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Abstract

This licentiate thesis concerns mathematical modeling and identification of the
the human smooth pursuit system (SPS) and the application of the models to
motor symptom quantification in Parkinson’s disease (PD). The SPS is a com-
plex neuromuscular system governing smooth pursuit eye movements (SPEM),
and the task is to keep a moving target in the visual field. Diagnosing and quan-
tifying the disease is done by interview and clinical observation which requires
hours of interaction between the patient and a qualified clinician. Acquiring a
better understanding of the SPS cast in mathematical models may be a first
step towards developing a technology that allows for fast and automatic PD
staging. Lately, the increased performance and accessibility of eye tracking
technologies have generated a great deal of interest in the commercial sector.
This thesis presents an effort towards developing more sophisticated data anal-
ysis techniques in an attempt to extract previously hidden information from
the eye tracking data and to open up for new more advanced applications.
The SPS relates gaze direction to visual stimuli and may thus be viewed as a
dynamical system with an input and an output signal. This thesis considers
various parametric and non-parametric black- and grey-box models, both linear
and nonlinear, to portray the SPS. The models are evaluated to characterize
the SPS in different individuals and to look for discrepancies between the SPS
function of healthy controls and Parkinson patients. It is shown that disease
does indeed impair the system and that the effects are distinguishable from
those of healthy aging.
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Chapter 1

Introduction

This licentiate thesis concerns mathematical modeling and identification of the
the human smooth pursuit system (SPS) and the application of the models to
motor symptom quantification in Parkinson’s disease (PD).
The SPS is a complex neuromuscular system governing smooth pursuit eye
movements (SPEM), and the task is to keep a moving target in the visual field.
Attempting to initiate smooth pursuit without a moving visual stimulus is
difficult and usually results in a series of saccades, which are swift simultaneous
movements of both eyes. Saccades and smooth pursuit are the two ways in
which humans can voluntarily shift gaze.
The oculomotor system, and thus also the SPS, is impaired in a wide variety of
neurological diseases. In particular, PD is known to be associated with deficit
in SPEM control. Diagnosing and quantifying the disease is done by interview
and clinical observation which requires hours of interaction between the patient
and a qualified clinician. Acquiring a better understanding of the SPS cast in
mathematical models may be a first step towards developing a technology that
allows for fast and automatic PD staging.
Studying the SPS requires means for eye movement measurement. The two
most common techniques for eye movement registration are electrooculography
(EOG) and video eye tracking. In EOG, electrodes are placed around the eye to
measure the potential differences produced by the retina as it turns. Assuming
that the resting potential is constant, the recorded potential is a measure of the
eye’s position. Video eye tracking uses one or more cameras, usually infrared,
together with image analysis algorithms to locate the pupils and to determine
the gaze direction. Video eye tracking is non-invasive, but the resolution is
lower than in EOG.
Lately, the increased performance and accessibility of eye tracking technologies
have generated a great deal of interest in the commercial sector. Examples
are found in market research, gaze-based interaction, sports education etc.
However, most applications use the eye tracker output directly, with interest
only in where the subject is looking at a given time. This thesis presents an
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effort towards developing more sophisticated data analysis techniques in an
attempt to extract previously hidden information from the eye tracking data
and to open up for new more advanced applications.
The SPS relates gaze direction to visual stimuli and may thus be viewed as a
dynamical system with an input and an output signal. Modeling any dynam-
ical system can be done in one of three ways; white-box modeling, grey-box
modeling, or black-box modeling.
White-box modeling requires complete knowledge of the system to be modeled.
The models are based on first principles and are derived from physical laws.
Although very useful, white-box models are relatively uncommon due to the
exceeding complexity of most processes in nature.
Grey-box modeling requires partial knowledge of the system to be modeled.
Through certain insight into the system, a semi-physical description of it can
be obtained, where one or more of the model parameters have been assigned
physical meaning. Grey-box models are important tools and widely used to
predict and evaluate the behavior of countless processes in a range of industrial
and scientific applications.
In black-box modeling, a general model structure is assumed without any phys-
ical meaning in the parameters. There is a number of common black-box struc-
tures for both linear and nonlinear systems. Black-box models provide simple
means of evaluating the dynamics of a system at low computational cost and
without the need for any deeper understanding of its nature.
In the case of the SPS, white-box modeling is a near impossible task due to
the vast complexity of the feedback loop; the interaction between the eyes and
the brain, which is affected by the not easily modeled human consciousness.
Instead, this thesis considers various parametric and non-parametric black- and
grey-box models, both linear and nonlinear, to portray the SPS.



1.1 Contributions and publications

During the work on this licentiate thesis, several models of the SPS have been
considered where every model has been an attempt to further improve results or
simplify identification and reduce computational burden. A number of papers
have been published in conference proceedings, but some of the material is still
awaiting review. The contributions can be summarized as follows:

Paper I D. Jansson, A. Medvedev, H. W. Axelson Mathematical modeling
and grey-box identification of the human smooth pursuit mechanism IEEE
Multi-conference on Systems and Control, Yokohama, Japan, 2010.

The SPS is modeled by a sixth order nonlinear white-box model of the
eye plant put in a feedback-loop together with an empirical nonlinear
controller. The model is shown to produce favorable results compared to
earlier research. The system properties, such as the Smooth Pursuit Gain
(SPG), were evaluated using the obtained model and shown to agree with
what has been previously observed in clinical experiments. However, the
model suffers from the drawback of computationally demanding simula-
tion and identification due to its complexity.

Paper II D. Jansson, A. Medvedev Visual Stimulus Design in Parameter Es-
timation of the Human Smooth Pursuit System from Eye-Tracking Data
IEEE American Control Conference, Washington D.C., 2013.

A black-box Wiener model of the SPS is adopted for easier implemen-
tation and less demanding identification. It is shown that using a static
nonlinearity improves model accuracy compared to linear models suggest-
ing that such a nonlinearity is inherent in the SPS. A novel approach to
design visual stimuli is suggested where rich spectral excitation and near
uniform signal amplitude distribution are enforced to allow for accurate
identification of both the linear and the nonlinear block. Visual stimuli
generated using the presented method are shown to yield favorable iden-
tification results compared to the existing stimuli design techniques in
terms of reduced variance of parameter estimates and smaller spread of
the parameter clouds pertaining to different individuals.

Paper III D. Jansson, O. Rosén, A. Medvedev Non-parametric analysis of
eye-tracking data by anomaly detection IEEE European Control Confer-
ence, Zurich, Switzerland, 2013.

A non-parametric method of SPS characterization is derived as a com-
plement to the parametric methods. The method is aimed at finding
gaze trajectories deviating from the norm, where the norm is estimated
from an individual or a select group of individuals. Methods of trajectory
distribution estimation are described and numerical means of finding the
outlier regions of general distributions are derived. It is shown that using
kernel density estimation (KDE) for gaze trajectory distribution estima-
tion is favorable over assuming normally distributed data and that the
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suggested method succeeds in distinguishing between different test sub-
jects. An additional important result is that the differences in gaze paths
are larger when test subjects are of different age.

Paper IV D. Jansson, A. Medvedev Parametric and Non-Parametric Stochas-
tic Anomaly Detection in Analysis of Eye-Tracking Data IEEE Confer-
ence on Decision and Control, Florence, Italy, 2013.

The parametric and non-parametric methods of Paper II and III are re-
fined. The method of Paper III is improved by using orthogonal series
approximation (OSA) instead of KDE techniques to estimate unknown
probability densities, which yields better results in terms of more appar-
ent discrepancies between the gaze trajectories of different individuals.
Parameter distributions for each individual are estimated using the sta-
tistical method of Paper III, yielding a more stringent way to compare
the SPS performance among different test subjects. Furthermore, both
the parametric and the non-parametric methods are used to distinguish
healthy individuals from individuals diagnosed with Parkinson’s disease
based on their SPEM.

Paper V D. Jansson, A. Medvedev Volterra Modeling of the Smooth Pursuit
System with Application to Motor Symptoms Quantification in Parkin-
son’s Disease Submitted to the IEEE European Control Conference, Stras-
bourg, France, 2014.

The SPS is represented using Volterra series expansion which can be con-
sidered a non-parametric way to model a general time-invariant nonlinear
system. To keep the number of variables to be estimated low, the kernel
functions are expanded in terms of the orthonormal set of Laguerre func-
tions. Moreover, the method used for parameter estimation is SPICE,
which yields sparse solutions to further reduce the number of nonzero
variables. The obtained models are shown to perform better than the
previously assumed Wiener models, suggesting that the nonlinearity of
the SPS is dynamical and not static. Furthermore, it is shown that the
main discrepansies in the SPS between healthy and PD subjects lie in the
nonlinear dynamics, being more apparent in PD subjects. Gaussian mix-
ture models are shown to successfully partition the estimated parameter
vectors into healthy and PD subjects.

Additional material pertaining to the topic of this thesis is presented in the
following publications that are not part of this manuscript:

• D. Jansson, A. Medvedev Dynamic Smooth Pursuit Gain Estimation from
eye-tracking Data, IEEE Conference on Decision and Control, Orlando,
Florida, 2011.

• D. Jansson, A. Medvedev, H. Axelson, D. Nyholm Stochastic Anomaly
Detection in Eye-Tracking Data for Quantification of Motor Symptoms in
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Parkinson’s Disease International Symposium on Computational Models
for Life Sciences, Sydney 2013 (Best Student Paper Prize)

• D. Jansson, A. Medvedev Parametric and non-parametric system identi-
fication of oculomotor system with application to the analysis of smooth
pursuit eye movements in Parkinsons disease INCF Congress on Neu-
roinformatics, Stockholm, Sweden, 2013.
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1.2 Nomenclature

Symbols

A Matrices are written in bold upper case letters.

x Vectors are written in bold lower case letters.

X Stochastic variable.

f(x) Vector-valued function.

Rn n-dimensional set of real numbers.

Nn n-dimensional set of natural numbers.

Pr(A) Probability of a random event A.

Abbreviations

SPS Smooth Pursuit System

SPEM Smooth Pursuit Eye Movements

EOG Electrooculogram

PD Parkinson’s Disease

KDE Kernel Density Estimation

OSA Orthogonal Series Approximation

PDF Probability density function.

MIMO Multiple input multiple output.

SISO Single input single output.

RSS Residual Sum of Squares

OLS Ordinary Least Squares

SPICE SParse Iterative Covariance-based Estimation

PAR Peak-to-Average power Ratio
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Chapter 2

Background

2.1 The Extraocular Muscles

There are six muscles governing the movement of the eye, refered to as the ex-
traocular muscles. Four of the muscles control the movement of the eye in the
four directions up, down, left and right. The remaining two muscles control the
adjustments in gaze direction involved in counteracting head movements. The
four muscles controlling standard eye movement are the superior, inferior, lat-
eral and medial recti. The two remaining muscles are the superior and inferior
oblique. The primary action of the superior and inferior recti are elevation (up-
ward movement) and depression (downward movement) respectively and those
of the lateral and medial recti are abduction (away from the median sagittal
plane of the body) and adduction (towards the sagittal plane). Fig. 2.1 shows
the right eye with its accompanying extraocular muscles.

Figure 2.1: The extraocular muscles of the right eye.
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2.2 Smooth Pursuit

The two ways in which humans can voluntarily shift gaze are smooth pursuit
eye movements (SPEM) and saccades. Saccades are discrete movements that
quickly change the orientation of the eyes, thereby translating the image of the
object of interest from an eccentric retinal location to the fovea (the center of
the retina responsible for sharp central vision). Smooth pursuit is a continuous
movement that slowly rotates the eyes to track the motion of an object and
to keep it within the visual field. SPEM are governed by the smooth pursuit
system (SPS). Smooth pursuit is primarily driven by visual motion which makes
it difficult for most individuals to initiate it without a moving target. The
maximum angular velocity of the eyes during smooth pursuit is about 80 -
100 ◦/s [7]. For targets with exceeding velocities, the SPS passes the control
to the saccadic system. Research has shown that direction-selective, motion-
sensitive cells in the primary visual cortex estimate target angular velocity [9]
and that the SPS acts as a velocity servo; in that it tries to minimize the
angular velocity error between the gaze and the target [11]. Any stationary
error in angular position will be left uncorrected by this mechanism.
There are several research papers on quantifying the SPS in an attempt to use
SPEM as a biometric. Most papers on the subject are published in medical
journals and apply straight-forward and facile techniques for data analysis. The
Smooth Pursuit Gain (SPG), the ratio between the eye velocity and the stimuli
velocity, has been used as a measure for characterizing the SPS [5, 6]. Since
the SPG is nothing but the steady-state angular velocity gain, it is merely one
point in the frequency response of the SPS and may thus not be an exhaustive
metric.

2.3 Eye tracking

Eye tracking is the process of measuring either the point of gaze or the mo-
tion of the eye relative to the head. The two most common techniques for eye
movement registration are electrooculography (EOG) and video eye tracking.
In EOG, electrodes are placed around the eye to measure the potential differ-
ences produced by the retina as it turns, see Fig. 2.2. Assuming that the resting
potential is constant, the recorded potential is a measure of the eye’s angular
position. The signal acquired from an EOG measurement is called the elec-
trooculogram. Because the EOG relies on the potential differences produced
by a shift in the angular position of the retina, it is possible to use EOG even
when the eyes are closed and it can thus be used in for example sleep studies.
A drawback of the EOG is the fact that the resting potential is often not con-
stant, resulting in nonlinear trends in the recorded data. Another drawback is
the somewhat daunting task of placing the electrodes which also induces some
discomfort in the test subject due to the need for a thorough scrubbing where
the electrodes are to be placed.
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Figure 2.2: EOG electrodes placed around the eyes to measure the potential
differences produced when the eye turns.

Video eye tracking uses one or more cameras, usually infrared, together with
image analysis algorithms to locate the pupils via the corneal reflections and to
determine the gaze direction. Video eye tracking is non-invasive and quick, but
a simple calibration procedure of the individual is needed before using the eye
tracker. When more than one camera is utilized, the images from the different
cameras can be combined to form a 3D environment, allowing for accurate
tracking of the position and orientation of the head, which greatly improves
the gaze direction measurements.
In Paper I of this thesis, the EOG method of eye tracking is employed. In
the remaining papers, a two-camera video eye tracking system from Smart Eye
AB, Sweden is used. The eye tracker output yields the number of centimeters
(horizontal and vertical components separately) from the monitor center to the
point where the gaze vector intersects the monitor. The system samples the
gaze direction at 60 Hz. Fig. 2.3 is a screenshot from the eye tracking software
showing how the algorithms have found the gaze direction and orientation of
the head.

Figure 2.3: A screenshot from the eye tracking software.
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2.4 Parkinson’s disease

Parkinson’s disease (PD) is a degenerative disorder of the central nervous sys-
tem. The cause of the disease is attributed to degeneration of dopaminergic
neurons from the substantia nigra [4]. Impairment of the substantia nigra to
synthesize dopamine causes a progressive depletion of this signifcant neurtrans-
mitter for the putamen and caudate nucleus. The progression of PD is charac-
terized by tremor during rest, abnormal gait, muscular rigidity and impaired
balance [4].
Currently, the status of PD in a patient is evaluated through the Unified Parkin-
son’s Disease Rating Scale (UPDRS) which is qualitatively interpreted by a
clinician [10]. Knowledge of the current status of the disease in a patient is
important for the selection and dosage of drug therapy. There are two major
issues with the scale. The process of observing and interviewing the patient to
determine the UPDRS result is time consuming and often tiring for both the
patient and the clinician. Moreover, since the scale is qualitatively interpreted
there may be variation among the subjective decisions of different clinicians.
Hence, it is of great interest to find means for quick and objective quantification
of the PD status in a patient.
It has been shown that the SPS is negatively affected by PD and that the
severity of the impairment is related to the progression of the disease [6,8,18].
Consequently, acquiring a full understanding of the SPS may be a first step
towards developing a technology that allows for fast and automatic PD staging.

2.5 Probability density estimation

Probability density function (PDF) estimation from data is a broad topic and
several different techniques exist. The most straight-forward PDF estimator
is the histogram which requires a relatively large sample size to yield a good
approximation. Two other methods are used in this thesis: Kernel density es-
timation (KDE) which approximates the density function by a normalized sum
of kernel functions, and an orthogonal series approximation (OSA) approach
where the density function is expanded in terms of an orthonormal basis. The
KDE method is evaluated in Paper III and the OSA method in Paper IV.

2.5.1 Preliminaries

Given a stochastic variable X of dimension M with distribution D, a sample
from D is a set of observations {xi}Ni=1 where xi ∈ RM are realizations of
X. From the sample, information about the underlying distribution can be
extracted. For instance, the sample mean

µ̂ =
1

N

N∑
i=1

xi, (2.1)
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and covariance

Σ̂ =
1

N − 1

N∑
i=1

(xi − µ̂)(xi − µ̂)T , (2.2)

are unbiased estimators of the true mean and covariance of the distribution.
The PDF of the distribution, denoted by f(x), may also be estimated from the
sample, however this is a more demanding task.

2.5.2 Kernel density estimation

The kernel approximation of the PDF f(x) is given by

f̂(x) =
1

N |H|1/2
N∑
i=1

φ(H−1/2(x− xi)), (2.3)

where φ is the chosen kernel function which is symmetric and integrates to
one [16]. The parameter H ∈ RM×M is known as the bandwidth of the kernel,
it is symmetric, positive definite, and acts as a smoothing parameter. If H is
equal to hI, where I is the identity matrix, a high value of h will give a smooth
estimate, with low variance but high bias. Conversely, a low value of h gives
higher variance but a low bias of the estimate. Choosing H appropriately for
a specific application must usually be done through experiment.

2.5.3 Orthogonal series approximation

The KDE method has the drawback that the approximation requires N terms,
which is often a large number. An alternative to the kernel estimator is the
orthogonal series estimator [12, 15] which has the capability of capturing the
shape of the PDF using far fewer terms than the kernel estimator. Assume
that X is supported in the domain Q, that is, Pr(X ∈ Q) = 1. If f is square
integrable (f ∈ L2(Q)), the density may be approximated with any desired
accuracy by a truncated orthogonal series

f̂(x) =
∑
j∈J

cjϕj(x), x ∈ S, (2.4)

where

cj =

ˆ
Q

f(x)ϕj(x)dx, (2.5)

J is a finite set of M -tuples of integers and {ϕj(x), j = 0, . . . ,∞} is an or-
thonormal basis. The largest integer in each dimension in J gives the highest
order of that dimension and must be chosen by the user. The highest order in
each dimension decides the number of the basis functions that will be used in
the approximation. Note that because f is a probability density, the coefficients
in the above mentioned partial sum can each be written as the expectation

cj =

ˆ
Q

f(x)ϕj(x)dx = E{ϕj(X)}. (2.6)
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Hence, estimating cj can be done via the sample mean

ĉj =
1

Ns

Ns∑
i=0

ϕj(xi), (2.7)

where (x1, x2, . . . , xNs
), xi ∈ RM are observations of the underlying stochas-

tic variable.

2.5.4 Finding the outlier region

Assume that an observation, x ∈ RM , is made and that it must be determined
whether it is likely to be an observation of a given random variable X, or not.
A hypothesis test with the null hypothesis:

• H0: x is an observation of X

must be carried out. One way to do this is to define an outlier region, S, of the
random variable, being the set of all possible observations deemed unlikely to
come from the considered distribution, i.e. all x for which H0 is rejected. The
probability that an observation of X lies in S should be low. Define α such
that

Pr(X ∈ S) =

ˆ
S

f(x)dx = α. (2.8)

Consequently, α is the probability with which an observation of the considered
random variable is deemed (incorrectly) to be from some other distribution.
The choice of α will influence the size of the outlier region S.
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Chapter 3

Dynamical modeling of the
SPS

The SPS is a dynamical system relating gaze direction to the movements of a
dynamical visual stimulus. The main contributor to the inertia of the system
is the eye globe and the extraocular system, but also the various delays and
dynamics introduced in the feedback loop implementing the interaction with
the brain. The SPS can thus be described by a dynamical model which is a set
of differential or difference equations. The input to the system is the motion of
the visual stimulus, henceforth denoted by s. The output is the resulting gaze
direction, y. Because the eye can move in both the horizontal and the vertical
plane, both the input and the output signals can be considered to be two-
dimensional, rendering the SPS a Multiple Input Multiple Output (MIMO)
system. In this thesis, the weak interaction between the horizontal and the
vertical part of the SPS is mostly ignored. Instead, the SPS is viewed as two
SISO systems in parallel, one governing the horizontal and one the vertical
movements.
As a course classification of dynamical models, the model types white-box,
grey-box and black-box are often used.
White-box modeling requires complete knowledge of the system to be modeled.
The models are based on first principles and are derived from physical laws.
Grey-box modeling requires partial knowledge of the system to be modeled.
Through certain insight into the system, a semi-physical description of it can
be obtained, where one or more of the model parameters have known physical
meaning.
In black-box modeling, a general model structure is assumed and no physical
meaning is assigned to the parameters. There is a number of common black-box
structures for both linear and nonlinear systems.
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3.1 Considered models

Three different dynamical models of the SPS are considered in this thesis.
The first, which is described in Paper I, is a grey-box model derived from
physical and biological knowledge of the system. It is an attempt to model the
SPS accurately by capturing all the fine nonlinear dynamics and by assigning
physical meaning to all parameters. The input and output of the system is
stimulus and target angular velocity respectively.
The second is a black-box Wiener model described in Paper II. It is intended to
be a simpler model which is easier to work with, retaining the overall behavior
of the first model, but without the physically meaningful parameters. Here it
is important to note that the model input and output is stimulus and target
position instead of velocity. For this black-box model, the increase of model
accuracy when using velocity signals was not large enough to motivate the extra
effort required for signal differentiation, which is not only time consuming, but
introduces extra uncertainty depending on the differentiation method at hand.
The third is a Volterra-Laguerre model, described in Paper V, which can be
considered a general non-parametric nonlinear model. It is used to show that
the nonlinearities of the SPS are in fact dynamical and that the Wiener model
of Paper II merely approximates the nonlinear behavior.

3.1.1 Grey-box model

The grey-box model of the SPS considered herein is on the form shown in
Fig. 3.1. The eye plant is put in a feedback loop together with a controller
constituting the involvement of the brain and the nervous system. The output
angular velocity, ẏ(t), of the eye plant is fed back and subtracted from the
stimulus velocity, ṡ(t), to create a velocity error signal e(t). The velocity error
is passed to the controller which produces neural input signals n(t) to the eye
plant based on the dynamics of the error. Depending on the structure and
properties of the biomechanical model and the controller model, the degree
of accuracy to which this negative feedback-based model simulates the actual
extraocular system will vary.

Controller Eye plant
ṡ(t) e(t) n(t) ẏ(t)

Figure 3.1: Overview of the model structure for the considered grey-box models
of the SPS.

The assumed biomechanical model of the eye plant is a sixth-order nonlinear
model derived from knowledge of the physical nature of the eye globe and its
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appendages, the muscles and tendons of the extraocular system. The purpose
of the biomechanical model is to constrain the modeled ocular movements to
be within the limits of what is physically possible. Velocities and accelerations
must be correctly modeled and motion must be increasingly restrained as the
angle of gaze grows.
The controller model must mimic the behavior of the part of the brain and
nervous system involved in the SPS control. There are many plausible ways
to model the controller. Since the complex structure of the brain and nervous
system is neither exactly known nor possible to model with simple dynamic
models, an empircal controller must be used. It is noted in previous research
that the eye is more sensitive to perturbations when at a high angular velocity
than during fixation [1], which motivates the use of a dynamic gain control,
where the gain depends linearly on the ocular rotational speed. In Paper I, such
a dynamic gain controller is combined with the mentioned eye plant description
to form the closed-loop model of the SPS.
The complete model can be described by a set of differential equations

ẋ = f (x) , (3.1)

where the elements of the state vector x represent various quantities such as
gaze angle y, gaze angular velocity ẏ and the forces in the extraocular muscles,
where f describes the dynamics of the SPS. For a full description of this model,
see the details of Paper I.
The unknown parameters to be estimated in this model are the two parameters
of the controller. Values for all the parameters in the eye plant model have been
determined through experiment in previous research.

3.1.2 Wiener model

The grey-box model of Paper I is accurate and its parameters have physical
and biological meaning. However, due to the model complexity, identification
is computationally demanding and theoretical evaluation, such as the investi-
gation of statistical stationarity and stability, is difficult. The main focus of
Paper II is SPS input design and it is desirable to use a model that is easy
to work with, but still captures the overall behavior of the system adequately.
A linear black-box model may seem as an appropriate first candidate for the
task. However, as is revealed in Paper I, linear models are unable to accurately
predict the amplitudes of the SPS output. A nonlinearity must be included
in the model in order for the model output to comply with data. A simple
approach to alleviate this problem is to augment the linear model with a static
output nonlinearity to yield a Wiener model. The Wiener model consists of a
linear dynamic block in cascade with a static nonlinear function as shown in
Fig. 3.2.
Here, the linear block is assumed to be a time-invariant ARX-structure. The
output of the linear block is fed to a static nonlinearity, which in this study is
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Figure 3.2: The structure of a Wiener system

for simplicity chosen to be a continuous piecewise-linear function. The resulting
Wiener model of the SPS is given by{

(1 + a1q
−1 + a2q

−2 + a3q
−3)x(n) = q−4s(n) + e(n),

y(n) = f (x(n)) ,
(3.2)

where y(n) is the gaze direction at time nTs, x(n) is the output of the linear
block at time nTs, s(n) is the input at time nTs (i.e. the position of the
visual stimulus), e(n) is zero-mean white Gaussian noise with variance σ2,
θ = [a1, a2, a3]T is the parameter vector of the linear block, f(x) is the static
nonlinearity, q is the forward time shift operator, and Ts is the sampling time.
For details on the choice of the linear dynamics and the static nonlinearity,
refer to Paper II. The unknown parameters to be estimated in this model are
θ and the parameters of f .

3.1.3 Volterra-Laguerre model

The assumed Wiener model of Paper II produces better results than linear
models do. However, since the input and output to the model is target position
and gaze direction respectively, the system has unity gain for any constant
input (the gaze is on the target during fixations), which property contradicts
the assumption of a static nonlinearity in the SPS. The static nonlinearity of the
Wiener model thus only approximates the actual dynamical nonlinear behavior
of the system. In Paper V a Volterra series approach is used to capture the
nonlinear dynamics of the SPS, without restricting the type of nonlinearity in
the system.
The Volterra series is a model for nonlinear behavior and can be viewed as
a dynamical analogue to the Taylor series. It is a functional expansion of a
dynamic, nonlinear, time-invariant functional. The Volterra series expansion
of a continuous time-invariant system with input s(t) ∈ R and output y(t) ∈ R
is

y(t) = k0 +

∞∑
n=1

ˆ ∞
−∞
· · ·
ˆ ∞
−∞

kn(t1, t2, . . . , tn)s(t− t1) · · · s(t− tn)dt1 · · · dtn

(3.3)
where kn is the n-th order Volterra kernel which can be regarded as a higher-
order impulse response of the system.
Since in any physically realizable system the output can only depend on previ-
ous values of the input, the kernels will be zero for any negative values of the
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time variables t1, . . . , tn. The integrals may then be written over the half range
from zero to infinity. In Paper V, the SPS is modeled by a discrete system and
thus the discrete version of the Volterra series must be used. A discrete time-
invariant system with input s(k) ∈ R and output y(k) ∈ R k = 0, . . . ,K − 1,
can be approximated by the Volterra series

y(k) = y0 +

N∑
n=1

Hns(k) + e(k), (3.4)

where e(k) ∈ R is a noise term, N ∈ N is the chosen Volterra order and

Hns(k) =

∞∑
i1=0

· · ·
∞∑

in=0

hn(i1, . . . , in)s(k − i1) . . . s(k − in) (3.5)

are the Volterra functionals. The functions hn are the discrete Volterra kernels.
In system identification, an appropriate Volterra representation has to be found
by e.g. minimizing the sum of squared errors. In general, this minimization
requires the solution of a simultaneous set of series equations which in most
practical cases is difficult or even impossible to obtain. Hence, estimation of
Volterra coefficients is generally performed by estimating the coefficients of
an orthogonalized series, e.g. the Wiener series, and then recomputing the
coefficients of the original Volterra series. Even then, the number of unknown
coefficients to be estimated is immense even if the considered time window is
of moderate size and the chosen series order is low.
To avoid solving the system of series equations for a very large number of
unknown variables, Paper V presents an alternative method. The kernels are
there expanded in terms of the orthonormal Laguerre functions. The resulting
Volterra functionals can then be written as

Hns(k) =

L∑
j1=0

· · ·
L∑

jn=0

γn(j1, . . . , jn)ψj1(k) · · ·ψjn(k), (3.6)

where L is the chosen Laguerre order and the sequences {ψj(k)} are the re-
sponses of the Laguerre filters φj(k) to the input sequence {s(k)}, i.e.

ψj(k) =

∞∑
i=0

φj(i)s(k − i). (3.7)

The integrals in (3.7) can be computed exactly through a recurrence relation
given in Paper V. With these functionals, model (3.4) is refered to as a Volterra-
Laguerre model, where the unknown parameters to be estimated are the La-
guerre coefficients γn. The number of unknown Laguerre coefficients is much
lower than the number of unknown coefficients in the standard Volterra se-
ries. To simplify both simulation and identication, it is convenient to write the
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Volterra-Laguerre model in matrix form

y = [A I]

[
c
e

]
= Bβ, (3.8)

where y is a vector output measurements at time instances k = 0, . . . ,K − 1,
c is a vector with all unknown coefficients, e is a vector of noise terms, A ∈
RK×(Nc+1) is the coefficient matrix constructed from the functionals in (3.6)
and I is the identity matrix of order K.

3.2 Input design

If the SPS is viewed as a dynamical system where gaze direction or gaze velocity
is the output, the input is the position or velocity of a smoothly moving object
or target. Throughout the experiments of this thesis, the target is a white circle
moving in a black background window on a computer monitor. The color and
size of the circle is not of great significance when studying the SPS, since the
SPS responds to motion. However, the circle should be small enough so that
saccades between different parts of it are negligible, and both the size and color
must be chosen so that the circle is clearly visible.
The way the circle moves has a crucial effect on the outcome of any experiment,
no matter which method is used to evaluate the eye tracker output. For the
purposes of this study, it is important that the stimulus is designed to excite
all the relevant modes of the SPS to allow for accurate system identification.
It is not obvious how to achieve such excitation, but an attempt is made in
Paper II, where a stimulus generation method is derived to yield stimuli which
excites both the linear and nonlinear parts of the system.

3.3 Simulation

Simulation is the process of finding the response of the mathematical model
to a particular input signal. This is of interest in model evaluation where the
ability of the identified model to produce accurate output is investigated and
compared to that of other models.
Depending on the model type, simulation is carried out in different ways.

3.3.1 Grey-box model

The grey-box model in 3.1.1 is a continuous dynamical model given by the set of
differential equations (3.1). Assuming that all the parameters of the model are
known, simulation of the model for a certain input is carried out by plugging
the input function into the model expressions and solving the resulting system
of equations. Because of the high complexity of the model and the fact that
the input function is arbitrary, solving the problem analytically is not possible.
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Instead, numerical methods must be used. Here, the classical Runge-Kutta
method is used where the state at time instance n + 1, denoted by xn+1 is
given as a function of the state at time instance n, xn by

xn+1 = xn +
h

6
(k1 + 2k2 + 2k3 + k4) (3.9)

where

k1 = f(tn, xn),

k2 = f(tn +
1

2
h, xn +

h

2
k1),

k3 = f(tn +
1

2
h, xn +

h

2
k2),

k4 = f(tn + h, xn + hk3), (3.10)

f is the right-hand side of (3.1), h is the time-step length and tn = nh. Simu-
lation requires the specification of an initial state x0, which should be estimat-
edfrom data. However, the considered input signals of this work all start at
zero, the initial output of the linear block can thus also be assumed to be zero.
The simulated gaze direction or gaze velocity at time instance n are extracted
from state vector xn.

3.3.2 Wiener model

Simulation of the Wiener model in (3.2) for a given input sequence s(n), under
the assumption that the model parameters are known, is done by first using the
recurrence relation to simulate the linear block and then plugging the resulting
output sequence into the static nonlinearity. The output of the linear block,
x(n), is assumed to be zero for n ≤ 0.

3.3.3 Volterra-Laguerre model

The Volterra-Laguerre model given by (3.8) is simulated by calculating the
convolution integrals (3.7) for a given input sequence s with the help of the
recurrence relation given in Paper V, and then simply carrying out the matrix
multiplication of (3.8) with all the noise terms in e equal to zero.

3.4 Identification

In every model there are parameters whose values are unspecified. In grey-box
models, some parameters represent physical elements of the system and thus
have true values. In black-box models, the parameters have no true values.
However there exist values giving the best fit between model output and mea-
sured data. In either case, the parameter values have to be determined using
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input and output data of the SPS. The input data set is the movement of the
visual stimulus which is readily obtained from the stimulus generation method.
The output data set is the eye tracker output, i.e. the eye movements of the
test subject attempting to follow the moving target.
In order to find the parameter values which gives the best correspondence
between model output and measured data, an appropriate way to measure
model fit, a cost function, must first be established. The most widely used cost
function in system identification is perhaps the mean squared error (MSE).
This cost function is defined as

V (θ) =
1

N

N−1∑
i=0

(y(ti)− ŷ(t, θ))2 , (3.11)

where y(ti) is the measured system output at time ti, ŷ(ti) is the model output
at time ti and θ is the vector comprising the unknown model parameters.
The task of system identification is to find the vector of parameters θ which
minimizes cost function (3.11).
Depending on the identified model, the appearance of the cost function in (3.11)
will vary and different methods must be used to minimize it.

3.4.1 Grey-box model

The grey-box model given by (3.1) is nonlinear both in the states and in the
parameters, requiring the use of some nonlinear least squares method to find
the minimum of (3.11). In Paper I, the trust-region reflective Newton method
is utilized [2]. At each iteration, this method starts at a point θi and attempts
to find a nearby point θi+1 for which V is smaller. To do this, V (θ) is approx-
imated by a simpler function h(θ). Preferably, h should reflect the behavior of
V reasonably well in some neighborhood N around θi, called the trust-region.
The minimum of h is then found over N at the point θs. If V (θs) < V (θi), then
θs is chosen to be our next guess, θi+1, and the algorithm can continue to the
next iteration. If V (θs) > V (θi), the trust-region N is shrunk and the process
is repeated. The properties that define which type of trust-region reflective al-
gorithm is used are how the trust-region N is altered in each step and how h is
minimized over N . In this work, built-in functions in MathWorks MATLAB R©

are used to do these minimizations.
Because of the nonlinearity of (3.1), the cost function in (3.11) is not necessarily
convex, meaning it may have several local minima. Hence, it is not guaranteed
that the global minimum will be found. The outcome will depend on the initial
guess of the parameters.

3.4.2 Wiener model

Many ways of identifying Wiener type models exist, a list of batch methods is
provided in [3]. The Wiener model of Paper II, given by (3.2), is identified using
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[Algorithm VII] in [19], which recursively estimates the unknown parameters
of a Wiener system with a continuous piecewise-linear static nonlinearity by
using the recursive prediction error method (RPEM).

3.4.3 Volterra-Laguerre model

In Volterra-Laguere model (3.4), the model output depends linearly on the
unknown parameters and thus (3.11) will be convex and its minimum can be
found using Ordinary Least Squares (OLS). However, as the Laguerre order L
grows, the number of parameters becomes large and the variance in the esti-
mates increases. This suggests the use of a sparse estimation method, yielding
parameter vectors with only few nonzero elements at the cost of reduced model
accuracy.
The most widely used sparse estimation method is perhaps Least Absolute
Shrinkage and Selection Operator (LASSO), which uses the constraint that the
`1-norm of the parameter vector is no greater than a given value [17]. LASSO
requires the selection of a user parameter which is usually a daunting task. In
Paper V, the SParse Iterative Covariance-based Estimation (SPICE) method is
used, which does not suffer from this drawback [14]. SPICE is readily applied
to the system of equations given by (3.8).

3.5 Validation and comparison

Identification is carried out by minimizing cost function (3.11). However, the
resulting value of (3.11) is not an appropriate measure of model accuracy since
it only reflects the performance of the model on the data used for identification.
The model may perform worse on other data sets, which is often the case for
overparameterized models and cases when the system is not covered by the
assumed model structure. It is thus preferable to validate the obtained models
on data sets acquired independently of the identification data, called validation
data.
In what follows, the grey-box model in 3.1.1 will be refered to as Model 1, the
Wiener model in 3.1.2 as Model 2 and the Volterra-Laguerre model in 3.1.3 as
Model 3. The models are also compared to a linear model of the SPS obtained
by letting the output nonlinearity of Model 2 be a unit gain.
An input signal was generated with the stimulus generation method derived
in Paper II and presented to a healthy test subject and test subject diagnosed
with PD. The resulting input-output data were used to identify Models 1–3.
Then, 10 additional input-output data sets were acquired by presenting 10 new
stimuli to the two test subjects. The 10 additional sets were used to validate the
identified models by simulating them with the input signals and comparing the
obtained model output with the corresponding measured eye movement data,
using (3.11). Table 3.1 shows the average value of the residual sum of squares
(RSS), which is cost function (3.11) multiplied by N , for the 10 validation sets
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for the different models and test subjects.

Healthy PD
Model #Parameters RSS #Parameters RSS

1 2 2.21 2 10.5
2 9 6.31 9 46.8
3 3 0.66 8 3.9

Linear 4 7.82 4 51.2

Table 3.1: The number of parameters (#Parameters) and the average value of
the RSS for each model (validation data) of both test subjects.

Table 3.1 reveals some noteworthy results. First, the number of parameters
in Model 3 varies depending on the test subject, due to the sparse technique
used for model identification. For the healthy subject, the number of nonzero
parameters needed to accurately describe the system is just 3, whereas 8 are
needed for the more complex dynamics of the SPS in the PD patient. Refer to
Paper V for more discussion on this matter.
The linear model of the SPS is outperformed by all the nonlinear models. This
is to be expected since studies have shown that the system is in fact nonlinear.
The best performing model appears to be the Volterra-Laguerre model, even
though it has fewer parameters than the Wiener model and is much less complex
than the grey-box model. It is argued in Paper V that the SPS is dynamically
nonlinear and that this is the reason for the poorer performance of the Wiener
model, where a static nonlinearity is assumed.
The fact that the grey-box model is outperformed by the Volterra-Laguerre
model could mean one of two things; either the assumed controller of the grey-
box model does not agree with reality, or the estimation of the grey-box param-
eters converged at a local minimum of cost function (3.11) so that the optimal
parameters were not found. The use of Model 1 may still be preferable, since
the obtained parameter values can be assigned physical meaning, which may
be of interest in some applications.
The performance of all models is significantly worse for the PD subject. It
is discussed in Paper IV that the SPS in PD subjects is strongly nonlinear
and perhaps also time-variant, which gives the impression that eye movements
of PD patients are more random than in healthy subjects, making it much
harder to model the underlying system correctly. It should be noted that the
performance of the Volterra-Laguerre model is better in relation to the other
models in the PD subject. The general structure of this model manages to
capture some of the aforementioned nonlinearities in the SPS associated with
PD which are not present in the other two models. Nevertheless, the overall
dynamics are captured well by all three models even in PD patients and both
Paper IV and Paper V show some promising results on the matter. As an
exemplary result, the parameters of Model 2 were estimated for several data
sets from both healthy and PD subjects. Fig. 3.3 shows the outlier regions of
the estimated parameter distributions (a1 and a2 only). It can be seen that
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Figure 3.3: The outlier regions of the estimated parameter distributions for
different test subjects. Red and magenta lines are associated with PD subjects
and blue and black lines with healthy controls.

healthy parameters differ significantly from PD parameters.
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Chapter 4

Non-parametric modeling

The obtained dynamical models of Chapter 3 are used in Papers I, II and
V as means for distinguishing between individuals by their estimated model
parameters. The parameter values can be used as a biometric to characterize
the SPS and to tell one individual from another based only on eye movement.
In contrast to dynamical modeling, which can also be refered to as parametric
modeling, a non-parametric approach is presented here. The non-parametric
method is the main topic of Paper III and is aimed at finding gaze trajectories
deviating from the norm, where the norm is estimated from a select group of
individuals. For example, if the norm trajectory and its probability density is
estimated from a group of healthy individuals to establish a healthy eye tracking
profile, independently acquired data sets of eye movement can be tested against
it to look for possible deterioration of SPS function in the considered subject.

4.1 Method

Assume that Ns data sets of eye movements are recorded from a test subject
tracking the same trajectory of the visual stimulus multiple times on different
occasions. Due to the complex nature of the oculomotor system, the response
to a visual stimulus will not be the same for repeated exposures. Hence, the
Ns data sets will not be equal. For each of the Nt time instances at which
the gaze direction is sampled, there will be Ns data points, one from each
set of recorded eye movements. Since horizontal and vertical gaze direction
coordinates are logged separately, the data points will have two components.
The data points at time instance k will be seemingly random with some ex-
pected value, and can thus be seen as Ns observations of a two-dimensional
stochastic variable, X(k). Note that there will be one stochastic variable per
time instance. The distribution of X(k) for each k can be estimated from data.
The distribution of X(k) will depend on the trajectory of the visual stimulus,
but also on the individual tracking it. If the probability density function (PDF)
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of X(k) for k = 1, 2, . . . , Nt is known for an individual, i.e. if an eye tracking
profile has been established for that individual, it is possible to determine
whether a given data set is likely to come from the same subject or not. For
each of theNt time instances, a hypothesis test with the null hypothesis that the
data are indeed observations of X(k) can be carried out. If the number of time
instances, in which the deviation of the data from the considered distribution is
high, the data set is deemed to not be from the considered eye tracking profile.
The approach generalizes in a straightforward manner to the case of a group of
test subjects sharing a property, such as healthy persons or persons of a certain
age.
In practice, the distributions of X(k), k = 1, 2, . . . , Nt, are not known, but can
be estimated from data. The simplest way is to use the histogram. However,
since the data are two-dimensional, a large number of data points is needed to
achieve sufficiently small bin widths for reliable statistical testing. To acquire
a large number of data points, a test subject would have to track the same
visual stimulus a large number of times, which would be time-consuming and
tedious. Therefore, other techniques of PDF estimation is used, as presented
in 2.5.

4.2 Some results

Three stimuli were generated with the stimulus generation method of Paper II
and presented three times each to three healthy test subjects (H1, H2 and H3)
and three PD subjects (P1, P2 and P3). A fourth healthy subject (H4) was
shown the three stimuli 15 times each. Trajectory distributions were established
for H4 for each of the three stimuli to yield three eye tracking profiles against
which the gaze trajectories of the six other subjects were tested. Both OSA
and KDE were used to estimate the PDF at each time instance. The user
parameters of each method were chosen through experiment to give the best
results.
A heat map over the estimated trajectory distribution of H4 tracking a short
segment of a stimulus overlaid by the gaze trajectory of P1 is shown in Fig. 4.1.
It is apparent that the trajectory of P1 deviates from the mean trajectory of
H4 at several time instants.
Tab. 4.1 shows the number of outliers in every set of the six subjects at the
0.01% significance level (i.e. with α = 0.01 in 2.8) when testing against the
profiles established from H4 using OSA. Tab. 4.2 shows the results obtained
when using KDE for PDF estimation.
The results of Tab. 4.1 and Tab. 4.2 demonstrate that the gaze trajectories
of the healthy subjects deviate less from the trajectories of H4 than do those
of subjects diagnosed with PD. This implies that the SPS function differes
between PD subjects and healthy subjects. The results also suggest that for
this particular application, the OSA method of PDF estimation is preferable
as it shows better separation of gaze trajectories of different individuals.
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Figure 4.1: Heat map of the OSA estimates of the PDFs of H4 tracking a
short segment of a stimulus. Red indicates high values. The blue line shows a
trajectory of P1 attempting to track the same stimulus.

Subject Set
1
(%)

Set
2
(%)

Set
3
(%)

P1 51.8 64.9 72.2

P2 32.8 42.8 41.5

P3 64.1 67.9 70.0

H1 9.2 9.1 11.7

H2 9.6 7.5 7.7

H3 15.1 14.6 14.1

Table 4.1: The number of outliers at the 0.01% significance level in the data sets
of three PD subjects (P1, P2, P3) and the sets of three healthy subjects (H1,
H2, H3) when comparing to the OSA estimates of the trajectory distribution
a fourth healthy subject (H4). The numbers are given as percent of the total
number of samples in the data set.
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Subject Set
1
(%)

Set
2
(%)

Set
3
(%)

P1 42.2 50.9 51.1

P2 27.1 29.1 29.0

P3 50.0 49.2 52.7

H1 4.5 3.1 5.5

H2 7.5 6.1 6.2

H3 12.9 13.1 11.5

Table 4.2: The number of outliers at the 0.01% significance level in the data sets
of three PD subjects (P1, P2, P3) and the sets of three healthy subjects (H1,
H2, H3) when comparing to the KDE estimates of the trajectory distribution
a fourth healthy subject (H4). The numbers are given as percent of the total
number of samples in the data set.
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Chapter 5

Concluding remarks

The main topic of this licentiate thesis is the modeling and identification of
the SPS. It has been found that even though complex grey-box models provide
physically meaningful parameter values and yield accurate simulation results,
more light-weight black-box models are preferable for SPS characterization in
different individuals. It has also been found that the properties of the visual
input has great effect on the SPS identification results and that much better
results can be achieved if care is put into stimuli design. With proper input
signals, effects of age on the SPS were detectable. Furthermore, the results of
this thesis show that the SPS is affected PD, and that, using properly designed
visual input, aging effects are distinguishable from the effects of PD.
Finally, it is established that the SPS is nonlinear and that even though a
static nonlinearty approximates the SPS behaviour well, the system is actually
dynamically nonlinear. Moreover, the results indicate that the effects of PD on
the SPS are concentrated to the nonlinear dynamics of the system, being more
apparent in PD subjects.

28



Bibliography

[1] A. K. Churchland and S. G. Lisberger. Gain Control in Human Smooth-
Pursuit Eye Movements. Journal of Neurophysiology, Vol. 87, pp. 2936-
2945, 2002.

[2] J. E., Jr. Dennis, Nonlinear least-squares State of the Art in Numerical
Analysis ed. D. Jacobs, Academic Press, pp 269-312, 1977

[3] A. Hagenblad Aspects of the Identification of Wiener Models Thesis No.
793, Linkping University, Sweden, 1999.

[4] E. R. Kandel, J. H. Schwartz, and T. M. Jessell, Principles of Neural Science
McGraw Hill, New York, 2000 ch 43.

[5] N. Kathmann, A. Hochrein, R. Uwer, B. Bondy. Deficits in Gain of Smooth
Pursuit Eye Movements in Schizophrenia and Affective Disorder Patients
and Their Unaffected Relatives. American Jouran of Psychiatry, Vol. 160,
pp. 696-702, 2003.

[6] S. Marino, E. Sessam, G. Di Lorenzo, P. Lanzafame, G. Scullica, A. Bra-
manti, F. La Rosa, G. Iannizzotto, P. Bramanti, P. Di Bella Quantitative
Analysis of Pursuit Ocular Movements in Parkinson’s Disease by Using a
Video-Based Eye Tracking System. European Neurology, 58:193–197, 2007.

[7] C. H. Meyer, A. G. Lasker and D. A. Robinson. The upper limit of human
smooth pursuit velocity. Vision Res, Vol. 25, pp. 561563, 1985

[8] T. Nakamura, R. Kanayama, R. Sano, M. Ohki, Y. Kimura, M. Aoyagi, Y.
Koike Quantitative Analysis of Ocular Movements in Parkinson’s Disease
Acta Oto-Iaryngologica, Vol. 111, pp. 559–562, 1991

[9] W. T. Newsome, R. H. Wurtz, M. R. Drsteler, A. Mikami. Deficits in visual
motion processing following ibotenic acid lesions of the middle temporal
visual area of macaque monkey Journal of Neuroscience, Vol. 5, pp. 825-
840, 1985

[10] C. Ramaker, J. Marinus, A.M. Stiggelbout, B.J van Hilten Systematic
evaluation of rating scales for impairment and disability in Parkinson’s dis-
ease Movement disorders, Vol. 17, pp. 867–876, 2002

29



[11] C. Rashbass. The relationship between saccadic and smooth tracking eye
movements. Journal of Physiology, Vol. 159, pp. 326-338, 1961

[12] S. C. Schwartz Estimation of probability density by an orthogonal series
The Annals of Mathematical Statistics, 38:1261–1265, 1967

[13] B. W. Silverman Density Estimation for Statistics and Data Analysis
London: Chapman & Hall/CRC, ISBN 0-412-24620-1, 1998

[14] P. Stoica, P. Babu SPICE and LIKES: Two hyperparameter-free methods
for sparse-parameter estimation Signal Processing, 92:1580–1590, 2012

[15] M. Tarter, R. Kronmal On multivariate density estimates based on or-
thogonal expansions The Annals of Mathematical Statistics, 41:718–722,
1970

[16] J. R. Thompson, P. R. A. Tapia Non-parametric function estimation,
Modeling & Simulation Misc. Bks. Society for Industrial and Applied math-
ematics, SIAM, 3600 Market Street, Floor 6, Philadelphia PA 19104, 1990

[17] R. Tibshirani Regression shrinkage and selection via the lasso Royal.
Statistics Society B, 58:267–288, 1996

[18] O.B. White, J. A. Saint-Cyr, R. D. Tomlinson, J. A. Sharpe Ocular motor
deficits in Parkinson’s Disease, II. Control of the saccadic and smoothp
ursuit systems Oxford Journals of Medicine, Brain, Vol. 106, pp. 571–587,
1983

[19] T. Wigren Recursive identification based on the nonlienar Wiener model
Ph.D. thesis, Acta Universitatis Upsaliensis, Uppsala Dissertations from
the Faculty of Science 31, Uppsala University, Uppsala, Sweden, 1990

30



Paper I





Mathematical modeling and grey-box

identification of the human smooth

pursuit mechanism

Daniel Jansson, Alexander Medvedev, Peter Stoica
Department of Information Technology, Uppsala University

Uppsala, Sweden
E-mail: daniel.jansson@it.uu.se, am@it.uu.se

ps@it.uu.se

Hans W. Axelson
Uppsala University Hospital

Neurology
SE-751 85 Uppsala, Sweden

E-mail: hans.axelson@akademiska.se

January 8, 2014

Abstract

A mathematical model of the human eye smooth pursuit mechanism
was constructed by combining a fourth order nonlinear biomechanical
model of the eye plant with a dynamic gain controller model. The
biomechanical model was derived based on knowledge of the anatomi-
cal properties and characteristics of the extraocular motor system. The
controller model structure was chosen empirically to agree with experi-
mental data. With the parameters of the eye plant obtained from the
literature, the controller parameters were estimated through grey-box
identification. Randomly generated and smoothly moving visual stimuli
projected on a computer monitor were used as input data while the out-
put data were the resulting eye movements of test subjects tracking the
stimuli. The model was evaluated in terms of accuracy in reproducing
eye movements registered over time periods longer than 10 seconds, fre-
quency characteristics and angular velocity step responses. It was found
to perform better than earlier models for the extended time data sets
used in this study.
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1 Introduction

The extraocular system has been studied for hundreds of years, starting with
Descartes in 1630, and several mathematical models have been proposed. Apart
from being mathematical curiosities, the models have also helped to achieve a
better understanding of the underlying system. The next step is to find practi-
cal use for the models. They may, for example, have numerous applications in
medicine. They could be valuable tools for quantification of medical conditions
such as schizophrenia [17], Huntington’s chorea [1] and Parkinson’s disease [6],
where extraocular muscle impairment is a common symptom. Modern eye
tracking techniques have significantly simplified estimation and validation of
eye models.

1.1 Ocular movements

There are two primary ways in which humans can shift gaze during tracking:
saccades and smooth pursuit [5]. Saccades are rapid movements with the pur-
pose of centering an object on the fovea. During a saccade, the eye can reach
angular velocities of up to about 600◦/s [9]. Smooth pursuit movements are
slower movements meant to maintain the object in the visual field. A healthy
human can pursue targets moving at angular velocities of up to 80 - 100 ◦/s [10].
The steady-state angular velocity gain, i.e the ratio between the eye velocity
and the stimuli velocity, of the smooth pursuit system is called the pursuit gain
and is known to be about 0.9 in healthy subjects [8].

1.2 Biomechanical modeling

Over the years, several studies were undertaken to model the human eye, both
biomechanically and neurologically. Robinson [15] was among the first to de-
velop a nonlinear biomechanical model of the eye plant. His work was then
continued by Cook, Clark and Stark [3,4] who led the way for McSpadden [11].
McSpadden’s model was the first to take the nonlinear force-length and force-
velocity relationships, as derived by Hill [7], into consideration.
Biomechanical models attempt to describe the dynamics of the eye plant and
how it reacts to neural stimulation. The eye is usually modeled as a solid
sphere whose rotational movements are affected by a combination of springs,
dash pots and force sources. The values of the parameters of the resulting
differential equations are then either derived from physical laws, or obtained
from experiment.

1.3 Controller modeling

In order to describe how the eye responds to stimuli, the biomechanical model
must be augmented with a feedback controller model simulating the interaction
of the brain with the extraocular system. Research suggests that different
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controllers govern different types of eye movements, [18]. In this study, a model
of the smooth pursuit mechanism is sought. The smooth pursuit controller is
seen as an angular velocity servo which minimizes the angular velocity error
[14]. Any stationary error in angular position will be left uncorrected by this
mechanism.
Robinson [16] derived a controller based on observations from experiment and
had to include several components and feedback loops to accurately match the
velocity step responses of the human eye. Young et al. [18] adopted a sampled
data model of the extraocular system in which they used a simple integrator for
the smooth pursuit controller. In 2008, Nuding et al. [13] proposed a smooth
pursuit controller with a dynamic gain as suggested by Churchland and Lis-
berger [2]. The dynamic gain introduced a nonlinearity to the controller, but
the biomechanical model of the eye plant was left linear. The dynamics of
the eye plant has less influence on the dynamics of the entire system when a
feedback controller is added. However, better results may be achievable with
the use of a more accurate and nonlinear biomechanical model.
The paper is composed as follows: In Section 2 a mathematical model of the
extraocular system is derived based on prominent earlier models. The experi-
mental setup and identification method is then outlined in Section 3. This is
followed by experiment descriptions and validation results in Section 4, where
the model performance is also evaluated and compared to the results of previous
research. Finally, the results and methods are discussed in Section 5.

2 Mathematical model

A mathematical model of the smooth pursuit system, relating gaze direction
of the eye to dynamical visual stimuli, is considered. The model must include
both a biomechanical part, describing the dynamics of the actual eye plant,
and a controller part, describing how the brain interacts with the eye via the
neural pathways.

2.1 Biomechanical model of the eye plant

A modified and corrected version of the biomechanical model originally derived
by McSpadden [11] is given by (1)–(13). Assuming the state-space vector

~x = (y ẏ Ft1 Ft2)T , (1)

where y is the eye position angle relative to the reference normal, ẏ is the
angular velocity and Ft1 and Ft2 are the lateral rectus and medial rectus tendon
forces respectively, the model equations are given by

~̇x = f (~x) , (2)
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The right side of (2) is given by

f (~x) =



x2
1

Jg
(x3 − x4 −Bgx2 −Kgx1)

Kt(x3)
(
−x2 − 180

πr l̇m1

)
Kt(x4)

(
x2 − 180

πr l̇m2

)


, (3)

where the rates of change of the length of the lateral rectus and medial rectus
muscles respectively are

l̇m1 =


Vmax

[
x3 − Fpe (lm1

)

a1FmaxFl (lm1
)
− 1

]3
a1 ≥ c

−Kt (x3)x2

f (lm1
) + 180

πr Kt (x3)
a1 < c

, (4)

l̇m2
=


Vmax

[
x4 − Fpe (lm2

)

a2FmaxFl (lm2)
− 1

]3
a2 ≥ c

Kt (x4)x2

f (lm2
) + 180

πr Kt (x4)
a2 < c

, (5)

for some c > 0 and

f (lm) =


180kml

πr ekme( 180
πr )(lm−lms) lms ≤ lm ≤ lmc

180kpm

πr lm ≥ lmc

0 otherwise

. (6)

The force-length relationship is given by

Fl (lm) = 1−

(
lm
lopt
− 1

w

)2

, (7)

and the tendon elasticity is

Kt (Ft) =

 kteFt + ktl Ft < Ftc

ks Ft ≥ Ftc

. (8)

The passive elasticity in the muscles produces a force

Fpe (lm) =


kml

kme

[
ekme( 180

πr )(lm−lms) − 1
]

lms ≤ lm < lmc

180
πr kpm (lm − lmc) + Fmc lm > lmc

0 otherwise

(9)
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where the muscle lengths are

lm1
= lmp −

πr

180
x1 − lt1 , (10)

lm2
= lmp +

πr

180
x1 − lt2 , (11)

and the length of the tendons are

lt1 =
πr

180

1

ktl
x3 + lts, (12)

lt2 =
πr

180

1

ktl
x4 + lts. (13)

Equations (11) and (13) are linearized versions of McSpadden’s equations. Mc-
Spadden concluded that if the mass of the extraocular muscles is neglected,
the model equations can be made much less complex while keeping the model
behavior intact. This simplification is implemented in the present version of
the model. The downside of this reduction is the need to divide (4) and (5)
into piecewise functions in order for the model to still be defined for zero values
of the muscle activation levels, a1 and a2. This necessitates the introduction
of the arbitrary non-physical threshold c. The unexplained parameters in the
model equations are native parameters to the eye and their values are given by
McSpadden in his report [11].

2.2 Controller model

Churchland et al. [2] assessed that the smooth pursuit mechanism is most
sensitive to perturbations at high velocities which led Nuding et al. [13] to
include a dynamic gain

G = Mk|ẏ(t)|+Mm, (14)

in their controller. The controller model used herein is a gain, linearly depen-
dent on the modulus of the angular velocity followed by an integrating element.
The parameters of the gain, Mk and Mm, will be called the velocity coefficient
and the base gain, respectively. Placing the integrator before the gain produced
similar system dynamics and results.

2.3 Complete model

The second state variable in (1) is the angular velocity of the eye. By subtract-
ing this output velocity from the angular velocity of the moving target, ṡ(t),
an error signal, e(t), is generated. The error signal is fed to the controller to
complete the closed-loop system. Research has shown that direction-selective,
motion-sensitive cells in the primary visual cortex estimate target angular ve-
locity during smooth pursuit [12], and we thus let the reference signal be the
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Mk|ẏ|+Mm

ṡ(t) n(t)e(t) ẏ(t)
1
s

Nonlinear
eye plant

Figure 1: The complete model where ṡ(t) is the angular velocity of the stimulus,
ẏ(t) is the angular velocity of the eye, e(t) is the angular velocity error and n(t)
is the control signal to the eye plant. Mk is the velocity coefficient and Mm

is the base gain of the controller. The differential equation for n(t) is thus
ṅ(t) = (Mk|ẏ|+Mm)e(t).

angular velocity of the stimulus. Fig. 1 shows a block diagram of the complete
model of the smooth pursuit system. A fifth state variable, x5, representing
the control signal, n(t), to the eye plant has to be introduced into the state
vector of (1). The differential equation for this state variable is then added to
the system of equations in (2) giving

~̇x =



x2

1
Jg

(x3 − x4 −Bgx2 −Kgx1)

Kt1

(
−x2 − 180

πr l̇m1

)
Kt2

(
x2 − 180

πr l̇m2

)
(Mk|x2|+Mm)(ṡ− x2)


. (15)

The activation levels of the muscles, a1 and a2, seen in (4) and (5), are then
made dependent on x5 according to

a1 =

 x5 x5 ≥ 0

0 x5 < 0
, (16)

a2 =

 0 x5 ≥ 0

|x5| x5 < 0
. (17)

These activation levels govern the rotation of the eye, so making them de-
pend on the control signal closes the feedback loop and completes the model.
Equations (16) and (17) introduce yet another nonlineary to the system.

6



3 Identification

3.1 Data acquisition

To estimate the unknown parameters of the model, input data and correspond-
ing output data of the system are required. The model relates gaze direction to
dynamical visual stimuli. The visual stimulus used in this study was a moving
dot projected on a computer monitor. The horizontal and vertical movements
of the dot were programmed to be smooth, but random. Test subjects were
asked to look at the moving dot and the resulting eye movements were regis-
tered. The experimental setup consisted of a laptop computer with an external
20” monitor and an EOG (electrooculogram) eye tracking device, both located
at the Uppsala University Hospital, Sweden. Measured signals were logged at
a sampling frequency of 62.5 Hz. The acquired data was low-pass filtered to
minimize undesired noise.

3.2 Identification method

The model was implemented as a nonlinear grey-box object in the System
Identification Toolbox of MATLAB R© using the idnlgrey-function. The pem-
function, which applies the prediction-error minimization method, was then
used to carry out the identification of the unknown parameters. Given input
and output data of the system, the function finds the parameter set which
minimizes the cost function

V (Mk,Mm) =
1

N

N−1∑
i=0

(y(ti)− ŷ(ti,Mk,Mm, Ip))
2 , (18)

where y is the measured system output, ŷ is the model output, Mk and Mm

are the unknown model parameters, Ip is the initial value for the position and
t is time. The minimization is done using the trust-region reflective Newton
algorithm. The initial values of all other states were set to zero. Experiments
showed that the latter was the only initial condition that significantly affected
the identification results and model behavior.

4 Experiments with simulated and experimen-
tal data

4.1 Eye tracking and data

The data acquired from the contact sensor-based eye tracker were not given
any unit or physical magnitude. The correct angles of the visual stimuli were
calculated using the knowledge of the monitor size and the distance of the
test subject to it, but assessing the actual angles of the output data from the
eye tracker was not as easy. Calibration sequences had to be run in order
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Figure 2: Identification data (eye movements of test subject 1) and model
output. Mk = 0.0038 and Mm = 0.1874. V (Mk,Mm) = 4.01 (18).
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Figure 3: Validation data (eye movements of test subject 1) and model output
of the model estimated from the eye movement data in figure 2. Mk = 0.0038
and Mm = 0.1874. V (Mk,Mm) = 3.98 (18).

to relate the output data to the input data. During the calibration, the dot
was sequentially positioned in all four corners of the monitor for acquisition
of reference points. Unfortunately, these calibration sequences gave no simple
mapping between output and input data. This was due to direct current drifts
in the system, tilted head, non centralized gaze and asymmetrically placed
contact sensors, which all resulted in distortions of the recorded data. Data
normalization would require application of nonlinear transforms to account for
perspective and rotational distortions. In lack of information needed to define
such transforms, the output data was scaled and detrended to attain the best
possible fit to the calibration sequence. Using eye tracking techniques more
suitable for smooth pursuit, such as video-based eye tracking, would solve these
problems and probably lead to better results.

4.2 Validation

Eye movements were recorded from two different test subjects. The eye move-
ments of Fig. 2 and Fig. 3 pertain to Test Subject 1 and those of Fig. 4 and
Fig. 5 pertain to Test Subject 2. Simulations of the model were carried out
using built-in differential equation solvers in MathWorks MATLAB R©. Fig. 2
shows the identification data (the horizontal eye movements of a test subject)
together with the corresponding model output. By inspection, the model seems
to perform accurately and the overall dynamics of the system are captured to
a great extent. Fig. 3 shows the model output together with validation data,
i.e. eye movement data that were not used to estimate the model parameters.
As can be seen, the model performance is satisfactory also on validation data.
Fig. 4 shows the identification data used to obtain a different parameter set
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Figure 4: Estimation data (eye movements of test subject 2) and model output.
Mk = 0.0041 and Mm = 0.1164. V (Mk,Mm) = 11.56 (18).
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Figure 5: Validation data (eye movements of test subject 2) and model output
of the model estimated from the eye movement data in Fig. 4. Mk = 0.0041
and Mm = 0.1164. V (Mk,Mm) = 13.55 (18).

together with the corresponding model output. The model does not perform as
well for the data in Fig. 4 as it does for that in Fig. 2. The parameter sets are
different, mainly because the recorded eye movements are from two different
test subjects. Fig. 5 shows the model of Fig. 4 validated on a different data
set. The model seems to perform equally well for the validation data as it did
for its own identification data, yet with some overshoots.
Up to this point, the two parameters Mm and Mk of the controller in Fig. 1
have been estimated for every data set. Model parsimony is always strived
for and it is therefore desirable to reduce the number of unknown parameters.
Estimates of the gain Mm generally take on greater values than those of Mk.
This could imply that Mm has greater influence on the model dynamics than
Mk. To verify this, Mm was estimated for the data of Fig. 2 with Mk set to
zero. The results are shown in Fig. 6. The cost function (18) evaluated for
the data set in Fig. 6 is only slightly larger than that of Fig. 2 indicating
that Mk improves the model performance, but perhaps not significantly.
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Figure 6: Estimation data (eye movements) and model output with no dynam-
ical gain (Mk = 0). Mm = 0.2270. V (Mk,Mm) = 4.37 (18).
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4.3 Frequency characteristics

It is difficult to study the frequency characteristics of the models presented
above. Not only because they are nonlinear, but also because the nature
of their nonlinearity is such that the gain will scale with the amplitude of
the input signal. This is because the maximum velocity of the eye at a cer-
tain frequency depends on the amplitude of the motion, and the gain of the
controller is velocity dependent as seen in (14). Hence, there is no unique
frequency response curve for any of the models. However, it is instructive to
study approximate frequency response curves for fixed input signal amplitudes.
Generally, for nonlinear models, approximate frequency characteristics can be
obtained by methodically exciting the model with sinusoids of fixed ampli-
tude, but with different frequencies. The amplitudes and phases of the main
frequency components of the corresponding outputs are then registered and
a non-rigorous frequency response can be constructed. In Fig. 7, approximate
frequency charachteristics of the models with input signals of amplitude 10◦ are
shown. All three models exhibit approximately constant gain and phase lag for
frequencies lower than 1 Hz. This suggests that the smooth pursuit system is
more accurate at frequencies up to about 1 Hz for these amplitudes. At very
high frequencies, the velocity saturation introduced by the biomechanical eye
plant will be dominant and so the gain will rapidly decrease. The amplitudes
of the input signals were 10◦ so 1 Hz corresponds to an average angular ve-
locity of 40◦/s. In Fig. 8, approximate frequency characteristics of the models
with input signals of amplitude 1◦ are shown. The range over which the gains
are constant is now wider and the phase lags are smaller. This is natural be-
cause velocities are lower at such small amplitudes and thus higher frequencies
are required for the velocity saturation to be effective. Linear models can not
capture this behavior.

4.4 Angular velocity step responses

The responses to a 10◦/s horizontal angular velocity step of the three models
are shown in Fig. 9. The initial controller gain of the third model will be
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Figure 7: Approximate frequency charachteristics of the models using input
amplitudes of 10◦.
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Figure 8: Approximate frequency charachteristics of the models using input
amplitudes of 1◦.

greater than those of the other two since the base gain, Mm, is greater. This
causes the activation level a1 in the third model to exceed the value of c sooner,
resulting in an earlier onset of ocular motion according to (4). This is just a
side effect of the division of the expressions for l̇m1 and l̇m2 in (4) and (5) into
piecewise-defined functions, and is not a physical property McSpadden strived
to achieve. Thus, the delay should not be considered to be the reaction time of
the test subjects. The pursuit gain is seen in Fig. 9 to be about 0.8 - 0.9 for all
three models. These are normal values for healthy individuals [8]. The overall
appearance of the responses agrees with the results of earlier research [13,16].

5 Conclusions and discussion

5.1 The model structure

Constructing a model of the human smooth pursuit mechanism by combining
a nonlinear biomechanical model with a dynamic gain controller gave favorable
results in comparison to earlier research. Replacing the dynamic gain with a
static gain introduced a slight model simplification, but degraded the quality
of the model.
Using a physically motivated biomechanical model together with a separate
controller in a feedback-loop is an advantageous approach compared to using
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Figure 9: Angular velocity step responses of the three models for a 10◦/s
angular velocity step.
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black-box type models. For the former alternative, it is possible to assign
physical meaning to the identified parameters. This is not the case for black-box
models where the parameter values give little information about the modeled
system.
There are some inexplicable deviations from the stimulus in the registered eye
movements which are impossible for the model to reproduce. These deviations
are probably best explained by the fact that a human is not a simple dynamical
system. The intelligent nature of the brain will try to predict the movements
of the stimulus and when the movements are random, such predictions will fail.
Glitches in the attempted tracking are therefore common. These, and several
other factors, are summarized as noise, simply because they are unpredictable
and difficult, if not impossible, to model. Therefore, if the eye movements of
the test subject deviate significantly from the visual stimulus, and do so in
many consecutive experiments, the estimated model will be of bad quality. It
will not give a good representation of the subject’s tracking system. There
are many other ways to design the controller model, some of which may give
better results than what were achieved in this study. Nevertheless, no model
can predict the unpredictable.
The extraocular system is inherently nonlinear, but it is plausible to assume
that it behaves linearly for small angles. Some of the complexities in the
model may thus be superfluous and certain linearizations could allow for further
simplification. Ideally, the model behavior should approach that of a linear
black-box model as more of the model equations are linearized. This would
imply that this model is an enhanced version of available linear models.

5.2 Comparison with earlier research

Nuding et al. [13] adopted a dynamic gain controller, but used a first-order
linear model for the eye plant. Fig. 10 shows the output of the model in [13] on
the same input data as was used in Fig. 2. The eye plant model fails to provide
proper movement restriction at larger gaze angles resulting in both position
and velocity overshoots. When the model of Nuding et al. was estimated
and validated on the data of Fig. 4, the value of the cost function in (18) was
17.21 which is significantly larger than 11.56 which was the result of the model
derived herein. In fact, Fig. 11 tells us that the output of the model of Nuding
et al. is essentially a replica of the stimulus, and that their model show little
or no signs of adaption to the eye movements. This proved to be true for all
other data sets as well. Nuding et al. derived their model to accurately predict
velocity step responses and have not considered extended pursuit sessions.

5.3 Horizontal and vertical movements

In this study, no effort was made to combine the information of the recorded
horizontal movements and vertical movements to gain additional knowledge of
the tracking abilities of a subject. Studying vertical and horizontal movements
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Figure 10: Identification data (eye movements) and model output from the
model by Nuding et al. [13]. Value of the cost function in (18): 6.66.
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Figure 11: Output of the model given by Nuding et al. [13] together with the
input signal.

separately is essentially excluding half of the provided information. Methods
need to be derived to effectively consider vertical and horizontal movements si-
multaneously to reveal properties that apply to the entire ocular system and not
just components of it. Considering the eye movements as complex-valued quan-
tities and thereby turning the entire extraocular system into a SISO (single-
input-single-output) system may be a way to approach this.
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Abstract

The dynamical properties of the human smooth pursuit system (SPS)
are studied. Linear black-box and nonlinear Wiener models of the SPS
are identified from eye-tracking data in view of their potential appli-
cations in diagnosing and staging various clinical conditions. A novel
approach to visual stimuli design is suggested and evaluated. Accurate
estimation of the linear dynamics requires sufficient input frequency ex-
citation, while the identification of the nonlinear part is dependent upon
the signal amplitude distribution. Both aspects of input design are taken
into account. Visual stimuli generated using the presented method are
shown to yield favorable identification results compared to existing stim-
uli design techniques in terms of reduced variance of parameter estimates
and smaller spread of the parameter clouds pertaining to different indi-
viduals. The nonlinear Wiener models of the SPS appear to outperform
the linear ones provided the visual stimuli are properly designed.

1 Introduction

The human smooth pursuit system (SPS) is a complex neuromuscular system of
the human body that governs the smooth eye movements used to keep a moving
target within the visual field. Various clinical conditions such as Huntington’s
Chorea [1], Parkinson’s Disease [5] and Schizophrenia [10] are known to impair
the system and a good understanding of it may thus be helpful in diagnosing
or even staging such conditions.

∗This study is in part financed’s by Advanced Grant 247035 from European Research
Council entitled ”Systems and Signals Tools for Estimation and Analysis of Mathematical
Models in Endocrinology and Neurology”.
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Most studies on the SPS so far have been medical in nature, and few have
attempted a systems theory approach. However, it has been shown that math-
ematically modeling the system and using experimental data to estimate its
unknown parameters gives promising results in characterizing the SPS in dif-
ferent individuals [7], [8]. A first step towards producing an in-practice useful
technology, is the development of a mathematical model of the SPS and a
method that yields low variance and consistent estimates of the model parame-
ters. In this paper, both a linear black-box model and a nonlinear Wiener-type
model of the SPS are considered. Furthermore, a new way of designing visual
stimuli by specifying the excitation properties in the frequency domain and
enforcing optimization constraints to shape the signal amplitude distribution
is suggested and the resulting signals are shown to improve the identification
results.
The paper is composed as follows: In Section 2, the SPS models under con-
sideration are introduced. The excitation necessary for model identification is
then discussed and a method of generating suitable input signals is provided
in Section 3. Section 4 describes how the input signals are generated and im-
plemented as visual stimuli. In Section 5, the experimental setup is described
and the experiments conducted are explained. The results of the experiments
are then presented in Section 6 followed by a discussion in Section 7.

2 Modeling

The initial structure to model the SPS in this study is a linear time-invariant
ARX model given by

(1 + a1q
−1 + a2q

−2 + a3q
−3)x(n) = bq−4s(n) + e(n), (1)

where x(n) is the output at time nTs, s(n) is the input at time nTs, e(n) is
zero-mean white Gaussian noise with variance σ2, θ = [a1, a2, a3, b]

T is the
parameter vector of the model, q is the forward time shift operator, and Ts is
the sampling time. It is assumed that the SPS is described by two independent
single-input-single-output (SISO) models in parallel, one for horizontal and
one for vertical movements of the eye. This ARX model structure was chosen
since it through repeated experiments was determined to produce the best
identification results out of all considered linear models. The model order was
chosen using the minimum description length (MDL) method [9].
The simple linear model (1) captures the overall dynamics of the SPS well
enough to be used in some applications [8], but for other applications, a higher
modeling accuracy is needed. A sixth-order nonlinear model derived from the
physical properties of the external oculomotor system is presented in [7]. Al-
though such a model gives insight into the physical nature of the SPS, esti-
mating its parameters is difficult due to a multitude of local minima in the
resulting loss function. The most apparent flaw of the linear models used to
model the SPS is their inability to accurately predict the output amplitudes [7].
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One way to alleviate this problem is to augment model (1) with a static out-
put nonlinearity, f(x), yielding a Wiener-type model. In this paper, f was
for simplicity chosen to be a continuous piecewise-linear function defined on
x ∈ [−∞,∞] and specified by its values at the grid points xj , where {xj}Kj=1

is a uniform grid on the symmetric interval

I = [−λ, λ]. (2)

The lines in the first and last subintervals are extrapolated to x = ±∞. The
number of unknown parameters in the static nonlinearity is thus K − 1, the
same as the number of subintervals, since this assumes that zero input gives
zero output, so that the center grid point will always be at the origin. The
resulting nonlinear model of the SPS is given by{

(1 + a1q
−1 + a2q

−2 + a3q
−3)x(n) = q−4s(n) + e(n),

y(n) = f(x(n))
(3)

The parameter b has been set to 1 in this model to remove ambiguities in the
gain estimation. Note that no attempt is made herein to assign any physical
meaning to the nonlinearity.
Identification of the model parameters of (1), in the absence of the nonlinearity
f , was carried out by solving the standard linear least-squares problem, i.e. by
minimizing the square sum of the residuals between the model output and the
measured output data. When the full nonlinear model (3) was used, the param-
eters of the model were estimated using a MATLAB toolbox for identification
of Wiener systems [13].

3 Input design

The models in (1) and (3) attempt to capture the dynamics of the SPS. The
model parameter values are individual and may depend on e.g. age, gender
and clinical conditions. The properties of the model input have great influence
on the resulting parameter estimates and hence effort should be put into de-
signing appropriate input signals. In this study, the input is dynamical visual
stimuli in form of a white moving circle on a computer monitor. Horizontal
and vertical components are studied separately, and an input signal is thus a
one-dimensional function of time constituting the horizontal or vertical move-
ments of the stimulus. The movement of the circle must be smooth and rich
enough to provide excitation for consistent parameter estimation. Two impor-
tant measures are taken to achieve this:

• For the linear dynamics, the spectrum of the input must be designed so
that it excites all the important frequency modes of the system. High
frequencies must be suppressed to avoid additional nonlinear phenomena
not described by models (1) and (3). If the stimuli are too rapid, the
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smooth pursuit mechanism will transfer control to other mechanisms, e.g
saccades [2].

• The static nonlinearity determines how different input values are scaled
and can only be accurately estimated if the input signal possesses suffi-
ciently many values in the range of interest (I in (2)). By introducing
a peak-to-average power ratio (PAR) constraint, the signal distribution
over its dynamic range is brought closer to uniform and previously under-
represented amplitudes become more frequent.

Since estimation of the linear and the nonlinear part can not be done separately,
the designed input signal must have both of the properties mentioned above.
Let s(t) be the sought continuous input signal over the time interval [0, Tp].
Discretisize the interval in N steps by 0 = t0 < t1 < . . . < tN−1 < Tp.
The discrete version of the signal is then sn = s(tn), n = 0 . . . N − 1. Let
s = [s0 s1 . . . sN−1]T be the signal written in a vector form. Assume that
there is some desired power spectral density (PSD) d = [d0 d1 . . . dNf−1]T

that the spectrum of s has to be as close to as possible in the least-squares
sense. It is also desired for s to have a maximum allowed PAR. If the vector
2-norm of s, denoted by ‖ · ‖, is constrained to be equal to

√
N , the PAR can

be written as

PAR(s) =
maxn |sn|2

1
N

∑N
n=1 |sn|2

= max
n
|sn|2. (4)

Since ‖s‖2 = N , the upper bound for the PAR is N . The following optimization
problem can be formulated to obtain an s with the two properties mentioned
above:

min
s

=

N−1∑
p=0

||zp| −
√
dp|2

s.t ‖s‖2 = N

PAR(s) ≤ ρ
(5)

where ρ is some maximum allowable PAR and z = [z0 z1 . . . zN−1]T is the
Fourier domain representation of s which can also be written as z = FHs where
·H denotes the conjugate transpose operator. FH is the Fourier matrix given
by

FH =
1√
N



1 1 . . . 1

1 ω . . . ωN−1

1 ω2 . . . ω2(N−1)

...
...

...
...

1 ωN−1 . . . ω(N−1)(N−1)


N×N

(6)
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with ω = e−2πi/N . The minimization problem (5) is equivalent to

min
s,ϕ

N−1∑
p=0

|zp − dpeiϕp |2

s.t ‖s‖2 = N

PAR(s) ≤ ρ
(7)

where ϕ = [ϕ0 ϕ1 . . . ϕN−1]T is a vector of auxiliary variables and ϕn ∈
[−π, π], as proven in [11]. Rewriting the problem in a more convenient vector
form yields

min
s,ϕ

f = ‖FHs− v‖2 (8)

s.t ‖s‖2 = N

PAR(s) ≤ ρ,
(9)

where v = [d0e
iϕ0 d1e

iϕ1 . . . dN−1e
iϕN−1 ].

The problem in (8) can be solved in a cyclic way. Fix s to any real sequence
and compute the v that minimizes f . The v that minimizes f for a fixed s is
obtained by letting

ϕp = arg(the p : th element of FHs) (10)

where arg(·) denotes the complex argument. Next fix v and write the mini-
mization problem as

min
s
‖s− Fv‖2 (11)

s.t ‖s‖2 = N

PAR(s) ≤ ρ
(12)

where the fact that FHF = I, where I is the unitary matrix, was used to
rewrite the criterion function. Problem (11) has been called the ”nearest-
vector” problem and can be solved using the methodology in [12]. To disregard
the PAR constraint, ρ can be set to N , which is the maximum possible PAR
for any sequence with the norm equal to

√
N . Iterating between (10) and

(11) until convergence gives a signal s satisfying the design specifications. The
design procedure is outlined in Algorithm 1. The algorithm has the property
of monotonically decreasing the criterion as the iteration proceeds [3].

4 Data Generation

Identifying the models of Section 2 requires input and output data of the sys-
tem. Input data are visual stimuli in the form of a moving circle on a computer
monitor that are generated using two different methods:
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Algorithm 1 Minimization of the criterion in (8)

1. Initialize s to a random vector s0. Iterate steps 2 and 3 below, for i =
0, 1, . . . until convergence.

2. ϕi = arg minFHsi

3. Let si+1 be the solution to the nearest-vector problem solved in [12] and
set i← i+ 1.

1. Using a method presented in [8], where the acceleration of the circle is
white Gaussian noise in both the horizontal and the vertical direction
and the circle ”bounces” when it reaches the window boundaries. Using
this method the spectrum of the signal cannot be assigned beforehand
and there is no control of the signal distribution.

2. Using Algorithm 1 to obtain two signals, one for the horizontal and one for
the vertical component of the stimuli, with the desired spectral content
d and a maximum PAR, ρ.

The latter method requires the specification of the desired signal amplitude
spectrum, denoted by d in (5), and the maximum allowable PAR, denoted by
ρ in (5). As mentioned in Section 3, signals with rich spectral content up to
a certain cutoff frequency above which the SPS will transfer control to other
mechanisms are sought. The ideal spectrum is thus the one that is constant
for all frequencies smaller than the chosen cutoff and drops to zero for all
frequencies above it. When specifying the sequence dp in (5), which represents
the desired spectrum of the discrete signal, the sampling frequency, fs, and
the number of samples, N , must be considered. The sequence dp must also be
made symmetric around its center in order for the corresponding time domain
sequence to be real-valued. The desired sequence dp is thus

dp =


fs
2fc

0 ≤ p < N fc
fs

0 N fc
fs
≤ p < N(fs−fc)

fs
fs
2fc

N(fs−fc)
fs

≤ p ≤ N
(13)

where fc is the desired cutoff frequency. The constant value of the spectrum for
frequencies smaller than fc is chosen so that the total signal energy is indeed
N , as was required in (5). The cutoff frequency was chosen to be fc = 1.5 Hz
and the maximum allowable PAR was set to ρ = N/10, see Section 7 for details
on the choice of spectrum and PAR constraint. The signals are scaled to fit
inside the window in which they are displayed on the monitor, so the signal
energy may vary between different stimuli sets.
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5 Experiments

The output of the system to be identified is eye movement. Eye movement
data of test subjects attempting to track the moving circle on a computer
monitor were gathered using a video-based eye tracker, described in [6]. The eye
tracker output is the number of centimeters (horizontal and vertical components
separately) between the monitor center and the point where the gaze direction
line intersects the monitor. Eye-tracking data were sampled at a sampling
frequency of 60 Hz.
The size of the window within which the circle was moving was 25 × 25 cm.
The interval (2) is thus chosen to be [−12.5, 12.5] cm, which will be the max-
imum dynamic range of the input and output signals’ horizontal and vertical
components respectively.
Two experiments were conducted.

5.1 Experiment 1

The first experiment was designed to investigate the importance of input signal
frequency content when estimating the linear dynamics (1) of the SPS. Five
stimuli of length N = 2560 were generated with each of the two methods
mentioned in Section 4. In Method 2, the PAR constraint was omitted, as
only frequency excitation was to be considered in this experiment. The eye
movements of three test subjects, which will be referred to as Person 1, Person
2 and Person 3, were recorded as they were tracking the white circle on a
computer monitor. Person 1 and Person 2 tracked both type of stimuli at two
different occasions. Person 3 only tracked the stimuli at one occasion. A total
of 50 data sets were thus acquired.

5.2 Experiment 2

The second experiment was designed to hint at the importance of the input
signal amplitude distribution when estimating the static nonlinearity (3) of
the SPS. 30 stimuli of length N = 2560 were generated using Method 2 of
Section 4 with maximum allowable PAR ρ = N/10, and another 30 using the
same method, but without the PAR constraint. Person 1 was asked to track
each stimulus, generating a total of 60 data sets.

5.3 Input design

6 Results

Fig. 1 depicts the spectra (periodograms) of three signals. One obtained by
means of Method 1, one obtained by means of Method 2, but without the PAR
constraint and one by means of Method 2 with ρ = N/10 (i.e constraining the
PAR to be less than or equal to N/10). Each signal is typical to the method it
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Figure 1: The PSD of three signals generated with a) Method 1, b) Method 2
without PAR constraint, c) Method 2 with PAR ≤ ρ.
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Figure 2: 25-bin histograms of three signals generated with a) Method 1, b)
Method 2 without PAR constraint, c) Method 2 with PAR ≤ ρ.

was generated by. The spectrum in Fig. 1a) is far from the desired spectrum, d,
in (13). It has a few high peaks and is lacking excitation for many frequencies.
The spectrum in Fig. 1b) is significantly closer to the desired spectrum, d.
Fig. 1c) shows a similar spectrum to that in Fig. 1b). Fig. 2 shows 25-bin
histograms of the three signals whose spectra are given in Fig. 1, after they
were scaled to fit the display window. The histograms are approximations of the
signal distributions. The histogram in Fig. 2a) shows that for this signal, some
values occur far more frequently than others. The same can be said about the
histogram in Fig. 2b), where values close to zero seem to have higher occurrence
rate. The histograms of Fig. 2a) and b) show that the signal distribution is
almost zero over some intervals. The histogram of the PAR constrained signal
is closer to uniform than the two others as can be seen in Fig. 2c), and all
values in its dynamic range are well-represented.

6.1 Experiment 1

For the horizontal part of each of the 50 data sets obtained from the experiment
in Section 5.1, the linear model (1) was identified in the absence of a static
nonlinearity. Fig. 3 and Fig. 4 show the estimated static gains of model (1)
plotted against the model parameter a1 for stimuli generated with Method 1
and Method 2, respectively. The static gain and the parameter a1 were plotted
because the clustering is most apparent in these parameters. Table 1 gives the
standard deviation of the estimates of the static gain and a1. The intra-subject
variance is significantly lower in when using Method 2 compared to Method 1
for input design which can be seen in Fig. 4, Fig. 3 and 1. Similar results were
obtained for vertical movements.
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Person Method a1 (STDV) Static gain (STDV)

1 1 0.052 0.10

2 0.018 0.011

2 1 0.057 0.13

2 0.0095 0.012

3 1 0.096 0.18

2 0.011 0.013

Table 1: The standard deviation (STDV) of the estimates of a1 and those of
the static gain for the three test subjects using different input design methods.

6.2 Experiment 2

For the horizontal part of each of the 60 data sets obtained from the experiment
in Section. 5.2, the nonlinear Wiener model (3) was identified with two different
choices of the static nonlinearity f . One with 6 and one with 10 parameters,
i.e one with the interval I in (2) divided into 6 subintervals and one with 10
subintervals. To show the effects of using a PAR constrained input compared to
an unconstrained input, the mean ± one standard deviation of the 25 estimated
nonlinearities f was plotted for each input type in Fig. 5 and Fig. 6. The
standard deviations of each parameter are given in Table 2. It can be seen
that the standard deviation is significantly smaller in the cases where PAR
constrained inputs, i.e inputs with closer-to-uniform amplitude distributions,
were used. Similar results were obtained for vertical movements.

6-parameter 10-parameter

Parameter ρ = N ρ = N/10 ρ = N ρ = N/10

(No const.) (No const.)

1 0.27 0.071 0.22 0.11

2 0.21 0.034 0.16 0.067

3 0.17 0.027 0.14 0.047

4 0.17 0.029 0.10 0.041

5 0.18 0.040 0.085 0.030

6 0.30 0.087 0.075 0.041

7 0.11 0.055

8 0.13 0.059

9 0.21 0.082

10 0.32 0.11

Table 2: The standard deviations of the estimated parameters of the 6- and
10-parameter static nonlinearities in (3) calculated using the horizontal part
of 25 datasets for each input type. Using ρ = N in (5) disregards the PAR
constraint.
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Figure 3: Static gains vs. a1
of model (1) for horizontal move-
ments when stimuli generated with
Method 1 of Section 4 were used.
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Figure 4: Static gains vs. a1
of model (1) for horizontal move-
ments when stimuli generated with
Method 2 of Section 4 were used.

6.3 Validation

For the horizontal part of each of the 30 data sets in Section 5.2 with PAR con-
strained inputs, both the linear model (1) and the nonlinear Wiener model (3)
were identified. The remaining 29 data sets were then used for validation. The
average decrease in the Mean Square Error (MSE) between the modeled and
the measured output when using nonlinear models compared to using linear
models was then calculated. Static nonlinearities with 4, 6, 10 and 14 parame-
ters were used. The results are shown in Table 3. Similar results were obtained
for vertical movements.

Nonlinearity Average decrease in MSE (%)

4 parameters 12.5

6 parameters 13.0

10 parameters 12.1

14 parameters 11.9

Table 3: Average decrease in MSE between the modeled and the measured
output when using nonlinear models compared to using linear models. 30
models were validated with 29 data sets each.

7 Conclusions and Discussion

The purpose of this study was to design input signals that allow for accurate
identification of both the linear dynamics (1) and the static nonlinearities (3)
of the human smooth pursuit system.
Estimation of the dynamic part requires a sufficiently exciting input with rich
spectral content. However, if the input contains components of too high fre-
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Figure 6: The mean ± one standard deviation of the 30 estimated 10-parameter
nonlinearities f (horizontal movements) using stimuli generated with a) Method
2 with no PAR constraint b) Method 2 with ρ = N/10.

quency, the control of the eye movements will be transferred from the smooth
pursuit system to other mechanisms. The power spectral density of the input
signals was thus designed to resemble that of (13). Fig. 1 shows that the result-
ing spectra of the frequency domain designed signals are indeed close to d, and
that introducing a PAR constraint has little effect on the obtained spectrum.
Repeated experiments showed that a cutoff frequency fc in (13) of about 1.5
Hz gave the most favorable results, although any value between approximately
1 and 2 Hz gave similar results.
When estimating the parameters of the linear model for different data sets gen-
erated by different test subjects, the intra-subject variance of the parameters
has to be as low as possible. With low intra-subject variance, individuals will
be easier to distinguish between, even those with similar SPS features. This
is particularly important in applications aimed at diagnosing and staging dis-
eases, where even small discrepancies in the SPS must be detected. Fig. 3,
Fig. 4 and Table 1 suggest that the intra-subject variance of the parameters is
significantly decreased when stimuli generated using Method 2 of Section 4 is
used compared to using stimuli with poor spectral excitation, e.g stimuli gen-
erated by Method 1 of Section 4. This is a satisfying result showing that more
careful input design indeed has a positive effect on the variance of the parameter
estimates and the ability to distinguish between individuals via mathematical
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modeling.
Estimation of the static nonlinearity requires information about all input values
in the dynamic range of the signal. By constraining the generated input signals
to have a certain peak-to-average power ratio, the signal distribution can be
brought closer to uniform, with more contribution of each value in the signal
range, as shown in Fig. 2. The significance of this can be seen in Fig. 5, Fig. 6
and Table 2 where the estimates of the nonlinearities using PAR constrained
inputs are more consistent than those obtained with arbitrarily distributed
signals. The choice of the maximum allowable PAR will affect the resulting
signal distribution. In this study the maximum PAR was set to N/10, because
it was shown through repeated experiments to give the most favorable signal
distributions.
To motivate the use of the nonlinear model (3), it must be shown to perform
better than the less complex linear model (1). Table. 3 indicates that an im-
provement of performance is indeed achieved when using a nonlinear model
to model the SPS. The MSE reduction is the greatest with a 6-parameter
nonlinearity. Using only 4 parameters may not be sufficient to model the true
nonlinearity, and using 10 or 14 parameters may over parameterize the system,
making model validation difficult.
The results of this paper show that dedicated input design is important when
identifying models of the SPS, and also suggest that Wiener models are prefer-
able to linear models when modeling the smooth pursuit eye movements.

References

[1] G. Avanzini, F. Girotti, T. Carazeni, R. Spreafico. Oculomotor disorders in
Huntington’s chorea Journal of Neurology, Neurosurgery and Psychiatry,
42:581–589, 1979.

[2] R. Dodge Five types of eye movements in the horizontal meridian plane of
the field of regard American Journal of Physiology, 8:307–329, 1903.

[3] J. R. Fienup Phase retrieval algorithms: a comparison Applied Optics, 21:
2758–2769, 1982.

[4] R. W. Gerchberg, W. O. Saxton A practical algorithm for the determination
of the phase from image and diffraction plane pictures Optik (Stuttgart),
35:237–246, 1972.

[5] J. M. Gibson, R. Pimlott, C. Kennard. Ocular motor and manual tracking
in Parkinson’s disease and the effect of treatment Journal of Neurology, 50:
853–860, 1987.

[6] A. Meyer, M. Bhme, T. Martinetz, E. Barth. A Single-Camera Remote Eye
Tracker. Lecture Notes in Computer Science, 4021:208–211, 2006.

12



[7] D. Jansson, A. Medvedev, H. W. Axelson Mathematical modeling and
grey-box identification of the human smooth pursuit mechanism IEEE
Multi-conference on Systems and Control, Yokohama, Japan, 2010.

[8] D. Jansson, A. Medvedev Dynamic Smooth Pursuit Gain Estimation from
Eye Tracking Data IEEE Conference on Decision and Control, Orlando,
Florida, 2011.

[9] J. Rissanen Modeling by shortest data description Automatica, 14:465–471
1978.

[10] A. B. Sereno, P. S. Holzman Antisaccades and Smooth Pursuit Eye Move-
ments in Schizophrenia Biological Psychiatry, 37:394–401, 1995.

[11] H. He, J. Li, P. Stoica Waveform Design for Active Sensing Systems - A
computational approach Camebridge University Press, New York, 2011.

[12] J. A. Tropp, I. S. Dhillon, R. W. Heath, T. Strohmer Designing structured
tight frames via an alternating projection method IEEE Transactions on
Information Theory, 51:188–209, 2005.

[13] T. Wigren MATLAB Software for Recursive Identification of Wiener Sys-
tems Systems and Control, Department of Information Technology, Uppsala
University, 2007.

13





Paper III





Non-parametric analysis of eye-tracking

data by anomaly detection

Daniel Jansson, Olov Rosén
and Alexander Medvedev

Department of Information Technology, Uppsala University
Uppsala, Sweden

E-mail: daniel.jansson@it.uu.se, olov.rosen@it.uu.se,
alexander.medvedev@it.uu.se

January 9, 2014

Abstract

A non-parametric approach for distinguishing between individuals by
means of recorded eye movements is suggested. The method is based
on the principles of stochastic anomaly detection and relies on measured
data for probability distribution estimation and evaluation. For visual
stimuli that excite the essential nonlinear dynamics of the human oculo-
motor system, mean gaze trajectories and characterizations of their un-
certainty are approximated per individual using eye-tracking data. With
this information, eye-tracking profiles are established, against which in-
dependently acquired data sets are statistically tested to evaluate the
probability that they belong to said profiles. Both Gaussian function fit-
ting and kernel density estimation (KDE) techniques are used for distri-
bution estimation and novel means for testing observations against gen-
eral distributions are suggested. It is shown that the presented method
yields promising results in terms of individual classification based on eye
movements. Further, using the KDE method for trajectory distribution
estimation provides better selectivity compared to normal distribution
fitting.

1 Introduction

Studies of human eye movements have been greatly simplified by the intro-
duction of modern video-based eye-tracking techniques. It has indeed been
the topic of numerous recent studies and several attempts have been made to
use eye-tracking data to quantify the functionality of the human oculomotor
system.
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There are different types of eye movement (the two most commonly mentioned
being saccades and smooth pursuit) [2], all of which are governed by complex
neuromuscular systems. Research has shown that various medical conditions
impair the oculomotor system to different degrees. For example, Hunting-
ton’s Chorea [1], Schizophrenia [10] and Parkinson’s Disease [3] compromise
the smooth pursuit system (SPS), motivating the search for accurate quan-
tification methods, which could then be used as diagnosing or even staging
tools.
If measures can be found that effectively distinguish between healthy individ-
uals using eye movements, they are also likely to detect the alternations in the
oculomotor system resulting from a clinical condition.
An attempt at such a measure, mentioned in previous research [6, 7], is the
smooth pursuit gain (SPG). The SPG is defined by the ratio of the angular ve-
locity of the eye to that of a moving target during smooth pursuit and has been
claimed to vary between individuals of different age. It is also said to be lower
in subjects with Parkinson’s Disease [6]. Although this is a promising result,
the SPG is not an exhaustive measure of the oculomotor system’s function as
it is descriptive of only one point in the SPS frequency characteristics. In [8],
it was suggested to model the SPS as a dynamical system and use eye-tracking
data to identify its unknown parameters, thus introducing the dynamic SPG
(DSPG) measure.
DSPG yields full dynamic models per individual, but may be unreliable if the
chosen model structure is indescriptive of the underlying system. Problems
may also arise when the studied data set contains saccades or other types of
eye movement not governed by the smooth pursuit mechanism and hence not
properly described by the selected model. It is therefore of interest to find a
non-parametric approach to use as a supplement to the model-based methods.
Non-parametric methods rely entirely on data and no modeling assumptions
about the studied system are made.
In this paper, such a model-free approach for distinguishing between healthy
individuals using recorded eye movements is derived. It is based on the princi-
ples of anomaly detection and uses statistical methods to find deviating data
sets. A visual stimulus consisting of a white circle moving along a specially
designed trajectory on a black background on a computer monitor is presented
to a test subject multiple times. The gathered eye-tracking data are then used
to obtain approximate statistical properties of the resulting gaze trajectories
in the form of a mean trajectory and distribution estimates at each time in-
stant. The mean trajectory and the distribution estimates give an individual
eye-tracking profile against which an independently acquired data set can be
statistically tested in order to evaluate the probability of the latter to belong
to the profile. In order to carry out such tests for arbitrarily distributed data, a
way of efficiently testing observations against general distributions is proposed.
The paper is composed as follows: In Sec. 2 an overview of the method of
generating eye-tracking profiles from data is presented. Sec. 3 describes how
normal and KDE distributions can be approximated from data. The definition
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of the outlier region and means to find it for normal and general distributions
is given in Sec. 4. The experimental setup and conducted experiments are
described in Sec. 5 and the corresponding results are given in Sec. 6. Finally,
conclusions are stated and the methods and results are discussed in Sec. 7.

2 Method

2.1 Visual stimulus

The visual stimuli used herein were generated using the method in [9]. The
stimulus generation method presented therein gives input sequences with the
rich spectral and amplitude excitation needed to accurately identify the non-
linear Wiener-type models used to portray the SPS. The stimuli presented to
the test subject are smooth random movements of a white circle in a 25 cm ×
25 black background window on a computer monitor.

2.2 Method overview

Assume that Ns data sets of eye movements are recorded from a test subject
tracking the same trajectory of the visual stimulus multiple times on different
occasions. Due to the complex nature of the oculomotor system, the response
to a visual stimulus will not be the same for repeated exposures. Hence, the
Ns data sets will not be equal. For each of the Nt time instances at which
the gaze direction is sampled, there will be Ns data points, one from each
set of recorded eye movements. Since horizontal and vertical gaze direction
coordinates are logged separately, the data points will have two components.
The data points at time instance k will be seemingly random with some ex-
pected value, and can thus be seen as Ns observations of a two-dimensional
stochastic variable, X(k). Note that there will be one stochastic variable per
time instance. If the stochastic variables X(k) are assumed to be independent,
the distribution of X(k) for each k can be estimated from data. The assump-
tion that X(k) are independent is restrictive, but is shown to produce sufficient
results for the purposes of this study. The distribution of X(k) will depend on
the trajectory of the visual stimulus, but also on the individual tracking it. If
the probability density function (PDF) of X(k) for k = 1, 2, . . . , Nt is known
for an individual, it is possible to determine whether a given data set is likely
to come from the same individual or not. For each of the Nt time instances,
a hypothesis test with the null hypothesis that the data are indeed observa-
tions of X(k), can be carried out. If the number of time instances, in which
the deviation of the data from the considered distribution is high, the data set
is deemed to be the gaze trajectory of a different individual. The approach
generalizes in a straightforward manner to the case of a group of test subjects
sharing a property, such as e.g. healthy persons or persons of a certain age.
In practice, the distributions of X(k), k = 1, 2, . . . , Nt, are not known, but can
be estimated from data. The simplest way is to use a histogram. However,
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since the data are two-dimensional, a large number of data points is needed to
achieve sufficiently small bin widths for reliable statistical testing. To acquire
a large number of data points, a test subject would have to track the same
visual stimulus a large number of times, which would be time-consuming and
tedious. Therefore, a way of acquiring smooth two-dimensional PDF estimates
from relatively small sample data sets must be found.

3 Distribution estimation

The normal distribution (Gaussian distribution) is commonly used to approx-
imate the statistical properties of the underlying stochastic variable of a given
data set. However, normal distribution fitting may not always give satisfactory
results, depending on the studied quantity.
Testing for normality can be done in different ways. A histogram of the data
can be inspected to resemble a normal distribution PDF. A Q-Q plot may also
indicate that the data is not normally distributed [13]. Here, the Q-Q plot
and the Lilliefors test are used. The Lilliefors test is an adaptation of the
Kolmogorov-Smirnov test for normality [5].
Should the data appear to not be normally distributed, an alternative method
to distribution estimation is kernel density estimation (KDE). In KDE nothing
is presumed about the underlying distribution to be estimated. It is thus a non-
parametric way of estimating an unknown PDF, in contrast to the parametric
method of normal distribution fitting.
The details of the two approaches for PDF estimation are given below.

3.1 Normal distribution estimation

Assume that the sample (x1, x2, . . . , xNs), xi ∈ R2 is drawn from some
distribution. Normal distribution fitting is a parametric way of estimating the
unknown PDF.
The general expression for a two-dimensional normal distribution function is

φ(x) =
1

2π
√
|Σ|

e−
1
2 (x−µ)T Σ−1(x−µ). (1)

where µ ∈ R2 is the mean and Σ ∈ R2×2 is the covariance matrix of the
distribution. The matrix determinant is denoted | · |. Fitting (1) to the data
is a matter of finding estimates of µ and Σ. The distribution mean, µ, can be
estimated by the sample mean

µ̂ =
1

Ns

Ns∑
i=1

xi, (2)
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and Σ by the sample covariance matrix

Σ̂ =
1

Ns − 1

Ns∑
i=1

(xi − µ̂)(xi − µ̂)T . (3)

Once µ̂ and Σ̂ are computed, they can be inserted into (1) to give the resulting
PDF estimate.

3.2 Kernel density estimation

KDE is a non-parametric method used to obtain a smooth estimate of the PDF
of an unknown distribution. Assume that the observations (x1, x2, . . . , xNs

),
xi ∈ R2 are drawn from some unknown distribution with probability density
f : R2 → R. The kernel density estimator of f is given by

f̂(x) =
1

Nsh

Ns∑
i=1

K(
x− xi
h

), (4)

where K is the chosen kernel function and h is a user parameter called the
bandwidth. Here, the kernel was chosen to be the two-dimensional standard
normal density function

φ(x) =
1

2π
e−

1
2x

T x. (5)

Using this kernel, the kernel density estimator can be rewritten as

f̂(x) =
1

Ns

Ns∑
i=1

1

2πh
e−

1
2h2 (x−xi)

T (x−xi) =

1

Ns

Ns∑
i=1

ψ(x− xi), (6)

where ψ(x) is a two-dimensional normal density function with standard devia-
tion h and mean 0. The estimate of the probability density f is thus the mean
of Ns two-dimensional Gaussian functions with standard deviations h (note
that the kernel is circular) and means given by the observations xi.
The choice of the bandwidth h has great impact on the resulting kernel estima-
tor. In the one-dimensional case, if the underlying distribution being estimated
is Gaussian, an optimal choice of h can be derived [11]. This is not possible in
the general case, and an appropriate value must be found experimentally.

4 Evaluating the outlier region

Assume that an observation, x ∈ R2, is made and that it must be determined
whether it is likely to be an observation of a given random variable X, or not.
A hypothesis test with the null hypothesis:
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• H0: x is an observation of X

must be carried out. One way to do this is to define an outlier region, S, of the
random variable, being the set of all possible observations deemed unlikely to
come from the considered distribution, i.e all x for which H0 is rejected. The
probability that an observation of X lies in S should be low. Define α such
that

P (X ∈ S) =

ˆ
S

f(x)dx = α. (7)

Consequently, α is the probability with which an observation of the considered
random variable is deemed (incorrectly) to be from some other distribution.
The choice of α will influence the size of the outlier region S. Evaluation of the
outlier region is performed depending on the considered distribution. Methods
for testing observations against normal distributions are well-known and widely
used.

4.1 Normal distribution

For the case when the two-dimensional random variable X has a normal dis-
tribution with mean µ and covariance Σ, the outlier region can be derived as
follows: Let Y = Σ− 1

2 (X − µ), so that Y ∈ N(0, I), where I is the identity
matrix. Form the variable

Z = (X − µ)TΣ−1(X − µ) = Y TY = Y 2
1 + Y 2

2 , (8)

where Yi denotes the i:th component of Y . Z is the square of the Mahalanobis
distance between X and µ and is a sum of the squares of two standard normal
random variables and will therefore have a χ2

2 distribution [4]. The outlier
region of X can thus be defined as

S1 =
{
x : (x− µ)TΣ−1(x− µ) ≥ χ2

2(1− α)
}

(9)

where χ2
2(p) is the quantile function for probability p of the χ2

2 distribution.
Eq. (9) shows that the outlier region, S1, is the exterior of an ellipse centered
around the distribution mean. Thus, for a given observation x, H0 is rejected
if x ∈ S1, which is easily established by inserting x into (9).

4.2 General distribution

The kernel density estimates of the PDF are not Gaussian functions and the
outlier region must be derived differently than in the normal distribution case.
The PDF may have several peaks and consequently the Mahalanobis distance
from the distribution mean is no longer a plausible test quantity. The outlier
region may be non-convex or even disjoint.
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The outlier region of a random variable X with probability density f is given
by

S2 =

{
x :

ˆ
S2

fdx = α, f(x) ≤ f(xc),∀xc ∈ Sc2
}
, (10)

where Sc2 is the complement set of S2. If f is positive and continuous, S2 will
be uniquely defined by (10). This can be realized by considering the integral

J =

ˆ
Q

f(x)dx (11)

where

Q = {x : f(x) ≤ γ} , (12)

and γ is some positive constant. If f is positive and continuous, increasing γ
in (12) will continuously increase the value of J in (11). For some value of γ,
denoted by γT , J will be equal to α and thus Q will be equal to S2. Since there
is only one value of γ which yields J = α, S2 is unique.
Determining whether a given observation x is part of S2 is not straightforward
from (10). Finding S2 analytically is in general not possible. The following
method is suggested for numerically calculating the outlier region:

• Evaluate f for the finite set of uniformly spaced grid points {xi}Mi=1 to
obtain {fi}Mi=1.

• Let {f(i)}Mi=1 be {fi}Mi=1 sorted in ascending order.

• Find K such that
∑K
i=1 f(i) ≤ α

A <
∑K+1
i=0 f(i), where A is the area of a

grid element.

• An approximation, Ŝ2, of S2 is then given by

Ŝ2 = {xi : f(xi) ≤ f(K) = γT }. (13)

In simpler terms: Keep summing the smallest elements of {fi}Mi=1 while the
sum does not exceed α

A . Denote the largest term in the sum by γT . Let S2 be
the set of all xi corresponding to the summed fi. For a given observation x,
H0 is rejected if x ∈ Ŝ2, which is easily checked by inserting x into (13).

5 Experiment

Gaze direction data of test subjects attempting to track the moving circle
on a computer monitor were recorded using a video-based eye tracker from
Smart Eye AB, Sweden. The eye tracker output is the distance in centimeters
(horizontal and vertical components separately) between the monitor center
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Figure 1: Screen shot from the eye-tracking software.

and the point where the gaze direction line intersects the monitor. Eye-tracking
data were sampled at a sampling frequency of fs = 60 Hz. Fig. 1 shows a screen
shot from the eye-tracking software, illustrating how the eye tracker evaluates
the gaze direction.
The conducted experiment involved four test subjects:

• P1: Man, 26 years old

• P2: Man, 27 years old

• P3: Man, 54 years old

• P4: Man, 54 years old

P1 was first asked to track the T = 26 s long visual stimulus 25 times spread
over a one week period to avoid memorization of the stimulus trajectory. This
generated 25 data sets, each with Nt = Tfs = 26 · 60 = 1560 time samples.
In the same manner, 25 data sets were gathered from P3. Further, P2 and P4
were asked to track the same stimulus 5 times each. A total of 60 data sets
were acquired.

6 Results

Distributions at each time instance were estimated from the 20 first data sets
of both P1 and P3. The rest of the recorded data sets were used to compare
with the estimated distributions, i.e to test whether they are observations from
the distributions in question or not. The 20 first data sets of P1 and P3 will be
referred to as the estimation sets. The remaining 5 sets of P1 and P3, and the
5 data sets from P2 and P4, will be referred to as the testing sets. The goal
is to investigate the ability of the presented method to determine whether the
testing sets come from P1, P3 or neither.
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Figure 2: a) The Q-Q plot and b) the histogram for the x-coordinate of the
estimation sets from P1 at time instant 1200. The red line in the Q-Q plot
indicates a normal distribution.

6.1 Testing for normality

The distribution of the data varies between different time instances and a test
for normality must be done in each instance. For illustrative purposes, the
estimation sets of P1 were examined at time instance 1200. The data at several
other time instances had similar characteristics. Fig. 2 shows a Q-Q plot and a
histogram of the horizontal data (x-coordinate) for time instant 1200. Judging
from these two plots, the data may not be normally distributed. Carrying out a
Lilliefors test indeed showed that the data were not from a normal distribution
at the 95% significance level.
Performing the Lilliefors test for all of the 1560 time instants in the estima-
tions sets of P1 and P3 showed that the data were not likely to be normally
distributed in 39.7% of the cases for P1 and 44.2% for P3.

6.2 Distribution estimation

Using the estimation sets of P1, two-dimensional PDFs for each of the 1560
time instants were estimated using the two methods presented in Sec. 3: Normal
distribution fitting and kernel density estimation. The PDF in each time step
was thus estimated from 20 observations of the underlying stochastic variable.
The same was done for the estimation sets of P3.
For the KDE method, five different choices of the bandwidth h were used. The
five choices of the bandwidth were h = {0.1σ̂, 0.25σ̂, 0.5σ̂, σ̂, 2σ̂}, where σ̂ is
either the sample standard deviation of the horizontal data or the vertical data,
depending on which of the two is larger. The bandwidth thus varies between
the time instants. As an example, the estimated normal distribution and the
corresponding KDE with h = 0.5σ̂, for P1 in time instant 1200 are shown in
Fig. 3.
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Figure 3: a) The estimated normal distribution and b) the KDE with h = 0.5σ̂
at time instant 1200 (using the estimation data of P1.

6.3 Outlier detection

The testing sets were compared to the distributions estimated in Sec. 6.2. The
number of outliers in each testing set was computed by inserting the observation
at every time instant into the expressions for the outlier regions S1 and S2, with
significance level α = 0.01. For every distribution estimate, the mean number
of outliers in each data set was calculated. The mean number of outliers in the
testing sets pertaining to test subject Pk is denoted by mPk.
Fig. 4 shows a heat map of the estimated KDE distribution for P1 at time
instant 1200 along with the outlier region and an observation from a testing
set of P2 lying outside the region.
The results of comparison of the data sets to the distribution of P1 are presented
in Tab. 1. The results of comparison of the data sets to the distribution of P3
are presented in Tab. 2. The numbers are given in percent of the total number
of time steps. The entries in Tab. 1 and Tab. 2 thus give the amount of time

Dist.
type

h mP1

(%)
mP2

(%)
mP3

(%)
mP4

(%)

KDE

0.1σ̂ 36 46 55 66

0.25σ̂ 4.9 21 32 48

0.5σ̂ 0.6 15 27 37

σ̂ 0.1 0.9 5.6 15

2σ̂ 0 0.5 0.7 1.8

Normal - 0.5 0.6 5.1 11

Table 1: The means, mP1, mP2, mP3, mP4, of the number of outliers in the
testing sets when comparing to the distribution estimates of P1. The means
are given as percent of the total number of time steps.
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Figure 4: The KDE estimate of the PDF at time instant 1200 from the estima-
tion data of P1. Red indicates high values. The approximated outlier region
is the exterior of the dashed line. The circle shows the gaze direction of P2 at
this time instant.

Dist.
type

h mP1

(%)
mP2

(%)
mP3

(%)
mP4

(%)

KDE

0.1σ̂ 54 48 27 65

0.25σ̂ 30 15 4.4 51

0.5σ̂ 15 10 1.1 35

σ̂ 2.7 1.4 0.9 7.4

2σ̂ 0.4 0.4 0 2.5

Normal - 8.0 5.1 2.1 15

Table 2: The means, mP1, mP2, mP3, mP4, of the number of outliers in the
testing sets when comparing to the distribution estimates of P3. The means
are given as percent of the total number of time steps.

during which the gaze direction of the test subjects deviated significantly from
the mean trajectory of the estimation sets from P1 and P3 respectively.
It is evident from Tab. 1 that the values of the number of outliers in the testing
sets of P1 are significantly lower than in the other test subjects. In Tab. 2, the
same can be said about the number of outliers in the testing sets of P3.

7 Conclusions and Discussion

This paper is aimed at providing tools for distinguishing between individuals
on the basis of their recorded eye movements. The suggested method relies
on anomaly detection and is non-parametric. The results of Sec. 6 highlight
several properties of the method.
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Tab. 1 shows that P2, P3 and P4 are best distinguished from P1 when using
the KDE method with h = 0.5σ̂. For this choice of the bandwidth h, there
is a most significant difference between the number of outliers in the testing
sets of P1 compared to the sets of the other three test subjects. The number
of outliers in the testing sets of P1 is expected to be low since the comparing
distributions were estimated from the gaze direction data of this test subject.
In Tab. 2, it can be seen that the same holds true for the testing sets of P3 in
comparison to the other examined individuals.
Tab. 1 shows that, for h = 0.5σ̂, P3 and P4 differ more from P1, in terms of
number of outliers, than P2 does. Furthermore, the results in Tab. 2 indicate
that P2 and P1 differ less from P3 than P4 does. These two results suggest
that the eye-tracking profiles of P1 and P2 are similar, but that the profiles of
P3 and P4 differ from P1 and P2 and from each other. A possible explanation
for this is the age of the test subjects. P1 and P2 are close in age and young
relative to P3 and P4. The function of the oculomotor system impairs with
age and may do so to different degrees.
Judging from Fig. 2 and the Lilliefors test, the data are not always well-modeled
by a normal distribution. Hence, using Gaussian functions to approximate the
PDFs at each time instant should impair the performance of the suggested
method. By studying Tab. 1 and Tab. 2 it is apparent that this is indeed the
case. The number of outliers in the testing sets does not vary significantly
between individuals when normal distribution fitting is used. If the testing sets
of P1 are deemed to come from P1, so should the testing sets of P2.
Tab. 1 and Tab. 2 also show that the choice of bandwidth for the kernel function
in the KDE method has a significant effect on the results. When the bandwidth
is low, the difference in the number of outliers between different test subjects
is not large, making it difficult to distinguish between them. A low bandwidth
in the kernel function will result in a PDF estimate with several narrow spikes,
each centered at an observation. A high bandwidth will increase the smoothing
and the estimated PDF will appear almost Gaussian.
The effect of the visual stimulus on the results of the presented method is
not examined in this paper. The visual stimulus used was chosen because it
had proven to give good results in parameter estimation of nonlinear dynamic
models of the SPS [9]. There may exist visual stimuli more suitable for non-
parametric anomaly detection.
In conclusion, with the method presented in this paper, individuals were suc-
cessfully distinguished from each other on the basis of their recorded eye move-
ments. The results of this work are promising, but since the number of partic-
ipating test subjects was small, the results are only indicative of the potential
of the presented method.
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Abstract

Two methods for distinguishing between healthy subjects and pa-
tients diagnosed with Parkinson’s disease by means of recorded smooth
pursuit eye movements are presented and evaluated. Both methods are
based on the principles of stochastic anomaly detection and make use of
orthogonal series approximation for probability density estimation. The
first method relies on the identification of a Wiener-type model of the
smooth pursuit system and attempts to find statistically significant dif-
ferences between the estimated parameters due to Parkinsonism. For
accurate estimation of the model parameters, visual stimuli designed to
excite the essential nonlinear dynamics of the oculomotor system are used
and a method of generating the stimuli is presented. The second method
applies the same statistical method to distinguish between the gaze tra-
jectories of healthy and Parkinson subjects attempting to track the visual
stimuli. Both methods show promising results, where healthy individuals
and patients diagnosed with Parkinson’s disease are effectively separated
in terms of the considered metric. The results are preliminary because of
the small number of participating test subjects, but they are indicative
of the potential of the presented methods as diagnosing or staging tools
for Parkinson’s disease.

1 Introduction

The introduction of modern video-based eye-tracking techniques has facilitated
human eye movement research and opened up for new types of studies. Stud-
ies aimed at developing technology to enable the use of eye movements as a
biometric have become more frequent [2, 6, 8, 9, 11, 12]. The goal is to use eye-
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tracking data to quantify the functionality of the human oculomotor system
and use it to distinguish between individuals.
There are different types of eye movement, saccades and smooth pursuit per-
haps being the most frequently mentioned [4]. All types of eye movement are
governed by complex neuromuscular systems and are thus susceptible to im-
pairment by various medical conditions. In particular, Parkinson’s disease has
been shown to affect the smooth pursuit system (SPS) negatively [5], motivat-
ing the search for accurate quantification methods that could be further used
as diagnosing or even staging tools.
This paper deals with methods for distinguishing between individuals on the
basis of their smooth pursuit eye movements. In particular, the performance of
the methods in discriminating between healthy subjects and patients diagnosed
with Parkinson’s disease is evaluated. Visual stimuli in form of a white circle
moving smoothly along a designed trajectory on a black background on a com-
puter monitor are presented to test subjects who are asked to follow the circle
with their eyes. The invoked gaze trajectories of the test subjects representing
smooth pursuit are recorded using a video-based eye tracker.
Two methods for evaluation of the eye-tracking data are considered:
The first method constitutes a variation of the non-parametric method intro-
duced in [12], where normal (mean) trajectories and associated gaze trajectory
distributions are estimated from data to establish individualized eye-tracking
profiles. Any independently acquired data set of eye movement deviating sig-
nificantly from the profile is then considered to be from a different individual.
Here, the method is used to compare the gaze trajectories of Parkinson patients
to the eye-tracking profiles of healthy subjects. The method in [12] uses kernel
density estimation (KDE) to find an approximate probability density function
(PDF) of the trajectory distribution, whereas here, an orthogonal series ap-
proximation (OSA) approach is considered.
The second method is an augmented version of the parametric method reported
in [11], where the SPS is modelled by a Wiener system, whose parameters
are estimated from eye-tracking data. Here, parameter estimates from several
recorded data sets of healthy individuals are used together with OSA to find
an approximate PDF describing the distribution of the ’healthy’ parameters.
Parameter estimates of other test subjects can then be tested against said
distribution to statistically determine whether they belong to it or not.
The results of [10,12] indicate that age affects the SPS, which is manifested by
apparent inter-subject variations of gaze trajectories and estimated parameters
in test subjects of different age. Therefore, in a study of non-age-related effects
on the SPS, it is important for the tested subjects to be age-matched.
The aim of this paper is to bring to light possibilities of quantifying the dif-
ferences in smooth pursuit eye movements between healthy individuals and
individuals diagnosed with Parkinson’s disease and to present a first step to-
wards developing a computerized technology for quick and non-invasive staging
of the disease, without the need for time-consuming manual evaluation.
The paper is composed as follows: In Sec. 2, the OSA method for estimating
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unknown PDFs along with a way of finding the outlier region of a given dis-
tribution is presented. A non-parametric method of generating eye-tracking
profiles from data is described in Sec. 3. Sec. 4 outlines the above mentioned
parametric method. The visual stimuli and a method for their generation is
described in Sec. 5. The experimental setup and conducted experiments are
described in Sec. 6. The obtained results are presented in Sec. 7. Finally,
conclusions are stated and the methods and results are discussed in Sec. 8.

2 Orthogonal Series Approximation

A non-parametric way of obtaining smooth estimates of the PDF of an unknown
distribution is by Orthogonal Series Approximation (OSA) [13, 14]. Assume
that the PDF f , of the N -dimensional random variable X is to be estimated.
Further assume that X is supported in the domain D, that is, P (X ∈ D) = 1.
If f is square integrable (f ∈ L2), the density may be approximated with any
desired accuracy by a truncated orthogonal series

f̂(x) =
∑
j∈J

cjϕj(x), x ∈ D, (1)

where

cj =

ˆ
D

f(x)ϕj(x)dx, (2)

J is a finite set of N -tuples of integers and {ϕj(x), j = 0, . . . ,∞} is an orthonor-
mal basis. The largest integer in each dimension in J gives the highest order
of that dimension and must be chosen by the user. The highest order in each
dimension decides the number of the basis functions that will be used in the
approximation. Note that because f is a probability density, the coefficients in
the above mentioned partial sum can each be written as the expectation

cj =

ˆ
D

f(x)ϕj(x)dx = E{ϕj(X)}. (3)

Hence, estimating cj can be done via the sample mean

ĉj =
1

Ns

Ns∑
i=0

ϕj(xi), (4)

where (x1, x2, . . . , xNs), xi ∈ RN are observations of the underlying stochas-
tic variable. In this study, all considered distributions are of dimension 2 (de-
fined in a plane) and the orthonormal basis is chosen to be

{ϕn1,n2(x)} =
{√

det(Γ)φn1,n2 (Γ(x− µ))
}

(5)
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where {φn1,n2} is the complete set of two-dimensional Hermite functions [7].
They are orthonormal with respect to the L2 inner product. The reason for us-
ing Hermite functions is their effectiveness in approximating distributions simi-
lar to normal distributions, but in practice the choice of basis usually influences
estimation only slightly [3]. The vector µ ∈ RN and the matrix Γ ∈ RN×N are
user parameters for scaling and translating the functions.
The Hermit functions, {φn1,n2(x)}, x ∈ R2, are given by

φn1,n2
(x) =

1√
2n12n2n1!n2!π

e−(x
T x)/2H̃n1,n2

(x), (6)

where
H̃n1,n2

(x) = 2
n1+n2

2 Hn1,n2
(
√

2x) (7)

are the physicists’ Hermite Polynomials [7] and

Hn1,n2(x) = (−1)n1+n2e(x
T x)/2 ∂

n1

∂xn1
1

∂n2

∂xn2
2

e−(x
T x)/2 (8)

are the probabilists’ Hermite Polynomials [7].
The choice of the user parameters µ and Γ will depend on the data. The vector
µ is chosen to be the sample mean of the observations xi, i.e

µ =
1

Ns

Ns∑
i=1

xi.

This choice of µ reduces the number of the Hermit functions required in the
truncated series to achieve a given estimation error, [13]. If Γ is chosen as a
diagonal matrix, its diagonal elements will decide the width of the functions in
the corresponding dimension. The choice of the diagonal elements should be
based on the variance of the considered observations in each dimension. Choos-
ing the functions to be too narrow will increase the required function order for
accurate estimation, and choosing the functions to be too wide will ’smudge’
the estimated distribution, reducing the significance of single observations.

2.1 Outlier region

Determining whether an observation, x ∈ RN , is likely to be from a given
distribution, X, or not is done by testing the hypothesis

• H0: x is an observation of X.

For general distributions, a way to do this is to first find the outlier region, Q, of
the random variable, being the set of all possible observations deemed unlikely
to come from the considered distribution, i.e all x for which H0 is rejected. It
is then just a matter of determining whether the observation to be tested is in
Q or not. The probability that an observation of X lies in Q should be low.
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Define α such that

P (X ∈ Q) =

ˆ
Q

f(x)dx = α. (9)

Thus, α is the probability with which an observation of the considered random
variable is incorrectly deemed to be from some other distribution. The choice
of α will influence the size of the outlier region Q. A method for checking
whether a given observation is an outlier (lies in Q) is derived and described
in detail in [12], but will only be outlined here. Finding the outlier region, Q
of a PDF f , can be done numerically by carrying out the following steps:

• Evaluate f for the finite set of uniformly spaced grid points {xi}Li=1 to
obtain {fi}Li=1.

• Let {f(i)}Li=1 be {fi}Li=1 sorted in ascending order.

• Find K such that
∑K
i=1 f(i) ≤

α
A <

∑K+1
i=0 f(i), where A is the area of a

grid element.

• An approximation, Q̂, of Q is then given by

Q̂ = {xi : f(xi) ≤ f(K) = γT }. (10)

3 Non-parametric method

A non-parametric method for distinguishing between individuals on the basis
of their eye movements is presented in [12]. The method comprises two parts.
First, by presenting the same stimulus trajectory to a test subject multiple
times, a set of output trajectories is obtained. The trajectories within the
set differ because of unmeasurable input signals and the complex time-variant
nature of the SPS. The trajectories can be seen as observations of a trajectory
distribution, the PDF of which can be estimated by a suitable method. In [12],
it was done by using KDE, but will herein be estimated using OSA, as described
in Sec. 2. Then, independently acquired data sets, possibly from a different
individual, are tested against the estimated distribution. The test determines
whether or not the distribution and the recorded data pertain to the same
individual.
In this study, the method is used to distinguish healthy test subjects from test
subjects with Parkinson’s disease. PDFs constituting the trajectory distribu-
tion for healthy subjects are estimated and tested against eye movement data
of Parkinsonian patients.

3.1 Trajectory distribution estimation

A visual stimulus is presented to a test subject Ns times yielding Ns data sets
of eye movement. At each sampled time instant, k = 1, 2, . . . , Nt, there are thus
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Ns observations, (x1, x2, . . . , xNs), xi ∈ R2, of an assumed two-dimensional
stochastic variable X(k). If the stochastic variables X(k) are assumed to be
independent, the distribution of X(k) for each k can be estimated from data
using OSA as described in Sec. 2. The assumption that X(k) are independent
is restrictive, but is shown to produce sufficient results for the purposes of this
study.

4 Parametric method

In [11], the SPS is parametrically modeled by two SISO Wiener systems in
parallel, representing horizontal and vertical movements separately. In each
dimension the model is given by{

(1 + a1q
−1 + a2q

−2 + a3q
−3)x(k) = bq−4s(k) + e(k),

y(k) = f(x(k))
(11)

where y(k) is the gaze direction at time kTs, s(k) is the visual input, e(k) is
zero-mean white Gaussian noise with variance σ2

0 , q is the time-shift operator,
θ = [a1, a2, a3, b]

T is the parameter vector of the model, f is a static nonlinearity
given in [11] and Ts is the sampling time. By identifying the model (e.g. by
means of the methods presented in [15]) for several data sets from healthy
individuals, the distribution of θ can be estimated using OSA, as presented
in Sec. 2. Once a PDF for the values of θ characteristic for healthy subjects
has been established, independently acquired parameter values can be tested
against it. Values of θ deviating from the PDF indicate that the corresponding
test subject is unhealthy.

5 Visual stimuli

Visual stimuli are generated to have sufficient spectral and amplitude excitation
for accurate identification of model (11). In practice, the stimuli are presented
to the test subject as smooth random movements of a white circle in a 25
cm × 25 black background window on a computer monitor. Horizontal and
vertical components of each stimulus are generated separately as real-valued
sequences. To ensure sufficient spectral excitation for identification of the dy-
namical part of (11), the sequences are required to have a desired spectral
density d. Identification of the static nonlinearity in (11) requires the input to
contain information for all possible amplitudes within the dynamic range (in
this case the size of the computer window). Sufficient amplitude excitiation
is difficult to impose, but is addressed in [11] by constraining the sequences
to have a certain peak-to-average-ratio (PAR). The sequence s representing
each component (horizontal and vertical) of the visual stimulus is generated as
follows.
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Let s = [s0 s1 . . . sN−1]T be the vector form of the sequence, where sk
represents the deviation from the monitor center at time kTs, where Ts is the
sampling time. To obtain an s with the desired spectral density

d = [d0 d1 . . . dNf−1]T

and maximum allowable PAR ρ, solve the optimization problem

min
s

(
N−1∑
p=0

||zp| −
√
dp|2

)
,

s.t‖s‖2 = N,

PAR(s) ≤ ρ,
(12)

where z is the Fourier transform of s. The sequence is also constrained to have
energy N , to avoid ambiguities. The problem is solved in an iterative manner
in [11] and the solution will not be presented here.
Selecting d and ρ is not straightforward and appropriate values must be deter-
mined experimentally. In [11], the spectral density d is chosen so that s has
a fixed amount of energy for all frequencies below a certain cut-off frequency
fc, and no energy for frequencies above it. A larger fc implies a stimulus with
higher average velocity. Mathematically, this choice of d can be expressed with
the help of the sampling frequency, fs, and the number of samples, N as

dp =


fs
2fc

0 ≤ p < N fc
fs

0 N fc
fs
≤ p < N(fs−fc)

fs
fs
2fc

N(fs−fc)
fs

≤ p ≤ N
. (13)

The sequence d is made symmetric around its center in order for the corre-
sponding time domain sequence to be real-valued. The constant value of the
spectrum for frequencies smaller than fc is chosen so that the total signal energy
is indeed N , as was required in (12).
The maximum allowable PAR, ρ, is chosen to give an amplitude distribution of
s that is as close to a uniform one as possible over the dynamic range, see [11].
Problem (12) is solved two times with different initial values of s to yield
independent horizontal and vertical components of the stimulus. The two com-
ponents are then combined to form the two-dimensional visual input.

6 Experiment

Gaze direction data of test subjects attempting to track the moving circle
on a computer monitor were recorded using a video-based eye tracker from
Smart Eye AB, Sweden. Test subjects were placed 50 cm from the monitor
with the monitor center at eye height. The eye tracker output is the distance
in centimeters (horizontal and vertical components separately) between the
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monitor center and the point where the gaze direction line intersects the the
plane of the monitor. Eye-tracking data were sampled at a sampling frequency
of fs = 60 Hz.
Two input signals, S1 and S2, of length T = 26 s were generated using the
method described in Sec. 5. The cut-off frequency fc was set so that, when
converted to visual stimuli, the average velocity of S1 was significantly lower
than that of S2. For S1, the cut-off frequency fc was set to 0.5 Hz. For S2, fc
was set to 1.3 Hz.
The experiment involved four healthy test subjects

• H1: Man, 54 years old

• H2: Man, 65 years old

• H3: Man, 27 years old

• H4: Man, 26 years old

and two patients diagnosed with Parkinson’s disease

• P1: Woman, 57 years old

• P2: Man, 71 years old

H1, H3 and H4 were asked to track S1 and S2 15 times per stimulus. H2 tracked
each stimulus 10 times. P1 and P2 tracked the stimuli 3 times per stimulus.
In total, 122 data sets with Nt = Tfs = 26 · 60 = 1560 time samples were
gathered.

7 Results

When evaluating the performance of the two presented methods, the effects
of age on the SPS must be considered. H1 and P1 are of similar age. The
same can be said about H2 and P2. In what follows, to minimize effects of age
discrepancies, H1 will only be compared to P1 and H2 to P2.

7.1 Non-parametric Method

Using the 15 data sets of H1 acquired using S1 as input, two-dimensional PDFs
for each of the 1560 time instances were estimated using OSA. The PDF in each
time step was thus estimated from 15 observations of the underlying stochastic
variable. The same was done for the 15 sets of H1 associated with S2 and the
10 data sets of H2 for each stimulus.
User parameter µ in (5) was to chosen to be the sample mean of the observa-
tions. Γ in (5) was chosen to be the diagonal matrix

Γ =

[
r1 0

0 r2

]
(14)
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Figure 1: Heat map of the OSA estimates of the PDFs of H1 tracking S1 from
time instance 730 to 960. Red indicates high values. The blue line shows a
trajectory of P1 attempting to track the same stimulus.

with ri = 2
σ̂i

, i = 1, 2, where σ̂i is the sample standard deviation in each dimen-
sion of the considered sample of observations, i.e of the horizontal and vertical
data in each time instance. This choice of Γ was made through experiment
and was shown to give the most satisfactory results. The highest order of the
Hermit functions was set to 4 in each dimension. Using higher orders showed
little or no improvement in the obtained results.
A heat map over the estimated trajectory distribution of H1 tracking S1 from
time instance 730 to 960 overlaid by the gaze trajectory of P1 is shown in Fig. 1.
It is apparent that the trajectory of P1 deviates from the mean trajectory
of H1 at several time instants. The data sets of P1 were compared to the
estimated distributions of H1 per stimulus type. The number of time instances
with devaiting data, outliers, in each set of P1 was computed by inserting the
observation at every time instance into the expression for the outlier region
given by (10), with significance level α = 0.01. In the same manner, the data
sets of P2 were compared to the distributions of H2. The results are presented
in Tab. 1 and Tab. 2. The numbers are given in percent of the total number
recoded data samples in the set. The entries in Tab. 1 and Tab. 2 thus

Subject Stim.
type

Set
1
(%)

Set
2
(%)

Set
3
(%)

P1
S1 51.8 64.9 72.2

S2 61.4 80.0 80.6

H2
S1 5.6 3.5 3.7

S2 5.3 6.8 2.6

Table 1: The number of outliers at the 0.01 significance level in the data sets
of P1 and three sets of H2 when comparing to the distribution estimates of H1.
The numbers are given as percent of the total number of samples in the data
set.
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Figure 2: The distribution estimated from the data sets of a) H1 (age 54) and
the parameter estimates of P1 (age 57), b) H2 (age 65) and the parameter
estimates of P2 (age 71). The parameters of P1 and P2 are marked as red plus
signs.

Subject Stim.
type

Set
1
(%)

Set
2
(%)

Set
3
(%)

P2
S1 67.8 69.4 72.1

S2 73.1 81.7 81.8

H1
S1 11.2 11.3 7.7

S2 9.3 12.1 10.1

Table 2: The number of outliers at the 0.01 significance level in the data sets
of P2 and three sets of H1 when comparing to the distribution estimates of H2.
The numbers are given as percent of the total number of time steps.

show the amount of time during which the gaze direction of the comparing test
subjects deviated significantly from the mean trajectory of the data sets from
H1 and H2 respectively.
The number of outliers in the data sets of P1 is notably higher than in those
of H2 when comparing to the PDFs of H1 as can be seen in Tab. 1. The same
can be said about the number of outliers in the data sets of P2 compared to
those of H1 when comparing to the PDFs of H2, shown in Tab. 2.

7.2 Parametric Method

For the 30 data sets of H1, model (11) was identified. The 30 sets of parameters
obtained were then used to estimate the PDF of the underlying distribution
using OSA. The parameters estimated from the six data sets of P1 were then
tested against the estimated distributions using the method of outlier regions
in Sec. 2.1. The parameters of P2 were compared to those of H2 in the same
way. The parameter vector of (11), excluding any parameters in the static
nonlinearity, is of dimension 4, but to facilitate visual presentation only the
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Figure 3: Estimated parameters of healthy subjects and patients with Parkin-
son’s disease.

parameters a1 and b were considered in the distribution estimation. The choices
of µ and Γ in (5) were made in the same way as in Sec. 7.1. The highest order of
the Hermit functions was set to 4 in both dimensions, as higher orders showed
little or no improvement in the obtained results.
Fig. 2 shows the estimated parameter distributions of H1 and H2 respectively
along with the six parameter estimates from P1 and P2. The parameters of
P1 are all in the outlier region of the estimated distribution of the parameters
of H1. The same is true for the parameters of P2 when tested against the
distribution of the parameters of H2. This is evident from Fig. 2.
Furthermore, for 15 data sets of both H3 and H4 the parameters of model (11)
were estimated. Fig. 3 shows the estimated parameters of all test subjects. It
can be seen that parameters associated with Parkinson subjects deviate from
those of healthy subjects. It is also interesting to note the age dependency of
the parameters, where lower values of both b and a1 are more frequent in test
subjects of higher age.

8 Conclusions and Discussion

This paper evaluates possibilites of distinguishing between healthy individuals
and patients diagnosed with Parkinson’s disease on the basis of their recorded
eye movements. The two suggested methods, one parametric and one non-
parametric, rely on probability density function approximation and anomaly
detection. From the results of this work, nothing can be said about the rel-
ative performance of the two methods. A larger study is needed to establish
which method is best at detecting the motor symptoms of Parkinson’s dis-
ease. Instead, the authors encourage the use of both methods in combination
to provide a more complete description of the considered system. The non-
parametric method only shows the parts of a stimulus trajectory that deviates
from a normal one, established from data. The parametric method attempts
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to quantify the whole trajectory in terms of a few model parameters and can
provide insights into the nature of the observed changes in the SPS.
Tab. 1 and Tab. 2 summarize the results showing that the gaze trajectories of
test subjects with Parkinson’s disease deviate notably from those of healthy
subjects. The inter-subject variance between healthy individuals is much less
than that between healthy individuals and Parkinson patients, despite the age
spread between the healthy subjects. When using the stimulus of higher average
velocity, S2, the number of outliers in the trajectories of P1 and P2 seem to
be higher than when S1 is used. The same cannot be said about H1 and H2.
This suggests that Parkinson symptoms in the SPS become more apparent for
faster visual stimuli.
Fig. 2 indicates that the parameters, and thereby also the dynamics, of the SPS
in individuals with Parkinson’s disease differ from those in healthy individuals.
The parameters of the SPS vary depending on age, this can be seen in Fig. 3.
However, it is also made apparent that deviations in the parameters due to
Parkinson’s are larger than the deviations due to age. This is also supported
by the fact that the parameters of healthy and Parkinson subjects differ even
when the compared subjects are of similar age, as can be seen in Fig. 2.
Choosing an appropriate Γ in (5) is not trivial. Here, it was chosen to be as
in (14) because it was deemed through experiment to give the best results out
of all considered diagonal matrices. Theoretical analysis may help in making
a more appropriate choice, but, to the best knowledge of the authors, no such
analysis is available in the literature.
The results of Sec. 7 indicate that there indeed are differences between the
smooth pursuit eye movements of the considered individuals with Parkinson’s
disease and the age-matched healthy controls. This may very well be due to
the effect of the disease on the SPS, but may also be the manifestation of some
other medical condition. A larger population of test subjects is needed to give
definite results. However, although the number of participating test subjects
in this study is small, and although no effort is made herein to explain the
medical reason for the deviating parameters and gaze trajectories in Parkin-
son subjects, these results are still indicative of the potential of the presented
methods and encourage future research to further investigate the methods as
tools for diagnosing or staging of Parkinson’s disease.
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Abstract

A new way of modeling the Smooth Pursuit System (SPS) in humans
by means of Volterra series expansion is suggested and used together with
Gaussian mixture models (GMMs) to successfully distinguish between
healthy controls and Parkinson patients based on their eye movements.
To reduce the number of parameters in the Volterra models, orthonormal
function expansion of the Volterra kernels using Laguerre functions, along
with the use of SParse Iterative Covariance-based Estimation (SPICE)
for coefficient estimation, is used. A combination of these two techniques
is shown to yield heavily reduced models without significant loss of model
performance. In fact, the resulting models outperform the Wiener models
of previous research despite the significantly smaller number of model
parameters. Furthermore, the results of this study indicate that the
nonlinearity of the system is likely to be dynamical in nature, rather than
static which was previously presumed. Finally, the difference between the
SPS in healthy controls and Parkinson patients is shown to lie largely in
the higher order dynamics of the system, and that without the model
reduction provided by SPICE, the GMM estimation fails, rendering the
model unable to separate healthy controls from Parkinson patients.

This study is in part financed by Advanced Grant 247035 from European Research
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1



1 Introduction

With the help of modern video-based eye trackers, attempts at developing tech-
nology to enable the use of human eye movements as a biometric have increased
in number and quality [1, 5, 7, 8, 10, 11]. The goal of such studies is to use eye-
tracking data to quantify the functionality of the human oculomotor system and
use it to distinguish between individuals. A particular type of eye movement
is smooth pursuit that is activated when an individual observes a smoothly
moving target and attempts to keep it within the visual field. The smooth
pursuit system (SPS) is, alike all other subsystems governing eye movements,
a complex neuromuscular system and, as such, is susceptible to impairment
by various medical conditions. In [4], it is shown that Parkinson’s disease af-
fects the SPS negatively and this is confirmed in [7–11], where possibilities of
quantifying the differences in smooth pursuit eye movements between healthy
individuals and individuals diagnosed with Parkinson’s disease are brought to
light.
In [7], the only considered metric is the smooth pursuit gain (SPG) which
is noted in [9] to be only one point in the frequency characteristics of the
system. The SPS is modeled by a sixth-order nonlinear dynamical system
in [8] producing good results, but at the cost of a heavy computational burden.
A light-weight linear system is considered in [9] which is shown to give results
comparable to those obtained with more complicated nonlinear models. In [10],
the linear block is augmented with a static nonlinearity, yielding a Wiener
system, which extension improves on the results of the linear model without
any significant increase in model complexity.
In this paper, the system is modeled via a Volterra series approach [16]. A
number of important applications and theoretical studies have established the
strengths and limitations of this approach [12]. One of the most commonly
mentioned shortcomings of Volterra models is the large number of parame-
ters required for accurate modeling of even simple nonlinear systems. Here,
two measures are taken to overcome overparamerization. First, by expand-
ing the Volterra kernels in the orthonormal Laguerre basis to yield so called
Volterra-Laguerre models [12], the number of required parameters is greatly
reduced without performance loss. Moreover, the method presented herein uti-
lizes sparse estimation techniques when identifying the unknown model param-
eters, to further increase model parsimony. Specifically, the SParse Iterative
Covariance-based Estimation (SPICE) method is used, which is hyperparameter-
free and derived from a statistically and computationally sound covariance fit-
ting criterion [14]. It yields sparse solutions, i.e solutions with few non-zero
elements, at the cost of somewhat reduced model accuracy. However, it is
shown that the benefits gained from increased parsimony outweighs this slight
loss of performance.
The models of this paper are shown to outperform models of previous research,
with the significantly smaller number of model parameters. The fact that the
Volterra models of this study yields better results than the previously assumed
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Wiener models also suggests that the underlying system is in fact likely to be
dynamically nonlinear, and that static nonlinearitie merely approximates the
true nonlinear behavior.
The obtained models are exploited in two ways. First, the inter-subject vari-
ation of the model parameters is evaluated using a Gaussian mixture model
(GMM), which is a probabilistic model for identifying subpopulations within
an overall population [3]. This is in an attempt to distinguish between healthy
individuals and individuals diagnosed with Parkinson’s disease based on their
eye movements. Secondly, the higher-order dynamics of the models of healthy
controls are compared to those of Parkinson’s diseased test subjects in search
for more specific consistent discrepancies.
The paper is composed as follows: In Sec. 2, the applied method is summarized,
including the design of visual stimuli, Volterra-Laguerre and Wiener modeling,
details on how the models are identified, and a short discussion on population
partitioning. The experimental setup and conducted experiments are described
in Sec. 4. The obtained results are presented in Sec. 5. Finally, conclusions are
stated and the methods and results are discussed in Sec. 6.

2 Method

2.1 Visual stimulus

The visual stimuli of this study are generated using the method in [10]. The
stimulus generation method presented therein gives input sequences with the
rich spectral and amplitude excitation needed to accurately identify the non-
linear Wiener-type models used to portray the SPS and should thus also be
appropriate for identification of more general nonlinear models such as the
Volterra models. The stimuli presented to the test subject are smooth random
movements of a white circle in a 25 cm × 25 black background window on a
computer monitor.

2.2 Volterra-Laguerre model

Assuming the SPS to be composed of two independent dynamical systems
in parallel, one governing the horizontal eye movements and one the vertical
movements, each system can be modeled in terms of a Volterra-Laguerre model.
A discrete time-invariant system with input u(k) ∈ R (visual stimulus) and
output y(k) ∈ R (gaze direction) k = 0, . . . ,K − 1, can be approximated by
Volterra series

y(k) = y0 +
N∑
n=1

Hnu(k) + e(k), (1)
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where e(k) ∈ R is a noise term, N ∈ N is the chosen Volterra order and

Hnu(k) =
∞∑
i1=0

· · ·
∞∑
in=0

hn(i1, . . . , in)u(k − i1) . . . u(k − in) (2)

are the Volterra functionals. The functions hn are called the Volterra kernels.
In system identification, an appropriate Volterra representation has to be found
by e.g minimizing the sum of squared errors. In general, this minimization re-
quires the solution of a simultaneous set of series equations which in most
practical cases is difficult or even impossible to obtain. Instead, the kernels
can be expanded in terms of orthogonal basis functions. One such set of or-
thogonal functions are the discrete Laguerre functions. They have been shown
to efficiently approximate the impulse responses of linear dynamical systems
and may thus also be appropriate for use in Volterra models, as the Volterra
kernels can be seen as higher-order impulse responses. The discrete Laguerre
functions constitute an orthonormal basis in `2 and are given by

φj(i) = α
i−j
2

√
1− α

j∑
`=0

(−1)`
(
i

`

)(
j

`

)
αj−`(1− α)`, (3)

for all non-negative i and j [12]. Laguerre functions may be viewed as the
impulse responses of a family of linear systems parameterized in the Laguerre
parameter α that determines their exponential decay behavior [12].
Using the Laguerre functions, the Volterra kernels may be expanded as

hn(i1, . . . , in) =
L∑

j1=0

· · ·
L∑

jn=0

γn(j1, . . . , jn)φj1(i1) · · ·φjn(in), (4)

where L is the chosen Laguerre order of the expansion. Substituting this into
(2) yields

Hnu(k) =
L∑

j1=0

· · ·
L∑

jn=0

γn(j1, . . . , jn)ψj1(k) · · ·ψjn(k), (5)

where the sequences {ψj(k)} are the responses of the Laguerre filters to the
input sequence {u(k)}, i.e

ψj(k) =
∞∑
i=0

φj(i)u(k − i). (6)

The number of coefficients in (5) is Nc =
∑N
n=1(L + 1)n = (L + 1) (L+1)N−1

L .
However, due to the commutativity of multiplication, there is a redundancy
in the coefficients such that γn is symmetric with respect to its indices. This
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makes it possible to reduce the number of nonzero coefficients by writing (5)
as

Hnu(k) =
L∑

j1=0

· · ·
L∑

jn=jn−1

γ̄n(j1, . . . , jn)ψj1(k) · · ·ψjn(k), (7)

where γ̄n are the new coefficients. The number of model parameters increases
drastically with increased Volterra order. It is shown in this paper that second-
order models, i.e with N = 2 in (1), produce sufficiently accurate results. In
this case, the number of nonzero coefficients in (5) is Nc = L2 + 3L+ 2 but is

reduced to L2

2 + 5L
2 + 2 in (7). Note that

γ̄2(j1, j2) =


γ2(j1, j2) j1 = j2

2γ2(j1, j2) j1 > j2

0 otherwise

. (8)

The Volterra-Laguerre model with functionals (7) cannot be implemented di-
rectly because of the infinite upper limits in (6). Generally, the convolution
sums (6) must be truncated, but in the case of Laguerre functions, the filter
responses ψj(k) can be computed using a simple recurrence relation involving
both the order parameter j and the time index k [12]:

ψj(k) =
√
α(ψj(k − 1) + ψj−1(k))− ψj−1(k − 1), (9)

for j ≥ 1 and initialized by

ψ0(k) =
√
αψ0(k − 1) +

√
1− αu(k). (10)

Using this and (1) with N = 2, the final Volterra-Laguerre model of the system
is

y(k) = y0 +
L∑

j1=0

γ̄1(j1)ψj1(k)+

L∑
j1=0

L∑
j2=j1

γ̄2(j1, j2)ψj1(k)ψj2(k) + e(k). (11)

Given measurements of y(k) at time instances k = 0, . . . ,K−1, (11) yields a sys-

tem of equations for the unknown parameters c = [y0 γ̄1(0) . . . γ̄1(L) γ̄2(0, 0) . . . γ̄(L,L)]
T

of length Nc + 1 and the noise terms e = [e(0) . . . e(K − 1)] given by

y = [A I]

[
c

e

]
= Bβ, (12)

where A ∈ RK×(Nc+1) is the coefficient matrix constructed from (11) and I is
the identity matrix of order K.
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It will be of interest to calculate the `2-norm of the estimated Volterra kernels.
The `2-norm of a discrete function f(i1, . . . , in), denoted by ‖f‖`2 , is defined
as

‖f‖`2 =

√√√√ ∞∑
i1=0

· · ·
∞∑
in=0

|f(i1, . . . , in)|2 (13)

Due to the orthonormality of the Laguerre functions, the `2-norm of a kernel
expanded in the Laguerre basis as in (4), can be evaluated to

‖hn‖`2 =

√√√√ ∞∑
j1=0

· · ·
∞∑
jn=0

|γn(j1, . . . , jn)|2 (14)

2.3 Wiener model

In [10], the SPS is parametrically modeled by two SISO Wiener systems in
parallel, representing horizontal and vertical movements separately. In each
dimension, the model is given by{

(1 + a1q
−1 + a2q

−2 + a3q
−3)x(k) = q−4u(k) + e(k),

y(k) = f(x(k)),
(15)

where y(k) is the gaze direction at time kTs, u(k) is the visual stimuli, e(k) is
zero-mean white Gaussian noise with variance σ2

0 , q is the time-shift operator,
θ = [a1, a2, a3]T is the parameter vector of the model, f is a static nonlinearity
given in [10] and Ts is the sampling time. The static nonlinearity is chosen to
have 6 unknown parameters as was shown in [10] to give satisfying results.

2.4 Identification

System identification of model (11) is carried out by finding the Nc+1 unknown
parameters c in (12) through minimization of some appropriate criterion. The
most straightforward may be ordinary least squares (OLS), but as the Laguerre
order, L, grows, the number of parameters becomes large and the variance in
the estimates increases. This suggests the use of a sparse estimation method,
yielding parameter vectors with only few nonzero elements at the cost of re-
duced model accuracy.
The most widely used sparse estimation method is perhaps Least Absolute
Shrinkage and Selection Operator (LASSO), which uses the constraint that
the `1-norm of the parameter vector is no greater than a given value [15].
However, LASSO requires the selection of a user parameter which is usually
a daunting task. Herein, the SParse Iterative Covariance-based Estimation
(SPICE) method is used, which does not suffer from this drawback [14].
In SPICE, it is assumed that the elements of β in (12) are uncorrelated random
variables with zero means and variances {pi}Nc

i=0 for {ci}Nc+1
i=1 and {σi}Ki=1 for
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{ei}Ki=1 where xp denotes the p:th element of vector x. The covariance matrix
of y is then

R = E(yyT ) = BPBT , (16)

where P = diag([p1 . . . pNc+1 σ1 . . . σK−1]
T

). SPICE minimizes the following
weighted covariance fitting criterion

‖R−1/2(R− yyT )‖2F , (17)

where ‖ · ‖F denotes the Frobenius norm and R−1/2 is the Hermitian square-
root of the inverse matrix R−1. It is shown in [14] that in the case of real-valued
data, the SPICE method can be reduced to solving a linear program. Introduce
the weights

wk =
‖bk‖2
‖y‖2

(18)

where bk are the columns of B and ‖ · ‖2 denotes the Euclidian norm. The
linear program to be solved is then

min
αi,βi

Nc+1+K∑
i=1

wiαi

s.t.− αi ≤ βi ≤ αi,
αi ≥ 0, i = 1, . . . , Nc + 1 +K

y = Bβ

(19)

where {αi} are auxiliary variables.
Model (15) is herein identified using a MATLAB toolbox for identification of
Wiener systems [17].

3 Population partitioning

An important application of SPS modeling lies in using the obtained mathematical
models from different test subjects to partition the subjects into groups where
each group exhibits certain properties or features. A convenient way to ap-
proach this problem is through GMMs [3]. A GMM is a probabilistic model for
identifying subpopulations within an overall population. The mixture model
framework is extensive and adapted in different ways to a number of problems
in various fields. For details about mixture model theory and applications,
see for example [3, 6, 13]. In the case of this study, it is of interest to distin-
guish healthy controls from Parknison patients by studying the parameters of
the estimated models. A mixture model with two components, healthy and
Parkinson, is thus assumed and the posterior probability of each parameter
vector to belong to a certain component is evaluated. In this way, eye move-
ment data can be used to make inference about whether the considered test
subject is affected by Parkinson’s disease or not.
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When estimating a mixture model, initial component parameters must be cho-
sen. This can either be done by selecting a number of observations from the set
at random as initial component means, or by specifying the assumed compo-
nent affiliation for each point. The latter assumes that there exists some prior
knowledge about which group one or more subjects in the experiment belongs
to, which is usually the case in medical studies where there is a known control
group of healthy test subjects.

4 Experiment

Gaze direction data of test subjects attempting to track the moving circle
on a computer monitor were recorded using a video-based eye tracker from
Smart Eye AB, Sweden. Test subjects were placed 50 cm from the monitor
with the monitor center at eye height. The eye tracker output is the distance
in centimeters (horizontal and vertical components separately) between the
monitor center and the point where the gaze direction line intersects the the
plane of the monitor. Eye-tracking data were sampled at a sampling frequency
of fs = 60 Hz.
Input signals of length T = 26 s, N = 1560 samples, were generated using the
method mentioned in Sec. 2.1.
The conducted experiment involved three healthy controls:

• H1: Man, 26 years old

• H2: Man, 54 years old

• H3: Man, 64 years old

and five test subjects diagnosed with Parkinson’s disease:

• P1: Woman, 57 years old

• P2: Man, 71 years old

• P3: Woman, 73 years old

• P4: Man, 66 years old

• P5: Man, 67 years old

Ten datasets were obtained from each healthy control and six from each Parkin-
son patient.

5 Results

Models (11) and (15) were identified for all acquired data sets using both SPICE
and OLS. Model (11) was estimated for four different values of the Laguerre
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order L. In total for each estimation method and Laguerre order, 60 models
were identified; 10 models per healthy control and 6 models per Parkinson
patient. The choice of the Laguerre parameter α in (3) was made per data set
to minimize the residual sum of squares (RSS) through gridding the parameter
in 200 steps.
When using SPICE, parameters with little impact on the model behavior are
forced to zero. For different datasets, the model parameters forced to zero are
not necessarily the same. However, estimation results showed that the nonzero-
parameter indices did not vary much for models of the same test subject. For
the few data sets that yielded a deviating number of nonzero parameters, the
models were simply re-identified using ordinary least squares (OLS) under the
assumption that all parameters were zero except for the nonzero-parameter
indices found for the other datasets.
Fig. 1 shows the Laguerre coefficients of the second order Volterra kernel,
γ2(j1, j2) in (5), for a model of P4 estimated using both SPICE and OLS with
Laguerre order L = 3. It well illustrates the effect of the sparse estimation for
which only two coefficients are nonzero compared to the 16 in the OLS case,
with only a small difference in RSS.
Each model was validated on the remaining data sets pertaining to the same
test subject. As an example, Tab. 1 shows the RSS when validating models
estimated from one dataset of of H1 and one of P1. Models estimated from
other datasets showed similar values. The number within the brackets after
each RSS value gives the number of nonzero parameters in the corresponding
model. The first thing that should be noted is that the Volterra-Laguerre
models perform better than the Wiener models, despite the lower number of
parameters.
Secondly, SPICE seems to be preferable over OLS as the results of the former
is similar to the latter, but achieved with significantly fewer parameters. In
fact, with Laguerre order L = 3 and L = 4, using OLS actually reduces model
accuracy due to overparametrization.
As can be seen in Tab. 1, and which was also the case in other subjects, the
model accuracy in healthy controls does not improve when the Laguerre order
is increased beyond L = 2. For the Parkinson subjects, a Laguerre order of
L = 3 or higher seemed to produce the best results.
Finally, the RSS of models pertaining to the Parkinson subjects is substantially
higher than for the healthy controls.
Tab. 2 shows the average `2-norm, as defined in (13), of the first and second
order Volterra kernels, h1 and h2 in (4), of the estimated models for different
test subjects. It is evident that the second order kernel norms are larger in
Parkinson patients than in healthy controls, but that there is no significant
difference in the norm of the first order kernels. This indicates that the linear
dynamics of the SPS are similar in healthy controls and Parkinson patients, and
that the differences lie in the nonlinear behavior, which is stronger in Parkinson
subjects.
The parameter vectors of the models were used to estimate GMMs to look
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H1 P1

L SPICE OLS SPICE OLS

1 1.08 (2) 0.98 (6) 36.4 (3) 36.8 (6)

2 0.66 (3) 0.56 (10) 15.0 (4) 14.4 (10)

3 0.66 (3) 0.67 (15) 5.6 (7) 11.4 (15)

4 0.66 (3) 0.69 (21) 3.9 (8) 12.0 (21)

5 0.66 (3) 0.70 (28) 3.9 (8) 15.2 (28)

Wiener 6.31 (9) 46.8 (9)

Table 1: The RSS when validating models estimated from one dataset of H1
and one of P1. The number of parameters in each model is written within
brackets after each RSS value.

Figure 1: The Laguerre coefficients of the second order Volterra kernel,
γ2(j1, j2) in (5), estimated using a) OLS (RSS: 4.24), b) SPICE (RSS: 4.05),
with Laguerre order L = 3.
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Figure 2: The posterior probabilities of the parameter vector of each dataset to
belong to either component 1 (C1) or component 2 (C2) when studying a) the
parameters of the first order kernel (estimated with SPICE), b) the parameters
of the second order kernel (estimated with SPICE), c) the parameters of the
second order kernel (estimated with SPICE) with the initial assumption that
the parameter vectors of the healthy controls are in C1, d) the parameter of
the second order kernel estimated with OLS. Markers above the C1 label are
in the first component with probability 1 and in the second component with
probability 0. The opposite is true for markers above the C2 label.
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Subject ‖h1‖`2 ‖h2‖`2 (·10−3)

H1 0.22 1.8

H2 0.29 2.2

H3 0.31 0.5

P1 0.49 13.1

P2 0.26 13.2

P3 0.31 9.6

P4 0.27 15.0

P5 0.21 10.5

Table 2: The average `2-norms of the second order Volterra kernel of the esti-
mated models for different test subjects.

for two subpopulations, namely healthy subjects and Parkinson subjects. The
best results were achieved when the Laguerre order was L = 3. In this case,
the number of model parameters when using OLS is 15, whereas the maximum
number of nonzero parameters in any of the models identified using SPICE
was 7. As was indicated in Tab. 2, the difference between healthy controls
and Parkinson subjects seems to lie in the second-order Volterra kernel. For
this reason, for the SPICE-identified models, GMMs were fitted both for the
parameters describing the first order kernel (the linear part of the dynamics),
and for those describing the second order kernel (the nonlinear part of the
dynamics). For the OLS-identified models only the second-order kernel was
considered.
Because OLS yields parameter vectors of full dimension, attempts at estimat-
ing GMMs to the data failed due to ill-conditioned covariance matrix esti-
mates. This was overcome by regularization of the covariance matrix. Fig. 2
presents the posterior probabilities of each mixture model. Blue markers rep-
resent healthy controls and red markers represent Parkinson patients. From
Fig. 2a) it is apparent that it is difficult to distinguish the two groups from each
other by only studying the linear dynamics. However, Fig. 2b) and Fig. 2c)
show that when considering nonlinear dynamics, the differences are far more
apparent. With the prior information that the control subjects belong to the
healthy component, the partitioning is near perfect, but even without any pre-
sumptions regarding the affiliation of the parameter vectors, the groups are well
separated with few errors. The mixture model was not successful in correctly
partitioning the parameters estimated using OLS, as can be seen in Fig. 2d).

6 Discussion and Conclusions

A new way of modeling the SPS in humans by means of Volterra series expan-
sion is suggested in this paper and used together with GMMs to successfully
distinguish between healthy controls and Parkinson patients based on their eye
movements. The problem of high dimensional parameter spaces is overcome
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by Laguerre expansion of the Volterra kernels in combination with the use of
sparse methods for Laguerre coefficient estimation. Based on the results of this
work, the SPS is well-suited for Volterra-Laguerre modeling. It is shown that
the Volterra kernels of the obtained models are sparse in Laguerre domain and
that the performance of the models is preserved even when the dimension of
the parameter space is heavily reduced through SPICE. Moreover, the models
of this paper are shown to yield better results than models of previous research,
even at higher parsimony, which is a strong result. Finally, it is shown that the
model reduction provided by SPICE is not only helpful, but also necessary in
order to successfully distinguish the models of healthy controls from those of
Parkinson patients by means of GMMs.
Another curious result of this study is the fact that the SPS in test subjects with
Parkinson’s disease exhibits stronger nonlinear behavior than that in healthy
controls. In fact, it seems that the discrepancies in the SPS between healthy
and Parkinson subjects are far more apparent when studying the nonlinear
compared to the linear dynamics.
Tab. 1 shows that the considered Volterra-Laguerre models generally perform
better than the Wiener models considered in previous research, even with sig-
nificantly fewer parameters. This suggests that the nonlinearity is in fact dy-
namical in nature, and that the static nonlinearities of Wiener models merely
approximates the true nonlinear behavior. The RSS of models pertaining to
Parkinson subjects is substantially higher than for healthy controls, indicating
that the SPS dynamics are more complex in Parkinson’s disease than in health.
In Tab. 2, it is made apparent that there are differences in the nonlinear parts of
the SPS between healthy controls and Parkinson patients. This is an interesting
result which should be more thoroughly investigated in order to further improve
techniques aimed at using eye movements as a biometric.
Fig. 2 shows that healthy controls and Parkinson patients can be success-
fully distinguished between using Volterra-Laguerre models estimated from eye
movement data. However, the use of sparse estimation techniques for model
identification is necessary to achieve sufficient population partitioning. In the
case of OLS-estimated models, regularization had to be carried out on the
covariance matrix estimates in the mixture model estimation. Regularization
adds bias which in this case resulted in non-satisfactory results. If more data
were available, estimation of mixture models without bias-inducing regulariza-
tion may be possible even for models estimated using OLS. However, more
data requires more time, which further supports the use of sparse estimation
methods, as it is often preferred in practice to keep the experiments as time
efficient as possible.
The results of Sec. 5 imply that there are indeed differences between the smooth
pursuit eye movements of the considered patients with Parkinson’s disease and
the healthy individuals. Although the number of participating test subjects
in this study is small, and although no effort is made herein to explain the
medical reason for the deviating parameters and gaze trajectories in Parkin-
son subjects, these results are still indicative of the potential of the presented

12



method and encourage future research to further investigate the methods as
tools for diagnosing or staging of Parkinson’s disease.
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