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1. INTRODUCTION 

Since Markowitz’s publication on the theory of portfolio selection (Markowitz, 1952), the 

potential benefits of portfolio optimization and diversification have been well known to 

investment managers.  By quantifying the return and risk of a security using the statistical 

measures mean and variance, Markowitz (1952) shows how an investor can use the risk-

return tradeoff to determine how to allocate funds among the investment choices. This major 

breakthrough soon became known as “modern portfolio theory”. Despite the intuitive appeal 

of the theory of portfolio selection, the adaption by investment managers was slow due to the 

unreliable out-of-sample results of the mean-variance optimization (Kolm et al., 2013).  

Although Markowitz’s groundbreaking paper was published more than 60 years ago, the 

portfolio optimizer is still under refinement.  

One of the more practical extensions is the inclusion of transaction costs. The importance of 

transaction costs in the mean-variance framework has increased since the financial crises in 

2008 and the corresponding spike in equity market volatility (Borkovec et al., 2010). The 

traditional mean-variance optimization ignores transaction costs, thereby allowing for 

turnover volumes that induce large transaction costs and have severe impact on the realized 

return (Michaud, 1998). DeMiguel et al. (2014) finds that the loss in mean-variance utility by 

ignoring proportional transaction costs amounts to 49.33%. 

In fact, 40% of market participants attribute the primary loss in abnormal return to transaction 

costs (Borkovec et al., 2010). Pogue (1970) was one of the first publications to show how the 

traditional suboptimal approach could be avoided by incorporating transaction cost directly 

into the optimization problem. Since then, several others authors have further extended the 

mean-variance framework in the presence of transaction costs (for instance Schreiner, 1980; 

Adcock and Meade, 1994; Mitchell and Braun, 2003; Lobo et al., 2007; Borkovec et al., 2010; 

Baumann and Trautmann, 2013) 

However, one of the major criticisms of mean-variance optimization is its sensitivity to minor 

changes in the input parameters (Best and Grauer, 1992). The mean-variance optimization 

assumes that the inputs are error-free when allocating weights. In practice, stock returns are 

notoriously difficult to predict (Michaud, 1989) and generally biased (Ballentine, 2013), i.e. 

measured with error. The optimal solution is thus an approximation of the “true” optimal 

portfolio and mean-variance optimizers are often “error maximizers” (Broadie, 1993). They 
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tend to create portfolios with few assets (Green and Hollifield, 1992), thereby neglecting the 

benefits of diversification, and, at the same time, allocating non-intuitive weights for some 

assets (Black and Litterman, 1992; Michaud, 1998).  

The most prominent solution has been to limit the mean-variance optimization either by 

imposing a constraint directly (Board and Sutcliffe, 1994), or by shrinking the extreme values 

in the input parameters (Ledoit and Wolf, 2003, 2004). Jagannathan and Ma (2003) and Frost 

and Savarino (1988) show that certain constraints on portfolio weights have the same effect as 

shrinkage estimators (Jorion, 1986). For instance, by imposing an upper bound constraint on 

portfolio weights investment managers can hedge against estimation errors, and make the 

portfolio more diversified (Green and Hollifield, 1992). Schreiner (1980) adds a turnover 

constraint to the mean-variance optimizer to limit the turnover of securities to a desired rate. 

By doing so, investors can sidestep the difficult task of estimating total transaction costs while 

reducing realized transaction costs. Levy and Levy (2014) demonstrates that certain holding 

constraints can increase portfolio performance to a greater extent than, for instance, the simple 

upper bound constraint. The authors find that their two new methods – Variance-Based 

Constraints (VBC) and Globally Variance-Based Constraints (GVBC) – typically yield higher 

Sharpe ratios than long-only and naïve portfolios. Nevertheless, if the constraints are too 

severe, investment managers become incapable of using valuable information when 

constructing portfolios (Frost and Savarino, 1988), and therefore it may worsen performance 

(e.g. Clarke et al., 2002).   

Addressing the main concerns of the portfolio optimizer, the purpose of this thesis is to 

provide evidence of the potential benefits of constraints in the portfolio rebalancing problem 

when the investor is faced with transaction costs. As Borkovec et al. (2010) concludes, 

compared to the original mean-variance problem, including transaction costs in the mean-

variance framework should directly limit turnover, and consequently limit the benefits 

Schreiner (1980)’s turnover constraint. Likewise, as lack of diversification and extreme 

weight allocation incurs large transaction costs, the benefits of holding constraints should also 

be limited in the presence of transaction costs. Thus, the research question posited by this 

study is: Are there benefits of constraints in the presence of transaction costs? This study 

contributes to the existing literature on portfolio selection by observing two practical 

extensions to the original model, which in the vast majority of the literature are studied 

separately, together.  
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The constraints that are being evaluated are turnover constraints and holding constraints. First, 

since it is often very expensive, or sometimes even impossible, for an ordinary investor to 

short sell an asset (Bengtsson and Holst, 2002), and generally not permissible for most 

institutional investors (Kolm et al., 2013), the long-only constraint will apply to all portfolios. 

Second, both constraints are tested with different values in order to find the “optimal” 

constrain value. Third, as estimation errors in expected returns effect the mean-variance 

optimizer to an higher extent than errors in variances and covariances (Chopra and Ziemba, 

1993; Kallberg and Ziemba, 1984), the optimizer will be set to suit a risk-averse investor.  

The study will be conducted in three periods – two shorter periods (January 1987 - December 

1999, January 2000 - December 2013) and a longer period (January 1987- December 2013) – 

on the Swedish stock market. All portfolios will primarily be evaluated on their risk-adjusted 

performance by means of the out-of-sample Sharpe ratio (Sharpe, 1966). To account for 

distributions that deviate from normal, I use the robust inference method of Ledoit and Wolf 

(2008) for the Sharp ratio hypothesis tests.  

My results indicate that there are benefits of imposing constraints on the portfolio optimizer. 

The main issue with the mean-variance optimization in the presence of transaction costs is the 

lack of diversification. Although the results are not statistically significant, I find that there 

are benefits of imposing a holding constraint on the mean-variance optimization. More 

specifically, the homogenous 1/N constraint outperforms the simple upper bound constraint, 

VBC and GVBC, and increases the long-only strategy’s Sharpe ratio performance (0.1108) 

with approximately 50 percent (0.1665) in the longer period. However, my results do not 

provide strong support of potential benefits of turnover constraints in the presence of 

transaction costs. 

The remainder of this paper is structured as follows. Section two gives an introduction to the 

optimization problem and some previous results. Section three outlines my method. Section 

four contains the empirical results and performance analysis. Section five concludes.   

2. PORTFOLIO SELECTION  

There are two essential characteristics of a portfolio according to Markowitz (1952): its 

expected return and a measure of the dispersion of possible returns around the expected return 
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– the variance. The expressions for portfolio return (    and portfolio variance (  

    can be 

written as follows 

  (          (2.1) 

  
 (           (2.2) 

Here, I define   as an N-vector of expected returns,   [

    

 
    

], ∑ as the     covariance 

matrix of returns, ∑  [

           

    
           

], and   as an N-vector of asset weights,   [
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(Fabozzi et al., 2010, p. 317). The  th weight    is the fraction of the total amount of invested 

capital in asset  , and       is the covariance between asset   and  . N represents the total 

number of assets in the sample and the prime always denotes the transpose of a matrix or a 

vector. 

In the traditional portfolio selection problem, the investor is only faced with one constraint: 

the budget constraint. It states that the fractions invested in each asset have to sum to 

one,      , where   is an N-vector of ones.  The maximum utility approach represents the 

quadratic utility function of a rational investor and the expression is a quadratic programming 

problem (Scherer, 2004, p. 2)  
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The efficient frontier is then found by maximizing utility for various risk-tolerance 

parameters,  . The problem can be rewritten to find the minimum variance portfolio for a 

given rate of return. By adding the long-only constraint,     , the risk minimization 

formula is (Fabozzi et al., 2010, p. 318) 
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where    represents the minimum acceptable rate of return of the portfolio. I will further 

expand on Equation (2.4) in the reminder of this paper.  
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2.1 THE PORTFOLIO REBALANCING MODEL 

The extended model assumes that transaction costs are incurred to rebalance a portfolio. Put 

differently, transaction are made to change an existing portfolio,  ̅, into an ex-ante efficient 

portfolio,  . There are several extensions that include transaction costs. For instance, Best 

and Hlouskova (2005) and Li et al. (2000) provide models that assume transaction costs are 

paid at the end of the investment horizon. Lobo et al. (2007) assumes that transaction costs are 

paid in the beginning of the planning period. However, a major drawback with their model is 

that it may lead to simultaneously buying and selling an asset, which is impractical.  Mitchell 

and Braun (2003), however, assumes that transaction costs are paid in the beginning while 

solving the dilemma of simultaneously buying and selling an asset.  

Mitchell and Braun (2003) shows that the problem is solved through fractional quadratic 

programming (FQP). Let    and    represent the amount bought and sold, respectively, 

and   ̅ as the existing portfolio. The new portfolio weights can be written as  

    ̅          (2.5) 

As mentioned in the introduction, the impact of transaction costs can deteriorate realized 

abnormal return for investment managers, and the importance of trading costs increases with 

flat performances of equities. For instance, consider a fund with $1 billion equity with an 

average turnover at 100%. If we assume transaction costs of 50 basis points, this would results 

in trading cost of $10 million ($1 billion × 100% × 0.5% × 2) each time the portfolio 

rebalances.   

Assume the proportional transaction costs   
  and   

  of buying and selling one unit of asset i, 

respectively and that      
   ,      

    and         . Let   represent the sum of 

all transaction costs, i.e.  

              (2.6) 

This paper focuses solely on proportional transaction costs, which is appropriate to model 

smaller trades where the transaction cost originates from observable costs such as the bid-ask 

spreads and other brokerage commissions (DeMiguel et al., 2014). In reality, larger trades 

may impact market prices. Engle et al. (2012) demonstrates that the price impact is 

approximately 0.10 percent for trades accounting for 1.59 percent of the daily volume in a 

stock. For Swedish institutions, Chiyachantana et al. (2004) finds that the average market 

impact cost amounted to 0.32 percent in 1997-1998 and 0.35 percent in 2001. Other trading 



Alan Ramilton 

The Benefits of Constraints in the Presence of Transaction Costs 
7 

 
costs that one may take into consideration are investment delay, price movement risk, market 

timing, liquidity risk and opportunity cost (Fabozzi et al., 2010, p. 419). 

In a world where there are no transaction costs, or transaction costs are paid at the end of the 

period, one dollar is always available for investment and the budget constraint is       . 

When nonzero transaction costs occur at the beginning of each period, this assumption is no 

longer valid. Therefore, the total amount available for investing is    , and the new budget 

constraint and self-financing constraint is 

                  (2.7) 

The new budget constraint states that the investors needs to sell additional assets in order to 

pay the transaction costs in the beginning of the investment period. Thus, one dollar is not 

available for investing and the more suitable objective function is  

 (   
 
 
     

(     
   (2.8) 

The original objective function and risk measurement is thereby scaled by the square of the 

dollar amount that is available for investment. While it is possible to find an optimal solution 

without the denominator, it will give rise to simultaneously buying and selling some assets, 

i.e.    
    and    

   . The new problem is therefore a FQP problem and resulting long-

only model in the presence of transaction cost is 

    
 

     

 (             
   (2.9) 

   .               

    

        

     
    

  

  , 

     
  ̅  
                                 

 

Notice that if        , Equation (2.9) transforms to the original problem in Equation 

(2.4). This FQP problem can be formulated as quadratic by using fractional programming 

techniques if the transaction costs are linear, piecewise linear or quadratic. The derivation to 

the quadratic programming (QP) problem, which is used in this study, can be found in 

Appendix A. For a more detailed description of the model and of the properties of the 

solution, I refer the reader to Mitchell and Braun (2003).  
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2.2 PORTFOLIO CONSTRAINTS 

One of the main appeals of the mean-variance optimizer is its flexibility with various and 

multiple constraints that can reflect client preferences and regulatory boundaries (Kolm et al., 

2013).  For instance, regular equity funds on the Swedish market have not been allowed to 

hold a single stock worth more than 10 percent of the total value of the fund (Dahlquist et al., 

2000). Clearly, imposing constraints does not make sense in a world where investment 

managers know the actual return and risk; thus, constraints can never improve ex-ante 

optimization results. However, as the actual parameters are unknown in practice, imposing 

constraints can be justified and lead to better out-of-sample performance.  

The benefits of constraints depend on the trade-off between two types of errors, estimation 

and specification errors. While estimation errors occur in the return and variance forecast, 

specification errors occur when constraining the portfolio, i.e. the loss in performance induced 

by the constraint.  If the estimation errors are larger (smaller) than the specification errors, 

constraining the portfolio would produce better (worse) out-of-sample results (Jagannathan 

and Ma, 2003). In this paper, in addition to the long-only constraint that applies to all 

portfolios, I focus on two constraints commonly used in practice: holding and turnover 

constraints. 

2.2.1 LONG-ONLY CONSTRAINT  

In practice, the long-only constraint is frequently used in constructing equity portfolios as 

most mutual funds are prohibited by law not to have any short positions. Jagannathan and Ma 

(2003) finds that the benefits of imposing the long-only constraint is substantial in large cross 

sections. However, the authors discover that a long-only constrained minimum-variance 

portfolio spreads investment over a few assets; thus, neglecting the benefits of diversification.  

2.2.2 HOLDING CONSTRAINTS 

Due to diversification benefits in constructing portfolios, a commonly used constraint in 

practice is a holding constraint. A holding constraint controls the portfolio weights to a 

maximum holding percentage, and by that, insures a well-diversified portfolio. A holding 

constraint can generally be written as 

                        (2.10) 

Here,    is the upper-bound of the constraint. There are, however, several types of holding 

constraints. Homogenous constraints are the most basic constraint, and a simple example is 

where    is a specific percentage (Fabozzi et al., 2010, p. 328). For instance, if       , the 
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portfolio manager is constrained to invest no more than 2 percent in a single asset. 

Alternatively, one can take the naïve, equally-weighted, portfolio as the benchmark and 

impose following homogenous  constraint (Levy and Levy, 2014)  

|    
 

 
 |                       (2.11) 

Here, if     , the portfolio optimizer is constrained to hold the same weights as the naïve 

portfolio. As such, the naïve portfolio is included as a benchmark in this study, and 

experimental studies have shown that individual investors frequently invest in this manner 

(Duchin and Levy, 2009). All other values of     limits the deviation of the optimized 

portfolio from the naïve portfolio with   . However, Levy and Levy (2014) shows that the 

homogenous  constraint can be modified to enhance performance. The authors suggest that 

standard deviation be included in the constraint to increase performance.  Their variance-

based constraint (VBC) suggest that the homogenous constraint in Equation (2.11) be 

replaced by 

|    
 

 
 |
  

 ̅
                       (2.12) 

where  ̅  
 

 
∑   

 
    is the average standard deviation of the population. The VBC-method 

suggests that the constraint should become more severe when a stocks relative standard 

deviation to the population is higher.  On the other hand, the authors find that their global-

variance-based constraint (GVBC) method performed best in the sample. While VBC 

constrains each stock from deviating from the naïve portfolio, GVBC restricts the whole 

portfolio from deviating from the naïve portfolio by imposing the single global constraint 

∑(    
 

 
)
  

   

  

 ̅
              (2.13) 

Thus, the constraint assigns a quadratic cost to any deviations from the naïve portfolio. An 

important difference in contrast to VBC is that GVBC allows for different deviations for 

stocks with the same standard deviation but different return forecasts; therefore, it pursues the 

objective of maximizing ex-ante Sharpe ratio while maintaining a well-diversified portfolio.  

2.2.3 TURNOVER CONSTRAINTS 

One possibility to limit the mean-variance optimization in causing high transaction costs is by 

imposing a turnover constraint (Schreiner, 1980). The constraint can either limit turnover for 

each individual asset or, as used in this study, limit the total turnover of the portfolio  
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∑ |     ̅  |

 

   

         (2.14) 

where  ̅  is the existing portfolio and       is the portfolio turnover upper bound constraint. 

Turnover constraints are frequently imposed relative to the average daily volume of a stock, 

thereby limiting market impact costs, or to limit turnover in a specific industry or sector 

(Fabozzi et al., 2010, p. 328).  

2.3 SUMMARY 

Despite its intuitive appeal, the portfolio optimizer has proven to perform poorly out-of-

sample. The most prominent solution to enhance performance has been to constrain the 

portfolio. Three of the most practical constraints are long-only, holding and turnover 

constraints. While all of these constraints hedge against estimation errors at the cost of 

introducing specification errors, the turnover constraint also helps to keep transaction costs 

under control.  

Since the traditional mean-variance optimization ignores transaction costs, one of the 

extensions in using portfolio optimization in practice has been to include these costs in the 

optimization problem. In this paper, I use Mitchell and Braun (2003)’s model as it assumes 

that transaction costs occur in the beginning of each period, while solving the impractical 

issue with simultaneous buying and selling.   

Previous research has often viewed these practical extensions separate. The actual benefits of 

constraints in the mean-variance-transaction costs framework are more or less unknown. 

Using Mitchell and Braun (2002)’s FQP solution, I can express the problem including the 

general holding constraint and the turnover constraint as  
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3. METHOD 

This section describes the data, the estimation model, the portfolio construction, and the 

performance measurements used in this study. All estimations, optimizations, and analyzes 

are performed with MATLAB.  

3.1 DATA 

The data consists of weekly total returns on all common domestic listed Swedish stocks on 

Nasdaq OMX Stockholm (OMXS) from January 1982 to December 2013. Figure 1 displays 

Nasdaq OMX Stockholm Price Index (OMXSPI) during this period. The figure clearly shows 

that the first out-of-sample period (January 1987 - December 1999) was fairly stable in 

comparison to the second out-of-sample period (January 2000 - December 2013). 

All equity data is gathered from Datastream. The return variable is obtained from 

Datastream’s total return index. Since the database has issues with missing reverse share splits 

(Ince and Porter, 2006), all weekly returns above 200 percent are set as missing. To minimize 

survivorship bias in the sample, all delisted firms on OMXS are included in the sample. The 

return on a 1-month Swedish Treasury bill is used as a proxy for the risk-free rate and is 

obtained from Riksbanken, Sweden's central bank.  

3.2 ESTIMATING THE INPUTS 

In practice, both expected returns and return covariances are unobservable and needs to be 

estimated. Estimating expected return by using average realized returns as a proxy suggests 
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Figure 1. OMXSPI,  January 1982 - December 2013   

The figure displays the Nasdaq OMX Stockholm Price Index (OMXSPI) from January 1982 to December 2013 
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that information surprises cancel out over time, and can therefore be regarded as an unbiased 

estimator. However, as Elton (1999) illustrates, this belief is often misplaced. Furthermore, 

while the return estimate of a security is biased upward, the variance is biased downwards 

(Frost and Savarino, 1988). As a result, a portfolio manager could overinvest (underinvest) in 

securities with favorable (unfavorable) estimation errors.  

Nonetheless the classical method is to use sample moments. The expected return is simply the 

mean return (Equation 3.1) of the sample. Since no assumptions are made as to how and why 

stocks move together, the covariance (Equation 3.2)  is estimated directly (Elton and Gruber, 

1973). The expressions are written as  

 ̅  
 

 
∑    

 

   

  (3.1) 

    
 

   
(∑(      ̅ )(      ̅ )

 

   

)   (3.2) 

  is the total number of observations,      is the return of asset   at time  ,  ̅  is the mean 

return of asset   and also the expected return in this model. Although portfolio optimization 

has been thoroughly studied, academics and practitioners often fall into common pitfalls of 

the return distribution of assets, and linear and compounded returns have been used 

interchangeably (Meucci, 2001).   

An underlying assumption is that the compounded returns are invariants i.e. that they repeat 

themselves identically and independently across time (Jorion, 1985; Meucci, 2011). 

Typically, compounded returns have been used when approaching the optimal allocation 

problem. However, Meucci (2001) illustrates that this approach can elicit dangerous 

consequences and suboptimal allocations. First, while compounded returns aggregates across 

time, linear returns have the property that it aggregates across securities. Therefore, the mean-

variance optimization problem is set in terms of linear returns. By defining it in terms of 

compounded returns, one loses the link with utility theory. Second, the outcome of optimizing 

using compounded returns is horizon-invariant asset allocation. For instance, the resulting 

weight vector of an optimization is identical for a weekly investment horizon and for a yearly 

investment horizon when using compounded returns.   

As I assume that asset returns follow a lognormal stochastic process, following Meucci 

(2001), I avoid this common pitfall by estimating the return vector and the covariance matrix 
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of compounded weekly returns. The estimates are then projected to the monthly investment 

horizon. Thereafter, the mapping from invariants to linear returns is made and the monthly 

return and covariance projections are extracted numerically from the distribution of the linear 

returns. See Appendix B for a mathematical derivation.   

3.3 PORTFOLIO CONSTRUCTION 

Dahlquist et al. (2000) shows that the average commission fee for regular equity funds were 

40 basis points (0.004) for the period 1992 to 1997. However, following DeMiguel et al. 

(2014), I assume proportional transaction costs of 50 basis points (0.005). The minimum 

acceptable rate of return will be set at 5 percent annually for all portfolios. If the portfolio 

objective is not feasible at a turnover or holding upper bound, the program is set to relax the 

constraint until the objective is met
1
.  

To test the out-of-sample performance of constraints in the presence of transaction costs, I use 

the rolling horizon scheme of DeMiguel et al. (2009b). The goal each period is to maximize 

the next-period objective. First, starting at the first week of January 1987 (January 2000)
2
, I 

use 260 weeks (60 months) of historical data to estimate the monthly projections. This is the 

in-sample window. All stocks included in the in-sample window have been active for the 

previous five years, thereby excluding newly listed and delisted firms in the in-sample 

window. This implies that listed firms that consolidate into a new firm will be excluded in the 

in-sample window for five years. The naïve portfolio includes all assets that fulfill the criteria 

to be included in the in-sample window. As described in the previous chapter, I use Mitchell 

and Braun (2003)’s model when constructing the optimized portfolios. Figure 2 shows the 

number of in-sample firms from January 1987 to November 2013.  

Second, after the optimization, I hold the portfolio weights constant for 1 month and compute 

the out-of-sample return. This is the out-of-sample window. If a firm is delisted in the out-of-

sample window (1) remaining returns are set equal to zero, (2) the trading cost incurred due to 

delisting of firms hits the portfolios in the subsequent period, and (3) the turnover constrained 

portfolios include the trading volume due to the delisting in the subsequent period. Third, the 

in-sample and out-of-sample windows are pushed one month forward, and the procedure is 

repeated. This makes November 1999 (November 2013) the last rebalancing point in my data. 

The first and second periods include 169 and 182 out-of-sample windows, respectively, and as 

                                                 
1
 More specifically, the program is set to loop and increase the bound with 0.01 until the objective is met and the 

portfolio is feasible.  
2
 Dates in brackets represent the second test period.  
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Figure 2. Number of in-sample stocks  from ...........f                                                                                                                                             

January 1987 to December 2013 

The figure shows the number of stocks in the in-sample window from January 1987 to December 2013. The 

vertical line separates the first out-of-sample period (January 1987 - December 1999) and second out-of-sample 

period (January 2000 - December 2013). 

 

the third period is over the entire data sample, it includes 351 out-of-sample windows. The 

starting portfolio,       for all portfolios is an equally-weighted portfolio. Table 1 lists all 

portfolio strategies in this study. 

Table 1. List of portfolio strategies. 

# Description Equation(s) Abbreviation 

Panel A. No Constraints  

1. Mean-variance portfolio without additional constraints (2.9) MV 

Panel B. Holding Constraints  

2. 
Mean-variance portfolio with homogenous upper bound 

constraint 
(2.9), (2.10) UB 

3. Mean-variance portfolio with homogenous 1/N constraint (2.9), (2.11) HC 

4. Mean-variance portfolio with variance-based constraint   (2.9), (2.12) VBC 

5. Mean-variance portfolio with global variance-based constraint (2.9), (2.13) GVBC 

Panel C. Turnover Constraint   

6. Mean-variance portfolio with turnover constraint (2.9), (2.14) TC 

Panel D. Holding and Turnover Constraint   

7. Mean-variance portfolio with holding and turnover constraints (2.9), (2.14), (?) HTC 

Panel E. Benchmark Portfolio  

8. Naïve (Equally-weighted) portfolio  1/N 

The table lists all considered strategies in this study and their abbreviation. All portfolios are long-only 

constrained and subjected to transaction costs in the optimization process. Panel A lists the mean-variance 

strategy without any additional constraints. Panel B lists the portfolios where holding constraints have been 

added. Panel C lists the turnover constrained portfolio. Panel D lists the holding and turnover constrained 

portfolio, and Panel E lists the benchmark naïve portfolio. The double constrained portfolio uses the “best” 

holding constraint, which is explored in the next chapter.  
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3.4 EVALUATING PERFORMANCE  

My key performance measurement is the out-of-sample Sharpe ratio,    ̂. In addition to 

Sharpe ratio, I evaluate the out-of-sample performance of the strategies using five 

measurements: The portfolio return,  ̂ , the portfolio variance,  ̂ , the turnover,    , the 

return-loss,    , and the evolution of wealth,    (DeMiguel et al., 2009; Behr et al., 2013) 

 ̂  
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Here,    is the return on the risk-free asset,   is total number of out-of-sample periods,      is 

the portfolio net return at time  ,   and   denote two different strategies, and  ̅     denotes the 

current weights of the existing portfolio at the end of period  , including the shift in weights 

due to the returns over the period.  

Portfolio variance and return measure how well the objective is met of minimizing risk while 

attaining the minimum rate of return. As turnover volume is directly associated with 

transaction costs, I compute portfolio turnover, defined as the average sum of the absolute 

values of all trades. In addition to portfolio return, I compute the evolution of wealth which 

shows the monetary increase in wealth net of transaction costs of each strategy during the 

sample period. The measurement assumes that $1 is invested in the beginning of the period.  

The return-loss is measured as a complement to the Sharpe ratio. It shows the additional 

return that would be needed for the strategy k to perform as well as the benchmark strategy b 

in terms of risk-adjusted return (DeMiguel et al., 2009). A positive return-loss shows the 

additional return needed to perform as well as the benchmark strategy, while a negative value 

shows the loss in return of undertaking the benchmark strategy.  



Alan Ramilton 

The Benefits of Constraints in the Presence of Transaction Costs 
16 

 
The most natural and standardized performance measurement is the Sharpe ratio (Sharpe, 

1966). It measures the excess return per unit of risk and prevents portfolios to be evaluated 

solely on return, since high average returns are typically obtained by higher risk. Thus, the 

Sharpe ratio rewards low risk portfolios that earn high average returns. I employ Ledoit and 

Wolf (2008)’s studentized circular block bootstrap to test whether differences in Sharpe ratio 

are statistically significant. The optimal block size is calculated in each test and I base the t-

statistics and p-values on 5,000 bootstrap iterations. In contrast to Jobson and Korkie (1981)’s 

method [later revisited by Memmel (2003)] of Sharpe ratio hypothesis testing, the robust 

method suggested by Ledoit and Wolf (2008) considers both that the return distribution may 

suffer from heavier tails than normal and that the data is of time series nature. I report the 

two-sided p-value for the null hypothesis that strategy k’s Sharp ratio is equal to strategy b’s 

     ̂    ̂     (3.9) 

The method constructs a confidence interval for the differences in Sharpe ratio and declares 

that the two ratios are different if zero is not contained in the obtained interval. I interpret the 

differences as statistically significant if the two-sided p-value is below 0.1 (Behr et al., 2013).  

4. EMPIRICAL RESULTS AND PERFORMANCE ANALYSIS 

This section consists of the empirical results and analysis of the out-of-sample performance of 

the portfolio. First, I find the optimal constrained holding and turnover portfolios. The two 

optimal portfolios of each constraint are used in the analysis against the long-only portfolio, 

as is the optimized portfolio with both constraints. The testing of different constrain values 

illustrates the effects on performance of tightening the constraint. Second, I present the results 

and analyze the benefits of constraining the portfolio additionally as opposed to only 

imposing the long-only constraint.  

4.1 FINDING THE OPTIMAL CONSTRAINED PORTFOLIOS 

The optimal value of the constraint is always debatable as it may vary over time and across 

samples. It is impossible for the investor to know the optimal value ex-ante; therefore, the 

selected value may be non-optimal. The optimal upper bound may depend on the assets under 

consideration and the number of assets. As such, the constantly changing population provides 

some robustness to the results.  
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In this section, I briefly summarize the results of the different constraint values and the 

subsequent loss and gain in performance by tightening the constraint. These tests will be 

conducted over the longer period, from January 1987 to December 2013.  In order to find the 

best holding constraint, I also evaluate the performance of the homogenous constraints, VBC 

and GBC with their respective optimal constraint value.  

4.1.1 THE OPTIMAL HOLDING CONSTRAINED PORTFOLIO 

Levy and Levy (2014) finds that the best performance was obtained by the GVBC at an upper 

bound constraint of 4 percent. However, their sample consisted of 100 stocks. As this study 

has in some instances over 250 stocks in-sample, the constraint should be more effective with 

lower values. Thus, the chosen upper bound values are 

                            and            

For UB,    and    are infeasible when the number of in-sample firms are less than 200 and 

100, respectively; as such, UB is only tested with    and     The out-of-sample monthly 

Sharpe ratio, annualized portfolio variance and return, mean number of holdings more or 

equal to 1/N (i.e. the weight allocated to each asset by the naïve strategy) in percentage of the 

population and portfolio turnover are summarized in Table 2. The best performer within each 

strategy in each measurement is in bold.  Portfolio variance and return are annualized through 

multiplication by 12.  

The reasoning behind the VBC extension is that the inputs of assets with relatively high 

variance have relatively large estimation errors. Thus, the constraint should be tighter for 

these assets and more confident is placed on less volatile assets. GVBC also takes advantage 

of the return forecast in the constraint, such as an asset with a higher return forecast, all else 

being equal, has a looser constraint. Although the concepts of these extensions are rational, 

panel A displays that, in contrast to Levy and Levy (2014), the homogenous constraints 

perform better in terms of Sharpe ratio than VBC and GVBC.  

Since GVBC includes the return forecast when deciding the constraint value, this could also 

be the result of input parameters with a great deal of estimation errors. By loosening the 

constraint on the basis of forecasted returns and/or covariances suggests that the forecast 

values are reliable. In this case, the homogenous constraints could outperform VBC and 

GVBC on the basis of hedging to a greater extent against estimation errors. Consequently, a 

better forecast model could provide different results.  
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Table 2. Holding Constrained Portfolios, January 1987 – December 2013 

Panel A. Sharpe ratio,   ̂  

Strategy                           

UB - - 0.1634 0.1611 

HC 0.1586 0.1665 0.1604 0.1599 

VBC 0.1385 0.1503 0.1454 0,1247 

GVBC 0.1510 0.1541 0.1382 0.1151 

Panel B. Annualized portfolio variance,  ̂  

Strategy                           

UB - - 0.0226 0.0182 

HC 0.0273 0.0234 0.0201 0.0178 

VBC 0.0267 0.0213 0.0170 0.0156 

GVBC 0.0229 0.0191 0.0163 0.0159 

Panel C. Annualized portfolio return,  ̂ 

Strategy                           

UB - - 14.57% 13.49% 

HC 15.25% 14.98% 13.89% 13.35% 

VBC 13.86% 13.59% 12.43% 11.13% 

GVBC 13.94% 13.33% 11.91% 10.73% 

Panel D. Portfolio turnover, TRN 

Strategy                           

UB - - 17.93% 19.08% 

HC 15.05% 16.44% 18.52% 19.18% 

VBC 15.57% 17.19% 18.47% 18.78% 

GVBC 13.20% 15.09% 17.69% 19.19% 

Panel E. Mean % of holdings more or equal to 1/N 

Strategy                          

UB - - 30.41% 20.68% 

HC 49.70% 35.71% 25.55% 19.66% 

VBC 37.08% 28.13% 19.92% 15.74% 

GVBC 37.12% 29.31% 20.31% 15.22% 

The table displays the monthly out-of-sample Sharpe ratio (Panel A), annualized portfolio variance (Panel B) 

and return (Panel C), number of holdings more or equal to 1/N (Panel D) and portfolio turnover (Panel E) from 

January 1987 to December 2013. “UB” abbreviates the mean-variance portfolio with homogenous upper bound 

constraint, “HC” abbreviates mean-variance portfolio with homogenous 1/N constraint, “VBC” abbreviates the 

mean-variance portfolio with variance-based constraint, and “GVBC” abbreviates the mean-variance portfolio 

with global variance-based constraint. The out-of-sample monthly Sharpe ratio is the excess return over the risk-

free asset per unit of risk. Mean % of holdings shows the mean number of weights more or equal to 1/N in 

percentage to the population. Portfolio turnover is the amount of trading each month induced by the strategy. The 

bolded figures are the best performers within each strategy in each measurement. Portfolio variance and return 

are annualized through multiplication by 12.  

 

The 1 percent upper bound for VBC and GVBC corresponds to the 4 percent upper bound for 

the homogenous constrained portfolios in terms of diversification.  As Table 2 illustrates, a 

tighter constraint effects the degree of diversification (as expected), and it directly reduces 

portfolio turnover (Panel D). A higher degree of diversification and a reduced portfolio 

turnover do, in turn, increase portfolio return at the expense of increased portfolio variance. 

On the other hand, it is worth noting that VBC and GVBC do realize lower risk (Panel B) – 
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the model’s main objective – than the homogenous constraints while exceeding the minimum 

acceptable rate of return of 5 percent annually (Panel C).  

4.1.2 THE OPTIMAL TURNOVER CONSTRAINED PORTFOLIO 

As the mean-variance framework in the presence of transaction costs does take portfolio 

turnover into consideration, the turnover upper bounds are set at lower values than Schreiner 

(1980). The values I use in finding the optimal constraint value are  

                                        and                  

Table 3 displays the out-of-sample monthly Sharpe ratio, annualized portfolio variance and 

return, mean number of holdings more or equal to 1/N in percentage of the population and 

portfolio turnover.  The relationship between turnover and weight bounds becomes clearer in 

Table 3. As with upper bounds on weights, tighter turnover constraints results in more 

diversified portfolios, higher returns and higher risk. I find the 5 percent turnover constraint 

performed best in terms of Sharpe ratio, thus the gain in portfolio return due to tightening the 

constraint exceeds the subsequent gain in risk.  

Table 3. Turnover Constrained Portfolios, January 1987 – December 2013 

Performance measurements                                            

Sharpe ratio,   ̂ 0.1318 0.1172 0.1100 0.1121 

Annualized portfolio variance,  ̂  0.0184 0.0175 0.0168 0.0165 

Annualized portfolio return,  ̂ 12.02% 11.10% 10.63% 10.68% 

Portfolio turnover, TRN 6.45% 10.39% 13.94% 16.05% 

Mean % of holdings more or equal to 

1/N 
17.88% 16.08% 15.44% 15.15% 

The tables displays the monthly out-of-sample Sharpe ratio, annualized portfolio variance and return, mean 

number of holdings more or equal to 1/N in percentage to the population and portfolio turnover from January 

1987 to December 2013 for turnover constrained portfolios. The out-of-sample monthly Sharpe ratio is the 

excess return over the risk-free asset per unit of risk. Mean % of holdings shows the mean number of weights 

more or equal to 1/N in percentage to the population. Portfolio turnover is the amount of trading each month 

induced by the strategy. The bolded figures are the best performers within each performance measurement. 

Portfolio variance and return are annualized through multiplication by 12.  

4.2 CONSTRAINING THE LONG-ONLY PORTFOLIO  

In the previous section, I showed that the 1 percent constrained HC and the 5 percent 

constrained TC are the top performers within each constraint. As such, I also provide the 

results of the strategy that is both 1 percent homogenous 1/N constrained and 5 percent 

turnover constrained, hereafter referred to as HTC. These three portfolios are further analyzed 

in order to compute the potential benefits of additional constraints in the presence of 

transaction costs. Table 4 summarizes the out-of-sample performance of MV, HC, TC, HTC, 

and 1/N in the first period (January 1987 - December 1999), in the second period (January 
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2000 - December 2013) and in the third period (January 1987 - December 2013). Again, 

“MV” abbreviates the mean-variance portfolio without additional constraints (i.e. long-only) 

and “1/N” abbreviates the naïve, equally-weighted, portfolio. On the other hand, in this 

section “HC” refers to the 1 percent homogenous 1/N constrained mean-variance portfolio 

and “TC” refers to the 5 percent turnover constrained mean-variance portfolio. 

As expected, MV is less diversified than the other strategies. The long-only strategy invests 

the majority of the initial wealth in approximately 15 out of 100 assets. Although MV is less 

risky than the constrained portfolios, the cost of lower risk is lower return and therefore lower 

increase in wealth. As Panel C shows, $1 invested in MV yields the least in monetary growth 

compared to the other strategies over the first and third period. The exception is the second 

period, where MV averaged 12.30 percent in annual portfolio return – only beaten by HC.  

In period 1, MV attained a negative Sharpe ratio. This is much due to the high rate of return 

on the risk-free asset from January 1987 to December 1999. The return on the risk-free asset 

ranged from 40.17% annually in September 1992 to 2.89% annually in April 1999. 

Nonetheless, the best performer in terms of Sharpe ratio in Period 1 is HTC (0.1308). The 

result of the robust hypothesis testing shows that the difference is statistically significant at 

the 0.1 level. Panel A also displays that the p-value of difference between HC’s and MV’s 

Sharpe ratio is 0.107, i.e. close to significant. The hypothesis tests over the second and third 

period show that none of the constrained portfolios performs statistically better in terms of 

Sharpe ratio.  Thus, as many before me have pointed out, the results vary over time and over 

samples. In period 2, MV attains a higher Sharpe ratio than all other strategies. 

Figure 1 illustrates the market index during all three periods. The second period was more 

volatile than the first period, experiencing strong bear and bull markets. One explanation of 

the difference in MV’s performance is that it picks few stabile companies to the portfolio; 

companies that are less sensitive to the macro environment than smaller and more volatile 

companies. Thus, the strategy may be more efficient during uncertain periods. For MV to 

perform equal to HTC in terms of risk-adjusted return in period 1, MV needs to attain 

additionally 0.46% in return each month. The return-loss measurement shows that each 

constrained portfolio would have to lose some return each month to perform equally to MV. 

Although this is true for period 1, period 2 displays the opposite where, for instance, HTC 

needs to attain additionally 0.16% in monthly return to achieve the same risk-adjusted return 

as the MV. 
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Table 4. Empirical Results – All Periods  

Panel A.  

Period 1, January 1987 – December 1999 

 

Performance measurements MV HC (1%) TC (5%) HTC (1%, 5%) 1/N 

Sharpe ratio,   ̂ -0.0002 0.1262 0.0529 0.1308 0.1106 

     ̂    ̂  = 0 (p-value) (1.000) (0.107) (0.231) (0.098*) (0.495) 

       

Return-Loss,        0.0000 -0.0045 -0.0016 -0.0046 -0.0028 

Annualized portfolio variance,  ̂  0.0164 0.0270 0.0219 0.0279 0.0447 

Annualized portfolio return,  ̂ 8.21% 16.63% 11.48% 17.04% 17.66% 

End period wealth,   $2.69 $7.19 $3.99 $7.54 $7.25 

Portfolio turnover, TRN 18.6% 17.38% 6.92% 7.82% 10.69% 

Mean % of holdings more or 

equal to 1/N 
15.15% 41.78% 20.66% 44.82% 100% 

Mean maximum portfolio weight 35.29% 2.21% 29.39% 2.14% 1.10% 

Panel B.  

Period 2, January 2000 – December 2013 

 

Performance measurements MV HC (1%) TC (5%) HTC (1%, 5%) 1/N 

Sharpe ratio,   ̂ 0.2145 0.1999 0.2005 0.1836 0.0950 

     ̂    ̂  = 0 (p-value) (1.000) (0.499) (0.539) (0.281) (0.008**) 

       

Return-Loss,        0.0000 0.0008 0.0004 0.0016 0.0081 

Annualized portfolio variance,  ̂  0.0157 0.0198 0.0149 0.0204 0.0388 

Annualized portfolio return,  ̂ 12.30% 12.81% 11.40% 12.06% 9.21% 

End period wealth,   $5.17 $5.35 $4.60 $4.81 $2.83 

Portfolio turnover, TRN 20.83% 16.21% 5.82% 6.27% 10.52% 

Mean % of holdings more or 

equal to 1/N 
16.30% 32.03% 23.59% 38.50 % 100% 

Mean maximum portfolio weight 12.22% 1.92% 10.41% 1.80% 0.72% 

Panel C. 

Period 3, January 1987 – December 2013 
Performance measurements MV HC (1%) TC (5%) HTC (1%, 5%) 1/N 

Sharpe ratio,   ̂ 0.1108 0.1665 0.1318 0.1647 0.1057 

     ̂    ̂  = 0 (p-value) (1.000) (0.387) (0.535) (0.443) (0.146) 

       

Annualized portfolio variance,  ̂  0.0161 0.0235 0.0184 0.0242 0.0416 

End period wealth,   $15.05 $42.58 $21.33 $42.50 $22.02 

The table reports the out-of-sample results of the MV, HC, TC, HTC and N portfolio. Panel A displays the 

results of the first period, January 1987 – December 1999. Panel B displays the results of the second period, 

January 2000 – December 2013, and Panel C displays the results over both samples. “MV” abbreviates the 

mean-variance portfolio without additional constraints (i.e. long-only), “HC” abbreviates the 1 percent 

homogenous 1/N constrained mean-variance portfolio ,”TC” abbreviates the 5 percent turnover constrained 

mean-variance portfolio, “HTC” abbreviates the 1 percent homogenous 1/N constrained and 5 percent turnover 

constrained mean-variance portfolio, and “1/N” abbreviates the naïve, equally-weighted, portfolio. The out-of-

sample monthly Sharpe ratio is the excess return over the risk-free asset per unit of risk. To compute the p-value 

of the hypothesis testing, I follow the method proposed by Ledoit and Wolf (2008).  The null hypothesis is 

rejected at the 0.1 level of significance. One, two or three stars (*) is printed if the null hypothesis is rejected at 

either the 0.1, 0.01 or 0.001 level. Return-Loss measures the loss or gain in risk-adjusted return by undertaking 

the benchmark strategy, MV. Portfolio variance and return are annualized through multiplication by 12. The 

bolded figures are the best performers within each panel (the naïve portfolio is excluded here). 
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All optimized portfolios attain the minimum rate of rate at 5 percent annually. As such, an 

important discussion is that MV actually performed better in terms of attaining the target 

portfolio. The optimization problem is set to minimize risk while attaining an annual return of 

minimum 5 percent. Depending on investor preferences, this suggests that the benefits of 

constraining the portfolio are actually negative and that MV outperformed all other strategies. 

Only VBC and GVBC outperformed MV in the third period in terms of attaining the target 

portfolio. Therefore, one can question the use of Sharpe ratio as the preferred performance 

measurement in cases when the target portfolio in the optimization problem is not the ex-ante 

maximum Sharpe ratio portfolio.   

4.2.1 BENEFITS OF TURNOVER CONSTRAINTS  

Much of the criticism against the original mean-variance optimizer is that it neglects the cost 

of trading. Therefore, the idea of benefiting by turnover constraining the optimization 

problem, put forth by Schreiner (1980), is rational. While this logic may hold when 

transaction costs are excluded in the optimization process, I find that the benefits are low and 

not significant when transaction costs are included in the optimizer. Although the turnover 

constraint lowers transaction costs by lowering portfolio turnover, it does not make the 

portfolio significantly more diversified: an attribute important to increase portfolio return. By 

not creating well diversified portfolio, TC behaves almost identically as MV. Additionally, at 

a monthly rebalancing period, the long-only portfolio average turnover is less than 20 percent 

– indicating that turnover constraints may be unnecessary. Thus, my results are not in line 

with Michaud (1989)’s recommendation of adding a turnover (or transaction cost) constraint; 

that is, if transaction costs are included in the optimization problem.  

Furthermore, the rolling horizon scheme used in this study moves the in-sample window 1 

month forward at each rebalancing period, and by that, marginally changes the input 

parameters. Consequently, the scheme only marginally changes the forecasted inputs and the 

optimization results. However, if the in-sample window is 1 year instead of 5 years, the 

forecasted values and the optimization results may be widely different from the previous 

month, thereby significantly increasing portfolio turnover. Put differently, the turnover 

constraint should theoretically be more beneficial if the forecasted inputs are widely different 

at each rebalancing point and have a great deal of estimation errors.  
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4.2.2 BENEFITS OF HOLDING CONSTRAINTS  

In the first period, HC attained a 1340 percent higher monthly Sharpe ratio than MV. In the 

third period, HC attained an approximately 50 percent higher Sharpe ratio than MV. 

However, the Sharpe ratio hypothesis tests show that the differences are not statistically 

significant. As Table 2 reports, for the third period, all holding constrained portfolios (with 

one exception) achieve equal or higher Sharpe ratio than MV. Although not statistically 

significant, it indicates that it may be beneficial to impose a holding constraint.  

The discussion of the benefits of diversification has been more or less centered on the 

increased risk control. The general purpose for creating a portfolio is to reduce overall risk 

through diversification (Sereda et al., 2010).  While Behr et al. (2013) finds that the upper 

bound does not increase portfolio variance significantly expect in one dataset, I find that it 

increases portfolio variance in all samples – except when it comes to VBC and GVBC. An 

important difference between this study and Behr et al. (2013), is that this study includes 

transaction costs in the problem as well as Behr et al. (2013) looks at minimum-variance 

portfolios.  

The outcome of increased diversification is increased risk and increased return. There is a 

consensus that stock returns are difficult to predict (Michaud, 1989), whereas return variance 

and covariance estimates are more accurate (Merton, 1980). As such, the diversification effect 

on portfolio return and risk can be explained by the optimizer’s strength to pick the low 

volatile stocks, as the inputs are more accurate than the return forecasts. Imposing a holding 

constraint to make the portfolio more diversified consequently results in a larger number of 

stocks in the portfolio, which increases portfolio risk to some extent, but more importantly, 

hedges against estimation errors in the return forecast and increases portfolio return. 

As for both holding and turnover constraining the portfolio, I find that the benefits are 

marginal and in some instances negative. I find that the holding constraint portfolio by itself 

performs equal if not better than the double constrained portfolio, except in period 1. Of 

course, it is possible to find the perfect balance between the constraint values. However, Table 

4 shows that the results vary over time and over samples, and a further examination may still 

not be applicable to other samples.  HC does exhibit lower risk than HTC in in all periods, 

and attain a higher Sharpe ratio in period 2 and 3. 
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4.2.3 EVOLUTION OF WEALTH 

Figure 3 shows the evolution of wealth during the sub periods and the complete period. Worth 

noting is that the financial crises in Sweden during the early 1990s did reduce wealth for the 

strategies by up to 50%, whereas the dot-com bubble in 2000 had practically no effect on 

wealth. This can be explained by the conditions put forth on the assets to be included in the 

in-sample window, i.e. the companies affected by the crises were not included in the in-

sample window. Here, the benefits of implementing MV during uncertain periods are again 

exemplified. During the financial crises of 2007-2008, MV lost only 30 percent in wealth, 

while 1/N and the market fell by more than 50 percent. The figure illustrates the differences in 

performance during different time-periods, and the problem of choosing a strategy based on 

one sample alone as well as one measurement alone. 

4.3 WHAT ABOUT THE NAÏVE 1/N STRATEGY?   

Many studies suggest that the naïve strategy in many cases outperform the mean-variance 

optimization (DeMiguel et al., 2009; Michaud, 1989). Ramilton (2014) finds that the mean-

variance optimization outperforms the naïve strategy. However, the study does not take 

transaction costs into account. The out-of-sample results in Table 4 and in Figure 3 show that 

the naïve strategy perform well in comparison to MV in the first period, while realizing a 

significantly lower Sharpe ratio than MV in the second period. As expected, the 1/N exhibits 

higher risk than the optimized portfolios and its monthly turnover is relatively low.  

While the higher risk resulted in the highest annualized portfolio return (17.66%) in period 1, 

the outcome of the additional risk undertaken by the strategy was non-rewarding in period 2 

and the strategy attained the lowest return in the sample (9.21%). In the third and complete 

period, I find that the naïve strategy performed marginally worse than the optimized 

strategies. In conclusion, MV does not directly undermine the naïve strategy. However, HC 

and HTC performed better than MV overall. As such, Table 5 displays the results of the null 

hypothesis that HC is equal to 1/N and that HTC is equal to 1/N in terms of Sharpe ratio 

performance.  

I find that HTC realize significantly higher Sharpe ratio than 1/N in all three periods and that 

HC realize significantly higher Sharpe ratio in the second and third period. Thus, if an 

individual investor is faced with proportional transaction costs, my results indicate that one is  
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The figures show the evolution of wealth of $1 invested during the two sub-periods (January 1987 – December 

1999, January 2000 – December 2013) and the entire sample (January 1987 – December 2013). “MV” 

abbreviates the mean-variance portfolio without additional constraints (i.e. long-only), “HC” abbreviates the 1 

percent homogenous 1/N constrained mean-variance portfolio ,”TC” abbreviates the 5 percent turnover 

constrained mean-variance portfolio, “HTC” abbreviates the 1 percent homogenous 1/N constrained and 5 percent 

turnover constrained mean-variance portfolio, and “1/N” abbreviates the naïve, equally-weighted, portfolio. 
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better off optimizing the equity portfolio rather than following the 1500-year-old Talmudic 

diversification recommendation
3
. 

5. CONCLUSION 

In this paper, I study the benefits of imposing constraints on the long-only mean-variance 

optimization in the presence of transaction costs. Earlier studies have often viewed these 

extensions of the original portfolio problem separate and found compelling evidence of 

employing each of them. Theoretically, once transaction costs are included in the portfolio 

rebalancing model, the optimizer should avoid large trades and broaden diversification 

because of the direct impact of transaction costs on performance; thereby limiting the benefits 

of both holding and turnover constraints.  

By employing the portfolio rebalancing model developed by Mitchell and Braun (2003) –  

which accounts for transaction costs in the beginning of the period and solves the issue with 

simultaneous buying and selling assets – my results on Swedish asset returns indicate that 

there are, primarily, benefits of holding constraints, which realized higher Sharpe ratio than 

the long-only portfolio in two periods. The gain in Sharpe ratio amounted to 1340 and 50 

percent in the first and third period, respectively, whereas the benefits of turnover constraints 

in the presence of transaction costs are marginal. However, the long-only mean-variance 

optimization is only statistically significantly outperformed in one occasion.   

                                                 
3
 “A man should always place his money, one-third into land, a third into merchandise and keep a third in hand” 

(Duchin and Levy, 2009) 

Table 5. HC and HTC versus 1/N  

 Jan 1987 – Dec 1999 Jan 2000 – Dec 2013 Jan 1987 – Dec 2013 

     ̂     ̂         

(p-value) (0.961) (0.002**) (0.060*) 

     ̂      ̂         

(p-value) (0.092*) (0.002**) (0.002**) 

The tables displays test results of the robust Sharpe ratio hypothesis testing. To compute the t-statistics and p-

value of the hypothesis testing, I follow the method proposed by Ledoit and Wolf (2008).  The null hypothesis is 

rejected at the 0.1 level of significance. One, two or three stars (*) is printed if the null hypothesis is rejected at 

either the 0.1, 0.01 or 0.001 level. “HC” abbreviates the 1 percent homogenous 1/N constrained mean-variance 

portfolio, “HTC” abbreviates the 1 percent homogenous 1/N constrained and 5 percent turnover constrained 

mean-variance portfolio, and “1/N” abbreviates the naïve, equally-weighted, portfolio. 
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The long-only portfolio does attain lower risk than the constrained portfolios. This merely 

strengthens the hypothesis that covariance estimates are relatively accurately measured. By 

restricting the portfolio to be more diversified through a holding constraint, the mean-variance 

optimization hedges against the less accurate return forecasts and places the investment in 

more assets. Put differently, the increase in risk due to diversification is less than the 

subsequent increase in return and thereby beneficial in terms of Sharpe ratio performance.  

Another important detail is that the long-only portfolio’s Sharpe ratio performance in all three 

periods are widely different, which exemplifies the implication of holding few assets in the 

portfolio (15 out of 100); thus, supporting much of the literature on the uncertainty of the 

portfolio optimizer’s performance. The most important benefit of the holding constraint is that 

it takes advantage over the most important aspect in portfolio selection – diversification – 

thereby providing more stable results.   

Future research should study the differences in performance in bear and bull markets. For 

instance, I find that the long-only portfolio performs well in bear markets, such as in the 

financial crises of 2007-2008 in comparison to the additionally constrained portfolios, and to 

the naïve portfolio. 

  



Alan Ramilton 

The Benefits of Constraints in the Presence of Transaction Costs 
28 

 

6. REFERENCES 

Adcock, C.J., Meade, N., 1994. A simple algorithm to incorporate transactions costs in 

quadratic optimisation. European Journal of Operational Research 79, 85–94. 

Baumann, P., Trautmann, N., 2013. Portfolio-optimization models for small investors. 

Mathematical Methods of Operations Research 77, 345–356. 

Behr, P., Guettler, A., Miebs, F., 2013. On portfolio optimization: Imposing the right 

constraints. Journal of Banking & Finance 37, 1232–1242. 

Bengtsson, C., Holst, J., 2002. On portfolio selection: Improve Covariance matrix estimation 

for Swedish Asset returns. Technical Report, Department of Economics, Lund 

University, Sweden. 

Best, M.J., Hlouskova, J., 2005. An Algorithm for Portfolio Optimization with Transaction 

Costs. Management Science 51, 1676–1688. 

Black, F., Litterman, R., 1992. Global Portfolio Optimization. Financial Analysts Journal 48, 

28–43. 

Borkovec, M., Domowitz, I., Kiernan, B., Serbin, V., 2010. Portfolio Optimization and the 

Cost of Trading. Journal of Investing 19, 63–76. 

Chiyachantana, C., Jain, P.K., Jiang, C., Wood, R.A., 2004. International Evidence on 

Institutional Trading Behavior and Price Impact. Journal of Finance 59, 869–898. 

Chopra, V.K., Ziemba, W.T., 1993. The Effect of Errors in Means, Variances, and 

Covariances on Optimal Portfolio Choice. Journal of Portfolio Management 19, 6–11. 

Clarke, R., Silva, H. de, Thorley, S., 2002. Portfolio Constraints and the Fundamental Law of 

Active Management. Financial Analysts Journal 58, 48–66. doi:10.2307/4480417 

Dahlquist, M., Engström, S., Söderlind, P., 2000. Performance and Characteristics of Swedish 

Mutual Funds. Journal of Financial & Quantitative Analysis 35, 409–423. 

DeMiguel, V., Garlappi, L., Uppal, R., 2009. Optimal versus Naive Diversification: How 

Inefficient Is the 1/N Portfolio Strategy? The Review of Financial Studies 22, 1915–

1953. doi:10.2307/30226017 

DeMiguel, V., Mei, X., Nogales, F.J., 2014. Multiperiod Portfolio Optimization with Many 

Risky Assets and General Transaction Costs. 

Duchin, R., Levy, H., 2009. Markowitz Versus the Talmudic Portfolio Diversification 

Strategies. Journal of Portfolio Management 35, 71–74. 

Elton, E.J., 1999. Expected Return, Realized Return, and Asset Pricing Tests. The Journal of 

Finance 54, 1199–1220. doi:10.2307/798003 



Alan Ramilton 

The Benefits of Constraints in the Presence of Transaction Costs 
29 

 
Elton, E.J., Gruber, M.J., 1973. Estimating the Dependence Structure of Share Prices--

Implications for Portfolio Selection. The Journal of Finance 28, 1203–1232. 

doi:10.2307/2978758 

Engle, R., Ferstenberg, R., Russell, J., 2012. Measuring and Modeling Execution Cost and 

Risk. Journal of Portfolio Management 38, 14–28. 

Fabozzi, F.J., Focardi, S.M., Kolm, P.N., 2010. Quantitative Equity Investing: Techniques 

and Strategies, Frank J. Fabozzi Series. Wiley. 

Frost, P.A., Savarino, J.E., 1988. For better performance: Constrain portfolio weights. Journal 

of Portfolio Management 15, 29–34. 

Green, R.C., Hollifield, B., 1992. When Will Mean-Variance Efficient Portfolios Be Well 

Diversified? Journal of Finance 47, 1785–1809. 

Ince, O.S., Porter, R.B., 2006. Individual Equity Return Data from Thomson Datastream: 

Handle with Care! Journal of Financial Research 29, 463–479. 

Jagannathan, R., Ma, T., 2003. Risk Reduction in Large Portfolios: Why Imposing the Wrong 

Constraints Helps. Journal of Finance 58, 1651–1684. 

Jobson, J.D., Korkie, B.M., 1981. Performance Hypothesis Testing with the Sharpe and 

Treynor Measures. The Journal of Finance 36, 889–908. doi:10.2307/2327554 

Jorion, P., 1985. International Portfolio Diversification with Estimation Risk. The Journal of 

Business 58, 259–278. doi:10.2307/2352997 

Jorion, P., 1986. Bayes-Stein Estimation for Portfolio Analysis. The Journal of Financial and 

Quantitative Analysis 21, 279–292. doi:10.2307/2331042 

Kallberg, J.G., Ziemba, W.T., 1984. Mis-Specifications in Portfolio Selection Problems, in: 

Bamberg, G., Spremann, K. (Eds.), Risk and Capital, Lecture Notes in Economics and 

Mathematical Systems. Springer Berlin Heidelberg, pp. 74–87. 

Kolm, P.N., Tütüncü, R., Fabozzi, F.J., 2013. 60 Years of Portfolio Optimization: Practical 

Challenges and Current Trends. European Journal of Operational Research. 

doi:10.1016/j.ejor.2013.10.060 

Ledoit, O., Wolf, M., 2003. Improved estimation of the covariance matrix of stock returns 

with an application to portfolio selection. Journal of Empirical Finance 10, 603–621. 

doi:10.1016/S0927-5398(03)00007-0 

Ledoit, O., Wolf, M., 2004. Honey, I Shrunk the Sample Covariance Matrix. Journal of 

Portfolio Management 30, 110–119. 



Alan Ramilton 

The Benefits of Constraints in the Presence of Transaction Costs 
30 

 
Ledoit, O., Wolf, M., 2008. Robust performance hypothesis testing with the Sharpe ratio. 

Journal of Empirical Finance 15, 850–859. doi:10.1016/j.jempfin.2008.03.002 

Levy, H., Levy, M., 2014. The benefits of differential variance-based constraints in portfolio 

optimization. European Journal of Operational Research 234, 372–381. 

doi:10.1016/j.ejor.2013.04.019 

Li, Z.-F., Wang, S.-Y., Deng, X.-T., 2000. A linear programming algorithm for optimal 

portfolio selection with transaction costs. International Journal of Systems Science 31, 

107–117. 

Lobo, M.S., Fazel, M., Boyd, S., 2007. Portfolio optimization with linear and fixed 

transaction costs. Annals of Operations Research 152, 341–365. 

Memmel, C., 2003. Performance Hypothesis Testing with the Sharpe Ratio. Finance Letters 1. 

Merton, R.C., 1980. On estimating the expected return on the market: An exploratory 

investigation. Journal of Financial Economics 8, 323–361. doi:10.1016/0304-

405X(80)90007-0 

Meucci, A., 2001. Common Pitfalls in Mean-Variance Asset Allocation. Wilmott technical 

article. 

Meucci, A., 2011. “The Prayer”Ten-Step Checklist for Advanced Risk and Portfolio 

Management. Ten-Step Checklist for Advanced Risk and Portfolio Management 

(February 2, 2011). 

Michaud, R., 1989. The Markowitz Optimization Enigma: Is Optimized Optimal. Financial 

Analysts Journal 45, 31–42. 

Michaud, R.O., 1998. Efficient asset management: a practical guide to stock portfolio 

optimization and asset allocation, Financial Management Association survey and 

synthesis series. Harvard Business School Press. 

Mitchell, J.E., Braun, S., 2003. Rebalancing an investment portfolio in the presence of 

transaction costs. 

Pogue, G.A., 1970. An Extension of the Markowitz Portfolio Selection Model to Include 

Variable Transactions’ Costs, Short Sales, Leverage Policies and Taxes. The Journal 

of Finance 25, 1005–1027. doi:10.2307/2325576 

Ramilton, A., 2014. Should you optimize your portfolio?: On portfolio optimization: The 

optimized strategy versus the naïve and market strategy on the Swedish stock market. 

(Student paper). Uppsala universitet. 

Scherer, B., 2004. Portfolio Construction and Risk Budgeting. Risk Books. 



Alan Ramilton 

The Benefits of Constraints in the Presence of Transaction Costs 
31 

 
Schreiner, J., 1980. Portfolio Revision: A Turnover-Constrained Approach. Financial 

Management (1972) 9, 67–75. 

Sereda, E., Bronshtein, E., Rachev, S., Fabozzi, F., Sun, W., Stoyanov, S., 2010. Distortion 

Risk Measures in Portfolio Optimization, in: Guerard, J., Jr. (Ed.), Handbook of 

Portfolio Construction. Springer US, pp. 649–673. 

Sharpe, W.F., 1966. Mutual Fund Performance. Journal of Business 39, 119. 

 

  



Alan Ramilton 

The Benefits of Constraints in the Presence of Transaction Costs 
32 

 

APPENDIX A. DERIVING THE QP PROBLEM 
Mitchell and Braun (2003) illustrates that the FQP problem can be made quadratic using the 

technique of replacing the denominator by a square of the reciprocal of a variable. Let 

  
 

   
  (A.1) 

And then define 

 ̂          ̂         and    ̂      (A.2) 

Since  ̂  and  ̂  are constrained to be nonnegative,   must be equal or larger than 1. By 

multiplying the first three constraints in Equation (2.9) by   and adding an additional 

constraint of   ̂    , the QP problem becomes 
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Once the solution (  ̂  ̂   ̂    ) to the QP are found, one can find the solution to the original 

FQP problem by rescaling         by   :    
 ̂

 
    

 ̂ 

 
    

 ̂ 

 
  

However, if the investor has low or none return requirements, the optimal solution may not be 

complementary. To find the optimal solution that is complementary, the authors show that it 

involves solving a linear programming (LP) problem. Let  ̂  ̂   ̂    be the optimal solution 

to the QP problem. By modifying  ̂   ̂  and   , I solve following LP problem 

   
 ̂    ̂   

      (A.4) 

   .     
  ̂     ̂    

 ̂   ̂   ̅  

 ̂ 
   ̂ 

  

  ̂    

   ̂ 

≥                              

 

The optimal solution must satisfy   ̂   ̂   , i.e. no simultaneous buying and selling of an 

asset, and the objective function in the QP problem does not change.   
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APPENDIX B. AVOIDING THE COMMON PITFALLS  

Meucci (2001) provides the mathematical solution for deriving the covariance matrix and 

expected values of linear returns for a generic distribution of the logarithmic (compounded) 

returns   (  . I use the same notations as the author, i.e. these notations should not be 

confused with earlier definitions. The logarithmic and linear returns can be expressed as  

       (
    

  
)       

    

  
    (B.1) 

where   is the specific time horizon and    is the price at time  . Now, let    be the vector of 

expected values of linear returns and     be the covariance matrix of linear returns. 

    (    )       (    )  (B.2) 

These are the values that the procedure proposed by Meucci (2001) are to extract.  By 

expressing the linear returns in terms of logarithmic returns, and since              , the 

author shows that 
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Let the covariance matrix of logarithmic returns be    and the expected return of logarithmic 

return be     (    ). Thus, the expected linear return of asset   is 
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and the covariance between asset   and   is 
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