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SUMMARY:

A fundamental question that arises in finite element model updating and error localization
problems is which requirements that have to be fulfilled by the physical parameters to be
used in the procedures.

One requirement is that the test data are informative with respect to the chosen parameters.
That implies that a change of a certain parameter should give a detectable change in the
model’s dynamic behaviour. Another requirement is that the chosen parameters should be
identifiable. The dynamic properties of a structure, as recorded by a measurement system,
may under certain conditions change similarly by changing one parameter or a set of other
parameters. Should that be the case, there is no identifiability.

This article shows that parameters of which test data have low informativeness and parame-
ters that are lacking identifiability, are of no use for error localization or model updating and
should therefore not be used for these purposes. Thus, before a meaningful error localization
may take place either complementary test data have to be added or a re-parameterization of
the model has to be made.

Before an error localization is to be carried out a preparatory error localization, using only data
from an FE-analysis, is justified. The purpose of such preparatory work is both to decide
which parameters to use to quantify model errors and to design the tests for the error localiza-
tion in order to meet the parameter requirements.
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 1   INTRODUCTION

In recent years, finite element (FE) model updating has been an area of active research. This
relates to the requirements of valid models for predictions and parametric studies. Most FE-
models of practical use today involve such a multitude of physical parameters, possibly in er-
ror, such that updating them all is impractical. Thus one has to select, from a large set of pa-
rameters, those that are considered to be most prone to errors. Such selection procedure, in
which candidates for error localization are identified, should be based on theoretical and en-
gineering insight. To assess the likelihood of obtaining the distribution and quantification of
model errors from given test data, the parameter identifiability and experimental data inform-
ativeness should be considered. One reason why a general parameterization cannot be used for
error localization is that those dynamic properties of a model that are compared with test data,
may under certain conditions change similarly by changing one model parameter or a combi-
nation of other parameters.

Another reason why not just any parameterization could be accepted is that the test data might
be non-informative with respect to a certain parameter within the parametrization. Then, a
model updating could result in an indifferent solution of that parameter. One assumption that
seems reasonable, is that a model parameter perturbation should result in a noticeable change
in such measurable quantities that are informative with respect to that parameter. Hence, the
data informativeness could be assessed in a preparatory study.

If the parameters are not identifiable or if the test data are not informative with respect to the
parameters, then before a meaningful error localization may take place, one step out of two
has to be taken. Either sufficient complementary test data have to be added or a re-parameter-
ization of the model has to be made. In a pre-test planning phase, the vibration test should be
designed as to make likely that the test data informativeness will be at hand for the candidate
set of parameters when test data later will become available.

 2   IDENTIFIABILITY AND RE-PARAMETERIZATION

To help quantify model errors we collect as elements in an error vector e, the deviations in the
modal quantities that is likely to be available after test. The deviation is here between analysis
and test data. Here, the modal quantities are the eigenfrequencies of the frequency range of the
test, all elements of the eigenmodes associated to sensor locations together with the pertinent
modal normalization constants. The gradient of e then consists of modal property gradients.
With  being the gradient vector of e with respect to parameter , we establish the 
gradient (sensitivity) matrix  constituted of  as columns. Here M is the total number of
modal quantities and K is the number of model parameters. Using a Taylor series expansion
of the error we have that

(1)

with  being the parameter vector and with  denoting the parameter setting of the nominal
model. We are searching for that parameter change  that makes this error vanish i.e.

. As a first order approximation we then have
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To provide a unique least-square solution, we demand that  should not be rank deficient,
i.e. its column vectors should not be linearly dependent. If they are, we say that the problem
lacks local identifiability and a unique solution is not at hand which means that proper action
has to be taken to overcome the problem.

Since true rank deficiency is unlikely in practice, a fundamental question is how to define
closeness to such. One means by which linear independency may be lost is when two columns
of  fully correlate, i.e. they are similar except for a scaling. A method for indicating the
degree of deficiency of a certain parameterization is presented here. The proposed method sets
out from the Singular Value Decomposition (SVD) of , i.e.

(3)

where  is a diagonal matrix containing the singular values. If any singular value equals zero
then  is rank deficient and thus the error vector gradients, columns of , are linearly de-
pendent. To solve an parameter identification problem the problem has to be re-posed such
that the modified problem’s gradient matrix is of full rank. This may be done by using other
modes from the test, selecting other locations for sensors or by a re-parameterization of the
model. Of these, the first two modifications relate to replacements/expansions/reductions of
elements of the error vector e. On the other hand a re-parameterization relate to changes in
numbers or definition of some or all of the gradient vectors.

In practical use the likelihood of  being truly rank deficient is indeed very small. As we
expect identifiability problems also for marginally identifiable systems, we are looking for
states which are close to being rank deficient. Small singular values indicate such a state. The
number of small singular values indicates the rank reduction achievable by a slight modifica-
tion of the gradient matrix  and indicates the reduction of parameters that is required to
reach identifiability.

Should the gradient matrix be truly or almost rank deficient, one possibility to increase the
identifiability is to re-parameterize. An original parameterization is probably a good starting
point since it is based on a user’s selection. A way to, in some sense, keep the original error
parameters is to combine some or all of them by introducing new parameters  as

  ,  , (4)

possibly with constraints as

  , (5)

Here  and  are arbitrary scalar values. The re-parameterization should ideally be made us-
ing physically insight into the problem and the parameterization at hand. To help achieving a
good parameterization, a method for ranking a set of possible re-parameterizations is devised.

The method is based on a Singular Value Decomposition (SVD) of the gradient matrix. The
matrices from the decomposition are partitioned so that  contains small singular values
while  contains singular values larger than a given threshold.  and  are the right hand
vectors associated to  and  respectively. We then have the relation
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(6)

Let us now turn our interest to possible re-parameterizations, i.e.  with new
parameters , corresponding in number to the number of significant singular values of .
Let N be equal to , i.e. . Should the gradient matrix be truly rank deficient then N
is its nullspace. Since its associated singular values are small, N could be denoted a pseudo
nullspace matrix. In the same way  is considered as the pseudo range matrix, here denoted

. A bad choice of re-parameterization would be to let  since that would princi-
pally lead to

(7)

But since N is orthonormal to  this leads to

(8)

Since the singular values of  are small, large  would result for moderate errors e.
Indeed, if the gradient matrix is truly rank deficient infinite changes of the new parameters’
values are needed. A good choice of , in a mathematical sense, would be the pseudo range

 which is the orthonormal complement to . A disadvantage of using this matrix is that it
is generally fully populated and would therefore, from an engineering point of view, give an
un-physical re-parameterization. That would imply that different physical properties would
be arbitrary lumped into the introduced parameters.

The re-parameterization could be done in a number of ways, each relating to a specific trans-
formation matrix C. Some of them will be more acceptable from an engineering point of
view than others. Among the acceptable transformation matrix candidates, here denoted , it
is desirable to find the one being as closely orthogonal to  as possible and at the same time
as co-linear with the range  as possible, for reasons that should be obvious. To rank differ-
ent candidates  of , we introduce the Orthogonality Co-linearity Index OCI being

(9)

Here,  denotes the angle between the subspaces[1] spanned by the columns of
matrices  and . 

The proposed procedure includes the establishing of the transformation matrices 
associated to the re-parameterization alternatives, which are decided by the user. After
calculation of the OCI indices that are associated to the transformation matrices, the
transformation matrix giving the largest index may be identified. That matrix defines the re-
parameterization that is optimal from a mathematical point of view and physically sound. An
numerical example of this theory was shown earlier[2, 3] .
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 3   INFORMATIVE DATA

The Fisher Information matrix (FIM)[4,5]  plays an important role in the theory and practice of
statistical estimation. It is the theory of the Maximum Likelihood estimation[5] that is under-
lying this concept of estimating model parameters. The FIM quantifies the amount of infor-
mation that is present in a noisy measurement with regards to model parameters. The inverse
of the FIM, known as the Cramer-Rao bound, establishes a lower bound on the error covari-
ance matrix for any unbiased estimator of the parameters.

Consider a model for which the measurement at time t are taken

   ,   (10)

where  is a p-dimensional vector of deterministic but unknown parameters. The noise con-
tribution is denoted by . The noiseless measurement  is a vector function of  and the
system’s input. The vector  consists of M independent system measurements.

Assume that the noise contribution  is an independent Gaussian sequence with zero mean
and a diagonal covariance matrix R equal to . As a result, the measurement  is a se-
quence of independent Gaussian distribution random variables having the mean value vector

 and a covariance matrix R which stems from the noise. The joint probability density
function for a random sample  is then[3]

(11)

The Fisher information matrix associated to this distribution is defined to be[4]

(12)

in which E denotes the expectation.

When measured data do not contain any information about certain parameters, it indicates that
those parameters can be varied without changing the measured transfer function of the system.
By Fisher formula (12), the entries of the FIM are expressed in terms of the partial derivatives
of the density function of the system’s output. This shows that local non-informativeness will
lead to singularity of the FIM.

For the noise model here considered, the Fisher information matrix becomes

(13)

From a noisy measurement y, an estimate of the unknown parameters  can be made. Such
estimate is here denoted . Suppose that this estimate is unbiased, i.e. its mean value converg-
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es to the exact value. Then its error covariance matrix is lower bounded by the inverse of the
FIM

(14)

The right-hand side of eq. (13) is the Cramer-Rao (CR) lower bound. The existence of such
bounds implies that irrespective of the method used to quantify the parameters from the data,
there is a lower bound on the precision that cannot be overcome. It is noted that equation (12)
contains the model parameters. Thus, the calculated FIM or the CR bound associated with the
estimated parameters will only be reliable if the values of these parameters are not deviating
too much from their true values. However, it is assumed that the parameter values of an FE-
model, modelled by a skilled engineer with insight into the structure, are close to correct.

The analytical calculation of the Fisher matrix is often difficult or impossible in any nonlinear
problem[3]. In this study, it suffices to calculate the Fisher matrix numerically. The calculation
is illustrated by an numerical example.

 4   NUMERICAL EXAMPLE

A two-degree-of-freedom (2-dof) structure, see Figure 1, is chosen to show the concept of data
informativeness with respect to physical parameters. The masses  and  together with
the stiffnesses  and  constitute the set of physical parameters of the system. In this exam-
ple, the exact parameters of the structure are given as m1= m2= 1 kg, k1 = 100 N/m and k2 = 1
N/m. These numerical values ensure a significant difference in response of the two masses.

Now suppose that the masses m1 and m2 are unknown parameters. When the rightmost mass
of the structure is excited, its response can be measured. From the noisy measurement, these
unknown masses will be identified. The estimator is here assumed to yield the exact values.
However, in the context of this paper, the question whether the measured data are informative
to parameters to be estimated is just concerned. It may be answered by evaluating the FIM.

The response measurement of the structure is assumed to follow the model given by equation
(10), that is contaminated by a zero mean, unit variance (  = 1) Gaussian white noise se-
quence. The Fisher information matrix of the measurement for two unknown masses is thus
obtained from equation (13). Two cases of excitation of the same duration of 10 s are consid-
ered: (a) a transient sinusoidal function of frequency  rad/s with 0.002 s time step and (b) a
sample of Gaussian random white noise with zero mean, a variance of 0.5 N2, time step of 0.1
s and low pass filtered (Butterworth filter) with cut-off frequency at  rad/s. Both analyses
start with homogeneous initial conditions.

Table 1 shows Fisher information numbers, which are diagonal elements of the FIM corre-
sponding to parameters of interest, for different kind of measured data: acceleration (Ja), ve-
locity (Jv) and displacement (Jd) responses. From this table, it is obviously deduced that the
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Figure 1. Two-dof structure
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measurement is very informative to the mass m2 relative to the other mass m1. This seems rea-
sonable since the measurement is carried out at the rightmost mass and the excitation frequen-
cy in both cases are far from the natural frequency of the left spring-mass subsystem. Hence
the Fisher information matrix shows to be a very effective index for the informativeness of
data to the parameters in question. In addition, in this example, the Fisher information num-
bers are most sensitive to acceleration data.

Another way to interpret the informativeness of observed data for physical parameters used in
model updating is described in the following. Assume that the model is to be updated by use
of the response to the given harmonic loading with accelerations measured at . Here, ex-
perimental data are mimiced by the output of the nominal model,  combined with Gaus-
sian white noise according to

(15)

The noise v has a zero mean, a unit variance and a magnitude such that the noise to signal ratio
becomes less than or equal to five percent.

Ja Jv Jd

a) m1 150x10-5 3.98x10-5 1.50x10-5

m2 5.33x103 2.33x103 1.46x103

b) m1 279x10-3 3.90x10-3 1.20x10-3

m2 1.16x105 1.15x105 1.16x105

Table 1. Fisher information numbers for two mass
parameters of the 2-dof structure. a) Harmonic ex-
citation, b) Random excitation

Figure 2. Distribution of parameter estimates of 2-
dof structure shown in Figure 1. Note the different
abscissa scales. a) parameter , b) parameterm1
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Analytical data  are noise-free accelerations at  calculated from a model that differs
from the nominal in the way that one parameter at the time is treated as a variable. The value
of the variable that minimizes  is calculated by using a constrained minimization
procedure. The variable is allowed to vary between zero and 200 percent of its nominal value.
The minimization is repeated 500 times, each time with a different random noise realization
v. Firstly, the mass  is considered the only parameter. The distribution, grouped in 20 bins,
is shown in Figure 2a. The mean value and the variance of the estimates become equal to 0.92
kg and 0.59  respectively. Secondly, the mass  is allowed to vary. The mean value of
the 500 estimates becomes equal to 1.00 kg while the variance equals  . The
distribution is shown in Figure 2b. This clearly shows that estimates from data that suffer from
lack of informativeness of the parameters in question, are of no use. Hence, such parameters
should not be included in an error localization or a model updating. Another, mdof, numerical
example of this theory was shown earlier by the authors[6]. 

 5   CONCLUSIONS

We advocate the use of a preparatory error localization procedure in which the parameter iden-
tifiability and the test data informativeness are assessed. A successful error localization cannot
be guaranteed if there is a lack of either of these quantities. One is then left with two possibil-
ities, either to redesign the test to get complementary information or to re-parameterize the
model. Methods for quantifying identifiability and informativeness by index numbers have
been developed. Heuristically determined thresholds for these indices have been used.
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