not strong enough to prove that a widely 

distributed control system is correct.  

 

Because most of the industrial control systems are distributed, the notion of end-

to-end deadline is also important. A software component needs to have all of its 

input data to be able to execute. Consequently, a system might be unschedulable, 

not because the components take too much time to execute, but because the 

transmission between one component and the other is too slow. In some cases the 

network latency can therefore be as critical as the execution time. Evaluating the 

latency will be one of our major concerns in this thesis. 

 

Some additional parameters may also need to be considered in embedded systems. 

Power consumption, weight and physical space represent a significant part of the 

cost of the system. These parameters are highly related to the choice of hardware. 

When requirements on hardware performances rise, the cost increases in 

proportion. An accurate prediction of the requirements in terms of CPU, memory 

or network bandwidth can therefore allow reducing costs. 

 

Scheduling components and managing their interactions can be done with low-

level operating system features, such as processes, semaphores and message 

queues. However, this is not an optimal approach in terms of performance and 

design complexity. A too frequent interruption of processes can lead to a mediocre 

utilization of the CPU owing to recurrent context-switches. Mistakes are common 

when the use of semaphores is intensive. The easier solution is to use a 

middleware framework to perform the operation. Such a framework is supposed 

to be used several times. It is therefore worth the investment of a lot of energy to 

optimize the use of the different resources and to make it reliable. It is a lot easier 

to carry out separate testing for the framework and the individual components 

than to test a whole system. 
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2.2.3 Future Automation Software Architecture (FASA) 
 

The Future Automation Software Architecture (Oriol et al. [2]) is a component-

based framework for distributed control systems. Its role is to provide a support in 

the different steps of the design of a control system. FASA uses components that 

are written in C++, and a communication plan between the different components. 

According to the available computation resources, a deployment plan and a 

schedule are statically computed. The communication between two components is 

ensured by specific protocols, depending on their relative deployment. Since this 

thesis is about network communication, we will focus on the FASA component 

model and on the different communication protocols. A more detailed presentation 

of FASA can be found in [2]. 

 

The most basic formal element in FASA - the block - is a basic unit of execution 

that cannot be interrupted or preempted.  It has input and output ports and is 

required to have a deterministic behavior. A component is the encapsulation of 

different blocks. In FASA, components communicate with each other with one of 

their blocks. A channel is a unidirectional communication link between two 

blocks. Depending on where the blocks are hosted in relation to each other, the 

channel implements different communication protocols: 

 

 Blocks on the same core: The communication between two blocks 

deployed on the same core is performed using shared memory. A specific 

memory area is dedicated to each channel and is accessed in reading and 

writing through pointers.  

 

 

Figure 2.2: Intra-core communication (source Mahmud [13]) 

 

 Blocks on different cores: The communication between two blocks 

deployed on the same host, but on different cores is implemented with 

message queues. Writing consists in sending the message through the 

queue and reading in retrieving it. Message queues are preferred to shared 

memory in order to reinforce the synchronization between the different 

blocks. 

 

Figure 2.3: Core-to-core communication (source [13]) 
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 Blocks on different hosts: The FASA framework uses intermediate 

components to manage communication through the network. There are 

two types of special components: send proxies and receive proxies. These 

proxies communicate with each other with network protocols and with the 

source and destination block with the intra-core communication protocol 

described above.   

 

 

Figure 2.4: Remote communication (source [13]) 

 

 

The objective of this thesis is to design a frame packing framework which could 

be used in place of the network proxies. However, its utilization would be really 

different. Network proxies are simple components with input and output ports. 

They are generic and are reused for all the channels between two remote nodes. 

They have an event-driven behavior and are not aware of the architecture of the 

application they implement. Packing several signals into the same network frame 

is not possible using such basic components. The frame packing framework 

described in this thesis is designed to fit with the requirements of FASA and has 

therefore a more elaborate architecture. 
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2.3 Real-Time Network Communication 
 

When designing a distributed real-time application, the choice of the 

communication protocol(s) used has a great impact. It is therefore interesting to 

describe briefly the most popular protocols for embedded systems and their key 

characteristics. We will then see how the Ethernet protocol can be used with a 

certain Quality of Service (QoS) in order to fit the real-time requirements.  

 

2.3.1 Industrial Busses 
 

When electronics were introduced into industrial control systems, individual 

cables were used to link a control unit with every sensor, actuator or other unit it 

was designed to communicate with. Cables quickly multiplied and control 

architectures became more and more complex. For industries confronted to space 

and weight constraints, this cable explosion was even more problematic. They 

started designing busses to reduce the complexity of architectures and the 

inconvenience due to physical network cables. These busses, designed to connect 

several control units with sensors and actuators are called fieldbusses and have 

specific constraints. Industrial control systems are real time systems. Therefore, 

busses used in those systems must be fit for real time and provide some quality of 

service (QoS). This means that they must have a deterministic behavior and 

cannot rely on probabilistic protocols such as CSMA/CD (Carrier Sense Multiple 

Access / Collision Detection), IEEE [14].  

 

At present, there are a lot of different fieldbusses. The difference between two 

fieldbusses is often the communication protocol used and the bandwidth capacity 

provided. There are a lot of proprietary solutions and different kind of industries 

can design their own busses. For example, LIN, CAN, and FlexRay are very 

popular in the automotive industry, whereas the automation industry is more 

familiar with EtherCat, Profinet and Profibus.  

 

LIN (Local Interconnect Network), [15], is a low-cost protocol for embedded 

communication. It is based on master/slave approach and is used when there is no 

need for high bandwidth utilization. CAN (Controller Area Network), [16], is a 

multi-master protocol using priorities to control the access to the bus. It has a 

better performance than the LIN protocol, but is more costly. FlexRay, [17], 

allows a higher bandwidth than CAN with the possibility to use time-triggered 

and event-triggered communication. However it is more expensive than CAN and 

does not have the bandwidth capacity that Ethernet can offer.  

 

Profinet, [18], is the adaptation to Ethernet of the non-proprietary standard 

Profibus, [19], characterized by a token passing procedure using a master/slave 

architecture with different communication options. EtherCat, [20], uses Ethernet 

with a master/slave circular architecture where the messages are processed on the 

fly before being transmitted with very little delay. These technologies can be used 

over a switched network, but are not well adapted to this kind of architecture, 

which reduces their performances for real-time communication. 
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2.3.2 Ethernet Switching in Control Systems 
 

Ethernet has, for a long time, been considered as unsuitable for real-time control 

applications because of its probabilistic collision recovery mechanism CSMA/CD 

(Jasperneite et al. [21]). However, its popularity for local area networks, its low 

cost, and the high bandwidth capacity it provides make it interesting for industrial 

control systems. Thanks to the development of switches, it is possible to use 

Ethernet in point to point communication links. Moreover, it is possible to 

exchange data through a physical link with the full duplex standard. The problem 

of collisions will therefore disappear when using a full-duplex switched Ethernet 

network.   

 

For cost reasons, industrial actors privilege the use of Commercial Off The Shelf 

(COTS) components. However, COTS switches are not very efficient in terms of 

QoS in a real time environment. Most of the switches produced in the world are 

used in internet applications. They are therefore very efficient for high bandwidth 

communication and congestion management. Although their performances in the 

domain of real-time communication is increasing, due to the development of 

applications like VoIP or video streaming, switches are not primarily designed for 

real-time communication, more particularly hard real-time communication. One 

of the challenges of this work is thus to use commercial switches for real time 

purposes with some QoS guarantees. 

 

Studies have been made to evaluate the real-time capabilities of Ethernet. 

Focusing on automation systems, Jasperneite et al. [21] have shown that it was 

possible to get interesting performances in terms of end-to-end deadlines with 

switches, even with a significant load. Decotignie [22] proposes a description of 

the attempts that have been made to make Ethernet fit for the real-time 

requirements of industrial communication. The impact of the use of switches 

reinforced by the use of full-duplex Ethernet is described in details in part III.  

 

Another important point addressed in part IV of [22] is the impact of traffic load. 

The fact that the architecture is designed to avoid collisions does not mean that no 

packet will be dropped at all. The only policy a switch can have to manage an 

excessive amount of traffic is to drop packets, which proves disastrous for hard 

real-time communication. A solution would be to use a traffic smoother to shape 

the output traffic of the different nodes of the system in order to avoid 

overflowing the switch. The idea we will develop in part 4 is slightly different: we 

do not want to perform a smoothing with hardware, but with software, at a higher 

level. Knowing in advance the parameters of the traffic we want to have, we 

configure the switch to use the FIFO queuing (First-In First-Out), which makes it 

adopt a deterministic behavior. It will then be possible to run an analysis and 

check if the constraints are met. Constraints mean here, at the same time, end-to-

end deadlines and load in the switch queues. 
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2.4 Bin Packing Heuristics 
 

Since the frame packing problem is close to the bin packing problem, it is 

interesting to describe here the most popular heuristics used to generate solutions 

for this famous problem. We will first describe the different any-fit algorithms. 

With the results given by Johnson [23], we will then give an upper bound of their 

worst-case performance. In the algorithms we describe here, the different 

elements are assigned one after the other to a specific bin. The difference between 

the algorithms lies in the choice of the bin that should be filled in priority. 

 

2.4.1 Heuristics Definition 
 

Next Fit: This is the most naïve algorithm for bin packing. In this case, we 

consider one single bin at the same time. If an element fits in the current bin, it is 

assigned to it. In the other case, it is assigned to a new empty bin, which becomes 

the current bin for the next element. The bin in which it does not fit is then 

considered as filled. This algorithm has a very low complexity (𝑂(𝑛)), but is 

potentially very inefficient. In the other algorithms, not only one, but all the non-

empty bins are considered as candidates for the current element to be assigned to. 

 
 

Figure 2.5: Next-Fit Algorithm 

 

 

First Fit: This algorithm consists in assigning the current element in the first 

available bin. The bins are sorted according to their first assignation time. As long 

as the evaluated bins cannot accept the element, the following ones are checked. If 

the element does not fit in any bin, a new one is assigned. This algorithm can 

easily be implemented with a complexity of 𝑂(𝑛2) but it is possible to reach 

𝑂(𝑛 log 𝑛). 
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Figure 2.6: First-Fit Algorithm 

 

 

Best Fit: Very close from the first-fit algorithm in terms of performance, the 

philosophy of this algorithm is to optimize the use of the bins. When an element is 

assigned, it has to maximize the size of the bin into which it goes. If it does not fin 

in any bin, a new one is assigned. It is also possible to implement it with a 

complexity of 𝑂(𝑛 log 𝑛). 

 
 

Figure 2.7: Best-Fit Algorithm 

 

 

Worst Fit: This algorithm is very similar to the best-fit algorithm in terms of 

implementation. The difference is that they have a totally opposite philosophy. 

The objective of the worst-fit algorithm is to have approximately the same 

assigned space in every bin. When an element is assigned, it has to go in the non-

empty bin that is the most empty. If it does not fin in any bin, a new one is 

assigned. It is also possible to reach a complexity of 𝑂(𝑛 log 𝑛). 
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Figure 2.8: Worst-Fit Algorithm 

 

 

2.4.2 Performance 
 

A usual parameter to evaluate the performance of such algorithms is to calculate 

how much the specified algorithm differs from the optimal packing in the worst 

case. When evaluating an algorithm, the ratio between the number of bins used in 

the two cases will be the reference value. This data has been calculated a long 

time ago and can be found in [24] (Coffman et al.). The size of the biggest 

element to be assigned compared to the total size can change the worst-case 

evaluation. The result is that first-fit and best-fit algorithms have the same 

behavior and are better than worst-fit and next-fit, at least in the worst case. When 

the biggest element exceeds half of the total size, the worst-case value for first fit 

and best fit is 1.7. When the size of this element is t with 𝑡 < 0.5 the worst case 

value becomes 1 + 1/m, where m = ⌊1/𝑡⌋. For the next fit and worst fit 

algorithms, the worst-case value is 2, and 1 + 1/(1/t − 1) when the size of the 

biggest element is with 𝑡 < 0.5. 

 

There is a way to use these algorithms more efficiently. The set of elements to be 

packed can be sorted according to the size of the elements. We can then consider 

new algorithms: first-fit decreasing, best-fit decreasing…. The only change is that 

the original algorithm is applied to a set of elements previously sorted in 

descending order of size. The asymptotic behavior of such algorithms is better 

than without the initial sorting. For first-fit decreasing and best-fit decreasing in 

particular, the asymptotic value of the ratio is 11/9.  
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3 Generating Packing Solutions 
 

3.1 Problem Definition Revisited 
 

As mentioned earlier in section 1.3, the goal of this work is to determine how a 

frame-packing framework should pack a set of signals, generated by an 

application, into Ethernet frames. As described in the introduction, we consider a 

component-based model, where many functional blocks are executed according to 

a global schedule and exchange messages with other blocks, possibly hosted in 

different network nodes. The communication between the nodes is performed 

using a switched Ethernet architecture. Every node is individually connected to 

the switch using the full-duplex Ethernet standard. This corresponds to a star-

topology, as described in [22] (Decotignie). 

 

 
 

Figure 3.1: Role of a frame-packing framework 

 

Among the different possible solutions, one could be to do this packing on the fly, 

without considering the behavior of the component-based applications in the 

system. This approach is completely independent from the applicative layer and 

could be used for applications that are not built according to a component-based 

model. This would consist in merging signals dynamically into frames. Although 

this kind of option seems quite simple, it has some strong disadvantages. It is 

necessary when using such a protocol to add a header for every signal, indicating 

its size and, in the case of a component-based application, its destination block. 

Since the main philosophy of frame packing is to reduce the impact of message 

headers on the bandwidth utilization, this is clearly a drawback. Running the 

algorithm to perform this packing might also introduce some unpredictable 

runtime overhead. Moreover, it seems hard to predict the real-time behavior of 

such a system, especially in terms of network latency. For all these reasons, we 

chose not to consider this option and to focus on a static option, which should lead 

to a better utilization of the network bandwidth and to a more predictable real-

time behavior. 
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A static method computes a packing solution before execution. This solution 

describes which signals have to be mapped together into which frame and when 

all the different frames are planned to be sent. We will hereafter use the word 

mapping to name the allocation of signals to frames and the word schedule to 

name the time plan for the sending of the frames. During execution, the network 

communication is then managed according to this schedule, which is repeated 

periodically. Generating a packing solution requires to take the topology of the 

network into account, as well as the characteristics of the signals which have to be 

sent (period, worst-case release time, size, and deadline). 

 

One of the particularities of network scheduling problems is that the deadlines of 

the different messages correspond to their arrival at destination. When mapping 

signals to frames, it is necessary to know the latest possible sending time from the 

source instead of the latest possible arrival time to destination. Since the 

transmission time of a frame can vary, depending on network traffic, the latest 

possible sending time can be estimated, but not calculated with precision. The 

only way to do this accurately is to calculate the impact of network traffic, which 

means to run an analysis. The frame packing problem we try to solve then 

becomes a very complex optimization problem, which involves a lot of constraints 

and variables. Using exhaustive search is not possible with such a complexity. To 

deal with this deadlock, we chose to make some assumptions on the value of the 

deadlines. It consists in assuming that the delay due to network traffic will not 

exceed a certain value. Once a complete packing solution is computed, it is then 

possible to evaluate if the assumptions are correct or not. This approach allows us 

to separate the problem into two distinct steps: generating packing solutions, 

followed by running a selection using network analysis. 

 
Figure 3.2: Difference between sending and receiving deadlines 

 

 

In the following sections of part 3, we will describe the first step, in which the 

objective is to generate packing solutions. We will start by presenting the 

specificities of the problem. We will give an exhaustive description of the input 

parameters and of the solutions we want to generate. Once the problem is properly 

defined, we will then be able to propose different possible solutions.  
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3.2 Problem Specification 
 

To begin, it is important to think about how frame packing should be used with 

regards to topology. If the communication was performed using broadcasting, as 

for example with the use of hubs, signals with different destination could be 

packed into the same frame. However, a switched Ethernet network implements 

point-to-point communications. In this case, two signals can be mapped to the 

same frame only if they have the same source and destination. If we name 𝑁 the 

number of nodes in the system, we see that there are 𝑁 possible sources, which 

are each sending messages to potentially 𝑁 − 1 destinations. We can thus 

distinguish 𝑁 ∗ (𝑁 − 1)  independent point to point communication entities.  

 

Packing signals into frames can only be performed within the scope of these 

entities. A local packing solution can be generated for each of them, independently 

from the others. A global packing for the whole network is then a combination of 

these local solutions. 

 

In figure 3.3, we give an overview of what the network architecture should look 

like. We describe the path a frame has to follow to go from its source to its 

destination. This allows us to identify what a point-to-point communication 

corresponds to. We also show what happens inside the switch: incoming frames 

are processed and directed to the output queue corresponding to their destination. 

There is no need for input queues since the switch is able to process messages 

quicker than they arrive. This absence of input queues allows us to consider an 

easier model for the analysis method described in part 4. 

 

 

3.2.1 System Specification 
 

We consider here the global system for which we want to suggest packing 

solutions. We will now describe the parameters of the problem in details, using 

elements of the FASA component-based model. To show how the different input 

values are related to each other, we will describe them as we would do for a 

relational database. This will consist in producing tables and explaining how they 

are filled. 

 

Blocks: The goal of our framework is to connect different blocks, hosted on 

different nodes. Therefore the first thing to do is to reference all the blocks in a 

table and indicate their host. We reference each block by its identifier 𝑏𝑖𝑑 (block 

identifier), which is unique for each block. 

 

Block Table = 𝑏𝑖𝑑 | 𝑜𝑠𝑡 
 

Channels: The first thing we should have in mind is that in a component-based 

model, the exchange of data is made through channels, which are a link between 

two blocks. Therefore the signals our framework will have to transport will come 

through channels that correspond to the channels defined in the application. If a 

channel between two blocks A and B is defined in the application, this will be 

translated into two channels: the input channel ABN and the output channel NBA.  
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Figure 3.3: Network Architecture 
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This information about the channels has to be part of the specification since the 

destination of an incoming signal will only depend on the channel it comes from. 

Hence we can have a table referencing the input and output channels and 

indicating to which source and destination blocks it corresponds. As we did for the 

blocks, to make it easier to refer to one particular channel, and to do so in the 

same fashion as with relational database, we give it a 𝑐𝑖𝑑 (channel identifier). 

 

Channel Table = 𝑐𝑖𝑑 | 𝑐𝑎𝑛𝑛𝑒𝑙 𝑖𝑛 | 𝑐𝑎𝑛𝑛𝑒𝑙 𝑜𝑢𝑡 | 𝑠𝑜𝑢𝑟𝑐𝑒 |  𝑑𝑒𝑠𝑡𝑖𝑛𝑎𝑡𝑖𝑜𝑛 
 

 
 Figure 3.4: Implementation of a channel 

 

 

Signals: We list here all the knowledge we have about the signals that are to be 

sent. There are timing attributes: the period of a signal, its worst-case available 

time after the beginning of the period (offset), and its deadline, which corresponds 

to the time when the block expecting to receive the signal has to start executing. 

We use absolute deadlines for the signals. This means that they are calculated in 

relation to the beginning of a period and not to the release time of the signal. We 

also have to specify the size of the signals, since frames do not have an infinite 

capacity. Finally it is important to indicate the source and the destination of the 

signals. Since this information is related to the input channel from where a signal 

comes, we will instead only indicate the channel in the table. To refer to one 

particular signal, we will use its 𝑠𝑖𝑑 (signal identifier). 

  

Signal Table =  𝑠𝑖𝑑 | 𝑐𝑖𝑑 | 𝑠𝑖𝑧𝑒 | 𝑝𝑒𝑟𝑖𝑜𝑑 | 𝑜𝑓𝑓𝑠𝑒𝑡 | 𝑑𝑒𝑎𝑑𝑙𝑖𝑛𝑒  
 

Network: Since we want to use the latest possible sending time of each signal as 

a reference to compute the mapping, but that we only know the latest possible 

arrival time, we need to establish some predictions. If we want to be accurate, we 

need to know the bandwidth capacity of the different connections. This will 

enable us to calculate the load and make some estimation of the latency. The 

network table gives us the value of the bandwidth capacity of the connections 

between the hosts and the switch.   

 

Network Table = 𝑜𝑠𝑡 | 𝑏𝑎𝑛𝑑𝑤𝑖𝑑𝑡 
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3.2.2 Solution Specification 
 

We will now describe in the same way how we want the packing solutions to be 

specified. This will be expressed using the elements given for the problem 

specification. As mentioned in section 3.1, a packing solution can be specified 

using two tables: the mapping table and the schedule table. 

 

Mapping: With the mapping table, it should be possible to describe every step of 

the transmission of a signal. In practice we have to know how to build the frames 

and how to interpret them. We could store this information as a table of frames 

which maps every frame to a list of signals. However, it is easier to put this 

information in a table mentioning for each signal the frame to which it is allocated 

and its position within this frame. The position is given in bits, in relation to the 

beginning of the payload, since it is this information that will be used to code and 

decode the signals. It gives us the following table: 

  

Mapping Table =  𝑠𝑖𝑑 | 𝑓𝑖𝑑 | 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 

 

Schedule: Every other information concerning the frames can then be stored in 

this table. It is important to identify a frame in time and space, which is 

respectively done with the (period, offset) and (sender, receiver) couples. 

 

Schedule Table =  𝑓𝑖𝑑 | 𝑠𝑒𝑛𝑑𝑒𝑟 | 𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑟 | 𝑝𝑒𝑟𝑖𝑜𝑑 | 𝑜𝑓𝑓𝑠𝑒𝑡  
 

Conclusion: Now, we have exhaustive information concerning how to perform 

the frame packing process. We can list all the tables we have and which will have 

to be stored in different places so that the execution can be done. 

 

Block Table =  𝑏𝑖𝑑 | 𝑜𝑠𝑡 

Channel Table =  𝑐𝑖𝑑 | 𝑐𝑎𝑛𝑛𝑒𝑙 𝑖𝑛 | 𝑐𝑎𝑛𝑛𝑒𝑙 𝑜𝑢𝑡 | 𝑠𝑜𝑢𝑟𝑐𝑒 | 𝑑𝑒𝑠𝑡𝑖𝑛𝑎𝑡𝑖𝑜𝑛  
Signal Table =  𝑠𝑖𝑑 | 𝑐𝑖𝑑 | 𝑠𝑖𝑧𝑒 | 𝑝𝑒𝑟𝑖𝑜𝑑 | 𝑜𝑓𝑓𝑠𝑒𝑡 | 𝑑𝑒𝑎𝑑𝑙𝑖𝑛𝑒  

Mapping Table =  𝑠𝑖𝑑 | 𝑓𝑖𝑑 | 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛  
Schedule Table =  𝑓𝑖𝑑 | 𝑠𝑒𝑛𝑑𝑒𝑟 | 𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑟 | 𝑝𝑒𝑟𝑖𝑜𝑑 | 𝑜𝑓𝑓𝑠𝑒𝑡  
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3.3 Solution Generation 
 

3.3.1 Global Issues 
 

The objective of this first step (cf. section 3.1) is to generate a set of global 

solutions. To get a better idea of how this set should look like, it is important to 

think about the final objective. This objective is to select, among different 

solutions, a solution that has the best possible performance in terms of bandwidth 

utilization, while meeting the real-time constraints. The option we chose to 

consider in section 3.1 is to make some assumptions about the deadlines. The role 

of the first step is thus to propose a set of solutions, which correspond to different 

assumptions, and for which we have optimized the bandwidth utilization.  

 

As exposed in section 3.2, we can split the global problem into local problems, 

relative to a single point-to-point communication. Depending on the path a frame 

takes, its transmission time can vary. The characteristics of the source and 

destination nodes, as well as the available bandwidth in the network links taken 

are a source of variation. Another parameter, which is harder to evaluate, is the 

impact of network traffic. Since two communications ending in the same 

destination share the same output queue in the switch, the amount of traffic going 

to a particular destination has an influence on the transmission time. If the amount 

of traffic destined to a node 𝐴 is higher than the one destined to a node 𝐵, the 

impact of network traffic will be more important. It is therefore appropriate to 

make stronger deadline assumptions for a point-to-point communication 𝑋 → 𝐴 

than for 𝑋 → 𝐵.  

 
 

Figure 3.5 Point-to-point communications ending in A and B 

 

For two point-to-point communications with the same destination, we can assume 

that the network traffic latency will be approximately similar. Therefore, we can 

group the 𝑁 ∗ (𝑁 − 1) communication instances into 𝑁 groups, corresponding to 

their destination, and make different predictions for these groups. In figure 3.5, we 

show the 𝑋 → 𝐴 and 𝑋 → 𝐵 communication groups. If we make 𝑚 assumptions 

for each of the 𝑁 destinations, we can generate 𝑚𝑁 solutions. If the number of 

nodes is important, evaluating all the solutions will not be possible within a 

reasonable time period. This will require running selection heuristics to propose 

an optimal final solution. From now on, we will consider a single communication 

instance for which deadline predictions have been made. We will address how 

generating the best mapping of signals into frames, when all local parameters are 

known (signal size, maximum release time and sending deadline). 

Node  A 

Node  C 

Node  B 

Node  D Switch 

𝑿 → 𝑨  Point-to-point communications  
𝑿 → 𝑩  Point-to-point communications   
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3.3.2 Constraints 
 

In the different papers studied in the related work section 1.2.2 (Sandström et al. 

[3], Pölzlbauer et al. [4], Saket et al. [5], Tanasa et al. [6]), the problem definition 

was the same (or very similar) as in the problem we are facing. The issue is to 

compute a mapping from signals to frames, with a time schedule for the frames, 

while meeting deadlines. The two major hypotheses we are considering are also 

made. In every case, the mapping is decided before the execution, which we 

called the static option. Deadlines are also given from the sender point of view. 

These two assumptions allow us to consider the problem only as an optimization 

problem. The main goal is to reduce bandwidth utilization, while the constraints 

are related to the periods, deadlines and offsets. The rule behind the constraints is 

very simple: whenever a signal has to be packed into a frame, the frame cannot be 

sent neither before the signal is released nor after its deadline. This is relatively 

simple to formulate if the period of the frame is the same as the period of the 

signal. When this is not the case, as in [5], the formula includes the Greatest 

Common Divisor (GCD) of the two periods. To write this formula, we will 

introduce notations: 

 

We consider a signal 𝑠, mapped to a frame 𝐹. 

(𝑝, 𝑜, 𝑑) represents the period, offset and deadline of 𝑠. Here we define 𝑑 as a 

relative deadline. The value of the corresponding absolute deadline is 𝑑 + 𝑜. 

(𝑃, 𝑂) represents the period and offset of 𝐹. 

We also name: Δ = g𝑐𝑑(𝑝, 𝑃). 

 

The first constraint is related to the periods. 𝑠 can fit in 𝐹 only if:  

 

𝑝 ≥ 𝑃 

 

The second constraint is related to the deadline. As given in [5], the maximum 

offset between the release of 𝑠 and the sending of 𝐹 is: 

 

Maximum Offset ∶ 𝑃 − Δ + (𝑂 − 𝑜 − ⌊
O − o

Δ
⌋ ∗ Δ) 

 

Therefore, the deadline must be greater than this maximum offset: 

 

𝑑 > 𝑃 − Δ + (𝑂 − 𝑜 − ⌊
O − o

Δ
⌋ ∗ Δ) 

 

Now that we know this formula, we have a better understanding of the equality 

hypothesis adopted in [4], between deadlines and period. In the worst case, the 

offset between the release time of the signal and the sending time of the frame is 

almost as large as the period of the frame. Since the philosophy in [4] is to pack 

together signals with relatively similar periods, this means that the deadline of a 

signal must be almost equal to its period. Since having larger deadlines than 

periods is often not considered, to avoid exchanging the order of signals, (see [6]), 

it is natural to consider that the deadline of a signal equals the period. 
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3.3.3 Hyperperiod 
 

The last constraint we wrote, and which links all the parameters, is very strict. 

Making the equality hypothesis described here above is sometimes not possible. 

We might want to send signals with a deadline significantly shorter than their 

period using frame packing. The intuitive idea to avoid this deadline problem is 

the following: signals with short deadlines and close periods should only be 

packed together when the offset between their respective releases is little. 

Concretely, it means that we might want to consider individual signal instances 

and decide to pack them differently, from one period to the other. Two signal 

instances could fit together only if the offset between their two releases is shorter 

than the deadline of the first released signal. 

 

If we consider two signals with different periods, the offset between their releases 

will only take very specific values. If we advance further in the time, we observe 

that this “offset” function has a periodic behavior. The period of this function is 

the Least Common Multiple (LCM) of the signal periods. We can therefore 

propose a frame packing solution within this LCM period and repeat it 

periodically. If we want to generalize this idea to the whole signal set, we need to 

consider the frame packing problem during the whole hyperperiod, which is the 

LCM of all the different periods. Following such a path was suggested in the 

conclusion of [5] and presented as potentially very efficient, but limited to cases 

with a small hyperperiod. 

 

With such a hypothesis, the problem can be presented differently as before. Since 

it can be done by looking at signal instances over the hyperperiod, we can 

henceforth consider that every frame and signal have the same period: the 

hyperperiod. In the classical frame packing problem presented in the different 

papers we described, the main issue was to evaluate the cost resulting from 

packing together signals with different periods. The problem we have now is 

closer to the bin packing problem because signals can be assigned into frames 

indifferently. The only source of overhead is the header of the frames. Optimizing 

the bandwidth utilization becomes thus synonym with using as few frames as 

possible to bring the set of signals to destination.  

 

The main advantage of this option is not to introduce pessimism. The absolute 

best solution computed over the whole hyperperiod is the best packing solution 

that can ever be found. However, the induced increase of complexity might make 

this individual solution very hard to find among all the other solutions. The 

required amount of data to represent the final solution is also higher. This can 

generate additional memory costs. This is why, to avoid manipulating too complex 

solution, we will consider that the length of the hyperperiod is “reasonable”. This 

can be achieved by only considering signals with harmonic periods. This 

hypothesis can be relaxed as much as wanted by extending the scope of possible 

periods. We can for example accept a hyperperiod of 10𝑥 and accept all its 

dividers as possible signal periods. 
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3.3.4 Heuristics 
 

The main difference between our problem and the bin packing problem is the 

impact of offsets and deadlines. A signal can only be mapped to a frame if the 

deadline constraints are met. We can simplify the constraint formula given in 

section 3.3.2 with regards to the hyperperiod hypothesis. Introducing the equality 

𝑝 = 𝑃 gives us the constraint: 

𝑑 > 𝑂 − 𝑜 − ⌊
O − o

P
⌋ ∗ P 

 

Theoretically, there is no limit in the size of offsets we can define. However, we 

can still describe all the possibilities if we suppose that 0 ≤ 𝑜 < 𝑃 and 0 ≤ 𝑂 <
𝑃. We can simplify this constraint depending on which offset is bigger (between 𝑜 

and 𝑂). We then obtain basic inequalities: 

 

If 𝑜 ≤ 𝑂, the constraint is equivalent to: 𝑜 + 𝑑 > 𝑂. 

 

If 𝑜 > 𝑂, the constraint is equivalent to: 𝑜 + 𝑑 > 𝑂 + 𝑃. 

 

In a classical bin packing problem, we would have wanted to sort the signals by 

size, before running a packing heuristic. We showed in section 2.4 that this sorting 

allows classical bin packing heuristics to be more efficient. However, the 

constraints we face make the problem different. The shorter deadlines are in 

relation to the periods, the higher is the difference. The following example 

describes a common situation and illustrates why sorting signals by size before 

allocating them might not be the best solution.  

 
 

Figure 3.6: Packing Example; Max. Frame Size = 10. 

 

In this example, the signals with the biggest size can be packed with every other 

signal. The two others are incompatible. Since only two signals can be packed in 

the same frame because of the maximal size 10, allocating the size-5 signals 

together is inefficient since 3 frames are needed to carry the whole signal set 

where only 2 are sufficient. 
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To imagine better heuristics, it is important to understand the philosophy behind 

the different algorithms. When elements are sorted according to their size in the 

bin packing problem, the underlying idea is that bigger elements are harder to 

allocate than smaller ones. Therefore, it is often better to allocate them at first and 

to plug the holes with the little ones. In the frame packing problem, this idea 

might remain valid if the deadlines are not too short. 

 

However, another idea is often more accurate for frame packing. This idea is that 

frames that have been allocated must be filled as soon as possible. The situation 

we want to avoid is to have slightly filled frames to which no new signal can be 

allocated, because they are all incompatible with these frames. To implement this 

idea, an interesting and intuitive method is to sort signals by absolute deadline. 

This way, we regroup the signals that are susceptible to be packed together. When 

trying to allocate a signal, we then are more likely to find a frame compatible with 

it.  

 

The next idea is the following: in this configuration, earlier a frame has been 

allocated for the first time, earlier the deadlines of the signals it carries will be. 

Therefore, the more you wait to map signals to the first frames allocated, the 

harder it will be to fill these frames. Thus, we have to give priority to the first 

frame during the allocation process. The first-fit algorithm corresponds exactly to 

this paradigm and is thus better suited than the other bin packing heuristics to the 

frame packing problem.  

 

Of course, the first-fit algorithm with decreasing absolute deadlines is not the only 

solution to our problem. The performance of this algorithm compared to 

optimality depends mostly on the number of signals we want to transmit and on 

the length of their deadlines. Another interesting method would be to sort signals 

by relative deadline and not absolute deadline. The underlying idea is that signals 

with shorter deadlines are harder to allocate than those with long deadlines. 

Anyway, since we want our solution generator to compute different solutions, it is 

interesting to implement these different possible algorithms. As exposed 

previously in section 3.3.1, a solution to diversify the generated solutions is to 

change the assumption made on the latency when estimating the sending 

deadlines.  

 

To give a better idea of the performance such algorithms can have, we will present 

an evaluation of different solutions in part 5. In the next part, we propose a 

method to evaluate the real-time behavior of a system using predefined schedules 

for network communication. The role of part 3 was to describe how these 

schedules could be generated. 
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4 Response Time Analysis 
 

4.1 Introduction 
 

Response-Time Analysis (RTA) is a widely spread analysis technique, used to 

evaluate the schedulability of tasks in real-time systems. In this part, we apply 

RTA to the domain of real-time network communication. The objective is to 

evaluate the capacity of a frame packing solution to meet deadlines. We study 

global solutions deployed on the whole network. How to generate these solutions 

has been described in part 3. In this part, we present a method to evaluate the real-

time behavior of a distributed system exchanging frames according to a static 

schedule. When we started developing this analysis method, the goal was to use it 

for the design of the frame packing framework. However, this work can be used in 

another context. This part can therefore be read independently from the others. 

 

The system we consider is composed of a collection of nodes, communicating 

through a switch with Ethernet frames. For every node, the communication 

follows a periodic layout. The frames are sent periodically, with offsets between 

them. The period and the offsets are given in a schedule, which is an input of the 

problem. We can then define the notion of global schedule as the conjunction of 

all the local schedules. Analyzing a global schedule then consists in calculating 

the worst case transmission time of the different frames. This analysis shows if 

meeting the deadlines is possible when the network communication is executed 

according to the global schedule. The method we propose here is an adaptation of 

[11] (Maki-Turja) to networking. One of the biggest differences is the absence of 

priorities, due to the lack of priority levels offered by COTS switches (see 

Decotignie [22], Part III E). 

 

Performing such an analysis of the transmission time is necessary in order to 

verify if the different real-time constraints are met. The transmission time of a 

frame is related to different factors. Some of them depend exclusively on the 

network topology and are easily predictable. The delay resulting from software 

latency is much harder to predict and is responsible for the major part of the jitter. 

The role of RTA is to evaluate a third parameter, which is related to network 

traffic. Although a switched Ethernet network is collision free, a switch cannot 

send 2 frames to the same destination at the same time. One of the frames has to 

be stored in a queue, and wait for the other frame to be sent. The waiting time in 

the queue is source of another delay that we want to evaluate. Such an evaluation 

is possible if the sorting policy is the First-In First-Out queuing (FIFO). In this 

case, the waiting time is only depending on the number of frames already waiting 

in the queue when the frame reaches the switch. This is why the analysis has to 

adopt the arrival time in the switch as a reference. 
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One of the particularities of RTA is that it always has to consider the worst case. 

This introduces some pessimism which can be more or less high, depending on 

how the system is modeled. If the analysis has to be used for a very special kind 

of system, the specificities of these systems can be taken into account in the 

model to reduce pessimism. This is what we will do in this part: we will consider 

systems in which all local schedules have the same period and where all nodes are 

synchronized. 

 

 

4.2 Problem Definition 

 
 

Figure 4.1: Description of the system under analysis 

 

 

The system we analyze, 𝛤, models the network traffic in destination to a node 𝑁. 

If we call 𝑁1, … , 𝑁𝑘 the different nodes communicating with 𝑁, we model all the 

individual “𝑁𝑖 to 𝑁” communications by transactions, where 𝑖 = 1. . 𝑘. The 

system is composed of k transactions: 𝛤1 , … , 𝛤𝑘 . A transaction 𝛤𝑖 contains |𝛤𝑖| 
frames and is activated periodically with a period 𝑇. This period is the same for 

every transaction and is an input of the problem. The frame characteristics can be 

calculated from the schedules defined in 4.1.1.  

 

A frame is characterized by its release time and transmission time. The release 

time corresponds to the time instant when the frame enters the switch. It is relative 

to the beginning of the period and can be broken down into a constant value 

named offset and a variable one, called jitter. The jitter value is positive and is 

bounded. The jitter bound depends on the architecture of the system, particularly 

on the operating systems used in the different nodes. The transmission time of a 

frame is the time the switch has to wait after starting sending the frame, before 

sending another frame. The transmission time, here, is called “cost”.  If 𝐹𝑆 is the 

size of the frame in bits and 𝐵𝑅𝑁 the bitrate of the connection between the switch 

and the node 𝑁 in bits per second, the cost is defined as  𝐶 = 𝐹𝑆/𝐵𝑅𝑁 . 
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We use 𝑓𝑖𝑗  to denote a frame. 𝑖 indicates which transaction the frame belongs to, 

and 𝑗 the number of the frame within the transaction. A frame, 𝑓𝑖𝑗 , is defined by an 

offset (𝑂𝑖𝑗), a jitter bound (𝐽𝑖𝑗), and a cost (𝐶𝑖𝑗). According to the definition, the 

release time of the frame can be expressed as: 

 

𝑅𝑇𝑖𝑗 = 𝑂𝑖𝑗 + 𝑗𝑖𝑗  

Where 0 ≤ 𝑗𝑖𝑗 ≤ 𝐽𝑖𝑗 . 

The objective of this analysis is to calculate the worst case transmission time for 

every frame. If we name 𝐴𝑇𝑖𝑗 the latest possible arrival time of the frame 𝑓𝑖𝑗  in the 

destination node, the value we will calculate during the analysis will be: 

 

𝑤𝑖𝑗 = 𝐴𝑇𝑖𝑗 − 𝑂𝑖𝑗 

 

In section 4.3, we explain how 𝑂𝑖𝑗 can be obtained from theoretical sending time 

from the source node 𝑆𝑇𝑖𝑗, given in the schedule. We also describe the different 

possible sources of jitter, and how the jitter bound value 𝐽𝑖𝑗 can be calculated. 

From the value of 𝑤𝑖𝑗 , given by the analysis described in section 4.4, we can 

calculate the worst-case end-to-end latency for the frame 𝑓𝑖𝑗: 

 

𝐿𝑖𝑗 = 𝑤𝑖𝑗 + 𝑂𝑖𝑗 − 𝑆𝑇𝑖𝑗  

 

From this latency and the theoretical sending time of the frame 𝑓𝑖𝑗, we can then 

calculate the latest possible arrival time of the frame and compare it with its 

arriving deadline. 

 

With the parameters introduced in this section 4.2, we can give a formal 

description of the system. The system model is expressed as follows: 

 

 

𝛤 ≔ ,*𝛤1, … , 𝛤𝑘+, T- 
 

𝛤𝑖 ≔ {𝑓𝑖1 , … , 𝑓𝑖|𝛤𝑖|}  

 
𝑓𝑖𝑗 ≔ ,𝑂𝑖𝑗, 𝐽𝑖𝑗 , 𝐶𝑖𝑗-  

 

                         

 
 

Figure 4.2: Frame representation for 𝑓𝑖𝑗  
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4.3 Timing Parameters 
 

It is necessary, before we examine the analysis, to define exactly how the offset 

and jitter values are being calculated. We will assume that we have as input a 

global schedule, predefined for all the nodes, and that these nodes are 

synchronized through the network with a timing protocol, such as the precision 

time protocol (PTP) (Yu et al. [25]). From this schedule, we have a theoretical 

sending time 𝑆𝑇𝑖𝑗 for every frame 𝑓𝑖𝑗. The main question is how to relate this 

value to the offset value that will be used in the analysis. We describe here the 3 

sources of jitter and latency from which we will calculate the values 𝑂𝑖𝑗 and 𝐽𝑖𝑗. 

 

Operating System: The release of a frame is managed at the operating system 

level and there is a time difference between the decision of calling the sending 

routine and its actual execution. If 𝑂𝑆𝐵𝐶  is the best possible delay and 𝑂𝑆𝑊𝐶  the 

worst, the induced constant latency will be 𝐿𝑂𝑆 = 𝑂𝑆𝐵𝐶  and the jitter 𝐽𝑂𝑆 =
𝑂𝑆𝑊𝐶 − 𝑂𝑆𝐵𝐶 .  

 

Network: The offset we consider for the analysis is the time after which the frame 

has been completely transmitted to the switch. Therefore, we need to include all 

the latency parameters which characterize the transmission time between the 

sending node and the switch. There are 2 types of latency: the store-and forward 

latency 𝐿𝑆𝐹 (time needed to store the whole frame) and the wireline latency 𝐿𝑊𝐿  

(latency introduced by the physical distance between the two nodes). Since 𝐿𝑊𝐿  

cannot exceed a few nanoseconds, we can simply neglect it. 𝐿𝑆𝐹 is proportional to 

the size of the frame and can be calculated as follows: 

 

𝐿𝑆𝐹 = 𝐹𝑆𝑖𝑗/𝐵𝑅𝑖 where 𝐹𝑆𝑖𝑗 = frame size in bits and 𝐵𝑅𝑖 = bitrate in bits/second 

for the communication between the node 𝑁𝑖 and the switch. 

 

Clock Synchronization: The last parameter to consider is the jitter induced by 

clock synchronization. Depending on the time synchronization protocol, it is 

possible to obtain a maximum possible offset between 2 different nodes in the 

network, called CS. We will, in this case, consider the worst case, which means 

that the maximal jitter is: 𝐽𝐶𝑆 = 𝐶𝑆. 

 

With all these different parameters, the values of the offset and jitter for a 

particular frame 𝑓𝑖𝑗  entering the switch are: 

 

𝑂𝑖𝑗 = 𝑆𝑇𝑖𝑗 + 𝐿𝑂𝑆 + 𝐿𝑆𝐹 

 

 𝐽𝑖𝑗 = 𝐽𝑂𝑆 + 𝐽𝐶𝑆 
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4.4 Analysis 
 

Now that we have clarified how to calculate the input values, we can describe the 

actual analysis. RTA is mainly used for the problem of task scheduling where the 

critical resource is the processing unit. In our problem, the critical resources are 

the network cable between the nodes and the switch and also the queues of the 

switch. Because the inner loop in the switches can manage incoming messages 

quicker than they arrive, we will consider that the switch has output queues only, 

but no input queue. The main goal of this analysis is to calculate the worst-case 

transmission time for every frame, depending on the available bandwidth, so that 

we can make sure that the deadlines are met. With this result, we will be able to 

see if the output queues of the switch are big enough to manage the traffic without 

dropping packets. 

 

Since the switch can send frames to every node at the same time, the analysis can 

be split depending on the destination of the frames. We will henceforth consider 

sending frames to a particular destination. This is the main reason why we have 

only one destination in the problem definition given in section 4.2. Running a 

global analysis on the system will then consist in repeating the process for every 

possible destination. The main idea of RTA is to select a frame, hereafter named 

frame under analysis (𝑓𝑢𝑎), and evaluate the effect of the other frames on its 

transmission time to obtain a worst case transmission time. Every frame will then 

be selected alternately to complete the analysis. To explain how this calculation is 

made, it is necessary to give some definitions.  

 

A busy period is a period during which the switch is continuously sending frames 

to the destination node. When a frame is delayed because other frames are waiting 

in the switch queue, this corresponds to a particular busy period. Depending on 

the external conditions, such as the jitter, the length and beginning of this busy 

period can vary. When a frame faces its worst case transmission time, it reaches 

the switch during a busy period. For this frame, we define the critical instant as 

the time instant coinciding with the beginning of this particular busy period. 

Identifying the critical instant is not important in itself. What is important is that 

only a finite number of time instants can potentially be the critical instant. We call 

them critical instant candidates.  

 

For each of them, we can compute the maximal length a busy period can have 

when starting at this particular time instant. From this result, it is then possible to 

identify the critical instant, and at the same time the worst case transmission time 

of (𝑓𝑢𝑎). The question now is to identify the criteria for a given instant to be a 

critical instant candidate. Since these criteria can vary a lot depending on how the 

system is modeled, we will first describe the transaction model we use.  
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In the classical RTA (for task scheduling without offsets), the critical instant is the 

instant when the task under analysis is released at the same time as all higher 

priority tasks. In paper [11], in which we get the definition of the notion of 

transaction we will be using, and where offset are considered, a critical instant 

candidate is an instant where at least one task in every transaction is to be 

released.  

 

In our case, every transaction has the same period and there is clock 

synchronization between the nodes. As described in the problem definition part, 

we consider that transactions are perfectly synchronized with each other and 

integrate the imperfection of this synchronization in the jitter value. This allows us 

to reduce drastically the number of critical instant candidates. With 

synchronization, fixing a time parameter in a given transaction automatically fixes 

it in all the other transactions. Consequently, the definition becomes: the critical 

instant corresponds to an instant where at least one task in the system is to be 

released. While the number of possible critical instants was about 𝑚𝑛 in [11] for a 

system with n transactions and with m frames per transaction, if will be about 

𝑛 ∗ 𝑚 in our case.  

 

Now that we have candidates for the critical instant, it is necessary to evaluate the 

impact such a choice will have on the frame under analysis 𝑓𝑢𝑎 . Let us select a 

critical instant candidate 𝑐. We will now explain how to compute the maximal 

length of the busy period corresponding to 𝑐. As explained in section 2.1.4, 

finding the length of the busy period consists in solving an equation in which a 

variable is present on both sides. In our case, the equation is the following: 

 

𝑡 = 𝑊𝑐(𝑡, 𝑓𝑢𝑎) 

 

𝑊𝑐(𝑡, 𝑓𝑢𝑎) is here the worst case interference frames released during the busy 

period can cause to 𝑓𝑢𝑎 , if the length of the busy period is 𝑡. The usual protocol is 

to find the fixed point of the increasing sequence 𝑈𝑐, defined as: 

 

𝑈0
𝑐 = 0    and    ∀𝑖 ≥ 0,    𝑈𝑖+1

𝑐 = 𝑊𝑐(𝑈𝑖
𝑐 , 𝑓𝑢𝑎) 

 

However, the absence of priorities in our model makes the calculus of 𝑊𝑐  different 

than in classical methods. Since every frame has the same priority and given that 

the policy is FIFO, no frame arriving in the switch after 𝑓𝑢𝑎  will preempt it. 

Therefore, even if the busy period continues after the release of 𝑓𝑢𝑎 , the frames 

released afterwards will not cause any interference. We can thus define the 

concept of interference period, as the period during which the release of frames 

will cause interference. In the classical models, the interference period would be 

confounded with the busy period. In our case, this situation will only happen if the 

busy period is shorter than the time period between the critical instant and the 

release of 𝑓𝑢𝑎 . Therefore, we have: 

 

𝐼𝑃𝑐 = min(𝐵𝑃𝑐 , 𝛥𝑢𝑎𝑐) 

 

Where 𝐼𝑃𝑐 is the length of the interference period, 𝐵𝑃𝑐 the length of the busy 

period and 𝛥𝑢𝑎𝑐 the time difference between the critical instant and the release 

of 𝑓𝑢𝑎 . 
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For the calculus of 𝑊𝑐 , this gives us: 

 

∀𝑡 ≥ 𝛥𝑢𝑎𝑐 , 𝑊𝑐(𝑡, 𝑓𝑢𝑎) = 𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) 

 

We will explain later how this changes the interference formulas. In figure 4.3, we 

illustrate this notion of interference period with a case in which the length of the 

busy period is bigger than 𝛥𝑢𝑎𝑐.  

 

 
 

Figure 4.3: Interference Period 

 

 

Now that we have explained the specificities of our work, we can describe how 

the definitions introduced in [11] fit our work and how they should be adapted. 

The objective we follow is to calculate the total interference during the 

interference period. We will then be able to calculate the length of the busy period, 

and thus the worst case transmission time of (𝑓𝑢𝑎). 

 

Let us consider a frame 𝑓𝑖𝑗 . Because of the jitter, 𝑓𝑖𝑗 can interfere with 𝑓𝑢𝑎  more 

than once. We therefore have to consider the interference from different frame 

instances. The interfering instances of 𝑓𝑖𝑗  can be classified into two sets: 

 

Set1 Releases that occur before or at the critical instant and that can be delayed by 

jitter so that they coincide with the critical instant. 

 

Set2 Releases that occur between the critical instant and the release of the frame 

under analysis. 

  

 

Time 

Critical Instant 

𝑂𝑢𝑎 + 𝑤𝑢𝑎 𝑂𝑢𝑎 + 𝐽𝑢𝑎 𝑂𝑐 + 𝐽𝑐 𝑂𝑢𝑎 

Busy Period 

Interference Period 

          

          

      
𝛤1 

𝛤𝑢 

𝛤𝑥  

𝛤𝑘  

  

  

  

Frame under analysis  𝑓𝑢𝑎  

Frame interfering with 𝑓𝑢𝑎  
Frame not interfering with 𝑓𝑢𝑎  

𝑓𝑐  
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Given these two sets, one of the two theorems given in [11] remains relevant: 

The worst case interference a given frame 𝑓𝑖𝑗  causes 𝑓𝑢𝑎  is when Set1 releases are 

delayed by an amount of jitter such that they all occur at the critical instant and 

the activations in Set2 have zero jitter. In [11], the phasing between a given frame 

(𝑓𝑖𝑗) and the critical instant (𝑂𝑐 + 𝐽𝑐) is defined as: 

 

𝜙𝑖𝑗𝑐 = .𝑂𝑖𝑗 − (𝑂𝑐 + 𝐽𝑐)/  𝑚𝑜𝑑 𝑇 

 

If the length of the interference period is 𝑡, the interferences caused by the frames 

of Set1 and Set2 are then: 

 

𝐼𝑖𝑗𝑐
𝑆𝑒𝑡1 = ⌊

𝐽𝑖𝑗 + 𝜙𝑖𝑗𝑐

𝑇
⌋ 𝐶𝑖𝑗  

 

𝐼𝑖𝑗𝑐
𝑆𝑒𝑡2(𝑡) = ⌈

𝑡 − 𝜙𝑖𝑗𝑐

𝑇
⌉ 𝐶𝑖𝑗 

 

However, we would like to express the formula in function of the length of the 

busy period. This will allow us to perform iteration on the length of the busy 

period, as described above. We can see here that the definition of 𝐼𝑖𝑗𝑐
𝑆𝑒𝑡2 is changed 

to: 

 

𝐼𝑖𝑗𝑐
𝑆𝑒𝑡2(𝑡) = ⌈

min(𝑡, 𝛥𝑢𝑎𝑐) − 𝜙𝑖𝑗𝑐

𝑇
⌉ 𝐶𝑖𝑗 

 

In Appendix A, Theorem 1, we prove that we can eliminate from the list of critical 

instant candidates all the candidates which are distant from the release of 𝑓𝑢𝑎  of 

more than the period. In other words, 𝛥𝑢𝑎𝑐< 𝑇. Therefore, if 𝑂𝑐 + 𝐽𝑐 corresponds 

to the critical instant, we can calculate 𝛥𝑢𝑎𝑐with this formula: 

 

𝛥𝑢𝑎𝑐 = (𝑂𝑢𝑎 + 𝐽𝑢𝑎 − (𝑂𝑐 + 𝐽𝑐)) 𝑚𝑜𝑑 𝑇 

 

The worst case interference a transaction 𝛤𝑖 causes to 𝑓𝑢𝑎 , during a time interval t 

is: 

 

𝑊𝑖𝑐(𝑡, 𝑓𝑢𝑎) = ∑ (𝐼𝑖𝑗𝑐
𝑆𝑒𝑡1 +  𝐼𝑖𝑗𝑐

𝑆𝑒𝑡2(𝑡))

𝑗|𝑓𝑖𝑗∈𝛤𝑖  

 

 
 There is a particular case concerning the transaction of the task under analysis. 

Again, we differ from [11] by the fact that the frames coming from a particular 

node are ordered and their order cannot be changed by cause of jitter. If this fact 

does not impact the value of the interference coming from the other nodes, it 

changes the value of 𝐼𝑢𝑗𝑐
𝑆𝑒𝑡2 , which becomes: 

 

𝐼𝑢𝑗𝑐
𝑆𝑒𝑡2(𝑡) = ⌈

min(t, 𝜙𝑢𝑎𝑐) − 𝜙𝑢𝑗𝑐

𝑇
⌉ 𝐶𝑢𝑗 
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Given these facts, we then have: 

 

𝑊𝑢𝑐(𝑡, 𝑓𝑢𝑎) = ∑ (𝐼𝑢𝑗𝑐
𝑆𝑒𝑡1 +  𝐼𝑢𝑗𝑐

𝑆𝑒𝑡2(𝑡))

𝑗|𝑓𝑢𝑗∈𝛤𝑢\*𝑓𝑢𝑎+ 

 

 
The total interference is given by: 

 

𝑊𝑐(𝑡, 𝑓𝑢𝑎) = ∑ 𝑊𝑖𝑐(𝑡, 𝑓𝑢𝑎)

𝑖|𝛤𝑖∈𝛤 

= 𝑊𝑢𝑐(𝑡, 𝑓𝑢𝑎) + ∑ 𝑊𝑖𝑐(𝑡, 𝑓𝑢𝑎)

𝑖|𝛤𝑖∈𝛤\*𝛤𝑢+ 

 

 

In Appendix A, we give the proof with Theorem 2, that we can skip the iteration 

protocol and directly calculate 𝑊𝑐(𝑡, 𝑓𝑢𝑎) for 𝑡 = 𝛥𝑢𝑎𝑐. Even if the corresponding 

result will be false for some critical instant candidates, the final result when 

calculating the maximum of the worst case transmission times for every possible 

critical instant candidate will remain true. By proceeding this way, we 

significantly accelerate the calculus. Given these hypotheses, the worst-case 

transmission time 𝑤𝑢𝑎 of the frame 𝑓𝑢𝑎  is calculated as follows: 

 

𝑤𝑢𝑎 =  𝐶𝑢𝑎 + 𝐽𝑢𝑎 + max
𝑐

(𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) − 𝛥𝑢𝑎𝑐) 

 

With such a formula, we can calculate the worst-case end-to-end latency and latest 

possible arrival time as described in section 4.2. After comparing the arriving 

deadline of every frame with its latest possible arrival time, we are able to 

evaluate the correctness of a solution. 

  



 43 

5 Implementation & Testing 
 

5.1 Solution Generation 
 

5.1.1 Specification 
 

We implement a solution generator for point-to-point communications, according 

to the algorithm described in part 3. We will here describe the input and output 

parameters of the problem. 

 

The solution generation problem is a sub-problem of the main problem, which is 

the development of a framework. If we want to describe the input parameters 

according to the problem specification given in section 3.2, we only need the 

information contained in the signal table: 

 

Signal Table =  𝑠𝑖𝑑 | 𝑠𝑖𝑧𝑒 | 𝑝𝑒𝑟𝑖𝑜𝑑 | 𝑜𝑓𝑓𝑠𝑒𝑡 | 𝑑𝑒𝑎𝑑𝑙𝑖𝑛𝑒  
 

The solution generator only needs a list of signals to compute a packing solution. 

A packing solution contains the elements for a point-to-point communication of 

the two tables described in section 3.2.2: the mapping and schedule tables.  

 

Mapping Table =  𝑠𝑖𝑑 | 𝑓𝑖𝑑 | 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛  
Schedule Table =  𝑓𝑖𝑑 | 𝑝𝑒𝑟𝑖𝑜𝑑 | 𝑜𝑓𝑓𝑠𝑒𝑡  

 

Two programs require using the results of the solution generator program. The 

program implementing the communication needs to deploy the local solutions 

over the network. For a given point-to-point communication, the two tables 

(mapping and schedule) have to be communicated to the source, whilst the 

mapping table is sufficient for the destination. The source needs to pack the frame 

and schedule their sending, whereas the destination only needs information to 

unpack the frames it receives. 

 

It is also necessary to make the solutions exploitable for the program 

implementing RTA. As mentioned in part 4, this program does not require any 

information about the mapping to be able to execute. Since this program was 

coded in another language than the solution generator, it was necessary to define 

an exchange format. Since RTA can only be run on global schedule, the format 

also contains global solutions which are divided into point-to-point 

communications. We present this format in section 5.1.2. The local schedules 

generated by the solution generator are merged together into a global solution by 

an interface program which we will not describe here.  
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5.1.2 Exchange Format 
 

We describe here the exchange format between the solution generator and the RTA 

program. We use regular expressions for this definition. We also give the units 

used for the different arguments. 

 

Frames are represented as: 

 

𝑓𝑟𝑎𝑚𝑒 = "(" . 𝑓𝑖𝑑 . "," . 𝑜𝑓𝑓𝑠𝑒𝑡 . "," .  𝑠𝑖𝑧𝑒 . ")" 

 

𝑓𝑖𝑑 = frame identifier 

𝑜𝑓𝑓𝑠𝑒𝑡 = sending time in nanoseconds 

𝑠𝑖𝑧𝑒 = size in bytes 

 

Schedules for point-to-point communications are represented as: 

 

𝑎𝑙𝑔𝑖𝑑 = algorithm identifier. 

𝑝𝑒𝑟𝑖𝑜𝑑 = period in nanoseconds. 

𝑛𝑢𝑚𝑓𝑟 = number of frames. 

 

𝑠𝑐𝑒𝑑𝑢𝑙𝑒 = 𝑠𝑜𝑢𝑟𝑐𝑒 .  " to " . 𝑑𝑒𝑠𝑡𝑖𝑛𝑎𝑡𝑖𝑜𝑛 . " (" .  𝑝𝑒𝑟𝑖𝑜𝑑  . "," . 𝑛𝑢𝑚𝑓𝑟. ") " . 
 𝑓𝑟𝑎𝑚𝑒+. "\𝑛" 

 

A global schedule is then represented as: 

 

𝑔𝑙𝑜𝑏𝑎𝑙 𝑠𝑐𝑒𝑑𝑢𝑙𝑒 = 𝑠𝑐𝑒𝑑𝑢𝑙𝑒+ 

 

Therefore, the regular expression for the file format is: 

 

𝑓𝑖𝑙𝑒 = ( 
𝑠𝑜𝑢𝑟𝑐𝑒 .  " to " . 𝑑𝑒𝑠𝑡𝑖𝑛𝑎𝑡𝑖𝑜𝑛 . " (" .  𝑝𝑒𝑟𝑖𝑜𝑑  . "," . 𝑛𝑢𝑚𝑓𝑟. ") "

. ("(" . 𝑓𝑖𝑑 . "," . 𝑜𝑓𝑓𝑠𝑒𝑡 . "," .  𝑠𝑖𝑧𝑒 . ))+. "\𝑛"
 )

+

 

 

 

Here follows an example of what the data can look like for 2 nodes and a small 

number of signals: 

 
1 to 2 (16,9) (0,1,8) (1,3,8) (2,4,8) (3,7,8) (4,9,8) 

(5,11,8) (6,12,8) (7,14,4) (8,15,8) 

2 to 1 (16,10) (0,0,8) (1,2,8) (2,4,8) (3,5,4) (4,6,4) 

(5,8,8) (6,10,8) (7,12,8) (8,12,4) (9,15,8) 

 

(Generated with a harmonic set of 4 signals with a size of 4, with a maximal 

frame size of 8.)  
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5.1.3 Implementation 
 

In this section, we will describe how we had to adapt the classical bin packing 

heuristics to the frame packing problem. We will not describe the structure of the 

program.  

 

Because they are relative to the period, deadlines do not exactly have the same 

nature as sizes have in the bin packing problem. When considering sizes, there is 

no problem to sort signals by size and to find the biggest one(s). However, if it is 

possible to sort a set of absolute deadlines, it is hard to designate the earliest one. 

Because they are defined in relation to the beginning of a period, absolute 

deadlines are defined modulo this period. Therefore, a signal released at the end of 

a period might be compatible with another one which is released at the beginning 

of the next period. From which signal should the packing heuristics start is 

therefore an interesting question, without any easy answer: depending on which 

signal we decide to start, the packing might be different. Evaluating the 

compatibility between one signal and other signals, released during the next or 

previous period makes the solution harder to implement.   

 

5.1.4 Testing 
 

We performed tests on different signal sets to evaluate the performance of the bin 

packing heuristics adapted to frame packing on a set of increasing deadlines. We 

evaluated different kinds of signal sets. The first parameter we changed was the 

value of the signal periods. In the signal sets we have tested, some of them were 

harmonic, some others had almost random periods. Of course, for a same 

computation time, the harmonic sets we could evaluate were bigger than the 

random sets.  

 

For a set of signals with predefined periods and sizes, we changed the offsets and 

deadlines to evaluate the influence of these changes. As we could expect, reducing 

the deadlines increases the number of frames. Changing the offsets can also 

induce some changes, but these changes do not in general exceed 2% of the total 

number of frames. We also changed the starting point of the heuristics: the 

solutions do not usually vary from more than 2 frames from the average solution. 

 

We made a competitive evaluation between 3 heuristics: first-fit, next-fit and best-

fit on a set of signals with increasing deadlines. As we could expect, next-fit 

behaves significantly worse than the two other heuristics. The performance is in 

general between 5 and 20% worse. First-fit and best-fit behave in the same way 

when the deadline constraints are not too strong. First-fit tends to have a slight 

advantage compared to best-fit when deadline constraints are very strict. 

However, the difference rarely exceeds 2%.  

 

Another interesting value is the difference between the theoretical lower bound 

(total sum of the costs divided by the maximal size of frames) and the results 

given by first-fit. For the harmonic set of signals we used for the test, the 

difference was about 10% for long deadlines and gradually increased when 

reducing the deadlines up to 50%. However, these results vary a lot, depending on 

the choice of the set. 
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5.2 RTA 
 

5.2.1 Optimization 
 

In this section, we describe optimization techniques which were used for the 

implementation, and which were not described in the RTA model presented in Part 

4. Since we want to evaluate the worst case transmission time of every frame, and 

for every critical instant candidate, we do not want to always reinitiate the 

calculus from 0. We describe here how we simplify the calculus of Set2 

interference.   

 

For every critical instant candidate, the Set2 interferences are composed of the 

frames with an offset situated between the critical instant (𝑂𝑐 + 𝐽𝑐) and the release 

of the frame under analysis 𝑓𝑢𝑎  (𝑂𝑢𝑎 + 𝐽𝑢𝑎). The value of the global set 2 

interference is: 

 

𝑊𝑐
𝑆𝑒𝑡2(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) = ∑ 𝐶𝑖𝑗

𝑂𝑐+𝐽𝑐≤𝑂𝑖𝑗<𝑂𝑢𝑎+𝐽𝑢𝑎

 

 

If we name: 

𝐴𝑖(𝑡) =  ∑ 𝐶𝑖𝑗

𝑗|𝑓𝑖𝑗∈𝛤𝑖,𝑂𝑖𝑗<𝑡

 

A(𝑡) = ∑ 𝐴𝑖(𝑡)

𝑖|𝛤𝑖∈𝛤

 

We can express 𝑊𝑐
𝑆𝑒𝑡2 as: 

 

𝑊𝑐
𝑆𝑒𝑡2(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) = A(𝑂𝑢𝑎 + 𝐽𝑢𝑎) − 𝐴(𝑂𝑐 + 𝐽𝑐) 

 

Because of the particularity of the transaction of the frame under analysis (see 

section 4.4), the exact formula is: 

 

𝑊𝑐
𝑆𝑒𝑡2(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) = A(𝑂𝑢𝑎 + 𝐽𝑢𝑎) − 𝐴(𝑂𝑐 + 𝐽𝑐) + 𝐴𝑖(𝑂𝑢𝑎) − 𝐴𝑖(𝑂𝑢𝑎 + 𝐽𝑢𝑎) 

 

 

Knowing this result, it is sufficient to calculate the values of 𝐴 for every critical 

instant candidate and of 𝐴𝑖 for specific values. The same kind of optimization is 

performed for Set1 interferences. This allows us to reduce the complexity of the 

problem, which is necessary if we want to run this program several times and for 

complex solutions.  
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5.2.2 Testing 
 

To evaluate the RTA program, we designed a test-case generator. This allowed us 

to generate complex test-cases with several thousands of frames. The advantage 

was also to give special properties to our test cases, depending on the parameters 

we wanted to evaluate. We chose to allocate random offsets to the different 

frames. 

 

The first element we wanted to evaluate was the impact of the load on the 

transmission time of the frame. Compared to the size of a period, the impact of the 

load is limited for solutions with a load under 50%. Since we do not want to use a 

huge amount of bandwidth for real-time messages, only frames with short 

deadlines are impacted. When the number of frames is high, the deviation from 

the average performance in terms of end-to-end latency is limited. The maximum 

value observed for a frame does not exceed twice the minimum value 

 

 

 
 

 

Figure 5.1: Additional maximum waiting time due to jitter 

 

 

The most problematic parameter is the jitter. When generating test cases with 

increasing jitter values, the length of the busy period is proportional to the jitter. In 

the final equation given in 4.4, the jitter value of the frame under analysis is a 

parameter of the worst case transmission time: 

 

𝑤𝑢𝑎 =  𝐶𝑢𝑎 + 𝐽𝑢𝑎 + max
𝑐

(𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) − 𝛥𝑢𝑎𝑐) 
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However, when the jitter of every frame increases, the value of the last parameter 

also changes. The additional maximum waiting time caused by jitter is then given 

in figure 5.1. Therefore, if the jitter increases uniformly, the proportionality 

coefficient between jitter and worst-case transmission time is about 1.4.  

 

We also made experiments concerning the number of transactions. For the same 

load and jitter, the value of the maximal end-to-end transmission time converges 

quickly after 4-5 transactions. We show in Figure 5.2 the evolution of the 

maximum waiting time (max𝑐(𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) −  𝛥𝑢𝑎𝑐)) depending on the number 

of transmissions with a load of 50% and a jitter of 500000. 

 

 

 
 

 

Figure 5.2: Maximum waiting time depending on the number of transactions 
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6  Conclusion & Future Work 
 

6.1 Conclusion 
 

Within this thesis, we exposed different aspects which are necessary for the 

development of a frame packing framework. We explained the role of this packing 

in the background part and described for which kind of systems our framework 

was designed for. The solution generation part was then the opportunity to present 

our model and justify the implement choices we made. It was then possible to 

describe in Part 4 the RTA model we developed for network communication.  

 

The idea to design a RTA model for the communication came during the thesis 

with, as objective, to give QoS guarantees to our framework. It has finally 

represented an important part of the work, in terms of literature review, model 

design, and optimizations.  

 

 

6.2 Future Work 
 

 

Validation of the RTA model: 

 

Due to timing constraints, it was not possible to test the validity of the RTA model 

on a real-time distributed system. The protocol would be to evaluate the 

bandwidth capacity of every link, measure the jitter for a point-to-point 

communication. It would then be possible to compare the theoretical results given 

by the RTA program with the arrival times observed in reality. Designing such a 

test platform takes a lot of time, especially because calculating the end-to-end 

transmission time of single frames requires sharing various data structures 

between the source and destination nodes. 

 

 

Adapting the heuristics to parameters: 

 

Depending on the number of signals and on their deadlines, it might be useful to 

generate solutions in a different way. The solutions we presented perform well for 

communications composed of a huge number of signals, with relatively low sizes 

and high deadlines. Because all the nodes of a system will not require sending the 

same amount of data, it may be interesting to design solutions with methods 

related to constraint programming for nodes which only need to exchange a few 

signals. 
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Inclusion of RTA in the solution generation: 

 

With the structure we now have, we can generate solutions and evaluate their 

performance using RTA. The next step would be to integrate RTA in the 

generation of the packing solutions. By generating diverse solutions for each 

point-to point communication, it is possible to compose a lot different network 

schedules. A selection algorithm using RTA can be used to select a solution. 

Another interesting idea would be to make the packing part and the RTA part 

interact to iteratively generate solutions. RTA would give the information about 

which frames do not meet their deadlines and the packing would be modified 

according to this information. However, basic heuristics would not be sufficient to 

solve this problem and the solution generator would need major changes. 

 

 

Extending the RTA model: 

 

Our RTA model is developed for small networks, with a single switch. Industrial 

control systems often use a lot of nodes, which might require the use of multiple 

switches, with variable architectures. It would be interesting to know how the 

RTA model with offsets can be extended to such networks. Depending on the 

topology, this might be or not be possible. Two topologies in particular would be 

worth evaluating: the star topology with a central communication switch and the 

bus-like topology. These two topologies were used in [21] to evaluate the 

performance of switched Ethernet for industrial systems.  
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Appendix A:  Response Time Analysis Theorems 
 

Theorem 1:  𝛥𝑢𝑎𝑐< 𝑇 
 

Theorem 1: 

 

“The critical instant cannot happen more than 𝑇 before the release time of 𝑓𝑢𝑎” 

 

Proof: 

 

Let us name 𝑐 a critical instant candidate happening 𝑇 + 𝛼 before the release time 

of 𝑓𝑢𝑎 . 𝛼 before the release time is then also a critical instant .We choose to name 

it 𝑑. We then have for all 𝑖 and 𝑗: 

 

𝐼𝑖𝑗𝑐
𝑆𝑒𝑡1 = ⌊

𝐽𝑖𝑗 + 𝜙𝑖𝑗𝑐

𝑇
⌋ 𝐶𝑖𝑗 = ⌊

𝐽𝑖𝑗 + 𝜙𝑖𝑗𝑑

𝑇
⌋ 𝐶𝑖𝑗 = 𝐼𝑖𝑗𝑑

𝑆𝑒𝑡1 

𝐼𝑖𝑗𝑐
𝑆𝑒𝑡2(𝑡 + 𝑇) = ⌈

t + T − 𝜙𝑖𝑗𝑐

𝑇
⌉ 𝐶𝑖𝑗 = 𝐶𝑖𝑗 + 𝐼𝑖𝑗𝑑

𝑆𝑒𝑡2(𝑡) 

 

We only consider potentially schedulable solutions, which means that the 

bandwidth utilization does not exceed 100%. This can be translated in terms of 

cost: 

 

∑ 𝐶𝑖𝑗

𝑖𝑗 

< 𝑇 

 

Therefore, we have: 

 

∀𝑡, ∑ 𝐼𝑖𝑗𝑐
𝑆𝑒𝑡2(𝑡 + 𝑇)

𝑖𝑗 

− (𝑡 + 𝑇) = ∑(𝐼𝑖𝑗𝑑
𝑆𝑒𝑡2(𝑡) − 𝐶𝑖𝑗)

𝑖𝑗 

− 𝑇 − 𝑡 < ∑ 𝐼𝑖𝑗𝑑
𝑆𝑒𝑡2(𝑡)

𝑖𝑗 

− 𝑡 

 

In all cases, a busy period starting at 𝑑 causes more delay than one starting at 𝑐. 

𝑐 can never be the critical instant. ∎ 

 

 

This theorem allows us to reduce the number of critical instant candidates. 

This makes also the following formula true: 

 

𝛥𝑢𝑎𝑐 = (𝑂𝑢𝑎 + 𝐽𝑢𝑎 − (𝑂𝑐 + 𝐽𝑐)) 𝑚𝑜𝑑 𝑇 

 

Without this theorem, we would have had to consider the following cases: 

 

𝛥𝑢𝑎𝑐 = (𝑂𝑢𝑎 + 𝐽𝑢𝑎 − (𝑂𝑐 + 𝐽𝑐)) 𝑚𝑜𝑑 𝑇 + 𝑘 ∗ 𝑇, 𝑘 ∈ ℕ 
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Theorem 2: It is correct to skip the iteration 
 

 

We now want to simplify the calculus of the worst-case transmission time of a 

frame. The worst-case transmission time of the frame under analysis 𝑓𝑢𝑎  can be 

calculated with the following formula:  

 

𝑤𝑢𝑎 =  𝐶𝑢𝑎 + 𝐽𝑢𝑎 + 𝐵𝑃𝑐 − 𝛥𝑢𝑎𝑐 
 

𝑐 is the critical instant, 𝐵𝑃𝑐 is the length of the busy period, and 𝛥𝑢𝑎𝑐 the time 

difference between the critical instant and the latest possible arrival time of 𝑓𝑢𝑎  

into the switch.   

 

Since we cannot know in advance which candidate will actually correspond to the 

critical instant, we have to evaluate the busy period of every possible candidate. 𝑐 

will henceforth designate a critical instant candidate.  

 

As explained in section 2.1.4, RTA consists in solving an equation in which a 

variable is present on both sides. In our case, the equation is the following: 

 

𝑡 = 𝑊𝑐(𝑡, 𝑓𝑢𝑎) 
 

The protocol is to find the fixed point 𝑢𝑐 of the increasing sequence 𝑈𝑐, defined 

as: 

 

𝑈0
𝑐 = 0    and    ∀𝑖 ≥ 0,    𝑈𝑖+1

𝑐 = 𝑊𝑐(𝑈𝑖
𝑐 , 𝑓𝑢𝑎) 

 

The fixed point 𝑢𝑐 is nothing else than the length of the busy period. In our 

analysis, we only want to calculate the maximum transmission time of 𝑓𝑢𝑎 . 

Calculating the maximum interferences for every critical instant is only a way to 

do so, and we do not need to express exact values, as long as the maximum value 

remains correct.  

 

What we want to do is to directly calculate the interferences between the critical 

instant and the release of the frame under analysis without running any iteration. 

When calculating the maximum of the delays corresponding to all the critical 

instant candidates, we wish the result to be the same as if we had run the 

iterations. Our objective is to prove that both results are identical and that it is 

therefore correct to skip the iterations. In mathematical terms, this means:  

 

max
𝑐

(𝑢𝑐 −  𝛥𝑢𝑎𝑐) = max
𝑐

(𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) −  𝛥𝑢𝑎𝑐) 
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Lemma 1: 

 

“The length of the busy period is inferior to the maximum interference caused 

between the critical instant and the release of the frame under analysis” 

 

 ∀𝑐,   𝑢𝑐 ≤ 𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) 

 

Proof: 

 

The specificity in our case is the definition of 𝑊𝑐 . Indeed, since we have: 

 

∀𝑡, 𝑖 ≠ 𝑢  𝐼𝑖𝑗𝑐
𝑆𝑒𝑡2(𝑡) = ⌈

min(t, 𝛥𝑢𝑎𝑐) − 𝜙𝑖𝑗𝑐

𝑇
⌉ 𝐶𝑖𝑗 ≤ ⌈

𝛥𝑢𝑎𝑐 − 𝜙𝑖𝑗𝑐

𝑇
⌉ 𝐶𝑖𝑗 = 𝐼𝑖𝑗𝑐

𝑆𝑒𝑡2(𝛥𝑢𝑎𝑐) 

 

∀𝑡  𝐼𝑢𝑗𝑐
𝑆𝑒𝑡2(𝑡) = ⌈

min(t, 𝜙𝑢𝑎𝑐) − 𝜙𝑢𝑗𝑐

𝑇
⌉ 𝐶𝑢𝑗 ≤ ⌈

𝜙𝑢𝑎𝑐 − 𝜙𝑢𝑗𝑐

𝑇
⌉ 𝐶𝑢𝑗 = 𝐼𝑢𝑗𝑐

𝑆𝑒𝑡2(𝛥𝑢𝑎𝑐) 

 

We can deduce: 

 

∀𝑡, 𝑖 ≠ 𝑢   𝑊𝑖𝑐(𝑡, 𝑓𝑢𝑎) = ∑ .𝐼𝑖𝑗𝑐
𝑆𝑒𝑡1 +  𝐼𝑖𝑗𝑐

𝑆𝑒𝑡2(𝑡)/

𝑗|𝑓𝑖𝑗∈𝛤𝑖  

≤ ∑ .𝐼𝑖𝑗𝑐
𝑆𝑒𝑡1 +  𝐼𝑖𝑗𝑐

𝑆𝑒𝑡2(𝛥𝑢𝑎𝑐)/

𝑗|𝑓𝑖𝑗∈𝛤𝑖 

≤ 𝑊𝑖𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) 

 

∀𝑡,        𝑊𝑢𝑐(𝑡, 𝑓𝑢𝑎) = ∑ .𝐼𝑢𝑗𝑐
𝑆𝑒𝑡1 +  𝐼𝑢𝑗𝑐

𝑆𝑒𝑡2(𝑡)/

𝑗|𝑓𝑢𝑗∈𝛤𝑢\*𝑓𝑢𝑎+ 

    

≤    ∑ .𝐼𝑢𝑗𝑐
𝑆𝑒𝑡1 +  𝐼𝑢𝑗𝑐

𝑆𝑒𝑡2(𝛥𝑢𝑎𝑐)/

𝑗|𝑓𝑢𝑗∈𝛤𝑢\*𝑓𝑢𝑎+ 

≤ 𝑊𝑢𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎)  

 

And finally: 

 

∀𝑡,      𝑊𝑐(𝑡, 𝑓𝑢𝑎) = ∑ 𝑊𝑖𝑐(𝑡, 𝑓𝑢𝑎)

𝑖|𝛤𝑖∈𝛤 

≤  ∑ 𝑊𝑖𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎)

𝑖|𝛤𝑖∈𝛤 

≤  𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) 

 

Therefore, the fixed point of our sequence number verifies: 𝑢𝑐 ≤ 𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎).∎ 

 

 

 

Now that this inequality is established, we can find necessary conditions for the 

equality case. We can also prove the existence of such cases. 
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Lemma 2: 

 

“If the length busy period is bigger than 𝛥𝑢𝑎𝑐, it is equal to the maximum 

interference caused between the critical instant and the release of 𝑓𝑢𝑎” 

 

∀𝑐, 𝑢𝑐 ≥ 𝛥𝑢𝑎𝑐 ⟹ 𝑢𝑐 = 𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) 
 

Proof: 

 

Let us consider a critical instant candidate such as:  𝑢𝑐 < 𝛥𝑢𝑎𝑐. 

 

Since 𝑡 → 𝑊𝑐(𝑡, 𝑓𝑢𝑎) is an increasing function, 𝑢𝑐 = 𝑊𝑐(𝑢𝑐 , 𝑓𝑢𝑎) ≥ 𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎). 
 

According to Lemma 1,  𝑢𝑐 ≤ 𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎). 

 

Therefore,  𝑢𝑐 = 𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) . ∎ 

 

 

Lemma 3: 

 

“There is a critical instant candidate for which the length busy period is bigger 

than 𝛥𝑢𝑎𝑐” 

∃𝑐,  𝑢𝑐 ≥ 𝛥𝑢𝑎𝑐 
 

Proof: 

 

Let us consider as critical instant candidate 𝑐 the time instant corresponding to the 

latest possible release time of 𝑓𝑢𝑎 . In this case, we have: 𝛥𝑢𝑎𝑐 = 0. 

 

Since 𝑡 → 𝑊𝑐(𝑡, 𝑓𝑢𝑎) is a positive function, we can deduce:  

 

𝑢𝑐 ≥  𝑈1
𝑐 =  𝑊𝑐(0, 𝑓𝑢𝑎) ≥ 0 = 𝛥𝑢𝑎𝑐 . ∎ 

 

 

Lemma 4: 

 

“There is a critical instant candidate for which the maximum interference caused 

between the critical instant and the release of 𝑓𝑢𝑎is bigger than 𝛥𝑢𝑎𝑐” 

 

∃𝑐,   𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) −  𝛥𝑢𝑎𝑐 ≥ 0 

 

Proof: 

 

According to Lemma 3,  ∃𝑐,  𝑢𝑐 ≥ 𝛥𝑢𝑎𝑐. 

 

According to Lemma 2,  𝛥𝑢𝑎𝑐 ≤  𝑢𝑐 = 𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎). 

 

Therefore:  𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) −  𝛥𝑢𝑎𝑐 ≥ 0. ∎ 
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Lemma 5: 

 

∀𝑐,  𝑢𝑐 < 𝛥𝑢𝑎𝑐 ⟹ ∃𝑑, 𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) − 𝛥𝑢𝑎𝑐 < 𝑊𝑑(𝛥𝑢𝑎𝑑, 𝑓𝑢𝑎) − 𝛥𝑢𝑎𝑑 

 

Proof: 

 

Let us consider a critical instant candidate such as  𝑢𝑐 < 𝛥𝑢𝑎𝑐. 

 

If  𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) −  𝛥𝑢𝑎𝑐 < 0, the 𝑑 candidate we are looking for is given to us by 

Lemma 4. 

 

Let us now consider the case  𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) −  𝛥𝑢𝑎𝑐 ≥ 0. 

 

We have: 

 

𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) − 𝑊𝑐(𝑢𝑐 , 𝑓𝑢𝑎) =   𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) −  𝛥𝑢𝑎𝑐 + 𝛥𝑢𝑎𝑐 − 𝑢𝑐 > 0 

 

Therefore,  

 

∃𝑓𝑖𝑗 ,   𝐼𝑖𝑗𝑐
𝑆𝑒𝑡2(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) − 𝐼𝑖𝑗𝑐

𝑆𝑒𝑡2(𝑢𝑐 , 𝑓𝑢𝑎) > 0 

 

And thus: 

 

∃𝑓𝑖𝑗|𝑖 ≠ 𝑢, ⌈
𝛥𝑢𝑎𝑐 − 𝜙𝑖𝑗𝑐

𝑇
⌉ > ⌈

𝑢𝑐 − 𝜙𝑖𝑗𝑐

𝑇
⌉ ∨ ∃𝑓𝑢𝑗 , ⌈

𝜙𝑢𝑎𝑐 − 𝜙𝑖𝑗𝑐

𝑇
⌉ > ⌈

𝑢𝑐 − 𝜙𝑖𝑗𝑐

𝑇
⌉ 

 

This means that signals are released after 𝑢𝑐: 

 

𝐸 = {𝑓𝑖𝑗 ∈ 𝛤𝑖 |𝜙𝑖𝑗𝑐 ∈ ,𝑢𝑐 , 𝛥𝑢𝑎𝑐- ∧ .(𝑖 ≠ 𝑢) ∨ (𝜙𝑖𝑗𝑐 < 𝜙𝑢𝑎𝑐)/} ≠ ∅ 

 

The time instant 𝑡 = min .𝛥𝑢𝑎𝑐 , max𝑓𝑖𝑗∈𝐸
(𝐽𝑖𝑗 + 𝜙𝑖𝑗𝑐)/ corresponds to a critical 

instant candidate we choose to name 𝑑. For 𝑑, we have: 

 

𝑊𝑑(𝛥𝑢𝑎𝑑 , 𝑓𝑢𝑎) ≥ 𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) − 𝑊𝑐(𝑢𝑐 , 𝑓𝑢𝑎) 

 

𝛥𝑢𝑎𝑑 = 𝛥𝑢𝑎𝑐 − 𝑡 < 𝛥𝑢𝑎𝑐 − 𝑢𝑐 

 

We then have: 

 

𝑊𝑑(𝛥𝑢𝑎𝑑 , 𝑓𝑢𝑎) − 𝛥𝑢𝑎𝑑 > 𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) − 𝑊𝑐(𝑢𝑐 , 𝑓𝑢𝑎) − (𝛥𝑢𝑎𝑐 − 𝑢𝑐) 

 

And finally: 

 

𝑊𝑑(𝛥𝑢𝑎𝑑, 𝑓𝑢𝑎) − 𝛥𝑢𝑎𝑑 > 𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) − 𝛥𝑢𝑎𝑐 . ∎ 
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Theorem 2: 

 

max
𝑐

(𝑢𝑐 −  𝛥𝑢𝑎𝑐) = max
𝑐

(𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) −  𝛥𝑢𝑎𝑐) 

 

Proof: 

 

Let us introduce the following sets: 

 

𝐶 = Set of all the critical instant candidates 

 

𝐶< = *𝑐 ∈ 𝐶|𝑢𝑐 < 𝛥𝑢𝑎𝑐+ 

 

𝐶≥ = *𝑐 ∈ 𝐶|𝑢𝑐 ≥ 𝛥𝑢𝑎𝑐+ 

 

According to Lemma 3, 𝐶≥ ≠ ∅. Therefore, according to Lemma 2, we have: 

 

max
𝑐∈𝐶≥

(𝑢𝑐 −  𝛥𝑢𝑎𝑐) = max
𝑐∈𝐶≥

(𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) −  𝛥𝑢𝑎𝑐) 

 

If 𝐶< = ∅, 𝐶≥ = 𝐶 and thus:  

 

max
𝑐∈𝐶

(𝑢𝑐 −  𝛥𝑢𝑎𝑐) = max
𝑐∈𝐶

(𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) −  𝛥𝑢𝑎𝑐) 

 

Let us now assume that 𝐶< ≠ ∅. According to Lemma 1, we have: 

 

∀𝑐 ∈ 𝐶,  𝑢𝑐 −  𝛥𝑢𝑎𝑐 ≤ 𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) −  𝛥𝑢𝑎𝑐 
 

max
𝑐∈𝐶<

(𝑢𝑐 −  𝛥𝑢𝑎𝑐) ≤ max
𝑐∈𝐶<

(𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) −  𝛥𝑢𝑎𝑐) 

 

Let us name 𝑚 ∈ 𝐶< a critical instant candidate such as: 

 

𝑊𝑚(𝛥𝑢𝑎𝑚 , 𝑓𝑢𝑎) −  𝛥𝑢𝑎𝑚 = max
𝑐∈𝐶<

(𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) −  𝛥𝑢𝑎𝑐) 

 

According to Lemma 5, we have: 

 

∃𝑑 ∈ 𝐶,  𝑊𝑚(𝛥𝑢𝑎𝑚 , 𝑓𝑢𝑎) −  𝛥𝑢𝑎𝑚 < 𝑊𝑑 (𝛥𝑢𝑎𝑑, 𝑓𝑢𝑎) − 𝛥𝑢𝑎𝑑 
 

Since 𝑊𝑑(𝛥𝑢𝑎𝑑, 𝑓𝑢𝑎) − 𝛥𝑢𝑎𝑑 > max𝑐∈𝐶<
(𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) −  𝛥𝑢𝑎𝑐), 𝑑 ∉ 𝐶< 

 

Therefore, we have 𝑑 ∈ 𝐶≥ , which implies: 

 

 𝑊𝑑(𝛥𝑢𝑎𝑑, 𝑓𝑢𝑎) − 𝛥𝑢𝑎𝑑 ≤ max
𝑐∈𝐶≥

(𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) −  𝛥𝑢𝑎𝑐) 

 

We then have: 

max
𝑐∈𝐶<

(𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) −  𝛥𝑢𝑎𝑐) ≤ max
𝑐∈𝐶≥

(𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) −  𝛥𝑢𝑎𝑐) 
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We now have the following relations: 

 

max
𝑐∈𝐶

(𝑢𝑐 −  𝛥𝑢𝑎𝑐) = max (max
𝑐∈𝐶<

(𝑢𝑐 −  𝛥𝑢𝑎𝑐) , max
𝑐∈𝐶≥

(𝑢𝑐 −  𝛥𝑢𝑎𝑐)) 

 

max
𝑐∈𝐶≥

(𝑢𝑐 −  𝛥𝑢𝑎𝑐) = max
𝑐∈𝐶≥

(𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) −  𝛥𝑢𝑎𝑐) 

 

max
𝑐∈𝐶<

(𝑢𝑐 −  𝛥𝑢𝑎𝑐) ≤ max
𝑐∈𝐶<

(𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) −  𝛥𝑢𝑎𝑐) 

 

max
𝑐∈𝐶<

(𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) −  𝛥𝑢𝑎𝑐) ≤ max
𝑐∈𝐶≥

(𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) −  𝛥𝑢𝑎𝑐) 

 

We can thus conclude: 

 

max
𝑐∈𝐶

(𝑢𝑐 −  𝛥𝑢𝑎𝑐) = max
𝑐∈𝐶

(𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) −  𝛥𝑢𝑎𝑐) . ∎ 

 

 

This theorem proves that it is correct to use the formula introduced in section 4.4: 

 

𝑤𝑢𝑎 =  𝐶𝑢𝑎 + 𝐽𝑢𝑎 + max
𝑐

(𝑊𝑐(𝛥𝑢𝑎𝑐 , 𝑓𝑢𝑎) −  𝛥𝑢𝑎𝑐) 
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