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2 A. COLESANTI, K. NYSTROM, P. SALANI, J. XIAO, D. YANG, G. ZHANG

The Minkowski problem, which characterizes the surface area measure, is a fundamental
problem in convex geometric analysis. Since for smooth convex bodies the reciprocal of the
Gauss curvature (viewed as a function of the outer unit normals) is the density of the surface
area measure with respect to the spherical Lebesgue measure, the Minkowski problem is
the problem in differential geometry of characterizing the Gauss curvature of closed convex
hypersurfaces. More precisely the Minkowski problem reads: given a finite Borel measure
p on the unit sphere S*~t, under what necessary and sufficient conditions does there ewist
a unique (up to translations) convexr body K such that Sk = p? This problem was first
studied by Minkowski [81,82], who demonstrated both existence and uniqueness of solutions
when the given measure is either discrete or has a continuous density. Aleksandrov [2, 3]
and Fenchel-Jessen [31] solved the problem in 1938 for arbitrary measures. Their methods are
variational and use formulas (1.1) and (1.2). The solution of the Minkowski problem identified
the conditions

(/)  the measure p is not concentrated on any great subsphere; that is,
/ 0 - &l du(€) >0, for each § € S™ 1,
S§n—1

(ii)  the centroid of the measure p is at the origin; that is,
(1.3 | cano =0
S§n—1

on the measure as necessary and sufficient conditions for existence and uniqueness. In the
smooth case, the Minkowski problem can be formulated via a second order partial differential
equation of Monge-Ampere type on the unit sphere and, for this reason, establishing the
regularity of the solutions to the Minkowski problem is difficult and has led to a long series of
influential works, see for example Lewy [67,68], Nirenberg [83], Cheng and Yau [21], Pogorelov
[87], Caffarelli [15,16], etc.

The Minkowski problem has inspired many other problems of a similar nature. Exam-
ples include the L,-Minkowski problem which prescribes the p-surface area measure, see
e.g., [5,6,22,48,74,76], the logarithmic Minkowski problem which prescribes the cone-volume
measure, see [5,12,96], the Christoffel-Minkowski problem which prescribes intermediate sur-
face area measures, see [41], and Minkowski type problems which prescribe curvature measures,
see [38,40,42]. The measures prescribed in these works are the variational functionals of vol-
ume and other quermassintegrals with respect to various operations on compact convex sets.
These problems present central questions in geometric analysis. As a specific example, the
Minkowski problem and its LP generalization have been used to establish sharp affine Sobolev
inequalities, see [23,45,46,78,79,105]. Operators that arise as a consequence of the solution
of the Minkowski problem (and its L? generalization) have appeared in, e.g., [71-73,101].

In his celebrated paper [52], Jerison solved the Minkowski problem that prescribes the capac-
itary measure, i.e. the measure that is the variational functional arising from the electrostatic
(or Newtonian) capacity. The work of Jerison demonstrates a striking similarity between the
Minkowski problem for the electrostatic capacitary measure and the Minkowski problem for
the surface area measure. Recall that given £ C R”, the classical electrostatic capacity Ca(E)

of E is defined by

(1.4) Cy(FE) = inf {/ |Vul?dz : we CX(R™), u>1on E},
Rn
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where C'2°(R™) is the set of C* functions in R with compact support. Let €2 be a bounded
convex domain, i.e. a bounded open convex set, in R”, and let 2 be its closure. The equilibrium
potential U = Ug of €2, is the unique solution to the boundary value problem

AU =0 inR"\Q,
(1.5)

U=1 on 0N and lim,o U(z) =0,

where A is the Laplace operator. Using the, by now, classical results on harmonic functions in
Lipschitz domains due to Dahlberg [29], it follows that VU has non-tangential limits, almost
everywhere on 0f, with respect to (n — 1)-dimensional Hausdorff measure H"~!, and that
|VU| € L*(092, H"'). The electrostatic capacitary measure (€2, ) of Q is then the finite and
well-defined Borel measure on the unit sphere S*~! given, for Borel £ C S, by

(1.6) 1(Q, B) = / VU2 d3,
g 1(E)

where g : 99 — S ! is the Gauss map. The Minkowski problem for the electrostatic capaci-
tary measure is: given a finite Borel measure p on the unit sphere S*~1, under what necessary
and sufficient conditions does there exist a unique (up to translations) bounded conver domain
Q for which po(€2,-) = p? In [52] Jerison solved the problem by giving the necessary and
sufficient conditions for the existence of a solution and these conditions are identical to corre-
sponding conditions in classical Minkowski problem for the surface area measure and stated
as (1.3) (z) and (i¢) above. Regularity was also obtained in [52]. Uniqueness was settled by
Caffarelli, Jerison and Lieb in [18]. The general outline of Jerison’s approach is quite similar
to that for the Minkowski problem of surface area measure, but details are different and sub-
stantially more complicated compared to the classical Minkowski problem. The Hadamard
variational formula,

d
(1.7) GC )| = [ ha©du©.0,
t t:O+ Sn—l
where €2y is an arbitrary convex domain, and its special case, the Poincaré capacity formula,
1
(18) Cal) = — [ hol) dus(22.€),
n — 2 Sn—l

play crucial roles in Jerison’s proof and bear an amazing resemblance to the volume-formulas
(1.1) and (1.2). The work of Jerison demonstrated a striking and unexpected similarity
between the Minkowski problem for electrostatic capacity and the Minkowski problem for
the surface area measure and the work of Jerison inspired subsequent research in this area.
For example, similar problems, still involving a linear operator as the Laplace operator A,
were studied in [53] and more recently in [25] where capacity is replaced by the first eigenvalue
of —A and by the torsional rigidity, respectively.

In this paper we extend Jerison’s work on electrostatic capacity to p-capacity, hence contin-
uing Jerison’s work in a non-linear setting. For p such that 1 < p < n, recall that for £ C R",
the p-capacity C,(E) of E is defined by

(1.9) O, (E) = inf {/ VulPdz : we CX(R™) and u > 1 on E}

In this context Jerison’s work on the electrostatic capacity corresponds to the case p = 2.
To extend Jerison’s pioneering p = 2 results is demanding and highly nontrivial because the
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linear Laplace operator needs to be replaced with the nonlinear and degenerate p-Laplace
operator. Many well-known facts for harmonic functions have not yet been established for
p-harmonic functions. Neither of the formulas analogous to (1.7) and (1.8) for p-capacity is
known. Fortunately, recent work of Lewis and Nystrém on p-harmonic functions, see [59] — [66],
makes it possible to define p-capacitary measures which generalize the notion of electrostatic
capacitary measure. This opens the door to study the p-capacitary Minkowski problem. In
this paper we establish extensions of Jerison’s work to p-capacity and study the p-capacitary
Minkowski problem. To do this we follow a similar but more direct approach than in the
linear case p = 2 of Jerison [52]. We emphasize that, due to the non-linearity and degeneracy
of the underlying partial differential equation, the cases where p # 2 are considerably more
complicated, requiring both new ideas and techniques.

If Q is a bounded convex domain in R™ and 1 < p < n, then U, the p-equilibrium potential
of €2, is the unique solution to the boundary value problem

AU =0 inR"\Q,
(1.10)
U=1 on 0N and lim,. U(z) =0,

where A, is the p-Laplace operator defined in (2.1) and (2.2) below. A proof of the existence
and uniqueness of U can be found in [57]. In [59] (see also [60]) Lewis and Nystrém extended
Dahlberg’s [29] results for p = 2 to the general case 1 < p < oo and, as a consequence, we
can conclude that VU has non-tangential limits H" !-almost everywhere on 9Q and that
|VU| € LP(092, H"~1). Hence the p-capacitary measure 1,(€,-) of © can be defined, for Borel
E c S™ 1 by

(L.11) 1(Q, ) = / VU d3

g~ (E)
In this paper we consider the following Minkowski problem for p-capacity.

Minkowski problem for p-capacity. Suppose 1 < p < n. Let i be a finite Borel measure
on S"1. Under what necessary and sufficient conditions does there exist a (unique) bounded
convex domain € such that p,(§,-) = p?

Our approach to the Minkowski problem for p-capacity is more direct than the approach
used by Jerison [52] for the case of p = 2. However, it requires a more general variational
formula for p-capacity — more general than (1.7). Note that the variation in (1.7) involves
only support functions and a limit from above, however we need a variational formula with
respect to a generic continuous function on S*~! and also a two-sided limit. Our approach
uses the notion of Alexandrov domain, or Wulff shape, associated with a function: if h is a
positive continuous function on S"!, then the Alezandrov domain associated with h is the
convex domain given by

(1.12) (] {zeR":z-£<h(Q}.
fesn—1

Our first result is the following Hadamard variational formula for p-capacity.

Theorem 1.1. Suppose 1 < p <n. Let Q be a bounded convex domain in R™ whose support
function is hq and f € C(S™1). Denote by §; the Alexandrov domain associated with the



THE MINKOWSKI PROBLEM FOR p-CAPACITY 5

function hg +tf. Then

(1.13) iOP(Qt)

dt =(p—1) [ f(&)du,(Q.8).

t=0 S§n—1

If f is also a support function then we recover variational formulas as (1.1) and (1.7) for
p-capacity. Moreover, when f = hq, (1.13) gives the Poincaré p-capacity formula,

G ) = 2= [ ha© duy(2.0).
n—p  Jsn-1

The case p = 2 of Theorem 1.1 was treated by Jerison in [53]. Our proof is quite different

compared to the proof of Jerison, although it follows the same general scheme, and it relies on

the Brunn-Minkowski inequality for p-capacity established by Colesanti and Salani, see [28].
We use the Hadamard variational formula (1.13) and the Colesanti-Salani Brunn-Minkowski

inequality to establish the following uniqueness result for the Minkowski problem for p-

capacity. Note that the case p = 2 was proved by Caffarelli, Jerison and Lieb in [18].

Theorem 1.2. Suppose 1 < p < n. If Qq, Q1 are bounded convexr domains in R™ which have
the same p-capacitary measures, then Qg is a translate of {1 when p #n — 1, and £, are
homothetic when p=mn — 1.

Concerning the existence for the Minkowski problem for p-capacity, we have the following
result.

Theorem 1.3. Suppose 1 < p < 2. Let pu be a finite Borel measure on S*~1 which is not
concentrated on any great subsphere and whose centroid is at the origin, i.e., (1.3) (i) and (i7)
hold. If, in addition, p does not have a pair of antipodal point masses, then there exists a
bounded conver domain € in R"™ such that p1,(Q,-) = p.

The conditions that p is not concentrated on any great subsphere and that the centroid of
is at the origin are, as discussed above, necessary and we emphasize that these conditions are
exactly the same necessary and sufficient conditions as in Jerison’s solution to the Minkowski
problem for electrostatic capacity, as well as in the Alexandrov, Fenchel and Jessen’s solution
to the classical Minkowski problem for the surface area measure. The assumption that p does
not have a pair of antipodal point masses is instead not a necessary condition. It would be
interesting if this assumption could be removed. Naturally the extension of Theorem 1.3 to
the range 2 < p < n is a very interesting open problem.

Concerning the regularity of the solution of the Minkowski problem for p-capacity, we are
able to establish the following.

Theorem 1.4. Suppose 1 < p < 2, k € N and o € (0,1). Let Q be a bounded convex
domain in R™. If the p-capacitary measure j1,(S2,-) of 2 is absolutely continuous with respect

to spherical Lebesque measure, with a strictly positive density of class C**(S"™1), then the
boundary of Q0 is C**2 smooth.

The proof of Theorem 1.4 combines results and techniques contained in [59, 60, 62], with
the generalization of the regularity theory for the Monge-Ampere equation, due to Caffarelli,
see [14-17], and developed by Jerison [52].

The paper is organized as follows. In Section 2, which is partly of preliminary nature, we
introduce notation, recall some basic results concerning the boundary behaviour of p-harmonic
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functions in Lipschitz domains, and state some facts we will need regarding bounded convex
domains. We then derive integral formulas for p-capacity and some estimates for p-harmonic
functions. In Section 3, we prove Theorems 1.1 and 1.2 for bodies with C*®-smooth bound-
aries of positive Gauss curvature. In Section 4, we establish the weak convergence of the
p-capacitary measure by using estimates for p-harmonic functions. Section 5 is devoted to
the proof of Theorems 1.1 and 1.2 in the general case. The existence result stated in The-
orem 1.3 is proved in Section 6. The regularity result, Theorem 1.4, is established in Section 7.

Acknowledgement. The authors thank Erwin Lutwak for valuable input and contributions.
The second author thanks David Jerison for clarifying communications concerning strict con-
vexity and regularity theory of Monge-Ampere equations.

2. PRELIMINARIES AND INTEGRAL FORMULAS FOR p-CAPACITY

Throughout the paper we will work in Euclidean n-dimensional space R™, n > 2, endowed
with the usual norm |- |. Points in R™ are denoted by = = (xy,...,2,) or sometimes by
(o', z,), where ' = (21,...,7,_1) € R"1 The scalar product of z,y € R™ is denoted by z - y.
The unit sphere of R" is denoted by S"~'. For x € R" and r > 0, B(z,r) denotes the open
ball centered at z with radius r. For a subset E of R", we denote by £, E and diam(E)
the closure, boundary and diameter of the set E, respectively. For a positive integer k < n,
H* denotes the k-dimensional Hausdorff measure in R”. Integration with respect to Lebesgue
measure on S"~! will often be abbreviated by simply writing d¢. For E, F C R™, let d(E, F)
denote the Euclidean distance between E and F. In case E = {y}, we write d(y, F') and let

h(E, F) = max{supd(y, F'),supd(y, E)}

yey yeF
denote the Hausdorff distance between F and F.

If O C R"is open and 1 < g < oo, then by W14(0) we denote the space of equivalence
classes of functions f € L?(O) with distributional gradient Vf = (f,,,..., fz,) which is in
LY(0) as well. Let ||fllig = IIfll; + IV fll; be the norm in W(O) where || - ||, denotes the
usual norm in L(0). Next, let C°(O) be the set of infinitely differentiable functions with
compact support in O, and let W,(0) be the closure of C§°(0) in the norm of W4(0).

Given a bounded domain G, i.e. a bounded, connected open set, and 1 < p < 0o, we say
that u is p-harmonic in G provided u € W'?(G) and

(2.1) / |VulP~2 (Vu, Vo) drv = 0
G
whenever § € W,”(G). Observe that if u is smooth and satisfies (2.1), and if Vu # 0 in G,
then
(2.2) Ayju =V (|[VuP?Vu) =0 in G,

and u is a classical solution in G to the p-Laplace partial differential equation. As usual, V-
denotes the divergence operator. We will often write A,u = 0 as abbreviated notation for
condition (2.1), with a slight abuse of notation.
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2.1. p-harmonic functions in Lipschitz domains. We say that 2 C R" is a bounded
Lipschitz domain if there exists a finite set of balls {B(z;,7;)}, with x; € 9Q, r; > 0, such
that {B(x;,r;)} constitutes a covering of an open neighborhood of 92 and, for each i,

an B(‘rl’ 4T1) = {y = (yla yn) e R": UYn > gbl(y/)} N B(xlv 4Ti>a
(2.3) IUN B(xi,4r)) = {y= (" yn) ER" 1y = ¢i(y)} N By, 4ry),

in an appropriate coordinate system and for a Lipschitz function ¢;. The Lipschitz constant
of € is defined to be M = max; HV@-HOO, and we let 7o = min; r;. A bounded domain 2 C R"

is said to be starlike Lipschitz, with respect to z € €1, provided
90 = {i+R(w)w:wedB(0,1)},

where the radial function R, defined on S"7!, is such that log R is Lipschitz on S"~!. We will
refer to || log R”Snfl as the Lipschitz constant for Q. Observe that this constant is invariant
under scaling about . By elementary geometric considerations it follows that if €2 is a
Lipschitz domain with constants M, rg, then there exist, for any w € 92 and 0 < r < 7,
points a,(w) € Q, a.(w) € R™\ Q, such that

2.0 { () M~ < |a,(w) — w| < 7, d(a,(w),09) > M~1r,
' (ii) M~ 'r <la.(w) —w| <r, d(a.(w),0Q) > M 'r.

In the following we state a number of estimates for non-negative p-harmonic functions defined
in a Lipschitz domain 2 with constants M, ry. Throughout this section and this paper,
unless otherwise stated, and when we work in the context of Lipschitz domains with Lipschitz
constants M and ry, ¢ will denote a positive constant > 1, which is not necessarily the same at
each occurrence, depending only on p, n and M. In general, ¢(aq,...,a,) denotes a positive
constant > 1, which may depend only on p, n, M and a4, ..., a,,, and which is not necessarily
the same at each occurrence. The notation A ~ B means that A/B is bounded from above
and below by strictly positive constants which, unless otherwise stated, only depend on p, n
and M. Finally, given w € 00 and r > 0, we let

A(w,r) =0QN B(w,r).

For the proofs of the following Lemmas 2.1-2.5, we refer the reader to [59] and [60]. Lemma
2.1 was proved by Serrin [94].

Lemma 2.1. Suppose 1 < p < oo, and let u be a positive p-harmonic function in B(w,2r).
Then,

(7) max u < ¢ min u.
B(w,r) B(w,r)

Furthermore, there exists a = a(p,n) € (0,1) such that if z,y € B(w,r), then

@) |ulz) —uly) < c(u> max .

r B(w,2r)

Lemma 2.2. Suppose 1 < p < oo, and let 2 C R™ be a bounded Lipschitz domain. Let
w e 0N, 0 <r <1y, and suppose that u > 0 is p-harmonic in Q N B(w,2r), continuous in
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QN B(w,2r), and u=10 on A(w,2r). Then,

P
(i) rP" / |VulPdz < ¢ (Q rré%x )u) .
NB(w,r
QNB(w,r/2)

Furthermore, there exists a = a(p,n, M) € (0,1) such that if x,y € QN B(w,r), then

) z —y[\"
@) o) -l <o ) e
Lemma 2.3. Suppose that 1 < p < oo, and let 0 C R"™ be a bounded Lipschitz domain. Let
w e d0, 0 <r <ry, and suppose that u > 0 is p-harmonic in € N B(w,2r), continuous in
QN B(w,2r), and u =0 on A(w,2r). Then there exists ¢ = c¢(p,n, M), 1 < ¢ < 0o, such that
if 7 =1/c, then
< = .

Qr%%i%)u < cu(az(w))
Lemma 2.4. Suppose that 1 < p < oo, and let 0 C R™ be a bounded Lipschitz domain. Let
w e d, 0 <r <ry, and suppose that u > 0 is p-harmonic in € N B(w,2r), continuous in
QN B(w,2r), and u =0 on A(w, 2r). Eztend u to B(w,2r) by defining u = 0 on B(w, 2r)\ Q.
Then u has a representative in WYP(B(w,2r)) with Holder continuous partial derivatives in
QN B(w,2r). In particular, there exists o € (0, 1], depending only on p and n, such that if
z,y € B(w,7/2), B(w,4r) C QN B(w,2r), then

¢ Vu(z) = Vu(y)| < (Jo—yl/7) pnax [Vu| < it |z —yl/7) Anax .

Moreover, if for some 8 € (1,00),

u(y)
d(y, o)
then u € C*(B(w,7/2)) and given a positive integer k there exists ¢ > 1, depending only on
p,n, B, k, such that

< B|Vu(y)| for all y € B(w,7/2),

Bw.D) Dl = e e a)

where DFu denotes an arbitrary k-th order derivative of u. In particular, u is infinitely dif-

ferentiable in QN B(w,2r) N {z : |Vu(z)| > 0}.

Lemma 2.5. Suppose that 1 < p < oo, and let @ C R™ be a bounded Lipschitz domain.
Given w € 09, 0 < r < rg, suppose that u > 0 is p-harmonic in QN B(w, 2r), continuous in
QN B(w,2r) and u = 0 on A(w,2r). Estend u to B(w,2r) by defining u = 0 on B(w,2r) \
Q. Then there exists a unique locally finite positive Borel measure v on R™ with support in
A(w, 2r) such that whenever 6 € C§°(B(w,2r)),

(i) / |VulP~2 (Vu, V) dr = —/ 6 dv.
Moreover, there exists ¢ = c(p,n, M), 1 < ¢ < 00, such that if ¥ = r/c, then
(17) Py (A(w, 7)) < (ulax(w)Pt < erP " v(A(w, 7/2)).

We next quote a number of results proved in [59], [62], and [60]. In particular, the following
two results are Lemma 4.28 and Theorem 2 in [62], respectively.
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Theorem 2.6. Suppose that 1 < p < oo. Let  C R™ be a bounded Lipschitz domain with
constants M, ry. Given w € 02 and 0 < r < 1y, suppose that u is a positive p-harmonic
function in QN B(w,4r), continuous in QN B(w,4r) and u = 0 on A(w,4r). Suppose that
(2.3) holds for some i and that B(w,4r) C B(x;,4r;). There exists co = ca(p,n, M) > 1 and
A= Ap,n, M) >1 such that

o u(y) s u(y)

whenever y € QN B(w,r/cs).

Theorem 2.7. Suppose 1 < p < oo. Let Q@ C R™ be a bounded Lipschitz domain with
constants M,rg. Given w € 9 and 0 < r < rg, suppose that u and v are positive p-harmonic
functions in QN B(w,4r), continuous in QN B(w,4r), and u = 0 = v on A(w,4r). There
exists ¢, = c1(p,n, M) > 1 and a = a(p,n, M), a € (0,1), such that

(6%
< ¢ (|’yl yz’)
T

Let Q be a bounded Lipschitz domain; for 0 < b < 1 and y € 09, let
[(y) =To(y) = {x € Q: d(z,00) > bz —y[}.

v(y1) o8 v(y2)

whenever yy,ys € QN B(w,r/cy).

g 101) o )

Fix w € 992 and 0 < r < rg. Given a measurable function £ defined on

Uyea(w,2nl (y) N B(w,4r),
we define the non-tangential maximal function of £ as

N(k): A(w,2r) =R, N(k)(y) = sup |k|(z) .

z€l'(y)NB(w,4r)

Given a measurable function f on A(w,2r) we say that f is of bounded mean oscillation on
A(w,r), and we write f € BMO(A(w,r)), if there exists A, 0 < A < oo, such that

(2.5) / f — fal?d00t < 429071 Ay, )
A(y,s)

whenever y € A(w,r) and 0 < s < r. Here fa denotes the average of f on A = A(y,s)
with respect to the surface measure H"~ . The least A for which (2.5) holds is denoted by
HfHBMO (A(w.r)) . If fis a vector-valued function, f = (fi,.., fn), then fa = (fia, .., fn.a) and
the BMO-norm of f is defined as in (2.5) with |f — fa|> = (f — fa, f — fa). For more details
on BMO functions we refer the reader to chapter IV of [98]. Suppose now that u is a positive
p-harmonic function in Q N B(w, 4r), u is continuous in 2N B(w, 4r), and v = 0 on A(w, 4r).

Extend u to B(w,4r) by defining u = 0 on B(w,4r) \ Q. Then there exists (see Lemma 2.5)
a unique locally finite positive Borel measure v on R", with support in A(w, 4r), such that

(2.6) /]Vu|p 2(Vu, VO)d /Gdy
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whenever 0§ € C§°(B(w,4r)). Moreover, using Lemma 2.5 and Harnack’s inequality for p-
harmonic functions we can conclude that v is a doubling measure in the following sense.
There exists ¢ = ¢(p,n, M), 1 < ¢ < 0o, such that

v(A(z,2s)) < cv(A(z,s)) whenever z € A(w,3r), s <r/c.

Here and henceforth, we say that v is an A*-measure with respect to H"™! on A(w,2r),
dv € A®(A(w,2r),dH" 1) for short, if for some v > 0 there exists € = €(y) > 0 with the
property that if z € A(w,2r), 0 < s <r and if £ C A(z,s), then

HH(E) v(E)

> 1 lies that ———— > €.
Fn1(A(z,5) = | P A s) < €

The following result is a summary of Theorems 1 and 3 in [60].

Theorem 2.8. Suppose that 1 < p < oo. Let 0 C R™ be a bounded Lipschitz domain with
constants M,ry. Given w € 00, and 0 < r < rg, suppose that u is a positive p-harmonic
function in QN B(w,4r), continuous in QN B(w,4r), and u = 0 on A(w,4r). Extend u to
B(w,4r) by defining w = 0 on B(w,4r) \ Q and let v be as in (2.6). Then v is absolutely
continuous with respect to "' on A(w,4r) and dv € A®(A(w,2r), dH"1). Moreover,

Vu(y) := lim Vu(z)

zel(y)NB(w,4r),z—y

exists for H" '-a.e. y € A(w,4r) and for some b, 0 < b < 1, fized in the definition of T'(y).
Also, there exists ¢ > p and a constant ¢ > 1, both depending only on p,n, M, such that

(1) N(Vul) € LY A(w, 2r)),

L a/(p=1)
(i) / V| 1dH" ! < or 5= ( / |Vu|p‘1df}c"—1) ,

A(w,2r) A(w,2r)
(1ii)  log|Vu| € BMO(A(w,r)), | log |qu|BMO(A(w,T)) <e,
(iv)  dv =|VulfTldH" H"ta.e. on A(w,?2r).

Finally, A(w,4r) has a tangent plane at y € A(w,r) for "1 almost every y. If n(y) denotes
the unit normal to this tangent plane pointing into Q N B(w, 4r), then Vu(y) = [Vu(y)|n(y).

2.2. Basics of convex domains. By definition, a domain in R™ is a (non-empty) open and
connected subset of R™. In general we will work with bounded convex domains and will often
simply refer to such a domain as a convex domain. The closure of a (bounded) convex domain
is called a bounded convex body, or simply a convex body, and hence a convex body is a
compact convex set with non-empty interior. In convex geometry, convex bodies are usually
the objects of study. However, most notions and results for convex bodies carry over to convex
domains without any difficulty and hence we will freely use many of these notions for open as
well as closed domains. The book of Schneider [93] is a standard reference for convex bodies.

Let K be a convex body in R™. The support function hx : R® — R of K is defined, for
x € R", by

hi(z) =supx - y.
yeK

The support function is a convex function that is homogeneous of degree 1. Let Ky and K
be convex bodies in R™ and let a, 5 > 0. The Minkowski linear combination of K; and Ko,
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with coefficients a and [, is defined by
aKi+ Ky ={az+py : v € Ky, y € Ky} .
This is a convex body whose support function is given by

hak,+px, = ahr, + Bhi, .
When o = 1 = 3 the result is often referred to as the Minkowski sum of K; and K,. In what
follows 2 C R™ will be a bounded convex domain and K C R" its closure. In particular, K is
a convex body. Convexity guarantees that €) is a Lipschitz domain, i.e. its boundary can be
written locally as the graph of a Lipschitz function, see (2.3). Using this we see that the outer
unit normal vector to K at x, denoted by g(z), is well defined for H"~! almost all = € OK.
The map g : 0K — S* ! is called the Gauss map of K. For w C S" !, let

g '(w) ={z € 0K : g(7) is defined and g(z) € w}.

If w is a Borel subset of S"7! then g=!(w) is H" '-measurable (see [93], Chapter 2). The
Borel measure Sk, on S"7 1, is defined for Borel w C S*! by

Sk(w) = 3" (g™ (W),

and is called the surface area measure of K. For every f € C(S"™1),

(2.7) f(€)dSk(§) = [ [f(g(x))dH" (x).

sn—1 oK
If K contains the origin, then the radial function px : S"™' — (0,00) of K is defined, for
£ e S by
pr(§) =sup{p >0 : p{ € K}
The radial map rx : S ! — 0K is

ri(§) = pr(§) ¢,

for € € S"71 ie. rg(€) is the unique point on OK located on the ray parallel to & and
emanating from the origin.

Remark 2.9. Let 2 C R™ be a bounded convexr domain and assume that 0 € €). Let rit be
the largest radius such that B(0, 1) C Q. Similarly, let rext be the smallest radius such that
Q C B(0,7ext). Using the converity of 2, one can prove that §2 is a starlike Lipschitz domain

with Lipschitz constant M bounded by Tyt /Tint -

Given a bounded convex domain 2 C R"™, we have, using Remark 2.9, that there exists a
finite set of balls { B(z;,7;)}, with z; € 982, r; > 0, such that {B(z;,;)} constitutes a covering
of an open neighborhood of 02 and, for each i, the representation in (2.3) in an appropriate
coordinate system, for a convex Lipschitz function ¢ := ¢;. A bounded convex domain {2, or
body K := 2, is said to be of class C? if its boundary is C?*-smooth, for some a € (0,1),
i.e., if each ¢ := ¢; can be chosen to be C*%*smooth. €, K, are said to be strongly convex,
locally at (v, ¢(y')) if the matrix (n — 1) x (n — 1)-dimensional matrix V2¢(y') is positive
definite. If this holds at all boundary points of €2, K, then €2, K, are said to be strongly
convex. If K := ) is C**-smooth and strongly convex then the Gauss map gx : 9K — S*~!
is a diffeomorphism. Hence, for every £ € S"! there exists a unique z € 0K such that
gr (r) = &. Furthermore, locally the function ¢ := ¢; satisfies

(2.8)  det(V2p(y')) = (1+ Vo))"V 2k(), €= (=1, V() (1+ Vo))
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where r(-) denotes the Gauss curvature. In particular, if K is C*®-smooth and strongly
convex then the Gauss curvature is positive. In the following we say that €2, K, are of class
Ci’o‘ if its boundary is C**-smooth, for some a € (0,1), and of positive Gauss curvature.
Finally, Q, K, are said to be strictly convex if their boundary contain no line segments.

If a convex body K is of class C’i’a then, using the notation introduced above, the support
function of K can be expressed as

(2.9) hi(§) =€ - gt (&) = gr(x) -z, where £ € S"! gy (z) =&, 2 € OK.

Moreover, the gradient of hy satisfies

(2.10) Vhi(€) = gx' (€),

and hy is of class C*®. Let {e1,es,...,6,_1} be an orthonormal frame on S"~!. Denote by

h; and h;; the first and second order covariant derivatives of hx on S*~! and by Vhg and
V2hg the gradient and Hessian of hx in R™. Then,

(2.11) Vhi(§) = hie; + e, (VZhi(€))e: = age;,

where a;; = hi; + hé;j;, h = hg(§), d;; is the Kronecker delta, and we will use the usual
convention that repeated indices means summation over all possible values of that index.
Note that if K is of class C7*, then the (n — 1) x (n — 1) matrix (a;;) is symmetric and
positive definite. The matrix (a;;) is the inverse of the matrix associated with the Weingarten

map with respect to the frame {ej, es,...,e,-1}. In particular, the Gauss curvature of K, &,
is given by

_ 1 1
(2.12) r(gx (€))

" det(ay(€))  det(hy(€) + h(£)oy)

Denote by (c;;) the cofactor matrix of the matrix (a;;), and let ¢;j; be the covariant derivative
tensor of ¢;;. Then

(213) Z Cijj = 0 y
J
see [21] for a proof. Let F(£) = g71(£) be the inverse Gauss map of OK. Then, using (2.11)
we see that F'(§) = Vhg(§) and
(214) F(ﬁ) = hiei + hf, .FZ = @a;€j, Ej = QK€K — ai]f,

where a;;;, are the covariant derivatives of a,;;. As mentioned above, if K is of class C’i’a, then
the matrix (h;; 4+ hd;;) is positive definite. Conversely, if h € C**(S"™!) and (h;; + hd;j) is
positive definite, then there exists a unique convex domain K, of class C’i’a, such that h = hy,
see [16] and Proposition 1 in [50]. As a consequence, the set of functions

(2.15) C={h € C*(S"") : (hij + hdy;) is positive definite},

consists precisely of support functions of convex domains of class C’i’a. Furthermore, when
K is of class C’i’a, the surface area measure Sy is absolutely continuous with respect to the
Lebesgue measure on S ! and

(2.16) Sk (€) = det(hy () + n(§)dy;) dS -
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The following lemma, see Alexandrov [3] and also [52], provides a change of variable formula
based on the radial map, along with some related properties. We recall that rjj; and reyy
were defined in Remark 2.9.

Lemma 2.10. Let 2 be a bounded convex domain that contains the origin, let K = Q and let
f: 0K — R be H" '-integrable. Then,

f@)d3"(z) = f(ri(€))J(€) dg,

oK Sn—1
where J is defined H" *-a.e. on S*! by

Pr(£))"

Je)— s
hi (8 (rx(£)))

Moreover, there exist constants ¢y, c; > 0, depending only on ript (K) and rext (K) , such that

1 < J(€) < ey for H loa.e. € € S*L. Furthermore, assume that {K;}ien 8 a sequence of

bounded convex bodies converging to K with respect to the Hausdorff metric. Define functions
J; Snt — (0,00),

hKi (ng(er(f)))
Then there exists ig > 1 such that if i > g, then J;(§) is bounded from below and above,
uniformly with respect to & and i, and {J;} converge to J, H" '-a.e. on S"~1.

, fori1 e N.

The following divergence formula for unbounded domains will also be needed.

Lemma 2.11. Let Q be a bounded convex domain of class C’i’a with Gauss map g, and let X
be a C vector field in R™\ Q. Assume,

(1) The limit X (x) := lim X(z +tg(x)) exists for almost all x € OS2,
t—0
with respect to H" L.
(1) The integrals | X|dH" Y (z) and / divX dz, exist.
o0 R7\Q

(ii1) | X|=o(]z|'™) as z — oco.
Then
/ divXder=— [ X(x)-g(z)dH" ().
R™\Q )

Proof. For t > 0, let

G =QU{z+7g(x):xedf), 0 <71 <t}
Let R > 1 be such that Q; C B(0, R). By the divergence theorem, on the bounded domain
B(0, R) \ Q¢, we have that

/ divX de = — X () - gi(z) dH"(x) +/ x.Z dH"(z),
B(0,R)\$: o 8B(0,R) ||
where g; is the Gauss map of 0€. For x € 09, let ;, = = + tg(x) € 0. This is a

diffeomorphism between 02 and 0¢);. The surface area elements satisfy
dH"(zy) = (1 4+ O(t)dH" (),
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and the Gauss maps satisfy
gi(xze) = g(x).
Thus,
X(z) - gi(z)dH" o) = | X(z+tg(w)) - glz)(1+O(t)) dFH" (2).
o o9

From (i) and (i7) in the hypothesis of the lemma, and the Lebesgue dominating convergence
theorem, we deduce that as t — 07,

X(z +tg(x)) - g(z)(1+O(t)) dIH"(2) —» [ X(x)-g(a)dIH"" (z).
o0N o0N

Finally, from (i4i) in the hypothesis of the lemma we see that, as R — oo,

/ X - a9 (z) — 0.
dB(0,R)

|z
This completes the proof of the lemma. [l

2.3. p-capacity of convex domains and its integral formulas. Suppose 1 < p < oo, and
let Q C R™ be a bounded convex domain. The p-capacity C,(€2) was defined in (1.9). Recall
that the associated p-equilibrium potential is the function U which is defined and continuous
on the closure of R™ \ Q, and which solves

AU =0 inR"\Q,
(2.17)
U=1 on 02, and limyg|e U(x) =0.

In particular, U € W, ?(R™\ Q) is a weak solution to (2.17) in the sense of (2.1). As mentioned
in the introduction, a proof of the existence and uniqueness of U can be found in Lewis [57],
see also Theorem 2 in [28]. For the following theorem we refer to Lewis [57].

Theorem 2.12. Suppose 1 < p < n, and let Q2 C R*, n > 2, be a bounded convexr domain.
Then there ezists a unique weak solution U to (2.17) satisfying the following.

(@) UeC™®R\Q)NCRN Q).
(b) 0<U<1and|VU|#0inR"\Q.
() C)Q)= /R G

(d)  IfU is defined to be 1 in Q, then Q = {x € R": U(x) >t}
is convezx for each t € [0,1] and 98 is a C*° manifold for 0 <t < 1.

Note that by the definition of p-capacity, and (c¢) of Theorem 2.12, we have
(2.18) / VUPde=int{ [ [VuPdr, ue CF®RY, uz1 on Q.
R7\Q R™
For 0 <b < 1,y € 09 we let

(2.19) T(y) =Tu(y) = {z € R*"\ Q: d(z,09) > blz —y|}.

The following lemma is a direct consequence of Theorem 2.8 stated above.
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Lemma 2.13. Suppose 1 < p < n, and let Q@ C R", n > 2, be a bounded convex domain.
Then
VU(y) := lim_ VU(x),

z—y, z€I'(y)

exists for H"™1 almost all y € 9. Moreover, for H" 1 almost all y € 09,

VU(y) = —|VU(y)lg(y),
and |VU| € LP(9Q, H™1).

Remark 2.14. Let 2 and U be as in the statement of Lemma 2.13. Then, as stated, VU has
non-tangential limits at "~ ! almost all boundary point of Q. Furthermore, the quantitative
statement of Theorem 2.8 holds with constants ¢ and ¢, where ¢ > p, and ¢ > 1, depending
only on p,n and the eccentricity of €2, i.e. the quotient between reyt and ry¢, see Remark

2.9. In particular, based on Lemma 2.13 we can conclude that the measure p,(§2,-) in (1.11)
is well-defined.

The following lemma concerns the behavior at infinity of the p-equilibrium potential U and
its gradient. It was mentioned in a remark in [56, Remark 1.6] (see also [28]). For the sake of
completeness we provide the proof of this result.

Lemma 2.15. Suppose 1 < p < n, and let @ C R™, n > 2, be a bounded convexr domain. If
U is the solution of (2.17), then

(@ Jim U@l = () (220 g5,

|| =00 n—p
®)  Jim a7 VU ()] = () = Cp(Q) 7T
where w,, is the volume of the unit ball in R™.
Proof. Let in the following ¢ : R™\ {0} — R denote the fundamental solution of the p-Laplace
equation, ¢(z) = |z|7-1. Then Ay, =01in R™\ {0}. Let Ry, Ry > 0 be such that
B(0,R) CcQ, QcC B(0,Ry).

Step 1. There exist positive constants C; and Cy such that
(2.20) Cis(x) < U(z) < Cy(x),
for all  such that |z| > Ry. This is a straightforward consequence of the comparison principle
for p-harmonic functions. Indeed, consider the functions Uy, Uy : R™\ {0} — R defined as

U(w) = Ri<(@), Uala) = RE (o).
Then by the comparison principle we see that

Up(z) < U(z) < Us(x)

for all z such that |z| > Ry and this proves (2.20).

Step 2. There exist C, R > 0, o € (0, 1) such that
S(z)|z — |7
Eca

(2.21) 2| [VU(2)| < Cs(z), |VU(z) - VU(@)| < C
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for all |z|,|2'| > R. To see this, let Ry > 3Ry and let

V(y):=U(Ryy) R~
Then V' is a p-harmonic function in
O:={yeR":3< |yl <6}.

Moreover, by the previous step, in O, V' is bounded by constants depending on €2 only. Now,
using Theorem 1 in [58], see also Lemma 2.4 stated above, there exist A > 0 and o € (0, 1),
both depending on €2, n and p, such that

(2.22) VV(yl <A, [VV(y) = VV(Y)I < Aly — |7,
whenever y,y’ € D and where D = {y : 4 < |y| <5}. Hence

(2.23) Rg'%l Ry |[VU(x)| < A, whenever 4Ry < |z| < 5Ry.

Using the restriction Ry > 3Ry and (2.23) we can conclude, in particular, that there exists
A’ > 0, depending on €2, n and p, such that
(2.24) lz| VU (x)|] < A's(z), whenever || > R := 12R,.
Furthermore, again using (2.22) we see that
n—p _ o
R Ry |VU(z) — VU(2')| < A/%,
0

for all z, 2’ such that 4Ry < |z|,|2'| < 5Ry and by arguing as above we deduce that

VU (z) — VU ()| < A’ <(@) z — 2|7,

|J?|U+1

for every x, 2’ such that |z|,|2’| > R. This concludes the proof of (2.21).

Step 3. There exists a constant v such that

(2.25) Ule) _
|z|—00 §(fL’)
Let U
v := lim sup (:1:)
|z| =00 C(l’)
Then, using [99, Proposition 3.3.2], see also [56, Corollary 1.1], it follows that
sup Ulz) = su Ulw)
Ro<lzl<r S(T)  jzj=r s(¥)
and hence
, U(z)
2.26 = lim [ sup .
( ) v R—o0 <|:c|:R §(l’) )

Consequently, from (2.26) and by the continuity of U it follows that there exists, whenever
r > 2Ry, x, € R", such that |z,| = r and such that

Ul(zy) _
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Now, for r > 2R,, we consider
n—p 1
U.(&) = U(r) rr1, whenever [£| > 5

In particular, {U,},>2r,, is a family of functions defined for || > % Using (2.21) and the
Ascoli-Arzeld theorem, we can conclude that there exists a sequence {7y }ren, with rp — 400
as k — +oo, and a function W = W (¢), defined for |¢| > 3, such that U,, converges to W in

the norm C', on compact sets. In particular, W is p-harmonic on [£| > % Since

U,(6) _ U(re)
() )

(2.26) implies that
W) _

—>7 ., whenever [¢] > 1.
For k € N, we let &, = i Zr,. Note that {&}ren is a compact family of points and hence

{&} converges to some point &y, with |§y] = 1, as k — +o0. Using the definition of z,, and
the uniform convergence, we see that

(o) ki o(€) | k—too ()

Next, again using Proposition 3.3.2 in [99] we deduce that
W(e)

——>% =1, whenever [£] > 1,
<) ?
and, in particular, it follows that the family U, (and not just a subsequence of it) converges
to W as r — +o00. Using this we see that
U(re)

li =",
riglm g(?f) v

uniformly on the unit sphere, and consequently (2.25) holds.

The final step. By Step 3 we have
lim U,(&) = W () = vs(€), whenever |¢] > 3,

r—-+oo

and the convergence is C'! on compact subsets. Using this it follows that

. o ol _ Py €
Jim VUL(§) = lim VU()ri=t = VIV(e) =2 1l 1
and hence
) n=1 n-—p
(2.27) Jim (el VUG =

whenever [£] > % Note that the convergence in the last display is uniform on compact sets.
Finally, to deduce the value of the constant vy we can argue as in [28]. Indeed, we first note
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that
/|VU|pdx— / V- (U = 1)| VU2V da
Qt\Q Qt\Q
=(1-1) / |VU|p_1d.'}Cn_1,
o

where ; = {x € R", U(xz) > t}. Taking the limit as ¢ — 0% in the last display, using
Theorem 2.12 (¢) and (2.27), we can conclude that

1—n n—p

Co(€0) = men (7P Tim o (P = i, ()
This completes the proofs of (a) and (b) in the statement of the lemma. d

Lemma 2.16. Suppose 1 < p <n. Let Q@ CR", n > 2, be a bounded conver domain of class
C>. Let Q, = {x € R* : U(x) > t}. Then,

(a)  Cp(Q) = / VU~ dH"™ for every t € (0,1).
0%

) C)=L"" /m|VU<x>|p(x-g<x>>dﬂf”—%x).

n—p

Proof. To prove the statement in (a), let ® denote for the class of all non-decreasing C'>
functions ¢ : R — R such that

Let
() = / VU d3eL,
o

Then, using (¢) and (d) of Theorem 2.12, and the co-area formula, we conclude that

(2.28) 0,(Q) = /0 1( /8 N VU dﬁ{"‘1>dt: /0 1 F(t) dt

Next, using (2.18), the co-area formula, and (2.2.3) of [80, Chapter 2], we see that

GO) = it [ Vowpar= it [ 6@ e
Loy 1-p
2.29 = f )P f(t)dt = T (t) dt .
(229 nf [ Worioa=( [ )

Combining (2.28), (2.29), and using the Holder inequality, we conclude that

< </01f(t)dt>;</01f11p(t)dt>ppl =1

From this, it follows that f(¢) = cf(¢)'"? for a constant ¢ > 0 and that f(¢) must be identical
to Cp(Q2) for all t € (0,1). This completes the proof of the statement in (a).
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The statement in (b) is proved by repeated integration by parts. As mentioned above,
we adopt the Einstein convention for summation over repeated indices. We denote, for j =
1,...,n, by U; and Uj; the first and second partial derivatives of U, respectively. Note that
by statement (a) of Theorem 2.12 we have U € C*®(R"\ Q) N C(R™ \ Q) and hence we can
differentiate U freely in R™ \ Q. To proceed, recall that V- denotes the divergence operator,
we first observe the identities

V- (IVU(2)lPz) = n|VU () + p|VU (2) 72Uy (2)2:Uj ()
and
(2.30) V- (VU(2)|VU(2)P*(VU(z) - z))
=V (VU(@)|VU(z)P?)(VU(z) - z)) + |VU(z)P*(VU(z) - V(VU(z) - 2)) .
Using (2.17) we see that (2.30) implies that
(2.31) V- (VU(@)|VU(2)[P*(VU(2) - 2)) = [VU (@) + [VU (2) 72Uy ()2, (),
and, consequently, we can conclude that

(232) (n—p)|VU(@)]” = V- (2| VU(z)]") — pV - <VU(:¢)|VU(£)V’*2(VU($) : x))

holds, whenever x € R\ Q. Integrating both sides of (2.32) over R \ €, and using (c) of
Theorem 2.12, we see that

n=nG@) = [ V- (VU@

—p / v (VU(x)|VU(x)|”_2(VU(x) : $)) dz.
R7\Q
Next, using Lemma 2.15 and Lemma 2.13, we can apply Lemma 2.11 and conclude that

(n—p)Cy(Q) = — /m|vv<x>|p(:c-g<x>)dw-l<x>
= [ (eI VU@P (VU (a) 1)) - gle) 307 a)
= (-1 /8 VUG (- ) 36 ).

This completes the proof of statement in (b) and hence the proof of Lemma 2.16. U
Remark 2.17. Using (2.7) and (2.9) we see that the statement in Lemma 2.16 (b) can be

expressed as

(2.33) Cy(0) = 21 / ha(©)IVU (g (€)]? dSalé).
n—p Jsn—1

Hence, from the definition of the measure p,(€2,-), see (1.11), we have

_pr-1
(230 G =2 [ ha()du(.6)
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Lemma 2.18. Suppose 1 <p <n. Let Q CR", n > 2, be a bounded convex domain, assume
0 € Q and let R > 0 be such € is contained in B(0, R). Let U be the unique solution to (2.17).
Then there ezists ¢ = c¢(n,p, R), with 1 < ¢ < oo, such that

|VU| > ¢!, H La.e. on ON.

Proof. Using the continuity of U in R™\ ©, and (b) of Theorem 2.12, we see that there exists
t € (0,1) such that

(2.35) Q:={zxeR"\Q: Ux) >t} C B(0,R),
for all t € (£,1). We fix t € (£,1) and consider
(2.36) U(z) = %&:)7 for all z € R™\ Q.

Then U is the p-equilibrium potential of €. Using (d) of Theorem 2.12 we conclude that
the closure Q; of ; is a C*®-smooth (even C*=-smooth) convex body. Let 6, = —<m,Vﬁ).
Then, essentially using (a) of Theorem 2.12 and [69] we can conclude that 6, is at least Holder
continuous on the closure of €;. Furthermore, using barrier arguments, see [58] or Lemma 2.4,
Lemma 2.5 in [59], we can conclude, for some € > 0, that 6; > ¢ at every point of 9. This
implies that that closure Q; of €, is a convex body of class Ci’o‘. In particular, Ue C?*(R™\ Q)
and the closure of

(2.37) Qy={zeR"\Q: Ux)> s},
is a convex body of class C7* for all s € (0,1). Based on this, we now consider the function
(2.38) h=h(x,s), (r,s)€S" " x(0,1]

where, for every s € (0, 1], the function A(:,s) : §"~! — R', is defined as the support function
of the closure of €),. Note that the~ function h, which was studied in [28], is ~vvell—deﬁned since,
for each s € (0,1), the closure of € is a convex body of class Ci’a. Since O = Q, € B(0, R)

we can use the maximum principle to conclude that U is dominated, in R" \ B(0, R), by the
p-equilibrium potential of B(0, R). This implies, in particular, that

diam(Ql/Q) S .D7
where D > 0 is a constant depending on n, p, R. As a consequence,
(2.39) 0 < h(x,1/2) < D, for each z € S*1.

Using [28, Proposition 1] we have that ‘3—’;(;10, -) is non-decreasing for every fixed x, and

1
(2.40) h(z,1) = h(x,1/2) + %(x, s)ds,
1/2 0s
for each = € S"~!. Thus, for z € S"!, we deduce that
h
Tw1) = 2[hle 1)~ hie,1/2)]
s
(2.41) > 9h(x,1/2) > —2D.
On the other hand, using [28, Theorem 4], we see that
oh . . -
(2.42) —(z,1) = =1/|VU(z)|, at x =VU(x)/|VU(z)|.

0s
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Hence, we can first conclude that there is a constant ¢’ = ¢(n,p, R), such that 1 < ¢ < oo,
and such that

(2.43) IVU(z)] > (¢)~" for all z € 8.
Then, using the definition of U, we see that (2.43) implies that
(2.44) |VU(z)| > ¢! for all x € 08,

for yet another constant 1 < ¢ = ¢(n,p, R) < co. To complete the proof, we let ¢ — 1~ and
use Lemma 2.13. O

We end this section by recalling an important Brunn-Minkowski type inequality for p-
capacity.

Theorem 2.19. Suppose n > 2, and that Qg, Q1 C R"™ are bounded convex domains. If
1 <p<n, then

1 1 1
Cp(Qo + Q1) = Cp(Qo) "7 + Cp(§1) ™7,
with equality if and only if Q¢ and €y are homothetic.

Remark 2.20. The classical Brunn-Minkowski inequality states that the volume (i.e. Lebesgue
measure) raised to power 1/n is concave with respect to Minkowski addition in the class of
convex bodies in R”, i.e. VV/"(A + B) > V(A)Y/" 4 V(B)Y/", where A, B C R" are convex
bodies. It is at the core of the Brunn-Minkowski theory of convex bodies and it is strongly
related to many other important inequalities of analysis, see [93] and the beautiful paper by
Gardner [33]. The Brunn-Minkowski inequality in fact holds for measurable sets (provided
their Minkowsky sum is measurable as well) and suitable versions hold for the other quer-
massintegrals, see [93, Theorem 6.4.3]. Recently, Brunn-Minkowski type inequalities have
been proved also for several functionals from calculus of variations, among which there are
of course the Newton capacity [8,18] and the p-capacity [28]; other examples are the first
Dirichlet eigenvalue of the Laplacian [11,13,24], the torsional rigidity [10], the logarithmic ca-
pacity (or transfinite diameter) in the plane [9] and its n-dimensional counterpart [26] (which
is the natural extension of the p-capacity when p = n), the Monge-Ampere eigenvalue [91],
the Dirichlet eigenvalue of the p-Laplacian and the p-torsional rigidity [27], the Bernoulli con-
stant [7], eigenvalues of Hessian equations [70,92], the first Dirichlet eigenvalue for the Finsler
laplacian [103]. In general, Brunn-Minkowski type inequalities include the characterization
of equality conditions, and this often plays an important role in Minkowski type problems,
especially for the uniqueness part. In the case of p-capacity, this characterization has been
obtained in [18] for p = 2 and in [28] for 1 < p < n.

Remark 2.21. As mentioned in the introduction there are many extensions of the classical
Minkowski problem. One of them is the so-called L,-Minkowski problem considered in Lutwak
[74], [75] (extending Firey [32]), Lutwak-Oliker [76], Lutwak-Yang-Zhang [77], Chou-Wang
[22], Hug-Lutwak-Yang-Zhang [48], Stancu [96], [97], Umanskiy [100], and Haberl-Lutwak-
Yang-Zhang [44]. This problem arises from the notion of L, surface area measure of a convex
body K, introduced in [74], whose total mass is the p-surface area S,(K) given by

8,(K) = / g a0 o)
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In connection with p-capacity, studied here, we mention the following sharp inequality proved
by Ludwig-Xiao-Zhang [73]:

S,(K) > (i:;)“ C(K).

See also Pélya-Szego [88] for (n,p) = (3,2) as well as Maz’ya [80] and Xiao [104] for p = 1.

3. VARIATIONAL FORMULA FOR THE p-CAPACITY OF SMOOTH CONVEX DOMAINS

In this section we prove Theorem 1.1 and Theorem 1.2 for bounded convex domains of class
Ci’a. In the following we let €2, Q be two such domains, and we let A and v be the support
functions of Q and Q, respectively. We let g denote the Gauss map of Q. Recall the definition
of the class € in (2.15) and note that h,v € €. Then, also h + tv € C for |¢| sufficiently small,
and hence there exists a convex body K; of class C’i’a with support function h; := h +tv. We
let €, denote the interior of K; and we note, for ¢ > 0, that Q, = Q + Q. In the following we
we first develop an explicit expression for dC,(§2;)/dt at t = 0.

3.1. A self-adjoint operator. Using the notation above, we let U; = U(z,t) be the solution
to the problem in (1.10) in R\ ;. We are interested in the functional ¥ : ¢ — C(S"7!),
defined, for £ € S" !, by

Fy(e) — VUE QP

r(g=1(6))
Given v € C=(S"1), let

= |VU(g " (£))IP det(hi;(€) + h(£)di;).

d
L(v) = E?(h + tv) o

denote the directional derivative of F at h along v. As we will see, £ is a linear functional
acting on C(S"™!). One of the key steps in computing the first variation of C),(£2;) is to
prove that £ is self-adjoint on L*(S"7!), viewing L*(S"™!) as equipped with the standard
scalar product.

Lemma 3.1. Suppose 1 < p < n. Let Q, Q, Q, h, v, g, hy, U, Uy, be as above. Then, for
each fived x € R™\ 0, the function t — U(:U t) is dzﬁer@ntzable with respect to t at (x,0). Let
Ulz) = 9 (x,0). The function U : R"\Q — R can be extended to O so that U € C?(R™\ Q).

Moreover
(a)  Ulzx)=|VU(x)|v(g(z)) for all z € 09Q,
and there ezists ¢ = c¢(n,p) such that
(b))  0<U(x)<clz|r1 as|z| — oo,
(©)  0<|VU()| <dz|rT as|z] — oo
Furthermore,

(d) VU(y) = lim_ VU(a:) exists for every y € 01,

z—y, €l(y)

with T(y) defined as in (2.19), and
() / |VUP~Y VU (2)] dH" ! < 0.
Gl
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Proof. Assume, without loss of generality, that 0 € €, which implies v > 0 on S"~ . Then €,
contains €) for t > 0 and 2; is contained in Q) for ¢ < 0. Recall that, for |[¢| small, 2, ©, and
(), are all bounded convex domains of class C’i’a.

Step 1. We first prove that there exist €, such that 0 < ¢ < 1, and a constant ¢, such that
1 < ¢ < 00, for which we have

(3.1) |IVU(z,t)] < c for all (z,t) € (R"\ Q) X [—¢,¢].

Let € > 0 be such that € is of class C> for |t| < &, and fix ¢ restricted to |t| < e. Us-
ing [28, Proposition 1], we get that %(aj, -) is non-decreasing for every fixed x. Thus [28, The-
orem 4] implies that |VU(z,t)| attains its maximum on 0€%. Now let z € 0€; and note
that there exists a ball B, included in €0, and internally tangent to 0€); at z, with radius r
which can be chosen to be independent of ¢ and z. Let U be the p-equilibrium potential of
B. By the comparison principle U(-) < U(-,t) in R™ \ €, and, since U(x) = U(x, t),we have
|VU (x,t)] < |[VU(z)|. On the other hand the value |VU ()| can be explicitly computed and
is a positive constant depending on 7 and n only. Hence (3.1) is proved.

Step 2. We let, for (x,t) € (R"\ (QU L)) x [—¢, €],

(3.2) V(z,t) =U(z,t) — U(x,0),
and, for t # 0,
(3.3) W (z,t) = V(‘:’t) .

Consider ¢t > 0 and recall that this implies that €2; contains Q. Then, using (b) of Theorem 2.12,
we see that U(z) = U(z,0) < 1= U(x,t) when z € 9. Moreover, since U(x),U(x,t) — 0 as
|z| — oo it follows directly from the comparison principle for the p-Laplacian, see [89, Theorem
5.4], that whenever z € R™ \ Q;, we have U(z,0) < U(x,t). Let

(3.4) ol i

mingeo, U(x)  mingesq, U(z)

where the equality in (3.4) follows from the comparison principle on the domain €, \ €.
Moreover, we have ¥ (t) > 0 by the strong maximum principle and ¢ is an increasing function
of t. Furthermore, using (3.1) it is easy to see that there exists a constant ¢, depending on 2
but independent of ¢, such that for all ¢ € (0, €],

¥(t) —¥(0)
t
In particular, for all z € 9€; and ¢ € (0, €],
(3.6) Uz, t) <9(t)U(,0).
By the maximum principle we see that this inequality also holds in R™\ €, and hence we
have proved that
0 <W(x,t) <cU(x,0) whenever (z,t) € (R™\ ;) x (0,¢].
An analogous estimate can be found for ¢ < 0 and all in all we can conclude that there exists
a constant ¢ > 0, depending on 2 but independent of ¢, such that

(3.7) |W(z,t)| < cU(x,0) < ¢ whenever (z,t) € (R"\ (QU Q) x ([—&,e] \ {0}).

(3.5) <ec.
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From this inequality it follows, in particular, that U(-,t) converges to U(-,0) as t tends to 0,
uniformly on compact subsets of R™ \ 2.

Step 3. In the following, let D be a compact subset of R™ \ 2. Then, using (3.1) and Lemma
2.4, concerning interior Holder continuity of partial derivatives, see also Theorem 1 in [58],
we can conclude that there exists o € (0,1) and a constant ¢, with 1 < & < oo, both (¢ and
¢) independent of ¢ such that ||U(-,t)||c1.-(p) < & whenever t € [—¢,¢] \ {0}. Consequently,
using the Ascoli-Arzeld Theorem, we can conclude that U(-,t) converges to U(-,0) in C*(D),
as t — 0. Now using (b) of Theorem 2.12 we see that there exists ¢ > 0 and a constant ¢ > 0,
independent of ¢, such that

(3.8) |IVU(z,t)] > ¢ whenever (z,t) € D x [—¢,¢].
Note that
0 = AU(x,t)—AU(x,0)
1
d
_ / AU, 1) + (1= 5)U(z,0)) ds
0

0 0
where, for 7,7 =1...,n,

b ) = [ (10 0P~ (0 = 20l (Ul ), + 6| VUL )F)) s

Us(z,t) = sU(x,t) + (1 — s)U(x,0), and d;; is the Kronecker delta. As t — 0, we see that
Us(-,t) = U(+,0), uniformly and, by the argument above, we see that b;;(-,¢) converges uni-
formly to

bij(x) = VU (2, 0)"* ((p = 2)(U(,0)a, (U(w, 0))a, + 05| VU (2, 0)[*) .
Dividing in (3.9) by ¢ we can conclude that W solves

0
a—xi (bij(il?, t)W]<33, t)) =0 s
in D. Now, using (3.1), (3.8), and (3.10), we see that equation in (3.10) is uniformly elliptic in
D with ellipticity constants independent of ¢. Moreover, the C%°(D) norms of the coefficients
b;; are uniformly bounded. Hence, using Schauder estimates (see, for instance, [34, Theorem
6.2]), we deduce that there exists a constant ¢ such that

W (-, t)||c2e(py < ¢ whenever t € [—¢,¢] \ {0}.
Applying again the Ascoli-Arzeld Theorem and a standard diagonalization procedure, we
obtain a sequence {tx }ren, tending to 0 as k tends to infinity, and a function U : R" \Q =R,
such that, as k — oo, we have W (-, t;) converging to U(-) uniformly on compact sets of R™\ €.
Using (3.10) we then have

B o . o
(3.11) 8_331(1)”(96)8_%[](3:)) =0 whenever z € R" \ Q.

(3.10)

We have thus proved the existence of the limit of W (-, ), as t tends to 0, at least up to choos-
ing a suitable sequence of #’s in the interior of R™\ Q2. In particular, for each fixed z € R™\ Q,
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the function ¢t — U(z,t) is differentiable with respect to ¢ at (z,0).

Step 4. We now focus on the boundary behavior of U. Let R > 0 be such that Q; C B for
every t € [—¢,¢]. In what follows we let K := Q and K; = ;. From the assumption that
K, is of class Ci’o‘ and using a standard compactness argument, it follows that there exists
p > 0 such that for every t € [—¢,¢] and for every x € JK;, there exists a closed ball B, of
radius p, with B D K; and x € 0B. Let U be the p-equilibrium potential of B. From the
comparison principle we see that U (1) > U(+,t) in R™\ B and, since they coincide at z, that
VU (z,t)] > |VU(z)|. Observe that [VU(z)| can be explicitly computed and it is a positive
constant depending on p and n. Hence there exists a constant ¢ > 0 such that

(3.12) VU (z,t)] > ¢, forall(z,t) € Bg\ (QUQ).

This, together with (3.1), implies that the p-Laplace operator is uniformly elliptic on U(-,t)
in Bg \ K;, and that the ellipticity constants can be chosen to be independent of t. As a
consequence, using also the smoothness assumptions on 0K, the boundary condition verified
by U(-,t) and (3.1), we may apply the boundary Holder estimates for the gradient of solutions
of quasi-linear elliptic equations, see [34, Theorem 13.2], to infer that there exist o € (0, 1)
and a constant ¢ > 0 such that

||VU(, t)HCO’U(BR\Qt) <ec, for all t € [—8,5] .

This in turn implies that the coefficients of equation (3.10) are uniformly bounded in the norm
of C%(B, \ €). Hence, by Theorem 6.6 in [34], there exists ¢ > 0, independent of ¢, such
that

(313) HW(, t)HCQ,U(BT\(ngt)) < c, for all t € [—8,8] \ {0}
Clearly the same estimate extends to the function U:
(3.14) ||U||CQ,O‘(BR\Q) S C.

In particular, the function U : R™\ @ — R can be extended to 09 so that U € C*(R"\ Q).

Step 5. Proof of (a) and (b). Let z € 002 and let g(x) be the outer unit normal to 092 at .
For k € N, let x, € 0Q;, be the point whose outer unit normal to 92, is g(z). Since K is of
class C’_ZF’O‘, the point x; is uniquely determined and the sequence x tends to x as k tends to

infinity. We have
zr = Vha, (§) = Vha(§) + teVo(§) = x4+ 1 Vo(§),

and thus,
T — T

123

= Vu(§),

where £ = g(z). From (3.13),
U(x) = lim Wy(zg),

k—o0
and hence

U(a:) = lim = lim
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(3.15) = |VUIE- V(&) = [VU(2)|v(g(x)),
and this Completes the proof of part (a). Note also that by (3.7) we have, as |z| — oo, that

Ulz) < c|x|P 1) Hence, from (3.11) and the maximum principle, U is uniquely determined.
As a consequence, as t tends to zero, the family of functions W (-, ) tends to U (not just some
sequence of it). In particular, the proofs of statements (a) and (b) are complete.

Step 6. Proof of (c), (d), (e). let Ry, Ry > 0 be such that Ry < Ry and K C B(0, Ry).
Furthermore, for r > 0 we define ¢(r) = 7‘%, and consider,

(3.16) X(y):%, Z(y) = U<( 3;) forye D={y e R" : Ry < |y| < Ry}.
Now, arguing as above we see that X (y) is a bounded solution of

(3.17) 555X W) =0 i D,

where

(3.18) ci(y) = [VZWP (= 2(ZW)w(ZW®)y, +05IVZW)P).

Using the asymptotic behavior of VU (z) as |x| — o0, see Lemma 2.15 (b), we can conclude
that the equation in (3.17) is uniformly elliptic in D with ellipticity constants independent of
r. Furthermore, using uniform Holder continuity of the coefficients {c¢;;(y)} in D, it follows
from statement (b) of the lemma as well as well-known a priori estimates for such equations,
see, for instance, [37, Lemma 3.1], that

(3.19) IVX(y)| < ¢ whenever y € D= {y € R" : Ry < |y| < Ry},
and for some constant ¢ independent of r. Hence, letting » — oo the proof of (¢) is complete.
Furthermore, also (d), (e), are easily seen to hold and we omit further details. O

Lemma 3.2. Suppose 1 < p < n. Let ) be a bounded convex domains of class C’i’a, with
support function h, and let g denote the Gauss map of 0S2. For i = 1,2, let §; be a convex
domain of class C’i’a with support function v;. Let € > 0 be such that, for both i = 1,2, the
function h + tv; € C whenever [t| < e. For |t| < e, and i = 1,2, let Q;; be the uniquely
determined convex domain of class Ci’a such that h + tv; is the support functions of ;. Let
Ui(x,t) be the solution to problem (1.10) in Q;;. Using Lemma 3.1, let

0

Ui(z,t) for all x € R™\ Q.

t=0
Then,

| 0@V U@ glo) - TUa(e)) (o)
_ /a s VUG ) - VU ) ).

Proof. Arguing as in the proof of Lemma 3.1, see (3.11), we have
V- ((p=2)VUP (VU - VU,)VU + |VU P>V
(3.20) V- ((p—2)|VUP(VU - VU)VU + [VU|P2V )

?

0
0.
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Therefore,
0=U,V - ((p—2)|VUP~VU - VU,)VU + |[VU|P~2V})
— U, V- ((p=2)|VUIPHVU - VU,)VU + |VU|P~2V,)
=V - (Us((p — 2)|VUP~4(VU - VU,)VU + |[VU|P2V))
(3.21) — V- (Ui((p - 2)|VUPVU - VU,)VU + |VUP~2VU,)) .

Now, applying Lemma 2.11 to (3.21), using Lemma 2.13, Lemma 2.15, and Lemma 3.1, we
can conclude that

/m Us((p—2)|VUP (VU - VU,)(g - VU) + |[VU P 2(g - VU,)) dFH"

= /8(2 Ui((p—2)|VUIPH(VU - VUs)(g - VU) + |[VUP2(g - VU,)) dH" L.

Hence, a final application of Lemma 2.13, together with (a) of Lemma 3.1, completes the
proof. O

Lemma 3.3. Suppose 1 < p <n. Lete,...,e,_1 be an orthonormal frame on S*~t. Let Q
be a bounded convexr domain of class Ci’o‘ in R™ and let h be the support function of Q). Let U

be the solution to (2.17). Let £ € S*™™' and x € IO be such that g(x) = &. Then,
(a)  (VU(@)er) - e; = —r(x) VU (2)] ;5(8),
b))  (VU(@)es) - & = —kl2) 32, c(O)IVU (),
(€)  (VU@)E) &= (p—1) 'u(x) VU (2)| 322, ia(§),

where k(x) denotes the Gauss curvature of 0Q at x € 0N, |VU(-)|; denotes first covariant
derivatives of [VU(-)| on S"~', and (c;;) is the cofactor matriz introduced below (2.12).

Proof. Lemma 3.3 is a generalization of Lemma A in [50], see also [52], to the non-linear
setting. Compared to [50] though, we here give a different and simpler proof. We first note,
since 2 is a bounded convex domain of class C’i’a in R™, that it follows, as in Step 4 of the
proof of Lemma 3.1, from an elementary barrier argument, and boundary Schauder estimates
for quasi-linear elliptic equations, see [34], that partial derivatives of U up to, and including,
order two are pointwise well-defined on 0€). Using this we start the proof of Lemma 3.3 and
we first note, using Lemma 2.13 and (2.14), that VU = —|VU|{ and VU - F; = 0, where
F(&) = g71(¢) is the inverse Gauss map of 92. Differentiating the second relation gives

(V?U)F}) - F;+ VU - Fy; = 0.
Recalling (2.14) we have that
F; = ajjej,  Fij = aijjrer — ayé,
where a;j;, are the covariant derivatives of a,;. In particular, combining the last two displays
we see that
(3.22) ana;(V2U)er) - ex + ai|VU| = 0.

Multiplying (3.22) by the cofactor matrix ¢;; of a;; we see that (a) holds. Similarly, taking
the covariant derivative of |[VU| = —¢ - VU, and using (2.14), we see that

VU = —ei- VU =& - (VU F) = —a;;((V*U)e;) - €.
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Next, again multiplying by the cofactor matrix ¢;; of a;; we see that (b) holds. Finally, using
the p-Laplace equation for U, we have

(p = 2((V?U)E) - €+ AU =0.
This and (a) allows us to conclude that
(p = D((VIV)E) - €= ((VU)E) - € — AU
= _((VQU)@) -e; = Kk|VU| Zcii7

which completes our proof. O

Lemma 3.4. Suppose 1 < p < n. Let Q) be a bounded convex domain of class C’i’a and let U
be the unique solution to (1.10). Define the operator L : € — C(S"™1) by

L0 —p’vgggg_fg)))) " (e vuE©)

(3.23) +Z(IVU(g‘l(ﬁ))l”Zcij(é)vi(é’))j

—(p= 1) IVUEH I (&) D eald)
where U is the function defined in Lemma 3.1 corresponding to v and where k(z) denotes the
Gauss curvature of 9Q at . Then L is self-adjoint on L*(S"™1), i.e.

/ v L(vy) d§ = ve L(vy)dE,  for all vi,ve € C.
Sn—1

Sn—1

Proof. For i =1,2,3, let £; : € — C(S"!) be defined by
_pIVU(E ()

L)) = e i) & VUET©).
L)€ = D (IVUE O Y e©)v©));

L3(0)(€) = ~(p—D)TVUEHONE) Y eald),
Note that £L = £ + L5 + L£3. Using this decomposition we see immediately that £, and L3
are self-adjoint. To prove that £, is self-adjoint, use the change of variable formula (2.7),
together with (2.16), and Lemma 3.2. O

3.2. Variational formula and uniqueness for smooth domains. We are now ready to
state and prove Theorem 1.1 in the context of bounded convex domains of class Ci’a.

Theorem 3.5. Suppose 1 < p < n. Let Q) and L be bounded convex domains of class C’i’a,
with support functions h and v, respectively, and let g denote the Gauss map of Q. Fort € R
with |t| sufficiently small, let Q; be the bounded convex domain having h + tv as its support
function. Then,

%Cp(Qt) = (- 1>/aﬂv(g($))|VU($)‘pd9{n1(I)

t=0
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(3.24) = =1 [ a0,
where 1, is the measure defined in (1.11).

Proof. Note that from the definition of the measure p, and (2.7) it suffices to prove that
d
2 —(p-1) [ o dum(©.0)
Sn—1
Let U(-,t) be the unique solution to (1.10) in €2, and let 7(-), g(-,¢), and F(-,¢) :'gt’l(-,t)
denote the support function of €, its Gauss and its inverse, respectively. Let U(-), h(-), &(*)
and F'(-) denote the partial derivatives of these functions, with respect to t, at t = 0. Since

hy = h+tv we observe that h = v. Moreover, assuming that an orthonormal coordinate frame
€1,...,e,_1 has been chosen on S, from (2.14) it follows, for & € S"~!, that

(3.26) F(§) = vi(&)ei +v(§)E.
Using (1.11), (2.7), and (2.16), we see that

dpp(Q,-) = [VU(F (&, 1), 8)[" det((h)i; () + he(§)di5) dE -
For £ € S™71 let

(3.25) Cp(S%)

t=0

F(he)(§) = [VU(F (&, 1), )7 det((he)i; (€) + he(£)ds;)-
Then, using the representation formula (2.34) we see that
d p—14d
—C,(Q = — heF(hy) d
dtOp( 2 t=0 n—pdt Jgn () g‘t:O

) dg.
n—op t=0

Let (¢;5) be the cofactor matrix of (h;; + hd;;). By standard properties of the cofactor matrix
we have

(3.27) _ ol /S (v?(h) + h%&"(ht)

%(det((ht)ij + ht&j))‘tzo = cij(vij + vdy),
and hence
%?(ht) O = [VUE(E)Peij () (vis(€) + v(€)dy)
(3.28) +pIVUF@E)P det(hy(€) + h(€)5y) VU, 1)]|

where for simplicity, we have let F(-) = F(-,0). Using the boundary condition in problem
(1.10) we see that

and hence
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~(p = 1) R(F(€))cu( ) VU(F(€))]v(§) — VU(F(€)) - €,
where we have used (3.26) and Lemma 3.3. In particular, using (2.12), (3.28), and (2.13), we
see that

ig:(ht) (€) = —pIVU(F(€)P~" det(hy(€) + 1(€)dy) (VU (F(€)) - €)

dt t=0
—(p = 1) VU(F(E))[Pei(§)v(€) + (e (OIVU(F(E))Pvy), -
All put together, we can conclude that

d
3.29 —JF(h =L
(329) S| =40),
where £ is the operator defined in Lemma 3.4. Next, by a standard homogeneity argument
we note that

F(L+t)h) =1+t P 1F(h),
and hence by taking v = h, we see that

(3.30) L(h)=(n—p—1)F(h).
Using (3.27), (3.29), Lemma 3.4, and (3.30) we have
d p—1
GO = T e+ he) ag
P [+ oeh)ag
— v v
n — p Sn—l
~ (p-1) / o F(h)de.
Snfl
Hence the proof of the lemma is complete. O

Let g, £2; be bounded convex domains in R™. Define the mixed p-capacity of €0y and §2;
by
1

Co(S20, ) = 1= | T, (€) dny(20,©).

Obviously, C,(0, ) = C,(£2). The following theorem gives the Minkowski inequality for
p-capacity in the context of bounded convex domains of class Ci’a.

Theorem 3.6. Suppose 1 < p < n. Let €y, 1 be bounded convex domains in R™ of class
C>“. Then
Cp(Q0, 1) 77 > Cp(Q)" "7 (),

with equality if and only if g, Q1 are homothetic.

Proof. From the Brunn-Minkowski inequality for p-capacity, see Theorem 2.19, we see that

the function
1

Ft) = Co(Q + Q)77 — Co(Q) 77 — tCH() 77, >0,

is non-negative and concave. Now, using the variational formula for p-capacity established in
(3.24) we have

lim M = O, ()77 (o, ) — Cp(Q) 77 > 0.

t—0t

Hence, if equality holds, then f must be linear and €2, £2; must be homothetic. O
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We are now ready to state and prove Theorem 1.2 in the context of bounded convex domains
of class C>°.

Theorem 3.7. Suppose 1 < p < n. Let (), )y be bounded convexr domains in R™ of class C’i’a.
If Qo, Q1 have the same p-capacitary measure, then Qg is a translate of Q1 when p # n — 1,
and g, 1 are homothetic when p =n — 1.

Proof. By the assumption and using Theorem 3.6 we see that
(3.31) Cp(Q0) = Cp(Q0, ) = Cp(1, ) > Cp () ™77 Gy () 7.

Hence, C’p(Qo)l_n%P > Cp(Ql)l_"%p and by reversing the roles of €y and €2; we can conclude
that C,(Qo) = C,(£2;) when p # n — 1. In particular, this implies that there is equality in the
Minkowski inequality for p-capacity and hence €2y must be a translation of ; when p # n—1,
and €y, 2; are homothetic when p =n — 1. O

4. WEAK CONVERGENCE OF p-CAPACITARY MEASURES
The purpose of the section is to prove the following important lemma.

Lemma 4.1. Suppose 1 < p < n. Let Q be a bounded convexr domain and let {§2;}2, be a
sequence of bounded convex domains in R™. If {;} converges to Q in the Hausdorff distance
sense, then the sequence of measures {j,(S%,-)} converges weakly to 11,,(€2, ).

4.1. A refined integral estimate for p-harmonic functions. The following Theorem 4.2
is a refinement of Theorem 2.8 and it will be important in the proof of Lemma 4.1. The
proof of Theorem 4.2, which we provide for completeness, is implicitly contained in Theorem
2 of [60], while for p = 2 it is Corollary 5.2 of [55].

Theorem 4.2. Suppose 1 < p < oo, let 1 < M < 00, rg > 0, and consider 0 < r < ro. For
every e > 0, € < 1, there exists n = n(e) such that the following is true. Assume that Q C R”
is a Lipschitz domain with constants M,ry, 0 € 02, and that

o0 N B(0,4r) = {(z/, ¢(2)) : 2’ € R"} N B(0,4r),
¢<0) = 07 sSup |Vx’¢(x/)’ <.

|/ |<r

Then, for every positive p-harmonic function u in QN B(0,47), continuous on Q N B(0, 4r)

with w = 0 on A(0,4r), and for every y € A(0,nr) and s < nr, there exists a constant
CA(y,s) = CA(y,s)(w) such that
1

H =1 (Aly, s))

/ {log |Vu| — CA(W)| dH" ' < ¢.
A(y,s)
Proof. Let ¢ be as in the statement of Theorem 2.8 and let § = min{(q + p — 1)/2,p}. Note
that we may, without loss of generality, assume that » = 1. To prove the theorem it suffices,

by way of a lemma of Sarason (see [55]), to prove that there exists € > 0 and 77 = 7(€), defined
for € € (0, &), such that if  C R™ is a Lipschitz domain with constants M, ry, 0 € 012,

0NN B(0,4) = {(2/,0(2)) : 2’ € R" 1} B(0,4),
¢(0) =0, sup [Vuo(a')| <7,

|z’|<1
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and y € A(0,7) and 0 < s < 7, then

p—1
] 1
VulTdH" < (1+€ / VPt dHr ! ,
/ v O seagy ) Y
A(y,s) A(y,s)

1
Hr=H(A(y, 5))

(4.1)
whenever u is as in the statement of the present theorem. Indeed, assuming (4.1) for now,
consider y € A(0,7), 0 < s <17, let A = A(y,s), k= |Vu[P~!, and introduce the measure
d\ = (/ kdH" N kdFH"
A

Let 8 be defined through the relation (p — 1)(1+ 8) = G. The, applying the Hélder inequality
we see that

-2
/kﬁd)\/ EBd\ = (/ kdf}f”_l) /kHBde”_l/ ELP gt
A A A A A
1 -2 1 ==
< | — n—1 - 148 n—1 .
= (w—wm/fd“ ) (%H(m/f t )

In particular, using (4.1) we can conclude that

)
/kﬂdA/k Fax < ( 1—|—5) T <1+Ce

Applying the lemma of Sarason, see (5.26) of [55], the inequality in above display implies that

/ log k” — ( / log kPd\)
A A

which is the desired conclusion once we recall that kdH" ! € A®(2A,dH" 1), see Theorem
2.8. Hence, to prove the theorem it suffices to prove (4.1). For this, we follow the proof of
Theorem 2 of [60] and we argue by contradiction. Indeed, if (4.1) is not true, then there exist
a sequence of Lipschitz domains {£2,,}5°_,, a sequence of constants {7,,}>°_,, a sequence of
functions {u,,}>°_, and sequences {s,,}5°_;, {ym }>_,, for which the following facts hold. For
every m, §2,, is a Lipschitz domain with constants M, ry, such that 0 € 9€,,,

00, N B(0,4) = {(z/, ¢ (2)) : 2/ € R" 1} N B(0,4),
¢m<0) = 0; sup |vz’¢m(x/>’ < ﬁmu

|z’ |<r

d\ < CE,

with 7,, — 0 as m — 00, u,, is p-harmonic in €, N B(0,4), u,, is continuous in Q,, N B(0,4),
and u,, = 0 on 09, N B(0,4). Furthermore, y,,, € 02, N B(0,7), Sm < fm, and
q/(p—1)

1 . 1
4.2 - a JHrt 14¢ - - p=1 ggn—1
42 gy [ Vel a0 > (140 | gamis [ 1V
Am A'm
Here and in the following, A,, = A (Ym, Sm) = OQn N B(Ym, Sm). For fixed 0 < & < 1, let
(4.3) A=ef p=2%

Since 7, — 0 as m — oo we may assume that

0<nm <mn, forevery m.
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Let 7, (ym) be the inner unit normal to 92, at y,, € 0Q, and P, (y,,) be the hyperplane
which is orthogonal to n,, and which contains y,,. Using coordinates = = (2,x,), with
¥ =2 — 2,00 (Ym) € Pn(ym), we introduce, for s > 0, the cylinders
Coi(Ym, 8) = {x = (', 2,) = 2" + 2,00 (ym) such that 2’ € P, (ym) N B(Ym, $), |xa] < s}
For brevity we let
Py = P(Ym), nm = n(Ym, Aspm) and Cp, = C(Ym, Asm) -

Extend u,, to B(0,4) by letting u,, = 0 in B(0,4)\ Q,, and let v, be the measure associated
with u,, in the sense of Lemma 2.5. In view of (iv) of Theorem 2.8,

Vi (Ary) = / |Vt [P~ dIHC

m

Let
1

Ap=——7— TdH™ 1.
Am

Below we prove that there exists ¢ > 1, independent of m, such that

HL(A ))ﬁ/(pl) )
4.4 limsup 4,, [ ———= < (1 4 e~ 1/,
To see that this is sufficient to reach a contradiction, note that (4.2) and (4.4) give
j‘fn_1<A ))5/(17—1) :
4.5 1+ ¢ <limsup A4, (—m <14 e Ve

for some ¢ > 1 independent of m, provided €j is sufficiently small. Choosing €, still smaller, if
necessary, we see that (4.5) can not hold if 0 < & < &,. Hence the statement above and (4.1)
must hold.

To start the proof of (4.4), we let ¢, = ym + %Asmnm. Note that if £ is sufficiently small,
then the domain D,,, obtained by drawing all line segments from points in B(¢,,, %) to points

in 9Q,, N B(Ym, Al%), is starlike Lipschitz with respect to g,,. Let D,, = D,, \ B(§m, f(f—o"é)
and note that the Lipschitz constant of D,, is smaller or equal to ¢ = c(n, M). Let u,, be the
p-capacitary function for Dy, ie. Uy, is non-negative, u,, = 0, and 4,, = 1 continuously on
0D, and OB (Jm, ’1405—0’8), respectively, and 1, is p-harmonic in D,,. Extend 4, to R" \ D,, by
setting 4, = 0 on R™\ D,, and let 7, be the measure, with support on dD,,, corresponding to
Uy, as in Lemma 2.5. Next suppose € is so small that A/100 > 2¢;, where ¢; is as in Theorem
2.7. Then, using Theorem 2.7 with 7, w, uy, uy replaced by As,, /100, Y, Um, U, we deduce,

for ¢ sufficiently small, that if wy, ws € B(ym, 28m) N D,,, then

o ()~ oe (o)

where ¢, a are the constants in Theorem 2.7 and hence independent of m. Letting wy, wo—21, 25 €
0D,, N B(y,,,2sm) in (4.6) and using Theorem 2.8 we see that

(4.6) <A™,

(4.7)




34 A. COLESANTI, K. NYSTROM, P. SALANI, J. XIAO, D. YANG, G. ZHANG

for H"1-almost all 21, 2, € D,, N B (Yms 28m). From the inequality in (4.7) we deduce
Vi (21)] < [Vum(z0)] _ Vi (21)]
Vi (22)| — [Vum(z2)] ~ Vi (22)]

(4.8) (1—cA™®) <(I4cA™®)

where ¢ = ¢(p,n, M). Let

(4.9) Ay =

WI—/WudefH” !

From (4.8) and Theorem 2.8, we see that

A

A An
(O (A )T/ D) (o (A )T 0D
One concludes from (4.9)-(4.10) and simple estimates that it suffices to prove (4.4) with v, t,,

replaced by 7, U,,. Thus one desires to prove that, for ¢ = ¢(p,n, M) suitably large and €,
sufficiently small,

. Fn— 1(A ))é/(ﬂ—l) )
4.11 limsup 4,, | ———= <14 e V@),

To prove (4.11), let T, be a conformal affine mapping of R™ which maps the plane W contain-

ing the origin and with normal e, onto P with T,,,(0) = y,, and T, (e,) = G- Let Dm, Uy

be such that Ty (Dyy) = Dy and Gy (T) = Gim(2) whenever 2 € D,,. Then, since the p-
Laplace equation is invariant under translations, rotations, and dilations, we see that a,, is
the p-capacitary function for D,,. Moreover, if 7, corresponds to 1, as in Lemma 2.5, then

(4.10) > (1 —cA™®)1

412) A (M)W‘” _i <%"1(6Dm N B(0, 10/A))>@/<p—1>
. "\ O (A) ﬁm(abm N B(0,10/A)) )
where

~ 1 -
Ay = i / VT dH .
Hn=1(0D,, N B(0,10/A4))
8DmNB(0,10/A)

Letting m—o00, one deduces from Lemma 2.1 and Lemma 2.2 that 4, converges uniformly
on R™ to u where u is the - p-capacitary function for the starlike Lipschitz ring domain, D=
D\ B(e,,1/100). Now, D is obtained by drawing all line segments connecting points in
B(0,1)NW to points in B(e,, 1/10). Using a Rellich type inequality and arguing as in (5.27)-
(5.41) in [59], it follows that

( 1/p
lim sup,, s (A7 < ﬁ / |ValP dH !
(4.13) WNB(0,10/A)
.. Dm (0D NB(0,10/A)) 1 ~ | p— n—
liminfm—eo 52555 .B0.10/4)) = Ta [Vaf=tdie,
L WNB(0,10/A)

where I'y = H" 1 (W N B(0,10/A)) and H"! denotes (n — 1)-dimensional Lebesgue or Haus-
dorff measure on W. Assuming (4.13), by using Schwarz reflection, we note that @ has a
p-harmonic extension to B(0,1/2) with & = 0 on W N B(0,1/2). From barrier estimates,
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we have ¢! < |[Va| < ¢ on B(0,1/4), where ¢ depends only on p,n,. From Lemma 2.4 we
find that |[Va| is Holder continuous with exponent o on B(0,1/4) NW. Using these facts, we
conclude first that there exist 2 € B(0,10/A4) N W and a constant ¢ such that

(4.14) (1—-cA™7)|Va(2)| < |Va(z)| < (1+cA77)|Va(2)],

whenever z € B(0,10/A) N W. Combining (4.12), (4.13), and (4.14), in light of (4.3), we
deduce that, for ¢ and &' sufficiently large,

. j-(n—l(A ))d/(pl) i ]
limsup A, [ ————= <(1+eA) <14 e V@)

which is (4.11). This completes the proof of Theorem 4.2. O

4.2. L' convergence of the p-capacitary density. To prove Lemma 4.1, we first prove
the L' convergence of p-capacitary densities. To begin the argument, we recall the following
purely geometric lemma due to Jerison, see [52, Lemma 3.3]. The lemma essentially says that
00 and 0 are flat on a set of large measure.

Lemma 4.3. Let Q and ) be bounded convexr domains in R™, and let ¢ > 0 be given. Then
there exist 6 > 0 and a finite collection of balls B(xj,7;), 7 = 1,...,N, such that z; € 05}
for every 7,

(@)  H"H O\ UL B(x),15)) < e,
and such that, if the Hausdorff distance between Q and ' is less than 01, then
(b)  foreveryje {l,...,N}, both 02N B(xj,7;/e1) and 0 N B(z;,7;/e1) can, after

a suitable translation and rotation of coordinates depending on j, be expressed
as the graphs of two functions ¢ and ¢, respectively, such that V|, |V¢'| < e,
for all x € R™ such that |z| < r;/e;.

Given € we in the following let r;; and ¢yt be defined with respect to €. Let now {€;}2,
be a sequence of bounded convex domains in R” which converges to €2 in the Hausdorff distance
sense. We let, for i € N, U; = Ug, denote the p-equilibrium potential of €2; and we let g; denote
the Gauss map of K; = Q,;. Let U = Uy and g be the corresponding objects defined with
respect to €2. In the following we can assume, without loss of generality, that 0 €  and
that 0 € §2; for every ¢ € N. This implies that the radial maps, rx and rg,, of K and Kj,
respectively, are well defined, see Section 2. Let J and J;, ¢ € N, be the Jacobian functions
introduced in Lemma 2.10 associated with K and K; respectively, and let

Ji(€)
J(€)

Using Lemma 2.10 we see that this quotient is bounded above and below, for i large enough,
by positive constants, uniformly with respect to ¢, and

(4.16) ¢:(§) — 1, H"t-a.e. on "' as i — oo.
Finally, we let, for H" l-a.a £ € S*1

(4.17) H;(€) = [VUi(rg, ()] (Ji(€)) 7,

whenever £ € S*71.

(4.15) q(§) =

Sl
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and

(4.18) H(E) = VU (rec(€)| (J()7 .

These are the p-th roots of the densities of the pullback measures, with respect to the corre-
sponding radial maps, of y,(€2;,-) and p,(€2, -), respectively. Recall that we denote the Haus-
dorff distance between ; and Q by h(2;,2). Using that {£2;}3°, is a sequence of bounded
convex domains in R™ which converges to €2 in the Hausdorff distance sense we can in the
following assume, with out loss of generality, by using Lemma 2.10 and Lemma 2.18, that
there exists a constant ¢, 1 < ¢ < oo such that

(4.19) min{ H;(£), H(&)} > ¢!, for H"ta.a & € S ! and for all i.

In fact, ¢ can be chosen to depend only on p, n and the Euclidian diameter of 2. The following
lemma is a non-linear version of Lemma 3.7 in [52].

Lemma 4.4. Suppose 1 < p < n. Then, for every e > 0 and v > 0, there exist so > 0,
8y >0, and a family of balls B on S*1, such that the following holds.

(a)  FEvery member in B has radius So.

(b) There is a constant ¢ > 0, depending only on 1, and gy,
such that any point of S*~! lies in at most ¢ balls of B.

(¢)  H"YS" 1\ F) < ey, where F = UpepB.

(d)  Ifh(92;,Q) < 52, then, for any B € B,

LI [y ) <o

Proof. Our proof of Lemma 4.4 proceeds along the lines of Lemma 3.7 in [52], with Theorem
4.2 replacing Lemma 3.6 of [52]. Let €5 > 0 and v > 0 be given and let in the following ¢ > 0
be a degree of freedom to be determined based on €5 > 0 and v > 0. Given ¢ > 0 we let
n = min{n(e),e/10} where n(e) is as stated in Theorem 4.2. Using this n we let £, = 1/10
and apply Lemma 4.3. Doing this we get 0, = d1(e1) = d1(¢), {B(xj,7;)}, as in Lemma 4.3
and we in the following only consider i large enough to ensure h(€);, Q) < ;. Next, following
the proof of Lemma 3.7 in [52] we let s < min{r; : j =1,..., N} be small enough to ensure
that the oscillation of J and J; is less than e; when the oscillation of ¢ is bounded by sy and
rk(§) € B(xzj,rj/e1) for some index j. One can then choose a family B of balls for which
properties (a), (b), hold and for which

(420) g_(n—l(Sn—l \ F) <e <Zg, where F' = UBegB.

Now, using Theorem 4.2, and the choice for n made above, we see that if B € B, and if B is
a ball of radius s < sg, contained in the concentric copy of B rescaled by 1/, then

1 1
(421) j{n—l(B)/B|IOgH—CB|d€ <ég, CB = g{n—l(B)/BIOgH dé-

That cp can be chosen as stated follows from the proof of Theorem 4.2. Furthermore, using
Lemma 4.3 and the choice for §; made above, and arguing similarly, we see that if h(£2;,Q2) < 61,
then also

1 1
4.22 —— [ log H; — cpld S
( ) j‘fn_l(B) /B| 0g 11 CB71| € < g, CB,i j}(n—l(B) /B; og H; 5
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Let

fB |Hi|p71d€

Jp [H[P~dg

Then, using the construction above, using Theorem 4.2, Theorem 2.8, (4.21), (4.22), (4.19)

and the John-Nirenberg inequality, see [54], we can conclude, given v > 0, that if h(€;, Q) < 0,
then

(4.24) sl—"/ Li(B)| =
B

for a harmless constant ¢ which may depend on p, n,~ but which is independent of . Further-
more, using Lemma 4.5, stated and proved below, we see that given ¢ there exists d3 = d3(¢)
such that if A(€2;, Q) < d3, then

(4.23) I(B) ==

:
d¢ < ¢e

Jp | HilP~ dg
Jp | HP~dS

Combining (4.24) and (4.25), and using (4.19), we deduce that

(p—1)vy
AL “)
(4.26) < és(l+csl_" / H<P—1>7d§),
B

where all constants ¢ may depend on p, n,y but are independent of €. Finally, using Theorem
4.2, Lemma 2.5, choosing € = &(p,n,~y) sufficiently small, and elementary estimates we can
conclude that

(4.27) sl—”/B ‘ (%)pl —al

for yet an other constant ¢ may depend on p,n,~ but which is independent of . Given €5 > 0

(4.25) [1;(B) — 1] =

—1‘ < 2¢e

H

-
¢ < ce(l+sl_”/ —
B

H;

we now choose € so small that ée < ey, 09 := min{dy,d3} = min{d,(€),d3(¢)}. Then (c)
through (4.20) holds and the proof of one half of (d) is complete. The other part of (d) is
proved similarly. O

Lemma 4.5. Suppose 1 < p < n. Given ¢, B, as in the proof of Lemma 4.4 there exists
03 = d3(e) such that if h(2;,Q2) < ds3, then

fB |Hi|p71d§
Jp | H|P~1dg

Proof. Using (4.15) we see that that is suffice to prove that there exists d3 = d3(¢) such that
if h(€2;, Q) < 63, then

(4.28) |;(B) —1| =

—1‘ < 2¢e

(4.29)

~1

~1(B) IVUAP dO'j ‘ .
— 1| < 2¢ce

fgfl(B) VU[P~'do

where do; and do here denote the surface measure on 0€2; and 0f), respectively. Let A; =

g '(B), A = g7!(B) and note, using Theorem 2.8, that (4.29) can be rewritten as

v(A)

(4.30)

—1‘ < 2¢e
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where v; and v are, respectively, the measures associated to U; and U in the sense of Theorem
2.8. (4.30) can now be proved by essentially arguing by contradiction as in the proof of
Theorem 4.2, see the proof of Lemma 4.4 in [66] for example. We here omit further details. [

Lemma 4.6. Suppose 1 < p <n. Then,

lim |HP — HP|d = 0.

1—00 Sn—1

Proof. To prove Lemma 4.6 we use an argument similar to [52, Proposition 3.14]. In the
following the notation A < B simply means that A/B is bounded from above by a positive
constant. Let ¢ > p be as in Theorem 2.8 (i), (ii). Using this ¢, let v :=pq/((p — 1)(¢ — p)).
Given 5 > 0 and 7, we can use Lemma 4.4 to conclude that there exist so > 0 and d3 > 0,
and a family of balls B on S"~! such that statements (a) — (d) of Lemma 4.4 hold. In the
following let F' be as in the statement of Lemma 4.4. Now, using the elementary fact that

la? — | < p(p— 1) (a+b)|a” — b7} for all a,b > 0,

we see that
(431) [z =g 5 [ gzt e ) de
F F

Next, using the Holder inequality we see that

[ —mmas < ([ VHf‘l—lelzﬁldf) ( H+des)l
F P _
(4.32) _ (/‘

de§> (/ (Hi+H)pd§>p.
F
Using the Holder inequality once again we get

(I ma)™
(4.33) < (/pKﬁ ! 7czg) 7(/FHqczg)pq.

Furthermore, using Theorem 2.8, Lemma 2.5 and elementary estimate we see that there exists
a constant ¢, independent of € and well as 4, so that

(4.34) (/ (H; + H) Pdg) /Hq d¢ g c.

In particular, using this and the above displays, we can conclude that

(4.35) /F|Hf—Hp|d§ < c(/F‘(% de)m.

Hence, using statement (d) of Lemma 4.4, and the last display, we get

(4.36) /|HZ-p—Hp|d§§£2 as i — 0.
F
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Furthermore, again using the Holder inequality, we obtain

[ om-mracs [ e mmag
Sn-1\F sn-1\F

< oo\ P (

n—l\F

2
q

(H! + HY) dg)

Now, this, (¢) of Lemma 4.4 and Theorem 2.8 (i7) give us the desired result. O

4.3. The final proof of Lemma 4.3: weak convergence of p-capacitary measures.
Let p;, p, and g;, g be the radial functions and Gauss maps of €2;, 2, respectively. Define

a;(§) = gi(pi(§)€),  al§) = g(p(§)¢), whenever £ € 8",

Using that g; converges to g almost everywhere on S"~!, and that p; converges to p uniformly,
we see that a; converges to o almost everywhere on S"! as i — oco. To prove that 1, (£, )
converges to f1,(€2, -) weakly, we need to prove that

J (&) dpp(§2:, €) — F (&) dpp($2,€) — 0,

Sn—1 S§n—1
or equivalently, that
(4.37) f (o) HY d§ — fla)HP d¢ — 0,
Snfl Snfl

for each continuous function f on S"~!. However, (4.37) follows immediately from Lemma
4.6, Theorem 2.8, the a.e. convergence of «;, and the inequality,

[ steomrag— [ s
<| [ sy —mma+| [ () - ranmras]
sn—1 sn—1
This completes the proof of Lemma 4.3. O

5. VARIATIONAL FORMULA FOR p-CAPACITY OF GENERAL CONVEX DOMAINS

In this section we present the proof of Theorem 1.1 and Theorem 1.2. Given a bounded
convex domain, €2 C R", let hg denote the support function of €2, let Sq denote the surface
area measure on Jf2, and let g be the Gauss map of 9€). Let € denote the class of all bounded
convex domains in R™ that contain the origin, and C'y (S*!) the class of positive continuous
function on S™1.

5.1. Aleksandrov domains. Given a function i € C'(S"7!), let 2 C R" be such that
(5.1) Q:= () {z€R": z-£ <A}
gesn—1

Note that since h is both positive and continuous, €2 must be an element of €. The convex
domain Q0 C R" is often called the Aleksandrov domain associated with h. For the Aleksandrov
domain €2 associated with h, we see that

ha < h.



40 A. COLESANTI, K. NYSTROM, P. SALANI, J. XIAO, D. YANG, G. ZHANG

Let
wi ={€ €S ha(€) < h(E)}.
A basic fact established by Aleksandrov is that

Sg(wh) =0.
Consequently,
(5.2) ho = h, a.e. with respect to Sg.

By (2.34) and Lemma 4.1, we have for the p-capacity of any bounded convex domain 2 C R™,

(53 G = 2= [ hat€) dny(©.9)

For w C S" !, if Sq(w) = 0, then u,(Q,w) = 0. This follows from the definition of 1,(£2, )
since |[VU/? is integrable on 0€2. Thus, p,(€2,-) is absolutely continuous with respect to Sg.
Using Theorem 3.6 and Lemma 4.1, we obtain

(5-4) Cp(Q, L)"7 > Cp(Q)" PGy (L),

for all convex domains €2 and L in R"™ whenever 1 < p < n. Obviously, if & is the support
function of a convex domain Q2 € €, then  itself is the Aleksandrov domain associated
with h. We need Aleksandrov’s Convergence Lemma: if the functions h; € C,(S"!) have
associated Aleksandrov domains €2; € €j, then

(5.5) hi — h € C(S" ') uniformly = €; — Q in the Hausdorff metric,

where ) is the Aleksandrov domain associated with h. For h € C'(S"™'), denote by C,(h)
the p-capacity of the Aleksandrov domain associated with h. Since the Aleksandrov domain
associated with the support function hq of a convex domain Q2 € Cf is the domain €2 itself,
we have

(5.6) Cylho) = Cy(9).
From Aleksandrov’s convergence lemma and the continuity of p-capacity on C? we see that

C,:C,(S" ') = R is continuous.
Let I C R be an interval containing 0 and suppose that

he(€) = h(t, &) : I x S"' = (0,00)
is continuous. For fixed t € I, let 2; C R™ be such that

Q= () {zeR": z- &<t}
gesn—1

This is the Aleksandrov domain associated with h;. The family of convex domains {2 }ier
will be called the family of Aleksandrov domains associated with hy. Obviously, from (5.2) we
have, for each t € I,

(5.7) hq, < hy and hg, = hy, a.e. with respect to Sq,.
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5.2. Variation of p-capacity for Alexandrov domains. The proof of the following lemma
regarding the variation of p-capacity is similar to that of its analogue for volume (see [93,
Lemma 6.5.3]).

Lemma 5.1. Let I C R be an interval containing both 0 and some positive number and let
h(t, &) : I xS"™* — (0, 00)

be continuous and such that the convergence in

(5.8) W(0,€) = tim M08 =108

t—0+ t

is uniform on S"1. If {Q her is the family of Aleksandrov domains associated with hg, then

iy, S ) [ 00,0 (0.

t—0+ t

Proof. The uniform convergence of (5.8) implies that h; — hg, uniformly on S*~!. Therefore,
the Aleksandrov convergence lemma, see (5.5), yields

(5.9) lim Q; = Q0.

t—0+
Thus we conclude that (€2, -) converges weakly to 1,(2,-) as t — 0. Since the measures
(S, -) are finite, converge weakly to ,(€, -) and since the convergence in
h(t,&) — h(0
o B(LE) B0,

t—0+ t

is uniform on S"~!, we obtain

(5.10) i [ MO0 00 - [0 006,

t—0t S§n—1 t S§n—1
Now, (5.3), (5.6), (5.7) and the fact that 1,(€2,-) is absolutely continuous with respect to S,
imply that
p—1 p—1
(5.11) Cp(Sl) = ha, (€) dpp($4, §) = he(€) dpp (2, €).
n — p S§n—1 n — p S§n—1
From (5.11), the definition of mixed p-capacity, and the inequality in (5.7) at ¢ = 0, we have

lim inf Cp(S) = Gy, o) _ p=l lim inf/ ul8) = o (€) dpip (€2, §)
t—0t t n—7p t=-0t Jen—1 t
. hi(§) — ho(§)
>
- htrgégf /Snl ; dpip (2, §),

which, when combined with (5.10), gives

(5.12) lim inf Z2(E%) = GolSh, o) o p— 1
' t—0+ t “n—p

/Snl hl—&—(f? 0) dﬂ’p(Qm 5)

For the sake of brevity, set
p—1
n—p

L= 2 [ R 0) dig(90.).
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Inequality (5.12) and the mixed capacity inequality (5.4) show that
Cy() = Gy, ) Gyl ) = Cy( Q)77 Cy(Q0) ™7

[ < liminf =2 < lim inf
t—0+ t t—0+ t

However, (5.9) gives lim; o+ C,(€2;) = Cp(€2) and hence,

(5.13) 1 < Cp(Qo)lfﬁ lim inf Cp()mr — Cp(S20) > .

t—0t t

Now the definition of mixed p-capacity, the inequality in (5.7) and the uniform convergence
in (5.8) give

Op<QO7 Q) — Cp(QO) p—1 / ha, (&) — ho(§) dlﬁp(QO £)
Snfl

lim sup = lim sup
t—0+ t n—DpD o0+ t

< p—1 lim sup /Snl M dpp (0, )

n—Dp i-ot

b— 1 I

= h 0) d, (0,

L [ W0 din ()
= [

This, together with the mixed capacity inequality (5.4), yields

Oy (90, %) — () C,(Q0)' 777 Co ()77 — Cp(Q)

[ > limsup > lim sup 7
t—0+ 4 t—0+ t
and hence,
Co(Q)77 — C(Q) s
(5.14) [ > Cp(QO)l_ﬁ lim sup p(§2) »(€0) '

t—0t 13

Combining (5.13) and (5.14) we see that

1 %—p — 9] %_p
(5.15) ] = CP(QO)P”—,Z, lim Cp (%) Cp(€o) ‘

t—0t t

Define a function f : I — R by f(t) = Cp(Qt)n%p. Identity (5.15) shows that the right
derivative of f exists at 0. But this implies that the right derivative of f" exists at 0 and that
@)= ) np-1 1. J () = f(0)
tl—l>r(§l+ t = (n=p)f(0) tl—1>1(§l+ t '

Thus the definition of f and (5.15) prove that
o Gl ~ Gy l)

t—0+ t

= (n—p)l.

Theorem 5.2. Let I C R be an interval containing 0 in its interior, and let
h(t, &) : I xS" — (0, 00)
be continuous, such that the convergence in
h(t,&) — h(0
h'(0,€) = lim (t,8) 0.8

t—0 t
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is uniform on S"7L. If {Q her is the family of Aleksandrov domains associated with h, then

(5.10 Co| —p-0 [ 0.9 dnl0e)

Proof. From Lemma 5.1 we see that we only need to show that

Cp(Q) — Cp(S20) =(p—1) /Sn_1 h'(0,&) dpuy(0, ).

1 li P
(5:17) AT
To that end, define h(t, €)1 —I x S" ' — (0,00) by ﬁ(t,§)~: h(—t,§). For the corresponding
family {Q_;}se; of Aleksandrov domains associated with h we have Q_; = ; and Q = Q.
Thus, by Lemma 5.1,

iy =Gy SEIZGE) ) [ 300,900, 6),
t—0~ —1 t—0t t sgn—1
Obviously, /(0,€) = —h/(0,£), which immediately implies (5.17). O

Remark 5.3. The Hadamard formula contained in Theorem 3.5 can be seen as a special case
of Theorem 5.2. Indeed, if 2 and L are bounded convex domain of class Ci’a, with support
functions hq and hj, respectively, applying Theorem 5.2 to the function h(t, &) = ho(&)+thr(§)
(for ¢ in a sufficiently small neighborhood of the origin) we immediately get A’ = h; and
consequently (5.16) coincides with (3.24).

5.3. Final proof of the variational formula and uniqueness. Let ) be a bounded convex
domain containing the origin and let hq be its support function. Then hg > 0 on S"~!. Let
f be an arbitrary continuous function on S"'. For |¢| sufficiently small we have h;(§) =
ho(€) +tf(€) > 0 for every € € S™ 1. Let Q; be the Aleksandrov domain associated with
hi. To complete the proof of Theorem 1.1 we simply note that Theorem 1.1 now follows
immediately from Theorem 5.2 applied to h;. To prove Theorem 1.2, we can state, in view
of the general variational formula of p-capacity for general bounded convex domains, the
p-capacitary Minkowski inequality for general bounded convex domains and its important
consequences:

Theorem 5.4. Suppose 1 < p < n. Let Cqy, 21 be conver domains in R™. Then
(5.18) Cp(Q0, 1) 77 > Cp(Q)" "7 (1),
with equality if and only if g, Q1 are homothetic.

Theorem 5.5. Let €y, $2, be conver domains in R™ and 1 < p < n. If Qo,$2, have the same
p-capacitary measure, then Qg is a translate of Q1 when p # n—1, and €,y are homothetic
when p=n — 1.

The proofs of Theorems 5.4 and 5.5 are exactly the same as those of Theorems 3.6 and 3.7
when the general variational formula (5.16) is used. Hence the proofs of Theorem 1.2 and
Theorem 1.1 are complete.

Remark 5.6. Suppose 1 < p < n and Q is a bounded convex domain in R™ . Let

G = [ dm(.)

S§n—1
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denote the total p-capacitary measure of 2. Then, using Theorem 5.4 we have the following
p-capacitary isoperimetric inequality,

— p-l
(5.19) O (2, S™H"P > e, (Z - f > O, ()P,

with equality if and only if ) is a ball. To prove this isoperimetric inequality for p-capacity,
simply let Qo = Q and Q = B, where B is the unit ball, and use the fact that C,(B) =

p—1
nwy, (%) . Then inequality (5.19) follows from the Minkowski inequality for p-capacity
(5.18).

6. MINKOWSKI PROBLEM FOR p-CAPACITY

6.1. Existence in the discrete case. In this part we prove a version of Theorem 1.3 for
purely atomic measures. Let p be a finite Borel measure on S*~!. Consider the following
conditions.

(A1) The measure p is not concentrated on any great subsphere; that is,
/ 60+ & du(€) >0, for each § € S" 1.
S'nfl
(A2)  The centroid of the measure p is at the origin; that is,

/S  gdu(e)=0.

(A3) The measure p does not have a pair of antipodal point masses; that is,
if p({z}) >0, then p({—x})=0for xS

For a function h € C',(S"!), denote by Q(h) the Aleksandrov domain associated with h.

Lemma 6.1. Suppose 1 < p < 2 and u is a discrete measure on S"™1 satisfying conditions
(Al)—(Ag). Let

(6.1) b—inf{/S hdpihe C(S"™), C,(R)) > 1} .
Then there exists a polytope Fy, with positive support function hp,, such that
(6.2) /S hndp=b, GyR)=1,

and

(63 p= = R,

Furthermore, there exists by depending only on n and p such that

(6.4) 0<b< bo/ dy.
S§n—1
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Proof. We first show that the minimization in (6.1) can be reduced to minimizing only over
positive support functions of polytopes. Assume that the discrete measure p has support
{&1, ..., &n} and weights ¢;, i = 1,...,m, that is,

W= Z C;i Og, .
i=1

For h € C,(S"!), define
(6.5) P={zeR":z-&{<h(&), i=1,...,m}.

Hence P is bounded by hyperplanes orthogonal to the vectors & with distance h(§;) from the
origin. By condition (A;), P is bounded and thus P is an open convex polytope. It follows
that Q(h) C P and hp(&) < (&), i =1,...,m. Thus,

Cp(P) > Cp(2(h)) and / hpdup < / hdp.
S§n—1 S

n—1

Therefore, we can take a minimizing sequence {h;} for problem (6.1) so that h; is the support
function of polytope P; with faces orthogonal to &, ¢ = 1,...,m. Since it is a minimizing
sequence, there exists M > 0 such that, for all j,

m

> cihp, (&) = / hp, du < M.

i=1 snot
Since all the ¢;’s are positive and P; contains the origin, we have for all 7,

M

min{c; : i=1,...,m}

hp, (&) < M =

This implies that the sequence P; is bounded. By the Blaschke selection theorem (see [93]),
the sequence P] has a convergent subsequence with limit P’, with respect to the Hausdorff
metric. Let Py be the interior of P’. By the continuity of p-capacity, hp, is a minimizer for
problem (6.1). Next we prove that P, is not empty. Note that P’ is a polytope whose facets
have outer unit normals that belong to {&;,...,&,}. Assume that its interior is empty and
let k < n be its dimension. By condition (A43), no two vectors in {1, ...,&,} are antipodal.
This implies that k £ n — 1, and thus k£ < n — 2 is left as the only possibility. But p < 2, and
this implies that C,(P’) = 0 (see [30, p.154, Theorem 3]), contradicting C,(P’) > 1.

By condition (Aj), the support function of a translate of Py is again a minimizer of (6.1).
Hence, we may assume that hp, > 0 on S*7'. Let f € C(S"™!). For t € R, with |¢| sufficiently
small, hy = hp,+tf € C(S"!). But hp, being a minimizer implies the existence of a constant

= _CP<Qt) ’

b such that
i ([ )
—_— ht dﬂ
dt Sn—1 t=0 dt t=0

where €2; is the Aleksandrov domain associated with h;. Applying Theorem 1.1 yields

f(&)du(§) =b'(p—1) f(&) dpp(Fo, §) -

Sn—1 Sn—1

But f being arbitrary allows us to conclude that p = b'(p — 1), (F, -). But C,(Fp) = 1, now
yields b = b0'(n — p).

d
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To prove (6.4), we just let » = r(n,p) be such that the ball centered at the origin with
radius r has p-capacity equal to 1. Then,

bS/ r(n,p) dp.
Sn—l
O

Lemma 6.2. Suppose 1 < p < 2. Let u be a discrete measure on S* ! satisfying conditions
(A1) - (A3). Then there exists a polytope P such that

pp(Py) = p.
Proof. This follows by appropriately rescaling the polytope F, of Lemma 6.1. O
6.2. Existence in the general case. We prove the following result, which is Theorem 1.3.

Theorem 6.3. Suppose 1 < p < 2. If ju is a finite Borel measure on S"~! satisfying conditions
(A1)-(A3). Then there ezists a bounded conver domain €2 such that

pp(€2, ) = .

Proof. Consider a sequence {u;}32, of discrete measures, satisfying conditions (A;)-(Asz) and
converging to p weakly. From condition (A;), we see that

(6.6) inf /n_1 60 - €| du(&) > 0.

fesn—1 Jg

Hence from the weak convergence, we may infer the existence of a constant ¢ > 0 such that,
for all 7,

©.7) nf [l >

feSn—1

There are constants ¢, ¢’ so that

(6.9) C< [ du <
S§n—1
As in Lemma 6.1, let P; be a polytope that solves the p-capacity Minkowski problem for the

discrete measure ji;. Let
bj = / hpj dﬂ] s
Sn—1

and let d; be the diameter of P;. By condition (A;), we may assume that P; has been

d; ; _
translated so that ijj and —EJ w; belong to P; for some unit vector w;. This, and the

definition of a support function, implies that
d:
hp, (&) > §J|§ ~w;l, forall € € S™

Thus, using (6.7), we see that
d; d;
bj:/ he, dpg > < € wyldpy(€) = e
S§n—1 S§n—1
Using this, (6.4) and (6.8), we obtain

dj S 2b[)C”C_1 .
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Therefore, the sequence P; is bounded. A subsequence of P; converges to a compact convex
set K with interior (2.

Case I: © is non-empty. In this case the proof is complete. Indeed, using (6.3) and the weak
convergence of p-capacitary measures (Lemma 4.1), we have

b(p—1
po= M/@(Q, -), where b= / hq dj.
n _p S§n—1

The solution of the p-capacity Minkowski problem for x4 is now obtained by suitably rescaling
Q.

Case II: © is empty. Then dim(K) < n. Since 1 < p < 2, the continuity of C}, and the fact
that C,(P;) = 1, for every j, ensures dim(K) = n — 1. But this is only possible if the surface
area measure, Sk, is concentrated at two antipodal point masses in S*~! with equal weight,
i.e. there is a real a > 0 and a point z € S"~! such that

SK = O./((Sz + (S_w)

By Lemma 2.18, there is a constant ¢ that depends on n, p and the radius of a ball containing
all P; so that
IVU,;| > ¢! ae on 09,

where Uj is the p-equilibrium potential of ;. Suppose f € C(S"™ ') is a non-negative function.
Then, by (1.11) and (6.3), as j — oo,

—1
fdu; > Y=—pier | fdSp
Sn—1 n _p Sn—1
-1 -1
O fdSk = p—bc_pa(f(x) + f(—x)).
n _p S§n—1 n _p

Using the weak convergence we have

lim [ fdp= [ fdp

J—=0 Jgn—1 §n—1

and consequently,

= (F@) + f(=a)

Sn—

where ¢’ is a positive constant independent of f. However, this is possible, for all continuous
non-negative f, only if p has equal point masses at = and —z, see [30, p.42, Theorem 3].
The latter contradicts the assumption in (A3). Hence Case II can not occur and the proof of
Theorem 6.3 is complete. [l

7. REGULARITY FOR THE p-CAPACITY MINKOWSKI PROBLEM

In this section we prove Theorem 1.4 by developing a p-harmonic version of the corresponding
regularity theorem valid for p = 2 and developed in [52].
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7.1. More convex geometric facts. To proceed we need to introduce some additional no-
tions and notation from convex geometric analysis. Throughout the section 2 C R™ will
denote a bounded convex domain, and we first note that, after a translation, we can without
loss of generality, assume that

(7.1) B(0,7ipt) € Q C B(0, rext)

where ;¢ and rey¢ are the ones defined in Remark 2.9. Recall also (following Remark 2.9)
that the Lipschitz constant of € is bounded by a constant depending only on 7yt /7ipnt, the
eccentricity of €. In the following we set ro = r;,¢/10 and we let M denote the Lipschitz
constant of 2. In the following, we will also assume, after a dilation and without loss of
generality, that

(7.2) Tint = 1 and hence that the eccentricity of 2 equals royy.

Let z € Q and let I'(z, Q) denote the family of all pairs of points (21, x2) in 0 for which x is
on the line segment joining 7 to xs. The normalized distance, §(x, ), of x to 012, is defined
by

|z — 1|

(7.3) 0(x,Q) = min

(z1,22)€l(2,Q) ‘.1‘ - x2‘ .

Note that since =, x; and x5 are collinear in the definition of the set I'(z, (), the distance
0(z, Q) is invariant under linear transformations. The distance 6(x,€?) is referred to as the
normalized distance of x to Jf2.

Consider a half-space H in R” and assume that H N B(0,7j,¢) = @. Let II = 0H and let
7 denote the operation of radial projection onto II, that is, if y € IT and 7(z) = y, then there
exists a(x) € R such that = = a(x)y. We let

(74) YH ‘= HnN 89, QH = 7T(’}/H)

Then Qp, the radial pro jection of v onto II, is a convex subset contained in the hyperplane II.
Let = be such that m(x) € Q. We then define a normalized distance from z to the boundary
of vy through the relation

0(a,var) = O(m(), Q)
Here 6(m(z), Qn) is defined in the same way as in (7.3), i.e.

5(m(x),Qn) = min r(w) = &

(&1,2) €l (n(2), ) | T(x) — Ta|’

where T'(m(z), Q) denotes the family of all pairs of points (1, %) in dQy for which 7 (x) is
on the line segment joining z; to 5. This distance is changed by at most a bounded factor
for different choices of m depending on the location of the origin, provided the distance from
the origin to 0€) is bounded below by a fixed constant times the inner radius. Note also that
if we let ny denote the unit normal to II pointing into H, then we have, using (7.2) and the
fact that H N B(0,1) = &, that

1<z -ng<ret, for all z € Qy.
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7.2. Technical lemmas. Recall that the p-equilibrium potential associated to 2 is the func-
tion U, which is defined and continuous on the closure of R” \ 2 and satisfies

AU =0 inR"\Q,

U=1 on 02, and lim, . U(z) =0.

Let u =1 — U and extend u to be identically equal to zero in 2. Then, using Lemma 2.5, we
see that there exists a unique locally finite positive Borel measure v on 0f) such that whenever
0 € Cg°(R™), such that (supp 0) N B(0,1) = &, then

/|Vu|p_2 (Vu, VO)dx = —/de.
Moreover, there exists ¢ = ¢(p,n, M), 1 < ¢ < 0o, such that if w € 9, r < ry, then
c Py (A(w, 1)) < (u(al(w)Pt < erP " u(A(w,r/2)),

where al.(w) € R"\ Q was introduced in (2.4) (i7). Furthermore, combining these facts with
the Holder inequality and Theorem 2.8 (ii), we see that if w € 09, r < r¢, then

(somamy [ Foree) s (i) =

A(w,r)

Using Lemma 2.13 we have that
(7.5) lim  Vu(z) = Vu(y)

z€l'(y),z—y
exists for H"™! almost all y € A(w,r). Assume that the limit in (7.5) exists at y € A(w,r),
let ﬁy denote the supporting hyperplane to 2 at y, and let ﬁy be the associated half-space
which is contained in R™ \ . Without loss of generality, we can assume that y = 0, ﬂy =
{(«',2,) : 2, = 0} and H, = {(2/,2,) : x, > 0}. Let D = H, N B(0,r) and let @ be the
non-negative p-harmonic function in D that satisfies & = 1 on 0D N {(2, ;) : x, > r/2},
@ =0 on DN {(z',2,) : ¥, < r/4}, which is continuous on D and takes boundary values
between 0 and 1 on 9D N {(2/,x,) : r/4 < z,, < r/2}. Then, using the Harnack inequality
and the maximum principle, we see that

(7.6) u(z) > ¢ tulal(w))a(z), whenever z € DN B(0,7/10).
Hence, using the facts that u(0) = 0 = @(0), that (7.5) exists at y = 0, we see that
(7.7) (Vu, e,)(0) > ¢ tulal.(w))(Vii, e,) (0).

Note that (V,e,)(0) exists by continuity of V4 up to the boundary 0D N {(2’, z,,) : x, = 0},
see [69]. Furthermore, using Theorem 2.7 and Theorem 2.6 applied to the pair of functions ,
x,/r, we deduce that

(7.8) (Vu, e,)(0) > ¢ tu(al(w)){Vi, e,)(0) > c’QM.

Combining the estimates above, we see that

1/p ula (w
(7.9) ( o (i ) / yvmwcn—l) U ) < Gy e)(0).

Q

A(w,r)
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Since this argument can be repeated for H"! almost all y € A(w, ), we can conclude that

1 VP u(al (w))
1 Pt ~ —~" 7~ inf
(7.10) (Hn_l(A(w)) / VU PdH ) : Jnt [V
A(w,r)

whenever w € 002, r < rqg. We emphasize that all constants in these estimates only depend
on n,p and M. In particular, using (7.10), a simple covering argument and the Harnack
inequality, we can conclude that there exists a constant ¢ = ¢(n,p, M) such that

(7.11) /yVU\Pde"—l <e¢c ¢t < inf [VU].
o0

Following [52], the bulk of the argument below is devoted to the extension of estimates like
(7.10) and (7.11) to certain cross sections of J€2 which may not be comparable to balls.

Lemma 7.1. Let the sets vy, Qu be as defined in (7.4). Let 7 be the inner radius of the set
Qu. Assume that z1,71 € vy, 6(x1,vy) = 1. Then there exists ¢ = c(p,n, M), 1 < ¢ < oo,
such that
inf |VU| <c¢ inf |VU|.
A(zy,7) A(31,7)

Proof. This lemma is proved by using (7.10) and essentially copying, verbatim, the correspond-
ing proof, valid in the case p = 2, in [52] (see the proof of lemma 6.8 in [52]). In particular, the
proof uses only a few elementary facts about convex sets, the maximum principle, Harnack’s

inequality, the fact that the p-Laplace operator is independent of translations and dilations
and (7.10). Details are omitted. O

Lemma 7.2. Let the sets vy, Qu be as defined in (7.4). Let 7 be the inner radius of the set
Qu. Then there exist ¢ = ¢(p,n, M), 1 < ¢ < 0o, and € = £(p,n, M) > 0, such that if x5 € vy,
then

1

FHr= (A, 7))

/ VU (2) [P dH" (z) < eb(w, v) T TDP D (inf [VU] )P
T
A(:UZ?TA)
Proof. Following [52, Theorem 6.13], we let 1 € vy be a central point of vy, i.e. d(z1,vy) ~

1. We then choose x3 € dvy N Qn such that m(x2) is on the line segment with endpoints
determined by z3 and 7w (z1). If §(x2,vy) &~ 1, Lemma 7.1 implies that

inf |VU|<C inf |[VU| < Cinf|VU|.
A(z2,7) A(z1,7) TH

This and (7.10) yield the conclusion of Lemma 7.2. Hence, we assume in the following that
d(xe,vy) < 1, and we note that we may assume, in particular, that

|zg — x| < r/10, where r = |21 — x3].

To proceed we introduce a number of auxiliary domains and functions. We let D = QN
B(zq,7/2) and Q be the convex hull of D and x3. Note that @ C Q. We also let

C={as+t(x—a3): v €D, t>0}

and we note that € is an unbounded cone defined through z3 and D. Recall the function
u = 1— U, where U is the p-capacitary potential for €, defined in R™ \ Q. Similarly there
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exists a positive p-harmonic function ug in the complement of the closure of Q which is
identical to zero on 0f). In our argument we will also make use of the following lemma.

Lemma 7.3. Let D, x3 and C be as stated above. Let e = (x1—x3)/|x1—x3] and let S"'(x3) C
R™ denote the unit sphere centered at x3. Given x € D, let ' = x5+ (x — x3) /| — x3|, and
let D' = Dgn—1 denote the set of all such points x'. Then D’ is a bounded convex domain on
S*1(x3) with eccentricity bounded by a constant ¢ = c¢(n, M), 1 < ¢ < oo, and R™\ C is an
unbounded Lipschitz domains with Lipschitz constant depending only on n, M. Furthermore,
there exists a unique positive p-harmonic function ue in R™\ C which vanishes continuously
on OC and satisfies ue(xrs — e) = 1. Finally, there exists ¢ > 0, which is bounded from below
by a positive constant which only depends on n,p, M, such that

ue(x) = v — ws|"f((z — w3)/|x — xs),

whenever x € R™ \ C.

We postpone the proof of Lemma 7.3 for now and proceed with the proof of Lemma 7.2.
Let Ay, (z3) € 0B(x3,2r) be such that the Euclidean distance from A, (z3) to € is r. Based
on ug, ue, we also introduce the normalized functions

~ (A2r ($3))
tug(r) = ug(x
Q( ) Q( ),U’Q(AZT’('Z.S))
~ (A2r(x3>)
te(r) = wue(x
o) = el A ()
We now first note, simply using the maximum principle, that
(7.12) WA (23) )

ug (A (s)) — °

whenever z € R™ \ Q. By construction, Q N B(xzs,r/2) = €N B(xs,7/2) and using that Q is
convex we see that the interior of the domain B(zs,7/2) \ Q = B(xs,7/2) \ € is a Lipschitz
domain with Lipschitz constant determined by M. In particular, using Theorem 2.7 and the
Harnack inequality, we see that

ae()  ue(Az(13))

Ug(x) — Ug(Asr(ws))
whenever © € B(xg,r/4) \ Q. Furthermore, using the Harnack inequality, we also see that
(7.13) (%) &~ g (A (23)) = u(Azr(23)),

whenever x € OB(x3,3r). We now apply the maximum principle in the domain B(x3,3r)\ €,
using (7.12) and (7.13), to conclude that

u(z) < ig(z), whenever z € B(xs,3r) \ Q.

Combining this estimate with (7.13), noting that B(zs,7/4) \ Q C B(zs,7/4) \ Q, we can
conclude that
u(Agr(23))

(7.14) u(z) < cle(z) = 6u@(m)m,
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for all x € B(z3,7/4) \ 2, where ¢, 1 < ¢ < oo, depends only on n,p and the eccentricity of
2, and hence M. By a similar argument one can also prove (see [52]) that

u(Ag(3))
ue(Az(73))

for all € B(x1,7/4) \ € and with ¢ as above. Recall that # is the inner radius of the set Q.
Next, following [52] it can be seen that if ¢ is sufficiently large, depending only on n, p and the
eccentricity of 2, then the segment S = {(1+cf)z: x =tm(xy)+ (1 —t)xs, 0 <t < 1} (recall
that 0 € Q) has the property that every point = € S is at a distance comparable to 7 from
C and . Using this, the facts that (1 + ¢r)xe € B(xs,7/4)\ Q, (1 4+ ¢r)xy € B(xy,7/4) \ C,
(7.14) and (7.15), it follows that

(7.15) & e () = ¢ he(r) < u(w),

A . oy u(Agp(3))
u((1+ef)xs) < cue((1+ cr)xg)m,
ud(l—i—cﬁ)m)% < ul(1+ ci)m).

Next, let z be located on the line segment between x3 and (1 + ¢r)z; and at distance 67 from
x3 where 0 < § < 1. In particular, z is at height J7 above C and close to m(x2). Arguing
similarly as in the proof of (7.6)-(7.8), we deduce that

ue(z) S 6_1u@((1 + cf)xg)‘
or T
Hence, combining the estimates above, we see that
Jte(z) ulAa(ay)) _ uelz) u((1+cP)z)
0 ue(Ag(x3)) — 6 ue((l+ cf)aq)
Next, using Lemma 7.3 we see that there exists 0 < ¢ < 1, depending only on n,p and the
eccentricity of €2, such that

(7.16) u((L+cr)zg) < ¢

(7.17) ue(z) = 0%ue((1 + c)xy).
In particular, combining (7.16) and (7.17) we see that
(7.18) u((1+ ci)ag) < &6 eu((1 4 cf)y).

By (7.10), we see that (7.18) implies that

1 . ) 1/(p—1) .
P2 dH"™™ <67 inf .
<%"‘1(A(x2, ) / VU ()] ) ~~ A%ﬁ,m IVU|
A(z2,7)

Since 0(z1,7vy) ~ 1, an application of Lemma 7.1 now completes the proof of the lemma. [J

Proof of Lemma 7.3. Recall the definition of D’ stated in Lemma 7.3. Then D’ is a bounded
convex domain on S"!(z3), with eccentricity bounded by a constant ¢ = ¢(n, M), 1 < ¢ < oo,
and R™ \ € is an unbounded Lipschitz domains with Lipschitz constant depending only on
n, M. To prove the existence and uniqueness of ue we can assume, without loss of generality,
that z3 = 0 and that —e = e,, in an appropriate coordinate system. Given p,1 < p < 00,
we say that @ is a minimal positive p-harmonic function in R™ \ €, relative to oo, provided
i is a positive p-harmonic function in R™ \ € with continuous boundary value zero on 9C.
Using this notion we see that to prove the existence and uniqueness of ue, as stated in Lemma
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7.3, it is sufficient to establish the existence and uniqueness of a minimal positive p-harmonic
function @ relative to oo in R® \ €. To begin the existence part of the proof we note that
the existence of a minimal positive p-harmonic function @ relative to oo in R \ € follows
from standard arguments. For instance, one can take @ to be the limit of a subsequence of
{u,,}°_, where u,, is a positive p-harmonic function in (R \ €) N B(0,m) with continuous
boundary value 0 on 9€N B(0,m) and u,,(e,) = 1. Existence of u,,,m = 1,2, ..., follows from
a calculus of variations argument. Applying Lemma 2.1 — Lemma 2.4 to u,,,m = 1,2,...,
and using Ascoli-Arzeld theorem we can deduce the existence of u such that a(e,) = 1. To
prove uniqueness of this 4, let ¥ be another minimal positive p-harmonic function in R™ \ €
with (e, ) = 1. Using Theorem 2.7 with Q = (R™\ €) N B(0, 2r),w = 0, we get, upon letting
r—00, that © = 4. Thus @ is the unique minimal positive p-harmonic function in R™\ € with
u(e,) = 1. Note also, using Theorem 2.6 and Lemma 2.4, that u is infinitely differentiable in
R™\ €. Finally, to obtain the desired form for ue = @ we first note that uniqueness of % and
invariance of the p-Laplace equation under dilations immediately implies that

(7.19) w(Ax) = u(Ney)u(x),
whenever A > 0 and x € R" \ €. We now want to prove that there exist £ > 0 such that
(7.20) u(Ae,) = A%, forall A > 0.
To do this we first consider 0 < A < X' < 1 and we define € and ¢’ through
(7.21) a(hen) = X, a(Ney) = (V).
Let 0* € S"'\ € be such that
(7.22) u(c*) = sup (o).
cesr—1\¢

Furthermore, let v € N and let p be a non-negative integer in the interval
[(InA/In X)), (In A/ In \) (v + 1)].

Then

(7.23) AL (W) <.

Using the maximum principle we see that

(7.24) a(N o) < a((N)Ho*) < a(\o).

Now, (7.19), (7.21), (7.23) and (7.24) imply that
)\(V—I—l)e < (/\/),ue/ < )\1/67

(7.25) AV < (Ve <\
These inequalities imply that
(726) )\I/(E—E/)-‘r& <1< )\V(e—a’)—a"

Hence if € — &’ > 0, then since v € N is arbitrary, we can derive a contradiction based on the
right hand inequality in (7.26). Similarly when € — &’ < 0, we see that ¢’ = ¢ and hence (7.20)
follows in this case. Furthermore, ¢ must be positive. The case 1 < A < )’ < oo can be treated
similarly and by continuity we can then conclude the validity of (7.20), for all 0 < A < oo,
and hence

(7.27) ue(x) = a(z) = a(|zlen)u(z/|z]) = [x°f(2/]x]).
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Finally, we see that it now only remains to establish the bound on ¢ > 0 from below by a
positive constant which only depends on n,p, M. To do this, we let (e, e,) be the angle
between e € R, |e| = 1, and e,,. Given 0, € (0, 7], we set

(7.28) C(6y) = {Xe: by <b(ee,) <mand 0 <\ < oo}.

We note that we can now, as a special case of the above construction, construct a unique
minimal positive p-harmonic function @ in R™\ C'(6y), relative to oo, which satisfies u(e,) = 1.
In this case we can specify the form of @ further by using the fact that uniqueness and the
invariance of the p-Laplace equation under rotations imply that @ is symmetric about the z,,
axis. Thus we write (r, ) for 4(x) when x € R"\ C(0y) and r = |z|,z, = rcosf,0 < 0 < 6.
Furthermore, differentiating (7.19) with respect to A and evaluating at A = 1 we find that

ri,(r,0) = (z,Vu(z)) = (Va(e,), en)u(r, 0).

Dividing this by ra(r,#), integrating, and then exponentiating, we get a(r,) = r71(cos )
where v = (e,, Vi(e,)). Continuity of v once again follows from uniqueness of (-, 6) and
Lemmas 2.1 — 2.4. Also, 7(6p) is an increasing function of  for 6, € (0, ), as follows easily
from comparing solutions in different cones and using the maximum principle for p-harmonic
functions. Finally u(x) = x,, = r cos§ when 0y = 7/2, and hence v(7/2) = 1. Now let 6, be
the smallest 8y € (0, ) such

R™\ C(fy) C R™\ C.
Using this and the maximum principle we see that the e in (7.20), (7.27), must satisfy £ > 6,
and this completes the proof of Lemma 7.3. O

If Q is a cube in R" ! with sides of length s, then in the following we denote by Q* the
concentric cube with sides of length b,s where b, = 10((n — 1)!)2.

Lemma 7.4. Let vy, Qu be as defined in (7.4). Let E := Qp and let # be the inner radius
of E. Choose coordinate azes parallel to the axes of an optimal inscribed ellipsoid in E. Let
Q be a tiling of E by cubes with sides of length s parallel to the coordinate axes. Assume that
s < . For each cube Q € Q, let

0" (Q) = max (z, E).

z€Q*NE
Then,
Y. QI < cdlEl
{Q: 6*(Q)<s}
Proof. This purely geometric lemma is a formulation of Lemma 6.16 in [52]. O

Lemma 7.5. Suppose 1 < p < 2. Let QQ C R", n > 2, be a bounded convexr domain. Then
there exist ¢ = c(p,n, M), 1 < ¢ < 00, and e = e(p,n, M) > 0, such that

/5(%VH)l_EIVU(x)I”d%"_l(I) < " () (inf [VU])?

YH

for every set of the form vy = HNOQ where H is a half-space in R™ such that HNB(0,7;,4) =
a.
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Proof. Let E := Qq be as introduced in (7.4) and let # be the inner radius of E. Following
Lemma 7.4, let Q be a tiling of E' by cubes with sides of length s < 7. Using Lemma 7.4 we
see, for any € > 0, that

(7.29) Z5*(Q)(—1+S)(p—1)|Q| — Z Z 5*(@)(—1+6)(P—1)|Q|

QeQ k=1 {QeQ:5*(Q)~2—F}
< ey (2MIrTNTHE| < o B,
k=1

provided that 1 < p < 2. Let Q = 77'(Q). Then H"(Q) ~ |Q| and H"'(yx) ~ |E|. Using
this we deduce

[oamvu@paet < Y [ o) vU@Pae

YH QGQ

(7.30) < D) s / VU (z)|PdH" 2.
QeQ )

Hence, using (7.30) and Theorem 2.8 we see that

A . p/(o-1)

[ sty iwUrase < Zé*(@)l-aﬂ{"-%cz)(—A / |VU<x>|p-1d:H”-1) .
QeQ H Q) J

YH Q

Combining this estimate, (7.29) and Lemma 7.2 we see that

/ S ) VU@ <3754 (Q)0 30 Q)8 (@) int [V

QeQ
< I (yu)(inf [VU|)P,
YH

YH

and this completes the proof of the lemma. O

7.3. The final proof of regularity. Let O C R""! be a bounded convex domain and let v
be a given Radon measure on O. We say that a convex function ¢ : O — R is an Alexandrov
solution to the Monge-Ampére equation

(7.31) det(V?¢) = dv

if for any Borel set £ C O it holds that

(7.32) U 96(2)| = v(E)
el

where 0¢(x) is the subdifferential of ¢ at x and |E| here is the (n — 1)-dimensional Lebesgue
measure of £ C R™™!. If this is the case, we also say that ¢ solves (7.31) in the sense of
Alexandrov. Recall that d¢(z), € O, is the set of all y € R"! such that the plane

{(z,20) €ER": 2, = $(2) +y - (2 — 1)}
is tangent to the graph of ¢ at (x,¢(x)). For a subset E C O, we define
06(E) = U{0¢(z): = € E}.



56 A. COLESANTI, K. NYSTROM, P. SALANI, J. XIAO, D. YANG, G. ZHANG

The set-valued mapping 0¢ is related to the set-valued Gauss mapping

gl(x,0(2) = {€ = (0. ~V/VI+ TP € 5"ty € 96() }.

The coordinate &, = —1/4/1 + |y|? gives the Jacobian of the change of variable dy = |&,,|"d§.
Using this notation and (7.32), we see that the function ¢ is an Alexandrov solution to (7.31)
if

(7.33) v(E) = / 6] e,
g(E)

for every Borel set E C O and where E = {(z,¢(x)) : z € E}.

Theorem 7.6. Let O C R"™! be a bounded convex domain, let v be a given Radon measure
on O and let € > 0. Suppose that ¢ 1s a convex function which solves

det(V?¢) = dv

on O in the sense of Alexandrov. Suppose that for every set F of the form F = {x € O :
¢(r) < a-x+b}, we have

/6(x, )" edv(z) < cv(F/2)

F
for some constant ¢ which is independent of a and b. Suppose that 1., is a supporting linear
function to ¢ at vy € O. Then either

(7.34) {0 = luo} = {wo}
or
(7.35) the extremal points of the set {¢ = l,,} are contained in 0O.

Furthermore, if ¢ is strictly convex, then ¢ € CHt for some t > 0.

Proof. In the case ¢ = 1, Theorem 7.6 is a summary of Theorem 1 and Theorem 2 in [17],
see also [15]. In Theorem 7.1 in [52], Jerison extended this theorem to allow for £ > 0 and
the contribution in [52] is the proof of Theorem 7.6 for £ > 0 arbitrarily small. Furthermore,
in [52], see p. 44-45, it is proved that a power §(z, F)'~¢, for some ¢ > 0, is the best one can
hope for in Theorem 7.6 and that this power is at the borderline of the regularity theory for
the Monge-Ampére equation. O

Lemma 7.7. If ) is a bounded convex domain in R", 1 < p < n, and let U be the p-equilibrium
potential of Q. Let pu be a positive measure on S*™1 satisfying

1,(, E) = / IVUPdH" = /du
g '(B) E
for every Borel set E C S"™'. Suppose that du = (£)dé for some integrable function v and
P(E) > ¢ > 0 for all € € S*™. Let ¢ denote the convex, Lipschitz function defined on a

bounded convex domain O C R"™1 whose graph {(x', p(x')) : ' € O} is a portion of Q. Then
¢ satisfies the Monge-Ampére equation

det(V2o(a')) = (L4 |[Vo(2"))"HI2IVU (2!, o(2)P(4(€)) " with
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(=1, Vo(a'))
VI+[VoE)P

(7.36) £ =

in the sense of Alexandrov.
Proof. The proof follows along the lines of the proof of Proposition 7.5 in [52]. U

Proof of Theorem 1.4. Let p, 1 < p < 2, be fixed and consider n > 2. Let p = p,(, ")
and 2 be as in the statement of Theorem 1.4. Assume that & = 0 and that a € (0,1). By
assumption dy = pdH"~! with strictly positive density ¢, hence ¥ (£) > ¢ > 0 for all £ € S*~!
and for some ¢ > 0, and if yp € C%*(S"™!) then ¢ is also bounded from above. Using (2.3)
and a translation and rotation, we can without loss of generality assume, locally, that

QN B(0,4r9) = {z= (2,2, € R": x, > ¢(z')} N B(0, 4ry),
(7.37) NN B(0,4ry) = {z=(2',2,) € R" : z,, = ¢(2')} N B(0,4ro),

#»(0) = 0, in an appropriate coordinate system, for a convex Lipschitz function ¢ and for
some 79 > 0. Let B’(0,4rq) be the orthogonal projection of the ball B(0,4r) onto the plane
x, = 0 in the local coordinate system. Then the graph {(2', ¢(z)) : 2’ € B’(0,4r¢)} describes
00NN B(0,4rg). Let 0o = SUP,repr(0.4ry) P(2'), consider n € (0,m) and let O, = {2’ € B'(0, 4ro) :
¢(z') < n}. Then O, is a convex set in R". Let ¢, = ¢ —n in O,. Now, by construction ¢,
is convex in O,, ¢, = 0 on 90, and using Lemma 7.7, we can conclude that

(7.38) det(V?¢,(2)) = dv(2’), in O,
in the sense of Alexandrov, where

(7.39) dy = VU@, ¢("))[" with ¢ = (L VeE))

() (1 + [Vo(ar)]?)~(ntD)/2 VI+ V()P
and where U is the p-equilibrium potential associated to 2. Using Lemma 7.5 we see there
exist ¢ = ¢(p,n, M), 1 < ¢ < oo, and € = g(p,n, M), 0 < ¢ < 1, such that for every set F' of
the form F = {2/ € O, : ¢,(2') < a -2’ + b}, we have

(7.40) /F 52, F)'"dv(z') < / dv ().

1
5F

We now want to verify that ¢, is strictly convex. To do this suppose that [, is a supporting
linear function to ¢, at x;, € O,. Using Theorem 7.6 we see that either (7.34) or (7.35) holds.
If (7.34) holds then ¢, is strictly convex at x;, € O,, and hence we can assume that (7.35) holds.
In this case the extremal points of the set {¢, = [,; } are contained in O, and, as there must
be at least two extremal points of the set {¢, = l%} and since ¢,, = 0 on 90,,, we can conclude
that [,; = 0. However, since x5 € O, and {¢, (7o) = Iy (75) = 0} we see that this implies
the existence of extremal points of {¢, = [,;} in the interior of O, which is a contradiction.
Hence (7.34) must hold and we can conclude that ¢, is strictly convex in O,. Next, using
the fact that ¢, is strictly convex we can apply Theorem 7.6 and conclude that 02 is locally
(and then globally, by a covering argument) C'*-regular for some ¢ > 0. Having concluded
that Q is C'f-regular for some t > 0, it follows from [69] that VU is continuous on R\ €,
i.e. VU is continuous up to the boundary. In fact, VU is even C%-regular, for some t > 0,
up to the boundary. Using this and the fact that U is bounded we can conclude that |VU]|
is bounded from above on 0f). Furthermore, essentially repeating the barrier type argument
in (7.6)-(7.8) and using the strong maximum principle, we can also conclude that |VU]| is
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positively bounded from below on 0€2. The same conclusion also follows by an application of
Lemma 2.18. Hence, put together, using this, the assumption on v, (7.38), (7.39), we see that
there exists 0 < A; < A9 < oo such that

(7.41) 0 < A\ < det(V3p,(2)) < Ay <00, in O,,

and that the right hand side in (7.39) is C’O’f—regular for some ¢ > 0. Using this and the
results in [15] and [16], we can conclude that ¢,, and hence ¢, is C*'-regular. This implies

that VU is C’l’f-regular up to the boundary of §, for some ¢ > 0, and hence, in particular,
that the right hand side of the Monge-Ampére equation is C%%regular. Now again using
results in [15] and [16] we can conclude that ¢ is in fact C*“-regular. The reminder of the
regularity statements of Theorem 1.4 now follow from the seminal and by now well-known
work of Caffarelli, see [14], [15] and [16]. We omit additional details. O
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