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Dimuon yields of the decays η→ µ+µ−γ , ω→ µ+µ−π0 and ρ→ µ+µ− with
calculated form factors by Terschlüsen and Leupold (2010) and Schneider et
al. (2012) were numerically fitted to NA60 data and compared to the result
by Arnaldi et al. (2009). The calculated form factors are theoretically more
sound and are an alternative to the previously used pole approximation. In
addition, the ρ production temperature was reviewed theoretically using
the ratio of η and ω yields. Several fits were made and the best results were
achieved by using Terschlüsen’s form factor for the ω decay and Schneider’s
for the ρ using two fit parameters less than Arnaldi et al. In addition, the
assumption that the yield is the result of only three sources could not be
disproved.
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Sammanfattning på svenska

I cern finns det s.k. NA60-experimentet som mäter muon-antimuonpar från par-
tikelkollisioner. Antalet par varierar med energin de produceras resulterar i ett spek-
trum. Spektrumet kommer inte från endast en källa, utan flera källor bidrar till spek-
trumet. Källorna är sönderfall av s.k. mesoner, partiklar som består av en kvark och
en antikvark. Det finns två relevanta sönderfall: direkta sönderfall där resultatet är
ett muonpar och Dalitzsönderfall där resultatet är förutom ett muonpar även en annan
meson eller en foton. En del källor är lätta att identifiera och kan subtraheras från
spektrumet. Resterande källor ger en för bred signatur och måste analyseras. Detta är
syftet med den här rapporten.

Det reducerade spektrumet antas vara resultatet av tre sönderfall: η → µ+µ−γ , ω→
µ+µ−π0 och ρ→ µ+µ−. Varje sönderfall har en viss sannolikhet, men antalet Ai av varje
partikel är inte känt. Utöver det är reaktionernas struktur inte helt känd. Strukturen
beskrivs med en s.k. formfaktor |F(M)|2 som parametriserar avvikelsen från fallet där
de inte har någon inre struktur (punktpartiklar). Notera att den kan variera med sön-
derfallets energi.

Det finns flera förslag på formfaktorer. För η-sönderfallet är teoretiker och experi-
mentalister överens, men för ω- och ρ-sönderfallet är situationen annorlunda. I 2009
presenterade an forskargrupp på cern en rapport [1] där de lyckats beskriva spek-
trumet med s.k. polapproximationer som formfaktorer för η och ω. De beskrivs av en
polmassa som bestämdes experimentellt. I 2010 presenterades en teoretisk framtagen
formfaktor för ω och i 2012 två numeriskt beräknade formfaktorer för både ω och ρ.

Nu vill vi undersöka hur väl de stämmer överens med verkligheten. Vi ställde upp
fem modeller med olika konfigurationer av formfaktorer. Alla modeller bestod av en
summa över varje sönderfalls bidrag med koefficienter som beskriver rikligheten av
varje. Dessa koefficienter fanns numeriskt med en ickelinjär minsta kvadratanpass-
ning. Genom att studera och jämföra hur väl modellerna beskriver den empiriska datan
kunde den bästa modellen väljas ut. Det visar sig att det går att göra en bättre anpass-
ning än resultatet från 2009 med teoretiska formfaktorer och två parametrar mindre!
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1. Introduction

All ordinary matter consists of atoms, which are described by a small positively charged
core, the nucleus, surrounded by an electron cloud of opposite charge. The nucleus
consists of two types of particles, positive protons and neutral neutrons (collectively
called nucleons).

The nucleons belong to a class of particles called baryons consisting of three quarks.
There are twelve quarks: up, down, charm, strange, top, bottom and corresponding
anti-particles. There is another class of particles consisting of quarks: mesons, made of
a quark and an anti-quark, for example the η, ω and ρ mesons. Hadrons is the set of
mesons and baryons. As far as we know, quarks are elementary i.e. do not suggest an
intrinsic structure. Quarks do not exist freely, but exists only bound to other quarks.

The electron belongs to the class called leptons. There are also twelve leptons: the
electron, electron neutrino, muon, muon neutrino, tau, tau neutrino and corresponding
anti-particles [2].

NA60 is an experiment at CERN that measures muon-antimuon pairs (dimuons)
which are produced in collisions of protons or nuclei. For details of the experiment,
see [1]. The aim is to extract information about strongly interacting particles. In par-
ticular form factors measured in decays like ω to µ+µ−π0 provide information about
the structure of hadrons, because they parametrize the deviation from reactions with
point-like objects [3].

The NA60 experiment collides nuclei at high energy, temporarily converting the en-
ergy into a myriad of particles. Some of them eventually decay into a muon (lepton)
pair µ+µ−, which is registered by a detector. The muons can be created at different
energies, but care has to be taken, since the energy is dependent on how the system is
observed. There is however a quantity that remains the same in all inertial reference
frames called the invariant mass M, which is defined by the muons individual energy
Ei and momentum pi :

M2 =
(∑

Ei
)2
−
(∑

pi
)2

(1)

In this particular case it is the total energy of the muon pair in their centre-of-mass
frame (zero total momentum).

There are many possible decay sources to the muon pairs, and the measured spec-
trum is the sum of them all. There are two relevant types of meson decays. Dalitz
decays result in a dimuon pair and another meson or photon. Direct decays result in just
a dimuon pair. The Dalitz decays are a three-body systems and result in a broad energy
signature. The direct decays are not, but the half-life of the parent affects the shape of
the spectrum. Some decaying particles are long-lived and result in a well-defined peak
in the spectrum, but short-lived particles, such as the ρ, result in a broader spectrum
[1] [4]. The well-defined peaks in the spectrum can be easily removed, such as the η, ω
and φ direct decays. The remaining spectrum can be seen as the data in figure 1a. This
is the spectrum we want to describe [1].

For a given source contributing to the dimuon spectrum two aspects are important:
the height and the shape of the obtained dimuon spectrum. The shape is related to the
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question how a given hadron (source) decays and therefore to the pertinent form factor.
The height is related to the question how many of these hadrons are present. Thus, even
if the form factor was known, there is still a fit required to obtain the overall height of
the dimuon spectrum from a given source. Also this height is of physical interest, i.e.
the information how abundant the considered source is.

Traditionally the pertinent NA60 data have been analysed with the assumption that
the whole dimuon yield is caused by a superposition of three sources (decays): η →
µ+µ−γ , ω→ µ+µ−π0 and ρ→ µ+µ−. It is important to note that only the dimuons and
not the complete final states are measured by NA60. This leaves some room for inter-
pretation. Using this assumption of the three sources the electromagnetic transition
form factor for ω to π0 has been extracted by the NA60 collaboration [1]. However, this
form factor is in disagreement with the most advanced theoretical calculations [5],[6].
Therefore the mentioned assumption should be critically reviewed.

We will evaluate how substituting the form factors used by the NA60 collaboration
with calculated form factors from Terschlüsen and Leupold [5] and Schneider et al. [6]
will affect the fit to the NA60 data. In addition, We will evaluate the necessity of a
fourth source to the dimuon spectrum.

2. Theory

This section is recommended to everybody, even experts, since it defines all quantities
used in the report.

2.1. Notation and conventions

Throughout this report, unless otherwise noted, we will use the values from the Particle
Data Group [7].

In this report we are interested in comparing different least square fits to experimen-
tal data from NA60. Therefore we need to conform to their conventions. The fit carried
out by Arnaldi et al. [1] can be seen in figure 1. The x-axis is the dimuon invariant mass
M or Mµµ in their report as defined in (1). We will use only M.

The y-axis, denoted (d2Nµµ/dηdM)/(dNch/dη)(20MeV)−1 in Arnaldi’s et al. report, is
the production rate (up to a constant). Or more accurately the reduced µ+µ− spectrum
obtained by subtracting the η, ω and φ resonance decays and η′ Dalitz decay accord-
ing to [1]. The total dimuon count N is proportional to Γ , the single particle decay
probability, and thus dN/dM is proportional to dΓ /dM. We will use dN/dM to denote
the total spectrum, while dΓ /dM is used for individual particle decays. Note the differ-
ence in scale between figure 1a and the rest. It is not an issue since only the relative
contributions are important.

The decay rate is given as dΓ /dM2 by Arnaldi et al., but it is easily transformed by
the relation

dΓ
dM

=
dΓ

dM2
dM2

dM
= 2M

dΓ

dM2 . (2)

using the concept of the chain rule.
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2.2. Form factors

Suppose a meson A decays into a lepton pair l+l− and a photon or another meson B.
Symbolically A→ l+l−B. Decays can have different probabilities and this quantity is ex-
pressed as the decay width. These reactions are governed by quantum electrodynamics
(qed) [8] and the predicted decay rate is

dΓ

dM2 =
e2ΓAB

12π2

√
1−

4m2
l

M2

1 +
2m2

l

M2

 1
M2


1 +

M2

m2
A −m

2
B

2

−
4m2

AM
2

(m2
A −m

2
B)2


3/2

|FAB(M)|2 (3)

where e is the electron charge, ΓAB is the width of the decay A→ Bγ , ml the mass of the
lepton, mA the mass of the decaying meson, mB the mass of the daughter meson and
the function FAB is the form factor. For point-like particles, this is equal to 1, but for
reactions involving particles with intrinsic structure FAB depends onM and is governed
by quantum chromodynamics (qcd) [2]. For a derivation of equation 3, see [8]. Also
note that the decay rate is only non-zero if

2ml ≤M ≤mA −mB. (4)

A common approximation of the form factors of ω and η are the so-called pole expan-
sions or pole approximations [3]

|F|2 = (1−M2/Λ2)−2. (5)

This is the form factor used by Arnaldi et al. in [1] for the η and ω decays. The authors
of [1] left Λ−2 as a fit parameter, and their results are Λ−2 = 1.9(4)GeV−2 for the η and
2.36(21) GeV−2 for the ω.

A form factor for ω→ µ+µ−π0 has been calculated by Terschlüsen and Leupold [5]:

|Fωπ0(M)|2 =

m2
ρ +M2

m2
ρ −M2

2

(6)

where mρ denotes the mass of the ρ meson. An alternative form factor for the same
reaction was calculated numerically using dispersion theory by Schneider et al. [6].
For a comparison of the form factors see figure 2a. The form factors determine the
shape of the ω contribution in figures 1 and 3.

If we evaluate equation 3 for the η and ω decays we get

dΓη→µ+µ−γ

dM
= 2M

2α
3π

Γη→γγ

M2

1−M
2

m2
η

3 1 +
2m2

µ

M2


√

1−
4m2

µ

M2

∣∣∣Fηγ (M)
∣∣∣2 (7)

and

dΓω→µ+µ−π0

dM
= 2M

α
3π

Γω→π0γ

M21 +
2m2

µ

M2


√

1−
4m2

µ

M2


1 +

M2

m2
ω −m2

π0

2

− 4m2
ωM

2(
m2
ω −m2

π0

)2


3/2

|Fωπ0(M)|2 (8)
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where mη and mω denote the masses of the η and ω mesons, mµ the muon mass, mπ0

the neutral pion mass, α = e2/4π the fine structure constant and Γ the width of the decay
in subscript.

The decay ρ → µ+µ− is not a Dalitz decay, and the decay rate and form factor is
different from the η and ω. According to Arnaldi et al. [1]

dRρ0→µ+µ−

dM
=

α2

3(2π)4

(
1− 4m2

π

M2

)3/2 1 +
2m2

µ

M2

1−
4m2

µ

M2

1/2

(2πMT )3/2e−M/T |Fπ(M)|2

(9)
where R is the reaction rate, proportional to Γ , mπ is the mass of the charged pion and
T is the ρ production temperature. The ρ form factor (called the pion form factor) is given
by

|Fπ(M)|2 =
m4
ρ(

M2 −m2
ρ

)2
+M2Γ 2

tot

(10)

where Γtot is the total width (decay probability) of the ρ meson. Note that the experi-
mental value of mρ according to [7] (775 MeV) differs somewhat from the value used
by Arnaldi et al. (770 MeV). This results in a shift towards higher energies of the ρ
decay spectrum compared to Arnaldi’s et al. result. An alternative form factor has been
presented by Schneider et al. [6] using the Omnés function [9]. It is a numerical calcu-
lation with a theoretical foundation. A comparison between the two can be seen figure
2b. While the difference in shape is minimal, the difference in height will affect the ρ
abundance prediction relative to the other sources.

2.3. Fitting

Several fits will be carried out with different combinations of form factors as summa-
rized in table 1. The first one (fit 1a and 1b) is an attempt at reproducing Arnaldi’s et al.
result using their results for Λ−2

η , Λ−2
ω , the ρ production temperature T = 170MeV and

the ρ mass mρ = 770MeV [4]. It was done once with Arnaldi’s et al. result fixed and
once with the pole masses as fit parameters andmρ closer to the tabulated value [7]. All
fits used Γtot = 149.1MeV since it is so close to Arnaldi’s et al. choice (150 MeV). Fit 1a
and 1b will also serve as basis for the comparison to Arnaldi’s et al. result. The second
fit will assert how theoretical form factors affect the fit while keeping T = 170MeV.
The third fit will use the temperature T as a fit parameter but related to the η and ω
abundances. The fourth will test the difference between the theories by Schneider et al.
and Terschlüsen and Leupold concerning the ω form factor.

The dimuon spectrum is the sum of the sources. But we do not know the individual
contributions. Using the three-sources assumption we want to find parameters Aη , Aω,
Aρ and T such that dN/dM evaluated in M:

dN
dM

∣∣∣∣∣
M

= Aη
dΓη→µ+µ−γ

dM

∣∣∣∣∣∣
M

+Aω
dΓω→µ+µ−π0

dM

∣∣∣∣∣∣
M

+Aρ
dRρ0→µ+µ−

dM

∣∣∣∣∣∣
M,T

(11)
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η ω ρ

Fit 1a Pole Pole Pion
Fit 1b Pole Pole Pion
Fit 2 Pole Terschlüsen Omnés
Fit 3 Pole Terschlüsen Omnés
Fit 4 Pole Schneider Omnés

Table 1: Summary of form factors used in the different fits. Here Pole refers to the
pole approximation (equation 5), Pion to equation 10, Terschlüsen to equation
6, Omnés to figure 2b and Schneider to figure 2a. Fit 1b is identical to fit 1a but
with mρ = 770MeV, T = 170MeV and pole masses Λ−2 fixed to Arnaldi’s et al.
result. Similarly, fit 2 is identical to fit 3 but with T = 170MeV fixed.

is as close to the data as possible. It can be shown (for a derivation, see appendix B)
that the parameter T is not independent of the others and is in fact related to Aη and
Aω by

Aω
Aη

=
3m3/2

ω Γ tot
η

m3/2
η Γ tot

ω

e−(mω−mη )/T ⇔ T =
mη −mω

ln
[
Aωm

3/2
η Γ tot

ω

3Aωm
3/2
ω Γ tot

η

] . (12)

This is exploited by using a guess for T , perform a fit, update T so it satisfies (12),
perform another fit and continue until the relative change in T is as small as desired. In
practice the precision of T will depend on the errors in Aη and Aω, and the terminating
condition can be set accordingly.

The fits will not be carried out on the whole data set. Since no error is assumed in
M for the data, the first data point falls outside the defined region of the decays and is
therefore removed. This has negligible effect on the fits since the region dominated by
η already has several data points. In addition, for high energies (over 1.2 GeV) the data
assumes negative mean values. This is not appropriate for the fit function and all data
points after and including the first negative value are removed. In total, 37 consecutive
data points were used for the fit from a data set of 43.

Since the functions we are trying to fit are not linear or even linear by transformation,
we have to use a non-linear least-squares fit (NLLS). The algorithm used is the regular
Gauss-Newton algorithm [10]. In short it tries to minimize the square residuals of the
function to the data, but since this is a non-linear problem the minimum is not guaran-
teed to be unique. Therefore guesses of the fit parameters must be supplied. The errors
of the fit parameters (as a result of the fit quality) are also returned.

The underlying assumption is that the data xi , yi can be described by a function
f (xi ,a) + εi = yi where a are the fit parameters and ε is normally distributed with mean
0 and unknown variance σ2 i.e. ε ∼ N (0,σ2). In practice, the ε’s manifest as the differ-
ence between the data and the predicted function, called its residuals. The residuals can
be tested for normality using the Shapiro–Wilk test [11]. If a fourth source is present
and gives a non-negligible contribution to the spectrum, then the source will reduce
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Fit 1a Fit 1b Fit 2 Fit 3 Fit 4

Aη 9.59(51)× 1014 9.52(32)× 1014 9.77(35)× 1014 9.92(34)× 1014 9.40(43)× 1014

Aω 1.79(68)× 1011 1.50(22)× 1011 1.47(19)× 1011 1.33(19)× 1011 1.88(27)× 1011

Aρ 1.32(24)× 1014 1.33(23)× 1014 8.8(14)× 1013 4.37(69)× 1014 8.8(16)× 1013

Λ−2
η 1.74(40) 1.9 1.9 1.9 1.9

Λ−2
ω 2.18(20) 2.36

T 0.17 0.17 0.17 0.132 0.171

Table 2: Calculated fit parameters for fit functions defined in table 1 according to sec-
tion 2. Aη and Aω have units of mass−1, Aρ have units of mass2 while the Λ−2’s
are in GeV−2 and T is in GeV. Values in boldface were not fitted. All errors
assume a 95% confidence interval.

the normality of the residuals.
We cannot say absolutely how near a model is to the actual process, but a comparison

of models is possible. We can estimate the information loss of each model and using
that as a basis for decision. It is done by using the quality of the model prediction and
the number of fit parameters. The greater the deviance, the lower quality. But the intro-
duction of additional fit parameters almost always increases the quality, at the price of
overfitting. This results in a high quality fit near the data, but large errors when doing
predictions outside of the data. We want a test that promotes models corresponding
well to the data while also penalizing for fit parameters. This can be done in several
ways, but we use the Akaike information criterion with corrections for finite sample sizes
(AICc) [12]. The lower the score the better the model.

3. Results and Discussion

The numerical results of the fits can be seen in table 2 and 3. The regions correspond
to the intervals 0 GeV to 0.5 GeV dominated by the η, 0.5 GeV to 0.66 GeV dominated
by the ω and 0.66 GeV to 1 GeV dominated by the ρ, respectively.

The purpose of fit 1b is to replicate Arnaldi’s et al. result using their values for the
ρ production temperature T , ρ mass mρ, and pole masses Λ−2

η and Λ−2
ω , leaving Aη , Aω

and Aρ as fit parameters. Comparing figures 1a and 1b we see that they are almost
identical. The only noticeable difference is the high-energy region of the ρ where our
fit overshoots. This can be explained by our data not being identical to the data used to
create figure 1a, but differing in the removal of minor sources [4].

If we look at the relative heights of the sources, we see that in the region 0.2 GeV
to 0.48 GeV η contributes 80% of the total, and in the region 0.48 GeV to 0.66 GeV, ω
contributes 67%, matching Arnaldi’s et al. result [1]. It shows that our numerical fit
works and gives reasonable results. Using (12) we see that the predicted temperature
(163 MeV) does not differ significantly from the value used (170 MeV). Looking at the
residuals of the fit in figure 4b and we see that most of the data is accounted for within
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Fit 1a Fit 1b Fit 2 Fit 3 Fit 4

Total 1.08× 1010 1.14× 1010 1.33× 1010 1.02× 1010 2.19× 1010

Region 1 8.41× 109 1.06× 1010 7.53× 109 7.75× 109 1.08× 1010

Region 2 2.50× 108 7.48× 107 5.28× 109 2.35× 109 1.02× 1010

Region 3 2.11× 109 6.63× 108 4.82× 108 1.00× 108 9.26× 108

AICc 926.2 920.4 922.2 919.3 928.7

Table 3: Sum of squares of residuals not explained by experimental error. Last row:
results of AICc tests.

error. There the lower energies suggest normally random residuals, but the higher
energies show signs of a sinusoidal pattern, a sign of non-normal residuals.

Figure 5 and table 3 suggests that most of data unexplained within error lies in re-
gion 1 and by re-examining figure 4 we see that this is indeed the case. This can be
explained partly by the slope of the η decay spectrum and the assumption of no error
in M, and partly by high values of dN/dM being sensitive to small changes in Aη . It
excels however in region 2 owing to the defined edge of the ω spectrum. This is a direct
result of the comparatively high value for the pole form factor in figure 2a near 0.7 MeV.
In region 3 the effects of the modified mρ value are apparent. Compared to fit 1a (fig-
ure 3a) with a higher value, the peak of the ρ spectrum is shifted to lower energies
and more points lie within error. This is also visible by comparing the corresponding
residuals (figures 4a and 4b).

In fit 1a we substitute Arnaldi’s et al. value for mρ with an experimentally more cor-
rect value 775.3 MeV [7]. We also leave the pole masses Λ−2

η and Λ−2
ω as fit parameters,

T unchanged, increasing the number of fit parameters from three to five. We are inter-
ested how the fit changes compared to fit 1b. The resulting fit (figures 3a, 4a and 5) is
very similar to fit 1b, but with a few key differences.

As stated above, the higher mρ shifts the ρ spectrum in region 3 leaving more data
points outside the prediction. This also results in a lower contribution from the ρ in
region 2, meaning Aω must get larger. While fit 1b performed well in region 2, fit 1a
does not and overshoots the data in lower energies and underestimates it in higher. An-
other result is that the predicted value of T (146 MeV) using (12) deviates significantly
from the value used. However, it performs better in region 1. The larger Aω means the
slope in region 1 also changes, resulting in a slightly better fit. The total residuals not
explained by the error is as a result better than fit 1b. This is expected by the increase
in fit parameters. However, the slope in region 1 exaggerates the error, and if we ignore
region 1, fit 1a performs worse.

The AICc value of fit 1a is higher than fit 1b even though its quality is better because
of the increased fit parameters. This means that we estimate fit 1b as the better fit with
fit 1a only 5% as likely.

Still keeping T at 170 MeV we can explore the impact of theoretical form factors. Fit
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2 (figure 3b) is the result of using the ω form factor by Terschlüsen and Leupold [5]
and the Omnés function by Schneider et al. [6] as the ρ form factor. Since the Omnés
function is similar in shape to (10) (figure 2b) but shifted towards lower energies, it per-
forms somewhat better than fits 1a and 1b in region 3. However, the much lower value
of the Terschlüsen ω form factor results in a more gentle edge in region 2 compared to
fits 1a and 1b. This causes a less curved predicted shape in region 2, missing more data
points. It also improves region 1, now better than both fits 1a and 1b. Again, the slope
of region 1 exaggerates the error. The theoretical temperature predicted by the ratio of
the η and ω yields is approximately 142 MeV, far from the value used.

The residuals in figures 4c and 5 clearly show the reduced quality in region 2, which
is much worse than fits 1a and 1b. Region 3 is comparable to fit 1b, owing to the lower-
energy shifted ρ form factor. The increase in region 2 causes a total deviation larger
than fits 1a and 1b, even if it performed better in region 1 and 3.

The AICc value of fit 2 lies between fits 1a and 1b, meaning we still estimate fit 1b as
the better fit with fit 2 40% as likely.

The only theoretical deviation in fit 2 were its temperature T . By using equation
(12) explicitly (as described in section 2.3) in fit 3 we can evaluate the impact of the
temperature. The result is a much lower temperature. In figure 3c this is apparent in
the shape of the ρ spectrum. The only relevant T -dependence in (9) for the shape is the
factor e−M/T . We examine this factor around M = mρ, the approximate peak of the ρ
spectrum with the expression

e−
M−mρ
T = e

mρ−M
T . (13)

We examine two cases for two different temperatures T1 < T2, one where M >mρ:

M >mρ =⇒ mρ −M < 0 =⇒
mρ −M
T1

<
mρ −M
T1

=⇒ e−
M−mρ
T1 < e−

M−mρ
T2 (14)

and one where M <mρ:

M >mρ =⇒ mρ −M > 0 =⇒
mρ −M
T1

>
mρ −M
T1

=⇒ e−
M−mρ
T1 > e−

M−mρ
T2 . (15)

This implies less yield at high M for lower T and greater yield at low M for lower T ,
perfectly in agreement with figure 3c. This shifts the overall yield of the ρ towards
lower energies and the result is a very good fit quality in region 3. In addition, the
higher ρ yield in region 2 compensates somewhat for the underestimation of the ω
from fit 2, while keeping the agreement in region 2’s lower energies.

Examining the residuals in figures 4d and 5 shows that the unexplained error in
region 2 has been halved compared to fit 2, and region 3 has almost no error. The error
in region 1 is similar to fit 2 since the impact of the ρ spectrum is very low there. This
results in the lowest total residuals so far, even surpassing fit 1a without two additional
fit parameters. As expected, the AICc value of fit 3 is the smallest, and we estimate that
fit 3 is the best fit with the previous contender only 59% as likely.

We also examine the alternative theoretical ω form factor by Schneider et al. [6] in fit
4. The form factor is strictly smaller than the form factor by Terschlüsen and Leupold
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and examining figure 3d we see that the edge of the ω spectrum in region 2 is even less
pronounced than in fit 3, resulting in a bad fit in both region 2 and 3, since the lower ω
yield in region 2 causes a larger Aρ and subsequently overshoots somewhat in region 3.

Looking at the residuals in figures 4e and 5 we see large errors in region 1 and 2,
causing a significantly worse total, even though it still performs better than fit 1a in
region 3 owing to the Omnés function. Its low quality fit gives it a high AICc value and
it is very improbable that fit 4 minimizes the information loss. Interesting is that its
temperature is approximately the same as the temperature used by Arnaldi et al., and
thus performing worse than fit 3 in region 3.

The AICc tests resuls (table 3) conclude that fit 3 is the most likely to minimize the
information loss, with fit 2 86% as likely and 1b 58% as likely. This, together with the
analysis of the residuals and the theoretical temperature, strongly indicate that fit 3,
using the ω form factor by Terschlüsen and Leupold [5] and Omnés function for the ρ,
is the model closest to the true process.

The residuals were tested for normality, and for an α-value of 0.05, the assumption
of normal residuals could not be disproved. This would imply that the models do not
have an additional source of significant contribution. It is of course always possible to
introduce a source that improves the fit, but such a source must come from a theoretical
argument, which at the moment is very hard to find. Thus we conclude that no other
sources contribute meaningfully to the spectrum.

4. Summary and Outlook

The NA60 experiment at cern measures muon-antimuon pairs produced at nuclear
collisions. This spectrum generally varies with the invariant mass M of the muon pair.
Some sources are easily identified and removed, but others are too broad to be unam-
biguously removed. The remaining spectrum is assumed to consist of contributions
from three decays: η→ µ+µ−γ , ω→ µ+µ−π0 and ρ0→ µ+µ−.

The dimuon spectrum from the NA60 experiment has been described by several mod-
els (figures 1 and 3), each a numerical non-linear least squares fit. We have compared
form factors used by Aranaldi et al. [1] with calculated form factors by Terschlüsen and
Leupold [5] and Schneider et al. [6]. Three form factors for the ω decay and two for the
ρ decay were compared. In addition the assumption of three sources was tested.

By comparing the residuals of the fits (figures 4 and 5), the theoretical ρ production
temperature and statistical AICc tests, we conclude that the model with Terschlüsen’s
ω form factor and Schneider’s ρ form factor best describes the data and is backed by
theory. It is therefore also better than the fit performed by Arnaldi et al. while using
two parameters less. The normality of the residuals also suggests that no other source
is necessary.

While the statistics and theory agree with the result, a more in-depth analysis is rec-
ommended. The small sample size and the nature of non-linear least squares make
statistics less reliable. Only an approximate error analysis was made, assuming the
largest error contribution is the fit itself. A more complex method including the errors
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in tabulated values and data should improve on the result. The three-source assump-
tion only barely passes, an α level of 0.06 would have failed some fits. By examining
other possible hadron decays that produce dileptons it might be possible to find decays
that improve the statistics.
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A. Figures

(a) Fit performed by Arnaldi et al., figure
taken from [1].

0.2 0.4 0.6 0.8 1.0
2e

+
04

1e
+

05
5e

+
05

5e
+

06
M [GeV]

dN
/d

M

(b) Fit 1b. Reproduction of Arnaldi’s et al.
fit in figure 1a usingmρ = 770MeV, T =
170MeV, Λ−2

η = 1.90GeV−2 and Λ−2
ω =

2.36GeV−2.

Figure 1: Original fit performed by Arnaldi et al. compared to our fit under the same
circumstances detailed in [4]. The data is given with error. The prediction is
the sum of the decays (from left to right) η, ω and ρ.
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(a) Form factors for ω→ µ+µ−π0. Dashed:
pole approximation (equation 5) from
[1]. Dotted: Calculated by Terschlüsen
and Leupold (equation 6). Solid: Nu-
merical calculation by Schneider et al.
[6] where the width indicates the uncer-
tainty.
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(b) Form factors for ρ → µ+µ−. Dashed:
Equation 10 with mρ = 775MeV. Solid:
Numerical calculation by [6] based on
the Omnés function [9]. Dotted: Equa-
tion 10 scaled to the height of the Om-
nés function.

Figure 2: Comparison of different form factors explained in section 2.2.
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(a) Fit 1a using pole approximations (equa-
tion 5) for η and ω and equation 10 as ρ
form factor.
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(b) Fit 2 using equation 6 as ω form factor
and the Omnés function as ρ form fac-
tor. Otherwise as fit 1b.
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(c) Fit 3 identical to fit 2 but with tempera-
ture as fit parameter subject to (12).
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(d) Fit 4 identical to fit 3 but with Schnei-
der’s et al. form factor (figure 2a) for ω.

Figure 3: Result of the different fit configurations explained in table 1. The data is given
with error. The prediction is the sum of the decays (from left to right) η, ω
and ρ.
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(a) Residuals of fit 1a.
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(b) Residuals of fit 1b.
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(c) Residuals of fit 2.
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(d) Residuals of fit 3.
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(e) Residuals of fit 4.

Figure 4: Residuals of the different fit configurations explained in table 1.
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Figure 5: Residuals unexplained by the error in the data (table 3). The first bar is the
total sum of the square residuals while the others are region 1, 2 and 3 respec-
tively as defined in section 3.

B. Derivation of equation 12

In a thermal system of volume V and temperature T the particle number of a specific
boson species A with mass mA is given by

NA = V
∫

d3p

(2π)3 nB(EA) (16)

with the energy EA =
√
p2 +m2

A and the Bose-Einstein distribution nB(E) := (exp(E/T )−
1)−1 [13] [14].

Now consider a Dalitz decay (three-body decay) of A into B and a dilepton (lepton
pair) l+l− with q2 denoting the square of the invariant mass of the dilepton. The number
dNA→Bl+l− of particles of type A decaying into Bl+l− with dilepton masses (squared) in
the interval between q2 and q2 + dq2 is then given by the number of particles of type A
times the branching ratio for the decay, i.e. one finds

dNA→Bl+l−

dq2 =NA
1
Γ tot
A

dΓA→Bl+l−

dq2 (17)

with the total width (inverse life time) Γtot of the particle A.
In an experiment one does not measure dNA→Bl+l− but dÑA→Bl+l− = AccdNA→Bl+l−

where Acc denotes the experimental acceptance. If this acceptance is independent of
q2, then one can obtain interesting information even without knowing the acceptance.

15



The complete formula for the measured number of events is now

dÑA→Bl+l−

dq2 = AccNA
1
Γ tot
A

dΓA→Bl+l−

dq2 (18)

The quantity dΓA→Bl+l−
ΓA→Bγ dq2 is given by a quantum-field theoretical calculation. The coeffi-

cient

AA := AccNA
1
Γ tot
A

(19)

will be studied further.
Consider now two different particles and their respective decays. To be specific con-

sider the Dalitz decays ω → π0 l+l− and η → γ l+l−. Since the ω meson is a spin-1
particle there are actually three types of ω states, i.e.

Nω = 3V
∫

d3p

(2π)3 nB(Eω) (20)

instead of (16). Thus one obtains the ratio

Aω
Aη

=
AccNω Γ tot

η

AccNη Γ
tot
ω

=

3
∞∫
0
dpp2nB(Eω) Γ tot

η

∞∫
0
dpp2nB(Eη) Γ tot

ω

(21)

where the volume and the acceptance do not enter anymore. The only reaction specific
quantity left is the temperature.

For not too high temperatures (significantly lower than the particle masses) the mo-
mentum integral can be further approximated: The Bose-Einstein distribution highly
suppresses energies that are larger than the temperature. On the other hand the ener-
gies have the respective mass as a lower limit. Thus one can approximate

1
exp(E/T )− 1

≈ exp(−E/T ) ≈ exp(−m/T ) exp(−p2/(2mT )) (22)

and therefore
∞∫

0

dpp2nB(E) ≈ exp(−m/T )

∞∫
0

dpp2 exp(−p2/(2mT ))

= exp(−m/T ) (mT )3/2

∞∫
0

dxx2 exp(−x2/2) (23)

where x := p/
√
mT has been used to separate the physical quantities (mass and temper-

ature) from the integral. The integral drops out in the ratio (21) and one obtains

Aω
Aη
≈

3m3/2
ω Γ tot

η

m3/2
η Γ tot

ω

e−(mω−mη )/T . (24)
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