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Abstract

This thesis studies some output feedback control laws. Particularly, iterative
learning control (ILC) and decentralized network based algorithms are studied.
Applications to control of wastewater treatment plants are outlined.

For a linear, discrete time MIMO plant, it is shown that the size of the global
controller gain, also referred to as the diffusion matrix, plays an important role
in stabilization of a decentralized control system with possibly non-linear output
feedback. Based on information from a step response experiment of the open
loop system, a controller gain which is sufficient for stability can be found.
For the SISO case, frequency response expressions are derived for the choice of
this controller gain. The results relate nicely to notions of optimality and the
Nyquist stability criterion.

Various types of ILC algorithms are analysed and numerically illustrated. In
particular, new expressions of the asymptotic control error variance for adjoint
based iterative learning control are derived. It is proven that the control error
variance converges to its minimum if a decreasing learning gain matrix is used
for ILC.

In a simulation study ILC is applied to control a sequencing batch reactor.
It is shown numerically that an adjoint based ILC outperforms inverse based
ILC and model-free, proportional ILC. A merge of an activated sludge process
simulator and a simulator for a wireless sensor network is described and used
for illustrating some control performance. Finally, in a numerical optimization
study it is shown that the aeration energy can be decreased if many dissolved
oxygen sensors are used for aeration control in a biological reactor for nitrogen
removal. These results may support future use of inexpensive wireless sensor
networks for control of wastewater treatment plants.
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Chapter 1

Introduction

1.1 Outline of the Thesis

This thesis is divided into two major parts. The first part discusses differ-
ent forms of output feedback control, as well as a description of the biological
nitrogen removal process in a wastewater treatment plant, for which aeration
control is applied. Chapter 1 gives the basic picture and historical background.
Chapter 2 discuss decentralized systems and specific issues when the control is
communicated through a network, such as optimization and quantization issues.
Chapter 3 presents iterative learning control strategies for batch processes, and
cites practical design considerations. Chapter 4 describes the biological nitrogen
removal process, a commonly used model which incorporates nitrogen removal,
and a benchmark for simulation of a wastewater treatment plant. Chapter 4 also
briefly discusses the applications of network based control and iterative learning
control applied for wastewater treatment. The second part of the thesis consists
of reprints of the included paper contributions. Each paper is summarized at
the end of the appropriate chapter.

1.2 Output feedback

The concept of feedback is a simple yet powerful idea which is the foundation for
automatic control theory and practice. To illustrate the benefits of feedback in
control design, a closed loop control system using output feedback is compared
with an open loop control system in Figure 1.1. The central control entity in
the open- and closed loop scenarios is the system, which is basically an input-
output relation between an output signal z(t) which depends on an input signal
or manipulated variable u(t). The dynamics of this system is usually given by
a differential equation (in continuous time) or a difference equation (in discrete
time). The output signal is supposed to track a reference signal r(t). To do this,

9



Controller System
r u z

Controller System

Sensor

-

+r e u z

y

Figure 1.1: Open loop control system (left) and closed loop control system with
output feedback (right).

a controller generates an appropriate input signal which is fed to the system.

The basic control problem is then to design a control strategy such that the
resulting closed loop system satisfies certain performance criteria which depends
on the specific application. The criteria typically includes notions of stability,
speed, overshoot, steady-state error, sensitivity to disturbances etc. The control
strategy does not only include the choice of the controller block(s), but also the
control architecture, where open-loop and closed-loop output feedback in Figure
1.1 are two examples of such architecture.

Output feedback has at least three very important advantages over open loop
control. Firstly, it is possible to detect the influence of external disturbances
in the output signal and compensate for them, even if the disturbances are not
measured directly. Note that these disturbances are not depicted in Figure 1.1
but are often modelled as an external signal which is added to the input or the
output. Secondly, output feedback can also compensate for unknown process
variations, and thirdly, it can stabilize unstable systems.

These advantages arise from the fact that the output is observed over time using
a sensor, and the measured output y(t) is used to generate the input u(t) as well.
Hence, the open loop strategy is ”blind” in the sense that the controller does
not know what actually happens to the output.

Note also that the system input u(t) is based on the measured control error
e(t) = r(t) − y(t), which should be distinguished from the actual control error
ε(t) = r(t)− z(t). The sensor describing the relation between the measured and
actual output is often modelled as an additive noise source, i.e. y(t) = z(t)+n(t),
where n(t) is a stochastic disturbance. Therefore, one drawback of closed loop
control is that it might be sensitive to measurement noise. The open loop
control strategy is indifferent to the quality of output measurements. Another
drawback is that the closed loop system might be unstable even if the controller
and system are themselves stable.

10



1.2.1 Optimality and Stability in Automatic Control

One of the basic properties which is mandatory for controlled systems is input-
output stability. There are several definitions of stability for deterministic and
stochastic systems, but each have the property that the output signal or the
expectation of some n-th order moment of the signal does not diverge as time
goes to infinity, given that the reference signal stays bounded.

In this section we restrict ourselves to stability for deterministic control systems
depicted in Figure 1.1, since stability theory for stochastic systems contains
several stability definitions which are more involved. However, stability of a
deterministic system implies stability in some sort for many stochastic counter-
parts, such as systems with additive stochastic noise.

Definition. A system G with input u(t) and output z(t) is input-output stable
if, for a bounded input |u(t)| ≤ K, ∀ t, the output z(t) is also bounded for all t.

A basic result for linear time-invariant systems (LTI’s) is that they are input-
output stable if and only if the poles of the system are strictly in the left half
plane (in continuous time) or strictly inside the unit circle (in discrete time).
The open loop control system in Figure 1.1 is stable if and only if the controller
cancels out the unstable poles of the system. Unless the system is itself a
stable transfer function, it is apparent that the open loop control system is so
non-robust that it is impossible to implement in practice, since an infinitesimal
change in the controller zeros will disable the pole cancellation and thereby
destabilize the system. In contrast, the feedback loop can stabilize an unstable
system since it does not require cancellation of the poles.

If the model order of the system is uncertain, some unstable poles might be un-
seen when making a pole plot. A strong stability result is therefore the Nyquist
stability criterion, which relates stability of the closed loop to the frequency
response of the open loop.

Theorem: Nyquist stability criterion in continuous and discrete time. Assume
that the controller is given by C, the system is G and the sensor is 1 (i.e.
y(t) = z(t)). Here, C and G are single-input single-output (SISO) linear transfer
functions in either continuous or discrete time. Define the Nyquist contour Γ
as the solid line in Figure 1.2, where R → ∞ and r → 0. The semicircles
with infinitesimal radius r are there to avoid poles on the imaginary axis (in
continuous time) or poles on the unit circle (in discrete time). Then the Nyquist
criterion says that the number of unstable poles of the closed loop system is equal
to the number of unstable poles of CG plus the number of counter-clockwise
revolutions the Nyquist plot C(s)G(s) takes around the point −1 in the complex
plane, minus the number of clockwise revolutions, as s encircles Γ in the direction
specified by Figure 1.2.

Now assume that the sensor block in Figure 1.1 is a static non-linearity of the
form y(t) = f(z(t)). Assume that the function f is bounded as

cl|x| ≤ |f(x)| ≤ cu|x|. (1.1)
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Figure 1.2: Nyquist contour Γ (solid line) for continuous time LTI (left) and
discrete time LTI (right). Note that the direction of encirclement is counter-
clockwise in the continuous time case and clockwise in the discrete time case.

The circle criterion can then be used to determine stability [9]. The circle
criterion says that the closed-loop system is stable if the Nyquist criterion is
satisfied and if the Nyquist plot does not overlap the circle with diameter 1/cu−
1/cl which overlaps the real line at −1/cl and −1/cu. Hence, the circle criterion
can be seen as a generalization of the Nyquist stability criterion for non-linear
systems. It is also based on the small gain theorem [9].

The notion of optimality is more involved than stability, since the question
”optimal in what sense?” contains many possible answers. Often it is about
choosing the controller such that the control error is minimized in some sense,
for example the mean or integrated squared control error given that the reference
signal is a step, a ramp, or any reference signal with a given norm. A necessary
condition for the mean or integrated squared control error to be finite, given that
the reference signal converges, is that ε(t) → 0 as t → ∞, i.e. that the control
error converges to zero. This is a desirable property in most applications.

For the linear control system, ε(t)→ 0 for all reference signals satisfying r(t)→
c, c ∈ R if and only if the control system is input-output stable and the static
gain is 1. In the open loop control system one can for example choose the
controller as a constant which is equal to the inverse of the static gain of the
system, which is finite if the system is input-output stable. In the closed loop
case it suffices to have an integrator in the controller or the system.

1.2.2 Methods of Output Feedback

Output feedback refers to all control techniques which only utilizes the measured
output(s) for input signal generation. No intermediate signals such as non-
output states, or external signals are measured. This includes a wide variety of
control strategies such as basic PID controllers, observer-based LQG, and also
various forms of iterative learning control (ILC). The tuning rules can either be
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based on simple step responses, on Bode diagrams or on a parametric model
of the system. The state-space description is often feasible to work with if an
observer is used, which estimates the states from the output.

The most commonly used controller is the PI controller [5]. The main reason
seems to be that many processes behave as first order linear systems, for which
a PI controller is sufficient. Another reason is that PI controllers only have two
parameters and is therefore easy to tune. The PID has three parameters which
makes it significantly harder to tune by trial-and-error. The first standardized
tuning rule was the Ziegler-Nichols rule for P, PI and PID controllers. The
Ziegler-Nichols tuning rule is based on a simple step experiment, which also
holds for many other PID tuning rules such as the Cohen-Coon method and
Lambda tuning [5].

1.2.3 State Space-based Control Approaches

The state-space formulation is based on the fact that a n-th order differential
equation can be formulated as a system of first order differential equations.
Consider the following system in continuous time

ẋ(t) = Ax(t) +Bu(t), (1.2)

z(t) = Cx(t) +Du(t). (1.3)

The vector x(t) ∈ Rn is the state of the system, and it contains all relevant
information of the past. By denoting the derivative operator as px(t) = ẋ(t), it
is seen that

z(t) = (C(pI −A)−1B +D)u(t), (1.4)

and hence, the transfer operator from u(t) to z(t) is given as C(pI−A)−1B+D.

It is also worth noting that the transfer function is unique for a given state
space representation, but the converse is not true. One can always make a
linear transform x̃(t) = Tx(t), where T is invertible, which gives another state
space form in terms of x̃(t). It turns out that the transfer functions are invariant
of such state transforms.

One of the most fundamental problems in control theory is the LQR (linear
quadratic regulator) problem [9], where the controller is chosen such that the
following criterion is minimized

J =

∫ ∞
0

(
x(t)TQx(t) + u(t)TRu(t)

)
dt. (1.5)

It turns out that the resulting controller has the following structure

u(t) = −Lx(t), (1.6)

where L is found by solving a Riccati equation. It is seen that the input signal
u(t) is determined by the state vector. To implement this controller, measure-
ments of the states are required.
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If the state vector is not measured, it can instead be estimated from the output
using the following state observer

˙̂x(t) = Ax̂(t) +Bu(t) +K(y(t)− Cx̂(t)−Du(t)). (1.7)

Consider the following system

ẋ(t) = Ax(t) +Bu(t) +Md(t), (1.8)

z(t) = Cx(t) +Du(t), (1.9)

and the following sensor model

y(t) = z(t) + n(t), (1.10)

where n(t) and d(t) are Gaussian noise sources with finite variances. Assume
we want to design a controller (based on output measurements y(t)) which
minimizes the following criterion

J = E

∫ ∞
0

[
(z(t) − r(t))TQ1(z(t) − r(t)) + (u(t) − u∗(r(t)))TQ2(u(t) − u∗(r(t)))

]
,

(1.11)

where u∗(r(t)) is a constant input which would give z(t) = r(t) in stationarity
without noise. The optimal controller is given by

u(t) = −Lx̂(t) + Lrr(t), (1.12)

where L is exactly the LQR controller and Lr is chosen such that the closed
loop system has static gain 1. The filter K turns out to be designed such that
the state observer (1.7) is the Kalman filter. This control strategy is called LQG
(linear quadratic Gaussian) control, which is another classic control algorithm
[9]. Note that it can be written in transfer function form as

u(t) = C(p)y(t) + Cr(p)r(t), (1.13)

implying that this can be seen as a form of output feedback control with a
pre-filter Cr(p).

1.3 A Short History of Control Paradigms

This section aims to put the previous discussion in a historical context. Most
of the material in this section is based on [6], where more details can be found.
There are several examples of feedback control from ancient times. One such
example is the mechanical float regulators in Greece in the period from 300 to 1
B.C. These types of regulators was for example used in oil lamps to maintain a
static level of fuel, and to regulate flow in water clocks to improve time accuracy.

As the industrial revolution took place, a major development of feedback control
unfolded. The sole invention which boosted the industrial revolution, the steam
engine, was controlled by a centrifugal governor patented by James Watt in 1788.
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Control became essential in the electrical, chemical, as well as the telephone
industries.

Feedback mechanisms were in the beginning constructed from intuition and con-
trol theory was rather peripheral. Efforts to increase accuracy and speed of the
controllers often resulted in oscillations and even unstable systems. Faced with
these challenges it became a pressing matter to develop a theory of automatic
control, mainly to avoid instabilities caused by feedback.

The Routh stability test, proposed by E.J. Routh in 1876, became widely used
together with linearized models for a long time. The Routh stability test is
based on theoretical work revolving around the design of centrifugal governors,
starting with the work of J.C. Maxwell in 1868. Essentially it is an algorithm
to determine if all roots of the characteristic polynomial is in the left half plane
without actually calculating the roots.

The stabilization approach of H. Nyquist at Bell Labs, to stabilize feedback
amplifiers used in long-distance telephony, was very different from Routh and
Maxwell who analyzed the characteristic equation. Instead, Nyquist developed a
stability criterion in 1932 based on how the system responds to sinusoidal signals
[19], which is known as the Nyquist stability criterion given in Chapter 1.2.1. If
the characteristic polynomial is very big, say 20’th order, then Routh’s algorithm
becomes very involved and no hint is provided on how to modify the controller if
the closed loop system turns out to be unstable. The Nyquist stability criterion
is therefore an improvement and introduces measures of robustness as well, i.e.
the notions of gain- and phase margin.

During the rest of the 1930s, H. Bode introduced what today is called loop
shaping; control design using Bode plots, to design feedback amplifiers. This
frequency response method developed by Bode and Nyquist was a paradigm shift
because it greatly simplified stabilization of large order systems and introduced
notions of gain and phase margin, making it the first example of robust control.

Frequency based methodologies developed specifically to design servomechanism
control during world war II to track and fire at fast moving targets. It soon
became evident that the control methodologies of servomechanism theory was
relevant to practically any control problem. Design methods such as lead-lag
yielded controllers as rational transfer functions and was not restricted to PID
controllers.

After the 1940s the frequency domain approach continued to dominate the con-
trol theory field. In the 1950s, focus was on the s-plane methods such as the
root locus approach. The next major paradigm shift came in the early 1960s
with the introduction of the state space formulation, which was a return to dif-
ferential equations. In contrast, the frequency response approach was not well
suited for numerical computations and multiple-input multiple-output (MIMO)
systems, and the sinusoid experiments to obtain Bode diagrams was very time
consuming for the slow systems in the process industry.

Up until 1960, control theory had developed no faster than the technology en-
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abling it to be implemented. Originally the controllers, sensors and actuators
communicated via standardized pressure tubes in process industry applications.
When servomechanism theory started to influence process control after world
war II, electronics replaced pneumatics, reducing the time delays in the commu-
nication lines significantly. Computing also improved, from early ball-and-disk
integrators in the late 1800s and the electro-mechanical differential equation
solver in 1931. Electronic analog computing used throughout the 1940s were
advantageous in airborne equipment due to the sheer weight relative to electro-
mechanical devices. Digital computing emerged during the 1950s with the first
computer Univac 701 in 1951.

When the state-space formulation was exploited in the 1960s, many ideas devel-
oped while the technology was not yet available for implementation. Notions of
controllability and observability was defined, and areas such as optimal control,
dynamic programming, nonlinear systems theory, robust control and discrete-
time systems were all explored. The Kalman filter was discovered in 1960 [13].
The small-gain theorem was discovered by G. Zames in 1964. System identi-
fication research started in the 1960s as well. The reasons was that frequency
response experiments were not suitable for slow processes in the control indus-
try, discrete time models were suitable for digital computers and noise models
were desirable for LQG-based control design.

In the 1970s much effort was invested to find if LQG control could be made
robust, and attempts were made to impose constraints on the design. The
answer to these issues turned out to be H∞ control, which developed into a
standard design method during the 1980s. In 1981 the foundation for H∞

control was laid by G. Zames, who designed controllers which minimized the
H∞-norm of the sensitivity function [33]. It was soon discovered that the H∞

control problem could be solved using state-space design methods, yielding the
same control architecture as LQG controllers.

In the 1990s powerful convex optimization techniques developed and it became
plausible to state control problems as convex optimization problems. Often
control problems could be stated as semi-definite programs (SDP’s) involving
linear matrix inequalities (LMI’s). Specifically, the Riccati equations arising
in LQG and H∞ control could be reformulated as LMI’s which was plausible
because SDP solvers were more effective than Riccati equation solvers.

When computers were reasonably fast in the 1990s, model predictive control
(MPC) started to develop in the industry. MPC was a heuristic approach several
years before it received attention from academia.

Wireless sensor networks started to be developed in Berkeley in 1998, together
with the open source TinyOS operating system. Some relevant control the-
ory for distributed systems had already been developed before 1998. However,
WSN-based control continue to raise new questions, specifically about energy
conservation in the network.
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1.4 Objective of the Thesis

The objective of this thesis is to get insight in various output feedback schemes,
apply some of them to wastewater treatment applications and set the stage for
work on networked control systems (NCSs).

The most direct connection to NCS among the thesis contributions is perhaps
given by the convergence analysis of MIMO control systems with nonlinear
output error feedback in Paper I. The suggested framework might incorporate
NCS specific issues such as quantization in the feedback non-linearity. However,
Paper I does not suggest a complete control design in its present form. Paper
II extends the analysis of Paper I to systems in both discrete and continuous
time, for the SISO systems case. The plan for the future is to extend the MIMO
framework of Paper I inspired by the insights from Paper II, with the hope
of finding new and computationally feasible ways to ensure stability for certain
NCS (output-error feedback) scenarios with approximate output measurements.

If the network in the NCS need to conserve energy by minimizing communica-
tion, for example if the network consists of battery-driven nodes communicating
over a radio channel, iterative learning control (ILC) can be a feasible solution
for certain applications where the control task is repeated batch-wise. As the
iterative learning process unfolds for each batch, the control errors decrease
and then the need for communication also decreases, since the inputs from the
previous batch are repeated. Furthermore, the adjoint-based ILC algorithms in
Paper III require fewer mathematical operations than inverse-based algorithms
which make them more suitable in an energy-aware NCS-based ILC framework.

Paper 5 suggests that there is potential for improved plant performance if sev-
eral oxygen sensors are used for aeration control of a biological reactor in a
wastewater treatment plant (WWTP). It also gives a technical description of
a merged simulator, where a wastewater treatment plant is monitored using a
wireless sensor network.
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Chapter 2

Decentralized Networked
Control Systems

Control systems can, at the lowest level, be categorized as either centralized or
decentralized. A centralized control system is characterized by its single deci-
sion maker. It might be a SISO output feedback system with a single feedback
loop, or a MIMO system which collects measurements to a central unit which
relays decisions back. In contrast, every control system which is not central-
ized, is decentralized. Decentralized control systems have been studied for over
forty years. One may think of decentralized control systems as a collection of
local controllers which generates plant input based on subsets of all available
measurements. For example, a local controller may calculate the local input(s)
based on the output(s) of the neighbouring sensor(s) only.

In this chapter, the emphasis is on a certain form of decentralized control sys-
tems which are also networked control systems (NCS). A NCS is a control
system wherein the communication between actuators, sensors and controllers
is supported by a shared network [11]. Note that a general NCS may be ei-
ther centralized or decentralized. A global description of a decentralized NCS
is given in Figure 2.1, where the interconnection of the MIMO plant and the
interconnection of the network are two seperate things which both influence the
global behaviour of the controlled system. Using graph theory, one can define
connectivity graphs for the plant and the network. The main point is that each
controller, which is embedded in the ”network” block, generates control inputs
in a decentralized fashion.

The use of a network typically reduces installation and maintenance costs, while
at the same time introduces new challenges. The network can only carry a fi-
nite amount of information per unit time. Even if the plant is a linear MIMO
system, the overall NCS typically encapsulates time-variant and non-linear be-
haviour due to the nature of the network. The time delays for data packets
to travel through the network can be highly variable due to congestion and
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Figure 2.1: Global description of an NCS, with plant input u(t) ∈ Rm and
output y(t) ∈ Rn. In the plant block, red circles represent output sensors
and green circles represent input actuators. In the network block, red circles
represent sensor nodes, green circles represent actuator nodes, and the black
circle represent an intermediate gateway node.

channel quality. There are also possibilities for packet dropouts typically due
to transmission errors or buffer overflows, particularly if the network is wireless.
Quantization effects might also be an issue.

2.1 Wireless NCS

A specific form of NCS is a wireless networked control system, where a wireless
sensor network (WSN) comprise the communication medium between sensors
and actuators. A WSN consists of communicating entities, nodes, which are
equipped with radio transceivers, a simple processing unit, and possibly a sensor
of some sort. In Figure 2.1, the nodes are represented by the small circles in the
network block, and the arrows represent allowable communication paths. For
large control systems there are several advantages in using WSN-based control
strategies. As sensor nodes become cheaper, there is a possibility to use large
amounts of measurements, which is also due to the ease of installation since no
wiring is required. A major point in this thesis is that increased amounts of
measurement data can be used to improve plant performance.

However, wireless NCSs include novel challenges as well, compared to wired
NCS systems. One major theme is the problem of WSN energy consumption;
since the WSN nodes are battery driven, the energy is limited and must be used
wisely in order to maximize the battery lifetime. A WSN node for automatic
control is often scheduled to switch between a sleep state and a wake state,
where the sleep state consumes extremely low amounts of energy. The reason
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for this is to reduce the energy consumption from idle listening [30]. In the
wake state, the node performs tasks, i.e. listening to the channel, sensing and
processing data, transmitting data etc.

From a control perspective, the battery lifetime can be extended for example by
minimizing the sampling time which makes the sleep periods longer. This ap-
proach implicates a trade-off between WSN longevity and control performance,
since a control strategy must be ”more careful” if the sampling rate is low. An-
other way to reduce WSN energy consumption is to apply event-based control,
where transmissions happen if the control error exceeds a certain threshold. In
this way, the WSN does not transmit data packets unless it is necessary. It
has been shown that the packet rate per unit time can be significantly reduced
with event-based control compared to similar sample-based strategies, without
reducing the control performance [4]. It is also possible to reduce energy con-
sumption by using sparse communication topologies, or to decrease the size of
packets using coarse quantization. All of these strategies tend to decrease the
amount of transmissions which is often the largest energy consuming activity
(per time unit) of WSN nodes. Designing energy efficient wireless NCSs is still
largely an active research area.

2.2 H2 optimization of decentralized control sys-
tems

To illustrate the difficulties of finding the optimal controllers in a decentralized
setting, the following problem posed by Witsenhausen [32] in 1968 is used. The
stated problem is often referred to as ”Witsenhausen’s counterexample”, since it
can be seen as a counterexample to the conjecture that ”all linear systems with
Gaussian noise sources subject to minimization of a quadratic cost function
have optimal linear controllers”. Essentially, Witsenhausen shows that this
conjecture is not generally true for decentralized control systems.

Let x0(t) and v(t) be random, real-valued signals with zero mean, finite variance
and Gaussian distribution, and let C1[·] and C2[·] be two possibly non-linear
controllers. Then consider the following (static) control system

x1(t) = x0(t) + u1(t), (2.1)

u1(t) = C1[x0(t)], (2.2)

x2(t) = x1(t)− u2(t), (2.3)

u2(t) = C2[x1(t) + v(t)]. (2.4)

The control objective is to minimize

J = E
[
k2u1(t)2 + x2(t)2

]
, (2.5)

for some weight k > 0. The block-diagram is given in Figure 2.2.
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Figure 2.2: Witsenhausen’s counterexample.

Witsenhausen [32] proved that there exist an optimal control pair (C1, C2), and
that these optimal controllers are strictly non-linear. The optimal controllers
to this problem are still unknown today.

It is however possible to state the H2 problem for decentralized systems as a
convex optimization problem if a certain property of the system concerning
the communication paths of its decision makers (actuators) are satisfied [23].
Consider the following general system description[

z(t)
y(t)

]
= P

[
w(t)
u(t)

]
, (2.6)

u(t) = Ky(t), (2.7)

P =

[
P11 P12

P21 P22

]
. (2.8)

The plant P and the controller K are assumed to be stable transfer operators.
The block diagram is seen in Figure 2.3. Here the communication paths are
represented as a certain sparsity pattern in the transfer operator matrix K.
Since

z(t) = (P11 + P12(I −KP22)−1KP21)w(t), (2.9)

the H2 optimization problem can be stated as

minimize ‖P11 + P12(I −KP22)−1KP21‖
subject to K is stabilizing,

K ∈ S,
(2.10)

where S is a subspace representing the information constraints (i.e. sparsity and
delay constraints) of the transfer operator matrix K. Note that if the subspace
constraint is removed, the solution becomes centralized. However, there exist
no known solution for the general problem. If we introduce the following Youla
parametrization Q = −K(I − P22K)−1, the problem can be rewritten as

minimize ‖P11 − P12QP21‖
subject to Q is stable,

−Q(I − P22Q)−1 ∈ S.
(2.11)
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Figure 2.3: Block diagram of distributed dynamic control system.

Here it is seen that the objective function is affine in Q, and every stable Q
produces a stabilizing K, but the information constraint is non-convex. It was
shown in [23] that if the subspace S is quadratically invariant under P22, that
is if KP22K ∈ S for all K ∈ S, then the non-convex constraint can be replaced
by

Q ∈ S, (2.12)

which is convex.

One can now guess that Witsenhausen’s counterexample does not constitute a
quadratically invariant control system. In fact, for the Witsenhausen example
we have

w(t) =

[
x0(t)
v(t)

]
z(t) =

[
ku1(t)

x0(t) + u1(t)− u2(t)

]
P11 =

[
0 0
1 0

]
P22 =

[
0 0
1 0

]
P12 =

[
k 0
1 −1

]
P21 =

[
1 0
1 1

]
S =

{
K :

[
C1 0
0 C2

]}
,

and it is seen that S is not quadratically invariant under P22.

It turns out that quadratic invariant systems constitute the largest known class
of decentralized control systems for which optimal controllers may be effectively
synthesized [24]. It was shown in [28] (where the delay issues were ignored) that
the control system is quadratically invariant if and only if the plant dynamics
have a sparsity structure whose transitive closure is the same as the sparsity
structure of the global controller. Hence, quadratic invariance specifically means
that if input i influences output j, then there is also a communication path from
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Figure 2.4: Two examples of static quantizers.

the corresponding sensor j to controller i, but the plant graph and the controller
graph do not need to be equal.

This also provides some intuition about why the optimal controller(s) for Wit-
senhausen’s counterexample is known to be non-linear. The two controllers C1

and C2 do not share information through a network, while at the same time, the
output x2(t) is influenced by x1(t). Since C1 has perfect information of x1(t)
but cannot communicate it directly, the only way to do so is to communicate
through inputs u1(t). It is by no means clear how these input signals should be
designed by the optimal C1 and interpreted by the optimal C2.

The H2 optimization scheme was extended to unstable systems in [24] through
a re-parametrization. However, the re-parametrization of the problem requires
an initial stabilizing controller. The problem of stabilizing quadratic invariant
systems was advanced in [25], where a systematic way to find a stabilizing
controller was discovered.

2.3 Stability and quantization

In many cases, quantization is implemented by rounding of arithmetic numbers,
which appears in some form in any digital system since stored measurements
can never be infinitely accurate. Quantization is an irreversible process since
information is lost. If the relevant feedback signals have to travel over a packet-
based digital network with communication constraints, quantization becomes
even more prominent since a trade-off appears between network load and quan-
tization coarseness.

Figure 2.4 displays two examples of quantizers; a uniform quantizer and a log-
arithmic quantizer. Both quantizers can be represented by a static function
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Q : R → R in the SISO case, which acts either on the output z(t) or on the
input u(t). The uniform quantizer has the came coarseness everywhere, while
the coarseness of the logarithmic quantizer increase as |x| increases. Early work
such as [7] deals with optimal LQR-type control using uniform quantizers on
the state measurements.

In principle, one can argue that if the coarseness of the quantizer(s) in a NCS
increase (i.e. the number of ”steps” decrease), then the communication energy
cost decrease as a result of smaller packages. For the case of state feedback
with input quantization, and using a rigorous definition of quantizer coarseness,
it is shown in [8] that the coarsest quantizer required for plant stabilization
is of logarithmic type. It also turns out that the coarsest quantizer for plant
stabilization is determined only by the product of the unstable poles of the
plant.

C G

Q(.)

r

-

+ e u z

y

Figure 2.5: Example of a controlled feedback system with quantized output
feedback.

Also note that there is an important connection between the logarithmic quan-
tizer and the circle criterion in the SISO case. If the logarithmic quantizer
is represented as a non-linear function block as in Figure 2.5, then the circle
criterion gives a sufficient stability criterion for the closed loop system.

2.4 Summary of Paper I

Nygren, J. and Pelckmans, K. A Cooperative Decentralized PI Control Strat-
egy: Discrete-time Analysis and Nonlinear Feedback. Proceedings of the 3rd
IFAC workshop on Estimation and Control of Networked Systems (NECSYS),
vol. 3, nr. 1, pp. 103-108, 2012.

In this paper, a NCS framework is used to derive a sufficient stabilizability
condition for NCSs with non-linear feedback. Here we take no account to
any quadratic invariance properties as discussed in Section 2.2. Even though
quadratically invariant systems are the most general class of NCSs with opti-
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mal linear controllers known, quadratic invariance can be restrictive when for
example the plant is dense, i.e. all subsystems in the transfer function matrix
are nonzero.

Consider the following discrete-time m×m MIMO plant model

z(k) = G(q)u(k), (2.13)

which is assumed to be of finite impulse response (FIR) form in Paper I. It is
also possible to assume that the transfer operator G(q) has an infinite impulse
response (IIR), but then it needs to be stable. The following decentralized,
integral controller is studied

u(k + 1) = u(k) + γDF (ε(k)), (2.14)

where γ ∈ R is the gain, ε(k) ∈ Rm is the control error at time k, F (ε(k)) =
[f(ε1(k)), . . . , f(εm(k))]T , and f : R→ R is a non-linear function satisfying

c|e| ≤ |f(e)| ≤ |e|, (2.15)

ef(e) ≥ 0, (2.16)

for all e ∈ R. Now we want to find a set of matrices γD with a certain sparsity
pattern for which the closed loop system is stable. The sparsity pattern reflects
the communication paths of the local controllers, i.e. it says which controller
have access to which sensor. The static non-linearity F might for example
represent quantization.

Paper I provides an initial result in this setting. It is shown that, for a stable
LTI system G(q) with static gain G(1) � 0 (implying that G(1) is symmetric),
and fixed symmetric diffusion matrix D such that D � 0, if

λmin

λmax
>

(1− c)2

1 + c2
, (2.17)

where λmin and λmax are the minimum and maximum eigenvalues of D, then
there exist a γ∗ ∈ R such that the closed loop system is stable for all 0 < γ ≤ γ∗.
Specifically, it says that the eigenvalues of D can not differ too much if the non-
linearity is too wide. Note that in the SISO case, this condition is always
satisfied for 0 < c ≤ 1 since λmin = λmax.

While the stated main result is just an existence theorem for γ∗, Paper I also
contains an important, more subtle result. Unfolding equation (15) of Paper I,
and assuming that the scaling γ = 1, it turns out that the following error sum
is convergent if the reference signal is a step

∞∑
j=0

{
2ε(j)TDF (ε(j))− F (ε(j))TDTXDF (ε(j))

}
<∞, (2.18)

if the matrix X satisfies certain assumptions B1-B3.
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From equation B.7 in Paper I, it follows that B1-B3 are satisfied specifically if
X is diagonal with

xii ≤
m∑
j=1

(
Gji(1) + 2

∞∑
l=1

∣∣∣∣∣
∞∑
k=l

hji(k)

∣∣∣∣∣
)
, (2.19)

for i = 1, . . . ,m. If for example F (εj) = εj , and if D is diagonal with all dii ≤
2/xii, the closed loop system is stable due to 2.18, i.e.

∑∞
j=0 ε(j)

T ε(j) < ∞.
However, the upper bound (2.19) is only sufficient for B1-B3 to hold.

A both necessary and sufficient condition for B1-B3 to hold is not the only
open question in Paper I. Another is how to extend the results to higher order
controllers, and not only simple integral controllers. Paper I suggests that the
P-part of a cooperative PI-controller can be embedded in the plant as G̃(q) =
C̃(q)G(q), which would preserve the FIR property of the plant, but this holds
for any stable controller part C̃(q) since the FIR-assumption can be relaxed into
stable IIR plants. The next question is how to design this controller part C̃(q)
while still taking into consideration the sparsity constraint of the entire global
controller C(q) = D 1

q−1 C̃(q). One possibility is simply to design C̃(q) subject
to the required sparsity pattern, and then letting D be a diagonal matrix.

Perhaps the most pressing matter is how to extend the results to MIMO systems
where the static gain G(1) is not symmetric. The question is basically if there is
a way to re-parametrize the system into one with symmetric static gain, while
still being able to deal with sparsity constraints and non-linear feedback.

2.5 Summary of Paper II

Nygren, J. and Pelckmans, K. On the stability and optimality of an output
feedback control law. Submitted to IEEE Transactions of Automatic Control,
2013.

In Paper II, the output feedback SISO case is investigated in more detail, for
both the discrete and continuous time cases. Using similar technical tools as
in Paper I, i.e. working out a recursion and solving a large LMI problem, it is
shown that the following closed loop system with approximate feedback

z(k) = H(q)u(k), (2.20)

u(k + 1) = u(k) + γε̂(k), (2.21)

cl|ε(k)| ≤ |ε̂(k)| ≤ cu|ε(k)|, (2.22)

ε(k) = r(k)− z(k), (2.23)

H(1) ≥ 0, (2.24)

is stable for all 0 < γ < 2/(cuρ(H)), where

ρ(H) = −2 inf
ω
Re

H(eiω)

eiω − 1
. (2.25)
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For cu = cl = 1, this is exactly the same as saying that the entire Nyquist
curve of the open loop system should be strictly to the right of −1. Hence
this stability result also follows from the Nyquist criterion. Furthermore, if
ε̂(k) = f(ε(k)) and cu > cl, then the result follows from the circle criterion. If
also cl approach zero, then this result gives exactly the same stability bound as
the circle criterion.

Note that the error estimation model (2.22) is slightly more general than the
static function f used in Paper I, since it can be seen as a time-varying non-
linearity ε̂(k) = fk(ε(k)). The static f in Paper I can easily be replaced by an
estimation ε̂(k) and the results still hold, since the technicalities of Paper I and
Paper II are similar.

In summary, Paper II proposes a control law which is robust to underestimations
of the control error, i.e. when |ε̂(k)| < |ε(k)|. Note that underestimations can
be an issue for MIMO systems, as Paper I suggests. However, it is important to
note that the plant H(q) needs to be stable, otherwise the closed loop system
will certainly become unstable if γ is too small.

The following non-trivial approximation to (2.26) is also found

ρ(H) ≤ H(1) + 2
∞∑
l=1

∣∣∣∣∣
∞∑
k=l

h(k)

∣∣∣∣∣ . (2.26)

In the SISO case, ρ(H) corresponds to the 1× 1 matrix X in Paper I for which
the fulfilment of assumptions B1-B3 is necessary and sufficient. Interestingly,
the approximation (2.26) corresponds exactly to the suboptimal bound (2.19)
in Paper I.
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Chapter 3

Iterative Learning Control

In some applications, a control task is repeated in a batch-wise manner where a
system is controlled for a fixed time horizon and then repeated. For these types
of applications, it is possible to record the input trajectory and the control
error trajectory over time and use this knowledge to increase performance in
the next batch, i.e. to learn from previous mistakes. This is the main idea
behind iterative learning control (ILC). One very typical application for ILC is
the industrial robot, which repeats some task in a batch-wise manner. Industrial
robots have been a motivation for the development of ILC algorithms [31].

Assume that a linear SISO system is given by zk(t) = G(q)uk(t) + d(t), where
k = 0, 1, . . . is the batch number and t = 0, 1, . . . , N − 1 is the time instants,
and N is the batch length. Note that the unknown disturbance d(t) is batch-
invariant. Since the time horizon is finite (with length N), it is convenient to
describe the input-output relation in the following impulse response matrix form

zk = Guk + d, (3.1)

zk = [zk(0), zk(1), . . . , zk(N − 1)]T , (3.2)

d = [d(0), d(1), . . . , d(N − 1)] (3.3)

uk = [uk(−δ), uk(1− δ), . . . , uk(N − 1− δ)]T , (3.4)

G =


g0 0 . . . 0

g1 g0
. . . 0

...
. . .

. . .
...

gN−1 . . . g1 g0

 , (3.5)

where δ ≥ 0 is the input-to-output time delay of G(q), g0 is the first non-zero
impulse response coefficient of G(q), and g1, g2, . . . is the following sequence of
impulse response coefficients.

Assume that the control objective is to track a reference signal r, which is the
same for each batch. A general ILC update law with a commonly used structure
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is then given by

uk+1 = Q(uk + Lek), (3.6)

ek = r − zk, (3.7)

where Q and L are design parameters (N × N matrices). The L-filter is also
referred to as the update filter. The Q-filter generally acts as a smoothing filter
and improves robustness to high frequency disturbances, but results in non-zero
asymptotic tracking error unless Q = I [31].

The most basic ILC algorithm is to choose Q = I and L = γI for some γ > 0.
This algorithm is commonly referred to as the Arimoto-type algorithm, since it
originates from one of the first ILC papers by Arimoto in 1984 [3]. It simply
updates the input vector by adding a scaled version of the control error vector
from the current batch. The rate of learning increases for large γ, but there is
risk for oscillations or instability if γ is too large.

3.1 Design considerations for ILC

In [15], important practical considerations of ILC are given. Some of them are
cited below.

• Design discrete time ILC laws, since ILC requires storage of input vectors
uk and control error vectors ek from previous batches.

• Design ILC for a closed loop system with an existing feedback controller.
Hence, G in (3.1) can be seen as the impulse response of a closed loop
feedback system. Some design laws tend to simultaneously design a learn-
ing controller and a ”current iteration” feedback controller, but such ap-
proaches will constrain the number of practical applications. The sole
purpose of ILC is therefore to improve performance, rather than to stabi-
lize a system.

• The easiest way to apply ILC is to adjust the reference signal or the control
error of the closed loop system, which is illustrated in the example of the
next subsection. Another possibility is to adjust the manipulated variable,
which is essentially equivalent but much more involved in practice.

• To guarantee plausible learning transient behaviour, it is good practice
to design the ILC law for monotonic convergence of control errors. The
transient errors might otherwise be unacceptably large, even for stable
ILC systems [21].

• The long-term stability needs to be guaranteed, since instability might
sometimes go undetected for thousands of iterations. For the ILC law
(3.6) applied to the system (3.1), the resulting closed loop ILC system is
stable if and only if the spectral radius of Q(I − GL) is strictly smaller
than 1 [18].
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Figure 3.1: Block diagram of ILC applied to a closed loop system.

3.1.1 An Example

Consider now the system

zk(t) = G(q)uk(t) + d(t), (3.8)

G(q) =
1

q5 − 0.5q4
, (3.9)

which is controlled by the following PI controller

uk(t) = C(q)ek(t),

C(q) = P

(
1 +

I

q − 1

)
,

P = 0.1, I = 0.6,

ek(t) = −zk(t).

In this example, the reference signal is 0 and the disturbance d(t) is a step
function (same for all k). Now apply the Arimoto algorithm

uILC
k+1 = uILC

k + 0.4ek(t+ 5), (3.10)

to the closed loop system

zk(t) = Gc(q)u
ILC
k (t) +Gd(q)d(t), (3.11)

Gc(q) = C(q)G(q)/(1 + C(q)G(q)). (3.12)

The Arimoto algorithm is applied in such a way that the ILC input is added
to the reference signal, as shown in Figure 3.1. Since the delay δ from input to
output is 5, a time shift of 5 is applied in the Arimoto algorithm to compensate
for this.
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Figure 3.2: Simulation results.

In Figure 3.2a it is seen that the output moves closer to the reference trajectory
for each batch. In the first batch, the performance was determined only by the
PI controller since uILC

0 (t) = 0 for all t. It is seen that the ILC control can even
compensate for time delays, i.e. to counter the disturbance before it is actually
seen in the output.

Figure 3.2b illustrates that the ILC scheme appears to be stable, since the MSE
decreases monotonically for the first 10 batches. One should however be cautious
about this since closed loop ILC systems can be unstable in the long term, which
becomes apparent after many iterations [15]. In this case, the spectral radius
of (I − γGc) is indeed smaller than 1, which implies stability of the closed loop
ILC system.

3.2 Optimization-based ILC

A common approach is to choose Q and L based on an optimization criteria.
Suppose we want to minimize eTk+1ek+1 under the condition that uk and ek is
given. Using (3.6) we get

ek+1 = r −Guk+1 − d = r −GQ(uk + Lek)− d
= r −Guk − d+G(I −Q)uk −GQLek = (I −GQL)ek +G(I −Q)uk.

From this derivation we see that eTk+1ek+1 is zero exactly when Q = I and
L = G−1. This inverse-based ILC algorithm achieves perfect tracking after one
batch, provided there is no measurement noise or iteration-varying disturbance
elements. There is also no guarantee that the impulse response matrix G is
known to an accurate degree. It is also worth mentioning that if the optimization
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criteria is eTk+1ek+1 + βuTk+1uk+1, then Q will act as a smoothing filter and L
will still be based on the inverse of G [16].

3.3 Gradient-based ILC

Now consider the following gradient-based ILC [22], where the input vector is
updated in the steepest descent direction

uk+1 = uk − γ
dek
duk

ek. (3.13)

In this case the gradient becomes

dek
duk

=
d

duk
(r −Guk − d) = −GT , (3.14)

and therefore the gradient-based ILC is also a transpose (or adjoint)-based ILC
algorithm. Adjoint-based ILC algorithms play a leading role in Paper III. This
algorithm type might be more suitable for network-based control with limited
resources since the transpose of the system is easier to calculate than the inverse.

3.4 Summary of Paper III

Nygren, J., Pelckmans, K., and Carlsson, B. Approximate adjoint based iter-
ative learning control. International Journal of Control, vol. 87, no. 5, pp.
1028-1046, 2014.

In Paper III, ILC algorithms subject to nonrepetitive, stochastic noise is consid-
ered. The overall control system is described in the following impulse response
matrix form

zk = Suk + dk, (3.15)

yk = zk + nk, (3.16)

εk = r − zk, (3.17)

ek = r − yk, (3.18)

uk+1 = uk + Lek, (3.19)

where dk is a stochastic load disturbance, and nk is stochastic measurement
noise. Asymptotic control error expressions are derived for the adjoint-based
algorithm L = γST and a certain variation called model-free adjoint-based
(MFABILC). Also, asymptotic error bounds are derived for the general choice
of L.

It is shown that the minimum error variance, i.e. the minimum possible variance
achievable by any control strategy without feedforward from the disturbance
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dk, is given by var d. Convergence to minimum error variance is shown to
be guaranteed if L is replaced by γkL, where γk is decreasing as 1/k, and if
STLT + LS � 0.

In the last section of Paper III, an application to a sequencing batch reactor
(SBR) is included as a complement to the theory. While the systems are as-
sumed linear in the theory, the SBR is modelled using the highly non-linear
activated sludge model no. 1 (ASM1), which is given in the appendix. A gen-
eral description of ASM1 is given in the next chapter.
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Chapter 4

Nitrogen removal in
wastewater treatment
plants

An important process in a wastewater treatment plant (WWTP) is the biological
step where organic matter and nitrogen can be removed from the wastewater
with the help of microorganisms. Nitrogen in the influent water to a WWTP
mainly consist of ammonium ions (NH+

4 ). The first step in the reaction is the
aerobic nitrification where ammonium is converted into nitrate (NO−3 ). The
reaction involves two processes but can be summarized as

NH+
4 +O2 −→ NO−3 . (4.1)

Nitrification typically takes place in aerobic compartments of the biological reac-
tor. The last step is the denitrification, where nitrate is converted into nitrogen
gas

NO−3 + carbon −→ N2 + CO2. (4.2)

Denitrification is prevented by too high dissolved oxygen concentrations, since
NO−3 is consumed only if there is lack of dissolved oxygen. Therefore, denitri-
fication primarily takes place in anoxic compartments. Sometimes an external
carbon source is also needed, which comes often in the form of methanol or
ethanol.

4.1 Activated sludge model no. 1 (ASM1)

The ASM1 is a standard model for biological processes in activated sludge sys-
tems [12]. It was first developed in 1987 [10] and is still considered to be a
state of the art model for activated sludge processes. The structure of ASM1
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Figure 4.1: Overview of the ASM1 model.

and the relationships between 12 of its 13 state variables are depicted in Figure
4.1. The arrows between state variables represent reactions, given by non-linear
differential equations. The only state not depicted in Figure 4.1 is the alkalin-
ity, SALK . The nomenclature of the state variables follow a simple principle;
”X” stands for particulate and ”S” stands for soluble. Note that soluble inert
organic matter SI and particulate inert organic matter XI do not participate
in any reaction, but are assumed to be a part of the influent wastewater. A full
description of the other 11 state variables and all of the associated reactions are
given in Appendix A of Paper III.

The aforementioned reactions (4.1) and (4.2) are depicted in Figure 4.1 as well.
Note that SNH is the ammonium/ammonia nitrogen concentration, SNO is ni-
trite/nitrate nitrogen, and SO is dissolved oxygen.

In ASM1, two types of microbes are present. One is autotropic bacteria, denoted
XBA, and the other is heterotropic bacteria, denoted XBH . The autotropic
bacteria are responsible for the nitrification process (4.1), in which no external
carbon is consumed. The heterotropic bacteria drive the denitrification process
when there is lack of dissolved oxygen, SO. Note that the nitrogen gas produced
in the denitrification process is not seen in the model as a state variable. Hence,
there is no mass balance in ASM1; nitrogen simply disappears from the system.
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There are a number of modelling restrictions in the ASM1. For example, the
temperature is assumed to be constant, and the pH is assumed to be neutral.
Also, bacteria need nutrients to grow which is not modelled.

4.2 Benchmark simulation model no. 1 (BSM1)

Benchmark simulation model no. 1 is a simulation environment which defines
a model and layout of a biological reactor in a WWTP, influent loads, test
procedures and evaluation criteria [2]. The benchmark is not associated with a
particular simulation platform. Therefore, commercial platforms such as Simba,
WEST, GPS-X and Simulink can be used.

The default plant layout is shown in Figure 4.2. It is composed of a five-
compartment activated sludge reactor, where each compartment is totally mixed.
The first two compartments of 1000 m3 each are anoxic, and the other three of
1333 m3 each are aerobic. Hence, a strategy of pre-denitrification is used. A
secondary clarifier is placed at the end, for sedimentation.

The reaction dynamics in each compartment is modelled by ASM1. The sec-
ondary clarifier is modelled using solid flux theory with an exponential settling
velocity [29]. It consists of 10 layers, and it is assumed that no biological reac-
tions take place within the clarifier. The wastewater from the biological reactor
enter the 6’th layer, counted bottom-up. The volume of each layer is 600 m3.

The available control handles in BSM1 are basically the aeration intensity and
external carbon flow rate to each tank, as well as the internal flow recirculation
rate Qint, the return sludge flow rate Qr and the wastage flow rate Qw. The
oxygen transfer coefficient KLa is seen as the aeration intensity, so BSM1 does
not model the valves where KLa becomes a function of the actual airflow. It
is also possible to control how the influent wastewater, recirculation wastewater
and return sludge are distributed among the five tanks.

4.3 NCS for wastewater treatment

To the author’s knowledge, no decentralized NCS-related publications for wastew-
ater treatment plants exist. However, there are centralized NCS applications
to WWTPs [34]. There are also some NCS applications for large scale water
management systems in general. A WSN have been applied for leak detection
in sewer pipes [27] and intelligent storage scheduling to avoid combined sewer
overflow (CSO) events in sewer systems [17]. A recent application is decentral-
ized model predictive control (MPC) for the Barcelona drinking water network
[20].
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Figure 4.2: Overview of default BSM1 plant; a bioreactor of five compartments
and a secondary clarifier, and the associated wastewater flows.

4.4 ILC for wastewater treatment

ILC for wastewater applications are also scarce in literature. Apart from the
SBR application in Paper III, ILC is applied to an SBR in the earlier work [14].
A WWTP bioreactor as the one in BSM1 is not a batch process, meaning that
ILC is inappropriate. However, there exists another kind of control strategies
referred to as repetitive control (RC) [31] which closely resembles ILC in theory
and practice. The idea of RC is to learn the input in a similar way as in ILC if the
disturbances and reference signals are periodic with a known period. Inspired
by the observation that WWTP plant influents (flows and concentrations) are
indeed periodic with a period of one day, RC is applied to a BSM1 simulation
study in [1].

4.5 Summary of Paper IV

Paper IV is based on the following manuscripts:

Nygren, J. and Carlsson, B. Benchmark Simulation Model no. 1 with a Wire-
less Sensor Network for Monitoring and Control. Technical report 2011-002,
Department of Information Technology, Uppsala University, 2011.

and

Nygren, J. and Carlsson, B. Increasing the number of DO sensors for aeration
control in wastewater treatment: how much is gained? Poster presentation,
proceedings of the 11th IWA conference on Instrumentation, Control and Au-
tomation, 2013.
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Paper IV provides a technical description of a merged simulator, where a Simulink
implementation of BSM1 is combined with a Matlab-based WSN simulator
called Prowler [26]. Prowler is able to model a shared communication chan-
nel of a WSN, including packet collisions and resulting time delays. It is also
able to model medium access control (MAC) protocols used for communication
scheduling. The difference between real time variables in BSM1 and received
measurements at the actuator site is illustrated, with WSN specific characteris-
tics such as packet dropouts. An illustration of how the WSN energy consump-
tion decreases with plant performance in a networked PI control setting, as the
sampling time increases, is also included.

The technical description is supplied with an optimization study, which shows
that the increased information resulting from many measurements of dissolved
oxygen (DO) can be used to decrease aeration costs while still maintaining the
same effluent quality. This serves as a motivation for using WSNs for aeration
control of biological reactors since inexpensive DO sensors may be available on
the market in the future.
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A Cooperative Decentralized PI Control Strategy:
Discrete-time Analysis and Nonlinear Feedback

Johannes Nygren and Kristiaan Pelckmans

Abstract

This paper discusses an extension of a PI control strategy towards the control
of a large m × m-MIMO system. This strategy is fully decentralized, it requires
only the tuning of m different controllers, while we only allow for neighboring
controllers to exchange error signals. This makes it a strong candidate for an im-
plementation on a decentralized, low-power and high performance Wireless Sensor
Network (WSN). The main idea is to feed locally observed control errors (’feed-
back’) not only into the local control law, but also in a fixed proportionate way into
neighboring controllers. The analysis concerns convergence to a set point. The
analysis is essentially based on a conversion of the PI control law into a discrete-
time gradient descent scheme. As an interesting byproduct, this analysis indicates
how to deal with quantization functions and nonlinear effects in the feedback sig-
nals.

1 Introduction
The problem of designing and analyzing control strategies using WSNs has been in-
vestigated in some depth during the last decade, see e.g. Bemporad et al. (2010) for a
survey. For a perspective of automatic control, see e.g. Hespanha et al. (2007). For a
discussion of issues of communication and design, see e.g. Fischione et al. (2010). A
prominent theoretical theme until date concerns stability of the resulting control law,
e.g. Elia and Mitter (2001), while studies of communication issues often involves tech-
niques of quantization (as in Brockett and Liberzon (2000)) and (stochastic) delay (see
e.g. Cloosterman et al. (2010)).

In practice, the most prominent way is to use non-cooperative PI(D) controllers
implemented on different parts of the MIMO system, see e.g. Palmor et al. (1995). It is
indicated that the performance of this approach can be improved considerably by opti-
mization of the loop-pairing of input-output signals which are fed with one univariate
control law, see e.g. Åström and Hägglund (2006). This approach is represented in
Figure 1. This approach has the advantage of being simple to implement, and to be
fully decentralized. However, the rigid structure might not be appropriate for control
of strongly interconnected systems.

At the other end of the spectrum, one can find multivariate control laws which
control the MIMO system based on techniques of optimal control design or Model
Predictive Control (MPC). Such approaches are in general computationally demanding,
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u1(k)

z1(k)G11(q)
r1(k)

u2(k)

z2(k)
G22(q)r2(k)

G12(q)

G21(q)

PI1(q)

PI2(q)

Figure 1: The traditional design of a decentralized PID control strategy for a 2 × 2
MIMO system, with (u1, z1) and (u2, z2) paired.

while they require a centralized node deciding on the control using all information
which is gathered from the individual nodes. Despite such strong requirements, this
approach is most prevalent in modern distributed control as in Maciejowski (1989).

We are interested in control strategies which strike a good trade-off between the
centralized and decentralized extremes. That is, we desire not to be bound by the uni-
variate nature of the decentralized approach, while the application areas in mind (in
WSNs) offer neither the computational resources nor the centralized capabilities which
are in general required for centralized control. The approach adopted here is to take an
array of m (P)I control laws and apply them to the m input-output signal pairs of the
MIMO system at hand. Then we find that a simple modification which allows neigh-
boring controllers to exchange feedback may give us a main boost in performance.
This approach is given in Figure 2. The main contribution of this paper is to provide
convergence conditions of the control errors, for a properly chosen diffusion matrix D.

The techniques that we use to analyze such PI rules are based on a reduction of the
control law into a gradient descent rule as in Nygren et al. (2012). This is achieved
by the construction of a certain matrix Qm. The benefit of doing so is that it gives
us access of the wealth of techniques available for gradient descent. Consequently,
the result is quite general, and covers many interesting cases, including dealing with
Wiener systems, quantization functions and the design of energy-efficient control laws.
The other benefit of this technique is that the result concerns the total control error.
It is noteworthy that a bound of this performance measure implies (BIBO) stability
as well. Finally, we like to point out that this approach makes it possible to compare
tuning of PI control laws with techniques of setting the gain in techniques of stochastic
approximation, adaptive filtering and optimization.

This paper is organized as follows. The following section details the proposed con-
trol strategy, and exemplifies a few interesting cases. Section 3 gives a discrete-time
analysis by a reduction to a gradient descent scheme. The technical material on which
this result hinges is presented in Appendix A and B. Section 4 gives conclusions and
points to further work. The following notational conventions are used. We denote
scalars as lowercase letters, vectors are denoted as lower-case boldface letters and ma-
trices are denoted as upper-case, boldface letters. A vector (semi-) norm is denoted as
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u1(k)

z1(k)G11(q)
r1(k)

u2(k)

z2(k)
G22(q)r2(k)

G12(q)

G21(q)

PI(q)

PI(q)

d12

d21

Figure 2: An example of a collaborative decentralized PI control strategy, where feed-
back (’errors’) are distributed to neighboring controllers as well. That is, errors are
rescaled by a factor dij if going from controller i to neighboring j. To keep the figure
as simple as possible, we assume here that d11 = d22 = 1, and that f(x) = x.

∥x∥Q = 1
2x

T (QT +Q)x, for a vector x and a matrix Q such that QT +Q is positive
(semi)definite (i.e. QT +Q ≽ 0).

2 Preliminaries

2.1 Setting
Consider the following linear MIMO system with m inputs and m outputs:

z1(k)
z2(k)

...
zm(k)

 =


G11(q) G12(q) . . . G1m(q)
G21(q) G22(q) . . . G2m(q)

...
...

...
Gm1(q) Gm2(q) . . . Gmm(q)




u1(k)
u2(k)

...
um(k)

 , (1)

where ui(k) is the i’th input (manipulated variable) at time k ∈ N, zi(k) is the i’th
output (process variable), and Gij(q) is a discrete time transfer operator describing
the influence of the j’th input on the i’th output. This paper considers the problem
of controlling the m outputs to their respective reference values {ri}mi=1 which are
assumed to be constant with respect to time.

Let D ∈ Rm×m be a fixed diffusion matrix, such that Dij = dij ∈ R for all
i, j = 1, . . . ,m. Also let ui(0), ui(−1), · · · = 0 for all i = 1, . . . ,m (implying that
the MIMO system (1) starts from rest). The discrete-time fDI control law is given as
follows.

εi(k) = ri − zi(k), (2)

ui(k + 1) = ui(k) + γ
m∑
j=1

dijf(εj(k)), (3)

3



where ri is the reference signal (set-point) and εi(k) is the control error of the i’th
output signal. The gain at time k is denoted γ, which is chosen to be larger than
zero for all k. We see that the control input i depends on a weighting of the control
errors εj(k), j = 1, . . . ,m, which is determined by the weighting coefficients dij . The
function f : R → R can, for example, describe quantization of the feedback signal.

Now assume that all subsystems Gij(q) are FIR of finite order n − 1. Let hij =
[hij(0), hij(1), . . . , hij(n)]

T be a (n + 1)-dimensional column vector containing the
Markov parameters hij(0), . . . , hij(n) of Gij(q). Note that hij(n) = 0 for all i and j
since the order of the subsystems is n − 1. The reason for including this zero in hij

will be apparent later.
Let uk = [u1(k), . . . u1(k−n), u2(k), . . . , um(k−n)]T be a m(n+1)-dimensional

column vector where each input from time k − n to k are stacked on each other. Then
the i’th output at time k of (1) can be written concisely as

zi(k) = [hT
i1,h

T
i2, . . . ,h

T
im]uk ≡ hT

i uk. (4)

Let r = [r1, r2, . . . , rm]T and zk = [z1(k), z2(k), . . . , zm(k)]T . Then the control law
(2) and (3) can be written concisely as

εk = r− zk, (5)
uk+1 = Amuk + γ{DF (εk)⊗ e1}, (6)

where F (εk) = [f(ε1(k)), f(ε2(k)), . . . , f(εm(k))]T and e1 = [1, 0, . . . , 0]T ∈ Rn.
The symbol ⊗ is the Kronecker product operator, and the diffusion matrix D ∈ Rm×m

equals
D = [dij ] ∈ Rm×m, (7)

where dij are the weighting coefficients appearing in the fDI control update (3). Fig-
ure 2 shows how a D-matrix (with ones in the diagonal) is represented in a block-
diagram of a 2 × 2 MIMO system with PI control and linear feedback. Here, γ is
embedded in the PI-blocks. Note that γ acts as a scaling factor on D, and can therefore
be embedded in D as well.

In a decentralized control setting, there are typically structural restrictions on D,
depending on how the different controllers can communicate. If the control is com-
pletely decoupled, then D is a diagonal matrix. If any controller can communicate to
any other controller, D is dense.

The matrix Am ∈ Rm(n+1)×m(n+1) is a block-diagonal matrix with m blocks.
Such block, denoted as A ∈ R(n+1)×(n+1), is given as

A =


1 0 . . . 0
1 0 . . . 0
0 1 0
...

. . .
...

0 1 0

 . (8)

The structure of A is elaborated on in Nygren et al. (2012).
We also assume that the reference signal r is feasible, i.e. that there exist an input

signal u∗ = (α⊗ 1n+1) ∈ Rm(n+1) such that hT
i u

∗ =
∑m

j=1 αjh
T
ij1n+1 = ri for all
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i. Note that hT
ij1n+1 is equal to the static gain of subsystem ij, i.e. Gij(1). This means

that the reference signal is feasible if there exist a solution to the following equation G11(1) . . . G1m(1)
...

...
Gm1(1) . . . Gmm(1)

α ≡ Gα = r. (9)

Figure 3 gives a block diagram of the system, the fDI control strategy and the
nonlinear feedback loop. The m × m matrix G(q) = [Gij(q)] represents the sys-
tem transfer operator in (1). This block diagram also motivates the name of the fDI
controller from the ordering of the f , D and integrator block. This paper will base its
analysis on the fDI control strategy, and the analysis requires that the static gain G is a
symmetric matrix. In most applications G is not symmetric, but Figure 3 indicates that
one can substitute G(q) and D with, for example, GTG(q) and DG−T respectively.
The equivalent closed loop system will then have a symmetric static gain.

If one wishes to substitute the DI-control blocks with a more complex controller
C(q), one may factorize it as C(q) = D γ

q−1C̃(q) and then merge C̃(q) with G(q). If
C(q) is of PI-form, for example, the merged system C̃(q)G(q) will preserve it’s FIR
form. In the 2× 2 MIMO system in Figure 2, C̃(q) is a diagonal 2× 2 matrix.

The main questions arising from this discussion are how to tune the parameters of
C̃(q), how to symmetrize the static gain in the best way (multiplying with GT is just
one possible way), and how to choose the gain γ and the diffusion matrix D subject
to some sparsity pattern which represents the possible controller communication path-
ways. In the forthcoming analysis we restrict ourselves to the problem of choosing γ
under the assumption that D and G(q) are fixed.

2.2 Special Cases
The setting given in the previous subsection is general enough to include the following
cases of particular interest:

Q: To reduce communication cost in the sensor/actuator network, sensor measure-
ments can be crudely quantized. This can be realized by letting f(·) be a piece-
wise constant, monotonic stair function:

f(x) = x̄i, x̄i ≤ x < x̄i+1, i ∈ Z . (10)

In Elia and Mitter (2001), the coarsest quantizer for stabilization is characterized,
and it turns out to be of logarithmic form. In this paper, we focus on convergence
analysis rather than stabilization.

Σ f D
   γ   G(q)

ε F(ε) DF(ε) u zr

(q-1)
-

I

Figure 3: Block diagram of the MIMO closed loop system. The open loop system is
of Hammerstein type, with a (possibly) nonlinear function f followed by a linear part
consisting of three blocks.
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C: The function f(·) can be any monotone function. For example, if we want to
avoid communication at small control errors, it makes sense to choose a dead-
zone function with parameter δ > 0, defined as

f(x) =

{
x |x| > δ

0 |x| ≤ δ.
(11)

W: It is possible to replace f(εi(k)) with ri − f̃(zi(k)), where f̃ : R → R. This
is convenient if, for example, the quantized output is communicated between
the sensors and actuators instead of the quantized control error. The open loop
system is then a Wiener system instead of a Hammerstein system.

3 Analysis

Given the setting as described in the previous section, we now want to choose gains γ
such that the m control errors become as small as possible for a given diffusion matrix
D. In this section, we arrive at sufficient conditions on the gain γ and function f for
asymptotic convergence of the control errors. Now, consider the vector (semi)norm
∥x∥2Qm

= 1
2x

TQmxT , where Qm ∈ Rm(n+1)×m(n+1). Equation (6) becomes:

∥u∗ − uk+1∥2Qm
= ∥u∗ − uk∥2AT

mQmAm

− 2γ(u∗ − uk)
TAT

mQm{DF (εk)⊗ e1}
+ γ2∥DF (εk)⊗ e1∥2Qm

.

(12)

Let ẽi = [0, . . . , 0, 1, 0, . . . , 0]T ∈ Rm(n+1), where the 1 is in the 1 + (n + 1)(i − 1)
entry. As such, the analysis will hinge on the availability of a proper matrix Qm. We
will use the following properties of the matrix Qm, and show later the existence of
such a matrix.

B1: Qm is symmetric and positive semidefinite.

B2: for all i we have that AT
mQmẽi = hi.

B3: Qm −ATQmA is positive semidefinite.

A necessary condition for Qm to satisfy B2 is that all hij(n) = 0, which we assumed
in the Preliminaries section. Appendix A provides a proof that a matrix Qm which
satisfies B1-B3 exist in the SISO case, if and only if the static gain of the system is
positive. Together with the feasibility condition (9), we require the static gain of the
SISO system to be strictly positive (unless, of course, the reference signal is zero). This
positivity constraint is natural since the gain γ of the fDI-controller is positive. The
case with negative static gain can be dealt with by using negative gains. Appendix B
includes an existence proof of Qm for the MIMO system (1). For existence of Qm in
the MIMO case it is necessary that G ≽ 0. Let di = [di1, . . . , dim] equal the i’th row
of D. Using property B2 and that r is feasible we make the following derivation of the

6



cross-term in (12):

(u∗ − uk)
TAT

mQm{DF (εk)⊗ e1} =

(u∗ − uk)
TAT

mQm{ẽ1 ⊗ d1F (εk) + · · ·+ ẽm ⊗ dmF (εk)}
= ε1(k)⊗ d1F (εk) + · · ·+ εm(k)⊗ dmF (εk)

= εTkDF (εk).

(13)

Now let xij , i, j = 1, . . . ,m be the element of Qm in the 1+(i−1)(n+1)’th row and
1+(j−1)(n+1)’th column (see Appendix B for details). Also let X = [xij ] ∈ Rm×m,
and let xi be the i’th column of X. Because of B1, X ≽ 0 (see Appendix B). Then the
last term in (12) becomes

∥DF (εk)⊗ e1∥2Qm
=

 m∑
j=1

djF (εk)xj1, . . .

 {DF (εk)⊗ e1}T

=

 m∑
j=1

djF (εk)xj1, . . . ,

m∑
j=1

djF (εk)xjm

DF (εk)

= F (εk)
TDT [x1,x2, . . . ,xm]DF (εk)

= F (εk)
TDTXDF (εk).

(14)

In the second equality relation in (14) we use the fact that the elements of {DF (εk)⊗
e1} between the 1+(i−1)(n+1) entries (i = 1, . . . ,m) are zero. Using (12) together
with (13), (14) and B3, we now arrive at the following expression

∥u∗ − uk+1∥2Qm
≤ ∥u∗ − uk∥2Qm

− 2γεTkDF (εk) + γ2F (εk)
TDTXDF (εk).

(15)

This leads to the following lemma, which gives an interesting bound of the control
error norms.

Lemma 1 Given the system (1) where each Gij(q) is FIR of order ≤ n− 1 with static
gain G ≽ 0, with the fDI-controller (5) and (6) and a symmetric D, a feasible ref-
erence signal r and a matrix Qm which satisfies conditions B1-B3, with an associated
X, and assuming that u0 = 0, the control errors from time 0 to k will be bounded as

k∑
j=0

γ
(
∥εj∥2D + ∥F (εj)∥2D − γ∥F (εj)∥2DTXD

)
≤ αTGα

+
k∑

j=0

γ∥εj − F (εj)∥2D.

(16)

Proof. First we note that G ≽ 0 is equivalent to the existence of a Qm satisfying
B1-B3, according to Appendix B.

Unfolding the recursion (15) gives

∥u∗ − uk+1∥2Qm
≤ ∥u∗ − u0∥2Qm

− 2
k∑

j=0

{
γεTj DF (εj)

}
+

k∑
j=0

{
γ2∥F (εj)∥2DTXD

}
.

(17)
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Let qp be the p’th column of Qm. To develop the first term of (17), we use the fact that
qT
p u

∗ =
∑m

j=1 αj1
Thji for all p = 1+ (i− 1)(n+ 1) (due to B2) and qT

p u
∗ = 0 for

all other p (see Appendix A). Since u0 = 0, the first term of (17) becomes

∥u∗∥2Qm
= [

m∑
j=1

αje
T
1 hj1, 0, . . . ]u

∗ =
m∑
i=1

αi

m∑
j=1

αje
T
1 hji = αTGα. (18)

Since D is symmetric, the cross terms in (17) are replaced by

−2εTj DF (εj) = ∥εj − F (εj)∥2D − ∥εj∥2D − ∥F (εj)∥2D. (19)

Equation (16) is then obtained by using (18) and (19) in (17) and reorganizing the
terms. �

Lemma 1 states that the control errors will be bounded for all k = 0, 1, . . . if γ
is small enough and if ∥εj − F (εj)∥2D is bounded. The gain γ will be small enough
to achieve bounded control errors if F (εj)

T (D − γDTXD)F (εj) ≥ 0 for all j. If
F (εk) = εk, we also get asymptotic convergence, i.e. limk→∞ εk = 0 if this condition
holds.

Now we are ready to state a main result of this paper, which gives conditions for
asymptotic convergence of the control errors with respect to γ and a proper constraint
on the function f (which might represent quantization coarseness as in Elia and Mitter
(2001)).

Theorem 1 Given the system (1) where each Gij(q) is FIR of order ≤ n − 1 with
static gain G ≽ 0, a symmetric matrix D ∈ Rm×m such that D ≽ 0 and a function
f : R → R that satisfies the following condition

c|ε| ≤ |f(ε)| ≤ |ε|, ∀ ε ∈ R (20)

where 0 < c ≤ 1 is chosen such that

λmin

λmax
>

(1− c)2

1 + c2
, (21)

where λmin and λmax is the minimum and maximum eigenvalue of D. Then there
exist a γ∗ > 0 such that if the fDI-controller (5) and (6) is applied, with a feasible
reference signal r, and assuming that u0 = 0, we get asymptotic convergence of the
control errors, i.e. limk→∞ εk = 0, for all gains satisfying 0 < γ ≤ γ∗.

Proof. Without loss of generality, we can assume that λmax = 1, since γ scales with
D. By assumption we have that λmin ≥ 0. Also denote the maximum eigenvalue of
DTXD as λDXD.

The main ideas behind the proof is to bound the different quantities of (16) in
Lemma 1. Due to (20), we have

∥εk − F (εk)∥2D ≤ ∥εk − F (εk)∥2 ≤ (1− c)2∥εk∥2, (22)

∥F (εk)∥2D ≥ λmin∥F (εk)∥2 ≥ λminc
2∥εk∥2, (23)

and
∥F (εk)∥2DTXD ≤ λDXD∥F (εk)∥2 ≤ λDXD∥εk∥2. (24)
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Then, (16) can be rewritten as

γ
(
λmin(1 + c2)− (1− c)2 − γλDXD)

) k∑
j=0

∥εj∥2 ≤ αTGα. (25)

Due to (21), the quantity λmin(1 + c2) − (1 − c)2 is strictly positive. Furthermore,
since X ≽ 0, λDXD is nonnegative. Therefore, there exist some number γ∗ such that
0 < γ ≤ γ∗ implies that the quantity on the left hand side of (25) is strictly positive.
This means that

∑∞
j=0 ∥εj∥2 < ∞, implying that ∥εk∥2 → 0 as k → ∞. �

4 Discussion
This paper proposed a design of cooperative PI control laws for controlling a MIMO
system. The key was to have cooperation be encoded in a matrix D, and to work out a
reduction to a traditional gradient descent scheme. At this point, this technique is only
worked out theoretically for MIMO systems where the components can be represented
as FIR systems, while it remains open how to extend to the IIR cases as well.
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A Existence proof in the SISO case
Here we give an existence proof of a Qm satisfying B1-B3 in the SISO case. In Ap-
pendix B, existence is proven for the MIMO case.

Theorem 2 For a vector h = [h0, h1, . . . , hn−1], there exist a Q ∈ Rn+1×n+1 such
that Q is positive semidefinite (B1), ATQe1 = [hT , 0]T (B2) and Q − ATQA is
positive semidefinite (B3), if and only if

∑n−1
j=0 hj ≥ 0. A is defined in (8).

The proof of this theorem is structured in three steps. First, a row sum property of Q
is derived. Then, an equivalent matrix equation is derived using the Jordan form of A.
Using the aforementioned row sum property, the condition that

∑n−1
j=0 hj ≥ 0 becomes

apparent. In the last step of the proof, a specific Qm which satisfies B1-B3 is derived
using the equivalent matrix relation from the second step.

The Q-matrix has the following structure (due to B2):

Q =


x h0 − x h1 . . . hn−1

h0 − x

h1 Q̃
...

hn−1

 . (26)

where Q̃ = {qij}ni,j=0 is a symmetric n × n matrix, and x is a scalar. As a first step,
we prove the following proposition.

Proposition 1 Denote qp as the p’th row of Q. If Q −ATQA ≥ 0 (B3), the sum of
all rows of Q (except for the first row) is zero, i.e. qp1 = 0 for all p = 2, . . . , n+ 1. If
ATQe1 = [hT , 0]T (B2), then q11 =

∑n−1
j=1 hj .

Proof. The fact that q11 =
∑n−1

j=1 hj if B2 holds follows from (26). Now observe
that A1 = 1. This means that 1T (Q − ATQA)1 = 0 regardless of the properties
of Q. By the Rayleigh-Ritz theorem (see Horn and Johnson (1990)), we conclude
that if B3 holds, the minimum eigenvalue of (Q − ATQA) is zero (with 1 as the
corresponding eigenvector). This gives the following equations q11−q11−q21 = 0,
qp1 − qp+11 = 0 for all p = 2, . . . , n and qp+11 = 0. These equations imply that
qp1 = 0 for all p = 2, . . . , n+ 1. �

Now we use the following Jordan form transformation on A:

B = T−1AT, (27)
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where

B =


1 0 . . . 0
0 0 . . . 0
0 1 0
...

. . .
...

0 1 0

 . (28)

It turns out that

T =



1 0 . . . 0
1 −1 0 . . . 0

1 −1
. . .

. . .
...

...
... 0

1 −1 . . . −1

 . (29)

Now consider the following derivation

Q−ATQA = Q−T−TBTTTQTBT−1 ⇔

TTQT−BT
(
TTQT

)
B ≡

M−BTMB ≡ Z.

(30)

Since any matrix Q and its transformation TTQT has the same inertia (same amount
of negative, positive and zero eigenvalues) provided that T is invertible (which it is),
we have that Q ≽ 0 iff M ≽ 0. Furthermore, Z ≽ 0 iff Q−ATQA ≽ 0.

From calculations we get

M =


∑n−1

j=0 hj 0 . . . 0

0
... M̃
0

 , (31)

where the (k, l)-entry M̃k,l =
∑n−1

j=k−1

∑
i=l−1 qij . The first row and column of M

have zero entries due to Proposition 1. To make M ≽ 0 (and hence Q ≽ 0), we see
from (31) that B1 holds only if

∑n−1
j=0 hj ≥ 0.

Furthermore, we have that

Z =


0 0 . . . 0
0
... Z̃
0

 , (32)

where Z̃k,l = 2
∑n−1

j=k−1 qj,l−1 − qk−1,l−1.
The last step of the proof is to give an example of a Q such that B1-B3 is satisfied.

If we construct a Q for which Z ≽ 0, we get that Q−ATQA ≽ 0 (B3) and, since the
lower principal n× n submatrix of B have n zero eigenvalues, M ≽ 0 (which implies
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B1). Therefore, we construct the following Q:

Q =



x h0 − x h1 h2 . . . hn−1

h0 − x x− h0 + a0 b1 − h1 −h2 . . . −hn−1

h1 b1 − h1 a1 b2 0 . . . 0
...

...
. . .

...
...

. . .
hn−2 −hn−2 0 . . . bn−2 an−2 bn−1

hn−1 −hn−1 0 . . . 0 bn−1 an−1


, (33)

where 
a0 =

∑n−1
i=1 hi +

∑n−1
k=1 |

∑n−1
i=k hi|

aj = |
∑n−1

i=j hi|+ 2
∑n−1

k=j+1 |
∑n−1

i=k hi|, j = 1, . . . , n− 2

an−1 = |hn−1|,
(34)

and

bj = −
n−1∑
k=j

∣∣∣∣∣
n−1∑
i=k

hi

∣∣∣∣∣ , j = 1, . . . , n− 1. (35)

We then see that Z̃ becomes

Z̃ =



g(x) −
∑n−1

j=1 hj . . . −hn−1

−
∑n−1

j=1 hj

∣∣∣∑n−1
j=1 hj

∣∣∣ 0 . . .

... 0
. . .

...
...

−hn−1 0 . . . |hn−1|


, (36)

where

g(x) = x−
n−1∑
j=0

hj −
n−1∑
k=1

∣∣∣∣∣
n−1∑
i=k

hi

∣∣∣∣∣ . (37)

By Gerzgorins disc theorem (see Horn and Johnson (1990)), we see that Z̃ ≽ 0 if
x ≥

∑n−1
j=0 hj + 2

∑n−1
k=1

∣∣∣∑n−1
i=k hi

∣∣∣. Since Z ≽ 0, then B1 holds (since M ≽ 0) and

also, Q−ATQA ≽ 0 (B3) holds. B2 holds by construction (26). �

B The MIMO case
In this appendix, an existence proof of a Qm which satisfies B1-B3 in the MIMO
case is given. The formal statement, which is to be proven, is given as the following
theorem.

Theorem 3 For given m(n+1)-vectors hi = [hT
i1, . . . ,him]T , hij = [hij(0), . . . , hij(n−

1), 0]T and a m-dimensional matrix G ≡ {
∑n−1

k=0 hij(k)}i,j , there exist a Qm ∈
Rm(n+1)×m(n+1) such that Qm is positive semidefinite (B1), AT

mQmẽi = hi for all i
(B2) and Qm −AT

mQmAm is positive semidefinite (B3), if and only if G ≽ 0 (which
also means that G = GT ).
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The structure of the proof is the same as for the SISO case in Appendix A. First, we
note that the m(n + 1)-dimensional matrix Qm can be divided into m2 sub-blocks,
which we denote Qij ∈ Rn+1×n+1, i, j = 1, . . . ,m. The sub-block Qij , which is
located at block-row i and block-column j of Qm, has the following structure (due to
B2):

Qij =


xij hij(0)− xij . . . hij(n− 1)

hji(0)− xij

hji(1) Q̃ij

...
hji(n− 1)

 . (38)

Also note that Qij = QT
ji. B1 implies that {v⊗ e1}TQm{v⊗ e1} = vTXv ≥ 0 for

any vector v, hence X is positive semidefinite.
As a first step of the proof, we prove the following proposition (which is a general-

ization of Proposition 1).

Proposition 2 Denote qp
ij as the p’th row of Qij . If Qm −AT

mQmAm ≽ 0 (B3), the
sum of the rows of Qij , i, j = 1, . . . ,m (except for the first row) is zero, i.e. qp

ij1 = 0

for all p = 2, . . . , n+ 1. If AT
mQmẽi = hi (B2), then q1

ij1 =
∑n−1

k=1 hij(k).

Proof. The fact that q1
ij1 =

∑n−1
k=1 hij(k) if B2 holds follows from (38). Now observe

that Am{ei ⊗ 1n+1} = {ei ⊗ 1n+1}, where ei is a m-dimensional zero vector except
for a 1 at the i’th element. This means that {ei⊗1n+1}T (Q−ATQA){ei⊗1n+1} = 0
for all i = 1, . . . ,m. By the Rayleigh-Ritz theorem, we conclude that if B3 holds,
(Qm−AT

mQmAm){ei⊗1n+1} = 0 for all i. This implies that q1
ij1−q1

ij1−q2
ij1 = 0,

qp
ij1 − qp+1

ij 1 = 0 for p = 2, . . . , n and qn+1
ij 1 = 0. These equations imply that

qp
ij1 = 0 for all p = 2, . . . , n+ 1. �

Proposition 2 also tells us that if both B2 and B3 holds, then
∑n−1

k=0 hij(k) =∑n−1
k=0 hji(k) and hence, G is symmetric. This is because Qij = Qji for all i, j,

implying that the sum of all elements of Qij (which is
∑n−1

k=0 hij(k)) is equal to the
sum of all elements of Qji.

In the second step of the proof, we make the the following transformation

Qm −AT
mQmAm = Qm −T−T

m BT
mTT

mQmTmBmT−1
m ⇔

TT
mQmTm −BT

m

(
TT

mQmTm

)
Bm ≡

Mm −BT
mMmBm ≡ Zm.

(39)

Bm is the Jordan form of Am, and the transformation matrix Tm is block-diagonal
with m blocks of the form (29). All sub-blocks Mij of Mm have the same structure as
(31). This means that {v⊗ e1}TMm{v⊗ e1} = G, and hence, G ≽ 0 is a necessary
condition for B1 to hold. Also, all sub-blocks Zij of Zm have the same structure as
(32).

Now choose Qm such that

Q̃ij =


xij − hij(0) +

∑n−1
k=1 hji(k) . . . −hij(n− 1)

−hji(1) 0 . . .
...

−hji(n− 1) 0 . . .

 (40)

13



if i ̸= j. Also choose xij = 0 for i ̸= j. Then choose Qii such that it has the same
structure as (33), but with the following parameters:

a0 =
∑n−1

k=1 hii(k) +
∑m

j=1

(∑n−1
l=1 |

∑n−1
k=l hji(k)|

)
ap =

∑m
j=1

(
|
∑n−1

k=p hji(k)|+ 2
∑n−1

l=p+1 |
∑n−1

k=l hji(k)|
)
,

an−1 =
∑m

j=1 |hji(n− 1)|,
(41)

and bp = −
∑m

j=1

∑n−1
l=p

∣∣∣∑n−1
k=l hji(k)

∣∣∣ for all j = 1, . . . , n.
Denote the ij-entry of G as Gij . Then, the sub-blocks Zij of Zm have the same

structure as (32) with

Z̃ij =


−Gij . . . −hij(n− 1)

−
∑n−1

k=1 hij(k) 0 . . .
...

−hn 0 . . .

 , (42)

for i ̸= j, and

Z̃ii =


gii(xii) −

∑n−1
k=1 hii(k) . . . −hii(n− 1)

−
∑n−1

k=1 hii(k)
∑m

j=1 |
∑n−1

k=1 hji(k)| . . .
...

. . .
−hii(n− 1) 0 . . .

∑m
j=1 |hji(n− 1)|

 , (43)

where gii(xii) = xii − Gii −
∑m

j=1

(∑n−1
l=1

∣∣∣∑n−1
k=l hji(k)

∣∣∣). By Gerzgorins disc
theorem, we see that Zm ≽ 0 if

xii ≥
m∑

j=1

(
Gji + 2

n−1∑
l=1

∣∣∣∣∣
n−1∑
k=l

hji(k)

∣∣∣∣∣
)
.� (44)
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Paper II





On the stability and optimality of an output

feedback control law

Johannes Nygren and Kristiaan Pelckmans

Abstract

This paper studies properties of an output feedback control law, using
recent techniques of online learning theory, optimization algorithms and
others. The main focus is on the influence of the choice of the gain in this
setting. Starting from an optimality criterion, we derive a practical sub-
optimal tuning rule and guarantees of stability of the resulting closed loop
system. Theoretical results and their practical implications are illustrated
in a numerical example.

1 Introduction

Linear output error feedback control strategies comprise the core of classical
control theory. In contrast to modern control theory, state information is not
used in any way to design the feedback law. This is convenient when it is not
possible to have access to the state vector.

Linear matrix inequality (LMI) techniques have been used to ensure stabil-
ity of output feedback strategies, extending pole placement and the classical
Nyquist criterion techniques for cases with non-linear quantization [4] and un-
certain systems [11], [12]. For example, the classical circle criterion builds upon
Lyapunov stability theory using an LMI. For quantized output feedback loops,
where the quantization can be seen as a specific type of non-linearity, sufficient
stability criteria can be formulated in terms of LMIs which improves upon the
circle criterion [3]. Also, while the H∞ output feedback stabilization problem
is formulated as a bilinear matrix inequality (BMI), sufficient conditions for
stability can be formulated as LMIs at the cost of necessity [10].

This paper studies stability and certain optimality properties of a linear
output feedback controller, applied to an LTI system as shown in Figure 1.
The analysis starts in the discrete time domain but extends to the continuous
time case as well. Specifically, a range of the gain γ is found for which the
resulting closed loop is stable. While LMI-type stability criteria usually involve
state space matrices, in this paper stability is achieved by solving an LMI of an
infinite dimensional matrix generated from the impulse response of the system.
Conveniently, an explicit solution is found.

A second result is a tuning rule for γ for which the following minimax prob-
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r ε
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Figure 1: Block diagram of the closed loop system in discrete time (upper)
and continuous time (lower), where q is the forward shift operator and p is the
differential operator. The objective is to choose the gain γ based on the plant P
and the given controller part C. Here, d is a load disturbance, z is the output,
r is the reference signal and ε is the control error. Also, u is referred to as the
input signal, even though it is an intermediate signal from the integral controller
part to C.

lem is approximatively solved

min
γ

max
∥u∗

∆∥=1

k∑
j=0

ε(j)2, (1)

where ε is the control error, k is a time horizon (which may or may not tend to
infinity), and u∗ is the ideal input for a corresponding reference signal r(j) and
load disturbance d(j), i.e.

r(j)− d(j) = H(q)u∗(j), (2)

and

∥u∗
∆∥2 =

k−δ−1∑
j=−∞

(u∗(j + 1)− u∗(j))2. (3)

The approximate solution is found by solving a one-dimensional semi-definite
program (SDP) consisting of an LMI with size proportional to k.

Furthermore, a more conservative stability region for γ can be estimated
using a simple step response experiment of H(q) as described in Section III, see
for example Figure 2. This region is shown to be tight if the step response of
H(q) has no overshoot. This has practical value since it gives intuition about a
safe magnitude of the gain.

It turns out that the results have a clear connection with Nyquist stability
theory since the derived stability range of the gain guarantees that the real
part of the open loop transfer function is strictly to the right of −1. The circle
criterion is also related to the stability results for the case with non-linearities
in the feedback loop. However, the technical tools in this paper do not include
pole analysis and Lyapunov theory used to derive the Nyquist and circle stability
criteria. Instead, a recursion is derived and an upper bound on the squared error
norm is minimized with respect to the gain γ. Similar tools are extensively used
in fields such as adaptive filtering [13], optimization algorithms [1], stochastic
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approximation [9], and machine learning [2]. The results in these fields are often
in the form of criteria to guarantee convergence, but practical tuning rules are
relatively rare. In this paper, the gain is derived from the system dynamics in
a precise way.

The results are applicable to all closed loop systems where the open loop is
stable, possibly except for a single integrator. The reason for this is that the
proposed stability region for γ gives an open loop system with the real part of
the Nyquist curve strictly to the right of −1, which is impossible for multiple
integrator systems or unstable systems with stabilizing feedback.

The paper is organized as follows. Section 2 describes the problem setting
and lists the necessary technical tools. Section 3 derives tuning rules of the
gain for finite and infinite time horizons in a discrete time setting, and Section
4 does the same in the continuous time domain, only for the case with infinite
time horizon. Section 5 extends the present framework by deriving BIBO- and
asymptotic stability guarantees for closed loop systems using approximative
control error estimates. A system is referred to as ”stable” in this paper if
the corresponding transfer operator has all poles in the stability region, but
the approximations in Section 5 might be non-linear, meaning that the closed
loop system cannot be described as a linear transfer operator. Therefore it is
necessary to distinguish between different kinds of stability. Section 6 illustrates
the theory through a simulation study. Section 7 concludes the paper.

2 Preliminaries

2.1 System description

Assume we have the following discrete-time, causal closed loop SISO LTI-
system, as shown in Figure 1

z(j) = H(q)u(j) + d(j), (4)

u(j) =
γ

q − 1
ε(j), (5)

ε(j) = r(j)− z(j), (6)

where j ∈ Z and q is the forward shift operator. The output signal z(j) ∈ R
is controlled by an input signal u(j) ∈ R and influenced by a load disturbance
d(j) ∈ R. The control error ε(j) ∈ R is defined as the difference between z(j)
and a reference signal r(j) ∈ R according to (6). The signals r(j) and d(j) are
external and do not depend on any other signal. Let the sequence {h(j)}∞j=0

be the impulse response of H(q) for all j ∈ N0. Also denote the relative degree
of the transfer operator H(q) in (4) as δ ≥ 0. Note that H(q) may have zero
relative degree since there is a delay in the input update (5).

The following assumptions about the system are referred to throughout this
paper. It will be clear which of them holds in each context.

A1 The transfer operator H(q) is strictly stable, i.e. it has all poles strictly
inside the unit circle.
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A2 The system starts from rest, i.e. the reference signal r(j) and the load
disturbance d(j) are zero for all j ≤ −1. Consequently, the output signal
z(j) and the control error ε(j) is zero for all j ≤ −1, and the input signal
u(j) is zero for all j ≤ 0.

A3 The transfer operator H(q) is minimum phase, i.e. it has all zeros inside
the unit circle.

Basically, assumption A1 is used if there is an infinite time horizon. A2 and A3
is only used for the finite time case.

Now define an ideal input sequence {u∗(j)}k−δ
j=−∞ such that

H(q)u∗(j) = r(j)− d(j), (7)

for all j ≤ k. Also denote the ideal input update as

u∗
∆(j) = u∗(j + 1)− u∗(j), (8)

where j ≤ k + 1. Note that, if both A2 and A3 holds, then u∗(j) = 0 for all
j ≤ −δ−1. As a consequence, u∗

∆(j) = 0 for j ≤ −δ−2 and for j ≥ k− δ. This
ideal input update will play an important role in the forthcoming analysis, and
control error bounds will be derived based on this quantity.

For minimum phase systems (when A3 holds), the ideal input sequence is
uniquely defined as u∗(j) = H−1(q)(r(j) − d(j)) for all j ≤ k − δ. If H(q) is
non-minimum phase, then u∗(k) will tend to infinity as k → ∞ unless the ideal
input sequence is defined in another way, since the inverse H−1(q) is unstable.
Therefore, the technical framework will be slightly different for non-minimum
phase systems (when A3 does not hold). In Appendix B, the ideal input for
non-minimum phase systems is derived using anti-causal filtering.

The analysis in this paper is based on a discrete-time setting, but results
are also derived for continuous time as a limiting case where the sampling time
tends to zero. Consider the following continuous time, causal closed loop SISO
LTI system as shown in Figure 1

z(t) = G(p)u(t) + d(t), (9)

u(t) =
γ

p
ε(t), (10)

ε(t) = r(t)− z(t), (11)

where d(t) and r(t) are continuous functions of t ∈ R and p is the differential
operator. The impulse response of the transfer operator G(p) is given by g(t) for
t ≥ 0. Note that G(p) may have zero relative degree since there is an integrator
in the input update (10).

The following assumptions are made about the system (9)-(11).

A1’ The transfer operator G(p) is strictly stable, i.e. it has all poles strictly
inside the left half plane.

A2’ The trajectory r(t) − d(t) is realizable up to time T , i.e. there exists
a bounded, piecewise differentiable ideal input {u∗(t)}T−δc

t=−∞ such that
G(p)u∗(t) = r(t)− d(t) for all t ≤ T .

In the continuous time case, only infinite time horizons are considered.
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2.2 Technical setting for discrete-time analysis

In the forthcoming analysis, a main technical tool which appear in the state-
ments of the lemmas is the following. For a minimum-phase transfer oper-
ator H(q) define the associated symmetric matrix function QH

k (x) : R →
R(k+δ+2)×(k+δ+2) of a scalar x as follows

QH
k (x) =



x h(0)− x . . . h(k + δ)
h(0)− x 2(x− h(0))

h(1) h(0)− x− h(1)
. . .

...
...

h(k + δ) h(k + δ − 1)− h(k + δ) . . . 2(x− h(0))

 . (12)

The (k+ δ + 1)× (k + δ + 1) submatrix of QH
k (x) when removing the 1’st row

and column in (12) is of Toeplitz form.
For a non-minimum phase transfer operator H(q), the associated matrix

function QH
k (x) is infinite dimensional, i.e. QH

k (x) : R → R∞×∞ for any time
horizon k but has the same structure as in (12). QH

k (x) is now defined using
the entire impulse response sequence {h(j)}∞j=0. The underlying reason for this
will be clear in the proofs of Section 3.

For convenience, the dummy variable x and the associated transfer operator
H(q) is sometimes suppressed and QH

k (x) is sometimes simply expressed as Qk.
For a vector vk which is either finite (Rk+δ+2) or infinite (R∞) we define,

with slight abuse of notation, the quadratic form ∥vk∥2Q = vT
k Qkvk. If Qk ≻ 0

then ∥vk∥2Q is a norm, and if Qk ≽ 0 then ∥vk∥2Q is a seminorm.

3 Discrete time analysis

In this section, the ”worst-case suboptimal” choices of γ are defined and derived,
both for finite and infinite time horizons. As a consequence, a range of γ is
derived for which the discrete time closed loop system (4)-(6) is stable. The
first result of this section is an upper bound on the sum of squared control
errors for j = 0, 1, . . . , k, which is stated in the following lemma.
Lemma 1 For a closed loop system (4)-(6) which satisfies the assumptions A1-
A2 or A2-A3, define a scalar x such that QH

k (x) ≽ 0. Then the squared error
sum from time 0 to k has the following upper bound

γ(2− γx)
k∑

j=0

ε(j)2 ≤ 2(1− γx)
k−δ−1∑
j=0

ε(j)u∗
∆(j) + x

k−δ−1∑
j=−∞

u∗
∆(j)

2. (13)

Proof. First, the lemma is proved for the case where A2-A3 holds. Define, for
all j = −δ,−δ + 1, . . . , k + 1, the following input vector

uj = [u(j), u(j − 1), . . . , u(j − k − δ − 1)]T ∈ Rk+δ+2. (14)
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Also define the following objects

ek = [1, 0, . . . , 0]T ∈ Rk+δ+2, (15)

Ak =


1 0 . . . 0
1 0 . . . 0
0 1 0
...

. . .
...

0 1 0

 ∈ R(k+δ+2)×(k+δ+2). (16)

The input update rule (5) can, for j = −δ,−δ + 1, . . . , k now be written as

uj+1 = Akuj + γε(j)ek. (17)

The ideal input vector u∗
j ∈ Rk+δ+2, for j = −δ,−δ + 1, . . . , k+ 1, is defined as

u∗
j = [u∗(j), u∗(j − 1), . . . , u∗(j − k − δ − 1)]

T
, (18)

where, for technical reasons, u∗(j + 1) = u∗(j) for all j ≥ k − δ.
From (17) the following recursion on the input error (uk − u∗

k) is obtained

∥u∗
k+1 − uk+1∥2Q = ∥Ak(u

∗
k − uk) + (u∗

k+1 −Aku
∗
k)− γε(k)ek∥2Q

= ∥Ak(u
∗
k − uk) + {u∗

∆(k + 1)− γε(k)}ek∥2Q
= ∥u∗

k − uk∥2ATQA + {γε(k)− u∗
∆(k + 1)}2eTkQkek

− 2{γε(k)− u∗
∆(k + 1)}(u∗

k − uk)
TAT

kQkek.

(19)

Unfolding the recursion yields

∥u∗
k+1 − uk+1∥2Q = ∥u∗

−δ − u−δ∥2(AT )k+δ+1QAk+δ+1

+
k∑

j=−δ

{γε(j)− u∗
∆(j)}2eTk (AT

k )
k−jQkA

k−j
k ek

− 2

k∑
j=−δ

{γε(j)− u∗
∆(j)}(u∗

j − uj)
T (AT

k )
k+1−jQkA

k−j
k ek.

(20)

Recall that the sequence {h(j)}∞j=0 is the impulse response of H(q) for all
j ∈ N0. It also holds that, if δ > 0, then h(0) = h(1) = · · · = h(δ − 1) = 0.
Define, for all j = −δ,−δ + 1, . . . , k + 1,

hj = [h(0), h(1), . . . , h(j + δ), 0, . . . , 0]
T ∈ Rk+δ+2. (21)

From assumption A2 and A3 it follows that

(u∗
j − uj)

Thj = r(j)− z(j) = ε(j), (22)

for j = −δ,−δ + 1, . . . , k + 1.
By construction of QH

k (x) ∈ R(k+δ+2)×(k+δ+2) in (12), it follows that

(AT
k )

k+1−jQH
k (x)Ak−j

k ek = hj , (23)
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for all j = −δ,−δ + 1, . . . , k. Also note that

eTk (A
T
k )

k−jQkA
k−j
k ek = x, (24)

for all j ≤ k. If A3 holds, then all matrices and vectors are finite dimensional,
and the following expression holds

∥u∗
−δ − u−δ∥2(AT )k+δ+1QAk+δ+1 = x(u∗(−δ)− u(−δ)). (25)

Using equations (24), (25) and (23) in (20) yields

∥u∗
k+1 − uk+1∥2Q =

k∑
j=−δ

{γε(j)− u∗
∆(j)}2x

+ x(u∗(−δ)− u(−δ))− 2

k∑
j=−δ

{γε(j)− u∗
∆(j)}(u∗

j − uj)
Thj .

(26)

Assumption A2 implies that u(−δ) = 0 and, together with A3, that u∗(−δ) =
u∗
∆(−δ − 1). Using (22) and rearranging the terms, (26) transforms into

∥u∗
k+1 − uk+1∥2Q = γ(γx− 2)

k∑
j=0

ε(j)2

+ 2(1− γx)

k−δ−1∑
j=0

ε(j)u∗
∆(j) + x

k−δ−1∑
j=−δ−1

u∗
∆(j)

2.

(27)

Hence, if x is chosen such that QH
k (x) ≽ 0, then ∥u∗

k+1 − uk+1∥2Q ≥ 0 and the
bound (13) is obtained by rearranging the terms in (27).

If the assumption A3 does not hold, i.e. H(q) is non-minimum phase, the
ideal input sequence {u∗

j}
k−δ
j=−∞ is not uniquely defined by (7). The usual way

of generating u∗(j) with the inverted system is not applicable when k → ∞
since H−1(q) is unstable. In Appendix B, the ideal input sequence is defined
by using non-causal filtering techniques. The resulting u∗(j) is possibly nonzero

for all j ≤ −1, but the sum
∑−1

j=−∞ |u∗(j)| is finite due to A2. Since the infinite
tail of the ideal input sequence (from −∞ to −1) is nonzero, the framework
used in this proof is slightly redefined to include infinite dimensional vectors
and matrices.

First define, for all j ≤ k + 1 and some l ≥ k + δ + 1,

uj,l = [u(j), u(j − 1), . . . , u(j − l)]T ∈ Rl+1, (28)

u∗
j,l = [u∗(j), u∗(j − 1), . . . , u∗(j − l)]

T ∈ Rl+1, (29)

hj,l = [h(0), h(1), . . . , h(l + j − k − 1), 0, . . . ]T ∈ Rl+1. (30)

From assumption A2 it follows that

(u∗
j,l − uj,l)

Thj,l = ε(j)−
∞∑

i=l+j−k

u∗(j − i)h(i), (31)
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for j ≤ k + 1. Using that |u∗(−j)| ≤ cλj for some c ≥ 0 and 0 < λ < 1, the
residual in (31) becomes

∞∑
i=l+j−k

|u∗(j − i)h(i)| ≤ C
∞∑

i=l+j−k

λi−j

= Cλl−k
∞∑
i=0

λi = Cλl−k/(1− λ),

(32)

for some C ≥ 0. The first inequality relies on the assumption that the impulse
response is exponentially decaying, which follows from A1.

Hence if l − k → ∞, then the residual (32) tends to zero. Therefore, define
the infinite-dimensional vectors uj = liml−k→∞ uj,l, u

∗
j = liml−k→∞ u∗

j,l, and
hj = liml−k→∞ hj,l, for which (22) holds for all j ≤ k + 1 without the need for
minimum phase properties (A3).

The rest of the technical objects are defined as

e∞ = [1, 0, . . . ]
T ∈ R∞, (33)

A∞ =


1 0 . . .
1 0 . . .
0 1
...

. . .

 ∈ R∞×∞. (34)

The infinite dimensional matrix QH
k (x) thus satisfies the following property

(AT
∞)k+1−jQH

k (x)Ak−j
∞ e∞ = hj , (35)

for all j ≤ k.
By unfolding the infinite recursion (19), and by using (22), (24) and (35),

the following expression is obtained

∥u∗
k+1 − uk+1∥2Q = γ(γx− 2)

k∑
j=0

ε(j)2

+ 2(1− γx)
k−δ−1∑
j=0

ε(j)u∗
∆(j) + x

k−δ−1∑
j=−∞

u∗
∆(j)

2.

(36)

Recall that the tail of the sequence {u∗
j}

k−δ
j=−∞ has a finite absolute sum due to

A2, i.e.
∑−1

j=−∞ |u∗
j | < ∞. If x is chosen such that QH

k (x) ≽ 0, then the bound
(13) is obtained in the same way as before. �
Remark 1 Controlling H(q) with γ as in (4)-(6) is equivalent to control −H(q)
with −γ. Therefore, the statement of Lemma 1 also holds if QH

k (x) is replaced
by Q−H

k (x), and γ is replaced by −γ.
To suggest how to choose the gain γ in the ”best” way with respect to the

bound (13) for minimum phase systems, the following definition is given.
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Definition 1 (Worst-case k-(sub)optimality) For a discrete time closed
loop system (4)-(6) which satisfies assumptions A2 and A3, and a norm

∥u∗
∆∥2 =

k−δ−1∑
j=−δ−1

u∗
∆(j)

2, (37)

the gain defined as

γopt = argmin
γ

max
∥u∗

∆∥=1

k∑
j=0

ε(j)2, (38)

is worst-case k-optimal. For the sets Q+
k = {x : QH

k (x) ≽ 0}, Q−
k = {x :

Q−H
k (x) ≽ 0} and the inner product

⟨ε, u∗
∆⟩ =

k−δ−1∑
j=0

ε(j)u∗
∆(j), (39)

the gain defined as

γ∗ = ± arg min
x∈Q+

k ∪Q−
k

γ(2−γx)>0

max
∥u∗

∆∥=1
fk (40)

fk =

∣∣∣∣ 2(1− γx)

γ(2− γx)
⟨ε, u∗

∆⟩
∣∣∣∣+ x

γ(2− γx)
∥u∗

∆∥2, (41)

is worst-case k-suboptimal. The sign ”±” means that a ”+” is taken if the
minimizing x belong to Q+

k , and a ”-” is taken otherwise.
The gain (40) is suboptimal in the sense that the squared error sum is

replaced by an upper bound (41). The upper bound follows directly from Lemma
1 when γ(2 − γx) > 0. The optimal gain (38) is included in the definition to
make the tuning objective more clear, but this paper is only concerned with
determining the more practical suboptimal gain (40).

The following theorem gives the worst-case k-suboptimal choice of the gain
γ, for the case when H(q) is minimum phase.
Theorem 1 For a closed loop system (4)-(6) which satisfies the assumptions
A2-A3, denote ρk(H) ≥ 0 as the solution to the following semi-definite program
(SDP)

minimize x

subject to QH
k (x) ≽ 0.

(42)

Then the following choice of the gain

γ = ±max(1/ρk(H), 1/ρk(−H)), (43)

is worst-case k-suboptimal. The ”±” in (43) means that ”+” is taken if
1/ρk(H) ≥ 1/ρk(−H), and ”-” is taken otherwise. For this γ, the worst case
bound on the squared error sum then becomes

k∑
j=0

ε(j)2 ≤ ρk(±H)2
k−δ−1∑
j=−δ−1

u∗
∆(j)

2. (44)
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Proof. From the stated assumptions it follows that (13) holds. For simplicity,
assume that 1/ρk(H) ≥ 1/ρk(−H). By taking derivatives with respect to γ
it is seen that γ(2 − γx) has a maximum at γ = 1/x, for which γx − 1 = 0.
Hence, the first term in the right hand side of (41) vanishes, and the second
term becomes x2∥u∗

∆∥2, which is minimized for x = ρk(H).
The worst-case bound (44) then follows, by using that u∗

∆(−δ − 2), . . . = 0
due to A2 and A3, and assuming that 1/ρk(H) ≥ 1/ρk(−H). If 1/ρk(H) ≤
1/ρk(−H), the same reasoning can be made by replacing γ with −γ, and H(q)
with −H(q) as described in Remark 1. �

Since (42) is a convex problem, ρk(H) and ρk(−H) can be determined for
{h(j)}k+δ

j=0 using standard SDP solvers.

Theorem 5 in Appendix A says that QH
k (x) ≽ 0 if and only if x ≥ ρk(H).

Also, ρk(H) ≥ 0 with equality if and only if all h(j) used to define QH
k (x) is

zero. Theorem 5 also includes an upper bound for ρk(H).
Furthermore, minvT

k vk=1 v
T
k Q

H
k (ρk(H))vk = 0. This implies that there ex-

ists a reference signal such that (13) is an equality for x = ρk(H). However,
this reference signal does not need to be the worst-case reference. The same
also holds for Q−H

k (ρk(−H)).
The issue of worst-case k-suboptimal gains for non-minimum phase systems

is more technical due to the ambiguity in choosing the ideal input sequence
{u∗(j)}k−δ

j=−∞, and is therefore omitted in this paper. See Appendix B for details.
For small k, it is possible that unstable (causal) filtering will minimize the worst
case bound.

A natural extension is to consider the asymptotic case. The following lemma
is an extension to Lemma 1 when k → ∞.
Lemma 2 For a closed loop system (4)-(6) which satisfies the assumption A1,
define a scalar x such that limk→∞ QH

k (x) ≽ 0, and let γ(2 − γx) > 0. Also
assume that there is a scalar 0 ≤ p ≤ 1 such that

lim
k→∞

1

kP

k−δ−1∑
j=−∞

u∗
∆(j)

2 < ∞, (45)

for all P ≥ p. Then the squared error sum from time 0 to ∞ has the following
upper bound

γ(2− γx) lim
k→∞

1

kp

k∑
j=−∞

ε(j)2 ≤ x lim
k→∞

1

kp

k−δ−1∑
j=−∞

u∗
∆(j)2

+ 2(1− γx) lim
k→∞

1

kp

k−δ−1∑
j=−∞

ε(j)u∗
∆(j),

(46)

where the right hand side is finite.
Proof. For simplicity, let the system start from rest (A2). It is then straightfor-
ward to let the system start at −∞ instead of 0. From A1 and A2, (36) holds
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for finite k. Dividing both sides with 1/kp and taking limits, it follows that

lim
k→∞

1

kp
∥u∗

k+1 − uk+1∥2Q = γ(γx− 2) lim
k→∞

1

kp

k∑
j=0

ε(j)2

+ x lim
k→∞

1

kp

k−δ−1∑
j=−∞

u∗
∆(j)

2 + 2(γx− 1) lim
k→∞

1

kp

k−δ−1∑
j=0

ε(j)u∗
∆(j).

(47)

Since limk→∞ Qk(x) ≽ 0, the following inequality is obtained (by using Cauchy’s
inequality on the cross term)

γ(2− γx) lim
k→∞

1

kp

k∑
j=0

ε(j)2 ≤ x lim
k→∞

1

kp

k−δ−1∑
j=−∞

u∗
∆(j)

2

+ 2(γx− 1) lim
k→∞

√√√√ 1

kp

k−δ−1∑
j=0

ε(j)2

√√√√ 1

kp

k−δ−1∑
j=0

u∗
∆(j)

2.

(48)

Since γ(2− γx) > 0 and since (45) holds, it follows that

limk→∞ 1/kp
∑k

j=0 ε(j)
2 < ∞. By rearraging the terms in (47), and by as-

suming that the system starts at −∞ instead of 0, the bound (46) is obtained.
�

The definition of worst-case suboptimality is a bit different in the infinite
case to account for reference signals and disturbances with infinite energy. Also
note that there are no absolute values taken around the cross-term.
Definition 2 (Worst-case ∞-suboptimality) For a discrete time closed loop
system (4)-(6) which satisfies the assumption A1, two sets of scalars Q+

∞ = {x :
limk→∞ QH

k (x) ≽ 0}, Q−
∞ = {x : limk→∞ Q−H

k (x) ≽ 0}, a scalar 0 ≤ p ≤ 1
such that (45) holds for all P ≥ p, and an inner product and norm

⟨ε, u∗
∆⟩ = lim

k→∞
1/kp

k−δ−1∑
j=−∞

ε(j)u∗
∆(j) (49)

∥u∗
∆∥2 = lim

k→∞
1/kp

k−δ−1∑
j=−∞

u∗
∆(j)

2, (50)

the gain defined as

γ∗ = ± arg min
x∈Q+

∞∪Q−
∞

γ(2−γx)>0

max
∥u∗

∆∥=1
f∞ (51)

f∞ =
2(1− γx)

γ(2− γx)
⟨ε, u∗

∆⟩+
x

γ(2− γx)
∥u∗

∆∥2, (52)

is worst-case ∞-suboptimal. The sign ”±” means that a ”+” is taken if the
minimizing x belong to Q+

∞, and a ”-” is taken otherwise.
Note thatQ+

∞ is an empty set ifH(1) < 0, and thatQ−
∞ is empty ifH(1) > 0,

as a consequence of Theorem 5 in Appendix A.
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The following theorem can be seen as an analogue to Theorem 1 for an
infinite time horizon. An exact expression of the worst-case ∞-suboptimal gain
is given. Additionally, sufficient stability criteria for the choice of γ is provided.
Theorem 2 For a closed loop system (4)-(6) which satisfies the assumption
A1, the following choice of the gain

γ = 1/ρ∞(H), H(1) > 0, (53)

γ = −1/ρ∞(−H), H(1) < 0, (54)

γ = ±max(1/ρ∞(H), 1/ρ∞(−H)), H(1) = 0, (55)

where

ρ∞(H) = −2 inf
ω

Re
H(eiω)

eiω − 1
, (56)

is worst-case ∞-suboptimal. The ”±” in (55) means that ”+” is taken if
1/ρ∞(H) ≥ 1/ρ∞(−H), and ”-” is taken otherwise. For this γ, the worst
case bound on the squared error sum becomes

lim
k→∞

1

kp

k∑
j=−∞

ε(j)2 ≤ ρ∞(±H)2 lim
k→∞

1

kp

k−δ−1∑
j=−∞

u∗
∆(j)

2. (57)

Furthermore, the closed loop system (4)-(6) is stable if the gain is within the
following interval

0 <γ < 2/ρ∞(H), H(1) > 0, (58)

−2/ρ∞(−H) <γ < 0, H(1) < 0, (59)

−2/ρ∞(−H) <γ < 2/ρ∞(H) H(1) = 0. (60)

Proof. For simplicity, assume that H(1) > 0. Also note that Lemma 2 holds
since A1 holds. From Theorem 5 in Appendix A it follows that, if A1 holds and
if H(1) > 0, then the minimum scalar x such that limk→∞ QH

k (x) ≽ 0 is given
by

x∗ =
∞∑
j=0

h(j) + 2 sup
ω

∞∑
p=1

∞∑
j=p

h(j) cos pω

= H(1) + sup
ω

Re

∞∑
p=1

(H(1)−
p−1∑
j=0

h(j))eipω

= H(1) + sup
ω

Re
H(1)−H(eiω)

eiω − 1

= sup
ω

Re

[
H(1)(eiω + 1)

eiω − 1
− 2H(eiω)

eiω − 1

]
= −2 inf

ω
Re

H(eiω)

eiω − 1
= ρ∞(H).

(61)

The fifth equality of (61) arrives from the fact that the real part of (eiω +
1)/(eiω − 1) is zero.

By taking derivatives on (52) with respect to γ it is seen that γ = 1/ρ∞(H)
is the worst-case suboptimal gain, since the cross-term vanishes and the norm
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term is minimized. Appendix C shows that, for a fixed γ such that the closed-
loop system is stable, the cross term in (52) can be either positive or negative
for different reference signals, meaning that a vanishing cross-term is convenient
from a minimax optimization perspective.

Lemma 2 also says that limk→∞ 1/kp
∑k

j=0 ε(j)
2 < ∞ for all γ such that

γ(2−γρ∞(H)) > 0, which is equivalent to (58). If the reference signal is chosen
such that p = 0, then ε(k) → 0 as k → ∞ and therefore, the closed loop system
(4)-(6) is stable. �

If the static gain is negative, then also γ becomes negative in (54). This
reflects the fact that a control strategy has to compensate for the control error
in the right direction to achieve closed-loop stability.

The stability result (58)-(60) says that the worst-case suboptimal gain (53)-
(55) is a robust choice; the parameter ρ∞(H) in (56) has to be estimated below
half of it’s actual quantity before there is risk of instability in the closed loop sys-
tem. It also relates closely with conventional Nyquist stability theory. Choosing
γ as in (58)-(60) means that the real part of the Nyquist curve of the open loop
system is strictly to the right of −1, which implies stability according to the
well known Nyquist criterion.

Based on Theorem 2 and especially the derivation (61), the following prac-
tical stability result is derived.
Corollary 1 The closed loop system (4)-(6) is stable if A1 holds and the gain
is chosen as

0 < γ < 2/ρsub(H), H(1) > 0, (62)

−2/ρsub(H) < γ < 0, H(1) < 0, (63)

−2/ρsub(H) < γ < 2/ρsub(H) H(1) = 0, (64)

ρsub(H) = |H(1)|+ 2
∞∑
p=1

∣∣∣∣∣∣
∞∑
j=p

h(j)

∣∣∣∣∣∣ . (65)

Proof. From (61) it is seen that ρ∞(H) ≤ ρsub(H) (for the case when H(1) > 0).
Therefore the the corresponding stability bound (58) is also satisfied, which
implies stability. �

The corollary is illustrated in Figure 2.

4 Continuous time analysis

In this section, the worst-case ∞-suboptimal gain is characterized in the contin-
uous time case. Only the infinite time horizon case is treated. The continuous
time closed loop system (9)-(11) can, for small ∆t ∈ R, be approximated as

z∆t(t) = G(p)u∆t(t) + d∆t(t), (66)

u∆t(t) =
γ∆t

ep∆t − 1
ε∆t(t), (67)

ε∆t(t) = r∆t(t)− z∆t(t), (68)
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Figure 2: Example of a step response and the corresponding area A (grey), for
a discrete time system H(q). The corresponding closed loop system in Figure 1
is stable if γ < 2/(H(1) + 2A).

where r∆t(t) and d∆t(t) are piecewise constant signals, i.e.

r∆t(t) = r(j∆t), j∆t ≤ t < (j + 1)∆t, (69)

d∆t(t) = d(j∆t), j∆t ≤ t < (j + 1)∆t, (70)

Note that u∆t(t) is also piecewise constant, that lim∆t→0 ∆t/(ep∆t − 1) = p−1,
and that the closed loop system (66)-(68) can, at the sampling instants t = j∆t,
be described by the following discrete time form

z∆t(j∆t) = H∆t(q∆t)u∆t(j∆t) + d∆t(j∆t), (71)

u∆t(j∆t) =
γ∆t

q∆t − 1
ε∆t(j∆t), (72)

ε∆t(j∆t) = r∆t(j∆t)− z∆t(j∆t), (73)

where q∆t = ep∆t andH∆t(q) is a discrete time transfer operator with time delay

δ∆t ≥ 0 and impulse response sequence h(i) =
∫ (i+1)∆t

i∆t
g(t)dt for all i ∈ N0.

Note also that H∆t(1) = G(0). If A1’ holds for (66)-(68), it follows that A1
holds for (71)-(73).

The approximate integral controller (72) can, for time steps j∆t, j ∈ N be
rewritten as

u∆t((j + 1)∆t)

∆t
=

u∆t(j∆t)

∆t
+ γε∆t(j∆t). (74)

Let ∆t = T/K, where K ∈ N. Also define the (piecewise constant) ideal input
u∗
∆t(t) such that

r∆t(j∆t) = H∆t(q∆t)u
∗
∆t(j∆t) (75)

for all j ≤ K. For non-minimum phase systems u∗
∆t(t) is defined using anticausal

14



stable filtering as in Preliminaries. Also define the approximate derivative

∆u∗
∆t(j∆t) =

u∗
∆t((j + 1)∆t)− u∗

∆t(j∆t)

∆t
, (76)

for all j ≤ K, and the left derivative

u̇∗(t) = lim
∆t→0+

u∗
∆t(t+∆t)− u∗

∆t(t)

∆t
. (77)

The left derivative is used since ∆t = T/K is always positive. In this way, u̇∗(t)
is defined everywhere if u∗(t) = lim∆t→0 u

∗
∆t(t) is only piecewise differentiable.

The matrix function QH
K(x) of appropriate dimension is given by

QH
K(x) =


x h(0)∆t− x . . .

h(0)∆t− x 2(x− h(0)∆t)

h(1)∆t h(0)∆t− x− h(1)∆t
. . .

...
...

 . (78)

If (71)-(73) is minimum phase, then QH
K(x) ∈ R(K+δ+2)×(K+δ+2), otherwise it

is infinite dimensional.
Lemma 3 For a continuous time closed loop system (66)-(68) which satisfies
A1’, and an ideal input for which there is a scalar 0 ≤ p ≤ 1 such that

lim
K→∞

1

KP

K−δ∆t−1∑
j=−∞

∆u∗
∆t(j∆t)2 < ∞, (79)

for all P ≥ p, the asymptotic squared error sum is bounded as

γ(2− γx) lim
K→∞

1

Kp

K∑
j=−∞

ε∆t(j∆t)2∆t

≤ 2(γx− 1) lim
K→∞

1

Kp

K−δ∆t−1∑
j=−∞

ε∆t(j∆t)∆u∗
∆t(j∆t)∆t

+ x lim
K→∞

1

Kp

K−δ∆t−1∑
j=−∞

∆u∗
∆t(j∆t)2∆t,

(80)

where ∆t = T/K and x is such that limK→∞ QH
K(x) ≽ 0. The worst-case

∞-suboptimal gain is given by

γ = 1/(ρ∞(H∆t)∆t), G(0) > 0, (81)

γ = −1/(ρ∞(−H∆t)∆t), G(0) < 0, (82)

γ∆t = ±max(1/ρ∞(H∆t), 1/ρ∞(−H∆t)), G(0) = 0, (83)

where the sign ”±” means that a ”+” is taken if 1/ρ∞(H∆t) ≥ 1/ρ∞(−H∆t),
and a ”-” is taken otherwise. The scalar ρ∞(H∆t) is defined as

ρ∞(H∆t) ,
∞∑
j=0

h∆t(j) + 2max
ω

∞∑
p=1

∞∑
j=p

h∆t(j) cos(p∆tω)

= −2 inf
ω

Re
H∆t(e

i∆tω)

ei∆tω − 1
.

(84)
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Furthermore, the closed loop system (66)-(68) is stable if the gain is within the
following interval

0 < γ < 2/(ρ∞(H∆t)∆t), G(0) > 0, (85)

− 2/(ρ∞(−H∆t)∆t) < γ < 0, G(0) < 0, (86)

− 2/(ρ∞(−H∆t)∆t) < γ < 2/(ρ∞(H∆t)∆t), G(0) = 0. (87)

Proof. Since A1’ holds for (66)-(68), then A1 holds for (71)-(73). Therefore the
proof of Lemma 2 can be reused with slight modifications to conclude (80). The
definition of worst-case∞-suboptimality can be used here as well, by replacing k
with K, δ with δ∆t, u

∗
∆(j) with ∆u∗

∆t(j∆t) and ε(j) with ε∆t(j∆t). If K → ∞,
the worst-case optimal gain (81)-(83) and (84), as well as the stability bound
(87)-(86), basically follows from the same reasoning as the proof of Theorem 2.
�
Definition 3 (Worst-case CT ∞-suboptimality) For a continuous time
closed loop system (9)-(11) which satisfies the assumption A1’, two sets of
scalars Q+

∞ = {x : limT→∞,∆t→0 Q
H
K(x) ≽ 0} and

Q−
∞ = {x : limT→∞,∆t→0 Q

−H
K (x) ≽ 0}, a scalar 0 ≤ p ≤ 1 such that

lim
T→∞

1

TP

∫ T

−∞
u̇∗(t)2dt < ∞, (88)

for all P ≥ p, an inner product and a norm

⟨ε, u̇∗⟩ = lim
T→∞

1/T p

∫ T

−∞
ε(t)u̇∗(t)dt, (89)

∥u̇∗∥2 = lim
T→∞

1/T p

∫ T

−∞
u̇∗(t)2dt, (90)

the gain defined as

γ∗ = ± arg min
x∈Q+

∞∪Q−
∞

γ(2−γx)>0

max
∥u̇∗∥=1

f∞ (91)

f∞ =

∣∣∣∣ 2(1− γx)

γ(2− γx)
⟨ε, u̇∗⟩

∣∣∣∣+ x

γ(2− γx)
∥u̇∗∥2, (92)

is worst-case continuous time ∞-suboptimal. or worst-case CT ∞-suboptimal.
The sign ”±” means that a ”+” is taken if the minimizing x belongs to Q+

∞,
and a ”-” is taken otherwise.

The following theorem gives the worst case CT ∞-suboptimal gain, as well
as sufficient stability criteria for continuous time systems of the type (9)-(11).
Theorem 3 For a continuous time closed loop system (9)-(11) which satisfies
A1’ and a trajectory r(t) − d(t) which satisfies A2’, and an inner product (89)
and a norm (90) satisfying (88), the integrated squared error from time 0 to ∞
is bounded as

γ(2− γx) lim
T→∞

1

T p

∫ T

−∞
ε(t)2dt

≤ 2(1− γx)⟨ε, u̇∗⟩+ x∥u̇∗∥2,
(93)
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for all x ≥ ρ∞(G), where ρ∞(G) is given by

ρ∞(G) = 2max
ω

∫ ∞

0

∫ ∞

τ

g(t) cos(τω)dtdτ = −2 inf
ω

Re
G(iω)

iω
. (94)

The following choice of the gain

γ = 1/ρ∞(G), G(0) > 0, (95)

γ = −1/ρ∞(G), G(0) < 0, (96)

γ = ±max(1/ρ∞(G), 1/ρ∞(−G)), G(0) = 0, (97)

is worst-case CT ∞-suboptimal. The sign ”±” means that a ”+” is taken if
1/ρ∞(G) ≥ 1/ρ∞(−G), and a ”-” is taken otherwise. Furthermore, the closed
loop system (9)-(11) is stable for all γ satisfying

0 < γ < 2/ρ∞(G), G(0) > 0, (98)

− 2/ρ∞(G) < γ < 0, G(0) < 0, (99)

− 2/ρ∞(−G) < γ < 2/ρ∞(G), G(0) = 0. (100)

Proof. The continuous closed loop system (66)-(68) converges to (9)-(11) as
∆t → 0. Hence, lim∆t→0 z∆t(t) = z(t), lim∆t→0 u∆t(t) = u(t), and so on. Since
A1’ holds for (9)-(11), there exist a small enough ∆t′ such that A1 holds for
(71)-(73) if ∆t < ∆t′.

If ∆t → 0 and T → ∞, (93) and (94) is obtained from the limits of the Rie-
mann sums in (84) (after multiplying with ∆t) and (80). These limits exist due
to A2’. Equations (95)-(97) and (98)-(100) then follows from similar arguments
as before. �
Remark 2 In the discrete time case, ρ∞(H) = 0 if and only if all hj equal
zero (see Theorem 5 in Appendix A), but in the continuous time case, ρ∞(G)
in (11) might become zero even if G(p) is nonzero. For example, ρ∞(G) = 0 for
all (stable) first order systems of the type

G(p) =
p+ b

p+ a
, (101)

where 0 ≤ b ≤ a. This means that the bound (93) holds for x = 0, which becomes

γ lim
T→∞

1

T p

∫ T

−∞
ε(t)2dt ≤ ⟨ε, u̇∗⟩. (102)

Using Cauchy’s inequality one easily sees that the closed loop system is stable
for all γ > 0.

5 Robustness to approximations in the control
loop

Up until now it has been assumed that the control error ε(j) or ε(t) have been
completely known to the controller. In this section it is assumed that an ap-
proximation of the control error is known, expressed as ε̂. Using the previous
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framework it is possible to derive criteria for weak stability (meaning that the
average control error is bounded) with respect to γ, given that the estimate ε̂
has certain properties.

The results of this section applies to the discrete time case. Similar results
can be derived in the continuous time case as well, but it is omitted in this
paper due to space limitations.
Theorem 4 For a system (4) and (6), where H(q) is stable (A1), and a con-
troller

u(j + 1) = u(j) + γε̂(j), (103)

where ε̂(j) is such that

|ε(j)| > C =⇒ ε(j)ε̂(j) > 0, (104)

|ε̂(j)| ≤ au|ε(j)|+ bu, (105)

|ε̂(j)| ≥ al|ε(j)|+ bl, (106)

for all j and for some au ≥ al > 0, C ≥ 0, bu ≥ 0 and bu ≥ bl ∈ R, then the
average of the errors are bounded, i.e.

lim
k→∞

1

k

k∑
j=0

ε(j)2 < ∞, (107)

for all reference trajectories satisfying

lim
k→∞

1

k

k∑
j=−∞

u∗
∆(j)

2 < ∞, (108)

if

0 < γ < 2/(auρ∞(H)), H(1) > 0, (109)

− 2/(auρ∞(−H)) < γ < 0, H(1) < 0, (110)

− 2/(auρ∞(−H)) < γ < 2/(auρ∞(H)), H(1) = 0, (111)

where ρ∞(H) is given by (56). Additionally, if bu = 0, bl = 0 and C = 0, then
the closed loop system is asymptotically stable, i.e. ε(j) → 0 if

∑∞
j=−∞ u∗

∆(j)
2 <

∞.
Proof. It can be assumed that the system starts from rest (A2). Also assume
that H(1) > 0 for simplicity. From the same reasoning as in Lemmas 1 and 2,
the following bound can be derived for the closed loop system (4), (103) and (6)

lim
k→∞

1

k

k∑
j=0

(
2γε(j)− γ2xε̂(j)

)
ε̂(j) ≤ x lim

k→∞

1

k

k−δ−1∑
j=−∞

u∗
∆(j)2

+ lim
k→∞

1

k

k−δ−1∑
j=0

2(ε(j)− γxε̂(j))u∗
∆(j),

(112)

where x is such that limk→∞ QH
k (x) ≽ 0. Assume that |ε(j)| > C for all j ≥ J ,

which must occur at some point J if the average error does not converge. From
(104) and (105) it follows that

γ(2/au − γx)ε̂(j)2 − |buε̂(j)|/au ≤
(
2γε(j)− γ2xε̂(j)

)
ε̂(j), (113)
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for all j ≥ J . Also, by letting x = ρ∞(H), equation (109) implies that γ(2/au−
γx) > 0. Therefore, (112) with Cauchy’s inequality on the cross-terms at the
right hand side, together with (113) and (106) implies that

lim
k→∞

1/k
k∑

j=0

ε̂(j)2 < ∞. (114)

From (106), weak stability (107) then follows directly.
If bu = 0, bl = 0 and C = 0, and if

∑∞
j=−∞ u∗

∆(j)
2 < ∞, then

γ(2/au − γx) lim
k→∞

k∑
j=0

ε̂(j)2 ≤ x lim
k→∞

k−δ−1∑
j=−∞

u∗
∆(j)

2

+ lim
k→∞

k−δ−1∑
j=0

2(ε(j)− γxε̂(j))u∗
∆(j).

(115)

From Cauchy’s inequality on the cross-terms at the right hand side, together
with (106) implies that

lim
k→∞

k∑
j=0

ε̂(j)2 < ∞, (116)

and therefore, asymptotic stability follows due to (106). �
Remark 3 If H(1) > 0 and if au in (105) is 0, i.e. |ε̂(j)| ≤ bu for all j, then
(113) is replaced by

2γε(j)ε̂(j)− γ2xb2u ≤
(
2γε(j)− γ2xε̂(j)

)
ε̂(j), (117)

for all j. It can then be concluded that the average error converges for all γ > 0
if the conditions in Theorem 4 holds with au = 0.
Remark 4 This result relates closely to the circle criterion, if ε̂(j) = f(ε(j))
is given by a static non-linearity. Also, if al approach 0, then Theorem 4 gives
exactly the same stability bound as the circle criterion.

6 Numerical illustrations

To illustrate the theory of Section 3 and 4, a simulation study is conducted
on stable systems with positive static gain. The purposes are threefold; (i)
to illustrate the (sub)optimality aspect of γ = 1/ρ∞, (ii) to verify that the
worst-case error bound can be decreased further by introducing more control
parameters (here, a PI controller), and (iii) to investigate the tightness of the
stability bound γ < 2/ρ∞. To address (i)-(ii), the following discrete-time system
is controlled

H(q) =
0.9426q

q − 0.05742
, (118)
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Figure 3: Example of a step response and the corresponding area A (grey),
for a continuous time system G(p) (upper graph) and a discrete time system
H(q) (lower graph). The corresponding closed loop system is stable if γ <
2/(H(1) + 2A) in discrete time (see (119)) or if γ < 1/A in continuous time.

as in (4)-(6), for j = 0, 1, . . . , 1000. The system (118) has static gain H(1) = 1.
Note, using Corollary 1, that ρ∞(H) is bounded as

ρ∞(H) ≤ H(1) + 2

∞∑
p=1

∣∣∣∣∣∣
∞∑
j=p

h(j)

∣∣∣∣∣∣ . (119)

Particularly, if
∑∞

j=p h(j) ≥ 0 for all p ≥ 1 (which holds for all systems without
overshoot), equality holds for (119). Therefore, calculating ρ∞(H) becomes
particularly easy; only a step response experiment is needed. An example of

a step response is shown in Figure 3, with grey area A =
∑∞

p=1

∣∣∣∑∞
j=p h(j)

∣∣∣
(in the lower graph). Since (118) has no overshoot, it follows that ρ∞(H) =
H(1) + 2A = 1.1218. From (42), it can be verified that ρ1000(H) ≈ ρ∞(H).

The following tightness measure

Sk =

∑k
j=0 ε(j)

2

ρ∞(H)2
∑k−δ−1

j=−δ−1 u
∗
∆(j)

2
, (120)

is generated for different values of γ and reference signals defined for j =
0, 1, . . . , 1000. It is assumed that k = 1000 is sufficiently close to the infi-
nite case. Note that S∞ ≤ 1 for the case γρ∞(H) = 1, as a consequence of
the worst-case bound (57). If γρ∞(H) = 1, Sk can be larger as seen from the
simulations.

Figure 4 shows resulting tightness values for 4 different reference signals;
a step response, a ramp, a sinusoidal period, and another sinusoidal period
distorted with high frequency noise. The worst-case ∞-suboptimal gain occurs
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Figure 4: The upper plot shows tightness S1000 given in (120) versus γρ∞(H)
for the corresponding reference signals shown in the lower plot.

where γρ∞(H) = 1. At this point, the worst case bound is tight for the ramp and
the noise-free sinusoidal since S1000 is slightly below but close to 1. However, the
error sum continues to decrease as γ increases for these two reference signals,
which is a typical situation. It is usually not known in advance whether the
cross-term

∑k−δ−1
j=0 ε(j)u∗

∆(j) in (13) is positive or negative for a given γ and
reference signal. The upper plot of Figure 4 suggests that the worst case optimal
gain with respect to (1) is slightly larger than 1/ρ∞(H).

The second part of this section attempts to show that the worst-case bound
can be decreased further if more control parameters are considered. The follow-
ing PI controller is used

γ

(
1 +

I

q − 1

)
=

γ(q − 1 + I)

q − 1
, (121)

which is equivalent to using the integral controller (5) on the system HI(q) =
(q − 1 + I)H(q)/q. Define the associated ideal input update as u∗

∆,I(j), where

r(j) = HI(q)u
∗
∆,I(j). (122)

Note that ρ∞(H) = ρ∞(H1) and u∗
∆(j) = u∗

∆,1(j). The worst-case bound
becomes

ρ∞(HI)
2

∞∑
j=−∞

u∗
∆,I(j)

2 ≤ ρ∞(HI)
2σ̄(I)2

∞∑
j=−∞

u∗
∆(j)

2, (123)

σ̄(I) = sup
ω

∣∣∣∣ eiω

eiω − 1 + I

∣∣∣∣ = 1

1− |I − 1|
, 0 < I < 2. (124)

The inequality in (123) is a consequence of Parseval’s identity.
Figure 5 shows that the worst-case bound has a minimum at I = 0.94, where

it is decreased by approximately 25% compared to pure integral control (I = 1).
Also note that I = 0.94 is close to zero-pole cancellation in this case.
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Figure 5: Worst-case bound for ∥u∗
∆∥ = 1 as a function of the integral gain I.

The third and last part of this section investigates the conservativeness of the
stability bound γ < 2/ρ∞ for the following choices of continuous time systems

Ga(p) =
(p+ 1.5)(p+ 0.75 + 10i)(p+ 0.75− 10i)

(p+ a)(p+ 0.1 + 5i)(p+ 0.1− 5i)
, (125)

where −1 ≤ a ≤ 6.
Figure 6 shows that the sufficient stability bound γ < 2/ρ∞(Ga) is very close

to the necessary and sufficient bound for 0.5 ≤ a ≤ 3, but deviates significantly
for 0 < a < 0.5. The sufficient stability bound provides no stability guarantees
where Ga(p) is unstable, i.e. where a ≤ 0.

7 Conclusions

A particular choice of the gain is proposed for continuous or discrete time, stable
LTI systems with no more than a single integrator in the open loop. The choice
of gain is suboptimal to the minimax design criterion (1), but has appealing
robustness properties against destabilization and approximations in the control
loop.

The stability range for the gain γ can be calculated from the same frequency
response experiments used to generate Bode- or Nyquist plots. A more con-
servative gain range can be calculated from a step response experiment as in
Figure 3. If there is no overshoot, this step response proxy coincides with the
usual frequency response based stability range.

This work lays the foundation for the control problems that we (the authors)
are facing in a Wireless Sensor Network setting, using energy aware cooperative
control strategies for MIMO systems, and in future work we will extend these
results to MIMO cases as well.
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Figure 6: Real (necessary and sufficient) stability bound for γ, as well as the
sufficient stability bound γ < 2/ρ∞(Ga). The closed loop system (9)-(11) with
Ga(p) in (125) is stable if and only if the point (a, γ) is inside the union of the
areas.
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A Positive semi-definiteness of the Q-matrix

In this section the existence of a positive semi-definite QH
k (x)-matrix as in (12)

will be proven, and an exact expression for the minimum x as k goes to infinity
is derived. To do so, two results concerning Toeplitz matrices are needed; one
which gives a lower bound on the eigenvalues of a symmetric Toeplitz matrix,
and one which affirms that the lower bound is tight as the dimension approach
infinity. These results are given in the following Lemma.
Lemma 4 For a sequence {tp}∞p=0 of real numbers, consider the associated non-
causal transfer operator T (q) =

∑∞
p=−∞ t|p|q

p and the associated k× k Toeplitz
matrix Tk with t|a−b| in the a, b’th entry, for 1 ≤ a, b ≤ k. Denote the eigen-
values of Tk as λj,k, where 1 ≤ j ≤ k. If m = infω T (eiω), then

m ≤ λj,k, ∀ 1 ≤ j ≤ k. (126)

Additionally, if
∑∞

p=0 |tp| < ∞, then

lim
k→∞

min
j

λj,k = m. (127)

Proof. A coherent proof is found in [5]. A proof of similar results with less
restrictive constraints for (127) is found in [6]. �
Theorem 5 Define the sequence {h(j)}∞j=0 consisting of real numbers h(j) ∈ R.
Also define an associated sequence of matrices {Qk(x)}∞k=1 where each Qk(x) ∈
Rk+2×k+2 is given by (12) using δ = 0, the partial sequence {h(j)}kj=0 and the
scalar x ∈ R. Then, Qk(x) ≽ 0 if and only if x ≥ x∗

k = minQk(xk)≽0 xk ≥ 0
(with x∗

k = 0 if and only if h(j) = 0 for all j = 0, 1, . . . , k + δ). Furthermore,
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there exist a vector vk ̸= 0 such that vT
k Qk(x

∗
k)vk = 0. If

∑k
j=0 h(j) ≥ 0, then

the matrix Qk(x) is positive semidefinite for all scalars x satisfying

x ≥
k∑

j=0

h(j) + 2max
ω

k∑
p=1

k∑
j=p

h(j) cos pω. (128)

Suppose now that |h(j)| ≤ Cλj for all j ≥ 0, and for some C > 0 and 0 ≤ λ < 1
(which holds if the sequence {h(j)}∞j=0 is the impulse response from a stable
LTI plant). Then there exists a scalar x such that limk→∞ Qk(x) ≽ 0 if and
only if

∑∞
j=0 h(j) ≥ 0. If such an x exists, then there exists a unique scalar

x∗
∞ ≥ 0 (with equality if and only if h(j) = 0 for all j = 0, 1, . . .) for which

limk→∞ Qk(x) ≽ 0 ⇔ x ≥ x∗
∞. Furthermore, x∗

∞ is uniquely determined by

x∗
∞ =

∞∑
j=0

h(j) + 2max
ω

∞∑
p=1

∞∑
j=p

h(j) cos pω. (129)

Proof. First define Q̃k(x) = EkQk(x)E
T
k , where Ek ∈ Rk+2×k+2 is the following

permutation matrix

Ek =



1 0 . . . 0
1 1 0

0 1
. . .

...
. . .

0 . . . 1 1

 . (130)

Since Ek is nonsingular, Qk(x) ≽ 0 if and only if Q̃k(x) ≽ 0. One can check

that Q̃k(x) is the following Toeplitz matrix

Q̃k(x) =



x h(0) . . .
h(0) x

h(0) + h(1) h(0)
. . .

...
. . .∑k−1

j=0 h(j)
∑k−2

j=0 h(j) . . .


. (131)

Since x only appears in the diagonal of Q̃k(x) it is concluded that x has to be
nonnegative to achieve positive semi-definiteness. Also, if some h(j) ̸= 0, then
x has to be strictly positive. From the well known Gerzgorin’s disc theorem, it
follows that x can always be chosen large enough such that Q̃(x), and therefore
Q(x), is positive semidefinite.

Note that Q̃k(x) can be written as

Q̃k(x) = Q̃k(0) + xI, (132)

where I ∈ Rk+2×k+2 is the identity matrix. This implies that the eigenvalues
of Q̃k(x) are continuous and monotone in x. More precisely, the eigenvalues
change monotonously with x but the eigenvectors are preserved. Therefore, (i)
there is an x∗

k such that Q̃k(x) ≽ 0 for all x ≥ x∗
k, and (ii) Q̃k(x) � 0 for all
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x < x∗
k. Also, (iii) there exist a vector vk ̸= 0 such that vT

k Q̃k(x
∗
k)vk = 0. Since

Qk(x) is generated by a congruence transform on Q̃k(x) using the nonsingular
matrix (130), the statements (i)-(iii) also holds for Qk(x).

If Lemma 4 is used to make Q̃k(x) positive semidefinite, the following cri-

terion appears: x ≥ 2(
∑k

i=0

∑i
j=0 hj cos pω) for all ω ∈ [0, 2π]. Unfortunately,

this bound approach infinity as k → ∞ if {h(j)}∞j=0 is the impulse response
from a stable LTI plant.

To establish a tighter bound, define the matrix

Q̂k(x) = Q̃k(x)−
k∑

j=0

h(j)1k1
T
k , (133)

where 1k ∈ Rk+2 is the one-vector. Assuming that
∑k−1

j=0 h(j) ≥ 0, it holds that

Q̃k(x) ≽ 0 if Q̂k(x) ≽ 0.

Using Lemma 4 we get that Q̂k ≽ 0 if

x−
k∑

j=0

h(j)− 2

k∑
p=1

k∑
j=p

h(j) cos pω ≥ 0, (134)

for all ω ∈ [0, 2π]. This immediately leads to the bound (128).
It now remains to prove the claims of the asymptotic case, including (129).

The remaining proof is conducted as follows. First it is shown that 1k is an
asymptotic eigenvector of Q̃k(x) (as k → ∞), which implies that limk→∞ Q̃k(x) ≽
0 if and only if limk→∞ Q̂k(x) ≽ 0 and

∑∞
j=0 h(j) ≥ 0. Then, (127) in Lemma

4 can be utilized to conclude the proof.
Denote the i’th element in Q̃k(x)1k as (Q̃k1k)i for 1 ≤ i ≤ k + 2. Using∑i

j=0 h(j) =
∑∞

j=0 h(j)−
∑∞

i+1 h(j) it can be verified that

(Q̃k1k)i
k

=
x

k
+

k + 3

k

∞∑
j=0

h(j)

− 1

k

i−1∑
p=0

∞∑
j=p

h(j)− 1

k

k+2−i∑
p=0

∞∑
j=p

h(j).

(135)

Since |h(j)| ≤ Cλj for some C > 0 and 0 ≤ λ < 1, (135) implies

∞∑
p=0

∞∑
j=p

h(j) ≤
∞∑
p=0

∞∑
j=p

|h(j)| =
∞∑
j=0

(j + 1)|h(j)|

≤ C
∞∑
j=0

(j + 1)λj < ∞.

(136)

Similarly,
∞∑
p=0

∞∑
j=p

h(j) ≥ −
∞∑
p=0

∞∑
j=p

|h(j)| > −∞. (137)
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(136) and (137) implies that the partial sums in (135) are finite. Hence,
limk→∞(Q̃k1k)i/k =

∑∞
j=0 h(j) for all i = 1, 2, . . . . Therefore, 1k ∈ Rk+2 is an

asymptotic eigenvector of Q̃k.
Now define the sequence {vj}∞j=1, where each |vj | < ∞, and a sequence of

vectors vk = [v1, . . . , vk+2]
T ∈ Rk+2 for all k ≥ 1. Assume that limk→∞ vk is

an eigenvector of limk→∞ Q̃k which is distinct from any multiple of limk→∞ 1k,
i.e. limk→∞(Q̃kvk)i/k

p = λvi for all i = 1, 2, . . . and some 0 ≤ p ≤ 1, p ∈ R.
Also assume that if p ̸= 0, then λ ̸= 0. Then it follows that

lim
k→∞

(vT
k Q̃k1k)/k

p = λ

∞∑
j=0

vj . (138)

But it also follows that

lim
k→∞

(vT
k Q̃k1k)/k =

∞∑
i=0

h(i)
∞∑
j=0

vj . (139)

Hence,
∑∞

j=0 vj = 0 unless p = 1 and λ =
∑∞

i=0 h(i). But it is seen that, if
p = 1,

lim
k→∞

(Q̃kvk)i
k

= lim
k→∞

1

k

k+2∑
l=1

vl

∞∑
j=0

h(j) = λvi, (140)

and therefore all vi has to be equal, meaning that limk→∞ vk is a multiple of
limk→∞ 1k which violates the distinctiveness assumption. It is now concluded
that

∑∞
j=0 vj = 0, which means that

lim
k→∞

(Q̂k − Q̃k)vk = lim
k→∞

1k

∞∑
i=0

h(j)

k∑
j=0

vj = 0. (141)

Equation (141) implies that limk→∞ Q̃k(x) ≽ 0 if and only if limk→∞ Q̂k(x) ≽
0 and

∑∞
j=0 h(j) ≥ 0.

Using (127) in Lemma 4 for limk→∞ Q̂k(x), it is seen that limk→∞ Q̃k(x) ≽ 0
if and only if

x−
∞∑
j=0

h(j)− 2

∞∑
p=1

∞∑
j=p

h(j) cos pω ≥ 0, (142)

for all ω ∈ [0, 2π]. This immediately leads to (129). �

B Ideal input sequence for non-minimum phase
systems

If the assumption A3 does not hold, i.e. H(q) is non-minimum phase, there is a
technical issue in defining the ideal input sequence {u∗

j}
k−δ
j=−∞ since the inverse

H−1(q) is unstable. Utilizing the fact that an unstable filter is stable in the anti-
causal direction (and vice-versa), the sequence {u∗

j}
k−δ
j=−∞ is, for non-minimum

phase systems, defined in the following steps.
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1. Define the system Hδ(q) = qδH(q) with zero relative degree.

2. Partition H−1
δ (q) in a stable part H−1

s (q) and an unstable part H−1
u (q),

both with relative degree 0, so that H−1
δ (q) = H−1

s (q)H−1
u (q).

3. Filter the stable part to form the sequence u∗
s(j) = H−1

s (q)r(j) for all
j ≤ k, and choose the other part {u∗

s(j)}∞k+1 to be 0. Note that u∗
s(j) = 0

for all j ≤ −1 due to A2.

4. Define the time-reversed sequence ū∗
s(j) = u∗

s(k − j).

5. Filter the unstable part to obtain ū∗
δ(j) = H−1

u (q−1)ū∗
s(j). Note that

H−1
u (q−1) is stable.

6. Time-reverse again to form u∗
δ(j) = ū∗

δ(k − j).

7. Now time-shift to obtain u∗(j) = u∗
δ(j + δ) for all j ≤ k − δ. Also let

u∗(j + 1) = u∗(j) for all j ≥ k − δ, for the same technical reasons as in
the Preliminaries.

Note that the ideal input sequence is not unique for a given reference signal
when H(q) is non-minimum phase, since {u∗

s(j)}∞k+1 can be chosen arbitrarily
instead of 0 in step 3). This should not matter much for large k as the transient
effects become less important.

To make the worst-case bounds as tight as possible for finite k, {u∗
s(j)}∞k+1

should be chosen such that
∑k−δ−1

j=−∞ u∗
∆(j)

2 is minimized.

C The cross-term in discrete time

In this section, it is shown that the cross-term in the discrete time setting,
here denoted as the inner product ⟨ε, u∗

∆⟩ as in (39) or (49), can assume either
positive or negative values for a given γ such that the closed-loop system (4)-(6)
is stable. This is a necessary result to conclude the worst-case ∞-suboptimality
of (53)-(55).
Proposition 1 For a closed loop system (4)-(6) and for a fixed gain γ such
that the closed loop system is stable, there exists an input reference trajec-
tory {u∗}∞j=−∞ such that ⟨ε, u∗

∆⟩ > 0 and another input reference trajectory
{u∗}∞j=−∞ such that ⟨ε, u∗

∆⟩ < 0.
Proof. Let H(q) = N(q)/D(q), where N(q) and D(q) are polynomials with
degrees degD ≥ degN and D(q) is Schur stable (due to A1). The transfer
operator from u∗

∆ to ε is given by

ε(j) =
N(q)

D(q)(q − 1) + γN(q)
u∗
∆(j) = Hc(q)u

∗
∆(j). (143)

From [8] it follows that minu∗
∆
⟨ε, u∗

∆⟩ = minω ReH(eiω) and maxu∗
∆
⟨ε, u∗

∆⟩ =

maxω ReH(eiω). The statement of the proposition thus follows if Hc(q) is
neither positive or negative real, i.e. if there exist an ω and an ω such that
ReHc(e

iω) > 0 and ReHc(e
iω) < 0. Since the degree of the nominator is
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strictly smaller than the degree of the denominator in Hc(q) (143), and since γ
is chosen such that Hc(q) has all poles strictly inside the unit circle, the discrete
time positive real lemma [7] states that Hc(q) and −Hc(q) is not positive real,
and the statement of the Proposition follows. �
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Abstract

This paper characterizes stochastic convergence properties of Adjoint-
Based (Gradient-based) Iterative Learning Control (ABILC) applied to
systems with load disturbances, when provided only with approximate
gradient information and noisy measurements. Specifically, conditions are
discussed under which the approximations will result in a scheme which
converges to an optimal control input. Both the case of time-invariant
step sizes, as well as cases of decreasing step sizes (as in stochastic ap-
proximation) are discussed. These theoretical results are supplemented
with an application on a Sequencing Batch Reactor (SBR) for WasteWa-
ter Treatment Plants (WWTPs), where approximate gradient information
is available. It is found that for such case adjoint-based ILC outperforms
inverse-based ILC and model-free P-type ILC, both in terms of conver-
gence rate and measurement noise tolerance.

1 Introduction

The concept of iterative learning control (ILC) has become a large research
field in automatic control theory during the last two decades. It has positively
influenced control performance in many applications, mostly in the robotics
field. ILC algorithms have been around since the 1970s, but it was the work
of [4] on his D-type algorithm (where ”D” stands for derivative) which made
ILC prominent in the automatic control community. Two comprehensive survey
articles are [2] and [6]. A more recent survey article, which also deals with and
compares to so-called repetitive control (RC) and run-to-run (R2R) control, is
[32].

ILC applies to control problems where the initial state is periodically reset,
and the main idea is to exploit this repetitive nature of the controlled system
to gradually improve performance by learning. Typical cases where the initial
state is reset are batch processes, where the same control task is performed over
and over. The previously used control input and the resulting control error is
used to modify the control input signal for the next batch. In this sense, ILC
is an offline control strategy which calculates the control action for the whole
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control period between batches. The purpose of ILC is to improve performance
of an already stable system, rather than to stabilize a system. This potential in
improving performance comes from the ability of ILC algorithms to predict the
future from previous batches, in contrast to conventional feedback laws which
only utilizes previous output from the current batch for control.

The contribution of this paper is to characterize convergence properties of
adjoint- or gradient-based ILC algorithms using approximate gradient informa-
tion, in the presence of measurement noise and non-repetitive load disturbances.
In the system identification community, recursive gradient-based identification
algorithms are considered to be relatively slow but robust, see e.g. [19]. The
same behavior can be observed for adjoint- (or gradient-) based ILC algorithms,
and the emphasis of this paper is to analyse this particular algorithm type. If
there is access only to a poor model approximation, an adjoint-based algorithm
may still be more efficient than model-free algorithms and more robust than
inverse model-based algorithms, both in terms of stability and noise tolerance.
This paper provides theoretical and practical evidence to support this finding.

Optimization based ILC algorithms are often powerful tools, provided that
sufficient system information is available. For example, optimization approaches
often lead to iteration varying filters and/or step sizes which enables asymptotic
elimination of the measurement noise influence (as the step size approach zero).
[14] propose an adjoint-based algorithm where the step size is optimized at each
iteration, while taking model errors into consideration. [27] proposes an algo-
rithm for Multiple Input, Multiple Output (MIMO) systems where the input
error variance is minimized at each iteration, and [28] follows up with a sub-
optimal algorithm where state knowledge is not needed for the filter update.
[29] further extends this work by allowing a wider class of systems with rela-
tive degrees other than one and where the number of inputs is larger than the
number of outputs. In [20], the filters are optimized with respect to a linear
quadratic Gaussian (LQG) type objective at each iteration, and an algorithm
with optimized step sizes and fixed filter structures is also provided. These two
algorithms have the decreasing learning property of (9) but tends to increase
the learning rate if something unexpected happens, and therefore have better
tracking properties. [5] proposes an algorithm where the error power spectrum
is minimized for each iteration. Optimization based algorithms are not consid-
ered in a direct way, but are still close to the ILC algorithms with decreasing
step sizes used in this paper.

Results as given in this paper are closely related to works by different au-
thors, including the following. [24] provide conditions for robust monotonic
convergence of an adjoint-based algorithm which are cited in the preliminaries
section, and show that it has robustness benefits compared to the inverse-based
algorithm in the presence of high frequency modeling errors. The connection be-
tween ILC and stochastic approximation is elaborated on in [7], which includes
convergence and robustness results as well as asymptotic error distributions
for ILC algorithms with a decreasing step size. They also indicate that the
adjoint-based algorithm from [14] will not result in convergence to minimum
error variance when noise is present, since the step size will not converge to
zero. [22] derives sufficient conditions for the model error such that the variance
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of the control error reaches zero as the number of iterations approach infinity.
The work of [22] is exclusively concerned with the inverse-based algorithm, but
the same conditions can be stated for more general choices of the L-filter.

The analysis of this paper is in the discrete time domain. For related work
in the continuous time case, see for example [30] and [12]. [30] derives upper
bounds for the tracking error under the assumption that the measurement noise
is bounded. [30] derives a control strategy where the steady state noise effect
is minimized, based on specifications on the convergence speed and LMI op-
timization. [30] also discuss digital implementation of their proposed control
strategy.

This paper improves on the works of [24], [7] and [22] by adding new ex-
pressions for the error norms of adjoint-based ILC, convergence bounds for ILC
algorithms with general L-matrices (including, but not limited to, approximate
model-based ILC), as well as an error norm analysis of the model-free adjoint-
based algorithm influenced by noise. The asymptotic convergence analysis of [7]
for ILC with decreasing step size is extended in the sense that no assumption of
bounded mean input is needed. Also, a connection is made between the eigen-
value condition for optimal asymptotic convergence used in [7], and an infinity
norm condition used in [22]. Furthermore, results are illustrated in a numerical
example and the ILC algorithms are also applied to control a sequencing batch
reactor (SBR).

The SBR case study emphasize noise influence and performance gains of
using only approximate model information in the ILC design. The SBR case
study relates to [17], which also propose ILC to control a sequencing batch
reactor in a wastewater treatment plant. That paper proposes an algorithm
which originates from [3], which is in fact a type of gradient-based algorithm.
To model the chemical process in the SBR, the Activated Sludge Model no.1
(ASM1) is used. [17] use a reduced order model while this paper utilizes the
full ASM1 model (except for two states which do not participate in any relevant
dynamics). An attempt to use repetitive control of the activated sludge process
in wastewater treatment plants is described in [1], but in the SBR case study
ILC is used because of the batch nature of the process.

This paper is organized as follows. Section 2 defines the framework of this
paper. Section 3 outlines the main theoretical analysis in three subsections.
Section 3.1 contains theoretical results concerning the influence of gradient in-
formation as well as noise and disturbance terms in ILC with fixed step size.
Section 3.2 studies the model-free adjoint-based algorithm under noise influence.
Section 3.3 studies the use of a decreasing step size in ILC. Section 4 discuss the
eigenvalue condition for convergence to the optimal point in the decreasing step
size case, and relates it to other conditions used in literature. Section 5 verifies
the main theoretical results of Section 3 for fixed step sizes on a small simula-
tion study, and illustrates the effects of model mismatch in the ILC algorithms.
Section 6 details the empirical case-study on a SBR system, and Section 7 gives
conclusions and directions for further work. Appendix A describes the system
which is used for the simulations in Section 6.
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2 Preliminaries

In this paper, discrete-time ILC for Single Input, Single Output (SISO) systems
is adopted.

First of all, the following discrete Linear Time-Invariant (LTI) system is
defined:

zk(t+ δ) = G(q)uk(t) + dk(t), (1a)

yk(t) = zk(t) + nk(t), (1b)

for t = 0, 1, . . . , n− 1 and k ∈ N0, where dk(t) and nk(t) are random load and
measurement disturbances, and q is the forward shift operator. The time delay
δ ∈ N0 is explicitly inserted in the output time argument, so without loss of
generalization, the transfer operator G(q) is assumed to have zero delay.

In the beginning of each period or batch k ∈ N0, the state of the system is
assumed to be reset. The number of time steps of each batch is assumed to be
fixed as n + δ. Note that the time between batches is unspecified. If a control
action starts at time t = 0, the system will not react until t = δ. Therefore, the
objective is to control the output zk(t) at times δ ≤ t ≤ δ + n − 1, using the
input uk(t) at times 0 ≤ t ≤ n − 1. The reference signal (set point) is defined
as r(t) for δ ≤ t ≤ δ + n− 1, and the control problem is then to let zk(t) follow
this reference trajectory as close as possible. Note that the reference signal is
the same for each batch.

As such, the system (1) can also be described in the following matrix formula-
tion. Let the vector uk ∈ Rn denote the input signal uk(t) during n consecutive
time instants in the following way

uk = (u(0), u(1), . . . , u(n− 1))
T ∈ Rn, ∀k ∈ N0. (2)

Equivalently, the system output signal in batch k is defined as

zk = (z(δ), z(δ + 1), . . . , z(δ + n− 1))
T ∈ Rn, ∀k ∈ N0. (3)

Then the load disturbance vector dk is defined analogous to (2), while the
measurement disturbance vector nk, the measured output vector yk and the
reference vector r is defined analogous to (3). Finally, let the following sequence
{si}i∈N0 of real numbers define the impulse response of the system G(q) in (1a).
The impulse response matrix can then be defined as

S =


s0 0 . . . 0
s1 s0 0
s2 s1 s0
...

. . .

sn . . . s0

 , (4)

which is a lower triangular n× n Toeplitz matrix. Note that s0 ̸= 0 since G(q)
has no delay, which means that S is a nonsingular matrix. Recall that this is
no restriction since the system delay is represented in (1a) as δ. This system
representation is basically the same as the ”lifted plant” used in [24].
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Let zk(t) = 0 for 0 ≤ t < δ. The input-output behavior of the system (1)
can, for the time interval 0 ≤ t ≤ δ + n− 1, be described as

zk = Suk + dk, (5a)

yk = zk + nk. (5b)

The following assumptions are made about dk and nk:

(i) They are zero mean, weakly stationary random variables with bounded vari-
ance.

(ii) They are uncorrelated with each other, meaning that E[dT
i nj ] = 0 ∀i, j.

(iii) They are uncorrelated between iterations, meaning that
E[dT

i dj ] = E[nT
i nj ] = 0 ∀i ̸= j.

Assumption (i) is a common working assumption, and (ii) holds for most ap-
plications. Assumption (iii) is typical for measurement noise, but there might
be elements in the load disturbance which comes back for each cycle since the
same task is performed repeatedly. Those repeating disturbance elements can be
embedded in the reference signal in an equivalent closed loop system description.

A natural measure of system performance is to minimize the true control
error

εk = r− zk. (6)

Since only r, yk and uk are measurable, εk is not available for use in any control
law. A natural ”substitute” for εk is therefore the measured control error

ek = r− yk, (7)

which also means that ek = εk + nk. This distinction between the true error
εk and the measured error ek also highlights the difference between the noise
vectors dk and nk. While the measurement noise nk only affects the measured
error ek, the load disturbance affects both the measured error and the true error
εk.

When considering vector norms, the Euclidean norm is consistently used in
this paper. The infinity norm is used to characterize the magnitude of modeling
errors. This is formulated in the following two definitions.

Definition 1 For any vector x with either stochastic or non-stochastic ele-
ments, the Euclidean vector norm ∥ · ∥ is defined as ∥x∥ =

√
xTx.

Definition 2 For any LTI-system G(q), the associated infinity norm is defined
as ∥G∥∞ = max0≤ω≤π |G(eıω)|.

Also, the following definition of spectral radius is used in this paper.

Definition 3 For a matrix A, the spectral radius of A, denoted ρ(A), is the
maximum of the absolute values of the eigenvalues of A.
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2.1 Description of ILC

There are many kinds of different ILC algorithms, but in this context only
discrete time, first order linear ILC algorithms are dealt with, all of which can
be formulated in one of the following ways. For some initial input vector u0,
define the following sequence

uk+1 = uk + Lek, (8)

or
uk+1 = uk + γkLek, (9)

where L ∈ Rn×n is a matrix representation of a possibly noncausal linear filter.
The numbers γk ∈ R are decreasing in magnitude (

∑∞
k=0 γ

2
k < ∞) but not

too fast (
∑∞

k=0 γk = ∞). The update rule of the type (9) is therefore an
ILC-algorithm with decreasing step size. Decreasing step sizes are useful when
dealing with measurement noise.

The system (5) using the ILC-law (8) is stable if and only if the spectral
radius ρ(I − SL) is less than 1 (for proof, see [21]). The term stability, in this
context, means that limk→∞ E∥εk∥ < ∞.

In some cases the right hand side of (8) or (9) is multiplied with a possibly
noncausal linear filter often denoted as Q ∈ Rn×n. [23] provides tools for
designingQ-filters in order to reduce the influence of measurement disturbances.
They also consider possible side-effects from periodic load disturbances if a Q-
filter is introduced. The Q-matrix is chosen as the identity matrix in the present
work, which is not uncommon in practice since this is sufficient for convergence
to zero error in the noise-free case with constant step size, given that the closed
loop system obtained by controlling (5) with (8) is stable. If the filters are
causal, the corresponding impulse response matrices are lower triangular, and
upper triangular if the filters are anti-causal. If the filters are time invariant,
the corresponding impulse response matrices have a Toeplitz structure with the
truncated impulse response in the rows, as in (4). Note also that triangular
Toeplitz matrices commute with each other just like their transfer function
representations.

In model-based ILC algorithms of the form (8) and (9) the L-filter is chosen

based on a model estimate Ŝ of the system S. The following ILC algorithms are
considered:

• Adjoint-Based ILC (ABILC): L = γŜT .

• Inverse-Based ILC (IBILC): L = γŜ−1.

• Model-Free Proportional ILC (MFPILC): L = γI.

• Model-Free Adjoint-Based ILC (MFABILC): Described in Section 3.2.

Throughout this paper, algorithms with constant step size as in (8) are referred
to, unless specified otherwise. For example, ABILC of type (9) is referred to as
”ABILC with decreasing step size”.

The ABILC algorithm is investigated in, for example, [14] and [24]. ABILC
can be seen as a gradient-based algorithm, or a ”steepest descent” method, since
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the gradient of the error ε with respect to the input u is exactly −ST . This is
the algorithm of main interest in this paper, and it is compared to IBILC and
MFPILC. The MFABILC algorithm, which closely relates to ABILC, is defined
and analysed in Section 3.2. In short, it is a slight extension of the model-free
algorithm proposed in [8].

For the noise-free case, with perfect system knowledge and γ = 1, IBILC
will converge to zero error in one step. It is expected to give fast convergence
for small model errors. [13] studies the robustness properties of IBILC as well
as an inverse-based variant where the step size γ is modified for each iteration
depending on the size of the control error.

An ILC algorithm is called a Model-Free Proportional ILC (MFPILC) when
L = γI. In literature, MFPILC is often simply called ”P-type” (or proportional
type), but in this article it is important to emphasize that it is a model-free al-
gorithm (i.e. it does not explicitly use model information for tuning). MFPILC
is the simplest ILC algorithm which is dealt with in this paper. It is studied
in, for example, [25]. MFPILC can also be seen as a model-based algorithm

(adjoint-based or inverse-based) where Ŝ = I.
The use of approximate models motivates the following definition of relative

model error:

Definition 4 For a system G(q) and an associated model estimate Ĝ(q), the
relative model error ∆G(q) is defined as

∆G(q) = 1− G(q)

Ĝ(q)
. (10)

For the Toeplitz matrix form, the relative matrix error ∆S is defined as

∆S = I− SŜ−1. (11)

The effects of modelling errors on noise tolerance for model-based ILC-
algorithms are also investigated in this paper. The previously cited stability
criterion, that the spectral radius of (I− SL) have to be smaller than one, will

give stability requirements for the modelling errors (just replace L with γŜT or

γŜ−1). To address convergence properties for model-based ILC algorithms with
model errors, [24] define the concept of robust monotone convergence for linear
systems as follows.

Definition 5 A (model-based) ILC algorithm is robust monotone convergent
with respect to a vector norm ∥ · ∥ and a set of model uncertainties if for every
choice of model uncertainty from this set and for every choice of initial control
signal, the resulting error norm ∥εk∥ converges strictly monotonically to zero.

Remark 1 Definition 5 only holds for noise-free systems of the type yk = Suk.

[24] also provides the following conditions for robust monotone convergence in
the euclidean norm.
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Proposition 1 Assume that ∆G(q) is stable. For modeling errors of the type
(10), IBILC with step size γ > 0 is robust monotone convergent with respect to
the euclidean norm if∣∣∣∣ 1γ − 1 + ∆G(e

iω)

∣∣∣∣ < 1

γ
, ∀ 0 ≤ ω ≤ π, (12)

and ABILC with step size γ > 0 is robust monotone convergent if∣∣∣∣ 1γ − |Ĝ(eiω)|2(1−∆G(e
iω))

∣∣∣∣ < 1

γ
, ∀ 0 ≤ ω ≤ π. (13)

A necessary condition for both of the inequality relations (12) and (13) to hold
is that

Re[1−∆G(e
iω)] > 0 ⇔ Re∆G(e

iω) < 1. (14)

Proof. See [24]. � The relations (12) and (13) are only sufficient conditions
for robust monotone convergence for linear systems. Comparing (12) with (13)
shows that ABILC may have less strict conditions for monotonic convergence
than IBILC for high frequency modelling errors, since Ĝ(eiω) typically has as a
low-pass filter character. In Section 4, the conditions (12) and (13) are related
to similar conditions for stochastic convergence properties.

3 Stochastic convergence analysis of ILC algo-
rithms using approximations

Section 3.1 investigates the asymptotic convergence properties of the expected
squared error norm for IBILC and ABILC with fixed step size, and derives upper
and lower error bounds for general choices of the L-matrix (possibly based on
approximate model estimates). In section 3.2, the MFABILC algorithm is given,
and a convergence analysis is provided for this algorithm as well. Section 3.3
analyses the asymptotic convergence properties of ILC with decreasing step
sizes.

3.1 Fixed step size algorithms

The starting point for further analysis is the following lemma, which gives an
expression of the expected squared error norm at any given k.

Lemma 1 Given the impulse response matrix (4) and the input-output rela-
tion (5), where dk and nk satisfy the assumptions (i)-(iii), and given the ILC
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algorithm (8), then the expected squared error norm becomes

E∥εk+1∥2 = E
[
εT0

(
(I− SL)k+1

)T
(I− SL)k+1ε0

]
+ E

dT
k∑

j=0

(
(I− SL)j

)T (
SL+ LTST

)
(I− SL)jd


+ E

nTLTST
k∑

j=0

(
(I− SL)j

)T
(I− SL)jSLn

 ,

(15)

where d and n are arbitrary realizations of the corresponding noise processes.

Proof. The error evolution of the input-output relation (5) becomes, using (8),

εk+1 = (I− SL)εk + dk − dk+1 + SLnk. (16)

After unfolding the recursion, one gets

εk+1 = (I− SL)k+1ε0 +
k∑

j=0

(I− SL)j {dk−j − dk+1−j + SLnk−j} . (17)

Equation (17) and the assumptions (i)-(iii) give

E∥εk+1∥2 = E
[
ε0

T (I− SL)k+1T (I− SL)k+1ε0

]
+ 2E

ε0T (
(I− SL)k+1

)T k∑
j=0

(I− SL)j(dk−j − dk+1−j)


+ E

 k∑
j=0

(dk−j − dk+1−j)
T
(
(I− SL)j

)T k∑
j=0

(I− SL)j(dk−j − dk+1−j)


+ E

 k∑
j=0

nk−j
TLTST

(
(I− SL)j

)T
(I− SL)jSLnk−j

 .

(18)
The last term in (15) is obtained by getting rid of the indices of nk−j , which
is possible since the measurement noise (and also the load disturbance) has a
constant covariance matrix. Since ε0 = r − Su0 − d0, the second term in (18)
reduces to E[d0

T ((I−SL)k)T (SL+LTST−2I)(I−SL)kd0]. Also, the third term

reduces to 2E[d0
T ((I − SL)k)T (I − SL)kd0] + E[dT {

∑k−1
j=0 ((I − SL)j)T (SL +

LTST )(I − SL)j}d]. Adding these two terms gives exactly the second term in
(15). �

In [25], (15) is also derived for MFPILC with measurement noise only.
Lemma 1, which describes the transient behavior of the error norm evolution,
is now used to prove the following theorem for the asymptotic behavior.

Theorem 1 Given the impulse response matrix (4) and the input-output rela-
tion (5), where dk and nk satisfy the assumptions (i)-(iii), and by using the
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ILC algorithm (8) with L = γST , where γ > 0 is chosen such that the closed
loop system is stable, then the expected asymptotic squared error norm becomes

lim
k→∞

E∥εk+1∥2 = 2E
[
dT (2I− γSST )−1d

]
+ γE

[
nTSST (2I− γSST )−1n

]
.

(19)
If L = γS−1 is chosen instead (where stability implies that 0 < γ < 2), then the
asymptotic expected squared error norm becomes

lim
k→∞

E∥εk+1∥2 =
2

2− γ
E[dTd] +

γ

2− γ
E[nTn], (20)

where d and n are arbitrary realizations of the corresponding noise processes.

Proof. The proof of the second term on the right hand side in (19) is consid-
ered here. The first term and equation (20) follows along the same lines. First,
perform the following singular value decomposition: (I − γSST ) = UTDU,
where D is a diagonal matrix and U is a unitary matrix. Then the matrix in
the third and last term in (15) becomes, as k → ∞,

γSST
∞∑
j=0

(I− γSST )2jγSST = γSSTUT
∞∑
j=0

D2jUγSST

= γSSTUT (I−D2)−1UγSST = γSST (U−1(I−D2)U−T )−1γSST

= γSST (I−UTD2U)−1γSST = γSST (I− (I− γSST )2)−1γSST

= γSST (2γSST − (γSST )2)−1γSST = γSST (2I− γSST )−1.

(21)

The second equality comes from calculating an infinite geometric series. Since
the system is stable, it holds that ρ(D) < 1 and hence,

∑∞
j=0 D

2j converges.

The fourth equality uses the relation UT = U−1. �
Remark 2 Theorem 1 can be used for filtered white noise. If for example the
measurement noise is given by nk = Snñ

k, then the expected norm terms can
be worked out easily as E[nTAn] = E[ñTST

nASnñ] = tr(ST
nASn)E[ñ2

j ].

The expression (20) is also derived in [7], but the expression (19) is previously
unpublished as far as the authors know.

Theorem 1 exploits the symmetry property of the matrix (I−SL), which is
attained when L = γST . For more general choices of the L-matrix, including
the case where L = γI, the matrix (I−SL) is not symmetric. For these general
cases, a bound of the asymptotic error norm is derived in the following theorem.

Theorem 2 Given the impulse response matrix (4) and the input-output rela-
tion (5), where dk and nk satisfy the assumptions (i)-(iii), and given the ILC
algorithm (8) and an L such that the maximum eigenvalue of (I−SL)T (I−SL)
is less than 1, the expected asymptotic squared error norm is subject to the fol-
lowing inequality relations

lim
k→∞

E∥εk+1∥2 ≤ 1

1− βmax
E[dT

(
LTST + SL

)
d] +

1

1− βmax
E[nTLTSTSLn],

(22a)

lim
k→∞

E∥εk+1∥2 ≥ 1

1− βmin
E[dT

(
LTST + SL

)
d] +

1

1− βmin
E[nTLTSTSLn],

(22b)
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where d and n are arbitrary realizations of the corresponding noise processes,
βmax is the maximum eigenvalue and βmin is the minimum eigenvalue of (I −
SL)T (I− SL).

Proof. Let λi(A) denote the i’th eigenvalue of a matrix A. By using Ostrowski’s
theorem (see [16]) on the load disturbance term in (15), the following is obtained

E

dT
k∑

j=0

(
(I− SL)j

)T (
SL+ LTST

)
(I− SL)jd


=

k∑
j=0

tr
((

(I− SL)j
)T (

SL+ LTST
)
(I− SL)j

)
EdTd

=

k∑
j=0

n∑
i=1

λi

((
(I− SL)j

)T (
SL+ LTST

)
(I− SL)j

)
EdTd

≤
k∑

j=0

βj
max

n∑
i=1

λi

(
SL+ LTST

)
EdTd =

k∑
j=0

βj
maxE[dT

(
SL+ LTST

)
d],

(23)
where the inequality comes from Ostrowski’s theorem. The same technique is
then used for the measurement noise term in (15) to obtain

E∥εk+1∥2 ≤ E
[
ε0

T
(
(I− SL)k+1

)T
(I− SL)k+1ε0

]
+

k∑
j=0

βj
maxE[dT

(
SL+ LTST

)
d] +

k∑
j=0

βj
maxE

[
nTLTSTSLn

]
.

(24)

Ostrowski’s theorem simultaneously provides the following bound

E∥εk+1∥2 ≥ E
[
ε0

T
(
(I− SL)k+1

)T
(I− SL)k+1ε0

]
+

k∑
j=0

βj
minE[dT

(
SL+ LTST

)
d] +

k∑
j=0

βj
minE

[
nTLTSTSLn

]
.

(25)

Since the system is stable, λi

(
(I− SL)T (I− SL)

)
< 1 for all i and therefore,

βmin < 1 and βmax < 1. If k goes to infinity, the relations (22a) and (22b)
appears by solving the geometric series appearing in (24) and (25). These
geometric series converge as k → ∞ since βmin < 1 and βmax < 1. �

Remark 3 Note that for IBILC, where L = γS−1, the inequality relations (22)
become an equality relation according to (20). This is because the inequality
relations (22) are derived using maximum and minimum eigenvalues of matrices
for which all eigenvalues are equal in the inverse-based case.

Remark 4 One important restriction in Theorem (2) is that not only stability
is required. The maximum singular value of I− SL needs to be smaller than 1,
which is stricter than the stability requirement ρ(I− SL) < 1.
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For general L-matrices, it is always possible to use Lemma 1 to estimate the
asymptotic error norm. However, this can be a computationally heavy task.
To estimate the noise sensitivity with respect to modelling errors, when a lot
of different S and L-matrices are explored, it might be more feasible to use
Theorem 2, especially when IBILC is used.

[25] discuss a different kind of error bound for the measurement noise case,
which is based on frequency-domain relations. This bound is accurate for large
n, but it requires that L is causal, and might be difficult to calculate except for
the special case where ReL(eiω)G(eiω) > 0 for all ω, where the bound can be
simplified.

3.2 Model-free adjoint-based ILC

In practice, an estimate Ŝ of S needs to be used when applying IBILC or ABILC.
An exact estimate of the system S as used in Theorem 1 can never be obtained.
However, there exists an interesting possibility to circumvent this model esti-
mation problem for the case L = γST . Note that the vectors STek can be
obtained by time-reversing ek before using it as input and then time-reversing
the output, in an intermediate batch between the iterations. This is previously
proposed in [8]. Making these experiments is of course a major drawback in
many applications since it doubles the amount of iterations.

In reality, when filtering the reversed error vector through the system, there
will be noise influence. Therefore, a slight extension of the algorithm presented
in [8] is proposed. First, multiply the reversed error vector by a scalar γb
before the filtering, and then multiply the output by another scalar γa after the
filtering. To summarize, the resulting Model Free Adjoint-Based (MFABILC)
algorithm is achieved by iterating the following steps:

• Perform a batch run with the current input uk (possibly the initial input)
to achieve yk = Suk + dk + nk.

• Create the error vector ek = r − yk and time-reverse it to form ẽk =
(ek(δ + n− 1), ek(δ + n), . . . , ek(δ))

T .

• Perform a gradient experiment by using γbẽk as input to obtain the vector
γbSẽk + d̃∗

k + ñ∗
k as output.

• Time-reverse the output to obtain the vector γbS
Tek + d∗

k + n∗
k.

• Form the input for the next iteration from uk+1 = uk+γa(γbS
Tek+d∗

k+
n∗
k).

This leads to the following theorem.

Theorem 3 Given the impulse response matrix (4) and the input-output rela-
tion (5), where dk and nk follow the assumptions (i)-(iii), and by using MFA-
BILC as explained above, where the step size γbγa is chosen such that the closed

12



loop system is stable, then the expected asymptotic squared error norm becomes

lim
k→∞

E∥εk+1∥2 = 2E
[
dT (2I− γbγaSS

T )−1d
]

+ γbγaE
[
nTSST (2I− γbγaSS

T )−1n
]

+ E

[
dT γa

γb
(2I− γbγaS

TS)−1d

]
+ E

[
nT γa

γb
(2I− γbγaS

TS)−1n

]
,

(26)

where d and n are arbitrary realizations of the corresponding noise processes.

Proof. Substituting the input in yk = Suk + dk + nk with uk = uk−1 +
γa(γbS

Tek−1 + d∗
k−1 + n∗

k−1) ultimately yields

εk+1 = (I− γbγaSS
T )εk + dk − dk+1 − γbγaSS

Tnk − γaS(d
∗
k + n∗

k). (27)

Unfolding the recursion of this equation then yields

εk+1 = (I− γbγaSS
T )k+1ε0

+

k∑
j=0

(I− γbγaSS
T )j{dk−j − dk+1−j − γbγaSS

Tnk−j − γaS(d
∗
k−j + n∗

k−j)}.

(28)
The only difference between (17) (if L is replaced by γbγaSS

T ) and (28) is that
there are two other noise sources d∗

j and n∗
j both filtered by S. The vectors d∗

j
and n∗

j are actually input- and measurement noise from the gradient experiment
iterations. Since both input noise and measurement noise are assumed to be
uncorrelated between iterations, d∗

j and n∗
j are uncorrelated with all the other

noise vectors. By the arguments of Lemma 1 (including the use of assumptions
(i)-(iii)), and by suppressing the iteration indices as well as the ∗ symbol denot-
ing the noise realizations from the intermediate batches, the following expression
of the resulting error norm is obtained

E∥εk+1∥2 = E
[
ε0

T (I− γbγaSS
T )2k+2ε0

]
+ 2γbγaE

[
dTSST

k∑
j=0

(I− γbγaSS
T )2jd

]

+ γ2
bγ

2
aE

[
nTSST

k∑
j=0

(I− γbγaSS
T )2jSSTn

]

+ γ2
aE

[
dTST

k∑
j=0

(I− γbγaSS
T )2jSd

]
+ γ2

aE

[
nTST

k∑
j=0

(I− γbγaSS
T )2jSn

]
.

(29)

Note that this is almost the same equation as (15) in Lemma 1 except that the
SL-matrix is replaced by (γbγaSS

T ) and that two additional terms are added.
To proceed with the proof, the same singular value decomposition as in the proof
of Theorem 1 is made for each of the terms in equation (29). In this paper, it
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is only derived for one of the additional terms.

γ2
aS

T
∞∑
j=0

(I− γbγaSS
T )2jS = γ2

aS
TUT

∞∑
j=0

D2jUS

= γ2
aS

T (2γbγaSS
T − (γbγaSS

T )2)−1S =
γa
γb

(2I− γbγaS
TS)−1.

(30)

The derivation is analogous to the more explicit derivation in (21). From (28) it
is seen that the stability assumption implies that ρ(I − γbγaSS

T ) = ρ(D) < 1.
Hence, the sum

∑∞
j=0 D

2j < ∞. �

Remark 5 Note that the stability of the model-free algorithm depends on the
product γbγa (which is defined as the step size for MFABILC), since the spec-
tral radius of I − γbγaSS

T has to be smaller than one. By fixing this product
appropriately, the ratio γa

γb
can be chosen to be close to zero, meaning that the

additional noise terms will be small. This is equivalent to increasing the magni-
tude of the input vector (that is the time-reversed error signal) in the gradient
experiments, which will increase the signal-to-noise ratio, and then scaling down
the gradient experiment output used in the update law for u to achieve stability.
However, in reality there are often input constraints on the system meaning that
there is some bound for how low the ratio γa

γb
can be chosen.

Remark 6 The results in Lemma 1, Theorem 1, Theorem 2 and Theorem 3
remain valid for any matrix S (and not only for lower triangular, non-singular
Toeplitz matrices), provided that the choices of L and/or step sizes guarantees
stability.

3.3 Decreasing step size algorithms

This subsection investigates the convergence properties of ILC algorithms with
decreasing step sizes, and gives conditions for convergence to the minimum
expected squared error norm. When there is zero mean stochastic noise present,
either as load or measurement noise, it is not harder to achieve expected zero
error at infinity than for the noise-free case, which is seen from (17). To achieve
minimum error variance, one needs to introduce an iteration varying L-filter
(9), see for example [22].

In parallel with the stochastic approximation framework in [18], one can
derive quite general conditions when iteration varying filters give convergence
to minimum error variance. Here, it is sufficient to use the arguments introduced
in [26]. The analysis of this section starts with the following proposition about
minimum error variance.

Proposition 2 Let u∗ = S−1r and express the error as ε(u) = r−Su−d. Then
E[ε(u∗)] = 0 and E∥ε(u∗)∥2 = E[dTd], which is the smallest possible value for
the expected error norm. Therefore, u∗ can be regarded as the optimal input for
the system (5a)-(5b), in the sense that minimum variance for the control error
is achieved.
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Proof. The fact that E[ε(u∗)] = 0 follows from E[d] = 0. The expected error
norm becomes

E∥ε(u)∥2 = E∥r− Su− d∥2

= E∥r− Su∥2 − 2E
[
(r− Su)Td

]
+ E∥d∥2

= E∥r− Su∥2 + E[dTd].

(31)

Since E∥r− Su∥2 ≥ 0 with equality for u = u∗, it holds that minu E∥ε(u)∥2 =
E∥ε(u∗)∥2 = E[dTd]. �

In Proposition (2), the true system is needed to exactly determine u∗ which
is unrealistic in practice. Next, conditions are derived for ILC with decreasing
step size that asymptotically gives minimum error variance. Let ũk = u∗ − uk.
Achieving minimum variance is thus equivalent to achieving ũk → 0. Now
consider the following ILC-algorithm with a time-varying step size.

uk+1 = uk + γkLek (32)

Then the following theorem can be stated.

Theorem 4 Implement the (iteration varying) ILC algorithm (32) on the sys-
tem (5) with the impulse response matrix (4), and a decreasing step size, i.e.∑∞

j=0 γj = ∞ and
∑∞

j=0 γ
2
j < ∞ (this holds if, for example, γk = γ0

k+1 , γ0 > 0).

Assume dk and nk satisfy (i)-(iii). Also assume that (LS + STLT ) is strictly
positive definite. Then the following holds

lim
k→∞

E∥ũk∥2 = 0. (33)

Proof. For notational convenience it is assumed that dk and nk are white noise
with variance λ2

d and λ2
n respectively, implying that E

[
dT
kAdk

]
= λ2

d tr(A).
The extension to the coloured noise case is straightforward.

For the first part of the proof, it is shown that E∥ũk∥2 is bounded for all k if
(LS+ STLT ) is strictly positive definite. First, the following derivation (using
assumptions (i)-(iii)) is made

E∥ũk+1∥2 = E [(I− γkLS)ũk + γkL(dk + nk)]
T [(I− γkLS)ũk + γkL(dk + nk)]

= E
[
ũT
k (I− γkLS)

T (I− γkLS)ũk

]
+ γ2

k(λ
2
d + λ2

n) tr(L
TL)

= E
[
ũT
0 M

T
k Mkũ0

]
+ (λ2

d + λ2
n)

k∑
j=0

γ2
j tr(L

TMT
k−j−1Mk−j−1L),

(34)

where

Mk = (I− γkLS)Mk−1, k = 0, 1, . . . (35)

M−1 = I. (36)

The last equality in (34) was obtained by unfolding the ũk-term. If the maxi-
mum eigenvalue of a symmetric matrixA is denoted λmax(A), and the minimum
eigenvalue is λmin(A), then

λmax(M
T
kMk) ≤ λmax(M

T
k−1Mk−1)λmax((I− γkLS)

T (I− γkLS)), (37)
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for all k, as a consequence of Ostrowski’s theorem, see [16]. It can also be seen
that

λmax((I−γkLS)
T (I−γkLS)) ≤ 1−γkλmin(LS+STL)+γ2

kλmax(S
TLTLS). (38)

Since γk is decreasing towards zero, and since λmin(LS + STL) > 0 due to the
positive definiteness assumption, there exist a large enough K < ∞ such that
λmax((I − γkLS)

T (I − γkLS)) ≤ 1 for all k ≥ K. Hence, λmax(M
T
kMk) ≤

λmax(M
T
k−1Mk−1) for all k ≥ K and therefore,

E∥ũk∥2 ≤ cmax + (λ2
d + λ2

n)Cmax

∞∑
j=0

γ2
j < ∞, (39)

cmax = max
k

E
[
ũT
0 M

T
kMkũ0

]
, (40)

Cmax = max
k

tr(LTMT
kMkL). (41)

Now it will be shown that limk→∞ E∥ũk∥2 = 0. The main step is to unfold
the input error recursion in a different way than in (34) as follows

E∥ũk+1∥2 = E∥ũk∥2 − γkE
[
ũT
k (LS+ STLT )ũk

]
+ γ2

kE
[
ũT
k (S

TLTLS)ũk

]
+ γ2

k(λ
2
d + λ2

n) tr(L
TL)

= E∥ũ0∥2 −
k∑

j=0

γjE
[
ũT
j (LS+ STLT )ũj

]
+

k∑
j=0

γ2
jE

[
ũT
j (S

TLTLS)ũj

]
+ (λ2

d + λ2
n) tr(L

TL)
k∑

j=0

γ2
k.

(42)

Recall that the previous part shows that ũmax = maxk E∥ũk∥2 < ∞, hence

λmin(LS+ STLT )
∞∑
j=0

γjE∥ũj∥2 ≤ E∥ũ0∥2

+
(
(λ2

d + λ2
n) tr(L

TL)ũmaxλmax(S
TLTLS)

) ∞∑
j=0

γ2
k < ∞.

(43)

Since
∑∞

j=0 γj = ∞, it follows that lim infk→∞ E∥ũk∥2 = 0. This can be seen

from an argument of contradiction. Suppose lim infk→∞ E∥ũk∥2 = ϵ, where
ϵ > 0. Then, choose ∆ such that k > ∆ implies | infm≥∆ E∥ũm∥2 − ϵ| < ϵ

2 or
equivalently, ϵ

2 < infm≥∆ E∥ũm∥2 < 3ϵ
2 . Then it is seen that

∞∑
j=0

γjE∥ũj∥2 =
∆∑

j=0

γjE∥ũj∥2 +
∞∑

j=∆+1

γjE∥ũj∥2

≥
∆∑

j=0

γjE∥ũj∥2 +
ϵ

2

∞∑
j=∆+1

γj = ∞,

(44)
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which is a contradiction to (43) since λmin(LS+ STLT ) > 0. Finally, it is seen
from (42) that

lim
k→∞

(E∥ũk+1∥2 − E∥ũk∥2) = 0, (45)

since E∥ũk∥2 is bounded and γk → 0, implying that E∥ũk∥2 converges. This
means that the inf operator can be disposed of, which leads to
limk→∞ ∥ũk∥2 = 0. �

Remark 7 Note that Theorem 4 does not imply that the error variance goes
to zero, but rather that E∥εk∥2 → E[dTd] as k → ∞, according to Proposi-
tion 2. Compare this with equations (19) and (20). For both of these cases,
limk→∞ ∥εk∥2 > E[dTd] for γ > 0. However, the drawback of using a γk which
goes to zero is that the learning decreases, meaning that the algorithm does not
perform well if the system properties change (i.e. poor tracking).

Note that F(k) ≡ d
duk

E[Lek] =
d

duk
E[L(r−Suk−dk−nk)] = −LS. The con-

dition that (LS+STLT ) is positive definite is thus equivalent to F(k)+FT (k) ≺
0. For example, this means that the i’th element of E[Lek] is monotonically
decreasing with respect to the i’th element of uk. This positive definiteness
condition is also a criterion for monotonic convergence for the time-invariant
ILC algorithm (8), which is seen by making the following argument. Using (16),
and by letting L = γL̃, γ > 0 and assuming no noise, gives

∥εk+1∥2 − ∥εk∥2 = −γεk
T (SL̃+ L̃TST )εk + γ2εk

T (L̃TSTSL̃)εk. (46)

A sufficient condition for the right hand side of (46) to be smaller than zero for
all k is that

SL̃+ L̃TST ≻ γL̃TSTSL̃ ≻ 0. (47)

From this it follows that there exists a small enough γ such that monotonic
convergence is achieved if and only if SL̃+L̃TST ≻ 0. This is exactly the positive
definiteness condition [24] uses when deriving the robust monotonic convergence
result of Proposition 1. Since the step size decrease for each iteration in the ILC
algorithm (32), the step size will eventually be small enough to ensure monotonic
convergence in the noise-free case when this positive definiteness condition is
satisfied.

The results from Theorem 4 are also present in the thesis of [7], except for
an additional assumption that the mean input is bounded for all iterations.
Decreasing step sizes in ILC are also dealt with in [9] and [22]. Both of these

papers deal with an iteration varying IBILC where Q = I and L(k) = 1
k+1 Ŝ

−1.
While [9] uses an assumption of perfect system knowledge and shows that
E∥ek∥2 → EdTd as k → ∞ for this algorithm, [22] assumes that dk+1 = dk

and thus shows that E∥ek∥2 → 0 as k → ∞.

4 Conditions for convergence to minimum error
variance

In this section, the positive definiteness condition of LS+ STLT in Theorem 4
is examined for IBILC and ABILC with decreasing step size and approximate
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model estimates Ŝ, and a connection between other conditions in the literature
is made. Assuming that L = Ŝ−1 one has that LS = Ŝ−1(I−∆S)Ŝ = (I−∆S)

since Ŝ and ∆S are lower triangular, Toeplitz matrices and therefore commute.
Also, if L = ŜT , then LS = ŜT (I−∆S)Ŝ. According to Theorem 4, this means
that IBILC and ABILC with decreasing step size converge to the minimum
variance solution if the following positive definiteness condition is satisfied:

2I−∆S −∆S
T ≻ 0, (48)

which is equivalent to the following eigenvalue condition:

λj < 1, j = 1, . . . , n, (49)

where λj is the j’th eigenvalue of 1
2 (∆S +∆S

T ).
The following relation for the real part of ∆G(e

iω) is another condition for
convergence to the minimum variance solution

Re∆G(e
iω) < 1, 0 ≤ ω ≤ π. (50)

According to [22], for ILC with γkL = 1
k+1 Ŝ

−1, convergence to the minimum
variance solution is guaranteed if the following infinity norm condition

∥∆G(e
iω)∥∞ < 1, (51)

is satisfied. Below, it is shown that (51) implies (50), which implies (49). This
section contributes to the current knowledge base by deriving another infinity
norm condition which is equivalent to (50), and for which (51) is a special case.
Hence, (50) and (51) is connected in a more direct way.

The following proposition is used to show that (50) implies (49), along the
lines of [11].

Proposition 3 Let A(q) =
∑∞

j=−∞ ajq
−j be a (stable) LTI filter and let A be

an (n × n) Toeplitz matrix corresponding to A(q) in an analogous way as the
impulse response matrix (4). Let {λj}, j = 1, . . . , n be the set of eigenvalues of
1
2 (A+AT ). If m ≤ ReA(eiω) ≤ M, 0 ≤ ω ≤ π, then also m ≤ λj ≤ M, ∀j.

Proof. First note that the Markov parameters are given by
aj =

1
2π

∫ π

−π
eijωA(eiω)dω. Thus, the corresponding Toeplitz form becomes

uTAu =
1

2
uT (A+AT )u =

1

2

n∑
k,l=1

(ak−l + al−k)u(k − 1)u(l − 1)

=
n∑

k,l=1

{
1

4π

∫ π

−π

ei(k−l)ω
(
A(eiω) +A(e−iω)

)
dω

}
u(k − 1)u(l − 1)

=
1

4π

∫ π

−π

{
n∑

k=1

u(k − 1)eikω
n∑

l=1

u(l − 1)e−ilω

}(
A(eiω) +A(e−iω)

)
dω

=
1

2π

∫ π

−π

∣∣∣∣∣
n∑

k=1

u(k − 1)eikω

∣∣∣∣∣
2

ReA(eiω)dω

.

(52)
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Assuming uTu = 1
2π

∫ π

−π

∑n
k=1 |u(k − 1)eikω|2dω = 1 and m ≤ ReA(eiω) ≤ M

leads to m ≤ 1
2u

T (A+AT )u ≤ M and therefore m ≤ λj ≤ M by the Rayleigh-
Ritz theorem. �

By settingA = ∆S in Proposition 3, it is seen that the eigenvalues of 1
2 (∆S+

∆S
T ) are inside the boundaries of Re∆G(e

iω). Condition (49) is therefore
satisfied if Re∆G(e

iω) < 1 for all ω.
The connection with the infinity norm condition (51) becomes apparent from

the following derivation

∥∆G(e
iω)∥∞ = max

ω
|Re∆G(e

iω) + i Im∆G(e
iω)|

≥ max
ω

|Re∆G(e
iω)| ≥ |λj |.

(53)

The first inequality will be strict if ImA(eiω) ̸= 0. If ImA(eiω) = 0, and if
ReA(eiω) varies with respect to ω, (52) implies that the last inequality in (53)
is strict. Hence, |λj | ≤ ∥A(eiω)∥∞ with equality if and only if A(eiω) is a
real-valued constant.

The derivation (53) implies that the infinity norm condition is sufficient for
convergence for both IBILC and ABILC with decreasing step size, not only for
the special case in [22]. The main result of this section is now given in the
following theorem.

Theorem 5 Implement the (iteration varying) ILC algorithm (32) on the sys-
tem (5) with the impulse response matrix (4), and let

∑∞
j=0 γj = ∞ and∑∞

j=0 γ
2
j < ∞ (this holds if, for example, γk = γ0

k+1 , γ0 > 0). L is either Ŝ−1

(IBILC) or ŜT (ABILC), Ŝ is a model estimate with error ∆S defined in (11).
Assume dk and nk satisfy (i)-(iii). Also assume that∥∥∥∥∥1− cG(eiω)

Ĝ(eiω)

∥∥∥∥∥
∞

= ∥(1− c) + c∆G(e
iω)∥∞ < 1, (54)

for some c > 0. Then, convergence to the minimum variance solution is
achieved, i.e.

lim
k→∞

E∥ũk∥2 = 0. (55)

Proof. It suffices to prove that (54) implies LS + STLT ≻ 0, and the rest
follows from Theorem 4. Equation (54) and Proposition 3 implies that the
magnitudes of all eigenvalues of (1− c)I+ c/2(∆S+∆S

T ) are less than 1. This
directly implies that c(2I − ∆S − ∆S

T ) ≻ 0, and therefore (since ABILC or
IBILC is used, and c > 0), that LS+ STLT ≻ 0. �

Remark 8 Note that (51) is a special case of (54), by choosing c = 1.

Remark 9 Note the similarity between (54) and the condition for monotonicity
in the fixed step size case, (12) for IBILC and (13) for ABILC. This is no
coincidence since both conditions stems from the eigenvalue condition (49). The
only difference is that the stability condition ρ(I − SL) < 1 is also required for
monotonic convergence in the fixed step size case.
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The following corollary suggests that small values of c should be considered
since, if the infinity norm (54) is larger than or equal to 1 for some c̃, then it is
larger than or equal to 1 for all c > c̃.

Corollary 1 Let f(c, ω) =
∣∣(1− c) + c∆G(e

iω)
∣∣, and let g(c) = ∥(1 − c) +

c∆G(e
iω)∥∞, so that g(c) = max0≤ω≤π f(c, ω). If f(c̃, ω) ≥ 1 for some c̃ > 0

and ω, then g(c) ≥ 1 for all c ≥ c̃.

Proof. First, the following derivative is straightforwardly derived

d

dc
f(c, ω)2 = 2c

{(
Re∆G(e

iω)− 1
)2

+
(
Im∆G(e

iω)
)2}

+ 2
(
Re∆G(e

iω)− 1
)
.

(56)

It is seen that (56) is linear and increasing in c for all ω. Also note that g(0) = 1
since f(0, ω) = 1 for all ω. This means that, if f(c̃, ω) ≥ 1 for some c̃ > 0 and
ω, the derivative (56) is positive (or possibly zero) for all c ≥ c̃. Therefore,
g(c) ≥ 1 for all c > c̃. �

A consequence of Corollary 1 and (56) is that the new infinity norm condition
(54) is satisfied if and only if the derivative d

dcf(c, ω)
2 < 0 for 0 ≤ ω ≤ π and

c = 0. This is the same as stating that Re∆G(e
iω) < 1 for all ω. Hence,

condition (54) is equivalent to (50).

5 Simulation of a second order LTI system

In order to make a smooth transition from theory to practical implementation,
a simple simulation study consisting of two parts is conducted. The major
purposes of the first part are to illustrate MFABILC (with focus on how to
choose γa relative to γb), and to verify the other results for the ILC algorithms
with fixed step size. The second part aims at complementing the theory by
illustrating how the algorithms behave as the model mismatch increases in this
particular case. Note that the second part differs from the simulation study in
[24] for validating Proposition 1, where a fixed model mismatch is applied.

The four ILC algorithms ABILC, MFABILC, IBILC and MFPILC are ap-
plied to control the following second order LTI-system

G(q) =
74

113
· q2 + q + 0.26

q3 + 0.4q2 + 0.08q
. (57)

This system has a time delay δ = 1 and unit static gain with zeros at −0.5±0.1i
and poles at 0 and −0.2±0.2i. Each batch consists of 481 time points (n=480).
The reference signal is

r(t) =

{
5
8

(
1− cos

(
1
2πt

))
, 1 ≤ t ≤ 300

0, 301 ≤ t ≤ n.
(58)

The initial input u0(t) is zero for all 0 ≤ t ≤ n−1. The load disturbance and the
measurement noise have standard deviations 0.08 and 0.1 respectively. Both of
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these noise sources are white and Gaussian. The step sizes for all algorithms are
fixed to 1 (note that for the MFABILC algorithm, the step size is the product
γbγa = 1). Initially, the system (57) is assumed to be completely known when
forming the L-filter.

The Mean Squared Error (MSE) is used as a measure of control performance.
The MSE at iteration k is given by

MSEk =
1

n
∥εk∥2, (59)

where εk is given in (6).
Two instances of the MFABILC algorithm is applied; one with γb = 2 and

γa = 0.5, and one with γb = 3 and γa = 1
3 . Note that the step size γbγa = 1

for both instances of the MFABILC algorithm. The expected MSEk is approx-
imated by taking the average of 100 simulations, each performing 100 batch
runs.

Figure 1a shows the resulting MSE. By representing the system (57) in ma-
trix form of the type (4), it is seen from (20) that limk→∞

1
nE∥εk∥2 = 0.0228 for

IBILC. Similarly, (19) give limk→∞
1
nE∥εk∥2 = 0.0146 for ABILC. For MFA-

BILC, (26) gives that limk→∞
1
nE∥εk∥2 = 0.0177 for γb = 2, γa = 1

2 and
limk→∞

1
nE∥εk∥2 = 0.0160 for γb = 3, γa = 1

3 . Figure 1a supports the validity
of (19), (20) and (26). The bounds (22a) and (22b) implies that the asymptotic
squared error norm of MFPILC should lie between 0.0142 and 0.0325, which is
satisfied. Considering MFABILC, Figure 1a illustrates what is discussed in Re-
mark 5 on how to choose γb and γa. As the ratio

γa

γb
approach 0, the asymptotic

error of MFABILC approaches that of ABILC with perfect system knowledge.
The only obstacle preventing one to choose an arbitrarily small γa

γb
-ratio is the

presence of practical limitations on the input signal.
Next, it is illustrated that using an approximate model might make ABILC

outperform IBILC as well as the model-free MFPILC. For these experiments,
no noise is assumed, but instead approximate models of the type

Ĝα(q) = Cα · q2 + q + 0.26

q(q + reπ(
3
4−α)ı)(q + re−π( 3

4−α)ı)
, (60)

is utilized, where r = |0.2 + 0.2ı| and 50 values of α is chosen in the interval
[0 0.75]. The constants Cα is chosen so that Ĝα(q) has unit static gain, i.e.
Ĝα(1) = 1. Note that the model Ĝ0(q) is equal to the system G(q). For α > 0,
the pole in the upper half plane is moved in the clockwise direction around
the origin (and the associated conjugate pole is moved in the counterclockwise
direction). The measure of the model mismatch used in this context is given in
Definition 4. The performance measure is the MSE at the first iteration, scaled
with MSE0 = 1

nr
T r. This can be seen as a simplified measure of convergence

rate whenever monotonic convergence is guaranteed in accordance with Propo-
sition 1. Note that, since there is no noise, MSE tends to 0 asymptotically
(unless the system is unstable).

Figure 1b shows the resulting MSE for the first iteration (scaled with the
initial MSE which is the same for all cases), as a function of the magnitude of
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Figure 1: Results.

the relative model error. According to Proposition 1, IBILC converges mono-
tonically if ∥∆G∥∞ < 1, and ABILC converges monotonically for all points in
Figure 1b. However, monotonic convergence is not guaranteed for MFPILC us-
ing Proposition 1. Therefore, MFPILC might generate increasing error artefacts
at later iterations despite being stable.

It turns out that the spectral radius of I − SŜ−1
α is larger than one for

α ≥ 0.2755 (corresponding to the 12’th point from the left), implying that
IBILC becomes unstable. In this numerical example IBILC with γ = 1 be-
comes unstable almost exactly when ∥∆G∥∞ > 1 meaning that the condition
for monotonic convergence as given in Proposition 1 is very close to the stability
boundary in this case. However, it is seen that MSE1 is approximately a 10’th
of the size of MSE0 for the first unstable point, meaning that the unstable
algorithm does not diverge at first. It is not uncommon that the control error
of an unstable ILC scheme initially decreases and then starts to diverge.

It is also seen that IBILC performs best at low model errors, but get worse
fast as the model errors increase. From Figure 1a it is seen that all adjoint-based
algorithms outperforms IBILC after two iterations. So, depending on the noise
properties, the adjoint-based algorithms might be a better choice even if the
model uncertainty is very low.

6 Simulation of a sequencing batch reactor

One interesting ILC application is the control of Sequencing Batch Reactors
(SBRs) in wastewater treatment plants, which has previously been studied by
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[17]. An SBR is typically a bypass tank in a wastewater treatment plant, which
can serve different purposes. In this paper, a simulation study of an SBR for
biological nitrogen removal is carried out. SBRs for biological nitrogen removal
have four self-describing phases; fill, react, settle, and withdraw. The bypass
tank is first filled with wastewater during the fill phase. Then the wastewater
is aerated, which activates the nitrification process where ammonium is con-
verted into nitrate by autotrophic micro-organisms. When the ammonium has
been nitrified, the aeration stops and the remaining oxygen concentration starts
decreasing. When the remaining oxygen has been depleted, the denitrification
process starts. In the denitrification process, nitrate is converted into nitrogen
gas by heterotrophic micro-organisms in an anoxic environment. Both of these
processes take place in the react phase, and the denitrification continues in the
settle phase where the sludge slowly sinks to the bottom of the tank. When
the sludge has settled, it is withdrawn separately from the treated wastewater
during the withdraw phase. Some sludge is kept for the next wastewater fill to
ensure that there are enough microbes for nitrogen removal. For previous work
on dissolved oxygen control for nitrogen removal in SBRs, see e.g. [10] and [31].

6.1 Simulation setup

In this section, ABILC and MFPILC is applied to an SBR system in a wastew-
ater treatment simulation study, with the purpose of comparing performances.
Both IBILC and MFABILC given in Section 3.2 are not used here. In a pre-
liminary pre-study, IBILC was shown to be extremely sensitive to measurement
noise, and therefore not suitable for this application. Also, nonlinearity of the
SBR system prevents the use of MFABILC. Indeed, in practice MFABILC gives
ineffective solutions in this case.

Only the nitrification part of the react phase is considered and the deni-
trification part is omitted. In order to simulate the nitrification process, the
Activated Sludge Model no. 1 (ASM1) is used, which is given in Appendix
A. ASM1 is originally proposed in [15]. It is a nonlinear model describing the
dynamics of heterotrophic and autotrophic bacteria. It mainly focus on sludge
production, oxygen consumption and nitrogen removal. An 11-state version of
ASM1, which is used in this paper, is given in Appendix A, while the original
model have 13 states. The reason for removing two states is that they do not
participate in any chemical reactions and therefore do not change the overall
behavior of the nitrification process.

Since the application is a batch process, ILC can be applied straightfor-
wardly. The oxygen transfer rate (KLa, [d−1]) is used as input and dissolved
oxygen (SO, [mg O2 l−1]) is used as output. The unit ?d? stands for days.
The SO notation is conventional in the ASM1 context. Notations for the other
ASM1 variables are given in Appendix A. The reference signal is 2 mg O2 l−1,
the simulation time is 2 hours and the sampling time is 5 seconds. This means
that there are 1441 time points from time 0 to 2 hours, and therefore, the batch
time interval is 0 ≤ t ≤ 1440, n = 1440 and the time delay δ = 1. Through-
out the simulations, the measurement noise in the oxygen sensor is modelled as
Gaussian white noise with a standard deviation of 0.1 mg O2 l−1.
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Figure 2: SO reference signal, together with resulting ammonium and nitrate
trajectories if the reference signal would be followed perfectly.

The initial input is u0(t) = 200 d−1 for all 0 ≤ t ≤ 1440. The input signal
is held constant between sampling instants. To mitigate the transient effects
of ABILC, the input vector uk and the error vector εk is elongated with 500
elements which are equal to u(1440) and ε(1440) respectively, before filtering
with γST . The initial state, which is assumed to be the same for each iteration,
is given in Table 2.

Figure 2 shows the oxygen reference signal, together with the resulting tra-
jectories of ammonium and nitrate levels given the initial conditions from Table
2 in Appendix A, if the reference signal would be followed perfectly. The nitrifi-
cation process is characterized by microbial conversion of ammonium to nitrate
using oxygen. After two hours, 99% ammonium nitrogen removal is achieved.
The nitrate stabilize at a concentration level of around 16 mg N l−1 even though
the ammonium level starts at approximately 12 mg N l−1. This is because par-
ticulate nitrogen, which is not in ammonium or nitrate form at the beginning,
is being hydrolyzed and ammonified.

This simulation study is divided into two parts; first an estimation part and
then one experiment part. In the estimation part, input-output relation exper-
iments are conducted in order to estimate discrete-time LTI approximations of
the nonlinear system which in turn can be used for model-based ILC control.
These approximate models have the following structure

G(q) =
b

q − a
. (61)

The main reason for choosing first order models is that of simplicity; there are
few parameters.

The input-output experiments are conducted as follows. First a single batch
is performed (a reference batch) with a constant KLa, and then another batch
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is performed (an experiment batch) where a random binary signal with an am-
plitude of 50 d−1 is added to the constant KLa signal. Then an output error
model of the form (61) is estimated by subtracting the reference batch from the
experiment batch. This is repeated for 4 different KLa-values; 300, 200, 100
and 50 d−1 respectively. For each of these KLa-values four different models of
the type (61) are estimated by using different subsets of the batch data time
series; three with one third of the batch, and one with the whole batch. The
batch time is divided in this way to account for time-varying dynamics due to
changing wastewater composition. Furthermore, each of these 16 models are
averages of 10 input-output experiments.

From the model estimation, 16 different poles a from 16 model estimates are
calculated. The second part of the simulation study compares the convergence
properties of MFPILC to ABILC, for model estimates of the type (61) with
poles a within the estimated range. Only the poles a are important since b
is embedded into the step size γ, which is optimized for each ILC algorithm
and model estimate. The step size γ is chosen such that the Mean Squared
Error (MSE) of the 4’th iteration is minimized. The reason for optimizing with
respect to the 4’th iteration and not earlier iterations is that the algorithms
tend to become too fast otherwise. This optimal γ, for a fixed noise realization,
is found with the Sequential Quadratic Programming (SQP) method, by using
the Matlab command fmincon. γ is optimized for 10 different noise realizations,
and the average of these optimizations is taken.

The MSE from the 4’th iteration as well as the 10’th and 100’th iteration
for each algorithm and each model estimate are then compared. The MSE from
the 4’th iteration is seen as a measure of convergence speed, since it is the
minimization objective. It is assumed that the MSE from the 100’th iteration
is sufficiently close to the steady-state value. Each MSE value is an average of
1000 independent simulations.

A simulation experiment using decreasing step sizes is also included. Here,
ABILC and MFPILC is compared with their step size decreasing variants; i.e.
(9) is used with γk = γ0

k+1 . In this case, KLa0 is chosen such that MSE0 is

approximately 10−4, the simulation runs for 100 iterations, and the expected
MSE is approximated by averaging 1000 independent simulations. A model
estimate (61) is chosen with a = 0.98 for ABILC. The step sizes for the fixed
algorithms, as well as γ0 for the decreasing ones, are optimized with the same
criterion as before (MSE at the 4’th iteration).

A common control strategy for SBR processes is PID control, see e.g. [31].
The ILC strategies are compared with the following PI feedback loop

u(t) = P

(
1 +

I · Ts

q − 1

)
e(t) + uoff, (62)

where Ts is the sampling time, P = 400 and I = 0.55 min−1. An input offset uoff
of 200 days−1 was used, similar to the initial input in the ILC implementations.
The control parameters P and I were chosen to minimize MSE. An additional
derivative (D)-part did not significantly decrease MSE further.
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6.2 Results and discussion

Table 1 shows the 16 poles from input-output model estimates of the type (61).
The main observation is that these poles are in the range 0.8165 ≤ a ≤ 0.9900.
It is also seen that most of the poles (12 of them) are in the range 0.8877 ≤
a ≤ 0.9900, and that the case with KLa = 50 d−1 seems to be the main
outlier with 0.8165 ≤ a ≤ 0.8305. In order to cover the pole range of Table 1,
the ILC algorithms are compared using LTI model estimates (61) in the range
0.8 ≤ a ≤ 0.99.

Figure 3 displays the output and input signals from a simulation using an
optimized step size and pole a = 0.98 for 10 iterations. The MSE is shown for
100 iterations. From Figure 3(d) it is seen that ABILC has an advantage over
MFPILC, and PI during later iterations.

Figure 4a displays the MSE at the 4’th as well as the 10’th and 100’th
iterations for ABILC and MFPILC as a function of the pole location a. Here
it is seen that ABILC achieves an MSE approximately a factor of 1/8 relative
to MFPILC for a pole span of 0.91 to 0.98 at the 10’th iteration. It is in this
region where the convergence speed (MSE at the 4’th iteration) of ABILC is
considerably higher than MFPILC. The majority of pole estimates in Table 1
lies in the proximity of this interval, especially for higher KLa values. MSE
at the 100’th iteration indicates that ABILC has more favorable asymptotic
convergence properties than MFPILC as well, except where a = 0.99.

Lastly, Figure (4b) indicates that iteration decreasing ABILC outperforms
iteration decreasing MFPILC. Also, fixed (re-tuned) step size algorithms are
included for comparison, and it is indicated that a decreasing step size is benefi-
cial when the initial input is close to the optimal input. After about 5 iterations
the noise accumulation in MFPILC becomes visible in the MSE curve, since
it is more noise sensitive than ABILC. A way to mitigate this accumulation is
simply to decrease the step size, but then the chosen criterion (MSE4) is not
minimized any more.

In summary these simulations indicate that, if (approximate) gradient esti-
mates are available, and if MSE is to be minimized, ABILC is recommended
rather than MFPILC. It is probably also possible to improve the performance
by estimating a Linear Time Varying (LTV) system, for example by estimat-
ing different models at different parts of the batch and then interpolating the
Markov parameters when forming Ŝ. This might give more accurate gradient
information. Also, IBILC turns out to be far too sensitive to measurement noise
using the proposed gradient estimates (61), and is therefore not recommended
here.

Table 1: Poles

KLa 1 ≤ t ≤ 480 481 ≤ t ≤ 960 961 ≤ t ≤ 1441 1 ≤ t ≤ 1441
300 0.9785 0.9812 0.9833 0.9815
200 0.9695 0.9789 0.9900 0.9812
100 0.8877 0.9086 0.9278 0.9112
50 0.8165 0.8187 0.8305 0.8249
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Figure 3: Dissolved oxygen, KLa and MSE for different iterations, with opti-
mized step size and a = 0.98. In subfigures (a)-(c), the reference signal is the
dotted lines, and the output is the solid lines. Brighter line color indicate later
iterations.

7 Conclusions

In this paper, theoretical properties of ILC applied to linear systems with mea-
surement noise and load disturbance are derived. Expressions showing the
asymptotic influence of noise for ABILC (Theorem 1) and MFABILC (Theorem
3) are given, as well as inequality relations for the case with general L-filters
(Theorem 2). Also, the connection between the eigenvalue condition (49) and
infinity norm condition (51) for asymptotic convergence when using a decreasing
step size is highlighted by providing a less conservative of infinity norm condi-
tion (54)). Another contribution of this paper is to show that the performance
of ILC can be improved when approximate gradient information is available.
A practical case study on an SBR illustrated that ABILC might be useful for
nonlinear systems. The main insight is that the use of approximate gradient
information combined with ABILC behaves more reliable than IBILC based on
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Figure 4: MSE vs. pole location, and decreasing step size experiment.

an approximate model, and outperforms MFPILC.

Two open questions arising from this work are the extension to repetitive
control, and the design of optimal techniques for estimating gradient informa-
tion.
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Table 2: State variables

Variable Description Initial value Unit
SS Readily biodegradable 3.2439 g COD m−3

substrate
XS Slowly biodegradable 98.6029 g COD m−3

substrate
XB,H Active heterotrophic biomass 2552.1095 g COD m−3

XA,H Active autotrophic biomass 151.6721 g COD m−3

XP Particulate products 446.9249 g COD m−3

from biomass decay
SO Dissolved oxygen 2 g (-COD) m−3

SNO Nitrate and nitrite nitrogen 3.5133 g N m−3

SNH Ammonium and 11.8312 g N m−3

ammonia nitrogen
SND Soluble biodegradable 1.3621 g N m−3

organic nitrogen
XND Particulate biodegradable 6.1775 g N m−3

organic nitrogen
SALK Alkalinity 5.3399 mol m−3

A Activated Sludge Model no. 1

Table 4 shows the 11-state ASM1-model ([15]), and Table 3 lists the imple-
mented model parameters for ASM1 corresponding to a temperature of 15◦C.
The last column of Table 4 give rate terms denoted as ρj . It is seen that all 11
states are wastewater components given as concentrations. They are denoted
with a capital S if they are soluble and X if they are particulate. Table 2 lists
and describes each of these states. If xi is the state variable from Table 2 with
index i, then

d

dt
xi = ri, (63)

where ri is a rate term derived from Table 4 in the following way: from the
column representing xi, multiply the nonempty entries with the corresponding
process rates ρj and then sum it all up.

Equation (63) assumes that there is no inflow or outflow of wastewater,
which is true for this application since it only considers the react phase of the
SBR process. There is however one exception to the equation (63) and that is
for SO:

d

dt
SO = r8 +KLa(SO,sat − SO). (64)

Where SO,sat = 8 g (-COD) m−3. Recall that KLa [d−1] is seen as the input of
the system.
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Table 3: Model parameters

Parameter Value Unit
YA 0.24 -
YH 0.67 -
µA 0.5 d−1

µH 4.0 d−1

bA 0.05 d−1

bH 0.3 d−1

KO,A 0.4 g (-COD) m−3

KO,H 0.2 g (-COD) m−3

ka 0.05 m3 (g COD)−1 d−1

kh 3.0 -
iXB 0.08 -
iXP 0.06 -
ηg 0.8 -
ηh 0.8 -
fp 0.08 -
KX 0.1 -
KS 10.0 g COD m−3

KNO 0.5 g NO3-N m−3

KNH 1.0 g NO3-N m−3
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Benchmark Simulation Model no. 1 with a

Wireless Sensor Network for Monitoring and

Control

Johannes Nygren and Bengt Carlsson

Abstract

The implementation of wireless sensor networks (WSNs) for wastewa-
ter treatment plant monitoring and control is rare in the literature. Nev-
ertheless, there seem to be some good reasons for considering this applica-
tion, since WSNs can easily supply several point measurements and keep
track on the state of a system over a wide area. This report describes a
merged simulator, which is a fusion between a SimuLink implementation
of Benchmark Simulation Model no. 1 (BSM1) and Prowler (a proba-
bilistic WSN simulator). This makes it possible to simulate the relevant
aspects of a WSN and the effects of implementing it for automatic control
of a wastewater treatment plant. A simple energy model is added to keep
track on the WSN energy consumption. Also, an optimization study is
supplied where the aeration energy is minimized for different scenarios
with different amount of sensors. This optimization study works as a mo-
tivating example of what can be gained in terms of energy cost savings
when several sensors are used.

1 Introduction

Wireless sensor networks (WSNs) are suitable for distributed sensing with lots
of sensors, because they are cheap and easy to install since no wiring is re-
quired. This is appealing for applications in wastewater treatment plants, where
the measured variables (for example dissolved oxygen concentration or ammo-
nium concentration) depend heavily on the sensor location. However, there are
typically hard constraints on the energy consumption since WSNs are battery
driven.

This paper gives a technical description of a wastewater treatment simulator
with WSN-monitoring. The simulator is basically a fusion between a wastewater
treatment plant model implementation in SimuLink [1] on one hand (that is, a
particular implementation of the BSM1 model), and a MATLAB built WSN-
model named Prowler [6]. Some new functionality has also been added including
an energy consumption model for the nodes.
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As a complementary example, an optimization study is conducted on BSM1
to indicate the potential benefits of using several sensors for control. It is as-
sumed that each sensor corresponds to one control loop, and the optimal dis-
solved oxygen (DO) reference signal is found for which the aeration energy is
minimized. It is often found in practice that individual DO zone control may
lead to energy savings compared to only controlling the DO in one place [7].

1.1 BSM1

The Benchmark Simulation Model no. 1 (BSM1) uses a wastewater treatment
plant model which incorporates biological nitrogen removal in five biological
reactors, sedimentation in a clarifier, and sludge recirculation. The microbio-
logical activity in the five biological reactor units is modeled by the Activated
Sludge Model no. 1 (ASM1) which is described in [3]. The clarifier is divided in
10 different layers where no biological reactions occur. The flow from the last
reactor unit enters the 6th layer of the clarifier (counted from the bottom up),
the outflow from the plant occurs at the 10th layer, and the sludge recirculation
flow goes from the first layer.

An overview of the BSM1 SimuLink implementation is shown in Figure 1.
In BSM1, the oxygen transfer coefficient KLa is used as a measure of airflow
and is therefore seen as a manipulated variable. Reactor units 1 and 2, repre-
sented by the blocks Bioreactor 1 and Bioreactor 2 in the figure, are anoxic,
meaning that KLa is put to 0 for those reactors. Thus, the plant utilizes pre-
denitrification. Two continuous time PI-controllers are implemented in the de-
fault model, represented by the blocks named SO5 control and Qintr control

in the figure. The SO5 control block controls KLa in the last reactor unit
(reactor unit 5) from dissolved oxygen-measurements in the same unit. The
Qintr control block controls the internal recycle flow based on nitrate mea-
surements in the second reactor unit, which is the last anoxic unit. For more
details regarding BSM1, see [1].

1.2 Prowler

Prowler is an event-based, probabilistic WSN simulator, implemented in Matlab.
It is described in detail in [6]. Prowler simulates the communication channel
and the MAC-layer (Medium Access Control) on one hand, and the applica-
tion layer on the other. Different types of events or actions that steps through
the event queue during simulation are directed either to the communication
channel/MAC-layer or the application layer. A GUI with nice visualization
capabilities is supplemented, but it can be deactivated to increase simulation
speed. Different applications and MAC-layer algorithms can easily be imple-
mented by the user, with arbitrary amounts of motes on arbitrary topologies.

Table 1 lists the possible events that are directed to the communication
channel/MAC-layer. Figure 2 illustrates the triggering patterns of the different
events and how they relate to the application layer. The arrows inside the radio
channel/MAC-layer block are associated with time delays, which are written
out next to the arrows. b t and w t stands for backoff time and waiting time

2



Figure 1: Overview of the BSM1 SimuLink implementation.
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Table 1: Possible events for the radio channel/MAC-layer.

Event Description

Send Packet This is activated from the application layer. If the
node is not already sending something, a Chan-
nel Request event is executed at the same time
instant.

Channel Request The node waits for a random waiting time, then
executes a Channel Idle Check event.

Channel Idle Check The MAC-layer checks if the channel is
idle. If not, the channel waits a random
backoff time before executing another Chan-
nel Idle Check event. If the channel is idle, a
Packet Transmission Start event is executed, to-
gether with Packet Receive Start events for the
nodes who can hear the message.

Packet Receive Start If the receiving node is not already receiving any-
thing, a Packet Receive End event is executed af-
ter a transmission time depending on the packet
length. Otherwise, a collision will occur at the
upcoming Packet Receive End event.

Packet Receive End If a collision or a transmission error occurred,
a Collided Packet Received event is sent to the
application layer. Otherwise, a Packet Received
event is sent.

Packet Transmit Start A Packet Transmit End is executed after the
transmission time.

Packet Transmit End Resets the radio to idle mode and sends a
Packet Sent event to the application layer.

respectively, which are both random time delays. The transmission time is
named packet length in the program code, which is non-random. Here, the
time is given as bit time units. 1 bit time unit is 1/40 000 seconds.

The radio propagation model takes transmitter signal strength into account
when calculating the signal strength at some point in space. Apart from an
ideal, deterministic model of signal strength decay with distance, Prowler also
incorporates distance-dependent randomness and time-dependent randomness
(fading effect). From this model, Prowler determines if a signal collided, was
received or heard at all according to some reception criteria.

Prowler is comprised of several MATLAB m-file scripts. The main file is
prowler.m, which in turn has different commands embedded in switch-case
statements, like Init, StartSimulation, StopSimulation, etc. StartSimulation
contains a main while-loop where the simulation is conducted, by stepping
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Figure 2: Overview of the radio channel/MAC-layer.

through time according to the event queue, sending events to either the ap-
plication or the radio channel.

2 The merged simulator

In this section, a rather technical description is given of how Prowler and the
SimuLink implementation of BSM1 were modified, so that they could be run in
parallel. In short, another command named StepSimulation were added in the
prowler.m file, which basically contains the same main while-loop as in the
StartSimulation command. The main difference is that the loop only lasts until
the time changes, so it will only execute all events in the queue at a particular
time point. Afterwards, it will return to the script calling the StepSimulation
command, which is the prowlerStepFcn.m script.

In SimuLink, prowlerStepFcn.m is executed through a MATLAB func-
tion block. Hence, the prowlerStepFcn.m script can be seen as the link
between Prowler and SimuLink. Figure 3 contains the source code for prowler-
StepFcn.m. The in-variable is a vector containing the current time and the
current sensor measurements of nitrate in zone 2 and dissolved oxygen in zone
5 respectively. The current time input is necessary to keep track on how many
StepSimulation calls that should be executed to keep up with SimuLink.

When running the merged BSM1/Prowler simulator, an initialization call-
back script is executed before the simulation to initialize both BSM1 and Prowler.
The BSM1 initialization is practically the same as in the pure BSM1 implemen-
tation. The essential code from the Prowler initialization file,
prowlerInitScript.m, is included in Figure 4. The m-file sim params.m,
which handles the simulation parameters of Prowler, is executed several times
in this script. At the top of the initialization script, a global variable called
LOADED FROM BSM1 is declared, which have relevance for the StartSimulation
call at the end. An if-statement was added to the StartSimulation command
in prowler.m, stating that if LOADED FROM BSM1 is 1, then return to the call-
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function out=prowlerStepFcn(in)

current_time=in(1);

next_time=BSM_next_time(’get’);

%BSM_next_time returns the

%time of the next event in the

%event queue.

while sim_params(’get’,...

’SIMULATION_RUNNING’) && ...

next_time<=current_time

prowler(’StepSimulation’,in)

... (calculate energy consumption)

next_time=BSM_next_time(’get’);

end

sink_data=Sink_Output(’get’);

out=[sink_data.SNO2,sink_data.SO5];

%These two lines returns

%measurements at the sink.

%If no new measurements where

%gathered, the latest ones

%will be reused.

Figure 3: Source code for prowlerStepFcn.m
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ing script (which is prowlerInitScript.m in this case). This if-statement is
inserted before the main while-loop where the actual WSN-simulation occurs.
From here on, prowlerStepFcn.m will handle the WSN-simulation using Step-
Simulation calls.

2.1 Energy model

Prowler does not include an energy consumption model for the nodes. Since
this is an important measure of the network longevity, an energy consumption
model is included in the merged simulator. It is important to note that the
energy consumption calculation is entirely an extension of Prowler; it is not
communicating with SimuLink in any way.

A commonly used radio energy model (which originates from [2]) for WSNs
is the following:

ET (d) = Eelec + eamp · d2 (1)

ER = Eelec (2)

where ER is the energy consumption when the radio is receiving, and ET (d)
is the energy consumption while transmitting. The parameter Eelec denotes
the energy consumption of the electrical circuit in the radio. The transmission
distance, denoted d, is the maximum distance where a message from the source
can be heard. Lastly, eamp is the additional transceiver energy consumption per
transmission distance squared. In [2], Eelec equals 50 nJ bit−1 and eamp is 100
pJ bit−1 m−2.

Since the target nodes of Prowler are the MICA nodes, developed at the
University of Berkeley, the parameters in the energy model are chosen slightly
different. The MICA nodes are described in [4], where some energy consumption
parameters are given. At maximum transmission power, the radio consumes
21 mW. The unobstructed communication range is approximately 200 feet (61
meters). The radio consumes 15 mW while listening, regardless of whether
actual communication is occurring. The light emitting diodes (LEDs) consume
10 mW, the CPU consumes 16.5 mW, and the external flash memory consumes
45 mW while active. When idle, the CPU and external flash consumes 30
µW each. Also, there is a silicon ID unit which consumes 0.015 mW while
active, but that is neglected. The node energy consumption for three different
states, namely transmit, idle/receive and sleep, is utilized in the simulator based
on this information according to Table 2. It is possible to decrease transmit
energy consumption by sending weaker messages with shorter range, but in this
implementation all nodes are communicating with maximum signal strength.

It is possible to relate the model of Table 2 to the radio energy model (1)
and (2), by using the fact that the MICA nodes have a transmission rate of 50
kbit s−1 and a communication range of 61 meters. Eelec then becomes 300 nJ
bit−1 and eamp equals 32.24 pJ bit−1 m−2.
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...

global LOADED_FROM_BSM1

LOADED_FROM_BSM1=1;

sim_params(’set_default’)

sim_params(’set’, ’APP_NAME’,...

’BSM’)

sim_params(’set’, ’RADIO_NAME’,...

’radio_channel_BSM’)

sim_params(’set’, ...

’RADIO_SS_VAR_CONST’, 0)

%no topology variance

sim_params(’set’,

’RADIO_SS_VAR_RAND’, 0)

%no time variance

parentID=[2,3,4,5,0];

sim_params(’set_app’,’parents’,...

parentID)

%parentID determines the parents

%of each node, which is used for

%directed routing.

sim_params(’set_app’,’cycle_time’,...

40000*60*15)

sim_params(’set_app’,’idle_time’,...

4000)

sim_params(’set_app’,’offset_time’,...

40000*60*0.5)

%num_weeks is the number of weeks

%the simulation will run.

%num_weeks = 2 by default in BSM1.

sim_params(’set’,’STOP_SIM_TIME’,...

num_weeks*7*3.456*10^9)

%1 day = 3.456*10^9 bit time units.

prowler(’Init’);

prowler(’StartSimulation’);

Figure 4: Source code for prowlerInitScript.m
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Table 2: Energy consumption model.

State Energy consumption
[mW]

Transmit 16.5 + 21 + 45 + 10 = 92.5

Idle/receive 16.5 + 15 + 45 + 10 = 86.5

Sleep 0.03 + 0.03 = 0.06

2.2 Application layer

In Prowler, the applications exist as separate m-files, defining topology, appli-
cation parameters and the routing algorithm of the nodes. This way, different
applications and routing algorithms can easily be added and tested.

There are some demo applications included in the Prowler package. For
wastewater monitoring applications, at least two features which are not present
in the demo applications are essential; the ability for nodes to go to sleep and
wake up after some time interval, and directed routing. Due to this, another
application with these two features was built.

Figure 5 illustrates the WSN topology used in the simulation. There are five
nodes including one sink at the far right, represented by a black dot. The other
nodes are placed in each of the zones 2 to 5, with ascending order from the left.
The distance between neighboring nodes is 40 meters. When the nodes wake up,
which they all do at the same time, the node at zone 2, which is the last anoxic
zone, sends a nitrate concentration measurement. The node at zone 5 sends a
dissolved oxygen concentration measurement, which goes directly to the sink in
a single step. The nitrate measurement is routed through the one-dimensional
network according to the arrows. This is done by assigning a property called
”parentID” to each of the nodes, containing the ID of the relevant receiver node.
Note that the word ”parent” refers to the receiving nodes in this case, not the
other way around. When the activity in the proximity of a node disappears,
nodes successively go to sleep. The measuring nodes are represented by grey
dots in the figure.

Figure 6 illustrates the overall architecture of the new application. The
blue commands (Send Packet, Sleep, and Wake up) in the figure are actions
that integrate with the MAC-layer. The red commands (Sensor Output and
Sink Output) integrate with the BSM1 implementation. Sensor Output re-
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Figure 5: Sensor network topology.
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    Input_Clock(Sleep)

    Input_Clock(Sleep)

Input_Clock(Sleep)

cmd=memory.clock_queue(1);
memory.clock_queue(1)=[];
switch cmd
case Sleep

    end
case Wake_up
    If radio.state = ’sleep’

        end
        if !isempty(memory.data)

        else

        end

end

    if radio.state = ’idle’

        if ID=1 or ID=4
        memory.data=[];

Clock_Tick

        Input_Clock(Wake_up)

            Input_Clock(Sleep)

            memory.data(1)=Sensor_Output;

        Send_Packet

    Sink_Output

    Send_Packet

        Sleep

        Wake_up

            Send_Packet

    end

Input_Clock(Wake_up)

Init_Application

else

end

if isempty(memory.data)
memory.data(1)=[];
Packet_Sent

Packet_Received
if sink

else
    if data.parentID=ID & ...

        memory.data=data;

    end
end

    memory.data(any)!=data

Collided_Packet_Received

Set node parameters

Figure 6: Pseudo-code of the WSN application layer.
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turns a measurement from the benchmark, and Sink Output forwards the mea-
surement to the controller.

The Packet Received box in the figure shows the directed routing function
of the application. If the parentID property of the received data packet is not
equal to the receiver’s ID (or if the received packet is already present in the
memory), then the packet is discarded. The Wake up case in the Clock Tick

box states that only the nodes with ID 1 or 4 perform measurements. To be
specific, node 1 performs nitrate measurements and node 4 performs dissolved
oxygen measurements.

The Input Clock function call sets a Clock Tick event in the event queue,
and deactivates all previously planned Clock Tick events which has not yet
been triggered. This is done with a node memory handle called clock queue,
which appears at the top two lines of the Input Clock block. Input Clock puts
either a ”sleep” or ”wake-up” command at the end of the clock queue array
and puts the other entries of the array to zero, meaning that nothing happens
when the Clock Tick event is triggered.

The Input Clock function calls in Figure 6 does not show at what time
instances the Clock Tick events are set. For the Input Clock function, there
are three design parameters; cycle time, offset time and idle time. Cycle time
is simply the time between wake-up events. In this proposed framework all
nodes wake up at the same time, meaning that perfect time synchronization is
assumed. Since the measurements take place at the wake up instants, cycle time
can also be interpreted as a WSN sampling time in this case.

Idle time means how long a passive idle node, who has nothing left to do,
should wait before going to sleep. A tradeoff becomes apparent here. If the idle
time is chosen too small, the nodes may go to sleep too early and miss incoming
messages. If it is too large, the WSN will consume unnecessary amounts of
energy. In the simulation, it is put to 0.1 seconds. All instances where the
”sleep” action is triggered, the time of the Clock Tick event is set to current
time plus idle time.

Lastly, the offset time is simply an offset for the cycle time. The time of
the ”wake-up” instances is set to the nearest element of the time-point set
{k · cycle time− offset time : k = 1, 2, ...}. The offset time is set to 1 second.

2.3 Communication power model

The radio communication power model used in Prowler, which determines the
radio power at the receiving nodes as a function of the transmission power, looks
like this:

P rec = P rec id(1 + α(x))(1 + β(t)) (3)

P rec id = P trans · f(x) (4)

f(x) =
1

1 + x2
(5)

where P rec id is the ideal receiver signal power, x is the distance between
receiver and transmitter, P trans is the transmission power and P rec is the
received signal power.
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In equation 3, there are two stochastic variables, α(x) which depends on
topology, and β(t) which depends on time. Both α(x) and β(t) are normally
distributed with zero mean. The default value of var α(x) is 0.45, and var β(t)
is 0.02.

The limiting condition for a receiver to successfully receive a message is that
P rec is greater than or equal to 0.1. Note that if α(x) and β(t) are fixed to
zero, the communication model becomes purely deterministic. The only thing
that determines if a packet is received or not is then the transmission power
P trans and the distance between receiver and transmitter.

3 Simulation example

To illustrate the features of the merged model, a simulation scenario is con-
ducted where the sampling time of the wireless sensor network, also known as
the cycle time, is gradually decreased. Control performance and WSN energy
consumption is estimated for different sampling times. There are two discrete
time PI controllers; one is controlling the dissolved oxygen (DO) concentration
in zone 5 (the last aerated bioreactor unit) with a KLa handle, and the other
is controlling the nitrate concentration in zone 2 (the last anoxic bioreactor
unit) with the internal recirculation flow. The controllers are Euler approxi-
mations of the continuous time PI controllers included in the BSM1 SimuLink
implementation, using the same sampling time as the WSN cycle time.

Several simulation runs was conducted to estimate control performance and
WSN energy consumption. No measurement noise was used in the simulations.
The total simulation time was 14 days. The reference values of the two control
variables, the nitrate-nitrogen level in the last anoxic zone and the dissolved
oxygen level in the last aerated zone, was 1 mg N l−1 and 2 mg (-COD) l−1

respectively. The mean squared error (MSE) of these values from day 7 to day
14 serves as a measure of control performance.

WSN energy consumption is interesting from a longevity perspective, where
low energy consumption implies higher longevity. In this simple network, ev-
ery node is important for the functionality, meaning that a good measure of
longevity is the maximum node energy consumption, taken over all nodes. It
turns out that the node in zone 5 consumes the most energy in all cases.

3.1 Choice of communication power model

Using equations 3-4, and assuming a communication range of 61 meters, P trans
is set to 372. Also, var α(x) and var β(t) is set to zero. This means that the
nodes will only hear their closest neighbor, and they will always do so since
there is no stochastic disturbances in the radio communication power model.

Since the two measurements (i.e. the DO and the ) start at a safe distance
from each other, a collision is extremely unlikely. However, an additional 5%
chance of transmission errors is added, which results in a corrupt packet (same
as a collided packet, technically speaking). This means that, at a particular
measuring instance, the dissolved oxygen measurement has a 5% risk of failure.
Since the nitrate measurement walk through four hops (see Figure 5) before
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reaching the sink, with a 5% failure risk at each hop, the total failure risk
becomes 18.55% for each measurement.

3.2 Results and discussion

Figure 7a shows the MSE of the dissolved oxygen in zone 5 from day 7 to
day 14, together with the mean energy consumption of the node in zone 5,
which is the node that consumes the most energy. Recall that the cycle time
is the same as the WSN sampling time in this case, since a sample is taken
at the wake-up instants. The MSE curve starts off at zero cycle time, which
represents a simulation without a WSN. Instead, it has continuous time sensors
and continuous PI controllers, which is the default setting in the benchmark.
All the other points in the figure is in fact a mean of several runs. This is
because there are some stochastic elements in Prowler, namely, the generation
of backoff- and waiting times in the MAC-layer, and the 5% transmission error
risk in the radio channel. For cycle times higher than 10, the closed system
becomes unstable.

Figure 7b shows the dissolved oxygen level in zone 5 during a portion of
day 9, for one specific simulation run with a cycle time of 10 minutes. The
stair curve represents observed DO measurements at the sink, and the contin-
uous curve shows real (simulated) DO levels. The ”steps” in the stair curve
are approximately 10 minutes long, or a multiple of 10 minutes if there was a
transmission error. Since the system disturbances from the influent wastewa-
ter are periodic, each day looks approximately the same (except for weekends
which differ a bit). The observed nitrate levels, which are not included here,
have a significant time lag between the real and the observed curves. This is
due to the long communication range between sensor and sink; the nitrate mea-
surements have to jump through four hops, compared to the dissolved oxygen
measurements which only have to go a single hop.

One should note that the same PI controller parameters are used in all cases,
regardless of the cycle time. The only difference is that the controllers are
discretized with a time step that equals the cycle time. It is therefore probably
possible to improve the performance by tuning the controller parameters for
each cycle time choice. However, the main point with Figure 7a is to illustrate
the fundamental trade-off associated with this kind of WSN application, which
is control performance versus longevity. From here on, lots of different ways to
minimize control performance and maximize WSN longevity becomes testable;
choices of different routing algorithms, node topologies, and control strategies.

4 Optimization of the DO profile

The aim of this simulation study is to quantify the minimum aeration energy
consumption in an activated sludge process with biological nitrogen removal
for three control strategies: using individual zone control (S10), using only one
DO sensor (S1), and using two DO sensors for control (S2). Figure 8 displays
the different scenarios. In the future, inexpensive wireless DO sensors may be
available on the market. A natural question to ask is then ”what is gained by
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Figure 7: Simulation results.

using more DO sensors in a WWTP?” In this section we give a partial answer
to this question by quantifying the potential aeration energy savings which arise
solely from exploiting more information in the control strategy.

All controllers in each scenario have the same DO set points. In [5] it is
shown that a minimum aeration requirement is obtained if the same DO set
point is applied for all zones.

4.1 Method

Simulations are performed in a modified version of BSM1. The aerated volume
of 4999 m3 is divided in 10 totally mixed, equally sized compartments. For
a given daily average effluent ammonium concentration SNHgoal, the DO set
points is chosen so that the average KLa is minimized. Each minimization is
initialized with 500 days of constant influents using the CONSTINFLUENT file,
and then 28 days using the first day of the DRYINFLUENT file repeatedly, for
a given (constant) DO set point.

Each simulation runs for 14 days. To minimize the average KLa for the
last day, KLaavg, with respect to the daily DO reference trajectory DOref =
[DOref,1, DOref,2, . . . , DOref,24]

T , and for a given average effluent ammonium
concentration, the following minimization problem is solved using fmincon in
Matlab

minimizeDOref
KLaavg + 100 (SNHeff − SNHgoal)

2

subject to SNHeff − SNHgoal ≤ 0,

0.001 ≤ DOref,i ≤ 8 ∀i,
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Figure 8: Illustration of the three simulation scenarios.

where SNHeff is the flow proportional average effluent ammonium concentra-
tion. The squared constraint function is included in the minimization objective
function to improve convergence properties. It is important to note that the PI
control parameters are chosen such that the DO level is always very close to the
DO set point.

4.2 Results and discussion

Figure 9a displays the average KLa for the last (14’th) day, KLaavg, as a func-
tion of the flow proportional average effluent ammonium concentration, SNHeff

(which is equal to SNHgoal).
It is indicated that there are greater benefits from S10 compared to S1

and S2 for lower effluent ammonium concentrations. For example, KLaavg is
around 7% smaller for S10 compared to S1 at an average effluent ammonium
concentration of 0.5 mg/l.

Figure 9b shows the optimal DO trajectories for SNHgoal=0.5 mg/l. It is
seen that S1 and S2 requires significantly higher reference values than S10.

Using optimization it is quantified how the number of DO sensors used in
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Figure 9: Optimization results.

ammonium feedback control impacts the aeration costs. Not surprisingly, the
relative cost is decreased for higher amounts of DO sensors. Also, the relative
cost reduction is higher for stricter effluent demands, i.e. for lower effluent
ammonium concentrations.

5 Conclusions

In this paper, a description of a merged WWTP/WSN benchmark simulator
was given, as well as an illustrative simulation example. The WSN simulator is
able to model wireless communication in a stochastic, uncertain channel which is
shared among nodes in a user-defined topology. The unavoidable network delays
from sensing instant to actuator arrival impacts the behaviour of the controlled
WWTP system. Also, an optimization study is supplied which supports the
claim that an increased number of DO measurements can reduce the aeration
costs. The optimization study motivates the use of WSN based sensing which
is relatively cheap per sensor unit and easy to install.
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