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Abstract

Surface waves in elastic material

Gong Cheng

A finite volume method based solver for Rayleigh waves in two dimensional elastic
materials is constructed by using the Conservation Laws Package (Clawpack). The
Lax-Wendroff scheme is implemented and only first-order accuracy is achieved for
the Rayleigh wave problems by the default elastic wave solver in Clawpack. A Lamb's
problem is solved by Clawpack and some instabilities occur in the cases of almost
incompressible materials. The Rayleigh wave problem in complex geometries is
transformed by a smooth mapping function and solved by using a fourth-order
summation-by-parts (SBP) operators with a simultaneous approximation term (SAT)
method. The stability is proved by the energy method in the continuous and discrete
form. The numerical experiment shows that the curved boundary has influences on
the magnitude and phase of the Rayleigh waves.
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1 Introduction

A surface wave is a mechanical wave which propagates along the interface be-
tween elastic materials with different densities. One typical example in seismol-
ogy, is called the Rayleigh wave [1]. It is generated by the interaction between
pressure and shear waves at the surface of the earth, which are commonly pro-
duced by the earthquakes. Rayleigh waves have both longitudinal and trans-
verse motion [2]. It travels with a speed lower than the pressure and shear
waves. However, the particle motion of Rayleigh waves is larger than those of
the body waves, so it tends to cause more damage in the earthquake [3].

One of the numerical difficulties in simulations involving the Rayleigh waves is
the feature that the number of grid points per wavelength has to be large to
achieve a certain error level in a low order numerical method [4, 5], especially
for almost incompressible materials, such as sand, clay, soil and the crust of the
earth. Rayleigh waves are confined on the free surface which has no normal or
tangential stress, and the amplitudes decay in the normal direction of the surface
[2]. As a result, Rayleigh waves tend to be more sensitive to the numerical
treatments of the traction free boundary conditions than expected.

In this project, we consider the elastic wave equation, with applications involv-
ing surface waves in elastic materials. In this way artificial reflections can be
avoided. We use Conservation Laws Package (Clawpack) [6], a finite volume
based software package, designed for hyperbolic conservation laws. The elastic
wave equation can be formulated as conservation law and it is straightforward
to solve the system within the Clawpack framework.

The finite volume method [7] is known as a robust and cheap method for the dis-
cretization of conservation laws [8]. The system is required to satisfy the conser-
vation of energy so that it can be solved by the finite volume method. Clawpack
provides several different numerical schemes for the finite volume method with
first and second orders of accuracy. After the initial conditions are specified,
the hyperbolic system is considered as a Riemann problem [9] and solved by an
appropriate Riemann solver. The Riemann solvers in Clawpack covers almost
all types of hyperbolic systems, such as, acoustics, advection, Euler equations,
shallow water equations, as well as the elastic wave equations. Clawpack handles
all the internal processes of the finite volume method, including the assembly of
fluxes functions, waves propagation and the time iterations. Furthermore, there
is an adaptive mesh refinement (AMR) module in Clawpack, which provides
easy-to-use mesh refinement. Due to the properties of Rayleigh waves, adaptive
mesh refinement close to the free surface boundaries is considered to reduce the
computational complexity.

Another interesting topic is the behavior of Rayleigh waves on the curved bound-
aries [10]. Generally, the complex geometry in Cartesian coordinates is trans-
formed by a mapping function to the unit square in a curvilinear coordinate.
As the transformation introduces complexities in the host equations and errors
in the approximations [11], a stable numerical method is required be imple-
mented to solve the Rayleigh wave problem. In addition, the number of grid
points per wavelength decreases as the order of the numerical method increases
to achieve a certain accuracy. Therefore, a fourth-order summation-by-parts
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(SBP) operators [12] with a weakly imposed boundary condition simultaneous-
approximation-term (SAT) method [13] is considered. The stability is proved
by the energy method [14] in the continuous and discrete form of the numerical
scheme.

The outline of this paper is as follow.. In Section 2, the elastic wave equa-
tion with free surface boundary conditions is introduced and the first-order
hyperbolic system is formulated for the finite volume method. There are three
numerical experiments presented in Section 3. The first experiment is designed
to examine the correctness of Clawpack solver for the elastic wave equation.
The second one is to simulate a Rayleigh wave and evaluate the errors of the
numerical method. The last experiment solves a real problem of Rayleigh waves.
In Section 4, Rayleigh waves in a complex geometry are considered. A fourth-
order finite difference method is implemented and the stability is proved by the
energy method. In the last section conclusions are made.

2 The Elastic Wave Equation

An elastic wave, or a mechanical wave, is a wave that propagates along an elastic
medium in the form as an oscillation of matter and transferring energy. The
main property of elastic waves is that the restoring force for particles which are
away from their original position is proportional to the displacement. The basic
elastic equation (see [2] pp. 273-281) is expressed by scalar and vector potentials.
They form a second-order hyperbolic system. The elastic wave equations also
have a first-oder form by introducing the stress tensors and velocity components.

There are two basic types of waves in an elastic material, pressure and shear
waves, with two distinct directions and differing velocities defined by various
physical properties. Pressure waves are also called primary(P) waves. The dis-
placements of pressure waves are in the same direction as the normal of the
wave. The shear waves are also called secondary(S) waves and the displace-
ments are perpendicular to the wavefront. These two waves travel with two
different velocities in the material and they can be transformed to each other
by interacting with a certain type of boundary.

However, in a bounded material with such boundary, a third type of wave may
exist, the Rayleigh surface wave. The effects of Rayleigh waves are confined to
the free surface, or so called traction free boundary. The Rayleigh waves are
also governed by the elastic wave equation and they tend to be more difficult
to solve numerically.

2.1 The Governing equations

Consider the half-plane problem for two dimensional elastic wave equations in
a homogeneous isotropic material [4], denote the domain by Ω = (−∞,∞) ×
[0,∞), and suppose that there is no internal forcing. The displacement field
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(U, V )T is governed by

ρUtt = µ∆U + (λ+ µ)(Ux + Vy)x,
ρVtt = µ∆V + (λ+ µ)(Ux + Vy)y,

, (x, y) ∈ Ω, t > 0, (2.1)

where the constants λ > 0 and µ > 0 are the first and second Lamé parameters.
By scaling time to get unit density, the elastic wave equation (2.1) is simplified
to

Utt = µ∆U + (λ+ µ)(Ux + Vy)x
Vtt = µ∆V + (λ+ µ)(Ux + Vy)y

, (x, y) ∈ Ω, t > 0. (2.2)

The initial conditions of the displacement (U, V )T and the velocity (u, v)T =
(Ut, Vt)

T are given at t = 0,

U = U0(x, y), u = u0(x, y),

V = V0(x, y), v = v0(x, y),
(x, y) ∈ Ω. (2.3)

The traction boundary conditions at y = 0 are given by the normal and tan-
gential stress [2] that

Vy +
λ

λ+ 2µ
Ux = g1(x, t),

Uy + Vx = g2(x, t),

y = 0, t > 0. (2.4)

In the special case with g1 = g2 = 0, equation (2.4) is called a traction free
boundary condition, or free surface boundary condition.

2.2 The Elastic Energy

The elastic energy is computed by the sum of kinetic energy and potential energy
on Ω that

E(t) =
1

2

∫
Ω

(U2
t + V 2

t ) + λ(Ux + Vy)2 + µ(2U2
x + 2V 2

y + (Uy + Vx)2) dΩ, (2.5)

which is a semi-norm of the solution for (2.2) [15]. Take the time derivative
of the elastic energy and consider the relationship in (2.2). E(t) satisfies (see
details in [2], pp. 582-600)

d

dt
E(t) = −

∫
∂Ω

(Vt(λ+ 2µ)g1 + Utµg2) dΓ, (2.6)

where ∂Ω = (−∞,∞) × [0] is the boundary at y = 0, g1 and g2 refer to the
boundary forcing in (2.4). With the free surface boundary condition, g1 = g2 =
0,

d

dt
E(t) = 0, t ≥ 0, (2.7)

therefore, the elastic energy is conserved,

E(t) = E(0) ≥ 0, t ≥ 0. (2.8)

As a result, the elastic wave equation in (2.2) can be solved by the numerical
methods for the conservation laws [9], such as the finite volume method.
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Cij

yi+1/2

yi

yi−1/2

xi−1/2 xi+1/2xi

Figure 2.1: Finite difference grid in two dimensions(solid lines), and finite vol-
ume grid with dash lines.

2.3 Conservation Laws

The general form of a hyperbolic system governed by the conservation law in
two dimensions is

∂

∂t
q(x, y, t) +

∂

∂x
f(q(x, y, t)) +

∂

∂y
g(q(x, y, t)) = 0, (2.9)

where q : R2 × R → Rm contains m conserved quantities and the two flux
functions are f, g : Rm → Rm. For hyperbolicity, it requires that any linear
combination of the flux Jacobian matrices αf ′(u) + βg′(u), with α, β ∈ R,
should be diagonalizable with real eigenvalues [7, 9].

The integral form of the hyperbolic system (2.9) over a rectangular domain
C = [x1, x2]× [y1, y2] is given by

d

dt

∫ y2

y1

∫ x2

x1

q(x, y, t) dxdy =

∫ y2

y1

f(q(x1, y, t))− f(q(x2, y, t)) dy

+

∫ x2

x1

g(q(x, y1, t))− g(q(x, y2, t)) dx. (2.10)

Denote the cell average at Cij = [xi−1/2, xi+1/2]× [yj−1/2, yj+1/2] by

Qnij ≈
1

∆x∆y

∫ yi+1/2

yi−1/2

∫ xi+1/2

xi−1/2

q(x, y, tn) dxdy, (2.11)

where ∆x = xi+1/2 − xi−1/2 and ∆y = yi+1/2 − yi−1/2 are the mesh sizes. As
shown in Fig. 2.1, the red rectangular refers to the cell of finite volume grid
where the solid points are the finite difference grid points. The integral form
(2.10) indicates that function f(q) only contributes to the cell Cij on the left
and right edges, and function g(q) is on the top and bottom edges. So, the
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change of the cell average over a certain period of time is determined by the
function f(q(x, y, t)) in x direction and the function g(q(x, y, t)) in y direction.
Consequently, the quantities contained by the cell combined with the inflow and
outflow fluxes are conserved.

2.4 Finite Volume Method

The basic principle of the classical finite volume method is to integrate the
equations over each cell on the mesh and update the values by the fluxes. Take
cell Cij in (2.10), integrate the expression over [tn, tn+1] in the time domain
and divided by ∆x∆y. The equation is approximated by a fully discrete flux-
differencing method

Qn+1
ij = Qnij −

∆t

∆x
(Fni+1/2,j − F

n
i−1/2,j)−

∆t

∆y
(Gni,j+1/2 −G

n
i,j−1/2), (2.12)

where Qnij is the average value of the cell (i, j) at nth time step as described in
(2.11), Fn and Gn are the corresponding fluxes at the vertical and horizontal
edges

Fni−1/2,j ≈
1

∆t∆y

∫ tn+1

tn

∫ yj+1/2

yj−1/2

f(q(xi−1/2, y, t)) dydt, (2.13)

Gni,j−1/2 ≈
1

∆t∆x

∫ tn+1

tn

∫ xi+1/2

xi−1/2

g(q(x, yj−1/2, t)) dxdt. (2.14)

Consider the constant coefficient linear hyperbolic system

qt +Aqx +Bqy = 0, (2.15)

where A and B are the coefficient matrices. The fluxes (2.14) can be approx-
imated by a variety of matrix forms with different properties and order of ac-
curacy. In this project, the Lax-Wendroff scheme is implemented to achieve
a second order accuracy [7] which is provided by Clawpack as one of the de-
fault numerical methods, see details in Appendix A. In two dimensions, the
Lax-Wendroff scheme leads to a nine-point stencil with the fluxes

Fi−1/2,j =
1

2
A(Qi−1,j +Qij)−

∆t

2∆x
A2(Qij −Qi−1,j)

− ∆t

8∆y
AB[(Qi,j+1 −Qij) + (Qi−1,j+1 −Qi−1,j)

+(Qij −Qi,j−1) + (Qi−1,j −Qi−1,j−1)], (2.16)

Gi−1/2,j =
1

2
B(Qi,j−1 +Qij)−

∆t

2∆y
B2(Qij −Qi,j−1)

− ∆t

8∆x
BA[(Qi+1,j −Qij) + (Qi+1,j−1 −Qi,j−1)

+(Qij −Qi−1,j) + (Qi,j−1 −Qi−1,j−1)]. (2.17)

However, in practice, this hyperbolic system is not solved by computing these
matrices or the matrix-vector products. The terms are computed by solving
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the corresponding Riemann problems with the given initial conditions and ac-
cumulating the contributions to the fluxes based on the propagation directions
of the characteristic waves by computing the eigenvalues (see [7], pp. 470-474).
These procedures are handled implicitly by Clawpack, but the eigenvalues of
the system are required to be specified by the user.

In two dimensions, the system (2.15) is hyperbolic, if for every choice of unit
vector −→n , the matrix

Â = −→n ·
−→
A = nxA+ nyB, (2.18)

is diagonalizable with real eigenvalues. In other words, for any arbitrary vector
(nx, ny)T , equation (2.18) is diagonalizable only if the coefficient matrices A and
B commute, or equivalently, AB = BA [7], which means that A and B have
the same eigenvectors. Let

A = RΛxR−1, B = RΛyR−1, (2.19)

where R is the same eigenvector matrix, Λx = diag(λx1 , λx2 ..., λxm) and Λy =
diag(λy1 , λy2 ..., λym) are the eigenvalue matrices.

Let w = R−1q, then (2.15) can be written as

wt + Λxwx + Λywy = 0, (2.20)

which arem linearly independent first-order hyperbolic equations. Consequently,
there are only m distinct directions in which wave propagates. In detail, the
p-th characteristic wave, denoted as wp, travels with the velocity (λxp , λyp).
Then, a general solution for each hyperbolic equation is achieved by solving the
Riemann problem with the given initial condition.

2.5 First-order hyperbolic system

The two dimensional second order elastic wave equation (2.2) is transformed to
a first order hyperbolic form by introducing the strain tensor ε and stress tensor
σ (see [2], pp. 583-585 and [7], pp. 37-39)

ε =

[
ε11 ε12

ε21 ε22

]
, σ =

[
σ11 σ12

σ21 σ22

]
. (2.21)

The relationship between ε and σ is represented by a system of linear equations: σ11

σ22

σ12

 =

 λ+ 2µ λ 0
λ λ+ 2µ 0
0 0 2µ

 ε11

ε22

ε12

 . (2.22)

The strain tensor ε can be expressed by the displacement field that

ε =

[
ε11 ε12

ε21 ε22

]
=

[
Ux

1
2 (Uy + Vx)

1
2 (Uy + Vx) Vy

]
. (2.23)

Then, the governing equations (2.2) can be rewritten as a first-order hyperbolic
system in terms of the stress tensors σ11, σ22, σ12, and the velocity components
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(u, v)T = (Ut, Vt)
T

σ11
t = (λ+ 2µ)ux + λvy,
σ22
t = λux + (λ+ 2µ)vy,
σ12
t = µ(uy + vx),
ut = σ11

x + σ12
y ,

vt = σ12
x + σ22

y ,

(2.24)

with the traction boundary conditions (2.4) to be expressed as

σ22 = (λ+ 2µ) · g1(x, t),
σ12 = µ · g2(x, t),

y = 0, t > 0. (2.25)

The initial conditions of the velocity components are the same as in (2.3) and
those of the stress tensors are computed by taking the first derivatives of the dis-
placements U0 and V0 with respect to x and y. Rewrite the first order hyperbolic
system (2.24) in the matrix form as (2.15) with

q =


σ11

σ22

σ12

u
v

 , A = −


0 0 0 λ+ 2µ 0
0 0 0 λ 0
0 0 0 0 µ
1 0 0 0 0
0 0 1 0 0

 , B = −


0 0 0 0 λ
0 0 0 0 λ+ 2µ
0 0 0 µ 0
0 0 1 0 0
0 1 0 0 0

 .
(2.26)

The linear combination Â in (2.18) is in the form that

Â = −


0 0 0 (λ+ 2µ)nx λny

0 0 0 λnx (λ+ 2µ)ny

0 0 0 µny µnx

nx 0 ny 0 0
0 ny nx 0 0

 , (2.27)

where nx and ny are the x and y direction components of an arbitrary unit
vector −→n = (nx, ny)T in the 2-dimensional plane. The eigenvalues of Â are:

ξ̂1 = −
√
λ+ 2µ, , ξ̂2 =

√
λ+ 2µ, ξ̂3 = −√µ, ξ̂4 =

√
µ, ξ̂5 = 0, (2.28)

with eigenvectors correspondingly,

r̂1,2 =


λ+ 2µ(nx)2

λ+ 2µ(ny)2

2µnxny

±nx
√
λ+ 2µ

±ny
√
λ+ 2µ

 , r̂3,4 =


2µnxny

−2µnxny

µ((ny)2 − (nx)2)
±ny√µ
∓nx√µ

 , r̂5 =


(ny)2

(nx)2

−nxny
0
0

 .
(2.29)

As matrix Â has four non-zero eigenvalues, there are only four distinct direc-
tions in which information propagates in the elastic system (2.24). The first

two eigenvalues ξ̂1 and ξ̂2 are equal to the velocities of the primary wave in the
current elastic material and the corresponding eigenvectors r̂1,2 have velocity
components in the same direction as the unit vector −→n , so they describe the
pressure waves [2]. The eigenvalues ξ̂3 and ξ̂4 are the velocities of the secondary
wave. The eigenvectors r̂3,4 carry velocity perturbations in the orthogonal di-
rections to the unit vector −→n which contribute to a rotation component, so they
generate the shear waves [7].
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Figure 2.2: A demonstration of ghost cells at the bottom-left corner in a two
dimensional problem.

2.6 CFL Condition

The CFL condition, or Courant-Friedrichs-Lewy condition, is a necessary con-
dition for the stability of numerical method. It must be satisfied to achieve the
stability and convergence. In a hyperbolic system, the CFL number (or Courant
number) is defined as

v =
∆t

∆x
max
p
|λp|, (2.30)

where λp is the p-th eigenvalue of the system as (2.15), ∆t and ∆x refer to the
size of time and space discretization. For the elastic wave equation in (2.24),

the maximum eigenvalues in (2.28) is ξ̂1 =
√
λ+ 2µ. The Lax-Wendroff scheme

requires v ≤ 1 for stability (see in [7] pp.67-76), and ∆x is the smallest mesh
size. Therefore, the time discretization should not be too large. In this case, we
have

∆t ≤ ∆x√
λ+ 2µ

. (2.31)

However, this is just a necessary condition, it may not provide a stable or
convergent solution. Small CFL number may lead to a stable method, but
with a high computational cost. In addition, the Lax-Wendroff scheme will also
produce some artificial diffusion, especially for discontinuous initial conditions.

2.7 Boundary conditions

One approach to the boundary treatment in the finite volume method is to ex-
tend the computational domain to include additional cells close to the bound-
aries, which are called ghost cells (see [7], pp.129-138). The values of the ghost
cells are given by the values of the interior cells according to the type of the
boundaries, and the ghost cells contribute to the interior cells in the next time
iteration via the space discretization.
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Suppose that the two dimensional physical domain is discretized by an M ×N
grid, the cell averages are denoted as Qij where i = 1, 2, ...,M and j = 1, 2, ..., N .
Typically, there are two additional ghost cells for each boundary cell in the finite
volume method. Figure 2.2 illustrates the ghost cells at the bottom-left corner
of the domain. The indices of ghost cells are denoted by 0 and −1. Similarly,
the indices for the ghost cells at the top boundary are M + 1 and M + 2, those
at the right boundary are N + 1 and N + 2.

The periodical boundary conditions are rather easy to express with ghost cells.
Suppose the left and right boundaries are periodical, the first two columns of the
physical domain are assigned to the right ghost cells, and the last two columns
in the physical domain are assigned to the left ghost cells, that

QN+2,j = Q2,j , QN+1,j = Q1,j .
Q−1,j = QN−1,j , Q0,j = QN,j ,

(2.32)

where j = −1, 0, ...,M + 2.

Consider the traction boundary conditions at y = 0, the continuous form is
expressed by the stress tensor as in (2.25). The values of ghost cells on the
bottom boundary [6] are given by

σ11
i,1−j = σ11

i,j σ22
i,1−j = 2S22 − σ22

i,j σ12
i,1−j = 2S12 − σ12

i,j

ui,1−j = ui,j vi,1−j = vi,j
, (2.33)

where j = 1, 2, S12 = µ · g2(xi, t) and S22 = (λ + 2µ) · g1(xi, t). In the case of
traction free boundary condition, g1 = g2 = 0, so (2.33) can be written as

σ11
i,1−j = σ11

i,j σ22
i,1−j = −σ22

i,j σ12
i,1−j = −σ12

i,j

ui,1−j = ui,j vi,1−j = vi,j
. (2.34)

The normal and tangential stress tensors at y = 0 are approximated by a first-
order extrapolation and the other three terms are extrapolated from the known
boundary data with a constant (or zero-order) extrapolation. All these nu-
merical approximations are the default settings in Clawpack for traction free
boundary conditions. For the finite volume method with Lax-Wendroff fluxes,
this approach to the traction boundary condition is considered to be robust and
stable [6, 16]. And the Lax-Wendroff scheme achieves a second order accuracy
with this boundary treatment for elastic wave equations.

3 Numerical Experiments

In this chapter, the finite volume method is implemented in three different nu-
merical experiments of elastic wave equations. The three cases are all solved by
Clawpack [6]. This project concerns the numerical features of surface waves so
that there are not many descriptions about how to use Clawpack in this chap-
ter. The detailed instructions to solve the elastic wave equation by Clawpack
are described in the Appendix A.

These three numerical experiments have the same settings on the boundaries in
a rectangular domain where the left and right are periodical boundaries, the top
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is a Dirichlet boundary and the bottom is the traction free boundary. The size of
the physical domain is scaled to contain a certain number of the wavelength. As
mentioned in §2.1, the parameter ρ is considered as the unit density by scaling
the time in the following experiments. Similarly, the first Lamé parameter λ
is fixed to 1 and only the second Lamé parameter µ is changed to formulate
different materials.

There exist analytical solutions for the first two numerical experiments and
the relative errors are computed by comparing the numerical solutions to the
analytical solutions. The first experiment in §3.1 is called mode-to-mode con-
version. It has only the pressure and shear waves traveling in the domain and
no surface wave is generated by the traction free boundary. The second and
third experiments in §3.2 and §3.3 focus on the surface waves. §3.2 considers
one wavelength of a Rayleigh wave with a certain initial condition. However,
in §3.3 the Rayleigh waves are triggered by the external force at the bottom
boundary after a short period of time.

3.1 Mode to mode conversion

For a pressure wave incident, two waves, the pressure and shear waves are
reflected by the traction free boundary, as shown in Figure 3.1. The reflection
angle of pressure waves θ1 is the same as the incident, and the angle of shear
waves is denoted by θ2. Let γ1 and γ2 be the wavenumbers of the P- and S-waves,
respectively. The following relation holds [2] for the traction free boundary
conditions that

γ1 sin θ1 = γ2 sin θ2, (3.1)

or equivalently,
γ2

γ1
=

sin θ1

sin θ2
=
c1
c2

= k, (3.2)

where c1 is the phase velocity of the P-wave, c2 is the phase velocity of the
S-wave, and k is the ratio of the velocities. Since the density ρ is scaled to be 1,
the velocities of pressure and shear waves in elastic material can be expressed by
the first and second Lamé parameters λ and µ, that c1 =

√
λ+ 2µ and c2 =

√
µ.

These two velocities are equal to the absolute eigenvalues of the elastic wave
equation, as derived in §2.5.

Consider the general solution of the elastic wave equation (2.2) by constructing
a group of harmonic waves [2]. In this case, there are three components corre-
sponding to the three types of waves in Fig. 3.1. Therefore, the displacement
filed (U, V )T is expressed in the complex form that

U = iA1γ1 sin θ1e
iγ1(sin θ1x−cos θ1y−c1t)

+ iA2γ1 sin θ1e
iγ1(sin θ1x+cos θ1y−c1t)

+ iB2γ2 cos θ2e
iγ2(sin θ2x+cos θ2y−c2t),

(3.3)

V = − iA1γ1 cos θ1e
iγ1(sin θ1x−cos θ1y−c1t)

+ iA2γ1 cos θ1e
iγ1(sin θ1x+cos θ1y−c1t)

− iB2γ2 sin θ2e
iγ2(sin θ2x+cos θ2y−c2t),

(3.4)
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Figure 3.1: A single incident P-wave and the reflected waves on traction free
boundary.

where i is the imaginary unit, A1, A2 and B1 refer to the amplitudes of the
incident P-wave, reflected P-wave and reflected S-wave, respectively. As the
mode-to-mode conversion occurs at the traction free boundary, the conditions
in (2.4) with g1 = g2 = 0 are hold. As a result, the amplitudes satisfy the
relations

A2

A1
=

sin 2θ1 sin 2θ2 − k2 cos2 2θ2

sin 2θ1 sin 2θ2 + k2 cos2 2θ2
, (3.5)

B2

A1
=

2 sin 2θ1 cos 2θ2

sin 2θ1 sin 2θ2 + k2 cos2 2θ2
. (3.6)

By taking the real part, the displacement functions are given as

U(x, y, t) =−A1γ1 sin θ1 sin(γ1(sin θ1x− cos θ1y − c1t))
−A2γ1 sin θ1 sin(γ1(sin θ1x+ cos θ1y − c1t))
−B2γ2 cos θ2 sin(γ2(sin θ2x+ cos θ2y − c2t)),

(3.7)

V (x, y, t) =A1γ1 cos θ1 sin(γ1(sin θ1x− cos θ1y − c1t))
−A2γ1 cos θ1 sin(γ1(sin θ1x+ cos θ1y − c1t))
+B2γ2 sin θ2 sin(γ2(sin θ2x+ cos θ2y − c2t)).

(3.8)

The velocities are computed by taking the time derivative of (3.7) and (3.8) that

u(x, y, t) =A1c1γ
2
1 sin θ1 cos(γ1(sin θ1x− cos θ1y − c1t))

+A2c1γ
2
1 sin θ1 cos(γ1(sin θ1x+ cos θ1y − c1t))

+B2c2γ
2
2 cos θ2 cos(γ2(sin θ2x+ cos θ2y − c2t)),

(3.9)

v(x, y, t) =−A1c1γ
2
1 cos θ1 cos(γ1(sin θ1x− cos θ1y − c1t))

+A2c1γ
2
1 cos θ1 cos(γ1(sin θ1x+ cos θ1y − c1t))

−B2c2γ
2
2 sin θ2 cos(γ2(sin θ2x+ cos θ2y − c2t)).

(3.10)

Similarly, the stress tensor σ11, σ12 and σ22 are expressed by taking the first
derivative of the displacement in (3.7-3.8) with respect to variable x and y.
These functions can be used as the initial conditions for the numerical experi-
ments, as well as the analytical solutions to compute the relative errors.
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Figure 3.2: The U (at the top) and V (at the bottom) components at t = 0 for
µ = 1(left), 0.1(middle) and 0.01(right).

Suppose the values of λ and θ1 are fixed, e.g. λ = 1.0 and θ1 = 45◦, the reflection
angle of the S-wave declines as the value of µ decreases. The wavelength of the
shear wave also decreases while the incident P-wave has a fixed wavelength,
in this case it is 2π. Table 3.1 illustrates the values of reflection angle and
wavelength of the S-wave for µ = 1, 0.1 and 0.01. As the value of µ decreases,
the wavelength gets smaller and the shear wave becomes more difficult to resolve
than the pressure wave in the same problem.

µ 1.0 0.1 0.01
θ2 24.09◦ 11.78◦ 4.01◦

 Ls 3.63 1.81 0.62

Table 3.1: The reflection angle θ2 and the wavelength Ls of the S-waves for
different values of µ.

These changes in the wavelength and reflection angle can also be seen in Figure
3.2 where the displacement components U and V are shown with different values
of µ. The distortion becomes less significant as the value of µ gets smaller, but
the domain tends to contain more shear waves. For µ = 0.01, most of the shear
effects on the displacement are in U component, since the propagation direction
of S-wave is almost perpendicular to x axis. Therefore, to accurately solve the
mode-to-mode problem, it is necessary to resolve the short shear waves.

For the finite volume method, after the mesh is refined, the centers of the cells
are no longer at the same positions as the cells before the refinement. As a result,
it is not quite convenient to compute the errors by comparing the differences
between solutions from the finer and coarser mesh. Furthermore, as there are
analytical solutions in this mode-to-mode conversion problem, the relative errors
are evaluated by computing the absolute differences between the numerical and
analytical solutions, and then divided by the analytical solutions.

The measure of errors for this problem can be in the 1-norm, 2-norm or max-
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Figure 3.3: The relative errors in maximum norm for µ = 1 and µ = 0.1 with
10, 20 and 40 grid points per shear wavelength after 5 periods.
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Figure 3.4: The relative errors in maximum norm for µ = 0.1 and µ = 0.01 with
10, 20 and 40 grid points per shear wavelength after 5 periods.
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Figure 3.5: The physical domain and boundary settings for the Rayleigh wave
problem.

imum norm. Usually, 1-norm is used for a conservation law since it has the
same integral form as the numerical method. The 2-norm is commonly used
for linear problems since it utilizes the Fourier analysis. The maximum norm
concerns the piecewise continuous of the solution. Particularly in this problem,
the solutions are compared in each cell, which indicates how well the numerical
solutions approximate the problem.

The relative errors in the maximum norm are evaluated for different choices
of µ with 10, 20 and 40 grid points per shear wavelength during 5 periods of
pressure waves. Figure 3.3 demonstrates the cases of µ = 1 and µ = 0.1, where
the relative errors are comparable for the same number of grid points. The
errors are even smaller in the case of µ = 0.01 comparing to µ = 0.1 with
same grid points, as shown in Fig. 3.4, which suggests that it is sufficient to
achieve the same level of relative errors with the same number of grid points
per shear wavelength. These results from Clawpack also show that the finite
volume method with Lax-Wendroff scheme provides a second order accuracy in
this mode-to-mode conversion problem.

3.2 Rayleigh Waves

The Rayleigh waves are generated by the interaction between the pressure and
shear waves at the traction free boundary. They are confined to the boundary
and the amplitude decays exponentially in the normal direction of the bound-
ary. The Rayleigh waves travel along the boundary at a speed slower than the
pressure and shear waves.

Consider the half plane problem in a homogeneous isotropic material. The
physical domain is defined as Ω = [0, 1] × [0, 5] with traction free boundary at
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y = 0, as shown in Figure 3.5. Denote the phase velocity of a Rayleigh wave as
cR, let ξ be the wavenumber of the Rayleigh wave and ω = ξ · cR is the angular
velocity. Define the wavenumber α and β for the imaginary components of the
P- and S-waves that

α2 = ξ2 − ω2

c21
, β2 = ξ2 − ω2

c22
, (3.11)

where c1 and c2 are the phase velocities of the pressure and shear waves. The
displacement field of the Rayleigh wave is given (see details in [2] pp.324-326)
by

U = (iξAe−αy − βBe−βy)eiξ(x−cRt),

V = −(αAe−αy + iξBe−βy)eiξ(x−cRt),
(3.12)

where A and B are the amplitudes of the corresponding waves. The traction
free boundary condition (2.4) gives

(β2 + ξ2)A+ 2iβξB = 0,

−2iαξA+ (β2 + ξ2)B = 0.
(3.13)

The ratios of amplitudes are determined by

A

B
= − 2iβξ

β2 + ξ2
=
β2 + ξ2

2iαξ
. (3.14)

Replace α and β by (3.11). Then, an equation of cR is given

c2R
c22

[(
cR
c2

)6

− 8

(
cR
c2

)4

+ (24− 16k−2)

(
cR
c2

)2

− 16(1− k−2)

]
= 0, (3.15)

where k is the velocity ratio as mentioned in (3.2), the phase velocity of the
Rayleigh wave is the minimum real root of the equation (see details in [2]
pp.325).

Take the real parts of the displacements in (3.12) and replaceB by the expression
depending on A in (3.14), the displacement components are given as

U = (−ξe−αy +
β2 + ξ2

2ξ
e−βy)A sin (ξ(x− cRt)), (3.16)

V = (−αe−αy +
β2 + ξ2

2β
e−βy)A cos (ξ(x− cRt)). (3.17)

Then the velocities u an v are expressed by the time derivatives of (3.16-3.17)

u = (ξe−αy − β2 + ξ2

2ξ
e−βy)AξcR cos (ξ(x− cRt)), (3.18)

v = (−αe−αy +
β2 + ξ2

2β
e−βy)AξcR sin (ξ(x− cRt)). (3.19)

Note that the velocities (u, v)T have a scaling factor ξ · cR and a phase shift of
π/2 compared to (U, V )T in (3.16-3.17).

15



Figure 3.6: The amplitude of displacement(left), velocity components u(middle)
and v(right) of the numerical solutions for µ = 0.01.

µ c1 c2 cR TR
1 1.7321 1.0000 0.9194 1.0877

0.1 1.0954 0.3162 0.3003 3.3303
0.01 1.0100 0.1000 0.0955 10.4745

Table 3.2: The phase velocities of the pressure, shear and Rayleigh waves and
the periods of the Rayleigh waves for different values of µ with λ = 1.

In this numerical experiment, the wavenumber ξ = 2π and the horizontal wave-
length is equal to 1 so that the physical domain contains exactly one wavelength
of the Rayleigh wave and the periodical boundaries on the left and right act as
an infinitely long plane with a infinite number of Rayleigh waves, which does
not lead to any inflow or outflow errors due to the numerical approximation.
The amplitude A is set to be − 1

2π and the first Lamé parameter λ is fixed at 1
as in the previous experiment.

The equations (3.16-3.17) reveal the fact that Rayleigh waves travel along the
traction free boundary y = 0 since the trigonometric functions contains a linear
combination of x and t, the waves at a certain time are just the shift in x
direction of the initial condition. It can be also seen that the amplitudes decay
exponentially in y direction, as y is the only contribution to the exponent of the
amplitude. This is also confirmed by numerical solutions in Figure 3.6, where
the magnitude of displacement field computed by

√
U2 + V 2 and the velocity

components u and v are shown for the case of µ = 0.01 after 5 periods.

Similar as in §3.1, the values of µ are chosen as 1, 0.1 and 0.01. The correspond-
ing phase velocities and periods are listed in Table 3.2. The relative errors are
evaluated from 20 to 160 grid points per Rayleigh wavelength with a square
mesh. As the domain contains only one wavelength, these are the mesh size of
the domain in horizontal. Table 3.3 shows the relative errors for three choices
of µ in different numbers of grid points. In column-wise, as the domain is scaled
to contain only one wavelength, they have the same number of grid points per
wavelength in the three different µ, but the relative errors grow as µ decreases.
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grid points 20× 100 40× 200 80× 400 160× 800
µ = 1 5.76× 10−2 1.72× 10−2 6.97× 10−3 3.31× 10−3

µ = 0.1 1.19× 10−1 8.08× 10−2 4.42× 10−2 2.29× 10−2

µ = 0.01 4.31× 10−1 2.89× 10−1 1.54× 10−1 7.78× 10−2

Table 3.3: The relative errors of Rayleigh waves with differing mesh size after 1
period for µ = 1, 0.1 and 0.01.
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Figure 3.7: The relative error of the Rayleigh waves with µ = 0.1 and 0.01 in
the three choices of constant for 5 periods.

Kreiss’ work [4] suggests that to achieve the same level of error in a second
order method for the Rayleigh wave problem, the number of grid points per
wavelength P and the second Lamé parameter µ should satisfy the relation that

P
√
µ = constant. (3.20)

The numerical experiments for µ = 0.1 and 0.01 with the constant equals to
6, 13 and 25 also confirm the criteria in (3.20), see Figure 3.7. It is a much
stronger requirement for Rayleigh waves than the one of the shear waves in
the mode-to-mode problem. As a result, for a material with very small µ, the
number of grid points per wavelength has to be quite large to achieve a good
resolution.

Consider the relative errors in Table 3.3 for the same µ, Clawpack only provides
a first-order accuracy for all these three µ, although a second-order numerical
method (Lax-Wendroff scheme) is used. An investigation is made by replacing
the numerical approximations in (2.34) with analytical solutions on the traction
free boundary, the results show a second-order accuracy which suggests that the
Rayleigh waves are more sensitive to the numerical treatments of the traction
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free boundary than the pressure and shear waves, and the default settings of
the traction free boundary condition in Clawpack can only provide a first-order
accuracy for the Rayleigh wave problems.

Furthermore, one of the five variables is replaced by the analytical solution in
each experiment and the other four are determined numerically. This experi-
ment reveals that the constant extrapolation of velocities u and v in (2.34) is the
main reason for the loss of accuracy. Consequently, a first-order extrapolation
is considered to be implemented for u and v that

ui,1−j = 2ui,2−j − ui,3−j , vi,1−j = 2vi,2−j − vi,3−j , (3.21)

where i = 1, ...,M and j = 1, 2. However, this numerical approximation on
the traction free boundary generates instabilities in the solutions after several
periods for small µ, such as 0.1 and 0.01. Therefore, we have to use the default
settings of the traction free boundary conditions in Clawpack with a first-order
accuracy when solving Rayleigh wave problems.

3.3 Lamb’s Problem

In this section a Lamb’s problem [15, 17] is solved on the surface of a half-
space. The boundary conditions are the same as in Fig. 3.5 except at the top
boundary. As there is no analytical solution for this problem, the top boundary
can not be set by the exact solutions. However, the Rayleigh waves have the
properties that they are confined to the bottom boundary and the amplitudes
decay exponentially in y direction. The approximation of the top boundary has
no effect on the Rayleigh waves with a long enough distance. As a result, an
extrapolation boundary is imposed at the top to only avoid the reflection of the
plain waves.

The Rayleigh waves are triggered by an external force at the traction free bound-
ary after a short period of time. The stress forcing is imposed by adding time
dependent functions at the boundary condition (2.4). Denote the stress forcing
as

g1(x, t) = f(t)δ(x− kM), M > 0, k = 0,±1, · · · , (3.22)

g2(x, t) = 0, (3.23)

where δ is the Dirac delta function and M is the distance between the sources.
As the domain has periodical boundaries, the external forces are also considered
as periodical sources at the center of each domain with M equal to the width
of one period. Denote the function f as the wavelet

f(t) =

{
sin (2πωt)− 1

2 sin (4πωt), 0 ≤ t ≤ 1
ω

0, t > 1
ω .

(3.24)

where ω = 1, then the highest frequency in function f is 2. For a material with
the certain values of λ and µ, the corresponding phase velocity cR of the Rayleigh
wave is calculated according to (3.15). In this case, the shortest wavelength
of Rayleigh wave is Lmin = 0.5cR. We take the domain [−2Lmin, 2Lmin] ×
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[0, 10Lmin] and M = 4Lmin to introduce only one “source” in the domain. The
external force is imposed at y = 0 by

σ22 = (λ+ 2µ)f(t)δ(x),
σ12 = 0,

y = 0, t > 0. (3.25)

As the problem is solved by using the Lax-Wendroff scheme in Clawpack. The
cell average is represented by the value at the cell center. However, the pulse of
the delta function can be located at the interface between the cells. In addition,
the Dirac delta function has discontinuity at x = 0 which can cause oscillations
in the solutions of the Lax-Wendroff scheme.

The zero-centered Gaussian function is used to approximate the delta function
in (3.25)

g(x) =
1

σ
√

2π
e−

1
2 ( xσ )2 , (3.26)

where σ = Lmin/(nP ) is the square root of the variance, P is the number of
grid points per Rayleigh wavelength, and n is an integer, in this case, n is set
to be 5 to narrow down the variance in the space discretization.

In this numerical experiment, we take ρ = 1.0, λ = 1.0, µ = 1.0 and the simu-
lation stops at t = 5.00. The grid size is 200× 500 which provides a resolution
of 50 grid points per shortest Rayleigh wavelength. Figure 3.8 illustrates the
amplitudes of displacement in the numerical solutions at two time instants after
the force is removed at t = 1. Several Rayleigh waves travel along the bottom
boundary as in the numerical experiment of §3.2. It also indicates that the
Rayleigh waves are well resolved in this case.

Figure 3.8: The displacement of Lamb’s problem at t = 3.15(left) and t =
4.89(right).

The solution is stable for at least 20 periods of Rayleigh waves which is proved
by a numerical experiment. However, instabilities start appearing at about 5
periods in the case of µ = 0.1 and the grid points per wavelength is 40. It
becomes even worse when µ gets smaller although the resolution is good enough
to resolve the Rayleigh waves.
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Figure 4.1: The mapping between physical (left) and computational (right)
space.

4 Complex Geometries

The transformation from a physical domain with complex geometry to a com-
putational domain with regular shape, usually a unit square, can be viewed as a
general curvilinear coordinate system for the physical region (as shown in Figure
4.1). Typical examples such as polar, cylindrical, or spherical coordinates are
the special cases of the transformation techniques.

The complexity of the hosted equations is increased after the transformation.
However, the boundary conditions are easier to approximate accurately. The
only requirement is the determinant of the transformation matrix has to be
nonzero so that it has an inverse. Usually, the smooth and orthogonal grids are
used [18] to achieve small error in simple geometry.

In this chapter, the irregular physical domain in Cartesian coordinates is trans-
formed to a unit square with curvilinear coordinates by using transfinite interpo-
lation with linear polynomials. The transformed elastic wave equation is given
in §4.2 with a semi-norm, which is called the energy of the system. The energy is
proved to be conserved for the curvilinear elastic wave equation with all traction
free boundaries. The system is discretized by a summation-by-parts (SBP) op-
erators [19,20] with the simultaneous-approximation-term (SAT) technique [13]
on the boundaries, and the stability of discretization is proved. Finally, there is
a simulation of the Rayleigh waves in a long thin wave guide with curvature on
one of the long sides.

4.1 Grid Transformation

Define the ξ−η coordinates in Fig. 4.1 as the computational space, and the x−y
coordinates in Fig. 4.1 is the physical space. The basic rule of the grid trans-
formation is to find a mapping such that each point in the computational space
is mapped to a unique point in the physical space (one-to-one) and each point
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in the physical space is the image of a point in the computational space (onto).
The mapping is required to be smooth such that each coordinate function must
be continuous and have continuous derivatives [11].

Assume that there is a differentiable mapping from a physical space Ω to the
unit square Ω̄ = [0, 1]× [0, 1] such that for (ξ, η) ∈ Ω̄

ξ = ξ(x, y), η = η(x, y), (x, y) ∈ Ω. (4.1)

Apply the chain rule to the partial derivatives on Ω̄ to obtain

∂ξ = xξ∂x + yξ∂y, ∂η = xη∂x + yη∂y (4.2)

and on Ω

∂x = ξx∂ξ + ηx∂η, ∂y = ξy∂ξ + ηy∂η. (4.3)

So, the metric derivatives can be expressed as[
ξx ηx
ξy ηy

]
=

1

J

[
yη −yξ
−xη xξ

]
, (4.4)

where J = xξyη − yξxη is the determinant of the mapping. The determinant
is required to be non-zero so that the inverse transformation exists. In two
dimensions, a typical transformation is obtained by the transfinite interpolation.
Define the four boundaries on Ω by parametrization [18] such that

xb = x(ξ, 0), 0 ≤ ξ ≤ 1,
xt = x(ξ, 1), 0 ≤ ξ ≤ 1,
xl = x(0, η), 0 ≤ η ≤ 1,
xr = x(1, η), 0 ≤ η ≤ 1,

(4.5)

where xb, xt, xl and xr represent the bottom, top, left and right boundaries
in the physical domain, respectively. The function x(ξ, η) is the vector of grid
functions in the computational domain.

For the second-order elastic wave equation, those functions refer to the vector of
displacement (U, V )T . In this case, the first degree Lagrange polynomials 1− ξ,
ξ, 1 − η and η are used as blending functions in basic transfinite interpolation
formula to provide the mapping that

x(ξ, η) = (1− η)xb(ξ) + ηxt(ξ) + (1− ξ)xl(η) + ξxr(η)

−{ξηxt(1) + ξ(1− η)xb(1)

+η(1− ξ)xt(0) + (1− ξ)(1− η)xb(0)}. (4.6)

This mapping is orientation preserving and the topological structure of the
physical domain is preserved for simply connected geometry. Moreover, the
parts of the boundaries in the computational domain bear the same relationship
to each other and to the interior of the region as do the parts of the boundary
in the physical domain.
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4.2 The Continuous Problem

Consider the two dimensional elastic wave equation in an arbitrary one-block
domain Ω (e.g. the left domain in Fig. 4.1), the displacement components
(U, V )T in Cartesian coordinates are described as (2.1). Using the chain rule in
(4.3), the elastic wave equation is transformed into (see e.g. in [11], [10])

Jρ
∂2U

∂t2
=

∂

∂ξ
{Jξx[(2µ+ λ)(ξx∂ξ + ηx∂η)U + λ(ξy∂ξ + ηy∂η)V ]

+Jξy[µ(ξx∂ξ + ηx∂η)V + µ(ξy∂ξ + ηy∂η)U ]}

+
∂

∂η
{Jηx[(2µ+ λ)(ξx∂ξ + ηx∂η)U + λ(ξy∂ξ + ηy∂η)V ]

+Jηy[µ(ξx∂ξ + ηx∂η)V + µ(ξy∂ξ + ηy∂η)U ]}, (4.7)

Jρ
∂2V

∂t2
=

∂

∂ξ
{Jξy[(2µ+ λ)(ξy∂ξ + ηy∂η)V + λ(ξx∂ξ + ηx∂η)U ]

+Jξx[µ(ξx∂ξ + ηx∂η)V + µ(ξy∂ξ + ηy∂η)U ]}

+
∂

∂η
{Jηy[(2µ+ λ)(ξy∂ξ + ηy∂η)V + λ(ξx∂ξ + ηx∂η)U ]

+Jηx[µ(ξx∂ξ + ηx∂η)V + µ(ξy∂ξ + ηy∂η)U ]}, (4.8)

with (ξ, η) ∈ Ω̄ = [0, 1]2. Define the operators

A1 = a11∂ξ + a12∂η A2 = a21∂ξ + a22∂η,
B1 = b11∂ξ + b12∂η B2 = b21∂ξ + b22∂η,
C1 = c11∂ξ + c12∂η C2 = c21∂ξ + c22∂η,
D1 = d11∂ξ + d12∂η D2 = d21∂ξ + d22∂η,

(4.9)

the curvilinear elastic wave equation (4.7-4.8) can be expressed in the form that

Jρ
∂2U

∂t2
= (A1U)ξ + (A2U)η + (B1V )ξ + (B2V )η, (4.10)

Jρ
∂2V

∂t2
= (C1U)ξ + (C2U)η + (D1V )ξ + (D2V )η. (4.11)

By using the mapping of metric derivatives in (4.4), the coefficients in (4.9) are
explicitly given by the metric derivatives xξ, xη, yξ, and yη. Then

a11 = 1
J

[
(2µ+ λ)y2

η + µx2
η

]
a12 = a21 = − 1

J [(2µ+ λ)yξyη + µxξxη]

a22 = 1
J

[
(2µ+ λ)y2

ξ + µx2
ξ

]
d11 = 1

J

[
(2µ+ λ)x2

η + µy2
η

]
d12 = d21 = − 1

J [(2µ+ λ)xξxη + µyξyη]

d22 = 1
J

[
(2µ+ λ)x2

ξ + µy2
ξ

]
b11 = c11 = − 1

J (λ+ µ)xηyη b22 = c22 = − 1
J (λ+ µ)xξyξ

b12 = c21 = 1
J (λxξyη + µxηyξ) b21 = c12 = 1

J (λxηyξ + µxξyη).
(4.12)

Consider the free surface boundary conditions on ∂Ω in the physical domain[
(2µ+ λ)∂U∂x + λ∂V∂y µ(∂V∂x + ∂U

∂y )

µ(∂V∂x + ∂U
∂y ) (2µ+ λ)∂V∂y + λ∂U∂x

] [
nx
ny

]
= 0, (4.13)
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where (nx, ny) are the inward normals of the boundaries ∂Ω. By the similar
mapping transformation as the elastic wave equation, the boundaries (4.13) can
be written as

[(2µ+ λ)(ξxUξ + ηxUη) + λ(ξyVξ + ηyVη)](ξxnξ + ηxnη)
+µ[(ξxVξ + ηxVη) + (ξyUξ + ηyUη)](ξynξ + ηynη) = 0,

(4.14)

[(2µ+ λ)(ξyVξ + ηyVη) + λ(ξxUξ + ηxUη)](ξynξ + ηynη)
+µ[(ξxVξ + ηxVη) + (ξyUξ + ηyUη)](ξxnξ + ηxnη) = 0,

(4.15)

where (ξ, η)T ∈ ∂Ω̄ and (nξ, nη) represents the inward normal on the boundaries.
In this case, as the domain is a unit square, the normals are (1, 0), (0, 1), (−1, 0)
and (0,−1) for left, bottom, right and top boundaries, respectively. Combine
with the mapping of metric derivatives in (4.4), the boundary conditions can be
represented by the coefficients in (4.12) such that[
a11Uξ + a12Uη + b11Vξ + b12Vη a21Uξ + a22Uη + b21Vξ + b22Vη
c11Uξ + c12Uη + d11Vξ + d12Vη c21Uξ + c22Uη + d21Vξ + d22Vη

] [
nξ
nη

]
= 0.

(4.16)

Let

A =

[
a11 a12

a21 a22

]
, B =

[
b11 b12

b21 b22

]
, D =

[
d11 d12

d21 d22

]
, (4.17)

and the first derivatives of the displacement components in the curvilinear co-
ordinates

U =

[
Uξ
Uη

]
,V =

[
Vξ
Vη

]
. (4.18)

The elastic energy of U and V is defined in the curvilinear coordinates by

E(U, V ) =
1

2

∫
Ω̄

J2ρ(U2
t + V 2

t ) + J(UTAU + UTBV + VTBTU + VTDV) dΩ̄,

(4.19)
which holds for all valid mapping functions. The following lemma states that
E(u, v) is a semi-norm of the solution for the elastic wave equation in (4.7) and
(4.8).
Lemma 1. The solution to (4.7)-(4.8) satisfies that E(U, V ) ≥ 0.

Proof. Consider the coefficients in (4.12), the elastic energy is expressed as

E(U, V ) ≥ 1

2

∫
Ω̄

J(UTAU + UTBV + VTBTU + VTDV) dΩ̄,

=
1

2

∫
Ω̄

[2µ(yηUη − yξUξ)2 + λ(yηUη − yξUξ − xηVη + xξVξ)
2

+2µ(xηVη − xξVξ)2 + µ(xηUη − xξUξ − yηVη + yξVξ)
2] dΩ̄

≥ 0. (4.20)

Moreover, the elastic energy is conserved with the free surface boundary condi-
tions (4.16), as described in Lemma 2, that
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Lemma 2. The solution to (4.7)-(4.8) with boundary conditions (4.16) satisfies
the energy estimate that d

dtE(U, V ) = 0.

Proof. Consider equation (4.10) which is the compact form of (4.7), multiply
with the time derivative Ut and the determinant J , then integrate over Ω̄ on
both sides of the equation that∫

Ω̄

ρJ2UtUtt dΩ̄ =

∫
Ω̄

JUt[(A1U +B1V )ξ + (A2U +B2V )η] dΩ̄

=

∫
∂Ω̄

JUt(A1U +B1V )nξ dΓ−
∫

Ω̄

JUtξ(A1U +B1V ) dΩ̄

+

∫
∂Ω̄

JUt(A2U +B2V )nη dΓ−
∫

Ω̄

JUtη(A2U +B2V ) dΩ̄.

(4.21)

As in (4.16),
(A1U +B1V )nξ + (A2U +B2V )nη = 0. (4.22)

Then, equation (4.21) is equivalent to∫
Ω̄

ρJ2UtUtt + JUξt(A1U +B1V ) + JUηt(A2U +B2V ) dΩ̄ = 0. (4.23)

Similarly, the traction free boundary condition also provides the following equa-
tion for V from (4.8)∫

Ω̄

ρJ2VtVtt + JVξt(C1U +D1V ) + JVηt(C2U +D2V ) dΩ̄ = 0. (4.24)

Take the sum of (4.23) and (4.24), then extract the time derivative to have

d

dt
E(U, V ) = 0. (4.25)

Therefore, the elastic energy is conserved with free surface boundary conditions
in the curvilinear coordinates.

4.3 The Semi-discrete Problem

Consider the one dimensional problem with uniform grid, the function U is
discretized as Ū = [U1, ..., UN ]T . The first derivative Ux is approximated by
D1Ū, where D1 is a 2p-th order narrow diagonal first derivative SBP operator
[12,19] that

D1 = H−1Q,
Q+QT = diag(−1, 0, ..., 0, 1),
H = diag(h1, ..., hN ) > 0.

(4.26)

And the variable coefficient second derivative (b(x)ux)x is approximated by

D
(b)
2 Ū where b(x) > 0 and D

(b)
2 is a 2p-th order accurate narrow diagonal

variable coefficient second derivative SBP operator [12,20], that

D
(b)
2 = H−1(−M (b) + B̄(b)S), (4.27)
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where M (b) is a symmetric positive semi-definite matrix, S approximates the
first derivative at the boundary and B̄(b) = diag(−b1, 0, ..., 0, bN ) which contains
the first and last elements of the discretized b(x).

In two dimensions, a rectangular grid with uniform mesh is implemented in the
space discretization. The discrete form of function u is also defined as Ū and
the first and second derivatives are approximated by the two dimensional SBP
operators (the details are in §4.4). The grid size Ny × Nx in (x, y) coordinate
system defines the 2-D SBP operators of size NxNy × NxNy with Kronecker
products that

D1x = D1 ⊗ INy , D1y = INx ⊗D1,
Sx = S ⊗ INy , Sy = INx ⊗ S,
Hx = H ⊗ INy , Hy = INx ⊗H,
eW = e1 ⊗ INy , eE = eNx ⊗ INy ,
eS = INx ⊗ e1, eN = INx ⊗ eNy ,

(4.28)

where IN is the N ×N identity matrix, D1 is the first derivative SBP operator
in (4.26), e1 = [1, 0, ...0]T and eN = [0, 0, ...1]T . The mixed second derivatives

(b(x, y)ux)y and (b(x, y)uy)x are approximated by D
(b)
1yxŪ and D

(b)
1xyŪ that

D
(b)
1yx = D1yΛbD1x, D

(b)
1xy = D1xΛbD1y, (4.29)

where Λb is a diagonal matrix of size NxNy × NxNy with the values of the
function b at each grid point with the same order of the space discretization. The
non-mixed second derivatives (b(x, y)ux)x and (b(x, y)uy)y are approximated by

D
(b)
2x Ū and D

(b)
2y Ū that

D
(b)
2x =

Ny∑
j=0

D
(b:,j)
2 ⊗O(j)

Ny
, D

(b)
2y =

Nx∑
j=0

O
(j)
Nx
⊗D(bj,:)

2 , (4.30)

where O
(j)
N is an N × N matrix with all zero entries except for the element

at (j, j) which equals to one. Similarly, the first derivative operators at the
boundary are expressed as

B̄(b)
x Sx =

Ny∑
j=0

B̄(b:,j)S ⊗O(j)
Ny
, B̄(b)

y Sy =

Nx∑
j=0

O
(j)
Nx
⊗ B̄(bj,:)S. (4.31)

The curvilinear elastic wave equations (4.10) and (4.11) are approximated by the
two dimensional SBP operators with the weakly imposed penalty SAT terms [13]
for the traction free boundary conditions that

ΛJΛρŪtt = (Da11
2x +Da12

1xy+Da21
1yx+Da22

2y )Ū+(Db11
2x +Db12

1xy+Db21
1yx+Db22

2y )V̄+SATu,
(4.32)

ΛJΛρV̄tt = (Dc11
2x +Dc12

1xy+Dc21
1yx+Dc22

2y )Ū+(Dd11
2x +Dd12

1xy+Dd21
1yx+Dd22

2y )V̄+SATv,
(4.33)

where (Ū, V̄)T is the discretized form of the solution (U, V )T in (4.12), ΛJ and
Λρ are the diagonal matrices containing the discrete form of J and rho.
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The penalty terms are proportional to the differences between the discrete values
at the boundaries and the boundary conditions in (4.16) that

SATu = σM [H−1
x (B̄a11x Sx + (eE − eW )Λa12D1y)Ū

+H−1
x (B̄b11x Sx + (eE − eW )Λb12D1y)V̄

+H−1
y (B̄a22y Sy + (eN − eS)Λa21D1x)Ū

+H−1
y (B̄b22y Sy + (eN − eS)Λb21D1x)V̄],

(4.34)

SATv = σM [H−1
x (B̄c11x Sx + (eE − eW )Λc12D1y)Ū

+H−1
x (B̄d11x Sx + (eE − eW )Λd12D1y)V̄

+H−1
y (B̄c22y Sy + (eN − eS)Λc21D1x)Ū

+H−1
y (B̄d22y Sy + (eN − eS)Λd21D1x)V̄],

(4.35)

where σM = −1 is determined by the stability analysis of the energy estimate
in semi-discrete form. The proof for stability of the discrete form is described
in the following section.

4.4 The Stability of the Discretization

The notations in this section follows §4.3. The energy method is implemented
to show that the discrete form of elastic wave equation in (4.32)-(4.33) with the
SAT terms (4.34) and (4.35) is consistent with the continuous energy estimate
as described in §4.2.

4.4.1 Notation

Denote the discrete form of the displacement (U, V )T by (Ū, V̄)T as in §4.3.
In two dimensions, the physical domain is transformed to a unit square com-
putational domain and discretized into a rectangular grid of size Ny ×Nx, and
the grid point (i, j) is written as (xi, yj) where i = 1, 2, ..., Nx, j = 1, 2, ..., Ny.
Then Ū = [U1, ..., UNx×Ny ]T and V̄ = [V1, ..., VNx×Ny ]T are the vector form of
the space discretization, where

U(j−1)Nx+i = U(xi, yj),

V(j−1)Nx+i = V (xi, yj).
(4.36)

Recall the notation of the NxNy ×NxNy diagonal matrix Λb with the values of
the function b(x, y) at the diagonal entries. Let

Ā =

[
Λa11 Λa12
Λa21 Λa22

]
, B̄ =

[
Λb11 Λb12
Λb21 Λb22

]
, D̄ =

[
Λd11 Λd12
Λd21 Λd22

]
, (4.37)

which are all 2NxNy × 2NxNy coefficient matrices. They define a 4NxNy ×
4NxNy matrix that

C =

[
Ā B̄
B̄T D̄

]
. (4.38)

Expand the density and the determinant to the 2NxNy × 2NxNy and 4NxNy ×
4NxNy diagonal matrices that

Λ̄J =

[
ΛJ 0
0 ΛJ

]
, Λ̄ρ =

[
Λρ 0
0 Λρ

]
, Λ̃J =

[
Λ̄J 0
0 Λ̄J

]
, (4.39)
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Denote

H̄ =

[
HxHy 0

0 HxHy

]
, H̄x =

[
Hx 0
0 Hx

]
, H̄y =

[
Hy 0
0 Hy

]
,

Ũ =

[
D1xŪ
D1yŪ

]
,Ṽ =

[
D1xV̄
D1yV̄

]
,

(4.40)

where the operators D1x, D1y, Hx and Hy are defined as in (4.28). Note that
the elements in Ū and V̄ are in the same order as the coefficient matrices and
the SPB operators. Denote the discrete form of displacement field and the first
derivatives as

W̄ =

[
Ū
V̄

]
, W̃ =

[
Ũ

Ṽ

]
, (4.41)

where W̄ is a vector with 2NxNy elements and the size of W̃ is 4NxNy.

The second order SBP operators in (4.27) are expanded [20] to

D
(b)
2x = H−1

x (−DT
1xΛ(b)HxD1x −R(b)

x + B̄(b)
x Sx),

D
(b)
2y = H−1

y (−DT
1yΛ(b)HyD1y −R(b)

y + B̄(b)
y Sy),

(4.42)

where the remainder R
(b)
x and R

(b)
y are symmetric positive semi-definite matrices

of variable coefficient b(x) > 0. Let

R̄x =

[
Ra11x Rb11x
Rc11x Rd11x

]
, R̄y =

[
Ra22y Rb22y
Rc22y Rd22y

]
, (4.43)

and the coefficient matrices

Λ̄11 =

[
Λa11 Λb11
Λc11 Λd11

]
, Λ̄22 =

[
Λa22 Λb22
Λc22 Λd22

]
. (4.44)

4.4.2 Miscellaneous lemmata

Lemma 3. The coefficient matrices Λ̄J Λ̄11 and Λ̄J Λ̄22 defined as (4.44) are
symmetric positive semi-definite.

Proof. Consider matrix Λ̄J Λ̄11 first, the coefficients are defined as in (4.12).
Since Λb11 = ΛTb11 = Λc11 , matrix Λ̄J Λ̄11 is symmetric. For an arbitrary real

vector w = (u, v)T with u = [u1, u2, ..., uNxNy ] and v = [v1, v2, ..., vNxNy ]. De-
note the metric derivatives in (4.12) at the point (xi, yj) as xη(n) and yη(n),
where i = 1, 2, ..., Nx, j = 1, 2, ..., Ny and the corresponding index n is defined
by n = (j−1)Nx+i. Then, the following expression is proved to be non-negative
that

wT Λ̄J Λ̄11w = uTΛJΛa11u+ uTΛJΛa12v + vTΛJΛa21u+ vTΛJΛa22v

=

NxNy∑
n=1

[2µ(y2
η(n)u

2
n + x2

η(n)v
2
n) + λ(yη(n)un − xη(n)vn)2

+ µ(yη(n)vn − xη(n)un)2]

≥ 0.

(4.45)
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As a result, Λ̄J Λ̄11 is positive semi-definite. Replace xη and yη in (4.45) by xξ
and yξ, the same conclusion can be achieved by Λ̄J Λ̄22.

Corollary 1. The matrices of remainder Λ̄J R̄x and Λ̄J R̄y in (4.43) are positive
semi-definite.

Proof. The study of variable coefficient remainders in [20] suggests that the
remainder of pth-order accurate SBP operator is in the form that

R(b) =

p∑
i=p/2+1

c
(p)
i (D

(p)
i )TΛ

(p)
i Λ(b)D

(p)
i , (4.46)

where p = 2, 4, 6, 8 are the different orders of accuracy, c
(p)
i are positive con-

stant function of the mesh size h, D
(p)
i are the p-th order SBP operators which

approximate the corresponding p-th order derivatives, Λ
(p)
i are diagonal matri-

ces with non-negative entries, and Λ(b) is the diagonal matrix of the variable
coefficients b(x, y).

Therefore, ΛJR
(b) is positive semi-definite as long as ΛJΛ(b) is positive semi-

definite. As a result of Lemma 3, Λ̄J R̄x and Λ̄J R̄y are positive semi-definite.

Lemma 4. The matrix Λ̃JC defined as (4.38) is positive semi-definite.

Proof. The same technique in Lemma 3 is implemented. Introduce an arbitrary
real vector w = (u, v)T with u = [u1, u2, ..., u(2NxNy)] and v = [v1, v2, ..., v(2NxNy)].

The expression wT Λ̃JCw is expanded as

wT Λ̃JCw = uT Λ̄J Āu+ uT Λ̄J B̄v + vT Λ̄J B̄
Tu+ vT Λ̄JD̄v. (4.47)

Extract the elements of the vectors u and v with indices of n and n + NxNy,
for n = 1, 2, ..., NxNy. Two new sets of vectors {sn} and {tn} are constructed
that sn = (un, un+NxNy )T and tn = (vn, vn+NxNy )T where n = (j − 1)Nx + i,
i = 1, 2, ..., Nx and j = 1, 2, ..., Ny. The contributions of sn and tn in (4.47) are
computed by

wT Λ̃JCw =

NxNy∑
n=1

Jn(sTn Ānsn + sTn B̄ntn + tTn B̄
T
n sn + tTn D̄ntn), (4.48)

where Ān, B̄n and D̄n are defined by the n-th diagonal element of each sub-block
matrix that

Ān =

[
Λ

(n)
a11 Λ

(n)
a12

Λ
(n)
a21 Λ

(n)
a22

]
, B̄n =

[
Λ

(n)
b11

Λ
(n)
b12

Λ
(n)
b21

Λ
(n)
b22

]
, D̄n =

[
Λ

(n)
d11

Λ
(n)
d12

Λ
(n)
d21

Λ
(n)
d22

]
, (4.49)

and the scalar Jn is the corresponding determinant.

Note that the expression (4.48) is the discrete form of Lemma 1. Therefore,

Jn(sTn Ānsn + sTn B̄ntn + tTn B̄
T
n sn + tTn D̄ntn) ≥ 0. Then, the matrix Λ̃JC is

positive semi-definite.
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4.4.3 The energy method

The energy method is mimicking the procedures in [5, 12]. Multiply ŪT
t HxHy

to (4.32) and replace the SAT term by (4.34) to get

ŪT
t HxHyΛJΛρŪtt

+ŪT
t (HyD

T
1xΛa11HxD1x +HyR

a11
x +HxD

T
1yΛa22HyD1y +HxR

a22
y )Ū

+ŪT
t (HyD

T
1xΛb11HxD1x +HyR

b11
x +HxD

T
1yΛb22HyD1y +HxR

b22
y )V̄

−ŪT
t HyHx(D1xΛa12D1y +D1yΛa21D1x)Ū

−ŪT
t HyHx(D1xΛb12D1y +D1yΛb21D1x)V̄

+ŪT
t (Hy(eE − eW )Λa12D1y +Hx(eN − eS)Λa21D1x)Ū

+ŪT
t (Hy(eE − eW )Λb12D1y +Hx(eN − eS)Λb21D1x)V̄ = 0.

(4.50)
Similarly, multiply (4.33) with V̄T

t HxHy, then

V̄T
t HxHyΛJΛρV̄tt

+V̄T
t (HyD

T
1xΛc11HxD1x +HyR

c11
x +HxD

T
1yΛc22HyD1y +HxR

c22
y )Ū

+V̄T
t (HyD

T
1xΛd11HxD1x +HyR

d11
x +HxD

T
1yΛd22HyD1y +HxR

d22
y )V̄

−V̄T
t HyHx(D1xΛc12D1y +D1yΛc21D1x)Ū

−V̄T
t HyHx(D1xΛd12D1y +D1yΛd21D1x)V̄

+V̄T
t (Hy(eE − eW )Λc12D1y +Hx(eN − eS)Λc21D1x)Ū

+V̄T
t (Hy(eE − eW )Λd12D1y +Hx(eN − eS)Λd21D1x)V̄ = 0.

(4.51)

Apply the property of Kronecker product to the boundary terms in (4.28) that

eE − eW = (e1 − eNx)⊗ INy = (QNx +QTNx)⊗ INy = Hx(D1x +DT
1x), (4.52)

eN − eS = INx ⊗ (e1 − eNy ) = INx ⊗ (QNy +QTNy ) = Hy(D1y +DT
1y). (4.53)

Therefore, (4.50) and (4.51) can be written in the matrix form that

ŪT
t HxHyΛJΛρŪtt + ŪT

t (HyR
a11
x +HxR

a22
y )Ū + ŪT

t (HyR
b11
x +HxR

b22
y )V̄

+ H̄ŨT
t ĀŨ + H̄ŨT

t B̄Ṽ = 0,
(4.54)

V̄T
t HxHyΛJΛρV̄tt + V̄T

t (HyR
c11
x +HxR

c22
y )Ū + V̄T

t (HyR
d11
x +HxR

d22
y )V̄

+ H̄ṼT
t B̄

T Ũ + H̄ṼT
t D̄Ṽ = 0.

(4.55)

Define the discrete elastic energy in terms of the SBP-SAT method that

Ē(Ū, V̄) =
1

2

[
W̄T

t H̄Λ̄2
J Λ̄ρW̄t + W̄T Λ̄J(H̄yR̄x + H̄xR̄y)W̄ + H̄W̃T Λ̃JCW̃

]
.

(4.56)

As a result of Corollary 1 and Lemma 4, Ē(Ū, V̄) ≥ 0 is a semi-norm of the
discrete displacement. The equations in (4.54) and (4.55) show that the time
derivative d

dt Ē(Ū, V̄) = 0. Therefore, the SPB-SAT method for curvilinear
elastic wave equation in (4.32-4.33) is stable.
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Figure 4.2: The shape of the wave guide with a scaling of axes at A = 0.002.

4.5 Rayleigh Waves on Curvature Geometry

The numerical experiments in a thin wave guide follows the simulation in [10].
As the results of §3 show that Clawpack is not suitable for the Rayleigh wave
problems, a fourth-order SBP operator and the SAT method are implemented
to solve the curvilinear elastic wave equation, as described in §4.3. The physical
domain is 0.15 m wide and 0.002 m height with a curved top boundary described
as

y(x) = 0.002 +Ae−3203(x−0.075)2 , (4.57)

where A is the maximum height of the curved boundary at the top and the
unit in this equation is meter. Fig. 4.2 illustrates the case of A = 0.002 with
a scaling of the axis. The wave guide has a smooth bulge in the middle of the
top boundary and two nearly flat ends.

All the boundaries are free and a wave package is triggered on the left boundary
by a normal stress forcing in a certain frequency. The forcing is applied to the
system by adding a time-dependent function in (4.13) for the left boundary such
that [

(2µ+ λ)∂u∂x + λ∂v∂y µ( ∂v∂x + ∂u
∂y )

µ( ∂v∂x + ∂u
∂y ) (2µ+ λ)∂v∂y + λ∂u∂x

] [
nx
ny

]
=

[
0
g(t)

]
, (4.58)

where (nx, ny)T = (1, 0)T refers to the inward normal at the left boundary and

g(t) = 5 · 108 sin(2πft)e−(
t−t0
δ )2 , (4.59)

with the main frequency f = 5 × 106 Hz, time constant t0 = 2 × 10−6 s and
δ = 0.5× 10−6 s.

The material is considered to be aluminum and the physical parameters are given
as λ = 7×1010 Pa, µ = 3.5×1010 Pa, ρ = 2.7×103 kg/m3. The maximum height
of the bulge varies from 0.001 m to 0.004 m. The physical domain is discretized
by a grid with 3501×51 points which provides a resolution of approximately 10
points per Rayleigh wavelength. It is comparable to the resolution of 20 points
per wavelength with a second-order method [4].

The numerical experiments are taken for A = 0.001 m, 0.002 m and 0.004 m
up to time 4 × 10−5 s. The phase velocities of shear waves and the Rayleigh
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Figure 4.3: The amplitude of displacement at time 1.63× 10−5 s, 2.40× 10−5 s
and 3.21 × 10−5 s for A = 0.001 m(top), A = 0.002 m(middle) and A =
0.004 m(bottom).

waves are calculated from the physical parameters that c2 = 3.6004 × 103 m/s
and cR = 3.3575 × 103 m/s. As a result, the shear waves and Rayleigh waves
can not reach the right boundary at the end of the simulation.

The overlay plots of the solutions in amplitude are shown in Fig. 4.3 at time
1.63 × 10−5 s, 2.40 × 10−5 s and 3.21 × 10−5 s for each value of A. These
three figures demonstrate the behavior of the Rayleigh waves along the flat and
curved boundaries where the curved traction free boundary shows an influence
on the Rayleigh waves and the effect becomes more significant as the curvature
gets larger. Note that the surface waves in Figure 4.3 are the superposition of
more than ten single Rayleigh waves.

For A = 0.001 m, the Rayleigh waves at the top and bottom boundaries are
nearly identical during the whole simulation, and the patterns of waves are
almost horizontally symmetric, in spite of the asymmetric boundaries. As shown
in Fig. 4.4, the values at the boundaries match each other at the three time
instants with slight differences in the amplitudes.

For A = 0.002 m, the differences appear in both amplitudes and phases after the
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Figure 4.4: The magnitude of displacement at the top(red) and bottom(black)
boundaries for A = 0.001 m at the time 1.63×10−5 s(top), 2.40×10−5 s(middle)
and 3.21× 10−5 s(bottom).
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Figure 4.5: The magnitude of displacement at the top(red) and bottom(black)
boundaries for A = 0.002 m at the time 1.63×10−5 s(top), 2.40×10−5 s(middle)
and 3.21× 10−5 s(bottom).
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Figure 4.6: The magnitude of displacement at the top(red) and bottom(black)
boundaries for A = 0.004 m at the time 1.63×10−5 s(top), 2.40×10−5 s(middle)
and 3.21× 10−5 s(bottom).

waves passing through the flat part of the top boundary. In Fig. 4.5, the shape
of the wave packet is not changed at the peak of the curved boundary, but the
waves along the bottom boundary move ahead of those at the curved boundary.
There are more differences when the packet of Rayleigh waves reaches the flat
end of the guide. Then the phases are shifted nearly in 180 degrees.

In the last case where A = 0.004 m, the maximum height in the middle is
three times the height of the thin guide and the perturbations are more severe.
The wave packet is not restored to the original shape when it reaches the flat
end of the guide. The waves at the bottom are even influenced by the plane
waves traveling along the guide which generates several new waves at the bot-
tom boundary. Consequently, there are huge differences between the two wave
packets in the bottom of Figure 4.6.

5 Conclusion

In this thesis, a comprehensive study of solving elastic wave equation with the
finite volume method and Clawpack is presented. The results in §3.1 and §3.2
reveal that the Rayleigh waves are more sensitive to the traction free boundary
than the body waves in an elastic material. In general, Clawpack is a flexible
and easy-to-use numerical solver for the wave problems in the elastic materials.
However, the low order of accuracy and instabilities in some certain cases makes
it unsuitable for the Rayleigh wave problems, especially in the almost incom-
pressible materials. The AMR module is not able to be implemented in solving
the problems in this thesis due a bug in the software. On the other hand, the
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combination of fourth order SBP operators and SAT method provides a stable
numerical method for the Rayleigh wave problems in complex geometries. The
results indicate that the curvature influences the traveling Rayleigh waves.

An investigation on the reasons for the instabilities in Lamb’s problem and an
improved numerical approximations of traction free boundary conditions will be
considered in the upcoming study. The AMR solver for elastic wave equation
will be developed after the bug is fixed. For complex geometry with no smooth
mapping function, domain decomposition combined with the SBP-SAT method
is considered to be implemented.
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A Conservation Law Package

A.1 General Description

A basic Clawpack file directory usually contains the following files:

File Name Descriptions

bc2.f Boundary conditions in two dimensional.
claw.data Auto-generate file by setup.py.
driver.f Generic driver routine for claw2.
Makefile Makefile for compiling.
qinit.f Set the initial conditions for the equations.

setaux.f Set the auxiliary arrays which are not changed with time.
setplot.py Set up the plot figures, axes, and items to be done for each frame.

setprob.data Auto-generate file which contains global variables.
setprob.f Set the material parameters for the problem.
setrun.py Set the runtime parameter for Clawpack.

Table A.1: Files in a Clawpack program directory

There are also some other necessary files provided by Clawpack. They can be
directly loaded in the “Makefile”, or overwritten for additional features and
functions. It is highly recommended to modify the examples instead of writing
the whole program from an empty directory.

A.2 Runtime Parameters

The runtime parameters for the problem are set in the “setrun.py” file such as
physical parameters, type of the numerical schemes, output settings, boundary
conditions, etc. The whole setting process is enclosed by a function which re-
turns an object of settings. Note that the programming language in this setting
file is Python, the indentation is quite important. In the following paragraph,
the examples are based on the program for the Rayleigh wave problem in §3.2.

A.2.1 Dimensions

For the Rayleigh wave problem, the number of space dimensions is set as

1 clawdata = rundata.clawdata

2 clawdata.num_dim = 2

where “rundata” is the returned object of the function. The number of dimen-
sions has to be consistent with the files loaded by “Makefile”. The standard
Clawpack parameters are all defined in the object “rundata.clawdata” which is
usually set to the variable “clawdata” in “setrun.py”.
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A.2.2 User Defined Parameters

The problem specific parameters are used across several files in the program and
defined as follows:

1 # MUST BE ADDED BY USER IF DESIRED !!

2 probdata = rundata.new_UserData(name=’probdata ’,fname=’

setprob.data’)

3 # For example:

4 probdata.add_param(’rho’, 1.0, ’density ’)

5 probdata.add_param(’alam’, 1.0, ’First Lame Parameter ’)

6 probdata.add_param(’amu’, 1e-4, ’Second Lame Parameter ’)

Line 2 specifies the name of the output file which saves the user defined param-
eters, and this should not be modified. Lines 4 to 6 contain the user defined
parameters. In this case, they are the parameters of the material in the elastic
wave equation. These parameters can be used in the other files by adding the
following line at the beginning of the function body with the same parameter
names as defined in the string format.

1 common /comaux/ rho ,amu ,alam

A.2.3 Spatial Domain

This part defines the spatial domain for a [0, 1]× [0, 5] area with 40× 200 grid
cells.

1 # Lower and upper edge of computational domain:

2

3 clawdata.lower [0] = 0.0 # xlower

4 clawdata.upper [0] = 1. # xupper

5 clawdata.lower [1] = 0. # ylower

6 clawdata.upper [1] = 5. # yupper

7

8 # Number of grid cells:

9 clawdata.num_cells [0] = 40 # mx

10 clawdata.num_cells [1] = 200 # my

As the problem is in two dimensions, only the first two elements of the arrays
are required to be defined.

A.2.4 Size of System

The size of system is set to be five since there are five variables in the first order
hyperbolic system and the number of auxiliary variables has to be larger than
five as there are five predefined variables in the default settings of the elastic
wave solver. In this case, it is set to 9 to contain four additional variables,
which are the two displacement components, the relative errors in velocity and
displacement. The capacity index refers to the capacity function for the mapping
function of grid transformation, which are not used in this example.
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1 # Number of equations in the system:

2 clawdata.num_eqn = 5

3

4 # Number of auxiliary variables in the aux array ( initialized

in setaux)

5 clawdata.num_aux = 9

6

7 # Index of aux array corresponding to capacity function , if

there is one:

8 clawdata.capa_index = 0

A.2.5 Time Domain

The time domain of the numerical experiment can be set in different ways with
a same variable of initial time“clawdata.t0 ” and three output styles.

1 clawdata.t0 = 0.0

2 clawdata.output_style = 1

3

4 if clawdata.output_style ==1:

5 # Output ntimes frames at equally spaced times up to

tfinal:

6 # Can specify num_output_times = 0 for no output

7 clawdata.num_output_times = 1

8 clawdata.tfinal = 5.0

9 clawdata.output_t0 = True # output at initial (or

restart) time?

10

11 elif clawdata.output_style == 2:

12 # Specify a list or numpy array of output times:

13 # Include t0 if you want output at the initial time.

14 clawdata.output_times = [0., 0.1]

15

16 elif clawdata.output_style == 3:

17 # Output every step_interval timesteps over total_steps

timesteps :

18 clawdata.output_step_interval = 2

19 clawdata.total_steps = 4

20 clawdata.output_t0 = True # output at initial (or

restart) time?

The output styles are mainly used for generating data files and figures, but
not for the time iterations of the numerical method. The following parameters
specify the basic CFL conditions and the strategies to vary the value.

1 # if dt_variable == True: variable time steps used based on

cfl_desired ,

2 # if dt_variable == False: fixed time steps dt = dt_initial

always used.

3 clawdata.dt_variable = True

4

5 # Initial time step for variable dt.

6 # If dt_variable ==0 then dt= dt_initial for all steps:

7 clawdata.dt_initial = 0.125e-3

8

9 # Max time step to be allowed if variable dt used:

10 clawdata.dt_max = 1e+99

11
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12 # Desired Courant number if variable dt used , and max to

allow without

13 # retaking step with a smaller dt:

14 clawdata.cfl_desired = 0.9

15 clawdata.cfl_max = 1.0

16

17 # Maximum number of time steps to allow between output times:

18 clawdata.steps_max = 100000

A.2.6 Method Definition

This section defines some basic parameters of method used in Clawpack. A
detail instruction is presented in the comment. The number of waves in the
Riemann solution is equal to four since there are only four non-zero eigenval-
ues in the first order hyperbolic system. These parameters vary for different
problems and should be carefully chosen based on the problems.

1 # Order of accuracy: 1 => Godunov , 2 => Lax -Wendroff plus

limiters

2 clawdata.order = 2

3

4 # Use dimensional splitting ? (not yet available for AMR)

5 clawdata.dimensional_split = ’unsplit ’

6

7 # For unsplit method , transverse_waves can be

8 # 0 or ’none ’ ==> donor cell (only normal solver used)

9 # 1 or ’increment ’ ==> corner transport of waves

10 # 2 or ’all ’ ==> corner transport of 2nd order

corrections too

11 clawdata.transverse_waves = ’all’

12

13 # Number of waves in the Riemann solution:

14 clawdata.num_waves = 4

15

16 # List of limiters to use for each wave family:

17 # Required: len(limiter) == num_waves

18 # Some options:

19 # 0 or ’none ’ ==> no limiter (Lax -Wendroff)

20 # 1 or ’minmod ’ ==> minmod

21 # 2 or ’superbee ’ ==> superbee

22 # 3 or ’vanleer ’ ==> van Leer

23 # 4 or ’mc’ ==> MC limiter

24 clawdata.limiter = [0,0,0,0]

25

26 clawdata.use_fwaves = False # True ==> use f-wave version

of algorithms

27

28 # Source terms splitting:

29 # src_split == 0 or ’none ’ ==> no source term (src

routine never called)

30 # src_split == 1 or ’godunov ’ ==> Godunov (1st order)

splitting used ,

31 # src_split == 2 or ’strang ’ ==> Strang (2nd order)

splitting used , not recommended .

32 clawdata.source_split = ’none’
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A.2.7 Boundary Conditions

The boundary conditions are defined in two arrays and the number of ghost
cells is also defined in this area. Note that periodical boundaries have to appear
in pairs.

1 # Number of ghost cells (usually 2)

2 clawdata.num_ghost = 2

3

4 # Choice of BCs at xlower and xupper:

5 # 0 or ’user ’ => user specified (must modify bcNamr.f

to use this option)

6 # 1 or ’extrap ’ => extrapolation (non - reflecting outflow)

7 # 2 or ’periodic ’ => periodic (must specify this at both

boundaries )

8 # 3 or ’wall ’ => solid wall for systems where q(2) is

normal velocity

9

10 clawdata.bc_lower [0] = ’periodic ’ # at xlower

11 clawdata.bc_upper [0] = ’periodic ’ # at xupper

12

13 clawdata.bc_lower [1] = ’user’ # at ylower

14 clawdata.bc_upper [1] = ’extrap ’ # at yupper

In order to implement user-defined boundary conditions, a “bcN.f” file(in 2-
D problem it is “bc2.f”) has to be included in the program directory and the
Makefile is modified so that this boundary file is compiled in the program instead
of the default one in the the library path of Clawpack.

All above are the detail settings in the file “setrun.py”. Generally, a tuning in
this file is enough for solving a same type of problems.

A.3 Auxiliary Arrays

The auxiliary arrays in Clawpack are used for hyperbolic system with more
than one partial differential equations. In these cases, the Riemann solver for
the particular problem is required. In the Riemann solver, the coefficient matrix
for the system of equations is replaced by some auxiliary arrays and implemented
directly in the solving iterations.

The following codes are from the Rayleigh wave problem. The Riemann solver
for this problem declares five sets of auxiliary arrays for each mesh cell which
are the density ρ, the Lam parameters λ and µ, the velocity of P-wave Cp =√

λ+2µ
ρ , and velocity of S-wave Cs =

√
µ
ρ . These parameters are set in the

FORTRAN file “setaux.f” where the values may vary in different grid cells
for variable coefficient materials. In the following routine, these five auxiliary
remains constant in the whole domain, and the parameters of the material are
set from “setrun.py” which is introduced in A.2.2.

1 subroutine setaux(mbc ,mx,my ,xlower ,ylower ,dxc ,dyc ,

2 & maux ,aux)

3

4 ! # set auxiliary arrays

5 ! # variable coefficient acoustics
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6 ! # aux(i,j ,1) = density rho in (i,j) cell

7 ! # aux(i,j ,2) = lambda in (i,j) cell

8 ! # aux(i,j ,3) = mu in (i,j) cell

9 ! # aux(i,j ,4) = cp in (i,j) cell

10 ! # aux(i,j ,5) = cs in (i,j) cell

11 !

12 ! # Piecewise constant medium

13 ! # Material parameters are set in setprob.f

14

15 implicit double precision (a-h,o-z)

16 dimension aux(1-mbc:maxmx+mbc ,1-mbc:maxmy+mbc , 5)

17 common /comaux/ rho ,amu ,alam

18

19 do 30 j=1-mbc ,my+mbc

20 do 20 i=1-mbc ,mx+mbc

21 xl = xlower + (i-1.0d0)*dx

22 yl = ylower + (j-1.0d0)*dy

23

24 aux(1, i, j) = rho

25 aux(2, i, j) = alam

26 aux(3, i, j) = amu

27

28 bulk = aux(2, i, j) + 2.d0*aux(3, i, j)

29 aux(4, i, j) = dsqrt(bulk/aux(1, i, j))

30 aux(5, i, j) = dsqrt(aux(3, i, j)/aux(1, i, j))

31 20 continue

32 30 continue

33 return

34 end

A.4 Initial Conditions

The initial conditions of the system are in “qinit.f” for the array q. The vari-
ables are all assigned as double precision explicitly by following the rules of
notation in Fortran. As the finite volume method focuses on the cell average of
the functions, the value of each cell is evaluated at the center of the cell which
is the point (xi, yj ) in the following routine. In the same way as in the auxiliary
array, the material parameters in this file are also the global variables defined
in “setrun.py”.

1 do i=1-mbc ,mx+mbc

2 xi = xlower + (i-0.5d0)*dx

3 do j=1-mbc ,my+mbc

4 yj = ylower + (j-0.5d0)*dy

5

6 call getComponent(alpha ,beta ,xi,yj ,A,axi ,cR ,0.d0 ,0.

d0,

7 & e1cop , e2cop , triangcop)

8

9 call computeDisplacement(alpha ,beta ,axi ,cR,A,e1cop ,

e2cop ,

10 & triangcop ,UU,VV)

11

12 call computeHyperSys(alpha ,beta ,axi ,cR ,A,e1cop ,e2cop

,

13 & triangcop ,u,v,Ux ,Vy,Uy,Vx)

14 q(1,i,j) = (alam + 2.d0*amu)*Ux + alam*Vy

15 q(2,i,j) = alam*Ux + (alam + 2.d0*amu)*Vy
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16 q(3,i,j) = amu * (Vx + Uy)

17 q(4,i,j) = u

18 q(5,i,j) = v

19 aux(6,i,j) = UU

20 aux(7,i,j) = VV

21 aux(8,i,j) = 0.d0

22 aux(9,i,j) = 0.d0

23 enddo

24 enddo

There are three functions defined as follows to compute the analytical solutions
at a certain point.

1 ! # compute the components used in each formula

2 subroutine getComponent(alpha ,beta ,xi ,yj,A,axi ,cR,t,dt,

3 & e1cop , e2cop , triangcop)

4 implicit double precision (a-h,o-z)

5

6 betacop = (beta*beta + axi*axi) / 2.d0

7 e1cop = dexp(-alpha*yj)

8 e2cop = betacop * dexp(-beta*yj)

9 triangcop = axi*(xi-cR*(t+dt))

10

11 return

12 end

13

14 ! # compute the variables used in solving hyperbolic system

15 subroutine computeHyperSys(alpha ,beta ,axi ,cR,A,e1cop ,e2cop ,

16 & triangcop ,u,v,Ux,Vy,Uy ,Vx)

17 implicit double precision (a-h,o-z)

18 Ux = (-axi * e1cop + e2cop / axi) *

19 & axi * A * dcos(triangcop)

20

21 Vy = (alpha * alpha * e1cop - e2cop) *

22 & A * dcos(triangcop)

23

24 Uy = (alpha * axi * e1cop - e2cop * beta / axi) *

25 & A * dsin(triangcop)

26

27 Vx = (alpha * e1cop - e2cop / beta) *

28 & axi * A * dsin(triangcop)

29

30 u = (axi * e1cop - e2cop / axi) *

31 & axi * A * cR * dcos(triangcop)

32

33 v = (- alpha * e1cop + e2cop / beta) *

34 & axi * A * cR * dsin(triangcop)

35 return

36 end

37

38 ! # compute the displacement field

39 subroutine computeDisplacement(alpha ,beta ,axi ,cR,A,e1cop ,

e2cop ,

40 & triangcop ,UU,VV)

41 implicit double precision (a-h,o-z)

42 UU = (-axi * e1cop + e2cop / axi) * A * dsin(

triangcop)

43

44 VV = (-alpha * e1cop + e2cop / beta) * A * dcos(

triangcop)

45 return

46 end
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